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Abstract
We obtain optimal estimates of the Poincaré constant of central balls on manifolds
with finitely many ends. Surprisingly enough, the Poincaré constant is determined by
the second largest end. The proof is based on the argument by Kusuoka-Stroock where
the heat kernel estimates on the central balls play an essential role. For this purpose,
we extend earlier heat kernel estimates obtained by authors to a lager class of parabolic
manifolds with ends.
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1 Introduction

Let M be a Riemannian manifold. Denote by i the Riemannian measure on M and by V the
gradient. For a precompact connected open set U C M, define the Poincaré constant A(U)
as the smallest number such that the following inequality holds for all f € C1(U):

/ 1~ fultdp < AU) / VP,
U U

where fy := ﬁ Jiy fdp. Equivalently, we have

where A(U) is the smallest positive eigenvalue of —A in U with the Neumann condition on
OU. Here A is the Laplace-Beltrami operator on M. Estimating the Poincaré constant has
many applications. See [1], [4], [5], [6], [8], [26] for examples and references therein.

Denote by d (z,y) the geodesic distance on M and by B (z,7) — open geodesic balls on
M. In this paper we are concerned with estimating the Poincaré constant A (B (z,r)). It is
well-known that in R"”

A(B(z,7)) = Cpr?.

It is also known by [23] that on complete non-compact manifolds with non-negative Ricci
curvature

A(B(z,7)) ~ 2. (1.1)

There are other class of manifolds satisfying (1.1), for example, Lie groups of polynomial
volume growth (see [9] and [10]), the tube manifold around the square lattice Z? (or jungle
gym).

However, there are natural examples of manifolds where (1.1) does not hold, for example,
the hyperbolic spaces where A(B(z,r)) grows exponentially in r. Another example that is
more relevant for this paper is the connected sum R"#R™, where n > 2. By R"#R" we
denote any manifold that is obtained by gluing together two copies of R™ over a compact
tube (see Fig. 1).

It follows from the results of this paper (Theorems 2.7 and 2.10) that on such a manifold

r’ if n > 2,
r?logr ifn=2,

A(B(o.r) = {

that is,

L if n > 2,

~ rr
A(B(o,r)) ~ { Al ifn=2
r2logr
for all large r and for a central reference point 0 € R"#R"™ (see Section 3). In these simple
cases, these results are well-known to the specialists of the subject.
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Figure 1: R"#R"

Consider now a connected sum M = M4 - - - # M}, of k model manifolds My, ..., M} with
a same dimension N (see Section 3 for details of this construction). For example, M; can be
a surface of revolution (see Fig. 2). Assume that the volume growth function V;(r) of M;
satisfies for some o; > 0 and 3; € R

Vi(r) ~r%(logr)%, (i=1,....k, 7> 1).

We assume that
(N,0) = (a1, f1) = (a2, B2) = -+ = (o, Br)

in the sense of the lexicographical order which implies that
Vi(r) 2 Va(r) 2 -+ 2 Vi(r)

(see Fig. 2). It follows from the main results of this paper (Theorems 2.7 and 2.10) that the
Poincaré constant A(B(o,7)) on M is determined, quite surprisingly, solely by the second
largest end Ms:

22 (log )72 if (a2, B2) = (2,1),
Tz (IOg T) (1Og IOg T) if (042, /62) = (27 1)7

A(B(o,7)) = r2logr ifas =2,0; <1,
2 if ag < 2

for all large r (see Example 2.12 for details).

Let us mention for comparison that if V;(r) ~ r® then the heat kernel long time behavior
is determined by the end M; having «; nearest to 2 (see Example 2.20).

In the next section, we describe a more general class of manifolds with ends where we
obtain two sided estimates of the Poincaré constant. The main results are stated in Theorems
2.7 and 2.10. Proofs are given in Sections 5 and 6 and use crucially heat kernel estimates.

NOTATION. The notation f ~ g for two non-negative functions f, g means that there are
two positive constants ¢y, co such that ¢1g < f < cog for the specified range of the arguments
of f and g. Similarly, the notation f = g (resp. f < g) means that there is a positive
constant ¢ such that c¢f > g (resp. f < cg) . Throughout this article, the letters ¢, C,b, ...
denote positive constants whose values may be different at different instances. When the
value of a constant is significant, it will be explicitly stated.
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Figure 2: Connected sum of model manifolds My, Mo, M3, My

2 Main results

2.1 Heat kernels

Let us recall some known results about the heat kernel on manifolds. Let M be a Riemannian
manifold. Denote by vol the Riemannian measure on M. Given a smooth positive function
o on M, define a measure p on M by du = odvol. The pair (M, p) is called a weighted
manifold. Any Riemannian manifold can be considered as a weighted manifold with ¢ = 1.
The Laplace operator A of the weighted manifold (M, p) is defined by

A= ldiV(UV),
o

where div and V are the divergence and the gradient of the Riemannian metric of M. The
operator A is known to be symmetric with respect to the measure p (see [12]).
Set V (z,r) = p (B (x,r)).

Definition 2.1. We say that a manifold M satisfies the volume doubling condition (VD) if
there exists a constant C such that, for all x € M and r > 0,

V(z,2r) < CV (z,7).

Definition 2.2. We say that a manifold M admits the scale invariant Poincaré inequality
(PI) if there exist constants C' > 0 and x > 1 such that, for all x € M and r > 0, and for all
f e CY(B(z,rr)),
£~ SownPdn<Cr® [ Vi
B(z,r) B(w,kr)

Denote by p(t,z,y) the heat kernel of M, that is, the minimal positive fundamental
solution of the heat equation dyu = Au. The following theorem is a combined result of [10],
[25] based on previous contributions of Moser [24], Kusuoka—Stroock [21] et al.



Theorem 2.3. On a geodesically complete, non-compact weighted manifold M, the following
conditions are equivalent:

(i) (PI) and (VD).

(i) The Li-Yau type heat kernel estimates:

2(x
p(t,x,y) < ﬁexp <_6M> , (2.1)

where the sign < means that both < and > hold but with different values of the positive
constants C' and b.

(i1i) The uniform parabolic Harnack inequality (for the definition see [18, Section 2.1]).

The estimate (2.1) was proved for the first time by Li and Yau [23] on manifolds of
non-negative Ricci curvature.

2.2 Manifold with ends

Fix a natural number k > 2. Let My, ..., M} be a sequence of geodesically complete, non-
compact weighted manifolds of the same dimension.

Definition 2.4. Let M be a weighted manifold. We say that M is a manifold with k ends
My, ..., M} and write
M = My#...4#Mj, (2.2)

if there is a compact set K C M so that M \ K consists of k connected components
Ey, Es, ..., E) such that each E; is isometric (as a weighted manifold) to M; \ K; for some
compact set K; C M; (see Fig. 3). Each E; will be referred to as an end of M.

Figure 3: Manifold with ends

For the manifold (2.2) we will also use the notation M = #;c;M; where
I={1,2,..,k}.

It will be important for us to distinguish between parabolic and non-parabolic manifolds.



Definition 2.5. We say that a weighted manifold NV is parabolic if the weighted Laplace
operator A has no positive Green function. Equivalently N is parabolic if and only if

/oop(t,:r,y) dt = o0 (2.3)

for all/some z,y € N.

If the integral in (2.3) converges then it determines the minimal positive Green function

9(z,y) = /Ooo p(t, z,y)dt.

If N satisfies (VD) and (PI) then N is parabolic if and only if

/‘X’ rdr
Vir)
for all/some z € N.

For a manifold with ends (2.2), we say that an end E; is parabolic (or non-parabolic) if
M; is parabolic (resp., non-parabolic). It is easy to verify that M is parabolic if and only if
all the ends E; are parabolic.

In the sequel, we always assume that each end M; admits the Poincaré inequality (PI)
and volume doubling condition (VD), so that M; satisfies each of the conditions of Theorem
2.3. Besides, if M; is parabolic then we assume in addition that M; satisfies the following
condition (RCA).

Definition 2.6 (RCA). We say that a Riemannian manifold N has relatively connected
annuli (shortly (RCA)) with respect to a reference point o € N if there exist a constant
A > 1 such that, for any r > A2, any two points z,y € N satisfying d(x,0) = d(y,0) = r, are
connected by a continuous path in B(o, Ar) \ B(o, A~r).

For each i = 1,...,k, let u; be the reference measure on M; and d; be the geodesic
distance on M;. Denote by B; (z,7) geodesic balls on M; and set V; (z,7) = p; (B; (x,1)).
Fix a reference point o; € K;, set

Vi(r) =V;(oi,7) (2.4)
and refer to V; as the (pointed) volume function of M;. Note that for small r, we have
Vi(r) ~ Vj(r) ~ r™ where n = dim M.

Clearly, M; is parabolic if and only if

> rdr

Vi (r)

= 0.
Define a function h; (r) for all » > 0 by

hi(r) =1+ (/1 ‘Z‘Zz)>+. (2.5)

Then M; is parabolic if h; (r) — oo as r — 0o and non-parabolic if h; ~ 1.
For example, if V; (r) ~ r® for large r then

2= if a < 2,
hi(r) ~ < logr if a=2,
1 if o > 2,



for large r. In this case M; is parabolic if and only if o < 2.
If V; (1) ~ r2 (log r)” for large r then

(logr)' =8 if B < 1,
hi(r) ~ < loglogr if g =1,
1 if 8> 1,

for large r. In this case M; is parabolic if and only if 8 < 1.

In the next section we state the main results of this paper about the Poincaré constant
on manifolds with ends. For all Poincaré type estimates obtained in this article, the range of
interest is » > 1. Similarly, for all heat kernel estimates, the range of interest is t > 1.

2.3 Poincaré constant

First let us state a general definition of Poincaré constant. Let (M, i) be a weight manifold.
For precompact connected open sets U C U’ C M, define the Poincaré constant A(U,U’)
of the couple (U,U’) as the smallest number such that the following inequality holds for all
fecyu):

[ 15 = soPau < a@0) [ (9 sPan
U U’
where fy := ﬁ Jiy fdp. Equivalently, we have

infecp fU |f — f‘Qdﬂ

sup
fECl(W) fU’ |vf’2d/‘l’
fF#const

AU U = (2.6)

We note that the Poincaré inequality (PI) is equivalent to hold for all z € M, and r > 0,
A(B(z,7), B(z, k1)) < 72

The function (U,U’) — A(U,U’) is clearly monotone in the following sense: if W C U C
U c W then A(W,W') < A(U,U"). If U = U’, then we use a shorter notation

AU) = AU, U).

In this case the number

1 . Jo IV fIPdp
\NU) = —— = inf X1 = 2.7
©) A(U) ;;c%ﬁz S |f = ful?dp 27)

is the spectral gap of —A on U, that is, the smallest positive eigenvalue of —A in U with the
Neumann condition on 9OU.

Let M = #,c;M; be a manifold with ends as described above. For any r > 0 define
natural numbers m = m(r) and n = n(r) so that

Vin(r) = max Vi(r) (2.8)
and
Va(r) = ier?\z}{}r;} Vi(r). (2.9)

That is, V,, is the largest volume function at scale r, and V,, is the second largest volume
function at scale 7.

Fix a central reference point o € K. We first state our result in the case when all M; are
non-parabolic.



Theorem 2.7 (All ends are non-parabolic). Let M = #,c1M; be a manifold with ends where
each M; is a geodesically complete, non-compact weighted manifold that satisfies (PI) and
(VD). Assume that all M; are non-parabolic. Then, for all r > 1,

A(B(o,1)) < Val(r), (2.10)
where n is defined in (2.9). If, in addition each V; satisfies for all r > 1
rVi(r) S Vi(r),

then, for all r > 1,
A(B(o,r)) = V,(r).

As this theorem shows, the Poincaré constant is determined by the second largest volume
function at scale r via the simple formula A(B(o,r)) ~ V,(r).

The case when some ends are parabolic is more challenging and our results are less
complete. In this case, we will need the following definition which requires to subdivide the
set of ends into three subsets Isuper, Imiddie and Ig,,. The subset Igyper is made of “large
ends”. The set of I, is made of “small ends”. Here, large and small are defined by two fixed
positive parameter € and §. Restrictive hypothesis are made on the ends in I,,,;44e-

Definition 2.8 (COE). We say that a manifold M = #,c;M; has critically ordered ends
(COE) if there exist ¢,d,v1,72 > 0 such that

1<E Y+7<d<2, 29+ 7 <2, (2.11)

and a decomposition
I= Isupe’r U Imiddle U [sub (212)

such that the following conditions are satisfied:
(a) For each i € Igype, and all 7 > 1,

Vilr) 2 1

(b) For each i € Isup, Vi is subcritical, i.e., for all » > 1

ha(r) ~ V:(r), (2.13)
and
Vi(r) S 270 (2.14)
(¢) For each i € Iiqqre,

For any pair 4,5 € Inidae, Vi 2 V; or V; 2 Vi (i.e., the ends in Ipqqie can be ordered
according to their volume growth uniformly over r € [1,00)) and V; 2 V; implies that
Vihi 2 Vjhj. Finally, if M is parabolic (i.e., all ends are parabolic) then we assume
that V; > V; also implies V;h? < V]hj2



Note that the subcriticality condition (2.13) is equivalent to

r

Vi(r)’

hi(r) <

since the opposite inequality

7,2

Vi(r)

follows trivially from (2.5) and the doubling property of V; (). Also, (2.13) implies (2.14)
with some § > 0 (see Section 4.1), but here we need ¢ also to satisfy (2.11).

hi(r) 2

(2.16)

Example 2.9. Let all functions V; () have for r > 1 the form
Vi(r) = r* (log r)ﬁi (2.17)

for some a; > 0 and §; € R. Let us show that M satisfies (COE). Define Isype, to consist of
all indices ¢ such that a; > 2, I, to consist of all 7 such that «; < 2, and I,,,;44e to consists
of all ¢ with o; = 2. Clearly, (a) and (b) are satisfied. Let us verify (c). Indeed, in the case
of a; = 2, we have
1, if 6; > 1
hi(r) ~ { loglogr if ;=1
(logr)' ™ if g; < 1

and, hence,
r? (log r)ﬂi it ;> 1
Vi(r)hi(r) = < r2logrloglogr if B; =1
r?logr if B; < 1.

We see that

Viz Vie Bi > Bj < Vih 2 Vih;.
Moreover, if M is parabolic then all §; < 1 and in this case

r?log r (log log r)2 if ;=1

Vi(r)hi (r) ~ { r2 (logr)* P if 5 <1

so that
Vi 2 V& B; > B < Vihi SVihi.
Hence, M satisfies (COE). Further examples of such manifolds can be found in Section 3.
Now we can state our main result in the case when the ends may be parabolic.

Theorem 2.10 (At least one end is parabolic). Let M = #;c1M; be a manifold with ends
such that each end M; is geodesically complete, non-compact weighted manifold that satisfies
(PI) and (VD). Assume that each parabolic end M; satisfies also (RCA) with a reference point
0;. Assume further that M satisfies (COE). Then, for all v > 1, we have

A(B(o,r)) S Vo(r)hn(r), (2.18)
where n is defined in (2.9). If, in addition each V; satisfies for all r > 1
rVi(r) < Vi(r), (2.19)

then, for all r > 1,
A(B(o,7)) >~ Vp(r)hy(r).



Hence, in this case the Poincaré constant A(B(o,r)) is again determined by the second
largest volume function V,, but the formula also involves the associated function h,,.

Remark 2.11. To obtain the upper bound of A(B(o,r)) in (2.10) and (2.18), we first prove
the upper bound of A(B(o,r), B(o, rr)) for some k > 1 (See section 5.3). To reduce x > 1 to
k = 1, we need an additional argument presented in Section 6.

Example 2.12. Assume that, under the hypotheses of Theorem 2.10, all M; have volume
functions (2.17) as in Example 2.9. Define on the set of all pair («;, 3;) the lexicographical
order >, that is,

if o; > aj or o; = a5 and 3; > 3;. Then we have
Clearly, each of the function (2.17) satisfies (2.19). By Theorem 2.10, we conclude that the

Poincaré constant on M is determined by the second largest pair (o, (y), that is

e (log )P if (a, Bn) = (2,1),
r?logrloglogr if (o, Bn) = (2,1),
r?logr if ap, =2,8, <1,
r? if o < 2.

A(B(o,7)) >~ Vi (r)h,(r) ~

Corollary 2.13. Under the hypotheses of Theorem 2.10, if

[ Lsuper| + Imiddie| < 1, (2.20)
then
A(B(o,1)) S7°,
that 1is,

ABlor) 2

for all large r. Consequently, M satisfies (PI).

Proof. Indeed, under the hypothesis (2.20) the second largest end M,, belongs to Isyy.
By Definition 2.8, for a subcritical end we have

hn (1) =~ 72/ Vi (7)

whence

A(B(0,7)) S Vi (r) hyy (1) ~ 72
Note also that if B(z, kr) C F; then, by (PI) on M;, we have

A(B(z,7), B(x, k1)) < Cr, (2.21)

Hence, using the terminology of [18, Sect. 4], (PI) holds for anchored and remote balls in M.
By [18, Prop. 4.2], (PI) holds for all balls in M. m

For some applications it is desirable to get rid of the hypothesis (COE). We state the
target result here as a conjecture.

10



Conjecture 2.14. Let M = #;c;1M; be a manifold with ends such that each end M; satisfies
(PI) and (VD). Assume also that each parabolic end satisfies (RCA). For any r > 1, define
m=m(r) and n =n(r) so that

Vin () B (1) = Vi (7)o () = Vi (r) by () for all i # n,m.

Then
A(B(o,r)) S Vo (r)hn(r).

Obviously, Theorems 2.7 and 2.10 support this conjecture. A typical case that is not
covered by these theorems is when M = M # My where the both volume functions Vi, Vs
are close to the critical case V(r) = r? but not ordered in the sense of >. See [14] for such
examples.

2.4 Heat kernel estimates on manifolds with ends

Our strategy of the proof of Theorems 2.7 and 2.10 is inspired by the argument of Kusuoka-
Stroock [21] (see also [26]), where (PI) was deduced from the heat kernel estimates (2.1).

Let M = #;c;M; be a manifold with ends as above. We obtain the estimates of the
Poincaré constant on M by using heat kernel bounds on M. In the case when M is non-
parabolic, matching upper and lower estimates of the heat kernel on M were obtained in [19].
To state this result, let us introduce the following notation:

Vi = Vihi,
where V; (r) and h; (r) were defined in (2.4) and (2.5), respectively.

Theorem 2.15. ([19, Cor. 6.8], [20]) Let M = #;c1M; be a manifold with ends, where each
M; satisfies (PI) and (VD) and each parabolic M; satisfies (RCA). If M is non-parabolic
then, for all t > 0, we have

1

p(t,0,0) ~ ———————.
(h0.0) min;es Vi (V1)

In particular, when all M; are non-parabolic then 171 ~ V; and we obtain

1

t,0,0) ¥ ———
p( ) min;ey Vz(\/i)

that is, p (t,0,0) is determined by the end with the smallest volume function.

In the case when M is parabolic, similar estimates were obtained in [13], however, with
certain restriction on the volume functions V; (r) near the critical case V;(r) ~ r2. For
example, the result of [13] includes V; (r) ~ r® with a < 2 but does not include V; () ~ r2logr
or r2/log .

In this paper, we prove matching upper and lower heat kernel bounds on parabolic man-
ifolds with ends under weaker restrictions than in [13].

Definition 2.16. A parabolic end M; is called regular if it satisfies (2.15) with positive
exponents y; and 72 such that 2v; 4+ v < 2, that is,

2—72 - 24
c E < Vi(R) <C E foralll <r <R. (2.22)
r Vi(r) T

For example, if M satisfies (COE) (see Definition 2.8) then any M; with i € L,qae is
regular.

11



Definition 2.17 (DOE). We say that M = #;crM; has an end that dominates in the order
(shortly (DOE)) if there exists [ € I such that, for all i € T

Viz Vi and V; SV (2.23)

Remark 2.18. If a manifold M = #;c1M; satisfies (COE) with Igyper = 0 and Lyigare # 0,
then M admits (DOE) with [ € I,,;qqe and for all » > 1

Vi(r) = Vin(r),
where m = m(r) is the index of the largest end defined in (2.8). See Lemma 5.2 for details.
The next theorem is our main result regarding heat kernel estimates.

Theorem 2.19. Let M = #,;c;1M; be a manifold with parabolic ends, where each end satisfies
(PI), (VD), (RCA) and is regular or subcritical. If there exists at least one non-subcritical
reqular end, assume also that M admits (DOE). Then, for all t > 0,

p(t,0,0) = (2.24)

V(1)
where m is defined in (2.8).

Hence, in the situation covered by this theorem, the long time behavior of the heat kernel
is determined by the largest volume function, in contrast to the case of non-parabolic ends
where, as we have seen above, p (t,0,0) is determined by the smallest volume function. The
estimate (2.24) implies sharp matching upper and lower bounds for p (¢, z,y) for all x,y € M
by means of the gluing techniques of [19] (see also Theorem 4.3 below).

Example 2.20. Let M = #,c;M; be a manifold with ends, where each M; satisfies (PI),
(VD) and each parabolic M; satisfies (RCA). Assume that the volume growth function V;(r)
of M; satisfies for some «; > 0

Vi(r) ~r%, (iel, r>1).

Then Theorems 2.15 and 2.19 imply that for all t > 0

1
p(t,0,0) ~ L

where a = 2 + min;ey |a; — 2| so that p(¢,0,0) is determined by «; nearest to 2, unlike the
Poincaré constant A(B(o,r)).

Example 2.21. Let M = #,c1M; be as above. Assume that V;(r) satisfies for some 3; € R
Vi(r) =12 (logr)*, (iel, r>1).

Then Theorems 2.15 and 2.19 imply that for all ¢t > 0

1 if 6; 21 for all 4 € I,
p(t,O, O) ~ { t(logt)ﬁl

W if B; =1 for some i € I,

where = 1+ min;es |3; — 1| so that p(¢,0,0) is determined by f; nearest to 1.

It seems that the condtion (DOE) in Theorem 2.19 is technical and we conjecture, that
in general the following is true:

12



Conjecture 2.22. Let M = #;c1M; be a manifold with ends such that each end M; is a
geodesically complete, non-compact weighted manifold that satisfies (PI) and (VD), and each
parabolic end also satisfies (RCA). Then, for all t > 0, we have

min;es h? (\/%)
mingey Vz(\/z)
Remark 2.23. Regarding condition (DOE), observe that the first condition V; 2 V; in (2.23)

does not imply in general the second condition V; < V;. However, if all ends are regular and
there exists 1 > 2+1 such that for all ¢

p(t,0,0) ~ (2.25)

Vi(r)
Vi(r)

> Cr" forall r > 1, (2.26)

then V; <V is satisfied. Indeed, by the regularity of V; and (2.5), we obtain

1 "Vi(r) 1 /r 7\ 2+m r2tm
hr:1—|——/ ——sds <1+ - sds < )
=195 ) i) ol G) Vi)

which implies

~ 2 < rAt2m

Vitr) = Ve(r) () 5 s
Since h;(r) 2, V:(QT), we obtain

~ 20 4

V) = Vi) () 2 37

Hence, (2.26) implies that

as was claimed.

2.5 Structure of the paper

In Section 3 we give examples of application of Theorems 2.7 and 2.10 in the case when all
ends are model manifolds.

In Section 4, we first survey the previous results of [19] and [13] on heat kernel estimates
on manifolds with ends and then prove Theorem 2.19.

In Section 5 we give the proofs of Theorems 2.7 and 2.10. For that, we first obtain in
Section 5.2 a lower bound for the Dirichlet heat kernel in balls (Lemma 5.4) using the two-
sided off-diagonal bounds of the heat kernel p (¢, z,y) on M that follow from Theorem 2.19.
By means of this estimate, we obtain in Section 5.3 an upper bound for A(B(o,r), B(o, kr))
for some large enough x > 1. We use an additional argument to reduce s to 1 stated in
Section 6. The lower bound for A(B(o,r)) is proved in Section 5.4.

In Section 6, we obtain a general upper bound of the Poincaré constant A(B(o,r)) by
using a collection of A(B(z, s), B(x,ks)), where B(x,s) C B(o,r) and k > 1.
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3 Model manifold and examples

Let 1 be a smooth positive function on (0, 4o00) such that such ¢ (r) = r for r < 1. Fix an
integer N > 2 and consider in RY a Riemannian metric gy given in the polar coordinates
(r,0) € (0,00) x SV~ by

gy = dr? +(r)?do>.
In a punctured neighborhood of the origin o € RV, this metric coincides with the Euclidean
one and, hence, extends to the full neighborhood of o, so that g, is defined on the entire RN,
The Riemannian manifold (]RN , g¢) is called a model manifold. For example, if ¢ (r) = r

then gy is the canonical Euclidean metric.
Let us assume in addition that, for some C' > 0 and all » > 1,

sup ¥ < C inf 9,
[r,2r] [r,2r]

Ww(r) < Cr, (3.1)
/ PN (s)ds < CryNTi(r).
0

Since for any bounded range r € (0,79) the condition (3.1) is trivially satisfied, we obtain
by [18, Prop. 4.10] that (R”,gy) satisfies (PI) and (VD). It is also obvious that (R%,gy)
satisfies (RCA) with respect to the origin o because the geodesic balls B (o,7) coincide with
the Euclidean balls.

Let us reformulate conditions (3.1) in terms of the volume V (r) of a ball B(o,r) on

(R, gy): )
V(ir)=V(o,r) = wN/O YN L(s)ds. (3.2)

Lemma 3.1. The conditions (3.1) are equivalent to the following conditions to be satisfied

for all T > 1:
V(r)<corN

Vir)y~rV'(r). (3.3)

Proof. The inequality V (r) < Cr¥ follows from 1 (r) < Cr and (3.2). The third
condition in (3.1) is equivalent to

V(r)<CrV'(r)

that is the upper bound in the second condition in (3.3). To obtain a similar lower bound,
observe that, the first condition in (3.1) is equivalent to

V'(s) = V'(r) forall se Br r] : (3.4)

which implies

V(r)> /:2 V' (s)ds ~rV'(r).

Let us now prove that (3.3) implies (3.1). Clearly, the third condition in (3.1) follows from
Vr)~rV'(r). (3.5)

The conditions (3.3) imply the second condition in (3.1) as follows:

<
©
F
Il
S
=1
<
=
12
IA

crV-t, (3.6)




Finally, let us prove the first condition in (3.1), or, equivalently, (3.4). In the view of (3.5)
and (3.6) it suffices to prove that V satisfies the doubling property, that is,

V(2r) < CV (r). (3.7)

Indeed, applying again (3.5), we obtain

2r 7/ 2r
InV (2r)—InV (r) = “//((tt))dt:/ %:11127

whence (3.7) follows. m

In view of Lemma 3.1, it will be more convenient to describe a model manifold in terms of
the volume function V' (r) rather than ¢ (r). Hence, we denote the model manifold (R¥, g,)
shortly by My .

Given k model manifolds My, ...., My, satisfying (3.3) (and, hence, (VD) and (PI)),
consider their connected sum

M = My, #.. 4#My,.

Assume that the standing assumptions of either Theorem 2.7 or Theorem 2.10 are satisfied,
that is, either all ends are non-parabolic or all ends are (COE). Then, Theorems 2.7 and 2.10
yield that

A(B(o,7)) = V,(r)hn(r),
that is,

M) =

where n is the index of the second largest end.
Example 3.2. Assume that, for all r > 1,

J
V(r)=r® H(logm T)’B(j), (3.8)

Jj=1

where a > 0, 5(1),...,3(J) € R and log;) r is the j-times iterated logarithm. Clearly, in this
case My is parabolic if and only if

(a, BL), ..., B(])) < (2,1,...,1), (3.9)

where < denotes the lexicographical order. Also, it is easy to see that V (r) satisfies (3.3)
and hence (PHI) if and only if

(0, 8(1),...,8(])) 2 (N,0,....,0). (3.10)
Note for comparison that the function V (r) = (log r)” with 8 > 0 does not satisfy the second
condition in (3.3). Some examples of model manifolds with V' (r) = r® are shown on Fig. 4.
Assume now that for each ¢ and all » > 1

J

Vi (r) = r® H(l()g[j] r)Bi), (3.11)
j=1

where each (J + 1)-tuple (s, 8i(1),. .., Bi(J)) satisfies (3.10). The condition (COE) holds in
this case with the following decomposition of the index set I:

Isuper if a; > 2,
1 € Tow if a; < 2,
Iiddie  if o = 2.
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0<axl a=1

l<a<?2 a=2

Figure 4: Model manifolds My of dimension N = 2 with V(r) =, r > 1.

Let us compute V;h;. If V; is non-parabolic, that is, if

(aiaﬁi<1)7' . 75@('])) > (27 17 R 1)7

then by (2.5) h; ~ 1 and, hence, V;h; ~ V;.
Let now V; be parabolic, that is,

(azaﬁz(l)v7ﬁl(‘])) = (2717--'71)' (312)
If a; < 2 then V; is subcritical and, hence,
Vihg (1) ~ 2. (3.13)

In the case a; = 2, we denote by J; the smallest index j = 1,...,J such that ; (j) < 1; if
such j does not exists then take J; = J + 1. The parabolicity of V; implies that

Bi(5) =1 for all j < J,.

With this notation we obtain, for all r > 1,

—Bi(7)
hi(r) ~ rme Il (10gm 7“) ’ if a; <2
i) = J Bl
(log[Ji} 7’> Hj=J¢ (log[j] 7“) if o = 2.
Combining this, (3.13) and (3.11), we obtain
r’ if o < 2,
and
—Bi(4)
% e Ty (loggy if ; < 2,
Vi(r) ~ [l ( 7] ) 1)

o =Bi(3) .
7’2 H;-Izzll (logm ’I") (IOg[JZ] T)2 Hj:Ji (logm T‘) if o = 2.
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Theorems 2.7, 2.10, 2.19 and 2.15 yield the following. Let m be the index for the largest
volume function and let n be the index for the second largest volume function, that is, for all
i # m,n,

Case 1. Let M be non-parabolic. Then

1
min;es ‘N/z(\/g)

that is, p(t,0,0) is determined by the smallest function ‘72(\/%) (see further examples and
comments in [19]). Note that it is not easy to give an explicit expression for min;e¢; V; because
the form of the result varies depending on the exact nature of (o, 5;(1),...,5:(J)), 1 <i < k.
Of course, in any particular example, one can compute min;ey ‘N/l explicitly.

Case 2. Let M be parabolic. Then

1 1
= Bn)
WO e 17 (o)™

p(t,0,0) ~ , (3.16)

p(t,0,0) ~ (3.17)

If Vi(r) ~ r®, then the above estimates in (3.16) and (3.17) imply that

1
p(tv o, O) = W?

where
a =2+ min|a; — 2|
el
so that p(t, 0, 0) is determined by the volume growth function nearest to r2.
In the both case 1 and case 2, the Poincaré constant A (B (o,r)) is determined by the
second largest volume function V,,(r), namely, for all r > 1

A(B(o,r)) =~ V,(r)hn(r).

If V,, is non-parabolic, then V,, h,, ~ V,,, whence we obtain

)

T Bn ()
A(B(o,r)) ~ 1" H <logm r>
j=1
that is,
o ~Bn(j)
A(B(o,r)) ~r " H (log[j] 7“) .
j=1

If V,, is parabolic, then by (3.14) we obtain

72 if ay, < 2
A(B(o,r)) ~ . ’ 3.18
(B(o:m)) { 72 H}IZ1 logp; r if an =2, (3.18)
that is,
Aol T R (3.19)
0,1)) ~ 1 . _ )
TIE, loay e if a, = 2.

For example, (3.18) holds provided at most one of the ends of M is non-parabolic, because in
this case the second largest V;, is parabolic. We see from (3.18) that in this case the estimate
of the Poincaré constant exhibits a certain rigidity — it does not depend on the exponents «;
and f; (7), although it does depend on J,,.
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4 Heat kernel estimates (central estimates)

This section is devoted to obtain heat kernel estimates on manifolds with ends, which play a
key role in the proof of Theorem 2.10. The main result here is Theorem 2.19 which provides
two-sided matching estimates of p (t,0,0) on parabolic manifolds with ends. This result is
of interest by itself independently of the application to bounding the Poincaré constant.
Theorem 2.19 implies the off-diagonal estimates of p (¢, x,y) as in Theorem 4.3.

4.1 Known results

Let us first recall some known results. As before, consider a manifold with ends M =
My +#...# My, where each M; is a geodescially complete, weighted manifold that satisfies (PI)
and (VD). Besides, if M; is parabolic then we assume that it satisfies (RCA). Fix a reference
point o; € M;, set V; (r) = Vi (0;,7) and define h; (r) by (2.5).

In the case when M is non-parabolic the matching upper and lower bounds of p (¢, 0, 0)
are provided by Theorem 2.15. Let us discuss the case when M is parabolic.

Recall that an end M; is called subcritical if, for all r > 1,

7“2

i) = s (4.1)

(see Definition 2.8). For example, if V; (r) ~ r® then M; is subcritical if and only if o < 2.
Conversely, if M; is subcritical, then there exists 4 > 0 such that

Vi(r) S r?7°, (4.2)

Indeed, (4.1) implies that, for some § > 0,

S I

(log hi(r))" =

which implies upon integration that h; (r) = 7°, which together with (4.1) yields (4.2).
Definition 4.1. An end M; is called critical if

Vi(r) ~ %
Note that all critical and subcritical ends are parabolic.

Theorem 4.2. ([13, Theorem 2.1]) Let M = My# - --#Mj where each end M; is either
critical or subcritical. Then, for all t > 0, we have

1
Vn(V)’

where m = m(r) is the index of the largest volume function at scale r.

p(t,0,0) =~

Our main goal in this section is to prove Theorem 2.19 stated in Introduction that provides
the same estimates of p (¢, 0,0) but for a more general class of parabolic manifolds with ends
(see Section 3).

Let us first explain how the estimates of p(t, 0,0) lead to the estimates of p (¢, x,y) for all
x,y € M. For r,t > 0, set

r2 1 vt gds
Hnt) = Yo T (v </ m>+
.2 . (hi (V) = hi(r)),
Vi(r)hi(r) hi(V)




and
hi(r)

hi(r) + hi(vVt)
The following result follows from [19, Theorems 3.5 |, [17, Thms 4.4, 4.6], [16, Thms 3.3,
4.9], [13, (5.1), (5.6), (5.7)] and the local Harnack inequality near o € K. Set |z| = d (z, K)+3.

Di (7", t) =

Theorem 4.3. Let M = My# - - - # My, be a manifold with ends, where each M; satisfies (PI)
and (VD), and each parabolic end also satisfies (RCA). Then, for all x € E;, y € Ej, t > 1
we have

1 a2 (z,y)
———D,; (|x|,t) D; ,t e b
e v D a0 D5 (vl

x|2+|y|?
+p(t,0,0)H; (2], £) H; (Jy| , £) e > "

¢ o o.o1ds [ Pillzl ) Hy (yl,8) D (lyl,t) Hi(jo] )]yl
R v, (Vi (V) |

This is a very general estimate. In the view of this result, the on-diagonal value p(t,0,0)
of the heat kernel plays a key role in estimating of p (¢, z,y). One of the aim of this paper is
to improve upon the existing results from [13]. See Theorem 2.19.

4.2 Preliminary estimates

A classical method of obtaining on-diagonal heat kernel bounds is to use a Nash-type func-
tional inequality, which gives a uniform upper bound for p(t,z,x) for all z € M. Indeed,
such an inequality can be proved on manifold M in the setting of Theorem 4.3 (see [20])
but in the case when M is parabolic, this upper bound is not optimal. In order to obtain
an optimal upper bound, we have developed in [13, Section 3] a different method based on
the integrated resolvent kernel v,(x) and its derivative 4, (z). However, in [13, Section 3] we
could handle only critical and subcritical ends (cf. Theorem 4.2). For the proof of Theorem
2.19, we apply the method of [13, Section 3], but with significant improvements that allow
us to handle much more general ends.

Let (M, u) be a geodesically complete, non-compact weighted manifold. For any A > 0,
we define the resolvent operator G acting on non-negative measurable functions f on M by

Crf(a / / p(t, 2, 2) f(2)dzdt.

We remark that © = G f is the minimal non-negative weak solution of the equation
Au—Au=—f (4.3)

(see [12]). Fix a compact set K C M. We define the functions 7, and %, on M by

(7)== Grlk(z // e Mp(t, x, z)dzdt

and

Ya(z) == G = 8)\%‘ / / te”'p(t, z, z)dzdt.

Fix a reference point o € K. The following lemma follows from the estimates in [13, (3.10),
(3.11)].
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Lemma 4.4. There exist constants C' > 0 and ty > 0 depending on K and such that, for all
xz € K and t > ty,

p(t,0,0) < " (z), (4.4)

p(t,0,0) < f'y% (z), (4.5)

As in [13, Section 4], in order to estimate vy and ), we will use the functions @g} and
\Ily defined below. Denote by pg (t,z,y) the Dirichlet heat kernel in an open set 2 C M. For
any A > 0, define the resolvent operator GS)? on non-negative measurable functions f in € by

G 1 (x) = /Q / T e NpR(t, 2, 2) (2)dedt,

so that G&z f is the minimal non-negative weak solution of the equation Au — Au = —f in Q.
Now we define the functions @g} and \II&2 in Q by

¢ = AGY,

e = GR(1-2R).
These functions have certain probabilistic meaning. Indeed, denote by ({X:}i>0, {Ps}zerr)
Brownian motion on M. For any open set {2 C M, let 7o be the first exit time of Xy from €2,

that is,
T =inf{t > 0: X; & Q}.

Then, by [13, (3.17), (3.25)], for any = € Q,

d(r) = / e MNP, (1q > t)dt, (4.6)
0

V() = / te=MOP, (r < t)dt. (4.7)
0

Now let us assume that the manifold M satisfies (PI), (VD) and (RCA). Let A be a
precompact open set containing

K.:={2e M :d(K,z) <e}

for some € > 0. Define function h (r) for r > 0 by

h<r>:1+</;%)+, (45)

where V(r) = V(o,7). In the next lemmas, we obtain some new estimates of @& and WX".

Lemma 4.5. There exists ¢, \g > 0 depending on K and A, and such that, for all X € (0, \o),

c
VA
Proof. By [17, (4.47)], we have, for all x € A and t > ¢,

h(l=[)
h(V)

inf ®X° >

inf " (4.9)

Pm(TKc > t) ~
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where t; > 0 depends on A. Substituting this into (4.6) and using the fact that infg4 h (|z]) >

0, we obtain, for all A < 1/(2t1) and = € 0A,

. /A /A
LINNEY) 2/ e Mgt > L)/ e Mdt > S

1/(23) h(VE) T~ W) Jyen " ()

Remark 4.6. If M is critical, then the estimate in (4.9) implies that
c &
inf (pg\( > 1
A log 7
which coincides with [13, (3.34)]. If M is subcritical, the estimate in (4.9) implies that

);

inf ®X° >
16%4 N = eV (

Sl-

which is identical to [13, (3.33)].

Recall that V' (r) is regular if it satisfies (2.22) that is,

2—72 247
c(E) §V(R)§C<E> forall1<r <R

r r

for some positive v1, 2 such that 2v; 4+ v < 2.

Set V(r) = V(r)h2(r). Then we obtain the following upper estimate of V (r) on manifold

with regular volume function.

Lemma 4.7. Let M be reqular, that is, the volume function V is reqular. Then, for all

1<r <R,
V(r) < o2t <l (4.10)
= 242
Vv(<]f>) : (?) o 1)
Proof. By (4.8) and regularity, we have
V(rh(r) =V () + /1 ' 58 sds < c“j 8 +C /1 ' (g)gm sds < C'rm, (4.12)

Similarly, we have

" sds 1 r
=1+ [ < v

whence (4.10) follows.
Now we prove (4.11). By the regularity of V' and

V(1) sds ,
<O’y
V(s) sz =

sds§1+C/
1

h(r)>c

Vi(r)
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we obtain

Ve veem VW (h)+ [ 585) vem (1+ s &?;)2
7 VR (r) VR @) V) h(r)
v (el te)
g <1+CVT<2)IT°° (2 )
< oy (” R (R>+>

R 2471 R 242v1+72 R 24271472
o) e el
T T

o r
which proves (4.11). =

Lemma 4.8. Assume that the manifold M is either subcritical or reqular. Then there exist
C, \o > 0 depending on K and A, such that, for all X € (0, o),

c C
0A A V(W)
Proof. Set Q = K°. By [17, (4.48)] we have, for all z € 9A and t >ty > 0
C
Py (tq < t) < = .
V(Vi)
Taking \g < %, we obtain by (4.7) for any 0 < A < Ag
to [es)
U (z) = / te MoP, (T < t)dt + / te MoP, (T < t)dt
0 to
o t
< to4+C [ e Mo dt. (4.14)
w T
Observe that of M is regular then by (4.10) we have for all r > 1
V(r) < Crt (4.15)
If M is subcritical, we have
~ ) r2 \2 P4
Vir)y=V(r)h ~V — | =——= 4.16
W=V =ve (o) =i (1.16)
which again implies (4.15).
In particular, it follows from (4.15) for r = % that
1
A V(ﬁ)
so that the constant term ¢y in (4.14) can be estimated from above as follows:
fy S ——m (4.18)
0 5= . .
NV (%)
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Next, let us decompose the integral in (4.14) into two intervals: [to,1/\] and [1/A, 00). For
the second interval, we obtain

SV 1 /OO Y 1
e M= dt < = te” Vdt 0 ———. (4.19)
/m V (V1) V(gz) Jia A2V (%)

Let us estimate the first integral. If M is regular then, by using (4.11), we obtain

7 1
/1/Ae’\t;dt < = ! /1/A‘i<ﬁ)tdt
to V (V) V(gs) J  V (V)
1 X 71\ Hte/2
< 1 / (-) (M) d (M)
NV () Jo M
1 1
= _ /3—(v1+72/2)d5
A?V(}a) 0
e (4.20)
NV (%)

because v + 72/2 < 1.
If M is subcritical, then we use the fact that (VD) implies the reverse volume doubling
(see, for instance, [26, Lemma 5.2.8]), that is, for some # > 0 and for all R > r > 1,

(%)9. (4.21)

V(r)
V(R)

N

Then we obtain by (4.16) and (4.21) that

/A " Ux oy
/ e M dt < / - dt
D) W V(D)

~

< V(e (4.22)

Combining (4.18), (4.19), (4.20) and (4.22), we obtain (4.13). =
Remark 4.9. If M is critical, that is, V (r) ~ r?, then Lemma 4.8 implies that

KC
sup¥y <
9A A A log2 %

which coincides with [13, (3.39)]. If M is subcritical, then Lemma 4.8 implies that

sup \Iffc < CV(
0A

).

-
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Using further (4.2), we obtain

‘ 1\ 1-0/2
ot < (1)
DA A

which is a significant improvement of [13, (3.39)].

4.3 Proof of Theorem 2.19

Here we prove Theorem 2.19. Recall that we consider a manifold with ends M = #;c;M;
where each end is parabolic satisfying (VD), (PI) and (RCA) (see Figure 3). Besides, we
assume that each end satisfies either regular or subcritical, and also, (DOE) if there exists at
least one non-subcritical regular end (see Definition 2.17). Our aim is to prove the estimate
(2.24) that is, .

Vin (V1)

where V,,(r) is the largest volume function at scale 7.
As before, let K be the central part of M. Let A be a connected, precompact open subset
of M with smooth boundary and such that K. C A for some large enough ¢ > 0. Set

p(t,0,0) ~ (4.23)

04; = (8A)ﬂEZ, i=1,...,k.
First we prove the following heat kernel upper bound.

Proposition 4.10. Let M = #;c;M; be a manifold with parabolic ends, where each M; is
either reqular (Definition 2.16) or subcritical (Definition 2.8). Then for any t > 1

p(t,0,0) < M (4.24)

min; V;(v/?)

We use here the following two Lemmas from [13] that were proved for arbitrary manifolds
with ends.

Lemma 4.11. (/13, Lemma 4.1]) There ezists a constant C = C(A, K) > 0 such that, for

all A\ >0,
k

. E;
Sup v inf &y < C. 4.25
G 3t 9 (4.29
The estimate (4.25) combined with the estimates in (4.4) and (4.9) implies that
1.
p(t,0,0) < 7 min hi(V1).
7

As was pointed out in [13, Remark 3.2], this estimate gives the optimal upper bound of
p(t,0,0) when all M; are subcritical. However, if there exists at least one critical end, this
estimate yields

instead of the desired bound

t
In order to obtain an optimal bound of p(¢, 0,0) on parabolic manifold with non-subcritical
ends, we will use the following result.
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Lemma 4.12. (/13, Lemma 4.2]) There exists a constant C' > 0 depending on A, K such
that for any A > 0

k k
sup E inf " < C+ (supvya) | C+ E sup Uy? ). 4.26
(8K ) = 04 A (8K ) 5 0A; A (4.26)

Proof of Proposition 4.10. Substituting (4.9) into (4.25), we obtain

1 1
supva S S

k : E; ~ k 1
oK > iy infoa, Oy > i I

= < min hi(%) —w(\). (4.27)
VA

i€l by

Applying (4.26) with (4.27) and (4.13), we obtain, for small A > 0,

k 2
supyy S w(N) (1 +w (N) (1 + Zsupkllf">> < %,
oK 7 0A; A? min; Vz(ﬁ)
where we have also used that w > 1 and, by (4.15),

~ 1
A minV;(—=) < 1.
s

Hence, we have proved that
. min; hf(\%)
Sup v S —~1
oK A2 min; V; (W)
Taking here A = t~! and substituting this estimate of #, into (4.5), we conclude Proposition
410. m
Proof of Theorem 2.19 (estimate (4.23)). First, if all ends are subcritical, then we

have by definition

r ~
hi ~ V; ~ 2
)= g Tl =
Then the estimate in (4.24) implies that
: t
min; — 1 1
pit.0.0) § — 0 (4.28)

o VaWD) VVD)

where V (o0, 7) is the measure of the geodesic ball in M with radius r centered at o.
If there exists at least one non-subcritical regular end, then by the assumption of (DOE),
we have

min hZ(r) ~ hi(r), minVi(r) =~ Vi(r).

()

Substituting this into the estimate in (4.24), it follows that for all ¢ > 1

p(t70,0)§@2(ﬂ): L (4.29)

Vi(VE) ViVt

Because V (0,7) ~ V,,,(r) ~ Vi (r) (see Lemma 5.2), we obtain, for all ¢ > 1

1

V(0. V)’

which gives the same upper estimate as in (4.28).

p(t,0,0) S
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For a bounded range of ¢, this estimate is trivially satisfied, so that it holds for all ¢ > 0.
Since V,,, (r) is doubling, the volume function V (o,7) on M is also doubling. By [7], we
conclude that p (¢, 0,0) satisfies also a matching lower bound

1 1
p(t,0,0) 2 V (o) o~ Vo (VD)

Hence, we obtain the estimate in (4.23), which concludes Theorem 2.19. =

Remark 4.13. If all ends M; are either critical (i.e., V(r) =~ 7?) or subcritical, then (2.24)
was already obtained in our previous paper [13, Theorem 2.1]. When all ends are subcritical,
m may depend on 7 (see Theorem 4.2).

If (DOE) is not satisfied then the upper estimate in (4.29) might not be optimal. We
expect to obtain such an example in the case M = M;# M, with V;(r) = r2¢;(r), where each
©; is a slowly varying function and Vi, V5 are not properly ordered in any of the above sense.
See [14] for an example of volume functions Vj, Vo behaving that way.

5 Estimate of the Poincaré constant
5.1 Remarks on the conditions (COE), (DOE) and regularity
In the next two lemmas we collect some already known properties.

Lemma 5.1. Let V be regular with parameters 1,72 > 0 satisfying 291 + v2 < 2. Then for
allr > 1 we have

S V() S 6.1
S Vo) S
Vi) S V) st

Proof. The estimates (5.1) follow immediately from (2.22). The lower bound in (5.2) is
equivalent to (2.16). The upper bound in (5.2) is equivalent to (4.12).

The lower bound in (5.3) is trivial because h > 1. The upper bound in (5.3) coincides
with (4.10). =

Lemma 5.2. Let M = #,c1M; be a manifold with ends, where each M; satisfies (VD) and
(PI). Assume that M satisfies (COE) with parameters €,0,7v1,72 (see Definition 2.8).

e In general, we have:

(a) If i € Isyper, then M; is non-parabolic and hi(r) ~ 1.
(b) If i € Lsuper; § € Imiddie and k € Isyp, then, for all r > 1,

Vi(r) 2 Vi(r) 2 Va(r) and Vi(r) 2 Vj(r)h;(r) 2 Vi(r)h(r) = r? (5-4)

and

Vi(r) < Vi(r). (5.5)
e If all ends are parabolic and ILyiqqe 7 O then the following properties hold:

(¢) Isuper = O and M admits (DOE), introduced in Definition 2.17, that is, there
exists a dominating volume function Vi with | € I;q4qie, that is a volume function
such that for all i € 1

VizVi, VISV (5.6)
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(d) For all > 1,
Vi(r) ~ Viu(r) and  min; hi(r) ~ hi(r) o~ hp(r),

where m = m(r) is the index of the largest end defined in (2.8).
(e) For all r>> 1,

s (V) = Vi)
where n = n(r) is the index of the second largest end defined in (2.9).

Proof. (a) For any i € I,y we have by definition V; (1) 2 r2T¢ and, hence,

,
1
1§hi(r)§1+/1 82+68d$§1.

This means non-parabolicity of M; because of (2.1).
(b) By (2.11) € > 7 and 2 < d, we obtain, by using Definition 2.8 that

Vi(r) 22T 2t 2 V() 20t 2 2 V().
By (5.2), subcriticality of Vi and € > 1 we obtain
Vie(r)hy(r) ~ 1% < Vi(r)h;(r) S P2t < 2 < y(r),

which proved (5.4).
Since V}, is subcritical, we have

‘7}6(7’) ~ T > cr?to,

Because 1 + 72 < 4, we obtain by (5.3)
Vi(r) S PR <ot S V().

Now we assume that all ends are parabolic and I,,,;qqe # 0.
(¢) (a) implies Igyper = 0 immediately. By the definition of I,,;qqe and the estimates in
(5.4), there exists an end [ € I;qq1e such that for all i € T

Viz Vi (5.7)

By the estimates in (5.5), we obtain

l

1SV
which concludes (DOE).
(d) Vi 2V, and Vi, (r) > Vi(r) imply Vi(r) ~ V,,(r) immediately. By the estimates in
(5.7), we obtain
min h; ~ hy.
el
Next, V; 2 V,,, implies that h; < h,, and, by the assumption of (COE)

Viby 2 Vihi.

Since Vj(r) ~ V,,(r) at r, we obtain



which concludes hy(r) =~ hp, (7).

(e) If |Lnidaie] = 1, then for all » > 1, I = m(r) and the second largest end is subcritical.
Hence we can prove (e) easily (see also Lemma 5.2).

If [T middie] > 2, then for all » > 1, m and n are in L,;qq.. Assume first that m = m(r) = [.
Let j € Lnidaie be the index so that Vj(r)h;(r) = maxep gy {Vi(r)hi(r)}. By the condition
of (COE), Either V;, 2 Vj or V; 2 V,, holds. If V;, 2 Vj, then Vy,h,, 2 Vjh;, which implies
(e). If Vj 2 V,,, we note that V;,(r) > Vj(r) by j # m = [. Then same argument as in (a)
concludes Vj(r) ~ V;,(r) and h;(r) ~ h,(r) which concludes (e).

Next, assume that m # [. In this case, we have

ViZVy, and V2V,

Then we obtain Vi(r) ~ V,,(r) ~ V,,(r) and, by the same argument as in (d), we obtain
hi(r) o hp (1) =~ hy(r),

whence we conclude (e). m

5.2 Lower bound on Dirichlet heat kernel

Recall that M is a manifold with ends Mj, ..., My, where each end admits (VD), (PI).
Moreover, assume (RCA) on each parabolic end. First, we prove the following technical
lemmas.

Lemma 5.3. Let M be as above. Assume also that for all t > 0

min; h2(v/t)

T (5.8)

p(t,0,0) ~

Then we have for all r > 1

2

/IT p(s,0,0)ds ~ min; h;(r). (5.9)

Proof. If M is non-parabolic, although the estimates in (5.8) holds (see Theorem 2.15),
we can prove the estimate (5.9) without using (5.8). Indeed, by the definition of the non-
parabolicity we have for r > 1

2

,
/ p(s,0,0)ds ~ 1.
1
Because h; >~ 1 for each non-parabolic end, we have

min h; >~ 1.
3

Then we conclude (5.9).
Next, suppose that M is parabolic. By the assumption (5.8),

2
T T th
/ p(s,0,0)ds ~ Msds.
1 1 min; V;(s)

Observe that



which is obtained by integration of the identity

L\ _ W) r/V(r) r
(70)

h(r) R20r) R i)
and )
W —0asr — o0
by the parabolicity. Then we have
min h;(r) = ! ~ L
i(’lmf%>§ﬁ%
Tk T
where
W(r) = min Vi(r).
Because

W) (LN
R () \h(r)) — W(r)
and h is a doubling function, we conclude that for all r» > 2

" min; h%(s)s o~ " h2(s)
= |

L min i (s) sds = /1 h'(s)ds = h(r) — h(1) ~ h(r).
|
Fori=1,...,k, set
Ai(r) = (B(o,7)\B(o,7/2)) N E;. (5.10)

For k > 0, kB means B(o, xr) . Recall that pP5(t, x,y) is the Dirichlet heat kernel on xB.
The following estimates of p?B(t,w,y) has a key role for the estimate of the Poincaré
constant:

Lemma 5.4. Assume that a connected sum M = Mi# ...# My satisfies all the hypothesis
of Lemma 5.8. Then there exists k > 1 such that for all v > 1, for any © € Ai(r), y €
B(o,r) N Ej,

D (.2 ~ 1 ny min, hy, (r) " sds r*h;(|yl)
Prnlr 80 = gy | M ) (@%®+wmmm”' o

Moreover, this implies that

% min,, hy(r)
inf HD r2,z,y) > Ity B .
seAn)yeB! s Y2 Vi(r)hi(r) max;j.; {Vj(r)h;(r)}

(5.12)

Proof. We prove the estimate in (5.11) only from below (upper bound follows from the
trivial bound p25(r?, z,y) < p(r?, z,y) and the estimate in (5.14)).

Recall that 7,p is the first exist time from xB. By the definition of the Dirichlet heat
kernel and the strong Markov property of the Brownian motion on M (see also [19]), we
obtain

p£B<7”271'7y) = p(T2,$,y) - Ey(l{THBS'I‘Q}p(TQ - THBaXTngvx))a
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Figure 5: ((IQB)C N Eg)c (shadow area).

where xk > 1 will be chosen later. By the structure of the connected sum, we observe that

k
{mup <%} = Ui {mup <17 Xo € Be} C Uy {T((KB)COEé)C = T2}

(see Figure 5.2).
We note that .
8((/13)‘3 N Eg) — (9kB) N E.

Then we obtain

k
pEB(Tanay) = p(7”2,$,y) - ZEy (I{TKBSTQ, Xﬂ.mBeEE}p(T2 - TKBvXTK,Bvx))
e=1
k
2 2
> p(rmy)— ) Py (T((RB)CﬂEé)C <r ) sup p(s, z,x).
=1 2€(0rB)NE;¢

(5.13)

We estimate p(r?, z,y), P (7‘ e < 7“2> and sup <2 D(8,z,x) separately.
( ) y ((KB)CmEg) ZG(()(‘;HE)FZWEg ( )
Stepl: Estimate of p(r?, z,y)
We will prove that for any x € A;(r), y € B(o,7) N E;

miny, hy (1) " sds r2hj(|y|)
[§ijhj(|y)+ ) (mvj(s)Jer(r)hj(r)ﬂ’ (5.14)

b
Vi(r)h;(r)

p(r?, z,y) ~

which is nothing but the same estimate as in (5.11) for the full heat kernel p(r?, z,y) instead
of pPu(r?, x,y). Because pPs(r?, x,y) < p(r? z,y) is always true, this estimate gives the
upper bound in (5.11).
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To prove (5.14), we use Theorem 4.3 and the location of x,y to obtain

S L 1117]) R R i 1 (7 sds
p(re,m,y) =~ 5”%(7‘) hj(?‘) +p(r<, o, )V;(T)hz(r)hj(r) /|y|V](3

" 1 1 " sds r? hi(ly))
+/1 p(s,o,o)ds( : n ) )

~

Vi )ha(r) by (1) iy Vi(s)

Because p(t, 0,0) is monotone decreasing, it is easy to see that

7,.2
sz(’/'270, 0) S C/ p(suoa O)dS, (516)
1

which makes the third term of the right hand side in (5.15) dominate the second term. By
using Lemma 5.3, we obtain (5.14).

. : . 2
Step2: Estimate of P, (T (nB)cmEf) <r )
We will prove that for any y € B(o,7) N E;

hi(lyl)  ming hy(r) 1 "osds 1 _pe2
P, (T c§r2>x05-’ + —11 / e b, 5.17
Y < ((KB)CﬂEg) [ & ]’Lj(?“) ]’Lg(?") hj(?") |y] V}(s)} ( )
Since y € B(o,7) N Ej, applying Theorem 3.5 in [17], we obtain

2

sup p(s,w,y)ds,

Py (T((wB)enEee < 7°) < Py(r(pey < 17) < 2cap(F, Q) /
1 weQ\F

where we chose k > 2 and

2 2

Here we remark that (0kB) N E¢ C F' C 2 and y & Q because of k > 2.
By the estimate in Theorem 4.3,

3 5 3
F:{wEEg : ZTSMSZT},Q:{weEg : m<w|<m}.

su S, Ww = 65] hJ(‘yD $,0,0 7702 T, S

2 P00 = O O ) P O g <)
S 1 7"2

ool g s <

] < —b(m”)z/s.
* e P <))
Then we obtain

r2

/ sup p(s,w,y)ds
1

wEQ\F

2 X 2
SC[(SJ r h‘J(‘yD

' $,0,0 87‘7 T 7“2 e_b,QZ'
13 Vg(r) hj(r) +/1 p( » 0, )d Vg(?")hg(T)Py( < ):|

Since

KT 3KT KT 3KT
cap(P,) = cap(Be (o, ) Be (06, 7)) +ean(Be e =) e (06 7))
where Be¢(x,r) is a geodesic open ball in M. By using the general estimate for any 0 < r < R

cap(B(o,r),B(o,R)) < ﬁ
J; 1(B(o,5))
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(see [11, Theorem 7.1], [16, (4.5)] for the detail), we obtain

Ve(r)
r2 -’

cap(F,€2) <

By Theorem 4.6 in [17],

C " sds
Py (g < 1?) <
Y hi(r) Jiy Vi(s)
Combining these estimate and Lemma 5.3, we conclude (5.17).
Step3: Estimate of supg,<,2 .c(oxp)nE, P(S; %, 2)
We will prove that for any = € A;(r)

( )<C[5 1+'h() r’ 1
Sup ps,z,m S —F5 T~ min T .
k20 Vi) T T V() ha(r) Ve (r)he (r)
2€(0kB)NE;

By the estimates in Theorem 4.3, for all 0 < s < r? and 2z € (0kB) N E;

T2 7’2

Vi(r)hi(r) Ve(r)he(r)

p(s,x,z) < Ceb(rr)*/s [(51-5 + p(s,0,0)

1
Vi(V/s)

s 1 ’I"2 T2 1
[ vt (g S e TR e )

Since V; and ‘7; are doubling, there exist C,a > 0 such that

»«b@ = v§a<§>i

min; h2(\f)
P(s5,0,0) = plr?,0,0) b
mlnlh min; b7 (r)
min; V;(r)
2\ @
< (o, O)M < Cp(r*,0,0) <r—) ,
min; V;(v/s) S
1 . hz<\/§) < C (ﬁ [}
VilVs)hi(vs) — Vi(vs) — Vilnhi(r) \s )

Because the inequality

Then we obtain

su (s,z,x) < [&L—i— (r*,0,0) 4
orme POEE = ) T O OV k() Vel ()
z€(0kB)NE¢

2

r 1 r? r? 1
[ ptwonote (g e + v i) )

Using (5.16) and Lemma 5.3 again, we conclude (5.18).
Step4: Proof of (5.11)
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Combining (5.17) and (5.18), we obtain

Z Py(T(RB)CﬂEg < 7,2) sup p(S,Z,I’)

¢=1 Ze(ogliségéEé
Cetv" & hi(lyl)  min, hy(r) 1 " sds
S 5 + mn''n /
R ; ( < hy(r) he(r) — hj(r) Jiy Vi(s)

1 r2 1
<5va;<r> i ) G ) vs<r>hf<r>)

~ Ce —br? k minn ho(r) [T sds
B K2 Vi(r) Z (65] he(r) /|| VJ(S)>

)&= v

. min,, hn(r) r2
X(‘W halr) Vg<r>h5<r>>

Ce 0% 1

= S Vg Lt
+mHZ<r>(T) (/y ngcfz)(l + mmnnvh((> )) " Vj(r;hj(r) ()]

By using Lemma 5.3 and a trivial lower bound V;,(r)h,(r) 2 2, we obtain

7% min h,(r) < min ‘N/n(r)
" "

which implies that
2 miny, by, (r) ~1

1+ =
min,, V;(r)
Then we have
k
Zpy(T(nB)ch <r% sup p(s,z )
= se(Bm BB
Ce 1 min, h,(r) /1 [T sds r?

< VR (615 (1yl) + o (/|y Tt Vj(r)hj(r)hj(\yp)},

(5.19)

which is same as (5.14) up to Ce " /k2%. Choosing x > 2 large enough and substituting
(5.14) and (5.19) into (5.13), we conclude (5.11).

Step5: Proof of (5.12)

If i = j, then we obtain by the estimate in (5.11) and the fact that h;(|y|) +f‘ sds

yl Vils) —
hj(r)

c miny, hy (1)
Vi(r)hi(r) — hi(r)

min, ()
Vi(r)hi(r)

pp(r®, @, y) > hi(r) = ¢ (5.20)

If i # 7, then the function

" sds Cr?
Plt) = / + i (8)
¢ Vils) o Vi(r)hy(r) ™
is monotone decreasing for some constant C' > 0 and for all » > 1, ¢ ~ r gives the lower
bound of F', namely we obtain




Then we obtain by the estimate in (5.11)

Do c min, h,(r) r?
pnB( ) ’y> P4 %(T)hj("") hz(’l") V](T)
. 2
_ Mminy by (1) r ' (5.21)

Vi(r)hi(r) Vi(r)h;(r)

Because Vj(r)h;(r) > cr? is always true, combining estimates in (5.20) and (5.21), we
conclude the estimate in (5.12). m

5.3 Upper bound on Poincaré constant

We prove here the upper bounds of the Poincaré constant: (2.10) of Theorem 2.7 and (2.18)
of Theorem 2.10 with some large k > 1. The following lemma inspired by Kusuoka-Stroock
[21, Theorem 5.10] (see also [26, 5.5.1]) plays a key role to obtain an upper bound of the
Poincaré constant from a lower bound of the Dirichlet heat kernel.

Lemma 5.5. Let (M, u) be a weighted manifold. Let U C U'" C M be precompact connected
open sets. Then for any t > 0 and any open set A C U’,

2t
p(A) infyeayev phi(t,2,y)

AU <

Proof. Let {PtN’UI} be the Neumann-heat semigroup on U’ and p](y,(t,:v,y) its kernel
function (Neumann heat kernel). By a well-known fact for Dirichlet forms, for any f € C*(U7),
and for any ¢t > 0,

N,U'
/ IV f2dp = E(F. o > <Mf> .
U’ 2t
L2(U/)

Then we obtain for any open set A C U’
2 N, U’
T (R L ) B
/ ’ 2
= [ P =P 1) @dute)
> [ RV 1= P @) @duta)
> () int BN (7 BV )] (o), (5.22)

Because the Neumann heat kernel is always larger than the Dirichlet heat kernel, we obtain
forallz € A

PN BV )] (@)

[ ittn) (1) - PYY @) duty)
.

> /Upz?r(t%y) [f(y)—PtN’U/f(x)rdu(y)
> inf oDt [ 17) = P () Pty
> inf oDt [ 1706) = folduty). (5.23)
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Here the final line follows from the fact that fy minimizes the function £ — fU |f — &|%dp.
Combining the estimates in (5.22) and (5.23), we complete the proof. m

Proof of Theorems 2.7 and 2.10. Now we start to prove the upper bound of the
Poincaré constant in the main theorems. For the lower bound, see section 5.4.

Recall that M is the connected sum of manifolds My, ..., My, where each M; satisfies
(VD) and (PI) and, (RCA) for parabolic end. If there is at least one parabolic end, we
assume also that M admits (COE) defined in Definition 2.8. By the results in Theorems 2.15
and 2.19, M satisfies the estimate in (5.8) which allows us to use Lemma 5.4. Let k > 1 be the
constant from (5.11). Apply Lemma 5.5 to the case of U = B = B(o,r), U’ = kB = B(o, kr),
t =72 and A = A;(r) given in (5.10). Then we obtain

272
II’L(‘AZ (T)) infﬂ?GAi (T),yEB pEB (Tz, z, y) .

Since p(A;(r)) ~ Vi(r) by (VD) on M;, substituting the estimates in (5.12) to the above, we
obtain for all i =1,...,k

A(B,kB) <

ha(r) max {V;(r)h;(r)} . (5.24)

A(B,kB) < — )
( ) min, hy,(r) j#i

If all ends are non-parabolic, then h;(r) ~ 1 for all i = 1,..., k. By taking i = m = m(r),
the index of the largest end at r, we obtain

A(B,kB) < n;éaxV}-(r) ~ V,(r).
j#Em

Hence, the estimate in (2.10) holds for some s > 1.

Next, let us assume that M = #,c;M; is a manifold with (COE). Assume first that
Isuper # 0. Then the index of the largest end m is in Iguper and ming, hy(r) ~ 1. Taking
i = m, we obtain

A(B,£B) S max {V;(r)h;(r)} -
Jj£EmM
By the second condition in (5.4) and the definition of (COE), we conclude

max {V;(r)h(r)} = Va(r)hn(r),

which gives the estimate in (2.18) for some xk > 1.

If Isuper = 0 and Lyigae # O then, by Lemma 5.2 there exists a dominating volume
function V} satisfying (5.6) with | € I ;441 and min; h;(r) ~ hy(r). Estimate (5.24) with i =1
implies that

A(B.RB) S max (Vi (1)hs (1)} = Vol (1),

which gives the estimate in (2.18) for some x > 1.
Finally, assume that Isyper = Inidgae = 0, that is, all ends are subcritical. By the definition

of subcriticality given in Definition 2.8 (b),
2 2
min hy,(r) < min LT

" e Vo(r)  Vi(r)'
Taking ¢ = m in the estimate in (5.24), we obtain
A(B.wB) S max {1 (1) (1)} = 12,
which completes the proof of the estimate in(2.18) with x > 1.

By using an additional argument in Section 6, we will show that we can reduce x > 1 to
k=1 n
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5.4 Lower bound on the Poincaré constant

In this section we prove the matching lower bound for the Poincaré constant under a different
hypothesis.

Theorem 5.6. Let M = My# ---#My be a manifolds with ends such that each end M;
satisfies (VD) and

CV;(r)>rV/(r) forallr>rg. (5.25)
Then for all large r > 1
A(B(o,7)) > cn;éax{‘/;(r)hi(r)} , (5.26)

where m = m(r) is the index of the largest end at scale v, namely for all i € 1
Vin(r) = Vi(r). (5.27)

Let n = n(r) be the index of the second largest end. Then the estimate in (5.26) implies
that
A(B(o,1)) = Vi (r)hn(r). (5.28)

In view of the upper estimate of the Poincaré constant in Theorems 2.7 and 2.10, the lower
bound in (5.28) is optimal if either all ends are non-parabolic, or M is a manifold with (COE).
Proof. Set B = B(o,r). First we show that for any ¢ € (0, 1),

2
d
c sup fB‘f| 1Y

fecl(m) fB |Vf|2d,u
w(BN{f=0})>eu(B)

< A(B,B). (5.29)

Indeed, for any f € C*(B) with u(BN{f = 0}) > eu(B),

/ﬁf—ﬁ#mtz /ﬁﬂ%u—MBﬁ%
B B

2
1
= 2dp — —— d
/B|f| M uB) </Bﬂ{f;«é0}f M)
Cauchy-Schwarz inequality implies that
BHU#O}
— fBl*d du 2du
15— toPau = [ (Pau- s
MECL S /ﬂﬂ% > [ 17dn

By the expression of the Poincaré constant (2.6), we obtain the estimate in (5.29).
Now we prove the estimate in (5.26) by choosing a test function. For ¢ # m, take a
C'-function f; defined by

v

A [ hi(|z]) =€ BNE;,
f’(x)_{o z€BNE;, j+i.

We note that the assumption (5.27) implies that

1
w(BNEy,) > §'M(B NE;)
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for large r > 1 and all j € {1,...,k}. Because f; =0 in B N E,,, we observe that

wW(BN{f;=0}) > wBNE,)
_ L (2kp(B N Ep) + p(K))

2k (K)
(w(B) = u(K)..

1

2k

v
|

Then for large r > 1 so that u(B) > 2u(K), we obtain

1
BN =0}) 2 ul(B).
Hence, (5.29) implies that
2
AR
L _Jplfifdi _ 5 g

EIB IV fil?dp —
By using the assumptions (VD) and (5.25), we obtain for large r > 1

/ FPdu > / fil%dp
B (B\3B)NE;

> (uBnE)-uGENE)) |
(B\1B)NE;
> R

/ ViilPdy = / I fi2dp + / Bshi(s)[2 V! (s)ds
B B(o,ro) )

e [, .
- C*/m Vi(s) V() 5= CF O

S C/hi(T).

Then we obtain for any i # m,
cVi(r)hi(r) < A(B)

which concludes (5.26). m

6 Appendix: Spectral gap on central balls

Recall that M is a connected sum of manifolds My, ..., My with a central part K. The pur-
pose of this section is to obtain a general upper bound of the Poincaré constant A(B(o,r)) =
A(B(o,r),B(o,r)) at the central reference point o € K for any large r > 0 by using a col-
lection of A(B(zx,s), B(x,ks)), where B(x,s) C B(o,r) and £ > 1. This is an important
procedure to obtain a lower bound of the spectral gap A(B(o,7)) of —A on B(o,r) defined in

(2.7). First of all, we only assume the volume doubling condition (VD) on each M.

The main tool to obtain a desired bound is a Whitney covering VW of B(o,r) which is a

collection of balls defined as the following.

Definition 6.1. For any 0 < 1 < 1, a collection of balls W = W(n) in B(o,r) is called a

Whitney covering of B(o,r) with parameter 7 if
(W1) All F' € W are disjoint,

(W2) Upew3F = B(o,r),
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(W3) r(F) =nd(F,B(o,7)¢). Here r(F) is the radius of F' and B(o,r)¢ is the complement of
B(o,r).

(W4) For any a > 1, there exists N = N (7, «) independent of  such that for any € B

#{FeW : zeaF} <N.

It is a well-known fact that there exists such a covering. For F' € W, we denote by vr a
distance-minimizing curve joining the center of I and o. Let F(F) = (Fo, I1, ..., Fy(p)) be a
string of F', that is, a sequence of balls in W so that 3F; N3F;41 # 0 (7 =0,1,...,1(F)—1),
0 € 3Fp and Fypy = F. It is known that there exists such a string F(F) for any F' € W. See
[26, Section 5.3.3] for the detail.

Proposition 6.2 (c.f. [26, Section 5.3.3] ). Let W be a Whitney covering of B(o,r) with
parameter 0 < n < 1/4. Then W satisfies the following.

(PW1) ( [26, Lemma 5.3.6]) For any F,F' € W so that 3F' Nvp # 0,

(PW2) (/26, Lemma 5.5.7]) For F € W, let F(F) = (Fo, I, ..., Fyr)) be a string of F. Then
forany j=0,1,....[(F) —1,

(' =r(Fy) < @A+ rFim)
(' = Dr(Fe) < A+ (),
and

-1
n - +4
3F; 41 C <6TI1 1 + 3) F;. (6.1)

We note that 6% +3 < 12 if n < 1/20. Thus, we always assume that < 1/20 in the
sequel.

Lemma 6.3. For any k > 1 and any 0 < n < 1/20, let By = B(o,12knr). Then for any r
large enough so that diamK < nr and for any F' € W so that

FNBy= (Z), (6.2)

we have
126FN K = 0.

Proof. Since r(F) < nr by (W3), the condition (6.2) implies that

d(o,o(F)) > r(F)+r(By) =r(F)+ 12knr
= r(F)+ (126 — V)npr +nr
> 12kr(F) 4 diamK,

which concludes the lemma. m
In the sequel, we always assume that r is large enough so that

diamK < nr. (6.3)

Lemma 6.4. For F € W, if 3F ¢ 3By, then F N By = ).
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Proof. Suppose that F'N By # (). Then for any z € 3F and z € F N By,

d(o,x) < d(o,z)+d(z,z)
< 7(Bo) +4r(F)
<

12kmr + 4nr < 3r(By).
This implies that 3F C 3By. By contraposition, we conclude the lemma. m

Lemma 6.5. For F € W, if 3F N 3By # 0, then
3F C By = B(o, (36K + 6)nr).
Proof. For z € 3F and z € 3F N 3By, we obtain

d(o,z) < d(o,z) +d(z,m)
< 36knr + 6r(F)
< (36K + 6)nr,

which concludes the lemma. m

Now we modify the Whitney covering W = W(n) to fit the manifolds with ends in concern.
Set

W ={FeW : 3F ¢ 3By}.
Here we note that
B(o,r) = Upeyw3F U 3By. (6.4)
Moreover, for i = 1,...,k, set W/ ={F e W' : F C E;}. We can easily see that they are
disjoint each other by the definition, and, Lemmas 6.3 and 6.4 imply that
W, - Ulewz,

For F' € W, we retake a string F(F) = (Fo, F1, ..., Fy(p)) given in (PW2) so that F; C Ej
(] 7é 0) and FO = Bo.

The following inclusion conditions play a key role in the proof of Theorem 6.7.

Lemma 6.6. For a constant k > 1, let n > 0 be a parameter satisfying

n < m (6.5)
For such n >0, let r > 0 be a number so that (6.3) holds. Then we have
3kBy C kB; C Blo,r), (6.6)
12kF C B(o,r)NE; (FeW). (6.7)
The main result of this section is the following.
Theorem 6.7. Let M be a connected sum of manifolds My, ..., My with a compact central

part K, where each M; admits (VD). Let o € K be a central reference point. Fiz k > 1. Fix

n > 0 satisfying (6.5). For any r > 0 satisfying diamK < nr, there exists a constant C > 0
such that

A(B(o,r))

<C (A(SBO, 3kBy) + A(B1,kB1) + Fmvs)g ){A(3F, 3kF), A(12F, 12/$F)}> ,
eEW'(n

where By = B(o,12knr) and By = B(o, (36 + 6)nr).
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We note that by (6.7), if ' € W/, then 12xF C E;. Hence, the Poincaré constants
A(BF,3kF) and A(12F,12xF') for F' € W! can be computed by using a local information of
E;.

Proof. By using (6.4), we have

/ 1 o 2y < / 1 — famolPdn

) )

§/3 - f330|du+2/ 1 = foo 2dp

Few’

§/3 - ngoldu+4Z/ \f = farl2dp

Few’

+4Z Z/ |f3F—f3F1|du+4Z Z/ | far — fap,|*dp

=1 FeW! =1 FeWw]

k
= I+4H+4ZIIIZ~+4ZIV,~, (6.8)
i=1 i=1
where F is an element of the string F(F'). We estimate terms I,1],11I; and IV; in (6.8)
separately.

Estimate of [

By using (6.6), we obtain

I:/ |f — fag,|2dp < A(3Bo,3f<;B0)/ IV f2dp
3Bg 3kBg

IN

A(3By, 3&30)/ IV f|%dpu,
B(o,r)

which gives a desired bound.

Estimate of I/
By using (W2) and (W4), we obtain

IT = Z/ If = fasrlPdp < ) A(3F,3/@F)/ |V f?du
Few’ Few’ 3k
< A(3F,3kF) V£2d
< max A(3F,3k ) > /%Fl flrdp
Few!

IN

N (0. 3%) s A(SF,3nF) | VS

which gives a desired bound.

Estimate of I11;
For F e W/, let F}, Fj11 € F(F) (j #0). Then the Cauchy-Schwartz inequality implies that

1/2
1
|fary — f3my| < (1(3F; 1) /2 u(3F;)1/2 <‘/3Fj+1><3}{'(x) - f(y)Qd,u(m)du(y)> y
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We note that for any open set D C M,

/ (@) — F(o) Pdu(e)du(y) = 2u(D) / F - foldu. (6.9)
DxD D

Moreover, by using (6.1), (6.9), and the volume doubling property of M;, we have

1/2
C
|f3r; 1 — f3r;| < (M(Fj) /1sz \f - f12Fj|2du> )

Then we obtain

V(F)—1
fsr = fsm| < ) |fse — f3m]
j=1
U(F)—1 1/2
C / 9
- — fror |2d
Jz::l (M(Fj) 12F; IF = fra;| M)
U(F)—1 1/2
S C’A(12Fj,12/<;Fj)/ S TAN
= n(Fy) 12k F;

By using [26, Lemma 5.3.8], for any F; € F(F) with j # 0,
F C AF’J N E;,

where A = 8 4+ 41 +n~!. Then we obtain

1171, Z/ \fsr — far, ? —/ Z ar (2)| f3r — far [Pdu(z)

Few; tFew]

U (F)—1 LonF 2
<o ngF(x)(Z(Au%wFJ) |Vf|2du)1/z) .

BOE: peyyr = 1(Fy) 12K F;
V(F)—
(12F};, 12k F} 1/2 2
=of 3 @ (”—’” V£ Rdn) Xar,om(2)) du()
BOE: iy = 126F;
(12G, 12kG 1/2 2
<C Y xerle ( Z (7)/ |Vf|2dﬂ) XAGnE,-(I)) dp(z)
BOE: fyyy o 12kG
1 1/2 2
<CN(n,3 maxAlQG,l?#;G/ — | |VfPdu) xa () ) du(z
i )GEWI{ ( )BmEi(va:(/‘(G) 12,.‘;G | M) anE )) (@)
2
= CN(n,3) max, A 12G,12xG) || Y acxacne, ,
Gew; L2(E)

where xp is the characteristic function of a set D and

B L ) 1/2
= (u(G) /ma V7] d") |

Since E; satisfies (VD), applying Lemma [26, 5.3.12], there exists a constant C' = C(A) > 0
such that

> acxacns, <C| > aexa

Gew; L2(E;) cew: L2 (Es)
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By using (W1), (W4) and (6.7), we obtain

I1I; < C'N(n,3) Inax A(12F, 12/<;F)/
ew;

BNE; Few'

= C'N(n, )max A(12F, 12k F) Z / IV f|2duxr (z)dp(z)
BOE: payy M 12xF

= C'N(n, )max A(12F,126F) ) / IV f|2dp
Few 126 F

< C'N(1,3)N(n,12x) max A(12F, 12xF) /B IV fdp,

which gives a desired bound.

Estimate of IV
Because 3F1,3By C Bj, by using the same argument as in the estimate of I11;, we obtain

v, = Z/ |f3m — famol*dps

Few,

__HBF) ) — F(y)Pdula
< Y /B @)~ )P duta)anty)

Few;

_ M 1(B1) 2

Few P )

Here we recall that the central ball satisfies (VD). Indeed,

u(B(o,s)) =~ p(Bi(o1,s)) + u(Ba(oz,s)) + - - - n(Bg(ok, s))
~ mzaxu(Bi(oz-,s)), (6.10)

where B;(0;,s) is the geodesic ball in M; centered at o; € K;. Since each B;(0;,s) satisfies
(VD), so does B(o,s) by (6.10). Hence u(B1)/(3Bp) is bounded in r. Now we estimate
w(3F1) from below. By using (W3), Lemma 6.5 and (6.6), for any F' € W)

r(Fi1) = nd(Fi,B(o,r)%)

v
3
2
S
oy
Sy
—~
o
<
~—
e}
~—

=n(1 — (36K + 6)n)r,

which implies that
A/T’(Fl) Z 27’,

where A’ = Then we obtain

2
n(1—=(36k+6)n) °
A'Fy D B(o,r).
Since each end E; is doubling, we obtain
p(3F) > C ' u(A'Fy N E;) > C u(B(o,r) N E;).
By using (W2), we obtain for all i =1,... &k

(3 C
< (.
2 3F1 WBonnE) 2 M3 <C
Few! FeW!

42



Combining the above estimates, we obtain

v, < C’/B \f — fB [Pdp
1

IN

C'A(By, ,{Bl)/ |V f2du.
xkB1
Since kB1 C B(o,r) by (6.6), we conclude a desired estimate of IV;. m
We use the following corollary to show the upper bound of the Poincaré constant (i.e.,
lower bound of the spectral gap) of central balls in Theorems 2.7 and 2.10.

Corollary 6.8. Let M be a connected sum of My, ..., My, where each end M; satisfies (VD)
and (PI). If there is at least one parabolic end, assume that M satisfies (COE). Then for any

large r > 0
A(B(o,7)) S Va(r)hn(r),

that 1is,
1

> - 00000
~ Va(r)ha(r)’
where n is the index of the second largest end defined in (2.9).

A(B(o,71))

Proof. Because 3xF,12kF C E; for all F' € W! by (6.7), the assumption of (VD) and
(PI) on each M; implies that for all F € W/

A(3F,3xF),A(12F,12F) < 12
Using the estimates in section 5.3, we obtain
A(3By,3kBy) + A(B1,kB1) < Vi (r)hp(r).

Since the inequality V;(r)h;(r) > 72 is always true by (VD), we conclude the corollary from
Theorem 6.7 immediately. m

For the estimates of Poincaré constants of central balls on some examples of manifolds
with ends, we refer to Section 3.
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