Existence of stable-like heat kernels and stability of the
critical index on metric measure spaces

Jun Cao, Alexander Grigor’yan, Eryan Hu and Liguang Liu

Abstract

Let (X,d,u) be a metric measure space satisfying the volume doubling condition. We
introduce a new critical index Bﬁ of the metric measure space, which is defined to be the
supremum of all possible values of 5 such that there exists a stochastically complete continuous
heat kernel on (X, d, u) satisfying two-sided stable-like estimate of index . This critical index
B*is proved to be invariant under quasi-isometry of two metric measure spaces. To achieve this,
we prove that 8% can be equivalently defined by means of a certain Andres-Barlow condition.
Moreover, for every B < f3, there exists a stochastically complete continuous heat kernel
satisfying the two-sided stable-like estimate of index 3, while for every 8 > 8* such heat kernel
does not exist. In contrast to that, a heat kernel, satisfying only upper stable-like estimate
of index S, exists for any 8 € (0,00). We construct such a heat kernel by using a dyadic
decomposition of the space X and the associated ultra-metric. Further, using adjacent dyadic
decompositions, we prove that, for any 8 € (0, ), there exists a finite family of heat kernels
on X, such that their sum satisfies the two-sided stable-like estimate of index S as well as all
other properties of a heat kernel except the semigroup property. In addition, we show that ¥
coincides with another critical index §* defined by means of Besov spaces, as well as with the
walk dimension d,, provided there exists a heat kernel satisfying the two-sided sub-Gaussian
estimate. This indicates that 8% could be a good candidate for the walk dimension in future
attempts to construct a diffusion process on X.
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1 Introduction

In this paper we are concerned with construction of heat kernels on a metric measure space,
which satisfy stable-like estimates. Recall that in R” the fractional Laplace operator (—AY?/? with
B € (0,2) has a heat kernel p,(x,y) that satisfies the following estimate: for all # > 0 and x,y € X,

1 lx -yl

>

)—(n+ﬂ)

where A = Z;le (’)ij and the sign =~ means that the ratio of the both sides is bounded from above and
below by positive constants for the specified range of variables. In this case p;(x, y) coincides with
the transition density of the symmetric stable Levy process of the index 3. Note also that (—A)5/?
is an integral operator of the form

p-1p B
(—APPf(x) = (M) py, [ LW =/W,

o AHO)
w20 (1 - §) e Jx = yImP

for a certain class of functions f on R”.
Let (X, d) be a separable metric space. We always assume that all metric balls

B(x,r):={ye X :d(x,y) < r}

are precompact. In the case when diam X < oo, we always assume that X is compact. Let u be a
Radon measure on X with full support. In particular, the volume function

V(x,r) := u(B(x,r)) (1.1)
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is finite and positive for all x € X and r € (0, +00). We refer to (X, d, i) as a metric measure space.

By a heat kernel {p;};~0 on (X, d, ) (or simply, on X) we mean that p,(x,y) that is defined
for all + > 0 and x,y € X and satisfies the following properties, for all values of the arguments
involved:

(P1) for any ¢ > 0, p,(x,y) is a measurable non-negative function of (x,y), and

fx pi(x, y)dp(y) < 1; (1.2)

(P2) symmetry: p,(x,y) = pi(y, X);

(P3) the semigroup identity:

f Pi(x,2)ps(z,y) du(2) = pras(x, y);
X
(P4) approximation of identity: for any f € L*(X) := L*(X, ),

fx PCVO)du(y) — f as 1 — 0,

where the convergence is in the norm of L*(X).

The heat kernel is said to be stochastically complete if the integral in (1.2) is equal to 1 for all > 0
and x € M.
Assume first that the measure u is @-regular, that is, for all x € X and r > 0,

Vix,r) = r?. (1.3)

Let us ask the following question: does there exist a heat kernel {p,};~o on X that satisfies the
following stable-like estimate for some 5 > 0:

dlx.y ))_W) (1.4)

1
pi(x,y) = t(l_/ﬁ(l + Y

for all # > 0 and x,y € X? And, what is the range of the index 8 for which (1.4) is possible?

The following approach to construction of Dirichlet forms has been widely used in the literature
[21, Example 1.2.4]. Given a non-negative symmetric Borel function J(x, y) on Xx X (that is called
a jump kernel), consider the following bilinear form

&(f.g) = f f (FG) = FON(E0) — gONI (6, y) du(x) dia(y)

XxX

in the domain

F:={f € L*(X): &(f.f) <.
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Assume in prior that (&, ) is a regular Dirichlet form on L*(X). Let Lbeits (non-negative definite)
generator and P, = ¢~'£, t > 0, be the associated heat semigroup acting in L?(X). Then one can ask
if the operator P, has for any ¢ > 0 the integral kernel p,(x, y) satisfying the estimate (1.4). Since

1 pl(xs )’)
o) = g 5
the estimate (1.4) implies that
J(x,y) 2 ———, 1.5
(x,y) A0 )P (1.5)

which is, hence, a necessary condition for (1.4). Chen and Kumagai stated in [15] that when
0 < B < 2, it is easy to check that the bilinear form (&, ) with the jump kernel (1.5) is a regular
Dirichlet form, and then proved the heat kernel of (&, ) exists and satisfies (1.4).

However, there are many examples of fractal metric measure spaces where the same is true also
for a certain range of 8 > 2. Indeed, it is known that, on many families of fractals, there exists a
strongly local regular Dirichlet form with the heat kernel {p;};~¢ satisfying a sub-Gaussian estimate

o\ T T
exp (—C(M) ] (1.6)

t

PZ(X,)’) = [(I/dw

with the walk dimension d,, > 2 (see, for example, [5, 6, 9, 36, 37] and etc.). The sign =< means
that both < and > are valid, but with different values of positive constants C, c.

In this case, p,(x,y) coincides with the transition density of a diffusion process on X. Using
the subordination techniques, one easily constructs heat kernels of jump processes satisfying (1.4)
with any 8 < d,,. Besides, it is known that if 8 > d,, then there exist no heat kernel satisfying (1.4)
(see [23, Theorem 5.2]).

In order to describe the results of the present paper, we relax the assumption (1.3) as follows. A
metric measure space (X, d, ) is said to satisfy the volume doubling condition (VD) if there exists
a positive constant Cp such that, for all x € X and r > 0,

V(x,2r) < CpV(x,r). 1.7)

The volume doubling condition (VD) is equivalent to the following: there exist positive constants
C}, and a; such that, forall x, y€ Xand 0 < r < R < oo,

VR _ (d(x,y)+R) B (1.8)

Vy,r) P

The triple (X, d, u) is said to satisfy the reverse volume doubling condition (RVD) if there exist
positive constants Cgp and @_ such that, for all x € X and 0 < r < R < diam(KX),

VR S cen (R)a_ (1.9)

Vix,r) = r

If (X, d, u) is connected and satisfies (VD), then we have by [31, Proposition 5.2] that (RVD) holds
whenever X \ B(x, R) is non-empty.
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Metric measure spaces satisfying (VD) are usually referred to as doubling metric measure
spaces. Such spaces occur frequently in analysis and include, in particular, the Euclidean spaces R”
with measures from a certain large class, Riemannian manifolds of non-negative Ricci curvature,
nilpotent Lie groups with polynomial growth, many fractals, and etc. (see, for instance, [5, 6, 18,
19, 20, 22, 30, 31, 32, 36, 40, 41]).

Under the condition (VD), we pose the question of the existence of a heat kernel {p;};~o on X
satisfying the following stable-like two-sided estimate for some 8 > O:

1 d(x,
pi(x,y) = (1 )

-
V(x,tVB + d(x,y)) B ) forall 7€ (0,00) and x,y € X. (1.10)

For any given € (0, ), we refer to (1.10) as (ULE)z (Upper and Lower Estimate). We also say
that (UE)4 (resp. (LE)p) is satisfied, if the upper (resp. lower) estimate in (1.10) holds.

Clearly, if u is a-regular, then (1.10) is equivalent to (1.4). Note that there are heat kernels
{p:}>0 satisfying (1.10) even on bounded metric spaces (for example, fractals).

Definition 1.1. Define the critical index that relates the possible values of 8 in (ULE)g as follows:

Bt =p"X,d, ) = sup{B > 0 : there exists a stochastically complete
continuous heat kernel {p,},~o on X satisfying (ULE)ﬁ}.

Here continuity means that for any 7 > 0, p,(x,y) is jointly continuous in (x,y) € X.

The following theorem gives an equivalent condition to (ULE); and a new characterization of
[)’ﬁ via the Andres-Barlow condition (AB)g (see Definition 3.2 below for its precise definition).

Theorem 1.2. Assume that (X, d, ) satisfies (VD) and (RVD). Given any 8 > 0, the following two
conditions are equivalent:

(i) The Andres-Barlow condition (AB)g holds;
(ii) There exists a stochastically complete continuous heat kernel {p,};~o on X satisfying (ULE)g.

Consequently, the critical index satisfies
BH(X,d, ) = sup{8 > 0: (AB)g is satisfied on (X, d, 1) }. (1.11)

The Andres-Barlow condition (AB)g ensures the existence of certain cutoff functions in the
metric measure space (X, d, ). Note that (AB)g is always satisfied when < 2, which, together
with (1.11), implies that 8% > 2. If (X, d, ut) is an ultra-metric space satisfying (VD) and (RVD),
then ,8ﬁ = o0,

Let us remark that Theorem 1.2 improves the result in [12]. Indeed, the result in [12] also
shows that (ii) implies (i) in Theorem 1.2 but under the condition that {p;},~¢ is the heat kernel of
some regular Dirichlet form of pure jump type. Now, this condition is not needed in Theorem 1.2.
Undoubtedly, the proof of Theorem 1.2 relies on a very deep theory which basically says that the
upper estimate (UE); implies the regularity of the associated Dirichlet form of the heat kernel. The
precise statement of this latter result is presented in Theorem 2.1 below, and the whole Section 2 is
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devoted to the proof of Theorem 2.1, via using both probability and analytic methods, respectively.
With help of Theorem 2.1, we then prove Theorem 1.2 in Subsection 3.3.

An important consequence of Theorem 1.2 is that the critical index ¥ is invariant under quasi-
isometry of two metric measure spaces. In this paper, we say that (X, d, u) is quasi-isometric to
(X,d',p’)ifand only if d ~d and u =~ p’.

Theorem 1.3. Letr (X,d, ) satisfy (VD) and (RVD). If the two metric measure spaces (X, d, i)
and (X, d', ') are quasi-isometric, then

B(X.d,p) =X, d 1)

This stability property of B will be proved in Subsection 3.4, which is indeed a consequence
of Theorem 1.2 and Definition 1.1.

Obviously, if 8 > B, then there does not exist a stochastically complete continuous heat kernel
on X satisfying (ULE)g. The main issue for the following theorem is that the set of 8 > 0 for which
there exists a stochastically complete continuous heat kernel on X satisfying (ULE); is an interval.
Indeed, its proof follows from the subordination theory and is given in Subsection 4.1 below.

Theorem 1.4. Assume that (X, d,u) satisfies (VD). Then, for any 8 € (0,%), there exists a s-
tochastically complete continuous heat kernel on X satisfying (ULE)g.

Let us compare ,8# with the following critical exponent * of Besov spaces {Ag/ i(z\’ )}p>0, where
B :=sup{B>0: N2 (X) is dense in LX)} (1.12)

The precise definition of the Besov space Ag/ i(X ) is given in Definition 3.1 below. Assuming for
simplicity that the metric measure space (X, d, 1) is a-regular. Then the critical exponent 8* in
(1.12) is exactly the walk dimension d,, that appears in the sub-Gaussian heat kernel estimate (1.6)
(see [23, Section 5.1]). The identity (1.12) can therefore always be used as the definition of the
walk dimension, even if there is no sub-Gaussian heat kernel on X.

Applying Theorem 1.4 and the subordination theory of heat kernels, we can get the following
relationship between B and 5*.

Theorem 1.5. Assume that (X, d, u) satisfies (VD). If there is a stochastically complete continuous
heat kernel {q;}1>0 on X satisfying the following sub-Gaussian estimate (SG),, with d,, > 1:

forall t e (0,00) and x,ye X, (1.13)

dy
d(x, y)\ &1
q:(x,y) =< y)

Vi, T d(xy) ¢ (_c( £/

then
B =d, =p" (1.14)

We will show Theorem 1.5 in Subsection 4.2. Its proof is divided into two parts: the first part
is to apply Theorem 1.4 to prove 8% = d,,; the second part is to apply the idea in [23, Section 5.1]
to prove d,, = 5*.
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According to Theorems 1.3 and 1.5, we remark that the critical index 8 could be a good
candidate for the walk dimension in future attempts to construct a diffusion process on X. Or,
one can ask whether or not there exists a Sub-Gaussian heat kernel {p,};~o satisfying (SG),, when
d,, = *. On the other hand, it would also be interesting to construct an example of a doubing
space with 8% < 8*. By Theorem 1.5, such spaces can not have a sub-Gaussian heat kernel. Spaces
without sub-Gaussian heat kernels are known in [13].

In contrast to Theorem 1.4 and the two-sided condition (ULE), that is used in the definition of
B¥, we show in the next theorem that for any 3 € (0, o) there always exists a non-trivial heat kernel
satisfying only the upper estimate (UE)g.

Theorem 1.6. Assume that (X, d, u) satisfies (VD). Then, for any B > 0, there exists a stochasti-
cally complete heat kernel {p;};~o on X satisfying the upper estimate

C d(x, )\ 7
, V) < 1+ , 1.15
PO S 50T L ey ( 118 (119
as well as the on-diagonal estimate
1
X)) — 1.16

forallt > 0and x,y € X.

Let us emphasize that Theorem 1.6 does not require any upper bound of 8. Hence, the necessity
of the restriction 8 < 8 for the existence of a stable-like heat kernel is dictated by the off-diagonal
lower bound of the heat kernel and, possibly, by continuity. Note also that if a stochastically com-
plete heat kernel comes from a regular Dirichlet form and satisfies (ULE); then it is continuous;
see [16, Theorem 1.13 and Lemma 5.6] and [24, Theorem 1.12].

The proof of Theorem 1.6 is given in Subsection 5.3 (see Theorem 5.6). It uses the dyadic
decomposition of metric spaces from [4, 33, 35] and the construction of heat kernels from [10] on
ultra-metric spaces.

In addition to Theorem 1.6, we prove the following curious result about families of heat kernels
that is based on adjacent systems of dyadic decompositions from [33] (see also Subsection 5.4).

Theorem 1.7. Assume that (X, d, u) satisfies (VD). Then, for any B > 0, there exists a finite family
{{ pgk)}»o : k = 1,...,K} of stochastically complete heat kernels on X satisfying the two-sided
estimate

K -B
) C d(x,y)
9 = l + b
; P ) V(x, 18 + d(x,y)) ( 1'/p

where K is a natural number that depends on the doubling constant Cp in (VD).

Theorem 1.7 will be proved in Subsection 5.5 (see Theorem 5.9). In fact, all heat kernels
{{pfk)}t>0 : k=1,..., K} here satisfy both (1.15) and (1.16). Clearly, if 8 > /3# then each individual
heat kernel { pgk)}»o does not satisfy the stable-like off-diagonal lower bound, but their sum does.
In addition, observe that the function

K
1
gi(x,y) = — Z p®P(x,y) forall 1€ (0,00) and x,y € X
K k=1
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satisfies (ULE); and all properties of a stochastically complete heat kernel, except the semigroup
property.
Notation. We use the following notation throughout the paper.

e Foraset E C X, denote by EC = X\E.

e For any p € (0,00], let LY(X) := {f € LP(X) : supp f is compact}, where supp f is the
complement of the largest open set where f = 0 p-a.e.

e C(X) is the space of all continuous functions on X, and C.(X) is the subspace of C(X)
consisting of functions with compact supports. Denote by Cs(X) the subspace of C(X)
consisting continuous functions vanishing at infinity, that is,

Coo(X) :={u € C(X) : forany € > 0,3 compact K s.t. [u(x)| < & for any x ¢ K}.
In the case when diam X < oo, since we have assumed that X is compact, it follows that

Coo(X) = Ce(X) = C(X). 1.17)

e For a function or a number u, set u, := u Vv 0 := max{u,0} and u_ := u A 0 := —max{—u, 0}.

o The letters C and c are used to denote positive constants that are independent of the variables
in question, but may vary at each occurrence. The relation u < v (resp., u = v) between
functions u and v means that u < Cv (resp., u > Cv) for a positive constant C and for a
specified range of the variables. We write u ~ vifu < v S u.

2 Regularity of Dirichlet forms under heat kernel upper estimates

A symmetric bilinear form & with domain Dom(&) is called a Dirichlet form on LX(X) if
Dom(&) is a dense subspace of L[*(X) and & is not only closed but also Markovian. Endow Dom(E)
with the norm

llllg, = MMl + EQu, u) =: &1 (u, u). 2.1

We say that a subset D C Dom(&E) N C.(X) is a core of & if D is dense in Dom(&) with respect to
the norm || -||, and also dense in C.(X) with respect to sup-norm (or, uniform norm). The Dirichlet
form (&, Dom(&)) is called regular if it possesses a core. In particular, for a regular Dirichlet form,
Dom(&) N C.(X) is a core. We refer the reader to [21] for more information on Dirichlet forms.

Let {p:}s~0 be a heat kernel on X, and {P,};~¢ be the associated heat semigroup that is defined
by

PLf(x) = fX i) fO) du). (2.2)

It is known that {P;};~0 is a strongly continuous Markovian semigroup acting in L?(X). According
to [21, Lemma 1.3.2(ii) and Theorem 1.3.1], the heat semigroup {P;};~¢ determines uniquely a
Dirichlet form (&, Dom(E)) (see [21, Theorem 1.4.1]). In fact, by [22, Section 4 and Theorem 5.2],
we have

{8(14, v) = lim;_,g %(u — Pu,v) forall u,v € Dom(E); 2.3)

Dom(E) = {u € LX) : E(u,u) < co}.
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The main goal of this section is to drive the regularity of such a Dirichlet form under some very
mild assumptions of heat kernel upper estimates.

Theorem 2.1. Assume that (VD) is satisfied and 8 € (0, 00). Let {P;}~0 be the semigroup defined
in (2.2), with {p:};>0 being a stochastically complete heat kernel on X satisfying

0 < pi(x,y) < Ve B+ dxy)) forall t e (0,00) and x,y € X, 2.4)
and
AIB\Y
f . pi(x,y)duy) < C (—) forall t,r e (0,0) and x € X, (2.5)
B(x,r) r

for some constants C > 0 and y > 0. If, for any t > 0 and x € X, p,(x,-) is continuous on X, then
the Dirichlet form (E, Dom(&)) given by (2.3) is regular.

Remark 2.2. Given a heat kernel {p;}s~o on X that satisfies (UE)pg, it satisfies both (2.4) and (2.5);
see the proof of Proposition 3.9 below.

Remark 2.3. Let {p,;},~o be a heat kernel on X satisfying (UE)g. Assume that (VD) is satisfied and
for any # > 0 and x € X, p;(x, -) is continuous. Then p,(x, y) is jointly continuous in (x,y) € X X X.
Indeed, fix x,y € X and ¢ > 0. Consider x" € B(x, t'/Fy and Yy € B(y, t'/B). Note that

P2:(x,y) = p2r(x", Y < 1p2:(x,y) = par(x, | + [ p2r(x',y) = pou(X, Y = 11 + L.
By the assumption, we have

limI; =0.

X' —=x

For I, by the semigroup property, we write

L < fX P DIPi(.y) = paleay)) du). 2.6)

Since d(x, x') < t'8, we have t'/8 + d(x’,z) < 2t + d(x,z) < 3t'/P + d(x’', 7) and then, by (1.8),

V(x, '8 + d(x, 7)) oo (dx) + 208 4 d(x,2)\™* 1
VL B +d(x,z) ~ P VB + d(x',7) s

Hence, by (UE)g, we have

1/8 ;o \B 1/8 B
D) < 1 (r +d(x,z)) - 1 (r +d(x,z))

V(x', VB + d(x', 7)) 118 T V(x, V8 + d(x,z)) 118
In a similarly way, by the fact that d(y, y’) < '/, we also have

1 1
< .
V(y,t"B +d(y,2)) = V(y,t'/B)

Ipi(z,y) = p(z, Y] <

Note that by (VD) and direct computation, the function

. 1 My dix, )1
7 Va1 + d(x.2) 118 V(y, 11/8)



10 Jun Cao, ALEXANDER GRIGOR’YAN, ERYAN Hu AND Licuang Liu

is integrable. Then, by (2.6) and dominated convergence theorem, we obtain that

Iim I,=0.
X",y")—=(x.y)

Finally, combining the estimates of /; and I yields

lim |p(x,y) = pau(x’, ¥ = 0.
)= (x)

Thus, each p,(x, y) is jointly continuous in (x,y) € X X X.

We will prove Theorem 2.1 by using three different methods, which are presented in Sub-
sections 2.2-2.4-2.5, respectively. For the third method in Subsection 2.5, we need an additional
non-collapsing condition (NC), that is,

inf V(x,1) > 0. 2.7
xeX

Remark 2.4. Let T > 0. By the arguments in the proofs (see Subsections 2.2-2.4-2.5) of Theorem
2.1, if both (2.4) and (2.5) hold only for all ¢ € (0, T) and if for any ¢ € (0,T) and x € X, pi(x,-) is
continuous, then the conclusion of Theorem 2.1 still holds.
2.1 Preparations

Let us begin with the notion of cutoff functions.

Definition 2.5. Let U be an open set of X and A be any Borel set of U. A function ¢ € C.(X) is
called a cutoff function of the pair (A, U) if it satisfies the following properties (see Figure 1):

i) 0<p<lonX; (i) ¢=10nA; (i) ¢EOOHUC.

Denote by cutoff(A, U) the collection of all cutoff functions of the pair (A, U).

Figure 1: A cutoff function ¢ of a pair (A, U).

Now, we recall the following regularity result from [21, p.29, Lemma 1.4.2(1)].
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Lemma 2.6 ([21]). The Dirichlet form (&, Dom(&)) on LX(X) is regular provided that the following
hold:

(i) Dom(&E) N Cwo(X) is dense in Coo(X) with respect to the uniform norm;
(i) Dom(&E) N Coo(X) is dense in Dom(&E) with respect to the norm || - ||g, in (2.1).

Remark 2.7. Regarding Lemma 2.6(i), we observe that the following three statements are equiva-
lent:

(i) Dom(&E) N C.(X) is dense in C.(X) with respect to the uniform norm;
(i) Dom(&E) N Coo(X) is dense in Coo(X) With respect to the uniform norm;
(iii) For any compact set K and open set U with K C U, Dom(&) N cutoff(K, U) # 0.

Indeed, it is obvious that “(i) = (ii)” because C.(X) is a dense subspace of Coo(X) (by multiplying
a cutoff function) with respect to the uniform norm. The proofs of “(ii) = (iii)” and “(iii) = (i)”
are contained in [12, Proposition 4.1] and [12, Proposition 3.8], respectively.

Next, we show the following list of properties of the heat semigroup associated with a heat
kernel satisfying (2.4) and (2.5), which are the key ingredients for the proof of Theorem 2.1.

Proposition 2.8. Under the hypothesis of Theorem 2.1, the following assertions are true:
() If f € LP(X) for some p € [1, ), then P,f € C(X) for all t > 0.
(i) If f € L'"(X) has bounded support, then P,f € Coo(X) for all t > 0.

(iii) If f € Coo(X), then P;f € Coo(X) for all t > 0 and lim;_ [|P;f — fllr=x) = 0.

Proof. To show (i), we fix x € X, t > 0 and f € LP(X). By the Holder inequality (with respect to
the measure |p,(x, 7) — p:(y, 2)| du(z)) and stochastic completeness of the heat kernel, we obtain that
forany y € X,

mﬂ@—ﬂﬂm=kﬂm@@—MMDU@WM)

”(ﬂmu@—mmowwwwwy

s(ﬂmu@—mmmwwﬁ

<27 ( j{; pi(x,2) = p: (3, DI f@IP dﬂ(Z))p : (2.8)

For any y € B(x, t'/F), by (VD) (see also (1.8)), we see that
Vix, i) = vy, i),

which, along with (2.4), implies

1 1 1
+ ~ .
V(x, 218~ V(y,t'B)  V(x,1/B)

|p:(x,2) — p:(y, 2| <
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Hence, by f € L?(X) and the fact that p,(-, z) is continuous on X, we apply the dominated conver-
gence theorem for (2.8) to prove that

;1—13 |P1f(x) = Pif(y)l =0,

that is, P;f € C(X) since x € X can be arbitrary.

Now we show (ii). Fix > 0 and f € L'(X) such that supp f C B(x,, R) for some point x, € X
and R € (0, o0). According to (i), we know that P;f € C(X). Under the case diam X < co, we have
by (1.17) that P, f € C(X) = Cx(X). So, it remains to validate that P,f vanishes at infinity under
the assumption of diam X = co. To this end, for all y € B(x,, R) and x € B(x,, 2R)C, we have

1
dmwzﬂmw%dmwziﬂm@ZK

which implies B(x,, R) C B(x, R)C and, by (VD) and (2.4),

1 1 1 1
Vindxy)  V0.dxy) S VOB - Voo R)'

pi(x,y) <

Now, for any n € N, set
Ja = fLypizn)s

which is supported in B(x,, R). Clearly, the sequence {f,},en converges to f both in L'(X) and
pointwise. By these and (2.5), for any x € B(x,, 2R)C, we obtain

|Prf(x)] < f P VIO = fOWl dp(y) + f
B(x,.R)

B(xy, R

)M%WMMW@)

1
S n = +llfallze ) d
T~ Moo Il [ pie) duy
| Ay
< V(xo,R)”fn_fHLI(X)_{_n(T) . (2.9)

Note that the implicit constants in the estimate (2.9) are independent of x € B(x,, 2R)C, n, t,R and
X,. So, in both sides of (2.9), first letting R — oo and then letting n — oo, we conclude that

lim  sup [P f(x)|=0,
R=e0 e B(x, 2R)C

that is, P;f € Coo(X).

It remains to verify (iii). Fix f € Cs(X) and ¢ > 0. For any € > 0, there exists a compact set
K C X such that |f(x)| < eforall x € K C. By this property and the stochastic completeness of the
heat kernel, we have for all x € X that

[P:(f1gc) ()| < ch P IIf Wl du(y) < & ch pi(x,y)du(y) < € (2.10)
and, hence, for any x,y € X,

|Prf(x) = P fO)l < [Pi(f1g)(x) = Pi(fL)OD] + [Pi(f Lo ) (01 + 1P(f 1))
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< |P(f1g)(x) = P10 + 2e.

Since f1g € L'(X) has compact support, by (ii), we obtain that P;(f1x) € Ce(X). Combining this
and the above inequality yields

limsup [P, f(x) — P.f ()] < 2.

y—>x

Since € > 0 is arbitrary, we have proved that P, f € C(X).
Again, using the fact P;(f1g) € Cw(X), we find that for any & > 0, there exists a compact set

K1 € X such that [P,(f15)(x)| < & for all x € KC. By this and (2.10), we see that for all x € KT,

IPrf Ol < IP(fLx)] + [P(f1 )] < IP(flg)(0)] + & < 2,

which alternatively says that P, f € Coo(X).
Note that f € Co(X) implies that f is bounded and uniformly continuous on X. With the latter
fact, we have that for any & > 0, there is § > 0 such that for all x,y € X with d(x,y) < 6,

lf() = fO)l < &

Then, it follows from the stochastic completeness of {p;};~o and (2.5) that

IPLf() — f(0)] = l fx P )O) = F) du(y)'

< fX P IFO) = FOId(y)

s( f ; f )pt(x,y>|f<y>—f<x>|du<y)
B(x,0) B(x,6)C

AIB\Y
<e+ 2C(7) £ 1z )5

which implies that lim; ¢ [|P;f — fllz=x) = 0 since & > 0 is arbitrary. O

2.2 Proof of Theorem 2.1: a probability method

Theorem 2.9. Let {T,};>0 be a strongly continuous Markov semigroup in L*(X). Assume that
(@) forany f € Coo(X), Tif € Coo(X) for any t > 0 and im0 T f = fllL=x) = 0;
(b) TH(L2(X)) C Coo(X) for any t > 0.

Then, the Dirichlet form (€, Dom(&)) determined by

(2.11)

E(f, 8) = limo 1(f = T,f. g) for all f,g € Dom(E);
Dom(&) := {f € LX(X) : &(f, f) < oo},

is regular.
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Proof. To obtain the regularity of (&, Dom(&)), it suffices to validate the two items stated in Lemma
2.6.

For any f € Co(X) and ¢ € (0, 00), it follows from [21, Lemma 1.3.3(i)] that 7;f € Dom(&).
This, together with (a), shows that any f € C(X) can be approximated by functions in Dom(&) N
Coo(X) with respect to || - [|z=(x). Thus, Lemma 2.6(i) holds.

Now, we will employ a probability argument to verify that Lemma 2.6(ii) holds. It is clear
that {T};>9 determines a sub-Markov transition function 7;(x, A) on (X, B(X)) with To(x, -) = 6,(-),
where B(X) denotes the Borel sets on X and d, is the Dirac measure at the point x. Hence, by
condition (a), it follows from [11, Theorem 9.4, p. 46] that there exists a Hunt process Y; with state
space (X, B(X)) and the transition function T;(x, A).

Moreover, it follows from [2, Remark (ii), p. 247] that any Hunt process is a right process. See
also the following flowchart for relations among various processes.

‘Hunt processes [14, Definition A.1.23, p. 405] ‘

‘ Borel standard right processes [14, Definition A.1.23, p. 405] ‘

‘Borel right processes [14, Definition A.1.17, p. 401] ‘

by [14, Theorem A.1.37, p. 410]

| right processes [14, Definition A.1.36, p. 410] |

Then, it follows from the second part of [14, Theorem 1.5.3, p. 35] or [38, Theorem 6.7, p. 142]
that the Dirichlet form (&, Dom(&)) in (2.11) of Y; is quasi-regular (see the definition of quasi-
regular Dirichlet forms in [14, Definition 1.3.8, p. 26]). It remains to prove that (&, Dom(&)) is
actually regular (not only quasi-regular).

Indeed, by the definition of quasi-regular Dirichlet forms, for any function f € Dom(&), there
is a sequence of functions {f,},>1 € Dom(E) with compact supports such that

1im |If, = flle, = 0.

Note also that each f;, € LE(X ). Hence, by condition (b) and the fact T,(Lg(X )) € Dom(&) (see [21,
p- 22, Lemma 1.3.3(i)]), we have that 7, f,, € Coo(X) N Dom(&) for any ¢ > 0 and n > 1. Moreover,
by [21, p. 22, Lemma 1.3.3(iii)], we have

Km 7 fy = fulle, = O.

Combining the above two formulae, we obtain that f € Dom(&) can be approximated by functions
T, f, with respect to the &-norm. Thus, we obtain that Lemma 2.6(ii) holds. O

Proof of Theorem 2.1. To obtain the regularity of (&, Dom(&)) in (2.3), we are about to apply The-
orem 2.9 with T; = P;.
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Indeed, it follows directly from Proposition 2.8(iii) that condition (a) of Theorem 2.9 holds.
Moreover, by Proposition 2.8(ii) and the fact that Lg(z\’ ) C Ll (X), we see that condition (b) of
Theorem 2.9 also holds. This finishes the proof of Theorem 2.1 by Theorem 2.9. O

2.3 Weakly regular Dirichlet forms

In this subsection, we introduce the notion of weakly regular Dirichlet forms and build a general
theory that ensures weakly regular Dirichlet forms to be regular (see Proposition 2.19 below),
which will not only yield an alternative proof of Theorem 2.1 but also has its own interest.

Definition 2.10. Let (E, Dom(E)) be a Dirichlet form on L2(X). We say that (&, Dom(&)) is weakly
regular if it satisfies:

(1) Dom(&) N C.(X) is dense in C.(X) with respect to the uniform norm; (2.12)
(i) Dom(&) N C(X) is dense in Dom(&) with respect to the norm || - [|g, in (2.1). (2.13)
Remark 2.11. Based on Lemma 2.6 and Remark 2.7, if C(X) in (2.13) is replaced by C.(X) or
Coo(X), then weakly regular Dirichlet forms will become regular. In particular, any regular Dirichlet

form is weakly regular. Under the case diam X < oo, it follows from (1.17) that a Dirichlet form is
weakly regular if and only if it is regular.

Suppose that (8, Dom(&)) is a Dirichlet form and U C X is a non-empty open set. Let

I lle,

F(U) := Dom(&E) N C.(U) , (2.14)
where we recall that &;(u, v) = E(u, v) + (u,v) for all u,v € Dom(&). Clearly, ¥ (U) € Dom(&).

Proposition 2.12. Under the condition (2.12), for any non-empty open set U C X, (&, F (U)) is a
regular Dirichlet form on L*(U).

Proof. We shall prove that Dom(&E) N C.(U) is dense both in C.(U) and ¥ (U). This will automat-
ically imply that ¥ (U) is dense in L*(U) since so is C.(U).

Indeed, it follows from the definition (2.14) that Dom(&) N C.(U) € F(U) N C.(U) is dense in
¥ (U) with respect to &;.

Now, let us show that Dom(&) N C.(U) is dense in C.(U). Fix u € C.(U) and € > 0. Suppose
that K = supp u. It follows from (2.12) that there exists v € Dom(&) N C.(X) such that

llut = Vllr=x) < €.
In particular, |[v(x)| < € for all x ¢ K. Moreover, it follows from [21, Theorem 1.4.2(iv), p. 28] that
Vv i= v — ((~&) V) A & € Dom(E) N C(X).
Note that v (x) = 0 for all x ¢ K and
v = vl <&
Hence, we obtain that v® € C.(U) and
et =Vl < o= Vil + v = vl < 2e.

Since & can be arbitrary, we have proved that Dom(E) N C.(U) is dense in C.(U). O
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Let U C X be a non-empty open set. Under (2.12), we denote by {PtU }i>0 the associated heat

semigroup of the regular Dirichlet form (&, ¥ (U)). According to [21, Lemma 1.3.4], the domain
F (U) of the Dirichlet form (&, F (U)) satisfies

F(U) = {u e L*(U): }in&t_l(u — PYu,u) < oo}. (2.15)

However, even under the case U = X, we remark that it might happen that
PY # P,

The following proposition strengthens [29, Lemma 4.4], in which instead of regularity of
Dirichlet forms we now use only the weakly regular.

Proposition 2.13. Let (8, Dom(E)) be a weakly regular Dirichlet form. For any non-empty open
set U C X and for any u € Dom(E), the followings are equivalent:

(i) uy € F(U);
(ii) u < v for somev e F(U).

Proof. To obtain (i) = (ii), one can take v = |u|, which is in ¥ (U) whenever u € ¥ (U). To prove
(i) = (i), via taking some v € ¥ (U) such that u < v, we divide the proof of u, € 7 (U) into three
cases.

Case 1: u € Dom(&) N C(X) and v € F(U) N C.(U). In this case, we have by u < v that
uy <v, and uy € Dom(E) N C(X).
Moreover, u.(x) = 0 for all x ¢ supp v, which shows that u, € C.(U), that is,

uy € Dom(E) NC(U) € F(U).

Case 2: u € Dom(&E) and v € F(U) N C.(U). In this case, it follows from (2.13) that there
exists a sequence {u,} C Dom(&) N C(X) such that

lim lu, — ullg, = 0.
n—oo

The result in Case 1 shows that each (1, Av); € ¥ (U) since u, Av € Dom(E)NC(X) and u, Av < v.
Moreover, for any n € N, by the normal contraction and bilinear properties of the Dirichlet form
(see [21, pp. 3-5]) property, we have

E((up Av)1, (U Av)4) < E(up A Vv, uy Av)
<Ey Av, uy Av) +EW, Vv, u, Vv)

1
=5 (E(up +v, uy +v) + E(lup — v, lup —v)

< E(up, uy) + E(v,v)
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and, hence,

sup E((uy A V)4, (Uy Av)y) < sup E(uy, uy) + E(v,v) < oco.

neN neN
Further, from the fact that (u, A v); — (u A V)4 = uy in L*(X) as n — oo and [38, Lemma 2.12, p.
21], it follows that

(un ANv);y = uy  weakly with respect to &y as n — 0.

Since ¥ (U) is also weakly closed, we obtain that u, € ¥ (U).

Case 3: u € Dom(&) and v € ¥ (U). In this case, by (2.14), there exists a sequence {v,}nen C
Dom(&) N C.(U) such that
lim [lv, —vllg, = 0.

The result in Case 2 shows that each (1 A v,), € F(U) since u A v, € Dom(&E) and u A v, < v, with
v € F(U)NC(U).

Similar to the arguments in Case 2, we also obtain that (u A v,,)+ — (4 A v); = uy weakly with
respect to &) as n — oo, Again, since ¥ (U) is weakly closed, we obtain that u, € ¥ (U). |

Proposition 2.14. Let (8, Dom(E)) be a weakly regular Dirichlet form. For any non-empty open
set U C X, if both u € Dom(E) and ¢ € ¥ (U) are bounded functions, then ¢pu € F(U).

Proof. Since u € Dom(&E) and ¢ € F(U) € Dom(&E) are bounded functions, it follows from [21,
Theorem 1.4.2(ii), p. 28] that pu € Dom(&E). Observing that

pu < |gul < llull=wx)l¢l € F(U),

we then derive from Proposition 2.13 that (¢u), € ¥ (U).
Similar arguments also show that (¢u)_ € ¥ (U). Finally, we have ¢u € 7 (U). O

Let us now recall the notions of subcaloric and caloric functions. Let I be an interval in R.

A function u : I — L*(X) is said to be weakly differentiable at t € I, if for any ¢ € L*(X), the
function (u(-), ¢) is differentiable at ¢, that is, the limit

. (u(t + &) —u(t) )

lim|———=, ¢

&—0 &

exists. In this case, by the principle of uniform boundedness, there exists some w € L?(X) such
that for any ¢ € L*(X),

, (u(t + &) —u(?)
lim | ———

, <p) =, ). (2.16)
E

&—0

The function w is called the weak derivative of u at t, and we write d;u = w or u’(t) = w. In this
case, we have

sup & flu(t + &) — u(®ll2x) < o,
£€(0,1]

which also implies

lim u(t + &) = u(t) in L*(X). (2.17)
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Definition 2.15. For an open subset Q C X, a function u : I — Dom(&) is called subcaloric in
I x Q if u is weakly differentiable in L2(X) at any ¢ € I and if, for any ¢ € I and any non-negative
¢ € F (L),

(Owu, @) + E(u(t, ), ¢) < 0.

A function u is said to be caloric in I x Q if the above inequality is replaced by equality, that is,
(O, @) + E(u(t, -), @) = 0.
In a similar manner, u is said to be supercaloric in I X Q if —u is subcaloric.

Remark 2.16. If u is a subcaloric or supercaloric function in I X Q, then it follows from (2.17) that
there exists a sequence {&,},en C (0, 1) such that

lirr(l) u(t + &y, x) = u(t,x) p-a.a.x e Q. (2.18)

Note that for any f € L*(Q), the function u(z, -) = P? f(+) is caloric in (0, c0) X Q. In this case, there
exists a sequence {&,} e C (0, 1) such that (2.18) is true for u(z, ) = P? ).

The following parabolic maximal principle comes from [29, Proposition 4.11, p. 117], whose
proof does NOT use regularity of the corresponding Dirichlet form. Hence, it is true for all (not
necessarily regular) Dirichlet forms.

Proposition 2.17 ([29]). Fix T € (0, o] and an open set Q@ C X. Assume thatu : (0,T) — Dom(&E)
is a subcaloric function in (0, T) X Q such that the following hold:

1) ui(t,") e F(Q) forallt € (0,T), where u(t,-) := max{u(t, -), 0},
(i) ui(t,)) = 0in L*(Q)ast — O.
Then u(t,x) < 0 forallt € (0,T) and u-a.a. x € Q.

Applying Propositions 2.13-2.14-2.17, we are about to show the following comparison esti-
mates for subercaloric and supercaloric functions, which extends [29, Lemmas 4.16 and 4.18]
since now we relax the regularity assumption of the Dirichlet form.

Proposition 2.18. Let (&, Dom(&)) be a weakly regular Dirichlet form. Let U C X be an open set,
K C U be a compact set and 0 < f € L*(U).

(i) Assume that w : (0,00) — Dom(&) is a non-negative supercaloric function in (0, c0) X U
satisfying:
L)
w(t,) — f() ast— 0. (2.19)

Then, for any t € (0, ) and p-a.a x € X,
w(t, x) > PY f(x). (2.20)

(i1) Assume that u : (0,00) — Dom(E) is a bounded subcaloric function in (0, c0) X U satisfying
(2.19). Then, for any t € (0, ) and p-a.a x € X,

u(t,x) < PY f(x) + sup esupu(s,z). (2.21)
5€(0,1] ,ekC
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Proof. We first show (i). For any ¢ € (0, o) and x € X, let
v(t, x) := PY f(x) — w(z, x).

Since w is a supercaloric function in (0, 00) X U, it follows that v is subcaloric in (0, c0) X U.
According to [21, p. 22, Lemma 1.3.3(i)], it holds that Pth € ¥(U). By this and w > 0, we have

v(1,) < P{ f € F(U),
which implies that v, (z, ) € ¥ (U) by Proposition 2.13. Moreover, noting that

vilt,) S IPYFC) = FOI+IFC) = wit, ),

we deduce from (2.19) and [21, p. 22, Lemma 1.3.3(iii)] that v,(¢,-) — 0 in L>(U)ast — 0.
Finally, by the parabolic maximal principle in Proposition 2.17, we conclude that (2.20) holds.
Now, we are about to prove (ii). Let Q be a precompact open set such that

KCQcQgcU.

By (2.12) and Remark 2.7(iii), we can find ¢ € Dom(&E) N cutoff(Q, U). Fix T € (0, o). For any
te€(0,7T)and x € X, let

m:= sup esupu(s,z) and V(¢ x):= d(x)u(t, x) — mp(x) — P,U f(x).
s€(0,T] ,ekxC

Note that P,Uf € F(U) € Dom(&) (see [21, p. 22, Lemma 1.3.3(1)]). Moreover, since u(t,-) €
Dom(&) is bounded, it follows from Proposition 2.14 that ¢(-)u(t, -) € Dom(&), so does v(t, -).

e Let 0 < ¢ € F(Q). Since PY f is caloric and u is subcaloric in (0, T) x €, it follows from the
definition of v and the fact that ¢ = 1 on Q that for any ¢ € (0,7),

(0, ), ¥) + 801, ), ) = (@0uut, ), ) = (8:P] £, w) = E(PY f, ) + E(putt, ) - m, )
= (Qu(t, ), y) + &(gputt, ) — mg, )
= (Ou(t, ), v) + &(ut, ), ) + E((6 = Dutt,) = mg, y)
<&((¢ - Du(t,) - mg, v). (2.22)

Due to the continuity of ¢ and the fact that supp ¥ C Q, we have ¢ = 1 on Q and, hence, ¢ = 1
on supp ¥. Thus, for any ¢ > 0, we have

(¢ — Dutt,) = mg, w) = =(m, p),
which, along with (1.2) and ¢ > 0, implies that for any s > 0,
(6 = Dutt,) = mp = Pi((¢ = Dut,) = mg), w) = (= m = Py((¢ = Duct, ) = mg), )
< (=mP,1 - Py((¢ - Du(t,") - mo), v)
= — (Pu((¢ = D(utt, ) = m), )
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<0.

This last inequality follows from the facts that ¢ > 0 and

(2.23)

(¢ — D@u(t,)—m)>0 onKC;
(¢— D(u@,-)—m)=0 onKk.

Hence, by (2.3), we obtain

1
&((@ = Dutt, ) = mg, ) = lim ~((& = Du(z,) = m¢ = Pi((¢ = Du(t, ) = mg), ) <0,
and then, by (2.22), v is subcaloric in (0, T') X Q.

e Take 5 € Dom(&) N cutoff(K, Q) C F (). Similarly to (2.23), by the definition of m and the fact
that ¢ € cutoff(Q, U), we have

(¢ = Put,) =m) <0 onKC;
{(gb — P)u(t,)—m)=0 onKk.
This, combined with P,U f = 0 and Proposition 2.14, yields that for all t € (0,7,
v(t,) = (u(t, ) —m) = P{f < plu(t,) = m) < $lu(t,) = m) € F(Q).
Hence, it follows from Proposition 2.13 that v.(¢,-) € F(Q) for all t € (0, T).

o By the definition of v and the fact that ¢ = 1 on Q, we write for any 7 € (0, 7T) and x € Q,

v(t, %) = $0)(u(t, x) = f(x) = (P} f(x) = f(x)) — mp(x),

which implies
Vit x) < pOlu(t, x) — fOl + |PY f(x) = f(x).

From [21, p. 22, Lemma 1.3.3(iii)], it follows that PV f — fin L2(U) as t — 0. By this, Q C U
and (2.19), we then derive that v, (z,-) — 0 in L*(Q) as r — 0.

Therefore, by using Proposition 2.17, we obtain that v(f, x) < 0 for all r € (0,T) and p-a.a. x € Q.
Because ¢ = 1 on Q, this amounts to saying that for all # € (0, T) and p-a.a. x € Q,

u(t,x) < PYf(x) + sup esupu(s,z2). (2.24)
5€(0,T] zekC

Due to (2.18), via letting t — T in (2.24), we obtain that (2.24) is valid for y-a.a. x € Q at the
endpoint ¢ = T'. In addition, note that (2.21) is trivial for x € QC and T is arbitrary. Thus, we finish
the proof of (2.21) . O

As a consequence of Propositions 2.12 and 2.18, we give a sufficient condition that ensures a
weakly regular Dirichlet form to be regular.
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Proposition 2.19. Let (E, Dom(&)) be a weakly regular Dirichlet form, and { P;};~o be the associat-
ed heat semigroup. Fix x, € X. Suppose that H is a dense subset of L>(X) := {f € L*(X) : f > 0}
such that for all f € H and t € (0, ),

lim sup esup P;f(z)=0. (2.25)
R—o0 5€(0.1] zeB(x,, R)C

Then, (€, Dom(&)) is regular.

Proof. Since (&, Dom(&)) is weakly regular, by taking U = X in Proposition 2.12, we deduce that
(&, F (X)) is a regular Dirichlet form on L?(X) and, moreover, 7 (X) can be characterized by (2.15).
We will obtain the regularity of (&, Dom(E)) by proving Dom(&E) = F(X). And, by a comparison
of (2.15) and (2.3), this can be achieved by proving that P, = Pf( for all ¢ € (0, 00), where {Pf( >0
is the associated heat semigroup of (&, F(X)).

Let 0 < f € L*(X). By Remark 2.16, the function w(t, x) := P,f(x) is a non-negative caloric
function in (0, o) X X. Moreover, it follows from [21, p. 22, Lemma 1.3.3(iii)] that P,f — f in
L*(X) as t — 0, which implies that (2.19) holds with U = X therein. So, by (2.20) we obtain that
for all > 0 and p-a.a. x € X,

PYf(x) < w(t, x) = Pif(x). (2.26)

Assume in addition that 0 < f € L*(X) is bounded, which implies that P, f is bounded. In a
similar manner, but now we apply (2.21) to the caloric function u(t, x) := P;f(x), thereby leading
to that for any compact set K C X, for all # > 0 and p-a.a. x € X,

P, f(x) < PXf(x)+ sup esup P,f(2). (2.27)
5€(0,1] zekC

Moreover, by the standard approximation arguments, we can prove that the above inequality holds
forall0 < f € L*(X) (not necessary for bounded L%(X)-functions).

In (2.26) and (2.27), we take f € H. Also, take the compact set K := B(x,, R) in (2.27) for
R € (0, o0). Then, combining (2.26) and (2.27) yields that for all # € (0, o) and y-a.a. x € X,

PYf(x) < Pif(x) < PXF(0)+ sup  esup  Pyf(2).
s€(0,7] ZGB(X,;,R)C

Applying (2.25) to the above inequality, we obtain that for any f € H and 7 > 0,
P.f= Pf(f p-a.e. on X.

Since H is dense in Li()(), it follows that the above identity holds for all f € Li(X), and hence,
for all f € L*(X). This proves the desired identity of P, = Pf( for all £ € (0, 00). Thus, we complete
the proof of Proposition 2.19. |

2.4 Proof of Theorem 2.1: an analytic method

As a consequence of Proposition 2.8, we show that the Dirichlet form in Theorem 2.1 is weakly
regular.

Proposition 2.20. Under the hypothesis of Theorem 2.1, the Dirichlet form (&, Dom(&)) given by
(2.3) is weakly regular.
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Proof. Let f € Coo(X) and ¢ € (0, 0). By [21, Lemma 1.3.3(i)], each P;f € Dom(&). Meanwhile,
by Proposition 2.8(iii), every P;f € Coo(X) and lim,_,o [|P,f — fllz=x) = 0. Thus, Dom(&) N Coo (X)
is dense in Co(X) With respect to || - ||z=(x). This, combined with Remark 2.7, gives (2.12).

Let f € Dom(&). Then Proposition 2.8(i) says that every P, f € C(X). According to [21, p. 22,
Lemma 1.3.3(i) and (iii)], every P,f € Dom(&) and

}LH&IIf- Piflle, = 0.
This proves that (&, Dom(&)) satisfies (2.13). So, we obtain that (&6, Dom(&)) is weakly regular. O

Now, applying the theory of weakly regular Dirichlet forms in Subsection 2.3, we give the sec-
ond analytic proof of Theorem 2.1 without referring to the deep connection between right processes
and quasi-regular Dirichlet froms.

Proof of Theorem 2.1. As was proved in Proposition 2.20, the Dirichelt form (&, Dom(E)) given
by (2.3) is weakly regular.

In order to obtain that (&, Dom(&)) is regular, by Proposition 2.19, it suffices to prove that the
semigroup {P;};~¢ satisfies (2.25). Indeed, we fix x, € X and choose

H={feCX): f>0}.

Let f € H such that supp f € B(x,, R) for some large R > 0. For any z € B(x,, 2R)C and
y € B(x,, R), observing that
B(x,, R) € Bz, R)C,

we then derive from (2.5) that for any 0 < s < f,

esup |Psf(z) = esup
z€B(x,,2R)C z€B(x,,2R)C

< Ifllz=x) esup f Ps(z,y) du(y)
z€B(x,,2R)C Y Bz R)

B\
< (7) 11z x)-

f sz ) () du(y)‘
B(x,,R)

This induces (2.25) by letting R — oo. Further, an application of Proposition 2.19 yields that
(E, Dom(&€)) is regular. O

2.5 Proof of Theorem 2.1: a simpler analytic method under (NC)

In this subsection, under the additional condition (NC), we give a third proof of the Theorem
2.1. This proof is simpler than the second one, and unlike the first one as it does NOT use a deep
theory related to stochastic processes.

Theorem 2.21. Under the hypothesis of Theorem 2.1, assume further that (NC) holds. Then the
following statements hold:

(i) Pif € Coo(X) forall f € L'(X) and t € (0, 0);
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(1) (&, Dom(&)) given by (2.3) is a regular Dirichlet form.
Proof. Let us show (i) and (ii) in turn.

Proof of (i). Fix f € L1(X) and ¢ € (0, ). By Proposition 2.8(i), we have that P,f € C(X).
Thus, it suffices to prove that P;f vanishes at infinity.
Fix x, € X and R € (0, ). If t € (0, 1), then we have by (VD) (see (1.8)) and (NC) that

CpV(x, 1Py > 1 /PV(x, 1) > 1™/,
where C7, and a, are as in (1.8), and c is the constant given in (2.7). If # > 1, then by (NC),
Vi, 'y > Vix 1) > c.

Combining the above two formulae, we then derive from (2.4) that

1
<
V(x, t1/8) ~ min{1, r@+/F}

pi(x,y) < for all 7 € (0,00) and x,y € X,

thereby leading to that
1
’ ) s —— T au(y). 2.28
f; o P Y DI du(y) (L, /2] fB . Lf Ol du(y) (2.28)

Next, for any n € N, we set f,, := f1jf<n), which converges to f both in L'(X) and pointwise as
n — oo. As it has been proved in (2.9), for all 7 € (0, c0) and x ¢ B(x,,2R), we still have

: P VIl du(y)

B(xy, R

f P MIF O duly) < f P IO = fOWl dp(y) + f
B(xo, R) B(xo. R)

1 1B\
< oW = Ao () (229)

Combining (2.28) and (2.29), we deduce that for all x ¢ B(x,,2R) and ¢ € (0, o0),

[P f(x)] < ( f + f ) P VI fDldu(y)
B(xo,R)  JB(x,,R)C
1 118

7 1
< V(XO,R)an - f”Ll(X) + n(?) + W fB(xu’R)C )| du(y),

which implies

lim sup  |Pf(x)]=0

R=eo e B(x,, 2R)C
by first letting R — oo and the letting n — oo. This proves that P;f vanishes at infinity and, hence,
Ptf € Coo(X)

Proof of (ii). As in the first part of the proof of Proposition 2.20, we can derive from Proposition
2.8(iii), [21, Lemma 1.3.3(i)] and Remark 2.7 that Dom(&) N C.(X) is dense in C.(X) with respect
to || - [[z=(x). Based on this and Lemma 2.6, we only need to show that any function in Dom(&) can
be approximated by functions in Cw(X) N Dom(&) with respect to || - |lg, .
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Let u € Dom(&). By [21, p. 22, Lemma 1.3.3(iii)], we know that P,u € Dom(&E) and P,u — u
with respect to || - ||, as t — 0. Since u € L*(X), it follows from Proposition 2.8(i) that P,u € C(X)
for all + > 0. Moreover, for any ¢t > 0 and x € X, by the Holder inequality with respect to the
measure p,(x, z) du(z) and the stochastic completeness of the heat kernel, we obtain

1/2 172
IPu(x)| < fx pz(x,z)lu(z)ldﬂ(z)s( fx pz(x,z)dﬂ(z)) ( fx pt(x,z)lu(z)lzdﬂ(z)) = VP(u?)(x).

Using (NC) and the fact that u? € L'(X), we then derive from (i) that P,(u?) € Cs(X). Hence, the
last inequality implies that P,u vanishes at infinity, that is, P,u € Coo(X).

Altogether, given any u € Dom(&), we obtain that P,u — u with respect to || - [lg, as t — 0,
with every P;u € Coo(X) N Dom(&). This ends the proof of (ii). O

3 Stability of the critical index

Our aim in this section is to prove Theorems 1.2 and 1.3. In Subsection 3.1, we present some
preliminary materials including the definition of the condition (AB)g. Further, in Subsection 3.2,
we show that if a heat kernel satisfies (ULE)g then the associated Dirichlet form is regular by
Theorem 2.1 and is also of pure jump type. With these, the proof of Theorem 1.2 is presented in
Subsection 3.3. As a consequence of Theorem 1.2, we then show Theorem 1.3 in Subsection 3.4.

3.1 Condition (AB); and the jump kernel

Let (X, d, 1) be a metric measure space satisfying (VD). We introduce some necessary notions.
Set
V(x,y) := V(x,d(x,y)) + V(y,d(x, y))

and, for any 8 € (0, +0), consider the standard jump kernel
1
Vix,y)d(x,y)
By (VD), we have V(x,y) =~ V(x,d(x,y)) =~ V(y,d(x,y)), whence
1
V(x, d(x, y)d(x,y)
Note that if y is a-regular then V(x,y) =~ d(x, y)* and, hence,

1
WD Gy

Jp(x,y) = 3.1)

J,B’(x’ y) =

Based on the standard jump kernel in (3.1), we give the definitions of Besov spaces.

Definition 3.1. For s € (0, o), the homogeneous Besov spaces A; ,(X) and A «(X) are respec-
tively defined to be the collection of all locally integrable functions f on X such that

12
1lss 0 = ( f fx le(x)—f(y)IZst(x,y)dﬂ(X)dﬂ(y)) <o
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and

L 1 1f(x) = FO)P 12
s o= (s [ (s i, ) o) <o

Moreover, define the corresponding inhomogeneous Besov spaces

83,20 = {£ € QO Ilag 0 2= Wl + Ifllag o) < o)

and
A (X) = {f € XX fllag .0 = Wfllzzen + Ifllay o < oo} .

It is obvious that A;’Z(X) c A;’W(X) and A3 ,(X) € A) (XD

Let us state the condition (AB)g that was introduced in [24]. This condition is named after
Andres and Barlow, because they first introduced in [3] a similar condition for local Dirichlet
forms. That condition, denoted by cutoff Sobolev inequality in annuli, was a simplified version of
the cutoff Sobolev inequality introduced by Barlow and Bass (see [7, 8]).

Definition 3.2. For any given § € (0, o), we say that the condition (AB)g holds, if there exist { > 0
and C > 0 such that, for any function

u € (A573(X) + {const}) N L=(X),
and for any three concentric balls
B() = B(XO,R), B = B(XO,R + r), Q= B(XO,R/), (32)

with xo € Xand 0 < R < R + r < R’ < diam(X), there exists a function ¢ € cutoff(By, B) such that
[, fQ WCOPI0) = B0 Jp(5,9) du) duy)
X

C
< f f |¢(x)|2|u(x>—u(y>|21ﬁ<x,y)dy<x>du<y)+ﬁ f ()1 du(x). (3.3)
BXxB Q

Figure 2: Balls By, B, Q2 and a cutoff function ¢.
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It was proved in [12, Lemma 2.2 and Remark 2.3] that (AB)g always holds when 0 < 8 < 2
(by using a standard bump function ¢ of two concentric balls); see also [16, Remark 1.7], [24, the
proof of Corollary 2.12] and [26, Example 4.2]. However, so far there are no regular methods for a
direct proof of (AB)g when 8 > 2, except for the following example (see also [26, Example 4.1]).

Example 3.3. Let (X, d) be an ultra-metric space, that is, d satisfies the ultra-metric inequality
d(x,y) < max(d(x,z),d(y,z)) forall x,y,z € X. (3.4)

A typical example of an ultra-metric space is the p-adic field (see, for example, [10, 42, 43]).

Suppose that u is a measure on the ultra-metric space (X, d) satisfying (VD). Consider the three
concentric balls By, B and Q as in (3.2). Let ¢ := 15 be the characteristic function of the ball B.
By the properties of ultra-metric, this function is continuous and, hence, is a cutoff function of the
pair (By, B). Let us verify (3.3). In fact, it suffices to prove the following inequality:

sup fX 160) — S0P, 3) du(y) < 7. (3.5

xeX

Indeed, if x € B, then, by (VD) and a direct computation (see [27, Proposition 3.1] or [12, Lemma
2.1]), we have

sup fX 1600) — SOPIs(x. ) du(y) = sup fB 1900~ GO () ) 5 17

xeB xeB

If x ¢ Band y € B then
1 1

R+ PVOndny) - Pu(B)’

JB(X,Y) <

and hence, we have

— bR _ B
sup [ 1609 = 6Pt 0 ) = sup [ Jpx ) < [ =17

xeBC xeBC

Combining the above two cases, we obtain (3.5) and then

f fQ COPI0) = B0y, 9) ) d(s) < sup fX 8(2) — BOPI3(x,y) dia(y) fg (R du()

zeX

1 2
<= l/ld,
rﬁfgu "

which is (3.3) (with { = O therein). Hence, on a doubling ultra-metric space, the condition (AB)g
is satisfied for all 8 € (0, +c0).

Remark 3.4. In view of Example 3.3 and Theorem 1.2, we see that if (X, d, u) is an ultra-metric
measure space satisfying (VD) and (RVD), then B = oo.
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3.2 Jump type Dirichlet forms

We start with the following definition.

Definition 3.5. For any 5 > 0, we say that the jump kernel J(x, y) satisfies the condition (J)g if

J(x,)’) = JB(X,)’), (36)

where Jp is the standard jump kernel defined in (3.1). We also say that J(x, y) satisfies (J<)g (resp.
(J»)p) if the upper (resp. lower) bound in (3.6) is satisfied.

Lemma 3.6. Assume that (X,d,u) is a metric measure space satisfying (VD). Let (E,5) be a
regular Dirichlet form where the jump part is given by the jumping measure dj(x,y). If the heat
kernel p,(x,y) of (&, F) exists and satisfies (UE)g (that is, (1.15)), then the jump kernel

J(x,y) = djx.) (3.7)

T du(x) dudy)

exists and satisfies (J<)p. If the heat kernel satisfies the two-sided estimate (ULE)g then the jump
kernel J(x,y) in (3.7) satisfies (J)g. If in addition (&, F) is stochastically complete then it is of pure

jump type.

Proof. By the Beurling-Deny decomposition (see [21, Theorem 3.2.1, Lemma 4.5.2]), we have
E=&"+&"+ &K,
where EL is the local part, EX is the killing part, and &’ is the jump part:
&0 [ [ (0= 10060 - s it (338)

For any functions f, g € ¥ we have by (2.3) (see also [21, Eq. (1.3.17), p. 23]) that

1
&(f.8) =lim —(f = P1f.g). (3.9)

Given any two disjoint precompact open sets A, Bin X, let f, g € ¥ N C.(X) supported in A and B,
respectively. Then, by (3.9), we have

1
e(f.g)=-tim [ [ F080Ix) du) ducy)
= AJB

and, by (3.8),
8@@=8m9=—{££ﬂmmwmwm

In other words, if t — 0, then

[ [ 10002 e ~ [ | seogodicen, (3.10)
AJB ! AJB
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By (UE)g, we have for all 7 € (0, 00) and x,y € X that

i
pixy) ¢ ( ! ) ¢ (3.11)

<
2t T V(B +dx,y) iV +d(x,y)) T Vix,y)d(x,y)E’

which implies from (3.10) that

dj(x,y) < du(x) du(y)

¢
V(x,y)d(x,y)

and, hence, the Radon-Nikodym derivative J(x,y) in (3.7) exists and satisfies (J<)g. See also [28,
Lemma 10.3(2) for g = oo] for that (UE), implies the existence of jump kernel J(x, y) and (J<)p.
If in addition the lower bound in (LE)g is satisfied, then, for all x,y € X,

B
1
timinf 25 5 fim in ¢
-0 2t =0 V(x,tV8 +d(x,y)) \t'/F + d(x,y)
C

Z s
V(x,y)d(x, y)?

which, together with (3.10) and the Fatou lemma, implies that for non-negative functions f,g €
F NC(X),

[ [ resoraicen = | [ oogomtimint PE2 duto ducy

C
zﬁﬁﬂmwwaﬁaywmwm

This proves (J>)s. See also [25, Lemma 8.8, p. 763] for that (LE)g implies (J>)g.
In conclusion, the above arguments not only show that (ULE)s implies (J)s, but also implies
from (3.11) and (J)p that

pi(x,y)
2t

< CJ(x,y) forall e (0,00) and x,y € X,

for a universal constant C > 0. If, in addition, (&, 7) is stochastically complete, then EX = 0and
the formula in (3.9) implies that for any f € F,

: (x,y)
er.n =t [ [ 1700 - S0P o duy),
=0 Jx Jx 2t
Combining the above two formulae yields that for any f € 7,

E(f, ) < CE(f, ),

thereby leading to

EXf ) =& ) -E(f, - EX(f, ) < CE(f, /). (3.12)
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Let us use (3.12) to prove & = 0. Indeed, denote by I'(u, u) the energy measure of E- for a
bounded function u € 7. By the arguments in [39, p. 389], we have for all ¢,u € ¥ N L™(X) and
120,

A2 fX ¢*dT(u, u) + fX dr'(¢, ¢)
= 8L (¢ cos(Au), ¢ cos(Au)) + EX(¢ sin(Au), ¢ sin(Au))

< &’ (¢ cos(Au), ¢ cos(Au)) + &’ (¢ sin(Au), ¢ sin(Au))  (by (3.12))
= L f:\, (6%(x) + 6°() = 26(x)p() cos(Au(x) — u(y)))) J(x, y) dpu(x) du(y)

= fx L (|¢>(X) — ¢ + 2¢(x)p(y)(1 — cos(A(u(x) — u(y))))) J(x, y) du(x) du(y)

sl;ﬁﬂam—¢@w+ww$@ﬂm@_u@yAznjuyﬂw@ﬂm@)

Dividing both sides of the above inequality by 1> and passing to the limit as A — oo, we obtain
that f(\, ¢2 dl'(u,u) = 0. Since ¢, u are arbitrary, it follows that &L = 0, that is, & is of pure jump
type. ]

3.3 Proof of Theorem 1.2

Let us return to a general setting. Given a symmetric non-negative jump kernel J(x,y) on X,
define the bilinear form

&wmiﬂﬁwnw@wm—wwmw@mww (3.13)
with domain

F = {ue LAX): E(uu) < . (3.14)

It follows from the Fatou Lemma that F is complete with respect to the norm || - ||g, given in (2.1);
see also [21, Example 1.2.4, p. 14]. Note that (&, ) becomes a Dirichlet form only if the domain
F is dense in L*(X, p).

The following theorem plays an essential role in the proof of Theorem 1.2.

Theorem 3.7 ([12]). Assume that (VD) and (RVD) are satisfied. Then, for any B € (0, ), the
following two conditions are equivalent:

() (AB)g

(i1) For any/some jump kernel J satisfying ())g, the bilinear form (&, F) given by (3.13)-(3.14) is
a regular Dirichlet form whose heat kernel exists and satisfies (ULE)g.

Moreover, if (1) or (ii) holds, then the heat kernel {p;};~0 of (&, F) is stochastically complete and
Jjointly continuous on X X X for any t > 0.
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Remark 3.8. Let 8 > 0 and Jp be the standard jump kernel in (3.1). Consider the bilinear form

Ep(u,v) = fX fx (u(x) = u(y))(v(x) = v(y)Jp(x, y) du(y) du(x) (3.15)

with the domain
Fp o= {u € LA(X) : Eglu,u) < oo} = AY2X). (3.16)

By Theorem 3.7, the hypothesis (AB)g is equivalent to the fact that the bilinear form (&g, ) is a
regular Dirichlet form whose heat kernel exists and satisfies (ULE)g.

We give the following regularity result, which is a consequence of Theorem 2.1.

Proposition 3.9. Assume that (VD) is satisfied and B,y € (0,00). Let {P;};~0 be the semigroup
defined in (2.2), with {p;}~0 being a stochastically complete continuous heat kernel on X satisfying

N d(x,y)
V(x, 18 + d(x,y)) 1P

-y
0 < pi(x,y) < ) forall t € (0,00) and x,y € X, (3.17)
for some constant C > 0. Then, the Dirichlet form (€, Dom(E)) given by (2.3) is regular. In
particular, this last statement is true provided that {p};~o satisfies (UE)g.

Proof. Note that (UE)g implies (3.17). So, it suffices to show the regularity of (&, Dom(&)) under
(3.17). To this end, we need to apply Theorem 2.1 via verifying that (3.17) implies (2.4) and (2.5).

It is obvious that (3.17) implies (2.4). By a direct computation, it follows from (VD) and (3.17)
that for any x € X and 7,7 > 0,

1 /B 4
V) d < d
fB(x, e Pi%.y) dp(y) fl;(x, C Vi(x, VB + d(x,y)) (tl/'g +d(x, y)) HO)

B\ 1 /B 2
r x VO, VB +d(x, ) \t'/P + d(x,y)
A/B\2
S (_) s
r

which gives the desired condition (2.5). m|

Proof of Theorem 1.2. By Theorem 3.7, it suffices to prove that (ii) implies (i).

Suppose that 8 > 0 and there exists a stochastically complete continuous heat kernel {p,};~o on
X satisfying (ULE)g. Let (&, Dom(&)) be the Dirichlet form determined by the heat kernel {p}:-0
(given in (2.3)). It follows from Proposition 3.9 (see also Theorem 2.1) that (&, Dom(&)) is regular.
Moreover, it follows from Lemma 3.6 that (&, Dom(&)) is of pure jump type, and the jump kernel
J(x,y) exists and satisfies (J)g. In particular, (&, Dom(&E)) coincides with that in (3.13)-(3.14).
Therefore, Theorem 3.7(ii) is satisfied, which implies (AB)g. This finishes the proof of Theorem
1.2. m|

By Theorems 3.7 and 1.2, we have the following characterizations of the critical index.
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Corollary 3.10. Assume that (VD) and (RVD) are satisfied on (X, d, u). Then ﬁﬁ = ,Bﬁ(X ,d, u) has
the following equivalent expressions:

/3ti =sup{B > 0: (&g, Fp) in (3.15)-(3.16) is a regular Dirichlet form, whose heat
kernel is stochastically complete, continuous and satisfies (ULE)z}
=sup{B > 0: there exists a regular pure jump type Dirichlet form, whose jump
kernel exists and satisfies (J)g and whose heat kernel is stochastically

complete, continuous and satisfies (ULE)g}.

3.4 Proof of Theorem 1.3

In this subsection, we will utilize Theorem 1.2 to prove Theorem 1.3, that is, to prove the
quasi-isometric invariance of the critical index B,

Proof of Theorem 1.3. Let (X,d’, u’) be a metric measure space that is quasi-isometric to (X, d, ),
that is, there exists ¢ > 1 such that

d
ld <d<ed and < d—“, <e. (3.18)
fr

For any x € X and r > 0, denote by By(x, r) and By (x, r) the metric balls in (X, d) and (X,d’),
respectively.

Let us first show that, if 4 ~ y’ but the metric is unchanged, then ﬁﬁ is invariant. By the second
formula in (3.18), we have

(X,d,p) satisfies (VD) and (RVD) & (X, d,u’) satisfies (VD) and (RVD).

In this case, note that (AB)g holds on (X, d, ) if and only if it holds on (X, d, ¢"). This, along with
(1.11) in Theorem 1.2, yields

(X, d,p) =X, d,1). (3.19)

Next, we show that if d ~ d’ but the measure is unchanged, then ﬂﬁ is also invariant. We use
the notation
diam(X, d) := sup{d(x,y) : x,y € X}.

In a similar manner, we define diam(X, d’). Since d =~ d’, it follows that
R;:=diam(X,d) <0 ¢ Ry :=diam(X,d") < oo

and, by the first formula in (3.18),
C_le < Ry < cRy.

Since (X, d, ) satisfies (VD) (see also (1.8)), for any x € X and r > 0, we have

H(Ba(x.2r) _ p(Bu(x.2cr) _

< <L 3.20
u(Bar(x,r)) ~ p(Ba(x,c7'r) (320




32 Jun Cao, ALEXANDER GRIGOR’YAN, ERYAN Hu AND Licuang Liu

Let x€ Xand 0 < r < R < Ry . Since (X, d, u) satisfies (RVD), if cr < ¢!'R, then¢c™'R < ¢ 'Ry <
R, and

B B R (RY”
uBa(x.r) = pBaven) ~\r)

where «_ is the same constant as in (RVD). If cr > ¢~'R, then R =~ r, so that (3.21) still holds since

WBa (R (R
mzl_(r) . (3.22)

Due to the symmetry, the above formulae (3.20)-(3.21)-(3.22) imply that

(3.21)

(X,d,p) satisfies (VD) and (RVD) & (X,d’,p) satisfies (VD) and (RVD).

Letg < ﬁ# (X, d, p) such that there exists a stochastically complete continuous heat kernel {p;},.o on
(X, d, p) satisfying (ULE). It is obvious that {p;}s~¢ is also stochastically complete and continuous
on (X, d’,u). Moreover, using d ~ d’ and volume doubling property of (X, d’, u), we obtain that
{Pt}r>0 also satisfies (ULE); on (X, d’, u) (that is, replacing the metric d in (ULE)g with d"). From
this and the definition of 8*(X, d’, n), it follows that 8 < 8#(X,d’, 1), and hence

BH(X.d,p) <X, d .

The opposite inequality can be proved via exchanging the roles of d and d’. Therefore, we obtain

BHX.d,p) = fH(X.d ). (3.23)

Finally, first using (3.19), and then using (3.23) (with u therein taken to be i), we arrive at the
identity
B X.d.p) = B X.d. i) = B(X.d' 1),

This finishes the proof of Theorem 1.3. O

4 Relations of the critical index to the walk dimension

The aim of this section is to show Theorems 1.4 and 1.5, whose proofs will rely on the subor-
dination theory of heat kernels that are basically from [22, 23].

4.1 Proof of Theorem 1.4

This subsection is mainly motivated by [22, Section 5.4] (see also [23, Section 4.3]), which
deals with the a-regular metric measure space but now we assume the general doubling condition
(VD).

Suppose that {p,};~¢ is a heat kernel. For any ¢ € (0, 1), let {7755)}»0 be a o-stable subordinator,
that is, for any ¢ > 0, )756) is a positive function defined on (0, o) such that

e f ngé)(s)e‘-"l ds forall A € [0, c0).
0
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Then, by the functional calculus, the function

pgé)(x,y) = f n;‘s)(s)ps(x,y) ds forall € (0,00) and x,y € X, “4.1)
0

defines a new heat kernel on X (see, for example, [22, Section 5.4]). We call { p§‘5>},>0 the subordi-
nated heat kernel to {p;}1~¢. It follows from (2.2) and (2.3) that the heat kernel { pﬁ‘”}»o determines

uniquely a Dirichlet form (&, Dom(&E®)), which is called the subordinated Dirichlet form.

Proposition 4.1. Let (X, d, u) be a metric measure space satisfying (VD). Assume that {p,}i~0 is a
stochastically complete heat kernel satisfying (ULE)g for some B € (0, ). Then, for any 6 € (0, 1)

the subordinated heat kernel { pgé)}bo determined by (4.1) is also a stochastically complete heat
kernel satisfying (ULE)g with ' := 6B, that is, for all t € (0, 0) and x,y € X,

4.2)

1 dx,y)\*
PO (x,y) ~ (1+ ( y) .

V(x, !V + d(x,y)) VP

If, in addition, the heat kernel {p;};~0 is continuous, then pﬁ‘” is also continuous.

Proof. 1f (X, d, u) is a-regular, then (4.2) has been proved in [22, Lemma 5.4]. Now, we assume
only (VD).

It is known that (see [44] or [22, Section 5.4]) the subordinator {nﬁ‘”}m) satisfies the scaling
property

1 Ky
nﬁé)(s) _ mn(l‘” (m) for all s € (0, ), (4.3)

and the fast decay property at infinity

f s‘yn(l‘s)(s) ds < oo forall y € (0, ), 4.4)
0
as well as the estimates

© _

n,(s) < 5 for all s,t € (0, 0), 4.5)

S
and
@y L 1/6
n, (s) = RET; when s > ¢/°. (4.6)

Also, {7756)}»0 satisfies that for all 7 € (0, o),
f nO(s)ds = 1. 4.7)
0

From (4.1) and (4.7), it follows that if {p,};>0 is stochastically complete, then so is { pgé)}»o.
The remaining proof is divided into three steps.
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Step 1: proof of the lower estimate of (4.2). For any ¢ € (0, ) and x,y € X, we set
rai=1"0 + d(x, yp.

By this, the lower estimate (LE)g and (VD), we derive that for any s € [r,2r] and x,y € X,

1 ( L Ao y))_ﬁ
V(x, s1P + d(x,y)) sl/p

1 (1 . d(x, y))_ﬂ
V(x,rV/B + d(x,y)) rl/B
N 1
C V(x, rliBy’

ps(x,y) 2

1

(4.8)

Applying (4.8), (4.1), (4.6) and (VD), we derive that for any ¢ € (0, o) and x,y € X,

2r
z@wwzfiﬁmmwwM<WMh>

2r i 1
ZﬁEEWHWM(WW”

LA S
O V(x, rlB)
t 1

~ by (VD

T+ Ay P Ve rdGnyy Y VP)
1 ( mmﬁ

~ - 1+ . .

Vix,t1F +d(x,y)) /8

4.9)

Step 2: proof of the upper estimate of (4.2). By (UE)g, for all s € (0, ) and x,y € X, we
have

ps(x,y) S v (4.10)

(x,s1/B)
If s > 71/9, then it follows from /A = {1/F" that
Vi(x, sl/ﬁ) > V(x,tl/(d'g)).

If s < 719, then we have s'/# < 11/ = (1B which, together with (1.8), implies

1/B 1S\ 1/(5B)
Vix,s''7) 2 (Cp) Y Vix,t ).

Substituting the last two estimates into (4.10) gives that for all s € (0, ) and x,y € X,

(/6 /B
1) 4.11)

Ds(x,¥) < m (T \
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When ¢ > d(x, y)ﬂ/, combining (4.11), (4.1), (4.7), (4.3) and (4.4), we derive

POx,y) = { fo + f /Jnﬁ‘”(s)ps(x,w ds

[1/6

3 1 o s \[(!"P\" L 1 T O ds (by (43
S ), arh (tﬁ) ) Ve St vaey ), ©ds 0y @.3)

/6

! 1 —ay (6)
s W (j(; T () ds + 1) (by (4.7))
< W (by (4.4)). (4.12)

In the opposite case t < d(x, y)ﬁ', we obtain by (4.5), (VD), (UE)sz and a change of variables
7 =d(x,y)/s"P, that

00 _:B
©) t 1 d(x,y)
POx,y) < fo VG d(x,y))(u 5| ds (by (45)and (UE)y)

t | d(x,y) -
< 1 d
& V(x,d<x,y>>fo s”é( T TSTp ) ’

- 1 t s »
B V(x,d(x,y)) d(x,y)dﬁfo (1 +71)"dr
1 t
T Vi(x, d(x, y)) d(x, y)F
~ ! e\ 7”
- V(x,t”"”’+cl(x,y)))(1Jr B ) (by (VD)).

Hence, in all cases we obtain the desired upper estimate of (4.2).

Step 3: proof of the continuity of p'*. Fix 7 € (0, c0) and x, X', y,y’ € X with d(x, x’) < /@

The inequality (4.11) yields that for all s € (0, 00),

1 1 t1/6 (Y+/ﬂ
— (XYl < s
ps(x,3) = ps(x, )1 S (V(x, epy V(x’,t”“ﬁ)))( s 1)

1 {16 /B

Moreover, by the computation in (4.12), we see that the function

V(x, 11/08) (T v

is integrable over (0, co) with respect to ds uniformly in y,y’. Thus, by using the dominated con-
vergence theorem and continuity of p,, we have

©) 1/ ol
s 17(s) )

) ) . 0 )
PPy - pP ) < lim f 1O ps(y) — py syl ds = 0.
X",y = (x.y) @ y)—=(xy) Jo

This implies the continuity of pgé). Thus, we complete the proof of Proposition 4.1. O
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With the subordination of heat kernels in Proposition 4.1, we now prove Theorem 1.4.

Proof of Theorem 1.4. Fix any 8’ € (0,5"). By the definition of ¥, we can choose 8 € (8, 8%) such
that there exists a stochastically complete continuous heat kernel {p;};~o on X satisfying (ULE)g.
Hence, it follows from Proposition 4.1 with ¢ := /8 € (0, 1) that the §-subordinated heat kernel
{ p@}»o is a stochastically complete continuous heat kernel on X satisfying (ULE)g . The proof is
completed. O

4.2 Proof of Theorem 1.5

Proposition 4.2. Assume that (VD) is satisfied. Let {q;}~0 be a stochastically complete continuous
heat kernel satisfying the two-sided sub-Gaussian estimate

gi(x%,y) = exp| —c [ 252
V(x, tYF + d(x,y)) 1B

B
BT
) ] forall te (0,0) and x,ye X. (4.13)

Then, for any 6 € (0, 1), the subordinated heat kernel {qgé)}po determined by {q;}~0 in (4.1) satisfies
all conclusions of Proposition 4.1.

Proof. Since (4.13) holds, it follows that {g;},- satisfies (UE)g. Thus, the arguments in Step 2 and
Step 3 of the proof of Proposition 4.1 remain valid. In other words, the subordinated heat kernel
{q§5>},>0 satisfies the upper estimate in (4.2) and, moreover, is jointly continuous.
Concerning the arguments in Step 1 of the proof of Proposition 4.1, for any ¢ € (0, o) and
x,y € X, we again set
ri= "9 + d(x, y)%)/8.

Instead of (4.8), we now use the lower estimate of (4.13) to derive that for any s € [r,2r] and
x,y€eX,

1 d(x, ) \FT
GO 2 T 1 dy) eXp(_c( S1B )

1 d(x,y)\FT
= V(x,rV/B + d(x,y)) P _C( rliB )
R
 V(x, rliBy’

so that the calculation in (4.9) can be proceeded as before, thereby leading to

1 Y #
Vix,t'F +d(x,y)) B '

)
qf (x,y) 2

Thus, {qﬁé)}»o satisfies the lower estimate in (4.2). This concludes the proof. |

Now, by Theorem 1.4 and Proposition 4.2, we are about to prove the first identity in (1.14) of
Theorem 1.5.
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Proof of B* = d,, in Theorem 1.5. Let {g;};>0 be a stochastically complete continuous heat kernel
on X satisfying the sub-Gaussian estimate (SG),, (see (1.13)). For any B € (0,d,,), upon setting
0 := B/d, € (0,1), we derive from Proposition 4.2 that the subordinated heat kernel {q§5>},>0
determined by {g;};>0 (in the way of (4.1)) is a stochastically complete continuous heat kernel on
X satisfying (ULE)g, which implies by definition of B that 8 < 8% and, hence,

dy, < B". (4.14)
It remains to prove that d,, is not strictly smaller than 8. Suppose on the contrary that
d, < p". (4.15)

Then we will deduce a contradiction in the following three steps.

Step 1: define two regular Dirichlet forms (&7, Dom(E?”)) with i = 1,2. As in (2.3),
let (&, Dom(&M)) be the Dirichlet form determined by the heat kernel {g;};»0. Invoking the
stochastically completeness of {g;};~0, we then derive from (2.3) that

1
&0 =tim - [[[w - a0 - voNg ey duodu) @16

XxX

for all u, v € Dom(&"), with
Dom(EM) = {u € L*(X) : EV(u, u) < ). 4.17)

It follows from (SG),, that

(4.18)

—d,,
ar(x,y) S 1 (1 + d(x, y ))

V(x, t!d + d(x,y)) tl/dw

holds uniformly in # > 0 and x, y € X. Then, since {g,};-0 is stochastically complete and continuous,
we have by Proposition 3.9 that the Dirichlet form &V, Dom(EM)) is regular.

Since we have assumed d,, < S* in (4.15), it follows form Theorem 1.4 that there exist-
s a stochastically complete continuous heat kernel {p;};~0 on X satisfying (ULE), . Again, let
(E?,Dom(E?)) be the Dirichlet form determined by the heat kernel {p,} in the way of (2.3),
which yields that

1
&V =tim o [[[w) - umoe oy oy @19)
XxX
whenever u, v € Dom(E@), with
Dom(E?) = {u € L*(X) : EP(u,u) < o). (4.20)

By Proposition 3.9, (EP, Dom(E?)) is regular.

Step 2: prove that (&0, Dom(E)) is strongly local. By the general theory of Dirichlet
forms, (&, Dom(&M")) can be decomposed into two parts: the strongly local part and the jump
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part associated with a Radon measure ) on X x X \ diag. Moreover, following the arguments
that lead to (3.10), we obtain that for any two disjoint precompact open sets A, B C X, and for any
non-negative functions f, g € Dom(&V) N C.(X) supported in A and B, respectively, it holds that

[ [ 10060252 durduen > | [ feemdiony) as 10"
AJB AJB

Again, by the upper bound in (SG), , we obtain that for any x € A and y € B (note that d(x,y) > 0
since AN B = 0),

d

cr! d(x,y)\®T

0< 9:(x.) < exp|—c ) -0 ast— 0"
2t V(x,t!/d + d(x,y)) t1/dw

Combining the above two formulae and using the Fatou lemma, we obtain

f f Fg0) djx,y) < f f tim £(0g0) 252 4y du(y) = o.
AJB A Jp -0 2t

Since A, B, f, g are arbitrary, we see that dj = 0. In other words, (&, Dom(&E)) is a strongly
local, regular Dirichlet form on L*(X).

Step 3: obtain a contradiction. Since {p,};>¢ satisfies (ULE),, , we have by (4.18) that
q:(x,y) S pi(x,y) forallt>0 and x,y e X.
Consequently, by (4.16)-(4.17) and (4.19)-(4.20), we obtain that
EVu,u) < CEP(u,u) forall ue LX(X), (4.21)
for some constant C > 0, which implies
Dom(§®) € Dom(&™).
Moreover, by (4.21) and the arguments following (3.12) in the proof of Lemma 3.6, we obtain that
EV(u,u) =0 forall ueDom(E?)N L (X).

Fix u € Dom(E@) N L*(X). Since

1
V= 5 f f () — uO)gi(x, ¥) dia() dia(y)
XxX

for all ¢ > 0, it follows from the lower estimate of (SG), that |u(x) — u(y)| = 0 for u X uy-a.a.
(x,y) € X x X, which implies that u is an almost everywhere constant function on X. Thus,

Dom(E?) N L*(X) = {constant functions},

which is not possible since Dom(E?®) N L*(X) is dense in L*(X) by the fact that Dom(&E?) is the
domain of the regular Dirichlet form (E?, Dom(E?)).

Therefore, it is not possible to have d,, < B*. Combining this and (4.14) yields d,, = B*, as
desired. |
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Next, we show the second identity in (1.14) of Theorem 1.5, by using the idea in [23, Section
5.1].

Proof of d,, = B* in Theorem 1.5. For simplicity, we rewrite the regular Dirichlet form (&, Dom(&™"))
defined in (4.16)-(4.17) as (&, Dom(&)). For any u € L*(X)and t > 0, set

1
Ewy(u, u) =5 fx L e (6, lu(x) — u@)I* du(x) du(y). (4.22)

We first prove that d,, < *. For r > 0, let # := 7. For any u € Dom(&), by the lower bound of
q:in (§G), , (VD) and (4.22), we obtain

! lu(x) — uG)P _1 f f lu(x) — u(y)l*
fX (V(x’ ") JBr rhe dﬂ(y)) a(x) = t Jx Jpeesviany  V(x, t1/dv) ) dpt)

1
<3 f f G (e () — u()P du(x) dua(y)
1 X B(X,ll/dw)

< Epy(u, u).

Since Ey(u, u) T E(u, u) as t | 0 (see [23]), this last formula shows that for all u € Dom(E),

2
u||* < E(u, u).
Il 2, S €002

Hence, we have Dom(&) C A‘zi“’(foz(X ). Because (&, Dom(&)) is a regular Dirichlet form, we see that

Dom(&) is dense in L>(X), so does the Besov space A‘zi“"o/oz()( ). This leads to d,, < 8.

To obtain the opposite inequality d,, > §%, it suffices to prove that when 8 > d,, the Besov
space Ag/ i(X) is not dense in L*(X). We will prove this by verifying that if u € Ag/ i(X) then
E(u,u) = 0. To this end, for any ¢ > 0 and r > 0, we decompose E(u, u) as follows:

1
8(2‘)(”, M) = 2_1‘ j}; th(x, y)|u(x) _ u(y)|2 d/,t(x) d,u(y)
1
= 2_ f f q{(-x’ )’)|M(X) - M(y)|2 d/l(x) d#(y)
tJx B(x,r)C

1
+ 2_l f f qt(x’ )7)|M(X) - u(y)|2 d,U(X) dﬂ(y)
X JB(x,1)
=: A(t) + B(?). @23

By the upper bound of ¢,(x, y) in (SG),, and (VD), we have that for any x € X, 7> 0 and r > 0,

dl/V
N c d(x,y)\ &1
(%, y) dp(y) < f exp —C( dp(y)
\fﬂ:(x, e nZ::‘) B(x, 21 )\ B(x, 20) V(X 11/ 4 d(x, y)) th/d

dw

- C 2y \dwT
& exp|-c[ 21" | duey
; fB(x,Z"*'r)\B(x, 2ny) V(x, 2"1") ( (Il/dw) )

dw
o Vix, 2" 2" @t
SCZ—V(x,Z”r) exp|—c 7y

n=0

IA
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DI
~ 22ndy, p2dy,’
n=0

which implies
1
A(n) < n f f (W(x)* + u(y)*)q,(x, y) du(y) du(x)
X IB(x,nC

2
<2 f u(x (sup f qt<z,y>du(y>) du(x)
rJx 2€X JB(z,r)C

! 2
S r2dw ”u”LZ(X)'

Similarly, by the upper bound of g,(x, y) in (SG),, and (VD), we have that for any # > 0 and r > 0,

1 (o8]
B by \As - 2 d d
=% ;O fx fB(x 3B 2 (o) = uF dp(x) da(y)

C v 271\ 1
sz—z Xp[ (l1 - ) ] fx Vo () = u()P dpa(x) dpa(y)

B(x,27"r)

-1 2—n—1 d:fivi] 1 _ 2
( tr)ﬁ exp [—c (ﬂ/—clwr) ]f - M du(x) du(y)

N

D I

x V(,27r) Jpony (27r)B

@y A
p exp —C( /dy ) || ||A/3/2(X)
i 2" "r)B( f1/d )(.3+dw)/2
S —-n—1
o t 2 r
- ") B=d
< Yo ||u||A,m
n=0

Bdw f-du
<r 2 7 ||ulf;

<

3
Il
(=]

2
ull.
Il

(X

A/f/Z 2 Xy

where in the last step we used the assumption 8 > d,,. Combining (4.23) and the estimates of A()
and B(t), we obtain that for any # > 0 and r > 0,

B—dw

t
Eut. ) 5~y + 1 F 15

|”|| Aﬁ/Z @X
From this and the fact that E)(u, 1) T E(u, u) as t | 0 (see [23]), it follows that if u € A2/~ (X) then
E(u,u) = liné Epu,u) =0
11—

thereby leading to that, for any ¢ > 0,

1
0= 8@, u) 2 & (uu) = 5 fx fx q1(x, Pu(x) = u) dp(x) du(y) = 0.
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Since ¢;(x,y) > 0 by the lower bound of ¢; in (SG),, , we deduce that |u(x) — u(y)| = 0 for u X u-a.a.
(x,y) € X x X. In other words, u equals to a constant almost everywhere on X. This gives

Ag/ i(r\’) = {constant functions}.

Thus, Ag/ fo(/\’ ) can not be dense in L>(X). Hence, we have 8 > 8* for all 8 > d,,, which implies
dy > p".

The proof of d,, = §* is completed. O

5 Heat kernel construction by means of an ultra-metric

The main aim of this subsection is to show Theorems 1.6 and 1.7. To this end, we use a
system D of dyadic cubes on X (see Subsection 5.1) and the family of adjacent dyadic cubes (see
Subsection 5.4). The key point is that 9 induces an ultra-metric dy on X (see Definition 5.3 in
Subsection 5.2 below). Next, we apply the method of [10] of heat kernel construction on general
ultra-metric spaces to prove Theorem 1.6 in Subsection 5.3. Applying Theorem 1.6, we show
Theorem 1.7 in Subsection 5.5.

5.1 Dyadic cubes and quadrants

In the Euclidean space R” there is a standard system of dyadic cubes
D:={275(0.1)" +a): keZ, aez"

that possesses the following properties: (i) all the cubes with the same side-length form a partition
of R"; (ii) any two different cubes are either disjoint or one of them is contained in another. Con-
struction of an analogous system of dyadic cubes on metric measure spaces satisfying (VD) was
done in a seminal work of Christ [17]. Christ’s construction was improved in [4, 33, 34, 35], in a
very general setting of the so-called geometric doubling metric spaces.

In the next theorem we collect necessary for us properties of the dyadic cubes on metric mea-
sure spaces (see e.g. [33, Theorem 2.2]).

Theorem 5.1 ([33]). Let (X,d, i) be a metric measure space satisfying (VD). Fix some positive
constants cy < Co and & < 1 such that 12Cy6 < cq. Then there exists a family

QX keZ ae Ay

of Borel subsets of X that are called dyadic cubes (where Ay is at most countable index set), which
satisfies the following properties:

() for any k € Z, the dyadic cubes {QF }oea, are disjoint, and X = Uaea, ok,

(ii) any two dyadic cubes Q% and Q;;, with j < k are either disjoint or QX C Qé,‘
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. k k
(iii) for any k € Z and o € Ay, there exists z;, € Q,, such that

B(Z,c16% € 0F ¢ Bk, €16,
where ¢1 = %CO and C1 = 2Cy.

If QI,’;,“ C QF, then Q;‘;l is called a child of QF, while QX is called the parent of Q;‘;l (see
Figure 3). Each dyadic cube has finitely many children (which follows from (iii) and (VD)) and at
most one parent (which follows from (i) and (ii)). It also follows from (i) and (ii) that, for any cube
QF and any j < k, there exists a unique 8 € A ;j such that Q’é c Qé.

@

Figure 3: Dyadic cubes

Denote by
D:={0": keZ aecAy

the system of all dyadic cubes on (X, d, u). For any k € Z, let
Dy = {Qﬁ D a € A,

that is, Dy is the set of all dyadic cubes of k-th generation. The set O has a natural structure of a
directed tree, where the vertices are the dyadic cubes, and arrows go from parents to children. The
sets Dy, are naturally identified as levels of this tree (see Figure 4).

Figure 4: The tree structure on D
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The system of dyadic cubes D gives rise to the notion of a quadrant on X: for any Q € D, the
set

c@y:LJQ (5.1)
Q'eD
020
is called a quadrant of X containing Q. In other words, C(Q) is the union of all ancestors of Q.
According to [1, Lemma 2.2], the quadrants have the following properties.

Lemma 5.2 ([1]). Ler (X,d,u) be a metric measure space satisfying (VD). Suppose that D is
a dyadic system as in Theorem 5.1. Then the family of quadrants defined in (5.1) satisfies the
following properties:

(i) for each quadrant C, the triple (C, d, u) satisfies (VD);
(i1) any two intersecting quadrants coincide;
(iii) X is a disjoint union of finitely many quadrants;

(iv) if W(X) < oo then X coincides with one quadrant C, where C coincides with some dyadic
cube Q € D;

(v) if u(X) = oo then for every quadrant C we have u(C) = oo.

If two points x, y belong to the same dyadic cube then, clearly, they belong to one quadrant. The
converse is also true: if x,y belong to the same quadrant C then there is a dyadic cube containing
both x,y. Indeed, if x,y € C then x € Q' and y € Q" for some dyadic cubes Q’, Q" from C (cf.
(5.1)). Since by definition of a quadrant Q" and Q"' have a non-empty intersection then one of them
contains the other, whence the claim follows.

5.2 An ultra-metric induced by the dyadic structure

Recall that a metric p on X is called an ultra-metric (see also (3.4)) if it satisfies the following
stronger version of the triangle inequality: for any x, y, z € X,

p(x,y) < max {p(x, 2), p(z, y)} . (5.2)

Of course, any ultra-metric is a metric. Usually a metric must take non-negative real values, but
we will allow an ultra-metric to take also the value +co.

The dyadic system D on (X, d, u) that is stated in Theorem 5.1 determines naturally an ultra-
metric dp on X as follows. For any two distinct points x,y € X that belong to the same quadrant,
denote by Q, , the smallest dyadic cube from D containing both x and y; then denote by k, , the
unique integer k such that O, , € Dy.
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Q. is a cube of level k,, ’

cubes of level k,,+1

Figure 5: Cube Q.

If x,y do not belong to the same quadrant then we set k., = —co. Finally, if x = y then we set
kyy = +o0.

Definition 5.3. For any x, y € X, set
dp(x,y) := 6. (5.3)

In particular, if x = y then dp(x, x) = 0, and if x, y do not belong to one quadrant then dp(x, y) =
00,

Lemma 5.4. dyp is an ultra-metric on X.

Proof. It is easy to see that dg is non-negative and symmetric. Let us verify that dy satisfies (5.2).
By (5.3) it suffices to prove that

kyy = min(ky , ky. o). 54

If either k, ; = —oco or ky ; = —oo, then (5.2) is trivially satisfied. Otherwise each of the pairs x, y
and y, z belongs to one quadrant, that is, all the points x,y, z belong to the same quadrant, which
will be assumed in the sequel.

The cubes Q,, and Q,, contain the point z, that is, they have non-empty intersection. By
Theorem 5.1, one of the term contains the other, for example, let Q. € O, ., so that k, ; > k...
Then y belong to Q. ., which implies O, , C Q. and, hence, k., > k, ,, which proves (5.4). O

Remark 5.5. Let us discuss some properties of the ultra-metric dyp.
(1) It follows from Theorem 5.1(iii) and the definition (5.3) of dy that

d(x,y) < dp(x,y), (5.5

because Q,, € B(z,C 16%) and, hence, d(x, y) < 2C 165, while dp(x, y) = 5% In gen-
eral, the converse inequality may fail because that it can happen that two points in different
quadrants are very close to each other so that d(x, y) is very small but dp(x,y) = co.
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(ii) For any x € X and r € (0, 0), let
Bp(x,r):={ye X : dp(y,x) <r} (5.6)

be a closed metric ball of dyp. Choose k € Z to satisfy 5 < r <61 and let Qx.r € Dy be the
unique dyadic cube of k-th generation that contains x. By (5.3), we obtain that

y € Bp(x,r) & s <r o kyy>2k © yeQ,,
that is,

Bp(x,1) = Q. (5.7)

Hence, the dyadic cubes coincide with closed ultra-metric balls. Besides, applying Theorem
5.1(iii) and the doubling property (VD), we obtain from (5.7) that

u(Bp(x,r) = u(Qur) = u(B(l, 8%)) = p(B(x, 1)) = V(x, 7). (5.8)

(iii) Suppose that the metric d itself is an ultra-metric. Then, by the property of ultra-metric, any
two balls of the same radius are either disjoint or coincide. Hence, for each k € Z, there
exists a family of balls {B(zﬁ, ) ae a1, which forms a partition of X, where Ay is an at most
countable index set. It is easy to check that the family

9 = {Qﬁ = B(z’;,ék) ckeZ, ac ﬂk}
satisfies all the claims of Theorem 5.1. Thus, & forms a dyadic system on (X, d, u), which

further generates an ultra-metric dg by (5.3). It is easy to see that in this case 6dgy < d < dg.

5.3 Heat kernel generated by the ultra-metric dp

In this subsection we prove Theorem 1.6, which, in fact, is covered by the following theorem.

Theorem 5.6. Let (X, d, i) be a metric measure space satisfying (VD). Let dyy be the ultra-metric
generated by a dyadic system D on (X, d, ) as in (5.3). Then, for any 5 € (0, 00), there exists a
stochastically complete heat kernel { ptD }=0 on X such that, for all t € (0, 0) and x,y € X,

-B
PP = T +1 dp(x, ) (1 ’ th(l)/;y)) ' (59)
Consequently, for all t € (0, 00) and x,y € X,
» C dexy)\ "
0<py(x,y) < Ve 17 + d(x.y)) (1 + Y ) (5.10)
and
PP x) = — (5.11)

V(x, t1/8)
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Let us emphasize that the volume function V in (5.9)-(5.10)-(5.11) is taken with respect to the
original metric d, that is, as in (1.1). Since d < dp by (5.5), the estimates (5.10) and (5.11) are easy
consequences of (5.9).

Proof of Theorem 5.6. Now we prove the existence of a heat kernel satisfying (5.9). For that, we
use a construction from [10] of heat kernels on ultra-metric measure spaces. Since the ultra-metric
in [10] has to be finite, we can apply the results of [10] in any quadrant C, endowed by the metric
dyp.

Let o : [0,00] — [0, 1] be a distance distribution function, that is, o is a strictly monotone
increasing continuous function such that /(0) = 0 and o(c0) = 1. It follows from [10, Theorem
2.2] that the following formula determines in a quadrant C a stochastically complete heat kernel:

00 t
pP(x,y) = f _doby (5.12)
dp(xy) (Bp(x, 1))

for all € (0, 00) and x, y € C, where Bp(x, 1) is a closed ultra-metric ball as defined in (5.6).
In particular, let us take here, for all r € (0, ),

o(r) = exp(-1/r%), (5.13)

and prove that the resulting heat kernel {ptD }r=0 satisfies (5.9). For that we need the following
Lemma 5.7. In addition, we say that a function V : (0,00) — (0, 00) is doubling provided that
V(Q2r) < V(r) for all r € (0, 00).

Lemma 5.7. Let V and ¥ be positive monotone increasing functions on (0, co). Assume that ¥ has
the inverse ¥Y~! that is also defined on (0, 00), and let the functions V and 1 pe doubling. Then,
forall R, t > 0, we have

f‘” dexp (—1/¥(r)) _ 1 ! (5.14)
R

Vi) VP T
where T := max {t, Y(R)} .
Assuming Lemma 5.7 for the moment, we apply it to continue the proof of Theorem 5.6.
Substituting the value of o from (5.13) into (5.12) and using (5.8), we obtain that

D (" dexp(—t/rP)
Py (x,y) = fd . Vo)

Applying Lemma 5.7 with ¥(r) = # and V(r) = V(x,r) and observing that T =~ ¢ + dp(x, y)ﬁ we

obtain
1 t

V(x, (t +dp(x,y)18) 1 + dp(x.yV
which is equivalent to (5.9) provided that x, y in the same quadrant C.
Now let us extend this heat kernel to all x,y € X by setting

pP(x,y) =0

pP(x,y) = (5.15)

provided that x and y are not in the same quadrant C. If one of the points x, y lies in C and the other
is not in C then dp(x,y) = oo, so that the estimate (5.15) is trivially satisfied.
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Finally, we construct p; D(x,y) for all points x,y € X. The resulting function is a stochastically
complete heat kernel that satisfies (5.15) for all x,y € X, which completes the proof of Theorem
5.6. O

Proof of Lemma 5.7. Let us first make change s = W(r) in the integral and obtain
f"" dexp (—=t/¥(r)) f‘” dexp(—t/s) f‘x’ texp (—t/s)d
D —_— —das,
R V(r) wry VP1(s)) T sF(s)

where
T = ¥(R) and F(s) = sV(¥"'(s)).

Observe also that 7 = max {f, T} and

1t ot
Vi)t F)
Hence, it suffices to prove that
fm exp(=t/9) ;o 1 (5.16)
T SF(s) F(7)

The lower bound here is easy: using that F(s) is monotone increasing and doubling, we obtain

00 27
f exp (—t/s)ds S f exp(—t/s)ds S exp(—t/T)T - 1 .
T sF(s) . sF(s) 2tF(27) F (1)

To prove the upper bound in (5.16), consider first the case 7' > %T. Using that F(s)/s is monotone
increasing, we obtain

f"" exp(—t/s)ds < f"" exp(—t/s)ds < f"" ds
T SF(s) S Jie sE(s) - Jit s2(F(s)/s)

1 ds 1
_— ~ — 5.17
= Fdni(n f 2T Fo (5-17)

LetT < %T. Then ¢t = T and we obtain

f " exp(-1/s) , f exp(=t/s) , f f exp(=t/s) ,
T sF(s) ~Jo sF(s) sF(s)

The second integral here is estimated as in (5.17). In the first integral we make a change 7 = £ and

obtain
" exp (=t/s) f exp (=1/§) 1/5) f exp (=1/8) F (1)
~ T s = dé.
== |, Semd = |, S rae
Since by the doubling properties of V and ¥~!,
F @) < £
Ftg) ~ &N

for some positive constants C and N, it follows that

f’exp(—t/S) feXP( l/f) 1
o SF(s) - F@ gnt T F@y

which completes the proof of (5.16) and, hence, (5.14). This ends the proof of Lemma 5.7. O
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5.4 Adjacent dyadic cubes

Concerning the system of dyadic cubes D constructed in Theorem 5.1, let us observe that even
if two points x,y € X are very close to each other, there may exist no dyadic cube containing
them both. This is the reason for why there is no stable-like lower estimate (with respect to d) of
{ ptD }+>0 in Theorem 5.6. To overcome this defect, we use the adjacent dyadic systems from [33,
Theorem 4.1 and Proposition 4.3] (see Figure 6).

Figure 6: Adjacent dyadic cubes

Theorem 5.8 ([33]). Let (X,d, u) be a metric measure space satisfying (VD). Suppose that 0 <
cop < Cop < ooandd € (0,1) such that
96Cy0 < cop.

Given a fixed point x, € X, there exists a finite collection of families {D" : T =1,2,...,K}, where
K € N depends only on the doubling constant Cp in (VD), and each D7 is a collection of dyadic
cubes

D ={0": keZaec A
satisfies the following:

(") for any k € Z, the dyadic cubes {7 QX }oem, are disjoint, and X = | J 4 A O,
(ii") any two dyadic cubes QX and TQé with j < k are either disjoint or TQ* C TQé;
(iii") for any k € Z and a € Ay, there exists Tzﬁ € Q’; such that
B("zk. 67'co0*) € 70 < B("2k. 4Cod").

Moreover, the following hold:
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(a) foranyt € {1,2,...,K} and k € Z, there exists an a € Ay and such that x, = "z ;

(b) for any ball B C X of radius r € (0, o), there exist some T € {1,2,...,K} and Q € D7 such
that B C Q and diam(Q) < Cr, where C is a positive constant depending only on cg, Cy, §
and Cp.

To have a better understanding of the adjacent dyadic systems on X, let us take a look at the
case when X is the Euclidean space R". Then, for the standard dyadic system

D:={27%(0.1)" +a): ke Z aecZ"},

its 3"-translations form the adjacent dyadic systems
1 1"
D' 1el0, =, —= ,

O =270, 1) +a+1): keZ acZ.

where each D7 is defined by

One may easily verify that all properties in Theorem 5.8 are satisfied.

5.5 The sum of adjacent heat kernels

In this subsection we prove Theorem 1.7. For that, we refine the heat kernel construction in
Subsection 5.3 to obtain a family of heat kernels with the required lower bound for their sum. The
main method is to “shift” the dyadic system and get a family of adjacent dyadic systems

(O te{l,2,....K}},

where K is a constant determined by (X, d, 1) and each D7 is a collection of dyadic systems on X.
In this way, every ball of a metric measure space is contained in a dyadic cube of comparable size
from one of the adjacent dyadic cube systems.
By the result from Subsection 5.3, we obtain an adjacent family of stochastically complete heat
kernels
{tpP N0 T=1.2,.. K}, (5.18)

where each { p?r}»o is the heat kernel associated with the dyadic structure D7 as in Theorem 5.6.
The next theorem shows that the sum of adjacent heat kernels Zf | p,DT satisfies the desired two-

sided stable-like estimate and, hence, contains Theorem 1.7.

Theorem 5.9. Let (X, d, ) be a metric measure space satisfying (VD). For any B € (0, 00), there
is a family (5.18) of stochastically complete heat kernels such that

-B
¢ ( d(x’y)) (5.19)

K
DT
,y) = 1+
;pt () = VG T+ de ) 11/p

forallt € (0,0) and x,y € X.
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Proof. Fix a parameter 8 € (0, 00). For any 7 € {1,2,..., K}, let DT be the collection of adjacent
dyadic cubes as in Theorem 5.8. For any k € Z, the k-th generation Oy is defined by

D=0 : aeAY.

For each dyadic system D7, we have by Theorems 5.6 that there is a stochastically complete heat
kernel { ptDT}t>o satisfying that for all # € (0, 0) and x, y € X,

(5.20)

T 1 d T(-x$ ) +
PP (x,y) = (1+ 2 y) ,

V(x, tY8 + dpe(x,y)) 1B

where dp- is the ultra-metric induced by D7 in the same way as in Definition 5.3.

Now let us prove the required estimate (5.19) for the sum of these heat kernels. The upper
bound in (5.19) follows from (5.10) in Theorem 5.6. Let us prove the lower bound in (5.19). Given
any two points x, y € X, by Theorem 5.8(b), there exist some 7y € {1,2,..., K} and a dyadic cube
Oy, € O™ such that {x,y} C Q,, and diam(Q,,,) < d(x,y). By this and Definition 5.3, we have

dpo(x,y) s diam(Qx,y) < d(x,y).

For such 7y, we again apply (5.20) and (VD) to derive

K
ZP?T(X’Y) 2 Topt(X,y)

=1
N 1 doyo (x,y)\ P
V(x, 1Y + dpro(x, ) /e
1 d(x, )\ ”
2 1+ ,
V(x, tVF + d(x, y)) 1P
which was to be proved. O
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