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1 Introduction

We are concerned with an evolution equation
Ou = Aput (1.1)
where p, ¢ > 0, u (x,t) is an unknown non-negative function, and A, is the p-Laplacian:
Ay = div (|Vo" 2 Vo).

Equation (1.1) was introduced by L. S. Leibenson in 1945 in order to describe filtration
of turbulent compressible fluid through a porous medium. The physical meaning of u
is the volumetric moisture content, i.e. the (infinitesimal) fraction of volume of the
medium taken by the liquid. Parameter p characterizes the turbulence of a flow while
g — 1 is the index of polytropy of the liquid, that determines relation PV9~! = const
between volume V' and pressure P.

The physically interesting values of p and ¢ are as follows: % <p<2andqg>1. The
case p = 2 corresponds to laminar flow (=absence of turbulence). In this case (1.1)
becomes a porous medium equation Oyu = Au?, if ¢ > 1, and the classical heat equation
Ou = Au if ¢ = 1.

From mathematical point of view, the entire range p > 1, ¢ > 0 is interesting.
G.I.Barenblatt constructed in 1952 spherically symmetric self-similar solutions of (1.1)
in R™ that are nowadays called Barenblatt solutions. Let us assume that

qg(p—1)>1|

In this case the Barenblatt solution is as follows:

where C' > 0 is any constant, and

—1 —1)—1 p— -
ﬁ =p +n [q (p - 1) - 1] y V= q(pp_l)_p R = %6 L (12)
Parameter 3 determines the space/time scaling and is analogous to the walk dimension.

It is obvious that, for the above Barenblatt solution,
u(z,t) =0 for |z|> ct'/?

so that u(-, t) has a compact support for any t. One says that u has a finite propagation
speed. Here are the graphs of function = +— u(z,t) for different values of ¢ in the case
n=1.



L\ 7 small

Case p =25 and g =2 Casep=25and ¢g=1.1

Assume now that
qglp—1) < 1.

Then we have v, x < 0, and the Barenblatt solution is

» N\ —l
1 2] \ 7
u(x,t):m <C+|/<;| (m) ) ,

that is, it is positive for all x,t.

In the borderline case

the Barenblatt solution is

1 |z \ 7T
u(x,t):Wexp —<\ ,

where ¢ = (p — 1)2p_p%1. Hence, if ¢ (p — 1) < 1 then u has infinite propagation speed.

Of course, if here p = 2 then ¢ = 1, and we obtain the fundamental solution of the

heat equation Oyu = Awu:
N AR
U,(.flf, ) - tn/2 exp _Z t1/2 )

2 Leibenson’s equation on manifolds

Consider on an arbitrary Riemannian manifold the operator
Lv = A, (v?)

where
p>1 and ¢ >0,
and
Apu = div (|Vu’ 7 Va).
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We will be concerned with the associated evolution equation

O = Ay (v9)

that is called the Leibenson equation. Our aim is to prove the following theorem.

Theorem 1. If q(p — 1) > 1 the any bounded non-negative solution to the Leibenson

equation has a finite propagation speed.

The exact meaning of “finite propagation speed” will be explained later on. The proof

will also be given later on.

Now we show how to obtain the Barenblatt solutions in R™. We start with deriving a
chain rule for the p-Laplacian. Consider on an arbitrary manifold the p-Laplacian

Ay = div (|VoP 2 Vo),
where p > 1. Let us compute A, f (u) assuming that f is smooth enough and
f>0 and f' <0.
We have V f(u) = f' (u) Vu and
Apf (u) = div(|f" (u) Vul"* f'(u) Vu)
= div (1 ()" ' () [Vup ™ Vu)
= —div (I @I |V Vu)

- <u>|”* div (IVul’ > V) = 9 (1f (@) [V’ Vu
— 1 @ P A= ((=f @)) [Vul > Vu

— I @ Aput (p = 1) (—f ()" " () Vu [Vu " Vu
1 @ Agu+ (0= 1) @) 7 () [Vl

Hence, we obtain

Apf (u) = = (=" ()™ Bpu+ (p = 1) (= ()" f" (w) [Vl

3 Solutions on models

3.1 Model manifolds

(2.1)

(2.2)

Let M be a model manifold R, x S"~! with the polar coordinates (r,6) (where r € R

and 0§ € S"1) and with the Riemannian metric

ds? = dr® +1* (r) d6>.



Here d6? is the standard Riemannian metric on S*~! and 1) is a smooth positive function
on R,. For example, R™ \ {0} can be considered as a model manifold with ¥ (r) = r.

Denote by S(r) the boundary area function

S(r) = wpb(r)" 1.

n—1

For example, in R™ we have S(r) = w,r

It is known that the Laplace-Beltrami operator A on M admits the following repre-
sentation in the polar coordinates:

a_2+§,£+LA
or?2 S or 1/}2(7“) %

where Ay is the Laplace-Beltrami operator on S*~!. In particular, considering the polar
radius r as a function in M, we obtain that

_

Ar 5 (3.1)

For example, in R™ we have Ar = %=1, Using (3.1) and [Vr| =1, we obtain that

!
Apr = div (|V7‘|p_2 Vr) =div (Vr) = Ar = %
Setting in (2.2) u = r, we obtain

Apf (r) = = (= ()" Apr + (0= 1) (= (1) 1" ()

!

=—(=f ()" % (=1 (=f () f (). (3.2)

Note that
(1 @y s) = (£ @ s = =1 )1 ()S
Hence, (3.2) can be rewritten in the form

Af ) =g (SCr oy
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The parabolic equation dyu = Apyu for a function v = wu (r,t) (such that v > 0 and
Oyu < 0) becomes therefore

1 -1
Ou = _587‘ (S (_&”u) ) ) (3'3)

and the Leibenson equation dyu = A, (u?) becomes
1
S

3tu:—

0, (S (—0u?)’™'). (3.4)

3.2 Barenblatt solutions

We solve here (3.4) assuming p > 1, ¢ > 0 and
S(r)=rot,

where « is a positive real. In particular, for « = n € N, this will give us the Barenblatt
solution in R"™.

The equation (3.4) becomes with this S (r)

D = ———8, (r* (—Buty Y, (3.5)

ra—1 r

and we look for a solution in the form

u(x,t) =t"f (rt"),

where f is a decreasing non-negative function and a,b are (negative) reals, yet to be
determined.

Let us require in addition that the solution u (x,t) has a constant L'-norm, that is,

/ t* f(rt*)dp = const < oo,
M

where p is the Riemannian measure. Computing the integral in the polar coordinates

and using

dp = (r)" tdrdf = LS(r)dral@,

n

we obtain that

/ t*f(rt®)r*Ldr = const < oo.
0

A change s = rt’ in the integral gives

OO a b afld _ OO a —p\yo—1 7bd _ ja—ba OO ozfld )
/0 t*f (rt”)yre " dr /0 tf (s) (st™")" ttds =t /o f(s)s* ds

Hence, we must have

/000 f(s)s*lds < o0 (3.6)

6



and

Using again the variable s = rt’, we obtain

Owu = O, (t“f (rtb))
= at L f(rt?) + o f (rt?)rot® !
= bat® L f(rt®) + bt ot f(rt?)
= bt (af(s) +sf'(s))

= )

Sa—l

and
Ovu? = qui'0,u
— g (7 ()" 0, (1 (1)
— qta(Q*l)f(rtb)qflta+bf/(rtb)
— qtaq—l-bf(s)q—lf/(s) )
Hence, (3.5) is equivalent to

bt ! —1 a —1 4 p-1
6 = g (7 (et ) (5) )

gP 1 tlaatb) (1)

0 () (A )

gP 1 tlaat) (1)

_ 19, <s°‘_1 (—f(s)2 f’(s))’“) .

Safl

We require that the powers of ¢ in the both sides to match, that is,
(ag+b)(p—1)+b=a—1,
which together with a = ba yields
[(ag+1)(p—1)+1—a]b= -1,

la(qg(p—1)—1)+plb=—1.

Setting
d=qlp—1)—1
we obtain
(a0 +p)b=—1
whence
B 1
 ad+p|
In particular, we see that
1 —
b<0@5>—£@q>ﬂ.
« p—1




In what follows, we always assume that (3.8) is satisfied.

With this choice of b and a = ab, the powers of ¢ and s in (3.7) cancel out, and we
obtain an ODE for f:

/

b(sf (5)) = = ("7 (= £l () )
Hence, we have
b (s) = ="~ 's* 7 (= ()" ()" (3.9)
(ignoring a constant of integration). Since b < 0, we obtain

bl sf =g ()"

b sf = Pt (= )P flam D),

(=) (p—1)—1 (__ pery\p—1 _ |b] 5
f ( f) - qp_ly
1
f(q—l)—p%lf/ _ (o] s)71 .
q
Set
=q - L _alp=D-1_ 9
T p—1 p—1 p—1
and rewrite the above ODE in the form
blrT
proip = P (3.10)

Assume first that § # 0, that is, v # 0. Then (3.10) is equivalent to

1

, i =
(P = ypip = P

q
and integrating it, we obtain
7 =C — kot
where ) )
_p—1ybl=t 5 bj T
p g poq
Hence,

L/~
= (c—mrt) ",
with a positive constant C.

Case 1. Let § > 0 that is,
(which implies also that b < 0).



Then > 0 and we see that f(s) is well defined for s € [0, so] where s¢ is determined
by
C =rsy .
Let us extend f (s) for all s € [0,00) by setting f(s) = 0 for s > s, that is,
p \ /7
f(s)= (C— H8ﬁ> :

+

Then this function f is a weak solution of the ODE (3.10) in [0, co] because f is contin-
uous in [0, co] and solves (3.10) in the both intervals [0, so] and [sg, 00). Consequently,
we obtain in this case a (weak) solution of (3.5)

b b 1 royEn)
u(m,t):t“f(rt):W(C—/ﬁ(m) )

+

where

1
ﬁ:—6:Q6+p > 0.

Clearly, this solution has a finite propagation speed. Note that in this case § > p.

Case 2. Let § < 0 that is,
qglp—1) < 1.

Since k < 0, the solution

p \ /M
f(s) = (C+nfs7r)
is defined and positive for all s > 0. Note that by (3.8)

1
p p p _P o,

Em:(p_1)<L_q>:1—q(p—1) —0

p—1

that is,
f(s)~ s as s — o0

where € > 0. Since also
f(s) ~const ass—0

we obtain the finiteness of the integral (3.6).

We obtain in this case a solution

p

] oy M

that is defined for all x and ¢ > 0 and belongs to L' (M) for any ¢ > 0. Hence, this
solution has infinite propagation speed. Note that in this case g < p.

Case 3. Let 6 = 0 that is,
g(p—1)=1,

9



In this case v = 0 and

B r 1
 ad+p  p
Then (3.10) becomes
fr s
whence ,
1 gr1
Inf=——- Sz; :—nsﬁ,
prtq p-1
where )
1 —1
K= —F = (p 5 ) >0

It follows that .
f(s) =exp (—/{sﬁ>

whence ,

1 T\ -1
u(m,t):mexp (—/{ <t17>p )

For example, in the case p = 2 and, hence, ¢ = 1 we obtain kK = }l and

Hence, the finite propagation speed for the above solutions occurs if and only if § > 0,
that is, ¢(p — 1) > 1.

4 Weak solutions

Let © be an open subset of M and I be an interval in [0, 00). By a subsolution of the
equation

o = A, (v7) (4.1)
in the cylinder {2 x I we mean a non-negative function v of an appropriate class satisfying
oo < A, (v7). (4.2)

In fact, this equation is understood in a certain weak sense, and a function v is taken
from the following class:

veC(I;L%(Q) and o e Ly (I;W'(Q)).
That is, for any ¢ € I,
v(-t) € L2(Q), vi(-,t) € WHP(Q),

10



the function ¢ — v(-,t) is continuous in L*(2), and, for any compact subinterval J C I,

/J 11y )y < 00,

that is,

// (v + |[VvI|P) dudt < oo.
7/

(4.3)

Let us first show that the Leibenson operator Lv = A, (v?) can be rewritten in the

form

Lv = cdiv (0™ Vol Vo)
for some ¢, m, that is,
div (|Vvq|p_2 Vo?) = cdiv (0™ V|~ Vo).

Indeed, we have
Vol = qui'Vo

and

div (|Vv"? Vo?) = ¢*~ ' div (07 VY Wy P72 o)

Hence, (4.5) holds provided

m=(q-1)(p-1)

and ¢ = ¢P~!. The Leibenson equation becomes

O = ¢" ' div (™ Vo'~ Vo),

and (4.2) becomes
O < ¢t div (v™ Vo] Vo).

5 Caccioppoli type inequality

(4.4)

(4.5)

(4.6)

(4.7)

We start here the proof of Theorem 1. The first step is obtaining a Caccioppoli type

inequality.

For simplicity of notation, we omit in all integrations the notation of measure. All
integration in M is done with respect to du, and in M x R — with respect to dudt. We

assume that
p>1 ¢g>0

and use the notation
d=qp—1)—1

Let © be an open subset of M and I be an interval in R.

11



Lemma 2. Let v = v (z,t) be a bounded non-negative subsolution to (4.1) in a cylinder
Qx 1. Letn(z,t) be a Lipschitz non-negative bounded function in Q x (0,T) such that
n (-, t) has compact support in Q0 for all t € I. Fiz some real o such that

0 > max (p, pq) - (5.1)
Set

A=0—-30 and a=2| (5.2)
p

Then, for all t1,t5 € I such that t; < ts, we have

to to t2
[/?ﬂm} *CR/ /Wvuﬂmvsi/ /"MMMFHH+cw”WmPL (5.3)
Q t1 t1 Q 11 Q

where c1, ¢y are positive constants depending on p, q, A (see below (5.13) and (5.14)).

In particular, if 7 does not depend on t then

to to to
[/ v’\np} —i—cl/ /]V(van)|p SCQ/ /v"|V77\p. (5.4)
Q t1 t1 Q t1 Q

Let us explain why all the integrals in (5.3) are well defined. Observe that always
A > 2. Indeed, if ¢ > 1 then, using ¢ > pg, we obtain

A=0—-0>2pg—(qp—1)—-1)=q+1>2, (5.5)
and if ¢ < 1 then, using o > p, we obtain
A=o—-62p=—d=p—(qp-1)-1)=p+1)-(@-Dg¢>p+1)-(r-1) =2

Since v (+,t) € L*(Q) and v is bounded, it follows that, for any ¢ € I,

[ <ol [ o0 <o
Q Q
Consequently, the expression
to
Lo
Q t1
is well-defined. It also follows that
to to
/ /U’\np_l In,| < const/ /02 (-, t) < o0.
t1 Q t1 Q

Since Vn(-,t) and v are bounded and ¢ > pq, we obtain

to to to
/ /v" VP < const/ /v" < const ||v]|z;pq/ /qu < 00, (5.6)
t1 Q t1 Q t1 Q

where we have used (4.3). The hypothesis ¢ > pg implies that « > ¢. Hence, the
function ®(s) = sq is Lipschitz on any bounded interval in [0, c0). Since

Vo* =V (v?) = &' (v!) Vol

12



and v? is bounded, it follows that
Vo < C|Vvi|.

We obtain that

to to
/ / Vel < C / / TP 4 o [V
t1 Q t1 Q

to
< C/ /]qu\p—irv"wn\p
t1 Q

< o0,

where we have used (4.3) and (5.6). Hence, all the integrals in (5.3) are well-defined.
Let us record for a later usage that

vn € LY (I; Wy () (5.7)

loc

because

to to to
/ /(van)p—l— IV (v*n)[? §Const/ /UU—I—/ /|V(van)\p < oo0.
t1 JQ 1 JQ t1 JQ

Proof of Lemma 2. Let us rewrite (4.7) in the form
q" PO < div (v™ | V[P Vo) (5.8)

where
m=(q—-1)(p-1). (5.9)

Multiplying (5.8) by v*~!nP and integrating it over the cylinder Q = Q X [t;, 1], we
obtain

ql_p/ v P < / div (v™ Vol Vo) v P
Q Q
= / o™ Vo2 Vo v (X nP)
Q
- _ /va IVoP~% Vo (A= 1)’ PV + po* P~ Vi)
=—(A- 1)/ U Al —p/ o (Yo, Vi)
Q Q

<= 1) [PV e [T v,
Q Q
(5.10)
Observe that, for any fixed t,
WP (1) € WeT(Q),

which allows to use the integration-by-part formula without the boundary term. In-
deed, we have v? € W'P(Q) by the definition of a weak solution, which implies

13



vt € WHP(Q) because v is bounded and A — 1 > ¢ by (5.5), whence the inclusion
VP e W, P(Q) follows because 7 is compactly supported in Q.

Since
Atm—2=A4+(@g—-1D(p—-1)—-2=XA+(p—-1)g—1—-p=AX+d—p=0—p,

we rewrite (5.10) as follows:
07 [ont i <= 1) [ Vel [ Vel vl )
Q Q Q

Since o > p, the function v enters all the integrals in (5.11) in non-negative powers;
hence, the integrals are finite.

Next, let us use the following inequality for all X,Y > 0 and € > 0:
/ / 1
XY <P XP + —Y?
ep

where p/ = z% is the Holder conjugate of p (here we use that p > 1). Applying this

inequality with
X =¢ ]Vv|p_1 Pl and Y = o0 vy

(where € and £ are yet to be determined) we obtain

1 (UU—pH—ﬁ |V77|)1”

P P Ve = XY < e (0 9 )

/ / 1
— PP |VU’P P + 6_pv(tf—p-ﬁ-l—é)p |V77‘p _

We would like to have

whence

With this ¢ we have

(c—p+1-Ep= ((0—p)+1—(g;p)>p= (U;p+1>p:a

and

— / 1
o7 PV V] < P (Vo P+ e [V

It follows that
/ 1
ql_p/ v inP < — (A — 1)/ V7P |VolP P +p/ {8” VTP |VolP P + g—pv" |V77|p}
Q Q Q

=— <)\ -1 —pe”/> / V7P| VolP P + £/ v |[VnlP. (5.12)
Q & Jq

14



On the other hand, we have

IV (v*n)|” = |av* 'nVv +v*Vn|”
< 277 LaPyP @V |7y [P P 4 2P~ 1P |V P
= 20~ Py P |V lP P + 20717 V)P,

where we have used that, by (5.2),
pla—1)=0—p.
It follows that
VT Vol P 2 21777 |V (0o — a7 [T

Substituting into (5.12) yields
0 [w < - (A= 1-p) 20 [ v P
Q Q

+ ((A —1 —pep/> o+ 8%) /Qv" Vn|”.

Hence,
)\/ v P < —cl/ \V(van)]p+02/ V7 |Vnl?
Q Q Q
where
¢ = \gP! ()\ —1 —p&tp,) 21=PqP
and

co = A\gP71 (()\ —1—pe)a P+ ;%) :

We choose ¢ so small that ¢; > 0, that is,

pe? < A —1.
Since
to
A / v = / O = { / UW’] —p / v,
Q Q Q t1 Q
we obtain
to
[/ ’U)"Iyp‘| = A/ thAlnanp/ v Py,
Q t Q Q
< —61/ |V(v°‘n)|p+02/ v"lvnlpﬂ?/ v,
Q Q Q

and, hence,

to
[ / n} e / V ()P < / oo, + 0" |Vl
Q th Q Q

15



Finally, let us specify ¢; and cs. Let us choose € so that
|
P=—(A=-1
pe =5 (A=1)

that is

ci=A(A—=1)27PgP 7P| (5.13)

It follows that

@:Afl(%Q—Uap+£)

eb

(A—1)a™+ L )
(L —1) /p)"

p/p 14D/’
_ )\qpfl (% ()\ B 1) a?+ 2p—> )

()\ _ 1)?/}?’

Since » b

- +1= - +=-—=p

p p p
we have

2P~ 1ppgp—1
Cy = %)\ ()\ - ]_) qpflafp + (}\ _zip)zl (514)

]

Remark. For the future we need the ratio 2. It follows from (5.13) and (5.14) that

op—1
@ — 9opr—1 A — P’
1 A=D1 A(N=1)2raP
22=14p
— op~1
e

where we have used that ap = ¢. Since ¢ = A 4+ J, we obtain

2p—1 P
o N 271 (A +p5)
C1 ()\ — 1)
It follows that, for all A > 2,
2 <0 (5.15)
(&1

where (), , depend only on p and ¢ but does not depend on .

Remark. Let obtain an upper bound of ¢;. Using

o A+0
o= = —-
b p
we obtain A D) AZ- g1
— ——_ pil —q
=5 0rap? U (A—1

16



As A >2and A+9 > p > 1, it follows that

ca < Cpg\Pl. (5.16)

Of course, if p > 2 then ¢y is uniformly bounded by a constant C,, independently of
A, but if p < 2 then ¢, may grow with X as \*7.

Lemma 3. Let M be geodesically complete. Let v = v (z,t) be a bounded non-negative
subsolution to (4.7) in M x I. Then, for all large enough A, including A = oo, the
function

= {loC )l

is monotone decreasing. Consequently, if I = [a,b] then

HUHLoo(MxI) <l ('7a)”L°0(M)‘

Proof. If M is geodesically complete, then W, 7 (M) = WP(M). Hence, v*~(-,t) €
W,y P(M) for any t € I, and we can use the argument in the proof of Lemma 2 with
n = 1 (without assumption that n(-,¢) is compactly supported). Assuming that A
is large enough so that o := X + ¢ satisfies (5.1), we obtain from (5.3) that, for all

tl,tg c [, t1 < tz,
[2)
[
M t1

which proved the claim for a finite A. The case of an infinite A\ is obtained then by
letting A — o0. m

6 Sobolev and Moser inequalities

Let B be a precompact ball in a manifold M of dimension n. The Sobolev inequality
in B of order p says the following: for any non-negative function w € VVO1 P(B)

(/ ww)w <55 [ [uP, (6.1)

where k > 1 is some constant and Sg is called the Sobolev constant in B. The value
of k is independent of B and can be chosen as follows:

K = if n > p,

=0
and k is an arbitrary real number > 1 if n < p.

We always assume that Sp is chosen to be minimal possible. In this case the function
B~ S B

is clearly monotone increasing with respect to inclusion of balls.

17



Fix a precompact ball B C M and set () = B x I, where I C R is an interval Assume
that the Sobolev inequality (10.5) holds in B with exponent £ > 1. Let &’ be its Holder
conjugate. Set

1 Kk—1
V= — = .
K K

Lemma 4. Let w € LP(I; Wy(B)) be a non-negative function. Then

/ wPIH) < Sp (/ |Vw|p) sup (/ wp) (6.2)
Q Q tel B

Proof. By the Holder inequality, we have, for any fixed ¢ € I,

1/k 1/K’
/wp(l-H/) :/wpwpllg (/ wpm) (/ wpun’)
B B B B
1/k v
() (L)
B B
1/k v
< (/ wp"“) sup (/ wp) ,
B tel B

where we have used that vs’ = 1.

By the Sobolev inequality (6.1) we have, for any ¢ € I,

1/k
(/ wp’i> < SB/ |Vwl|? .
B B
/ wPI ) < Sp (/ |Vw|p) sup (/ wp> :
B B tel \JB

Integrating this inequality in ¢ € I gives (6.2). m

It follows that

7 Comparison in two cylinders

Here we assume that
d:=q(p—1)—12>0.

Lemma 5. Consider two balls B = B (z,r) and B’ = B (x,r") with 0 < 1" < r, and
two cylinders
Q=Bx|[0,T], Q=B x[0,T].

Assume that B is precompact. Let o be any real such that

o > max(p, pq). (7.1)
Let v be non-negative bounded subsolution of (4.1) in Q such that

v(-,0) =0 in B.

18



Then

(2-p)v v
[ S () ([
, (r— T/)p( +v) 0 0

where C' depends only on p, q and v, while it is independent of o.

| Gom < F

Proof. Asin Lemma 2, set A=0—¢ and a = % and recall that « > 1 and A > 2. Let
n = n(x) be a bump function of B" in B. By (5.7), we have

w:=v"n € L ([0,T]; Wol’p(B))

Applying (6.2) with this function w and using

o

w? =7,

we obtain that

/UJ(1+V),',}p(1+V) SSB (/ |v(van)|p) sup (/ ’UUT]p) ]
Q Q te[0,T] B

By (5.4) we have
[venr=2 [ e,
Q 1 JQ

sup (/ vAnp) SCQ/U"\WIP-
t€[0,T] B Q

Let us use the latter inequality also for other values of the parameters as follows:
o ([ o) < [ o v,
t€[0,T] B Q

c=0+4+9J and N =0 —d=o.

and

where
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Then we have

sup (/ v”n”) SCQ/U"'WUVD'
te[0,T] B Q

C ’ v
/ R ( / v |vn|”> |
Q 1 JQ Q

Using that n = 1 in B’ and |Vn| < -1 we obtain

r—r!

I \V v
o <sp 2o () (o)
’ 1 (ry —rq)? Q Q

By (5.15) we have

It follows that

C2
=<
Cl —_ p,q»

and (5.16)
0/2 < Cpyg ()‘/>2_p = Cp,qazip-

Hence, (7.2) follows. m

Corollary 6. Under the hypotheses of Lemma 5, we have

(2—-p)v v 1+v
/ ,Uo(lJrV) < CSBO " HUHLOO(Q) (/ UO’)
, - (7“ _ 7J)P(lﬂf) 0

where C' = C(p,q,v).

8 Auxiliary lemma about sequences

Lemma 7. Let a sequence {Jy},-, of non-negative reals satisfies

Ak
1 < 5J,i+“’ for all k > 0.

where A, D,w > 0. Then, for all k > 0,

>(1+w)k

Jk S <(A1/wD—1)1/w JO (A_k_l/wD)l/w '

In particular, if
D > AV« e,

then, for all k > 0,
J, < AR .
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Proof. Consider the sequence
w (1+"J)k w
Xk _ <(A1/wD71)1/ JO) (Afkfl/wD>1/ .

Then we have

Xo= (4D )y (47D) =
and
%kal:er _ %k ((Al/wal)l/W JO) (1+w)ktt (Aikil/wD) L
= ((Al/wD*l)l/w Ji )GW)M AFD™ (AR D) (A*k—l/wD)%
- 0

1/w

w (1+w)k+1
U

-
-

Hence, by comparison we obtain J; < X}, which was to be proved.

( Afl/w (Afkfl/wD)
( 1/w

Al/wal)

(l—i—w)'chrl
J0>

(A*(k+1)*1/wD) 1w — XkJrl-

For the second statement, if (8.3) holds then we can assume without loss of generality
that
D= AYe g8,

Substituting this value of D into (8.2) we obtain

1/w

Jp < (ATFTR)

which is equivalent to (8.4). m

9 Mean value inequality
We assume here that
d=q(p—-1)—1>0.

Lemma 8. Let B = B (g, R) be a precompact ball. Let u be a non-negative bounded
subsolution of (4.1) in

Q=Bx[0,1
such that
u(-,0) =0 in B.
Let o be as in (7.1). Then, for the cylinder
, 1
Q = EB X [07t],
we have )
CSp \ s
lollimer < (gp07) " Wil ooy 0.1

where C' = C (p,q,v,0).
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ob  (eo=0 B
¥/M

Remark. Since

¢ 1/o .
lll o oy = ( [/ u) < (tu(B))? ull gy

we obtain from (9.1) that
L 1
Sy \* T s
ol < ((W) tu(3)> Jull; %y (9:2)

Remark. Unlike Lemma 5 where we have explicitly traced the dependence of the con-
stants on o, in (9.1) and (9.2) the dependence of C on ¢ is unimportant because these
inequalities will be applied only with a fixed o.

Proof. Consider a sequence of radii

1
T = (5 + 2_k_1) R

so that 7o = R and 7, \, %R as k — oo. Set
By = B (zo,7:), Qi = Br x[0,1]

so that
Bo=B, Q=Q and Qui=lim Q=0
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Set also
or=0(1+v)"

Jk:/ u’k.
Qrk

Applying (7.3) to the cylinders Q) and Qy1, we obtain

and

(2—p)v ov

1+v
Jk—f—l :/ uak(1+y) < CSBkO-k ||u||Loo(Qk) (/ uUk)
— 14+v
Qrt1 (Tk - Tk+1)p( ) Qk

2—p)v ov
 CSgo |l

L>®(Qk) 714v
CEE T
Y k2-p)v _(2—p)v v
CQkp(1+ ) (1 + ]/) 2-p) O'(2 2 SB ||u||L°°(Q) J1+I/
< Rp(1+v) ‘

S AkD_lJli_H/,
where
A= 2005) (1 4 )PP >

and 5
Dl CSp HUHLw(Q)
Rpr(+v) ’

where we have absorbed ¢>~?)" into C'. By Lemma 7 we conclude that

1/v a+n® a4k o1 ik
/ DY = ANE p T et

(141)*
J0>

J, < ((AI/VD—I)

It follows that

</ ugk)l/ak B Ja(l-&l-l/)k < A%D_M (/ uo)l/a
— k -~ oV oV .
Qk Q

Leting k£ — oo, we obtain

1

S SR 1 £
lull e gry < A7 D77 [l o gy = (45 D7) 1l oy

1
ov ov
= Tr(it) 17(Q)

CSp \7 , s
=\ grar ) Nullieoy el

where Ar was absorbed into C'. m
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10 Normalized Sobolev constant

Let B be a precompact ball in M and w € VVO1 ?(B). Dividing the Sobolev inequality

(6.1) by u(B)'*, we obtain

1/k
(][ wm) < w(BY'Spf |VuP
B B

where

and

<]{9 wpn) 1/(pr) g (M(B)VSB)I/” (]{B \ijp) 1/1,’

Denoting by r(B) the radius of B, let us define a new quantity

{(B) = —— <T<B)”)1/V

n(B) \ Sp
so that
= BB
. (u(B) Sp)"" = 2D)
(B)

Hence, (10.3) can be rewritten in the form

(ver) "= 555 () )

(10.3)

(10.4)

(10.5)

It is clear from (10.5) that the value of x can be always reduced (by modifying the
value of «(B)). It is only important that x > 1. In fact, the exact value of x does not

affect the results, although various constants depend on k.

The constant ¢(B) is called the normalized Sobolev constant in B. It is known that if
M is complete and Ricciy, > 0 then, for all balls B, the normalized Sobolev constant

(B) is bounded below by a positive constant.

11 Propagation speed inside a ball

We assume here that M is geodesically complete and

d=q(p—1)—1>0.
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Theorem 9. Let u be a bounded non-negative subsolution of (4.1) in M x [0,T] with
the initial condition u (-,0) = ug. Let By = B (20, R) be a ball in M such that

ug = 0 in By.

Set
to = nu(Bo) R uoll %y AT, (11.1)

where 1 1s a sufficiently small positive constant depending only on p,q,v. Then

1
u=0 1in §Bo X [O,to]

Proof. Set r = $R and fix for a while a point « € 1By so that B := B (z,r) C By.
Fix also some t € (0,7] and set

Qv=2""Bx[0,] and Ji= [lull;=(q, -

A

Our purpose is to obtain an upper bound for Ji(z) = [[ul (g, that ensures that
Je(z) — 0 as k — oo uniformly in z € $B.
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Let us fix o satisfying (7.1), for example, o = max (p, pq) . Applying inequality (9.2) of
Lemma 8 in the cylinders Q, Qr+1, we obtain

1 o

OSQ—kB v _k 1+g
Te1 = |lull e gy < (W) tn27B) | lull g,

k1) 204 CSp, \* 142
< 9D EZ ((RP(H‘(;)) tu(BO)> Ji 7,

where we have used that S,-x5 < Sp, and u(27%B) < u(By). By (10.4) we have

al-

. RP /v B RP/v
(S0) _<(L(BO)M(BO))V) = B (Bo)’

whence

1
Sh ) R/ 1
w(Bo) = —am #(Bo) = :
(Rp(1+u) O et )L(Bo)ﬂ (Bo) O W(By)Ry

It follows that

1
(1+v) Ct o 148
Jipr < 200750 (—> et

L(Bo)Rp
— AkD_IJIi—HU,
where 5
w = -, A = 21’(;t”)
o
and )
Ct 4
Dl'=A—-
(L(BO)R”)
By Lemma 7, if
Dl < ATV e (11.2)
then, for all £ > 0,
J, < AR . (11.3)

The condition (11.2) is equivalent to

ct -
A < A—l/w —w
() =4

t < CN(By)RPI®, (11.4)

that is, to

where A is absorbed to C'. Since by Lemma 3

Jo = llull ooy < Nluoll o ary »

the condition (11.4) is satisfied for ¢ = to, where ¢y is determined by (11.1) with
n=C"
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Hence, for t = ¢, we obtain from (11.3) that, for any k,
HUHLOO(Q*’CBX[OJ]) < AT [[uoll 1o -

For any £, we cover the ball %Bo by a finite sequence of balls B (xi, 2"‘“‘7“) with x; € %Bo.

Since for all 7
||u||L°°(B(xi,2—k7‘)><[0,t]) < AR [[wol[ oo »
we obtain that
HUHLOO(%BOX[OJ]) < AR [[wol| oo -

Finally, letting k — oo, we obtain that u = 0 in 1By x [0,], which was to be proved.
[

12 Propagation speed of support

In this section we assume M is geodesically complete, that is, all geodesic balls are
precompact. Let also

d=q(p—1)—1>0.
For any set K C M and any r > 0, denote by K, a closed r-neighborhood of K.
Theorem 10. Let u(x,t) be a non-negative bounded subsolution of (4.1) in M x R,
with the initial function ug = u (-, 0) . Assume that the support K = supp ug is compact.

Then there exists T > 0 and an increasing continuous function p : (0,7) — R such
that

suppu (-,t) C Kyu
forallt € (0,T).
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Here both T and p (t) may depend on u. The function p(t) is called a propagation rate
of u.

Proof. Let us fix a reference point xy € K and define the following function for all
r > 0: 0
-5
(1) = o (B (2o, 7)1 luoll e ary (12.1)

Denote
ro = diam K.

Let us prove that that, for any r > ro,
t <@ (3r+ry) = suppu(t) C K,,

that is,
u(-,t) =0 in M\ K,.

Let us first prove that
u(-,t) =0 in Ky, \ K,.

Fix a point = € Ky, \ K,.We have

d(z, K) <2r=d(z,xg) < 2r+ .
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It follows that
B (z,r) C B(x¢,3r +19) = B(x0, R)
where
R:=3r+rg.
The condition r > ry implies R < 4r. Since B(x,r) C B(xzg, R), we have by the
monotonicity of function (10.4) that

u(B(z, 7)) (B(x, )

TP/V

U(B(xo, R))p(B(x0, 1))
Rp/v '

>

It follows that

t(B(x,r))rP T \PR p(B(xo, R))
\(B(zo, R)) 7 > (%) 1(B(x.7))

R
(B(xo, R))R".

>
— gptp/v L

Therefore, the hypothesis
t< (R

)
= (B0, R)R Juoll 2 an

implies that
t < ne(Bla,m))r” fuoll ) -
Since u(-,0) = 0 in B(x,r), we conclude by Theorem 9 that
u(-,t) =0 in B(x,r/2).
Since this is true for any = € Ks, \ K,, we obtain that
u(-,t) =0 in Ky, \ K. (12.2)

Let us show that also
u(-,t) =0 in M\ Ko,. (12.3)

Fix some s >> 2r and let 1 (z) be a bump function of K\ Ky, in Ky, \ K,; that is, n
is the following function of |z| := d (x, K):

<|Ti|—1> , x| < 2r
+

1

2

n(x) =9 1 |z €[2rs],
(1 - % , |x] > s.
+
1 n(x)
r 2r s 2s x|

Function 7
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Applying the inequality (5.4) of Lemma 2 with some fixed A, we obtain

t t
[/ u’\np] < 02/ / u” [Vl (12.4)
M 0 0 JM

Since u (+,0) = 0 on suppn and n = 1 on K, \ Ks,, the left hand side here is bounded

below by
/ u(-,t).
KS\KQT‘

Since n = 0 in K, u(-,7) = 0 in Ky, \ K, for all 7 <t (by (12.2)), and Vi = 0 in
K\ Ky, the right hand side in (12.4) is equal to

/ / u’ [Vnl”.
M\Ks

1

Since

we obtain that

¢ ¢
/ u (1) < 02/ / u’ VP < 0—2/ / u
K\Kay 0 JM\K, s Jo Jm\K,

The right hand side goes to 0 as s — oo, which implies that u (-,t) = 0 in M \ Ko,
thus proving (12.3).

Now let us define in [ry, 00) a function

G(r) == sup o (35 + o)

2 ro<s<r

so that 1 (r) is monotone increasing. If ¢ < 4 (r) then ¢t < ¢ (3s+1y) for some
s € [ro, 7], which implies by the first part of the proof that

u(-,t) =0 in M \ K
and, hence,
u(-,t) =0 in M\ K,.

It is unclear whether v is continuous or not. As a monotone function, ¥ may have only
Jump discontinuities. By subtracting all these jumps, we obtain a continuous monotone
function ¢ < 1 with the same property|:

t< ()= u-t)=0 in M\ K,. (12.5)

As a continuous monotone increasing function, ¢ has an inverse p = ¢  on [to,T)
where

to = i(ro) and T = sup .

Let us extend p(t) to t < to by setting p(t) = p(ty). Then r = p(t) implies t < ¥(r),
and by (12.5)
u(,t) =0 in M\ K,,

which was to be proved. m

30



13 Curvature and propagation rate

In this section we assume again that M is geodesically complete and
d=q(p—1)—1>0.

Theorem 11. Let M be geodesically complete, non-compact, and let Riccipy > 0. Let
u be a bounded non-negative subsolution of (4.1) in M x R, with the initial condition
u(-,0) =wug. Set K =suppug. Then, for anyt > 0,

supp u(-,t) C Kopyp,
where C' depends on ||uo|| 1, P, ¢, 1.
Proof. It is known that on such manifolds «(B) > const > 0 for all balls B C M.
Let B = B(xz,r) be any ball that is disjoint with K. It follows from Theorem 9, that is
t< o [luoll ;2% (ur)

where ¢ > 0 is a small enough constant, then
1
u(-,t) =0 in §B.

Hence, if
r> Ct/r

where C' = ¢~ /7 ||u0||(z/£(M) , then

1
supp u(-,t) N §B = 0.

It follows that
supp u(-,t) C K1

=7
27‘

whence the claim follows. m
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