VOLUME GROWTH AND ON-DIAGONAL HEAT KERNEL BOUNDS ON
RIEMANNIAN MANIFOLDS WITH AN END
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ABSTRACT. We investigate heat kernel estimates of the form p:(x,z) > ¢yt~ %, for large enough
t, where a and c, are positive reals and ¢, may depend on x, on manifolds having at least one

end with a polynomial volume growth.
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1. INTRODUCTION

Let M be a complete connected non-compact Riemannian manifold and p;(x,y) be the heat
kernel on M, that is, the minimal positive fundamental solution of the heat equation dyu = Awu,
where A is the Laplace-Beltrami operator on M. In this paper, we investigate the long time
behaviour of p(z,x) for t — 400, x € M. Especially, we are interested in lower bounds for
large enough t of the form

pe(w, ) > cxt™?, (1.1)
where « and ¢, are positive reals and ¢, may depend on .

Let V(z,7) = p(B(x,r)) be the volume function of M where B(z, 1) denotes the geodesic balls
in M and p the Riemannian measure on M. It was proved by A. Grigor'yan and T. Coulhon
in [7], that if for some 29 € M and all large enough r,

V(xo,7) < CrY (1.2)
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where C' and N are positive constants, then
Cx

(tlogt)N/2’ (13)

pt($7$) Z

which obviously implies (1.1).

It is rather surprising that such a weak hypothesis as (1.2) implies a pointwise lower bound
(1.3) of the heat kernel. In this paper we obtain heat kernel bounds assuming even weaker
hypotheses about M. We say that an open connected proper subset 2 of M is an end of M
if 92 is compact but Q is non-compact (see also Section 2). One of our aims here is to obtain
lower bounds for the heat kernel assuming only hypotheses about the intrinsic geometry of 2,
although a priori it was not obvious at all that such results can exist.

One of the motivations was the following question asked by A. Boulanger in [1] (although for

a more restricted class of manifolds). Considering the volume function in  given by
Va(z,r) = w(B(z,r) NQ),
Boulanger asked if the heat kernel satisfies (1.1) provided it is known that
Va(zo,r) < CrV, (1.4)

for some xp € Q and all r large enough.

A first partial answer to this question was given by A. Grigor’yan, who showed in [10], that if
(1.4) holds and 2, considered as a manifold with boundary, is non-parabolic, (and hence, N > 2
in (1.4) by [5]) then (1.3) is satisfied. More precisely, denoting by p*(z,y) the heat kernel in
with the Dirichlet boundary condition on 02, it was proved in [10] that, for all z € 2 and large
enough ¢,

Q Cx
> v
pt (:L',:L') - (tlogt)N/Q’

which implies (1.3) by the comparison principle.

(1.5)

From a probabilistic point of view, the estimate (1.5) for non-parabolic Q is very natural if
one compares it with (1.3), since the non-parabolicity of Q implies that the probability that
Brownian motion started in €2 never hits the boundary 02 is positive (see [ [12], Corollary 4.6]).
Hence, one expects that the heat kernel in € and the heat kernel in Q with Dirichlet boundary
condition are comparable.

The main direction of research in this paper is the validity of the estimate (1.1) in the case
when Q is parabolic and the volume function of § satisfies (1.4). We prove (1.1) for a certain
class of manifolds M when € is parabolic as well as construct a class of manifolds M with
parabolic ends where (1.1) does not hold.

In Section 2 we are concerned with positive results. One of our main results -Theorem
2.6, ensures the estimate (1.1) when Q is a locally Harnack manifold (see Subsection 2.2 for
the definition). In order to handle difficulties that come from the parabolicity of the end, we
use the method of h-transform (see Subsection 2.1). For that we construct a positive harmonic
function h in  and define a new measure i by dfi = h2du. Thus, we obtain a weighted manifold
(ﬁ, ﬁ) We prove that this manifold is non-parabolic, satisfies the polynomial volume growth
and, hence, the heat kernel p{’ of (€, i) satisfies the lower bound (1.5). Then a similar lower

bound for p{* and, hence, for p;, follows from the identity

pi' (e, x) = h* ()i (2, 2)
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(see Lemma 2.3). Note that the techniques of h-transform for obtaining heat kernel estimates
was used in [17] and [16] although in different settings (see also [ [15], Section 9.2.4] and [22]).

In Section 3 we present a technique for obtaining isoperimetric inequalities on warped products
of weighted manifolds. We say that a function J on [0,+00) is a lower isoperimetric function
for (M, p) if, for any precompact open set U C M with smooth boundary,

pHU) = J(u(U)), (1.6)

where pt denotes the perimeter with respect to the measure u (see Section 3 for more details).

The isoperimetric inequality on Riemannian products was proved in [19]. We develop further
the method of [19] to deal with warped products. The main result here is stated in Theorem
3.3. Given two weighted manifolds (M7, 1) and (Ma, p2) consider the weighted manifold (M, u)
such that M = M; x My, as topological spaces, the Riemannian metric ds?> on M is defined by

ds? = da? + ¢ (z)dy?,

with 1) being a smooth positive function on M; and dz? and dy? denoting the Riemannian
metrics on M7 and Ma, respectively and measure p on M is defined by p = p1 X po. Assume
that the function v is bounded and (Mj, 1) and (Ma, u2) admit continuous lower isoperimetric
functions J; and Jy, respectively. Then we prove in Theorem 3.3 that (M, u) admits a lower
isoperimetric function
o0 o
) = eint ([ notone+ [~ noteas.).

for some positive constant ¢ > 0 and where ¢ and ¢ are generalized mutually inverse functions

such that - -
v:/o gp(t)dt:/o o(s)ds.

In Theorem 3.6 we construct a weighted model manifold with boundary (Mo, i) (see Section
3.2 for the definition of this term), where M topologically coincides with [0, +00) x S*~1 n > 2,

while the Riemannian metric on Mj is given by
ds® = dr? + ¢*(r)db?, (1.7)
where df? is a standard Riemannian metric on S*~! and
lr) =T, (18)

with 0 < o < 1, and obtain as a consequence of Theorem 3.3, that (M, ) admits a lower
isoperimetric function J such that for large enough v,
cv

J(v) = ———=, 1.9
O — (1.9

for some positive constant ¢ > 0.

In Section 4 we construct examples of manifolds M having a parabolic end €2 with finite volume
(in particular, satisfying (1.4)) but such that the heat kernel p; (z,x) decays superpolynomially
as t — oo. In fact, the end 2 is constructed by means of the aforementioned model manifold
My, particularly, © topologically coincides with My. Our fourth main result -Theorem 4.3,
says that for a certain manifold M with this end € the following heat kernel estimate holds:

pe(z,x) < Cpexp <—Ctﬁ> , (1.10)
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for all z € M and large enough t. The estimate (1.10) follows from Theorem 4.2 where we
obtain the upper bound of the heat kernel p; of a weighted manifold (M, 1) after an appropriate
h-transform. In this theorem we prove that
pi(z,x) < Cexp (—Cltﬁ) . (1.11)

In fact, this decay is sharp, meaning that we have a matching lower bound

sup py(z,z) > cexp (—C’gtﬁ>

zeM
(see the remark after Theorem 4.2). The key ingredient in the proof of Theorem 4.2 is utilizing
the lower isoperimetric function .J on (Q, ) given by (1.9), which then yields the heat kernel
upper bound (1.11) by a well-known technique based on Faber-Krahn inequalities (see [ [13],
Proposition 7.1] and Proposition 4.1).

Even though we managed to give both positive and negative results for manifolds with par-
abolic end concerning the estimate (1.1), a gap still remains. Closing this gap seems to be
interesting for future work, for example, it might be desirable to construct a manifold with
parabolic end of infinite volume for which (1.1) does not hold.

NOTATION. For any nonnegative functions f,g, we write f ~ ¢ if there exists a constant
C > 1 such that

Clf<g<Cf.

2. ON-DIAGONAL HEAT KERNEL LOWER BOUNDS

Let M be a non-compact Riemannian manifold with boundary éM (which may be empty).
Given a smooth positive function w on M, let © be the measure defined by
dp = wdvol,

where dvol denotes the Riemannian measure on M. Similarly. we define p/ as the measure
with density w? with respect to the Riemannian measure of codimension 1 on any smooth
hypersurface. The pair (M, u) is called weighted manifold.

The Riemannian metric induces the Riemannian distance d(z,y), x,y € M. Let B(z,71)

denote the geodesic ball of radius r centered at x, that is
B(z,r)={z e M :d(z,y) <r}
and V(z,r) its volume on (M, p) given by
V(x,r) = u(B(z,1)).

We say that M is complete if the metric space (M,d) is complete. It is known that M is
complete, if and only if, all balls B(x,r) are precompact sets. In this case, V(z,r) is finite.
The Laplace operator A, is the second order differential operator defined by

A, f = div,(Vf) = w Adiv(w?Vf).

If w =1, then A, coincides with the Laplace-Beltrami operator A = div o V.
Consider the Dirichlet form

E(u,v) = /M (Vu, Vou)dpu,

defined on the space C§°(M) of smooth functions with compact support. The form & is closable

in L?(M, 1) and positive definite. Let us denote by Z# its infinitesimal generator. By integration
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by parts, we obtain for all u,v € C§°(M),
0
E(u,v) = / (Vu, Vo)du = —/ vA udp +/ v—ud//, (2.1)
M M sm Ov

where v denotes the outward unit normal vector field on §M. If u € C2Ndom(A,,) then % =0
on 60M and A,u = Zuu, so that Zu can be considered as an extension of Zu with Neumann
boundary condition on M.

A function u is called harmonic in M if u € C*(M), Au=0in M \ §M and % =0on M.
We call a function u € C%(M) superharmonic if Ayu < 0 in M \ §M and % >0on oM. A
subharmonic function u € C?(M) satisfies the opposite inequalities.

t

The operator Z” generates the heat semi-group P; :=e A which possesses a positive smooth,

symmetric kernel p;(z,y).

Let © be an open subset of M and denote 62 := dM N . Then we can consider () as a
manifold with boundary 6€2. Hence, using the same constructions as above for 2 instead of M,
we obtain the heat semigroup PtQ with the heat kernel p?(@y), which satisfies the Dirichlet
boundary condition on 0f) and the Neumann boundary condition on §¢2.

Definition. Let M be a complete non-compact manifold. Then we call  an end of M, if Q
is an open connected proper subset of M such that  is non-compact but 9 is compact (in

particular, when 0f is a smooth closed hypersurface).

If 6Q is nonempty, we will assume that 5Q N OQ = (.

In many cases, the end 2 can be considered as an exterior of a compact set of another
manifold My, that means, Q is My \ Ky for some compact set Ko C My. If (M, p) and (Mo, 1)
are weighted manifolds, with w? being the smooth density of measure p and the measure ug

having smooth density w%, then, in particular, we have wyg = w on €.

Definition. We say that a weighted manifold (M, u) is parabolic if any positive superharmonic

function on M is constant, and non-parabolic otherwise.

Definition. Let (M, 1) be a weighted manifold and €2 be a subset of M. Then we define the
volume function of €, for all x € M and r > 0, by

VQ(:Uv T) = /L(BQ(Z’, T))a
where Bq(x,r) = B(xz,r) N Q.

Definition. Let (M, ) be a weighted manifold. We say that Q C M satisfies the polynomial
volume growth condition, if there exist xg € 2 and rg > 0 such that for all r > rg,

Val(zo,r) < CrY, (2.2)
where N and C are positive constants.

Theorem 2.1 ( [10], Theorem 8.3). Let M be a complete non-compact manifold with end €.
Assume that (ﬁ, ,u) 1s a weighted manifold such that

. (ﬁ, ,u) is mon-parabolic as a manifold with boundary 9 U 6€).
e () satisfies the polynomial volume growth condition (2.2) with N > 2.

Then for any x € Q) there exist ¢, > 0 and t; > 0 such that for all t > t;,

Q Cx
> -
Dy (CL‘,"L’) - (t log t)N/Q’
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where ¢, and t, depend on x.
Consequently, if (M, ) is a complete non-compact weighted manifold with end Q such that
the above conditions are satisfied, we have for any x € M and all t > t,,
Cy
(tlog t)N/2

2.1. h-transform. Recall that any smooth positive function h induces a new weighted manifold

pe(w, ) > (2.4)

(M, t), where the measure g is defined by
dii = h%dp = h*w?dvol (2.5)

and we denote, for all » > 0 and x € M, by ‘7(90,7“) the volume function of measure . The

Laplace operator Ay on (M, 1) is then given by
Azf =h2div,(K*Vf) = (hw) 2div((hw)?V f).

Lemma 2.2 ( [16], Lemma 4.1). Assume that Q C M is open and A,h =0 in Q2. Then for any

smooth function f in €, we have

Azf =h AL(RE). (2.6)

Lemma 2.3 ( [16], Proposition 4.2). Assume that h is a harmonic function in an open set
Q C M. Then the Dirichlet heat kernels p? and ﬁ? in ), associated with the corresponding
Laplace operators A, and Ag, are related by

g
i (x,y) = h(z)h(y)p; (z,y), (2.7)
for allt >0 and z,y € Q2.

Remark. In particular, if we assume that h is harmonic in M, we get that the heat kernels are

related by

. pe(,y)
z,y) = ———T 2.8
forall t > 0 and z,y € M.

Definition. Let 2 be an open set in M and K be a compact set in 2. Then we call the pair
(K, ) a capacitor and define the capacity cap(K, Q) by

K,Q)= inf Vo|%d 2.9
cap(K,0) = _inf [ [Vofdp, (29)

where 7 (K, Q) is the set of test functions defined by
T(K,Q) = {6 € C(Q) s bl = 1}.

Let © be precompact. Then it is known that the Dirichlet integral in (2.9) is minimized by
a harmonic function ¢, so that the infimum is attained by the weak solution to the Dirichlet
problem in Q\ K:

Ap =0
vlok =1
©laa = 0.

0
av la\k) =0
The function ¢ is called the equilibrium potential of the capacitor (K,€Q).
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We always have the following identity:
cap(K.9) = [ [VePdu= [ [Veldn = ~tux(i) (2.10)
Q Q\K

where flux(y) is defined by
¢
l = —Zdy’
wx(e) = [ Eau.
where W is any open region in the domain of ¢ with smooth precompact boundary such that

K C W and v is the outward normal unit vector field on OW. By the Green formula (2.1) and
the harmonicity of ¢, flux(¢) does not depend on the choice of .

Definition. We say that a compact set K C M has locally positive capacity, if there exists a
precompact open set € such that K C Q and cap(K,Q) > 0.

It is a consequence of the local Poincaré inequality, that if cap( K, ) > 0 for some precompact

open (2, then this is true for all precompact open €2 containing K.

Lemma 2.4. Let (M,u) be a complete, non-compact weighted manifold and K be a compact
set in M with locally positive capacity and smooth boundary OK. Fix some xo € M and set
B, := B(xg,r) for all 7 > 0 and assume that K is contained in a ball By, for some ro > 0. Let
us also set Q@ = M \ K, so that (ﬁ, ,u) becomes a weighted manifold with boundary. Then there

exists a positive smooth function h in Q that is harmonic in Q and satisfies for all r > g,

Igllignh < C cap(K,B,)7}, (2.11)

for some constant C' > 0. Moreover, the weighted manifold (ﬁ, ﬁ) 18 non-parabolic, where
measure i on Q is defined by (2.5).

Proof. For any R > rg, let ¢ be the equilibrium potential of the capacitor (K, Br). It follows
from (2.10), that
cap(K, Br) = —flux(¢R). (2.12)

Note that 02 = K. By our assumption on K, we have for all R > rg,
cap(K, Br) > 0,

whence we can consider the sequence

1—vr

“* 7 cap(K, Br)’

By (2.12) this sequence satisfies
flux(vg) = 1. (2.13)

Let us extend all vg to K by setting vg = 0 on K. We claim that for all R > r > rg,
%gn vg < cap(K, B,)" L. (2.14)

For R > r > rg, denote m, = mingp, vg. It follows from the minimum principle and the fact
that vg = 0 on K, that the set

U, :={x € Bg : vg(z) < m,}
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is inside B, and contains K. Then observe that the function 1 — 2Z is the equilibrium potential

for the capacitor (K, U, ), whence

1
cap(K, B;) < cap(K,U,) = flux (U_R) .

My my
which proves (2.14).
Since vg vanishes on Jf2, the maximum principle implies that, for all R > r > rq,
Sup vp = mMaxuvg. (2.15)
BA\K OB,
Hence, we obtain from (2.15), the local elliptic Harnack inequality, and (2.14), that for every
R >r>rg,

sup vg < C(r)minwvg < C(r)cap(K, B,) !, (2.16)
B\K OB,

where the constant C(r) depends only on r. Let us choose an increasing sequence {Ry} such
that Ry > ro and Ry — oo. Then {vg, } is a sequence of non-negative harmonic functions that
by (2.16) is uniformly bounded in B, \ K for each fixed r. By the local properties of harmonic
functions, the sequence {vg, } is also equicontinuous in m and, hence, has a subsequence
that converges uniformly in m Using a standard diagonal process with r = r; — oo, we
obtain a subsequence of {vg, } that converges locally uniformly in Q. Denoting the limit by v,
we see that v is non-negative and continuous in , harmonic in 2, and v|gq = 0. It follows that
v is, in fact, smooth in €.

By renaming the sequence {Rjy}, we can assume that vg, — v as k — oo. By the local
properties of convergence of harmonic functions, we have Vug, — Vv where the convergence is

also locally uniform in Q. It follows that, for any r > rg,

ov c%R
—dy = i Edy!
/QBT aV Iu kl—g)lo 8B, 81/ u’

which together with (2.13) implies

flux(v) = 1.
Let us define the function h = 1 + v so that h is smooth and positive in Q and is harmonic in
Q. It follows from (2.14), that for all r > 7o,

min i <1+ cap(K, B,)™' < (1 + cap(K, By,))cap(K, B,) ™,

which proves (2.11) with C = 1 + cap(K, By,).

Let us now show that the weighted manifold (ﬁ, i) is non-parabolic. For that purpose,
consider in Q the positive smooth function w = % Then we have by Lemma 2.2, that function
w satisfies in €2,

1 1
so that the function w is Aﬁ—harmonic in 2. Observe that

ow oh 1

where v denotes the outward normal unit vector field on 0€2. Since v is non-negative in € and
v =0 on 91, we have % < 0 on 02, whence we get by (2.17),

a_w >0 on 0f.
ov
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Hence, we conclude that w is Agz-superharmonic in Q, positive and non-constant, which implies
that (€2, i) is non-parabolic. [ |

Remark. Note that the function h constructed in Lemma 2.4 is A -subharmonic in Q. If we
assume that the weighted manifold (€, 1) is parabolic, we obtain that h is unbounded since a

non-constant bounded subharmonic function can only exist on non-parabolic manifolds.
2.2. Locally Harnack case.

Definition. The weighted manifold (M, u) is said to be a locally Harnack manifold if there is
p > 0, called the Harnack radius, such that for any point € M the following is true:

(1) for any positive numbers r < R < p

V(z,R) _ (E)n (2.18)

V(z,r) — r
(2) Poincar inequality: for any Lipschitz function f in the ball B(x, R) of a radius R < p
we have B _,
/ = / T (2.19)

where we denote

1
P flwim g [ fd
B(x,R/2) V(z,R/2) JB(x,r/2)

and a,b and n are positive constants and V' (z,7) denotes the volume function of (M, ).

For example, the conditions (1) and (2) are true in the case when the manifold M has Ricci
curvature bounded below by a (negative) constant —x (see [3]).

Definition. For any open set {2 C M, define

A1 (Q) = inf fQ]V—uPd,u
v Joutdp

where the infimum is taken over all nonzero Lipschitz functions « compactly supported in 2.

(2.20)

Lemma 2.5 ( [11], Theorem 2.1). Let (M, u) be a locally Harnack manifold. Then we have, for
any precompact open set U C M,

oz o () (). e

and the constant ¢ depends on a,b,n from (2.18) and (2.19).

where

Definition. We say that a manifold M satisfies the spherical Harnack inequality if there exist
29 € M and constants rg > 0, Cg > 0, Ng > 0 and A > 1, so that for any positive harmonic
function w in M \ B(zg, A=) with r > ro,
sup u < CyrV#  inf . (2.22)
OB(zo,r) 0B (wo,r)
Assumption: In this section, when considering an end 2 of a complete non-compact weighted
manifold (M, ), we always assume that there exists a complete weighted manifold (Mg, po) and
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a compact set Ky C My that is the closure of a non-empty open set, such that Q is My \ Ko in
the sense of weighted manifolds. For simplicity and since we only use the intrinsic geometry of
My, we denote by B(z,r) the geodesic balls in My and by V(z,r) the volume function of Mj.

Theorem 2.6. Let Q be an end of a complete non-compact weighted manifold (M, u). Assume
that My is a locally Harnack manifold with Harnack radius p > 0, where My is defined as above,
and that there exists xq € My so that
e My satisfies the spherical Harnack inequality (2.22).
e My satisfies the polynomial volume growth condition (2.2).
e There are constants vg > 0 and 6 > 0 so that for any x € My, if d(z,x0) < R for some
R > p, it holds that

V(z,p) > voR7. (2.23)
Then, for any x € M, there exist o« > 0, t, > 0 and c; > 0 such that for all t > t,,
¢

where o = a(N,0,n, Nir) and n is as in (2.18).

Proof. Let us set B, = B(zo,r) and V(r) = V(xo,r) and K¢ be contained in a ball Bs for some
0 > 0. It follows from [ [20], Theorem 2.25] that Kj has locally positive capacity. Then by
Lemma 2.4 there exists a positive smooth function h in € that is harmonic in © and such that
the weighted manifold (ﬁ, ﬁ) is non-parabolic, where measure g is defined by (2.5). Now, our
aim is to apply the estimate (2.3) in Theorem 2.1 to the weighted manifold (€, 7). For that
purpose, it is sufficient to show that there are positive constants g, C and N > 2 such that for

all » > ryg,
Va(r) :/ h2du < CrV. (2.25)
B-N
Firstly, by (2.11), there is a constant Cs > 0 such that for all r > 4,

glénh < Cscap(Ko, B,) L. (2.26)

As h is harmonic in My \ B, the hypothesis (2.22) implies that there exists a constant Cg > 0,
so that for every r > max(rg, AJ),

max h < CyrVe %ﬂn h.

T T

Combining this with (2.26), we obtain for all r > max(rg, Ad) with Cy = CyCs,

max h < Cor™ cap(Ko, By) ™t (2.27)

r

For any r > ¢, let ¢, be the equilibrium potential of the capacitor ( Ky, B,). Since

/ IVeor [*dpo = cap(Ko, By)

T

and
/ ©2dpo > 110(Ko),

we obtain )
s, IVerPdpo  cap(Ko, By)

[5 @¥dpo  —  p(Ko)

)\I(Br) <
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whence, together with (2.27), we deduce

rggxh < Cou(Ko)1r¥ux (B,) L. (2.28)
Since My is a locally Harnack manifold, we can apply Lemma 2.5 and obtain from (2.21), that
for all r > ¢,
c ‘ Vo 2 Vo 2/n
M(B) > = , , 2.29
1B 2 5 mm((V(r)) (v7) (229)
where
Vo= inf {V(x,p): B(x.p) N B, # 0}.
€My

Note that the condition B(x,p) N B, # () implies that d(xg,z) < r 4+ p. Thus, we obtain from
the hypothesis (2.23), assuming r > p,

V(z,p) > wvo(r+p)~? > ve27 %77,

Therefore, we have for all r > p,
Vo > Cor?,

with Cp = v927%. Hence, using the polynomial volume growth condition (2.2), we obtain from
(2.29), that for all » > max(rg, p, Ad),

A1(B;) > Cy min (7“72(N+‘9)’T*2(N+9)/n) 7

1_p2m1n C "\ O )

where

so that by setting

B = 2max <N +0, NTH> ) (230)
we deduce for r > max(rg, p, Ad, 1),
M(B,) > Oy,
Combining this with (2.28), we obtain for every r > max(ro, p, AJ, 1),
max h < CorP Ve, (2.31)

where

Cy = CoCy o (Ko) L.
Hence, (2.31), the polynomial volume growth condition (2.2) and the maximum principle imply
that for all r > max(rg, p, Ad, 1),

Va(r) = / h?dp < V(r)max h? < C3CrN T2 HN),
B,NQ OBy

which proves (2.25) with 79 = max(ro, p, A, 1), N = 2(84+ Ng)+ N and C = C2C, and implies
that the weighted manifold (£2,1) has polynomial volume growth. Thus, the hypotheses of
Theorem 2.1 are fulfilled and we obtain by (2.3), that for any x € Q, there exist £, > 0 and
¢, > 0, such that for all ¢ > ¢,

Cy

~0
>
by ([L‘,[L‘) - (tlogt)ﬂJrNHJrN/z’
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where [ is defined by (2.30). Since h is harmonic in €2, we therefore conclude by (2.7) that for
any z € Q and all ¢t > ¢,

coh?(x)
(t log t)ﬁ+NH+N/2 ’

Pz, z) = h* ()5 (2, 2) >

which yields (2.24) for all z € M by using p? < p: and by means of a local parabolic Harnack
inequality (cf. [21]) [ |

Remark. Note that it follows from the non-parabolicity of (ﬁ, ﬁ), that 4 max (N + 0, %) +
2Ny + N > 2.

2.3. End with relatively connected annuli.

Definition. We say that a manifold M with fixed point xzg € M satisfies the relatively connected
annuli condition (RCA) if there exists A > 1 such that, for any » > A? and all z,y with
d(xo,z) = d(zo,y) = r, there exists a continuous path v : [0,1] — M with v(0) = x and
v(1) = gy, whose image is contained in B(xq, Ar) \ B(zg, A~!7).

Remark. Note that, even though the condition (RCA) is formulated for the specific point x, it
is equivalent to the (RCA) condition with respect to any other point x; with possibly a different

constant A.

Example. Any Riemannian model with a pole (see Subsection 2.4) with dimension n > 2 has

relatively connected annuli.

Corollary 2.7. Let Q be an end of a complete non-compact weighted manifold (M, u) and
assume that My is a locally Harnack manifold with Harnack radius p > 0, where My is defined
as above. Also assume that there exists xg € My so that

o My satisfies (RCA) with some constant A > 1.

e There exist constants L > 0 and C > 0 so that for all r > L,

V(Ar) =V (A7lr) < Clogr, (2.32)

where we denote V (r) = V(xzg,r).
e There exists a constant vg > 0 such that for any y € My,

V(y,p/3) = vo. (2.33)

Then, for any x € M, there exist o > 0, tp > 0 and c; > 0 such that for all t > t,,

Ca

pt(l’,l’) Z t_a>
where o = a(n, v, p,C).

Proof. As before, we denote B, = B(xg,r). Obviously, the hypothesis (2.33) implies the condi-
tion (2.23) with # = 0. Hence, to apply Theorem 2.6, it remains to show that M, has polynomial
volume growth as in (2.2) and M, satisfies the spherical Harnack inequality (2.22). The poly-
nomial volume growth condition (2.2) follows from (2.32).

Let us now prove that the spherical Harnack inequality (2.22) holds in My. Assume that r > L
and cover the set Ba, \ B-1,, with balls B(x;, p/3) where x; € My and A > 1is asin (RCA). By
applying a standard covering argument, there exists a number 7(r) and a subsequence of disjoint
balls {B(:clk,p/?))}zg such that the union of the balls {B(azlk,p)};g cover the set By, \ Bg-1,.
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Hence, it follows from (2.32), that
(r)

> Vi(wi,p/3) < V(Ar) = V(A™'r) < Clogr. (2.34)
i=1
Then the hypothesis (2.33), combined with (2.34), implies that
1
#(r) < 1087 (2.35)
vy

For all » > A2, let y1,y2 be two points on 0B, and 7 be a continuous path connecting them
in Ba, \ By-1, as it is ensured by (RCA). Now select out of the sequence {B(z;,, p) Z(Q those
balls that intersect 7. In this way, we obtain a chain of at most 7(r) balls, which connect
and y. Now let u be a positive harmonic function in My \Tﬁ, where Ay > A is such that
any ball of this chain lies in M \TEIT for all 1 <i < 7(r) and r > A3. Applying the local
elliptic Harnack inequality to u repeatedly in the balls of this chain and letting 1, 2 such that
mingp, u = u(y;) and maxgp, v = u(y2), we obtain

max u = u(y2) < (Cp) u(yr) = (Cp)" minu,

where C), is the Harnack constant in all B(x;,,p). Together with (2.35), this yields

< log C, .
maxu < 7% ° ° minu,

T T

which proves the spherical Harnack inequality (2.22) with Ny = % log C,. Thus the hypotheses
of Theorem 2.6 are fulfilled and we obtain from (2.24), that for any € M, there exist t, > 0,
¢, > 0 and « > 0 such that for all ¢t > ¢,,

C
pt(xa iL') Z t_z7

where o = «(n, Np7), which finishes the proof. [ |

Definition. As usual, for any piecewise C'! path v : I — M, where [ is an interval in R, denote

by () the length of v defined by
1) = [ B
d
at

(v(t)) for any f € C°(M).

Corollary 2.8. Let Q be an end of a complete non-compact weighted manifold (M, u) and

where 4 is the velocity of «, given by 4(¢)(f) =

assume that for some k > 0, we have
Ric(My) > —k, (2.36)

where My is defined as above. Suppose that there exists xg € My so that
o My satisfies (RCA) with A > 1 and piecewise C path v so that there is some constant

¢ > 0 such that for all r > A2,
I() < clogr. (2.37)

e There are constants vg > 0 and 0 > 0 so that for any y € My, if d(y,zo) < R for some
R > 1, it holds that
V(y,p) = voR™".
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Then, for any x € M, there exist a > 0, t; > 0 and c; > 0 such that for all t > t,,

Cx

pt(x7$) > —

= ta,
where o = a(c, 0, k).

Proof. The assumption (2.36) implies that M is a locally Harnack manifold. Hence we are left
to show that My has polynomial volume growth as in (2.2) and satisfies the spherical Harnack
inequality (2.22) to apply Theorem 2.6. Again we denote B, = B(xzg,r) and V(r) = V(zg,r). By
the Bishop-Gromov theorem, the hypothesis (2.36) implies that there exists a constant Cy > 1,
so that for any y € My and R > 1,

V(y, R) < %L,

Together with the assumption (2.37), this yields that the polynomial volume growth condition
(2.2) holds in M.

Let us now show that My satisfies the spherical Harnack inequality (2.22). Let A > 1 be
as above and assume that » > A%, Fix two points y1,y2 on 0B, and let v be a continuous
path connecting them in By, \ By-1, as is it ensured by (RCA). Then cover the path v with
balls {B(x;, p)}jiq), where x; € My and p > 0. Now let u be a positive harmonic function in
My \m, where Ag > A is such that B(x;, p) C My \TS% for all 1 <i < 7(r) and 7 > A3.
In this way, we obtain a chain of at most 7(r) balls B(z;, p), which connect y; and y2. By (2.37),
we deduce that

T(r) < %log(r). (2.38)

Applyig the local elliptic Harnack inequality to u repeatedly in the balls of this chain and letting
y1,y2 such that mingp, u = u(y1) and maxgp, u = u(y2), we obtain

maxu = u(y) < (Cp)"u(y1) = (Cp)" minw,

where C), is the Harnack constant in all B(z;, p). Together with (2.38), this yields

< :
maxu < 7o % miny,
OBy 9B,

which proves (2.22) with Ny = £log C,. Thus the hypotheses of Theorem 2.6 are fulfilled and
we obtain by (2.24), that for any x € M, there exist t, > 0, ¢; > 0 and o > 0 such that for all
t 2> ts,
Cy
pt($,$) Z t_a’

which finishes the proof. |

2.4. An example in dimension two. Consider the topological space M = (0, +00) x St, that
is, any point € M can be represented in the polar coordinates x = (r,6) with r > 0 and 6 € S*.
Equip M with the Riemannian metric ds? given by

ds® = dr® + ¢*(r)d6?,

where 9(r) is a smooth positive function on (0,+0c0) and d#? is the normalized Riemannian

metric on S'. In this case, M is called a two-dimensional Riemannian model with a pole.

Remark. A sufficient and necessary condition, for the existence of this manifold is that
satisfies the conditions ¥(0) = 0 and +'(0) = 1. This ensures that the metric ds* can be
smoothly extended to the origin » = 0 (see [9]).
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We define the area function S on (0, 4+00) by

Proposition 2.9. Let M be a two-dimensional Riemannian model with a pole. Suppose that
for any A > 1, there exists a constant ¢ > 0, so that for all large enough r,

S// t S//
sup +(0) <c +(T).
te(A=1r,Ar) S(t) S(T)

Also assume that there exists a constant N > 0 such that, for every large enough r,

S 1\ f51)5() < Niog(r) (240)

Then the spherical Harnack inequality (2.22) holds in M.

(2.39)

Proof. Fix some xg € M and denote B, = B(xg,r). Since any model manifold of dimension
n > 2 satisfies the (RCA) condition, there exists Ag > 1 such that for all r > A2 and any
x1,x9 € OB, there exists T' > 0 and a continuous path ~ : [0,7] — M such that v(0) = 21 and
~v(T) = x2, whose image is contained in Ba,, \ B Aty Let us choose A > Ay so that there exists
a constant € > 0, such that B(z,R) C Ba, \ Ba-1,, for any z € v([0,T]), where R = er. Let
u be a positive harmonic function in M \ B4-1, and z1, 72 € 0B, such that maxpp, u = u(x;)
and mingp, v = u(xy). Thus, we have to show that there are constants Ny > 0 and Cg > 0, so
that if r is large enough, then

u(zy) < CyrNiu(x,). (2.41)
Let x € v([0,T7]). Recall from [ [15], Exercise 3.31], that the Ricci curvature Ric on M is given
by

1

c = ——. 2.42
Ric S (2.42)

Hence, we obtain from (2.42),

. . S”(t)) (Si(t))
Ric(x) >  inf - > —  sup .
( ) te(A~1tr,Ar) < S(t) te(A-1r,Ar) S(t)
By (2.39), we get, assuming that r is large enough,
S (r)
—c 5(7’) =: —k(r).
Clearly, we can assume that |y/(¢)| = 1. We have
T T
[Ty ¢y UL [Ty ¢y, [Ty,
o u(y(®) o<t<r  u(¥(t)) Jo o<t<r  u(v(t))

Again, since M has dimension n = 2, and as x1,x2 € 0B, we see that

Ric(z) > (2.43)

d(zy,22) < S(r),

whence .
t t
[Ty, ¢y, [P,
o u(y(®) o<t<r  u(y(t))
Applying the well-known gradient estimate (cf. [6]) to the harmonic function w in all balls

B(z, R), we obtain,
Vu(x®)l _ (1 + R\/r»o«))
n ~ "\ R )

sup
0<t<T u(’Y(
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where k(r) is given by (2.43) and C,, > 0 is a constant depending only on n. Therefore, we

T dlogu(v(t)) r |du(v())]
/0 dt ‘S/o “ur(®)
T (Y, ’(t))l
_/0 u(v(t)
)
)

)
T\VU(W(H
</o ()

<c, (— VD) S0
u(z1) < exp <Cn <S€(:)

(VD)) ) ),
Hence, we get by (2.43),

u(zy) < exp (Cn <Se(:) + csg(r)sm» ().

Finally, by (2.40), we deduce for large enough r,

deduce

log u(a1) — log u(zz) =

|dt

which is equivalent to

u(zy) < yOn max{‘/é’%}Nu(xg),
which proves (2.41) with Cy =1 and Ny = C, max { /c, %} N and finishes the proof. |

Example. Let (M, u) be a two-dimensional weighted manifold with end © and, following the
notation in Theorem 2.6, suppose that My is a Riemannian model with a pole such that

rlogr, r>2
SO(T):{ T r<1

Let us show that Mj satisfies the hypotheses of Theorem 2.6 so that for any x € M, there exist
ty >0, c; >0 and a > 0 such that for all ¢t > ¢,

pr(w,x) > —. (2.44)

Since S{(r) = % for r > 2, the inequality (2.39) is satisfied and also

5o(r) 4\ Jenax{(S{) (1), 0}So(r) = logr + /logr < 2logr,

whence (2.40) holds and we get that M satisfies the spherical Harnack inequality (2.22). On

the other hand, we have for r > 2, _:s;g(r) = — 51— 5o that it follows from (2.42) that My has
o(r) r?logr

non-positive bounded below sectional curvature. Hence, My is a locally Harnack manifold and,

as it is simply connected, is a Cartan-Hadamard manifold which yields that the balls in My of
have at least euclidean volume. Therefore, condition (2.23) holds as well and we conclude from
Theorem 2.6 that (M, 1) admits the estimate (2.44).

3. ISOPERIMETRIC INEQUALITIES FOR WARPED PRODUCTS

Definition. For any Borel set A C M, define its perimeter u*(A) by

put(A) = liminf M,

r—0+t r
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where A" is the r-neighborhood of A with respect to the Riemannian metric of M.

Definition. We say that (M, ) admits the lower isoperimetric function J if, for any precompact
open set U C M with smooth boundary,

wHU) = J(u(U)). (3.1)

For example, the euclidean space R™ with the Lebesgue measure satisfies the inequality in
n—1

(3.1) with the function J(v) = cv n .

3.1. Setting and main theorem. Let (M, 1) and (Ma, p2) be weighted manifolds and let
M = M; x My be the direct product of M; and Ms as topological spaces. This means that
any point z € M can be written as z = (z,y) with € M; and y € M. Then we define the

Riemannian metric ds?> on M by
ds* = dz* + % (z)dy?, (3.2)
where 1) is a smooth positive function on M; and dz? and dy? denote the Riemannian metrics
on M; and My, respectively. Let us define the measure p on M by
b= 1 X fiz (3-3)

and note that then (M, ) becomes a weighted manifold with respect to the metric in (3.2) (see
Subsection 3.2 for an example).

Denote by V the gradient on M and with V, and V, the gradients on M; and Ma, respectively.
It follows from (3.2), that we have the identity

|Vul? = |Vul? + IV ul?, (3.4)

Lt
$?(x)

for any smooth function v on M.

Definition. Let ¢ : (0,4+00) — (0,4+00) be a monotone decreasing function. Then we define

the generalized inverse function ¢ of ¢ on (0, +00) by

¢(s) =sup{t > 0: p(t) > s}. (3.5)

We will use the convention that the supremum of the empty set is zero.
One can easily prove the following

Lemma 3.1. The generalized inverse ¢ of ¢ has the following properties:

(1) ¢ is monotone decreasing, right continuous and lims_,o ¢(s) = 0;
(2) ¢ is right continuous if and only if ¢ itself is the generalized function of ¢, that is

o(t) =sup{s > 0: ¢(s) > t}; (3.6)

/0 T o)t = /0 ~ o(s)ds. (3.7)

The following lemma is well-known.

(8) we have the identity

Lemma 3.2. Let U be a precompact open subset of a weighted manifold (M, p) with smooth
boundary. Then

pH(U) = inf limsup \Vun\du = sup hmmf/ |V, |du,

{’un} n—oo
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where {up }nem is a monotone increasing sequence of smooth non-negative functions with compact

support, converging pointwise to the characteristic function of the set U.

The proof of the following theorem follows the ideas of Theorem 1 in [19], where an isoperimet-
ric inequality is obtained for Riemannian products M = M; x Mj of two Riemannian manifolds
M1 and MQ.

Theorem 3.3. Let (M, p1) and (Ma, ug) be weighted manifolds and let the weighted manifold
(M, 1) be defined as above, that is, the Riemannian metric on M is defined by (3.2) and measure
w is defined by (3.3). Assume that there exists a constant Cy > 0, such that for all x € My,

P(z) < Co. (3.8)

Suppose that (My, 1) and (Ma, pa) have the lower isoperimetric functions Jy and Jo, which are
continuous on the intervals (0, puy(My)) and (0, pe(Ms)), respectively. Then (M, ) admits the

lower isoperimetric function J, defined by

= cmf </ Ji(e(t))dt + /000 Jz(d)(s))ds.) ,
1

L min {1, —} and ¢ and ¢ are generalized mutually inverse functions such that

) o
o < (M), ¢ < pa(Ma), (3.9)

b= /0 T o(t)dt = /O ~ o(s)ds. (3.10)

Proof. Let U be an open precompact set in M with smooth boundary such that u(U) = v. Let

~ inf (/ e dt—i—/oong(qﬁ(s))ds.), (3.11)

where ¢ and ¢ are generalized mutually inverse functions satisfying (3.9) and (3.10). We need

where ¢ =

and

us define the function

to prove that

it (U) = el(v),
where [ is defined by (3.11) and c is defined as above. Let {f,}nen be a monotone increasing
sequence of smooth non-negative functions on M with compact support such that f, — 1y as

n — oo. Note that by Lemma 3.2, it suffices to show that

n—oo

liminf/ |V fnldp > cl(v). (3.12)
M
By the identity (3.4) and using (3.8), we have

1 1?2
1/}( )zlvyfn’ = 2m1n{1 CO} (‘szn’"i"vyfn’)Q'

Together with (3.12), it therefore suffices to prove that

n—oo

liminf/ \fon]d,u—l—liminf/ \Vyfnldpn > I(v). (3.13)
M e M

Let us first estimate the second summand on the left-hand side of (3.13). For that purpose,

consider for every x € My, the section

Us={ye My:(x,y) € U}.
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By Sard’s theorem, the set U, has smooth boundary for allmost all . Considering the function

fn(x,y) as a function on My with fixed 2 € M7, we obtain by Lemma 3.2 for allmost all z,

n—oo

imint [V, (o 0)lda(o) > i ()
2
Integrating this over M7 and using Fatou’s lemma, we deduce

liminf/ ]Vyfn]d,uz/ g (Uyz)dpa (z). (3.14)
M My

n—oo

The first summand on the left-hand side of (3.13) could be estimated analogously, but instead,
we will estimate it using the assumption that (M, pu1) and (Ms, ue) admit lower isoperimetric

functions J; and Js, respectively. First, by Fubini’s formula, we have

[ Vatlan= [ [ Vapaldudin = [ ] fn(w,y)duz(y)‘dm(m)- (3.15)
M M1 M2 Ml M2
Now let us consider on M; the function

Fu(x) = | fol2,y)dua(y).

Mo
Note that F),(z) is a monotone increasing sequence of non-negative smooth functions on M,
such that
F(z) = nIEEO Fo(z) = pa(Uy). (3.16)

Since F,, is smooth for all n, we deduce that the sets {F),, > t} have smooth boundary, so that

we can apply the isoperimetric inequality on M7, that is,
pi{Fn >t} > L {Fa > 1),

Hence, we obtain, using (3.15) and the co-area formula,
M M 0

:/ i {F, > t}dt
0

> /0 i F, > 1)t

Passing to the limit as n — oo, we get by Fatou’s lemma, using the continuiuty of Ji,

limsup/ \fon]d,uz/ Ji(p{F > t})dt. (3.17)
M 0

n—oo

By the isoperimetric inequality on My with function Jo and by (3.16),

p3 (Ua) = Jo(p2(Uz)) = J2(F(x)),

whence combining this with (3.14) and (3.17), we get

timsup [V foldn+timsup [ 19 fuldi = [T aGn{F > ik [ nE@)n ).
n— 00 M n—00 M 0 M
(3.18)
Let us set
o(t) = i {F > 1)
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pa (M) |

F1GURE 1. Function ¢(t)

and note that ¢ is monotone decreasing and right-continuous. Let ¢ be the generalized inverse
function to ¢ defined by (3.5). Then we obtain by (3.6),

sup{s > 0: ¢(s) >t} = i {F > t}, (3.19)

which means that ¢ and F' are equimeasurable. Clearly, ¢ < pi(Mj). Since F' < ug(Ma), which
implies ¢(t) = 0 for all ¢ > ua(Ma), we also obtain ¢ < po(Ma) by (3.5). By (3.7), the definition
of ¢ and Fubini’s formula,

| o= [ et = [ Fdm=pw) =v.
0 0 M,
Hence, the pair ¢, ¢ satisfies the condition in (3.10). Note that by (3.19),
| ntFa@)d = [ ),

M, 0

whence we obtain for the right-hand side of (3.18),
Jo(F(z))du (z / J1 Ml{F > t} dt = / Jo(o(t))dt —l—/ J1((t))dt > 1(v),
My

which proves (3.13) and thus, finishes the proof. |

Let P > 0. Given two non-negative functions f on (0, +00) and g on (0, P) define the function

h on (0,+00) by
—int ( / Flo(t)dt + / g(d)(s))ds.),

where ¢ and ¢ are generalized mutually inverse functions on (0, +00) such that

/ p(t)dt = / o(s)ds = v. (3.20)
0 0
and with the condition that ¢ < P. For fixed ¢, ¢, where ¢, ¢ are as above, let us denote

S = / fle(t))dt —|—/ g(¢(s))ds. (3.21)

Lemma 3.4. Let f and g be continuous functions on the intervals (0,+00) and (0, P), respec-

tively and suppose that g is symmetric with respect to 1P Also, assume that the functions ! ( )

and g(yy) are monotone decreasing while the functions f and g are monotone increasing on the
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intervals (0, 4+00) and (0, g), respectively. Then, for any v > 0,
1 1 v
h > i _}l y o <__) }) 9
()= min (ghoo) 57 (5) P)
where the function hqg is defined for all v > 0, by

ho(v) = inf  (f(z)y +g(y)x). (3.22)

TYy=v

x>0, 0<y<ip
Remark. A similar functional inequality was stated in [ [19], Theorem 2a] without proof.

In the following we denote by |A| the Lebesgue measure of a domain A C R2.
Proof. Let ¢ be decreasing and right-continuous and ¢ be its generalized inverse function satis-
fying (3.20) and let S be defined as in (3.21). We need to prove that

S > min (%ho(v), %f (%) P) . (3.23)

Let us first suppose that ¢ is strictly monotone decreasing and continuous on an interval
(0,T) C (0,P) such that lim; 7 ¢(t) = 0 and ¢((0,7)) = (0,+0c). Denote by ¢ the inverse
function of ¢ on (0, +00) and note that ¢ is then also strictly monotone decreasing and continuous
and satisfies ¢ < T'. Let us show that

S > min <éhT(v), éf (%) T) , (3.24)
where
hr(v)=  inf  (f(z)y+9(y)z),

TYy=v

x>0, 0<y<$T
which will then imply (3.23) by an approximation argument.
For any p € (0,7"), consider the domain

D, ={(t,s) ER*:p<t<T, 0<s<opt)}
and for any g > 0 the domain
U, ={(t,s) €ER?:5>¢q, 0 <t < ¢(s)}.

Since ¢ is strictly monotone decreasing and continuous, there exists ¢ > 0 such that |¥,| = %v.
Let us set p = ¢(q) and note that

v= [ dlsds = [0, + %] + pa (3.25)
0

The proof will be split into two main cases.
Case 1. Let us assume that .
D, > —w.
@] 2 3

Then we obtain by (3.25) that p < 3iqv. By the monotonicity of #, we therefore get

| atotnas = gaat),

where © = 3¢ and y = 3—1qv and similarly,

| ey = 35,
0
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Hence, we obtain that
1
S Z gho(’l))
Case 2. Let us now assume that )
d | < —w.
| p| 3U

Then we can decrease p to p’ such that |®,/| = %v. Set ¢ = p(p’) and note that this ¢ is larger

than the ¢ from Case 1, whence

1
v, <=
| q ’ — 3’07
so that (3.25) implies
—o<qyd < Z
FUSP¢ <3V
Case 2a. Assume further that p’ > iT. It follows that
1 /
fd),

RO

and since f is monotone increasing, we conclude

s275(5)

/

q

which proves (3.24).
Case 2b. Assume now that p’ < 1T and set gy = ¢ (37).
Case 2b(i). Let us first consider the case when ¢y < i¢’. Using that g(y) is monotone

increasing on (O7 %), we obtain,

| st > 5o
Together with .
| stetena = s
we deduce )
§ = 590)d + (),

so that setting z = 2 and y = P, yields

§2 2 (@ + 9lw)e) 2 hr(o).

Case 2b(ii). Finally, let us consider the case when ¢y > %q’ . Note that the condition that
f(=)

<~ is monotone decreasing, implies that for any A € (0, 1),

fAz) = Af(x).

Together with the monotonicity of f, we therefore obtain

T/2 T
Fe®)dt = f(d)
0
which yields -
v
525 (7) 7

and thus, proves (3.24) also in this case.
Now let us consider the general case, when ¢ is monotone decreasing and right-continuous and

¢ being its generalized inverse function satisfying (3.20). Then consider an increasing sequence
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{¢n}n of functions which are positive, continuous, strictly decreasing functions on an interval
(0,7) C (0,P) such that T, — P, ¢n(t) — ¢(t) and v, = [§° on(t)dt — v for n — +oc.
Letting ¢y, be the inverse function of ¢, on (0,7},,) for all n, we get by [ [8], Lemma 1.1.1], that
for every continuity point s € (0, +00) of ¢,

On(s) — ¢(s) asn — +oo.

By the former case, we have the inequality (3.24) for all ¢,,, that is,

|7 stenorars [ atontopas zmin (gho 051 (32) 7). 6200

Now let g1 = ¢ (%) and note that ¢,(s) < g for all n and s > ¢, whence using that g is

monotone increasing on (0, g), we obtain for all s > ¢,

9(@n(s)) < g(dnt1(s)).

Hence, we obtain by the dominated convergence theorem, the monotone convergence theorem

and the continuity of g,

o)

i [~ gtu(e)ds = tim ([ atontonas+ [ atnenas) = [ atotsnas

n—oo [q 0 a

Using the monotonicity and the continuity of f, we get by the monotone convergence theorem,

im [ f(on(t)dt = /O " fe(t))dt.

n—oo 0
Hence, passing to the limit as n — +o00 in (3.26), we conclude by the continuity of the right-hand
side of (3.26), that inequality (3.23) holds, which finishes the proof. [ |
Corollary 3.5. In the situation of Theorem 3.3 suppose that

p1(Mp) =00 and po(Ms) < oo
Ji(z)

xT

and assume that and JQT(y) are monotone decreasing while the functions J1 and Jy are
monotone increasing on the intervals (0, 4+00) and (0, %,U,Q(Mg)), respectively. Then the manifold

(M, 1) admits the lower isoperimetric function

1 1 v
J(v) = emin [ =J, -S| —— M. 3.27
(v) = cmin (6 0(v), g1 (Hz(MQ)) p2( 2)) ; (3.27)
where function Jy is defined for all v > 0, by
Jo(v) = Ilyn:fv (Ji(z)y + Ja(y)x), (3.28)

>0, 0<y<3pz (M)

and the constant c is defined as in Theorem 3.3.

Proof. From Theorem 3.3, we know that (M, u) has the lower isoperimetric function c¢l, where
I is defined by

I(v) = inf (/OOO J1((t))dt + /Ooo J2(¢(s))d5.> ,

X
where ¢ and ¢ are generalized mutually inverse functions satisfying ¢ < pe(Ms) and the con-
dition in (3.20). Since pa(Ms) is finite, we can assume that the isoperimetric function Jy is
symmetric with respect to %,ug(Mg), because the topological boundaries of an open set and its
complement coincide. Applying Lemma 3.4 to [ with f = J1, g = J2 and P = po(Ma), we
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obtain

I(v) > min <éJ0(v), éjl (m) MQ(M2)> ,

where function Jy is defined by (3.28), which implies that function J given by (3.27) is a lower
isoperimetric function for (M, p). [ |

3.2. Weighted models with boundary. Let us also consider the topological space M =
Ry x S"1 n > 2 where R, = [0, +00), so that any point € M can be written in the polar
form x = (r,0) with » € Ry and 6 € S"~!. We equip M with the Riemannian metric ds? that
is defined in polar coordinates (r,6) by

ds? = dr® 4+ 1*(r)d6?

with 1 (r) being a smooth positive function on R, and df? being the Riemannian metric on

S"~1. Note that M with this metric becomes a manifold with boundary
OM ={(r,0) e M :r =0}

and we call M in this case a Riemannian model with boundary. The Riemannian measure p on

M with respect to this metric is given by
dyi = " (r)drdo (6),

where dr denotes the Lebesgue measure on R, and do denotes the Riemannian measure on
S"~1. Let us normalize the metric df? on S"~! so that ¢(S*~!) = 1 and define the area function
S on Ry by

S(r) = 4" (7).

Given a smooth positive function h on M, that only depends on the polar radius r, and a
measure i on M defined by dji = h2dyu, we obtain that the weighted manifold (M, i) has the
area function

S(r) = h*(r)S(r).
Then the weighted manifold (M, 1) is called a weighted model and we get that
dfi = S(r)drdo(6). (3.29)

Theorem 3.6. Let (My, 119) be a model manifold with boundary. Assume that there ezists a
constant Cy > 0 such that for all r > 0,

Yo(r) < Co. (3.30)

Assume also, that
567"“7

(3.31)

~ r r>1,
SO(T)Z{I r<l1

where § € R and a € (0,1]. Then the weighted model (Mo, 110) with area function So admits the

lower isoperimetric function J defined by

— s, w2>2,
J(w)=¢q (osw) = ) (3.32)
cw n w < 2,

where ¢ is a small enough constant and ¢ is a positive constant chosen such that J is continuous.
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Proof. Let v be the measure on Ry defined by dv(r) = %(T)d’l“. Then (3.29) implies that
measure j has the representation g = v X o, where o is the normalized Riemannian measure
on the sphere S*~!. Obviously, we have by (3.31), that

v(Ry) = /Ooo So(r)dr = +oo.

Since Sp is a positive, continuous and non-decreasing function on Ry, we obtain from | [2],

Proposition 3.1], that (R4, ) has a lower isoperimetric function J,(v) given by
Jo(v) = So(r),
where v = v([0,r)). Clearly, for small R, we have J,(v) ~ 1. For large enough R, we obtain
R - le%
v :/ So(r)dr ~ ROFTI=oel
0
This implies that for large v,

logv ~ R*+ (6 +1 — «a)log R ~ R%,

and thus,
Jy(v) = So(R) ~ ROeR" = Ro—lpdti-agh® o U
(log v) ="
which proves that
— =, V22,
Jy(v) =¢cgq (logv)~a
ci, v < 2,

is a lower isoperimetric function of (R4, v) if ¢y > 0 is a small enough constant and continuous

for an appropriate choice of constant ¢; > 0. Note J,, is monotone increasing on R and, since

a € (0,1], the function J"év) is monotone decreasing. Let J, be the function defined by

vn=T, if Ogvgé,

n—2
(I—v)»1, if F<o<l
It is a well-known fact that J,, is a lower isoperimetric function for (S"~!, o) assuming that the
constant ¢, > 0 is sufficiently small. Since we assume that 1 satisfies the condition in (3.30),

we can apply Corollary 3.5 and deduce that a lower isoperimetric function J of (M, i) is given
by

1 1
J(w) = ¢min (gJo(w), EJV (w)) , (3.33)
where Jj is defined by
Jo(w) = inf (Jy(w)v + Jy(v)u)
u>0, 0<v<i

and the constant ¢ > 0 is defined as in Theorem 3.3.
In order to estimate J in this case, let us consider the function K, defined for all w > 0, by

K(w) = @ — cmin <éK0(w), éK,, (w)) , (3.34)
where K is given by
Ko(w)=  inf  (Ky(u) + Ko (), (3.35)

uv=w

u>0, 0<v< i
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Jo (V)

—J”Tsu) and K, (v) =

. Observe that, since K, is monotone decreasing,

(2)

inf K,(v) > K, 5

where K, (u) =
Ko(w) Z L
0<’U§§

Note that if w > 2 and v < %, then v = % > 4. Hence, we obtain that for w > 2,
Ky(w) ~ const.
~ K, (w) for

(3.36)

w
w > 2.

~
- 1—a

Substituting this into (3.34), we get, using that K, is monotone decreasing, K (w)

w > 2, and whence
J(w) =~ J,(w
(log w) =
Note that if w < 2, the infimum is attained when v < 2 and the summands in (3.35) are

comparable. Observe that this holds true when
1

v =W

so that substituting this into (3.35), we deduce for w < 2,

Hence, we obtain that for all w < 2,
JO(w) zw o,

J(w) zwnT_l, w < 2.
|

and therefore by (3.33),
Combining this with (3.36), we conclude that the function J(w) defined by (3.32) is a lower

isoperimetric function for the weighted model ( My, o).
4. ON-DIAGONAL HEAT KERNEL UPPER BOUNDS

Recall from (2.20), that for any open set Q C M, we define
Vu|?d
A (Q) = inf Jo 2' g
v Joutdu
where the infimum is taken over all nonzero Lipschitz functions u compactly supported in 2.

Definition. We say that (M, u) satisfies a Faber-Krahn inequality with a function A : (0, +00) —
(4.1)

(0, +00) if, for any non-empty precompact open set Q C M,
A1(Q) > A(u(92)).

It is well-known that a Faber-Krahn inequality (4.1) implies certain heat kernel upper bounds

of the heat kernel (see [4] and [14])

Proposition 4.1 ( [14], Theorem 5.1). Suppose that a weighted manifold (M, ) satisfies a

Faber-Krahn inequality (4.1) with A being a continuous and decreasing function such that
(4.2)

L do
/0 G <o
(4.3)

Then for all t > 0,
sup pi(x, ) < )
zeM t( ) V(t/2)
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where the function v is defined by

1O dw
t:/o vA(v)’ (4.4

Definition. Let {Mi}fzo be a finite family of non-compact Riemannian manifolds. We say that

a manifold M is a connected sum of the manifolds M; and write
k
M=||M, (4.5)
i=0

if, for some non-empty compact set K C M the exterior M \ K is a disjoint union of open sets
Ey, ..., Ej such that each F; is isometric to M; \ K; for some compact set K; C M;.

Conversely, we have the following definition.

Definition. Let M be a non-compact manifold and K C M be a compact set with smooth
boundary such that M \ K is a disjoint union of finitely many ends Ey,...,Ey. Then M is

called a manifold with ends.

Remark. Let M be a manifold with ends Ey, ..., Ey. Considering each end FE; as an exterior

of another manifold M;, then M can be written as in (4.5).

Let (M = |_|§:0 M;, 1) be a connected sum of complete non-compact weighted manifolds
(M;, i) and h be a positive smooth function on M. As before, let us consider the weighted
manifold (M, i), where [ is defined by dji = h2du. By restricting h to the end E; = M;\ K; and
then extending this restriction smoothly to a function h; on M;, we obtain weighted manifolds
(M;, f1;), where fi; is given by dji; = h?dp.

From now on, we always have dim(M) = n.

Theorem 4.2. Let (M,pn) = (|_|f:0 Ml,ﬁ> be a weighted manifold with ends where My is a
model manifold with boundary so that for all v > 0,

Yo(r) < Co
and
~ e, r>1
S ~ b — b
o(r) {1, r<,

where 0 < a < 1, § € R and Sy denotes the area function of a weighted model (Mo, o). Assume
also that all (M, [i;), i = 1,...k, have Faber-Krahn functions A; such that
N —L, v2>2,
Aij(v) > ¢ (logy) o
v, v < 2,
for constants ¢; > 0. Then there exist constants C > 0 and C1 > 0 depending on o« and n so
that the heat kernel py of (M, 1) satisfies

—oytra ), t>1
aysien e C0). 2 “

zeM £ 3, 0<t<l.

Proof. 1t follows from Theorem 3.6, that (Mo, uo) has the lower isoperimetric function J given
by (3.32), that is

+—a7 U227
J(v) =c{ (ogo)’s"

dv o, v <2,
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where ¢ > 0 is a small enough constant and ¢ is a positive constant chosen such that J is
J(v)

continuous. Since J is continuous and the function == is non-increasing, we obtain from [ [13],

Proposition 7.1], that (Mo, fig) admits a Faber-Krahn function Ag given by

1
~ 1 2 =, V22,
AO(U) = — (M) ~ (log2v)2 5 ,
v, v < 2.

We obtain from [ [18], Theorem 3.4] that there exist constants ¢ > 0 and @ > 1 such that (M, 1)
admits the Faber-Krahn function

A(v) = coglz‘igk Ai(Qu).

Hence (M, [i) has a Faber-Krahn function A, satisfying

- — e, v >2,
A(v) ~ q (logv) o (4.7)
vV n, v < 2.
Observe that the Faber-Krahn function A satisfies condition (4.2). Thus, we can apply Propo-
sition 4.1, which yields the heat kernel upper bound in (4.3). Hence, it remains to estimate the
function ~ from the right hand side of (4.3) by using (4.4). In the case when ¢t > 0 is small
enough, we get by (4.4) and (4.7),

v(t) V(t)
t:/ v :0'/ v cm?,
0o vA(v) o ol

which implies for some constant C” > 0,

v(t) = C"t3.

For large enough ¢ on the other hand, we deduce

@) o log(v(t)) ,_,. .
t= — ~ u o du~log(vy(t)) « .
/0 vA(v) /2 ((8)

Therefore,

v(t) = exp (const tﬁ> ,
where const is a positive constant depending on « and n. Substituting these estimates for ~(t)
into (4.3), we obtain the upper bound (4.6) for the heat kernel p; of (M, 1) for small and large
values of ¢. For the intermediate values of ¢, we deduce the upper bound (4.6) from the fact that

the function ¢ +— sup,c s pt(z, x) is continuous. |

Example. In Theorem 4.2 one can take (M, ;) = (H", u;), i = 1,...k, where p; is the

Riemannian measure on the hyperbolic space H™ since for all 0 < a < 1, we have

1
{L v > 2, o, V22,

AHTL (U) ~ >c (IOgQ'U) @

_2
n

v, v <2 v, v < 2.

Remark. Let (M, 1) be the weighted manifold with ends, defined as in Theorem 4.2, so that
So(r) =~ €™ 79 for r > 1 and hence, for R > 1,

—~ R __ R . §
Vo(R) :/ So(r)dr ':/ e 1S dp ~ R RIT1-a
0 0
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Then, we obtain from [ [7], Proposition 3.4] for large enough R,

—_ 2
— So(R C
Al(QR)§4<vaZER;> < Fpga

where Qr = {(r,0) € My : 0 < r < R}. Hence, setting R = R(t) = tﬁ, [ [7], Proposition 2.3]
yields the following lower bound for the heat kernel p; in (M, i) for large enough ¢:

- 1 —~ C1 Ct 1
PP T) 2 Ty O (R@wt) = e RoIa(z) P <_R2—2a(t)> Z oars
which shows that the exponential decay in the upper bound given in (4.6) is sharp.

4.1. Weighted models with two ends. Let M be the topological space M = RxS*™ 1, n > 2,
that is, any point € M can be written in the polar form x = (r,6) with »r € R and 0 € S*~L.

For a fixed smooth positive function ) on R consider on M the Riemannian metric ds? given by
ds® = dr* + ¢ (r)d6?,

where df? is the standard Riemannian metric on S"~!. The Riemannian measure x on M with

respect to this metric is given by
dp =" (r)drdo(6),

where dr denotes the Lebesgue measure on R and do the Riemannian measure on S*~!'. As
before, we normalize the metric df#? on S"~! so that o(S"!) = 1. Then we define the area
function S on R by

S(r) =" (r).
Given a smooth positive function h on M, that only depends on the polar radius » € R, and
considering the measure i on M defined by dji = h?du, we get that the weighted model (M, 1),
has the area function

S(r) = h*(r)S(r).

The Laplace-Beltrami operator A, on M can be represented in the polar coordinates (r,0)

as follows:
0?2 S'(r) o 1

o s o T

where Ay is the Laplace-Beltrami operator on S*~!. If we assume that u is a radial function,

that is, v depends only on the polar radius r, we obtain from (4.8), that u is harmonic in M if

and only if
u(r) =c +c Lt (4.9)
- 1 2 . S(t)7 M

where r; € [—00, +00] so that the integral converges and c;, ¢y are arbitrary reals.

Theorem 4.3. Let (M, ) = (Mo U My, i) be a Riemannian model with two ends, where My =
{(r,0) € M : r > 0} is a model manifold with boundary such that for all v >0,

Go(r) =e w1
Also assume that (M, 1) is a Riemannian model with
oo dt
< 00, (4.10)

1 Si()
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and Faber-Krahn function Ay, so that

L, v>2,

Ay(v) > ep { (g (4.11)
vV, v < 2,

for some constant ¢; > 0. Then there exist positive constants C, = Cyp(x,a,n) and C; =
C1(a,n) such that the heat kernel of (M, u) satisfies, for all x € M, the inequality

exp (—Cltﬁ) , t>1,
2, 0<t<l.

pi(z,z) < Cy { (4.12)
Proof. Observe that the assumption (4.10) yields that we can choose positive constants x; and
Ko so that the smooth function A on M defined by

"odt
h(r) =rk1+k —,
A0
is positive in M and satisfies h ~ 1 in {r < 0}. Consider the weighted model with two ends
(M, i), where [i is defined by dji = h?dpu. It follows from (4.11) that the weighted model (M7, 17)
has the Faber-Krahn function A; satisfying
~ +—207 % 2 27
Ai(v) > ¢ (logu) =
/Ui;’ v < 2’

for some constant ¢; > 0. Further, note that

_ @
{7“1 Y™ r>1,

h ~
[0 () 1, 0<r<i,

whence the area function :S'E of the weighted model with boundary (M, ro) admits the estimate
2—2a 1™
— r e, r>1,
So(r) =~
1, 0<r<l.

Since also ¥y < 1, we can apply Theorem 4.2 and obtain that there exist constants C' > 0 and
C1 > 0 depending on « and n so that the heat kernel p; of (M, 1) satisfies

_ —C tﬁ) L t>1,
sup py(z,z) < C exlz ( ! - (4.13)
zeM t 2, 0<t<l.

Using that h is harmonic in M, we have by (2.8), for all ¢ > 0 and x € M, the identity

~ _ pelw, )
pila) = G,

which together with (4.13) implies the upper bound (4.12) and thus, finishes the proof. |

Remark. Consider the end €2 := {r > 0} of the Riemannian model (M, ) from Theorem 4.3
and note that (Q = {r > 0}, u1|{,>0}) is parabolic by [ [12], Proposition 3.1], whence the estimate
(4.12) implies that we cannot get a polynomial decay of the heat kernel in M as it follows from

(2.4) in Theorem 2.1, just by assuming the polynmial volume growth condition (2.2).

Remark. Consider again the end € := {r > 0} of the Riemannian model (M, ) from Theorem
4.3 and assume for simplicity that n = 2. Let My be defined as in Theorem 2.6, that is,
there exists a compact set Ky C My that is the closure of a non-empty open set, such that

Q is isometric to My \ Kpy. Let us check which conditions from Theorem 2.6 are not satisfied
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in My. A simple computation shows that the area function Sy of the manifold M, satisfies

SY(r) ~ a?e " 1?2 as r — +o0, so that —%O/(L:)) — 0 as r — +o0o. Together with the fact

that on a compact set, the Gaussian curvature is non-negative, it then follows from (2.42) that
the curvature on My is bounded below, which implies that Mj is a locally Harnack manifold.
Obviously, Sy also satisfies the conditions (2.39) and (2.40) from Proposition 2.9, whence we
obtain that on M the spherical Harnack inequality (2.22) holds. On the other hand, condition
(2.23) in My fails, since for fixed p > 0, the volume V(z,p) decreaeses exponentially when
r — +oo where z = (r,0) € Q. Hence, we have that in general, we can not drop the condition
(2.23) in Theorem 2.6 to get the polynomial decay (2.24) of the heat kernel in M.

Data availability. This article has no associated data.

Conflict of interest statement. The authors confirm that they do not have actual or potential
conflict of interest in relation to this publication.

REFERENCES

[1] A. Boulanger. Counting problems of geometrically infinite Kleinian groups. arXiv:1902.0658003, 2020.

[2] F. Brock, F. Chiacchio, and A. Mercaldo. Weighted isoperimetric inequalities in cones and applications.
Nonlinear Analysis: Theory, Methods & Applications, 75(15):5737-5755, 2012.

[3] P. Buser. A note on the isoperimetric constant. Annales scientifiques de I’Ecole normale superieure, 15(2):213—
230, 1982.

[4] G. Carron. Inégalités isopérimétriques de Faber-Krahn et conséquences. In Actes de la table ronde de
géométrie différentielle (Luminy, 1992), Collection SMF Séminaires et Congres, volume 1, pages 205-232,
1996.

[5] S.Y. Cheng and S. T. Yau. Differential equations on riemannian manifolds and their geometric applications.
Communications on Pure and Applied Mathematics, 28(3):333-354, 1975.

[6] S.Y. Cheng and S.-T. Yau. Differential equations on Riemannian manifolds and their geometric applications.
Communications on Pure and Applied Mathematics, 28(3):333-354, 1975.

[7] T. Coulhon and A. Grigor'yan. On-diagonal lower bounds for heat kernels and Markov chains. Duke Math.
J., 89:133-199, 1997.

[8] L. De Haan, A. Ferreira, and A. Ferreira. Eztreme value theory: an introduction, volume 21. Springer, 2006.

[9] R. E. Greene and H.-H. Wu. Function theory on manifolds which possess a pole, volume 699. Springer, 2006.

[10] A. Grigor’yan. Analysis on manifolds and volume growth. Advances in Analysis and Geometry 3 (2021)
299-324.

[11] A. Grigor’yan. Heat kernel on a manifold with a local Harnack inequality. Communications in Analysis and
Geometry, 2(1):111-138, 1994.

[12] A. Grigor’yan. Analytic and geometric background of recurrence and non-explosion of the Brownian motion
on Riemannian manifolds. Bulletin of the American Mathematical Society, 36(02):135-250, feb 1999.

[13] A. Grigor’yan. Estimates of heat kernels on Riemannian manifolds. London Math. Soc. Lecture Note Ser,
273:140-225, 1999.

[14] A. Grigor’yan. Heat kernels on weighted manifolds and applications. Cont. Math, 398(2006):93-191, 2006.

5] A. Grigor’yan. Heat Kernel and Analysis on Manifolds. American Mathematical Society, nov 2012.

[16] A. Grigor’yan and L. Saloff-Coste. Dirichlet heat kernel in the exterior of a compact set. Communications
on Pure and Applied Mathematics, 55(1):93-133, 2001.

[17] A. Grigor’yan and L. Saloff-Coste. Heat kernel on manifolds with ends. In Annales de linstitut Fourier,
volume 59, pages 1917-1997, 2009.

[18] A. Grigor’yan and L. Saloff-Coste. Surgery of the Faber—Krahn inequality and applications to heat kernel
bounds. Nonlinear Analysis, 131:243-272, 2016.

[19] A. A. Grigor’yan. Isoperimetric inequalities for Riemannian products. Mathematical notes of the Academy of
Sciences of the USSR, 38(4):849-854, 1985.



32 A. GRIGOR’YAN AND P. SURIG

[20] J. Heinonen, T. Kipelainen, and O. Martio. Nonlinear potential theory of degenerate elliptic equations. Courier
Dover Publications, 2018.

[21] L. Saloff-Coste. A note on Poincaré, Sobolev, and Harnack inequalities. International Mathematics Research
Notices, 1992:27-38, 1992.

[22] L. Saloff-Coste and P. Gyrya. Neumann and Dirichlet Heat Kernels in Inner Uniform Domains. 2011.

(Alexander Grigor’yan) UNIVERSITAT BIELEFELD, FAKULTAT FUR MATHEMATIK, POSTFACH 100131, D-33501
BIELEFELD, GERMANY
E-mail address: grigor@math.uni-bielefeld.de

(Philipp Siirig) UNIVERSITAT BIELEFELD, FAKULTAT FUR MATHEMATIK, POsTFACH 100131, D-33501 BIELE-
FELD, GERMANY
E-mail address: philipp.suerig@uni-bielefeld.de



	1. Introduction
	2. On-diagonal heat kernel lower bounds
	2.1. h-transform
	2.2. Locally Harnack case
	2.3. End with relatively connected annuli
	2.4. An example in dimension two

	3. Isoperimetric inequalities for warped products
	3.1. Setting and main theorem
	3.2. Weighted models with boundary

	4. On-diagonal heat kernel upper bounds
	4.1. Weighted models with two ends

	References

