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Abstract

We construct a new homology theory for the categories of quivers and
multigraphs and describe the basic properties of introduced homology groups.
We introduce a conception of homotopy in the category of quivers and we
prove the homotopy invariance of homology groups.
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1 Introduction

There are several approaches to construct a (co)homology theory for graphs, multi-
graphs or digraphs: using of cliques of graph (see [22] and [7]), the Hochschild ho-
mology of the path algebra (see [21], [20], [9], and [13]), singular graph homolgy (see
[26] and [5]), and the path homology. The comparison of these approaches is shortly
described in [19, Introduction]. The path cohomology for digraphs was introduced
by Dimakis and Miiller-Hoissen in [10], [4], [11]. This approach was developed in
[15], [16], [17], [18], and [19], where deep relations between path homology groups,



Hochschild homology, simplicial homology, and Atkins theory were obtained (see
also [1], [2], [3], and [6]). The path homology theory has good functorial properties,
it is compatible with the homotopy theory on the graphs (digraphs), and respects
the basic graph-theoretical operations: the Cartesian product and the join of two
digraphs. Additionally, the path homology theory can be used for topological data
analysis and investigation of various networks (cf. [12], [8], [25]).

In the present paper we construct a homotopy invariant homology theory for
quivers and multigraphs, that is a natural generalization of the path homology theory
for simple digraphs and non-directed graphs that was introduced and developed in
[15], [16], [17], and [18]. Then we discuss possible applications of the results and
provide several examples of computations.

In Section 2, we give a preliminary material about the category of quivers and
path algebras of quivers.

In Section 3 and 4, we construct a homology theory on the category of quivers,
including chain complexes that arise naturally from a quiver structure.

In Sections 5, we introduce the concept of homotopy between two morphisms of
quivers and we prove the homotopy invariance of the homology groups under a mild
assumption on the ring of coefficients.

In Section 6, transfer obtained results from the category of quivers to that of
multigraph, discuss the results, and we present several examples of computation.
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2 The category of quivers and path algebras

In this section we recall a category of quivers and describe the path algebras arising
naturally on quivers.

Definition 2.1 A finite quiver is a quadruple Q = (V, E, s,t) where V is a finite
set of vertices, E is a finite set of arrows, and s,t: E — V are two maps. For an
arrow a € E we refer to the point s(a) € V' as the start vertez of a and to the point
t(a) as the target vertex of a.

In what follows we shall consider only finite quivers. Usually the elements of V'
are denoted by 0,1,2,...,n.

Definition 2.2 Given a positive integer r, an elementary r-path in a quiver @) is
a non-empty sequence ag,ay,. .., a,_1 of arrows in @) such that t(a;) = s(a;yq) for
1 =0,1,...,7 — 2. Denote this r-path by p = apa; ...a,_1. Define the start vertex
of p by s(p) = s(ap) and the target vertex of p by t(p) =1t (ay_1).
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For r = 0 define an elementary O-path p by p := v where v € V is any vertex.
For this path set s(p) = t(p) = v.

The number r is called the length of arbitrary r-path p and is denoted by |p| .

The set of all elementary r-paths of ) is denoted by P.() and the union of all
P.Q for all » > 0 is denoted by PQ.

Definition 2.3 Let Q = (V, E,s,t), Q" = (V',E',s',t') be two finite quivers. A
morphism of quivers f : @@ — @ is defined as a pair of maps (fy, fg), where
fv: V. — V'is a map of vertices and fr: £ — E’is a map of arrows, such that the
following conditions are satisfied for any a € E:

fr(s(a)) = s'(fe(a)) and fy(t(a)) = t'(fe(a)).

It follows immediately from Definitions 2.1 and 2.3, that the quivers with the
introduced morphisms form a category that we denote by O.

Definition 2.4 Let K be a commutative ring with a unity and such that no positive
integer in K is a zero divisor. The graded path algebra A.(Q) = K[PQ)] is the free
K-module spanned by all elementary paths in ), and the multiplication in A,(Q)
is defined as a K-linear extension of concatenation of any two elementary paths p, g

on Q.
The concatenation is defined as follows: for the paths p = aga;y...a, and g =
boby . .. b, with n,m > 0 set

. apaq . .. anbobl ce bm, if t(an) = S(bo),
pra= 0, otherwise,

for the paths p=v € V and ¢ = byb; ... b,,, set

q, ifv=s(by), d q, ifv=1t(bn),
cq= an “p=
b 0, otherwise, P 0, otherwise,

and for the paths p = v, ¢ = w where v,w € V, set

v, ifv=uw,
pb-q=

0, otherwise.

It is obvious that the formal path ) v € Ay(Q) is the left and right unity of

veV
Let f: @ — @' be a morphism as above. For any path p € P(Q) define the path
f«(p) € PQ' by the following way:

e for |[p| =0 and, hence, p =v € V we put f.(v) = fy(v) € V’;

e for [p| > 1 and p = apay . ..a, where a; € E, we put

f*(p) = fE<(lo)fE(a1) . fE(an) Where fE(CLz) - El.



It is clear that |f.(p)| = |p|. Thus, a morphism f: @ — @’ induces linear maps

fer Ap(Q) — Ap(Q') for any n > 0.
Simple examples show that it may happen that f.(p-q) # f(p) - f«(q)-

Example 2.5 Let Q; = (V;, E;, s;,t;)(1 = 1,2) be two quivers given on the next
diagrams

U1 S V2

lbl ., lCLQ and w1 i) w2i> W3

(7 I (%}

correspondingly. Define a morphism f: Q)1 — )5 putting

fv(v) =wy, fv(ve) = fv(va) = wo, fr(v3) =ws and fr(a;) = fe(b) =c (1 =1,2).

Then for the paths p = a; and ¢ = by, we have f.(p-q) = f.(0) = 0 and f.(p)- f«(q) =
C1Co # 0.

Let @ = (V, E, s,t) be a quiver. For any ordered pair of vertices (v,w) € V x V
define p(v,w) as a number of arrows from v to w (this includes also the case v = w
when p(v,v) is the number of loops at the vertex v). Set

Ny = max, yey (v, w). (2.1)
The number Ny will be referred to as the power of Q.

Definition 2.6 A quiver @) is called complete of power N if, for any two vertices
v, w there is exactly N arrows with the start vertex v and the target vertex w.

Let us describe the procedure of completion of an arbitrary quiver ) of power
Ny. Fix an integer N such that
N > Ny (2.2)

Definition 2.7 Define a quiver é = (‘7, E, 5,5 as follows. We put V = V and, for
any ordered pair of vertices (v, w) (including the case v = w) we add (N — u(v,w))
new arrows from v to w, that obtaining E. Clearly, @ is a complete quiver of power
N. We shall refer to @ as the completion of Q) of power N. We will denote ) also
by QY when the dependence on N should be emphasized.

Note that we have a natural inclusion of quivers 7: Q<—>C§ that induces an inclu-
sion of K-modules

Te o Ny (Q)— A, (Q), for any n > 0.



3 Homology groups of complete quivers

In this section we construct a chain complex and homology groups on a complete
quiver. Let us recall the following standard definition.

Definition 3.1 [27] A A-set consists of a sequence of sets X,, (n =0,1,2,...) and
maps 0;: X,41 — X, for each n > 0 and 0 < ¢ < n + 1, such that 9,0, = 9;_10;
whenever ¢ < j.

Consider a complete quiver @) = (V, E, s, t) of the power N > 1. Define a product

A (Q) x M(Q) = M(Q), (p,q) — [pd]

first on the arrows a,b € E by

ab]: = {Z ¢, fort(a) = s(b),s(c)=s(a),t(c) =t(b) (3.1)

0, otherwise

and then extend it by linearity in each argument on A;(Q) x A;(Q). Note that
the sum in (3.1) contains all arrows starting at s(a) and ending at ¢(b). It follows
directly from the definition that

[tta) = o). 100) = s(o).
afoel] = bl = 4 =41 |s(a) = ste), ) = (0, (32)
0, otherwise.

Now we introduce homomorphisms

02 Ania (Q) — An(@Q)

for all n > 0 and 0 < 7 < n + 1. It suffices to define 0;p for any elementary
(n + 1)-paths p = apa; .. . a, and then extend 0; by linearity.
Forn=0,:=0,1, we put

Oop = Nt(p), O1p = Ns(p). (3.3)
Forn>1,71=0,n+1, we put
Oop = N(ajas . . .ay), Oni1p = N(apay ... a,_1). (3.4)

Forn>1,1<17<n, we put

&p == Z ag...a;—2CAjq1 ... 0p. (35)

ceE:s(c)=s(aj—1),t(c)=t(a;)
Using the notation (3.1), we can rewrite (3.5) shortly as follows:

82-(a0 . an) =dap... ai_g[ai_lai]aiﬂ Q. (36)



Lemma 3.2 Let p = (apay...a,) withn > 2 and 1 < i < n — 1, we have the

following relations
ag . .. ai_g[[ai_lai]aiﬂ]aﬁg .. Qp = Qg ... ai_g[ai_l[aiaiﬂﬂaﬁg Ay

Proof. Follows from definition (3.6) of 0; and (3.2). =
We put A_1(Q) = {0} and define dy : Ag(Q) — A_1(Q) by 0y = 0.

Theorem 3.3 Foralln>0,0<1:<j<n+1 we have

81‘83‘]? = 8]‘—181‘19

(3.7)

for any p € A 11(Q). Hence, the sequence N;(Q),i > 0, with the differentials 0; is a

A-set.

Proof. In the case n = 0 we have necessarily ¢ = 0 and j = 1. Then we
trivially 0y0; = 9y0y = 0.

have

Assume n > 1 and consider various cases. It suffices to prove (3.7) for p =

(a0a1a2 R an).
i) Let i =0 and j = 1. For n = 1, we have

8081 (aoal) = 80([(10&1]) = N2t(a1),

and
D00o(apar) = 0o(N(a1)) = N*t(ay).

For n > 2 we have
8081(a0a1&2 e Cln) = 80([a0a1]&2 e an) = NQ(QQ Ce an),

and
8080(a0a1a2 e an) = NQ(CLQ Ce CLn).

In the both cases, we have 0y01p = 0yIp.
ii) Let i =0 and 2 < j < n. For n = 2 and, hence j = 2, we have

o0 (aparaz) = do(aolaras]) = N([aias])

and
8130(a0a1a2) = Nal(CLlCLQ) = N([(Ilag]).

For n > 3, we have

8067]-(@0@1 c Cln) = 80((10 s Q2 [aj—laj]aj—i-l c an) = N(al ce aj_g[aj_laj]ajﬂ .

and

aj_lao(aoal Ce an) = N@j_l((IlCLQ N an) = N(a1 N aj_g[aj_laj]ajH e an).

Hence, 0y0;p = 0;-100p.

ay)



iii) Let : =0 and j =n + 1. For n =1 and hence j = 2, we have
8082(%&1) = Nao(ao) = NZt(Clo),

and
8180((1,0@1) = N@l(al) = N2<S<6L1) = N2t(a0).

For n > 2, we have
803n+1(a0 .. an) = Nao(ao . an_1> = N2(6L1 ce an_1>

and
0n00(ag . ..an) = Noy(ay...a,) = N*(ay...ap_1).

Hence, 0y0;p = 0;-100D.

iv) Let j = n + 1. This case is treated exactly the same way as the case i = 0
considered in i) — iii).

v)Leti>1,j<mnandj=1i+1. We have

8i8i+1(a0 e CLn) == ai<(lo e ai_l[aiaiﬂ]aiw e an)

= ap... ai,g[ai,l[aiaiﬂ]]aiﬂ oL Qp
and

Giai(ao ce an) = &(ao R ai,g[ai,lai}aiﬂ R an)
= Qag... [[ai_lai]aiﬂ] oL Qp

= Qag-.-.- [ai_l[aiaiﬂ]] R 0

by Lemma 3.2. Hence, 0;0;11p = 0;0;p.
vi) Finally, let i > 1 and i + 2 < 7 < n. We have

810]-(@0 ce an) = &(ao Ce aj_g[aj_laj] . an)

= Qag... ai_g[ai_lai] . [aj_laj}ajﬂ oL Qp
and

8j_18i(a0 PN an) == 3]-_1(@0 oo ai_g[ai_lai]aiﬂ Ce CLn)

= Qag... ai,Q[ai,lai] . [aj,laj]ajﬂ v Q.
Hence, 0;0;p = 0,_10;p. m

Definition 3.4 Let ) be a complete quiver of power N. For all n > —1, define
homomorphisms 0: A,11(Q) — A,(Q) by

n+1



Consequently, for an elementary path aqg...a,, we have

d(ag...an) = Nay...an — [aga1] az...an, + ag [a1az] ...a,
o4 (=) g .Cns [an_1an]) + (=1)"" Nag...an_1.  (3.8)

By a standard result about A-sets (see [27]), we obtain the following.

Corollary 3.5 We have 0% = 0 which vyields a chain complex

0 A(@Q) & MQ) L ... &N Q) < ... (3.9)

The chain complex (3.9) is called a path chain complex of a complete quiver Q.
Previously we have defined A_; (Q) = {0}. Alternatively, we can set A_1(Q) =
K, and define 0 : Ag(Q) — A_1(Q) by 0 = € where

£ (Zm) => ky,veVik €K,

is an augmentation. Then we obtain a chain complex with the augmentation of a
complete quiver ()

0K < Ag(Q) L A(Q) — ... £ M(Q) — ... (3.10)

4 Homology of arbitrary quivers

Now we define a chain complex and homology groups of an arbitrary finite quiver
Q = (V,E,s,t). Fix a positive integer N as in (2.2). Let @) be a completion of @
of the power N (see Section 2). We have a natural inclusion 7: @ — @ that is a

morphism of quivers. It induces isomorphisms A, (Q) — A,(Q) of K-modules for
n = —1,0, and monomorphisms of K-modules

7o A(Q) = AW (Q) for n > 1
defined on the elementary n-paths p =ay ...a, by

To(ar...a,) =7Tr(ar) ... Te(a,). (4.1)

Since 7, is an inclusion, we shall identify any elementary path p € PQ with its
image 7.(p) € PQ and we shall consider A,(Q) as a submodule of A,(Q) for any
n> —1.

Definition 4.1 Any elementary n-path p € P@ is called allowed if p € P(), and
non-allowed otherwise. The elements of A,, (Q) are called formal allowed n-paths.



Note that the submodules A, (Q) C A,(Q) are in general not invariant for 0 as

defined by (3.5) in A,(Q). For n > 0, consider the following submodules of A, (Q)

0,(Q) == {v € A(Q) : D € Apy(Q)). (4.2)

It is clear that €, (Q) are J-invariant, that is,

9 (2 (Q)) Ca (Q),

which follows directly from the identity 9% = 0 in A,(Q). Hence, we obtain a chain
complex Q, = Q, (Q):

06—l 2q, 2. (4.3)

Note that QgﬁQ) = Ao(Q) = Mo(Q), N (Q) = Al(Q)NC A (@), and Q,(Q) C
An(Q) C An(Q) for n > 2. Note also, that Q.(Q) = A.(Q) as follows trivially from
(4.2).

Note that the definition of €2, (@) depends on the choice of the parameter N as
@ was defined as the completion of @ of power N. In order to emphasize this, we
may use an extended notation @ for the completion of @ of power N and QY (Q)
for the chain complex Q. (Q).

Definition 4.2 Define for any n > 0 the homologies of the quiver Q) with coefficients
from K by

HY(Q,K) = Hy(Q)(Q)).

If N is fixed then we may use also the shorter notation H,(Q, K).

Using the augmentation homomorphisms e: Q(Q) = Ag(Q) — K defined above,
we obtain the reduced homology ]:.7”(@, K) as the homology of the chain complex
with the augmentation

0e— K0, & .. 2 q, 2 .

In the case of quivers of power N = 1 (digraphs) without loops the homology
theory was constructed in the papers [15], [16], [17]. It is an easy exercise to transfer
results of the present paper to the case of simple digraphs and to check that the
obtained homology theories are isomorphic. One of advantages of the construction
of the present paper is that it provides a homology theory for quivers of power N =1
allowing loops, that contains as a particular case the theory [15], [16], [17].

As an example of computation of homology groups, let us prove the following
statement. We say a quiver Q) = (V, E,s,t) is connected if, for any two vertices
v,w € V there is a sequence of vertices v = vy, v1, ..., v, = w such that for any pair
of vertices (v;,vi41) (1 = 0,1,2,...,n — 1) there is at least one arrow a € E such
that s(a) = v, t(a) = viyq or s(a) = vy, t(a) = v;.



Proposition 4.3 Let () be a connected quiver. Then

HY(Q.Z) = {Z’ Jor V=1 (4.4)

& (6, (Z/NZ)), for N>2n=|V|-1.
In particular, for N > 2 in the group HY(Q,Z) there is an element of order N.
Proof. We can write directly the basic elements of Q;(Q) for i = 0,1. We have
Q(Q) = (vg ..., vu]v; € V),

N(Q) = (a1, ... ap, b, ..., bpla;, b; € E;s(a;) # t(as), s(by) = t(by)) -
The differential 9: ;(Q) — Qp(Q) is defined by

86Li = Nt(az) - NS(CLZ'), 81)] =0.

Hence € 0 @ = 0 for the augmentation e: Qy(Q) — Z. Since e(vg) = 1 # 0,
we conclude that vg ¢ Imd. For N = 1, the same line of arguments as in [14,
Proposition 2.12] shows that v; — vy € Im 9, which proves (4.4) in the case N = 1.

For N > 2, the Z-modul Qy(Q) is generated by (vo,v1 — vo,...,v, — Vo) and,
hence, is isomorphic to Z® (€P,, Z). Again, the same line of arguments as in [14,
Proposition 2.12] shows that Im 0 coincides with the subgroup of Q4(Q) generated
by (N(vi — v),..., N(v, — v9)). Clearly, this subgroup is isomorphic to €, NZ,
whence the result follows. m

Let @ = (V,E,s,t) be a quiver. As before, let Ny be defined by (2.1) and
let N > Ny. In the next statement we are concerned with the dependence of the
complex QY (Q) on N.

Theorem 4.4 Let QQ = (V, E, s,t) be a connected quiver. Let Ny be the power of Q.
Then the K-modules QY (Q) are naturally isomorphic for all N > Ny + 1.

Proof. Clearly, Q)(Q) does not depend on any N > Nj. Hence, in what follows
we assume n > 1. Let

p= Z cr(ay - ai,) € Q(Q),

where ¢; € K and N > Ny. Recall that p € QY (Q) if and only if p € A,(Q) and
ONp e A,_1(Q). For the operator 9V, we have

—_

Np=0Yp+> (-1 op+(-1)"p, (4.5)
1

i

where

oNp = Nch(ai2 a), ONp= NZC;(ail cea, ),
T T
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and, for 1 <k <n—1,

oNp = Z cr(@iy - iy [ iy )Gy - - G,).
I

Since p € A, (Q), it is clear that 9)p and 9Yp lie in A,,_1(Q). Since dVp € A, (Q),
it follows that
1
(1) o p=0"p—0p— (—1)"0p € At (Q)
1

3
I

e
Il

The key observation is that [a;,a;, ] is the sum of N arrows in QY with the same
start and target vertices. Since in () the maximal number of arrows with the same
start and target vertices is at most Ny < N, we see that [a; a;, +l] is the sum of
at most Ny allowed arrows in @ and at least N — Ny non-allowed arrows from
QY. Therefore, the sum (a;, ... a;, (@i, @] G, - - a,) contains at least N — Ny
elementary paths that are not allowed in (). Therefore, all such terms in the sum
(4.5) must cancel out in order to ensure that 9Vp € A,,_; (Q), that is,

3
—

(-1)*ofp=o.
1

e
Il

Note also, that if the cancellation of all the terms in this sum occurs for some N > N
then it will take place also for any other N’ > N,. Hence, we obtain

aN/p = aé\f’p + <_1)n 871:]/]9 € Anfl (Q) ’ (46>
which implies p € QY (Q). =

Remark 4.5 Let us emphasize that although the K-modules Q¥ (Q) do not depend
on N > Ny, the differentials in QN (Q) do depend on N and, in fact, the homology
groups HY(Q) may actually depend on N. For example, Proposition 4.3 shows that
HY (Q) depends on N.

Example 4.6 Consider the following quiver @):

b
V1 —— U2

Ta /e

Vo
Here
0 (Q) = (vo,v1,v2), N(Q) ={a,b,c), N(Q) = (ab), and Q(Q) =0 fori>3.
It is easy to see that for any N > 2 we have
QY (Q) = (vo, v, 1), Q¥(Q) = (a,b,c), and QN (Q) =0 fori > 2.

Hence, the chain complexes Q21(Q) and QY (Q) are not isomorphic for N > 2. In
this case we also have

0=H(Q,Z) % HY(Q,7Z) =7 for N > 2.

11



Now we construct homomorphisms of homology groups that are induced by a
morphism of quivers.

Let @ = (V,E,s,t) and Q" = (V',E',s',t') be quivers of power Ny and N,
respectively, and f = (fy, fr): @ — @’ be a morphism of quivers. Consider quivers

~ —~N
Q" and @ that are the completions of power

N > max{N, + 1, Ng} (4.7)
of the quivers @) and @', respectively. For any n > 0, consider a diagram

QNQ) C AQ) C AQY)
lf*

ANQ) € A(Q) C AJQ)

where the map f, is a homomorphism induced by f. Our first aim is to restrict f,
to (@)

Proposition 4.7 For N > max{Ny + 1, N}} the restriction of the homomorphism
f« to ON(Q) induces a morphism of chain complezes

for 97(Q) — 2¥(Q),
and, hence, a homomorphism
for HY(Q,K) — HY(Q', K)
of homology groups.

Proof. We need to prove that
£ (27(Q) € 93(Q)

and that f, commutes with V. The case n = 0 is obvious, so let us assume n > 1.
Recall that p € QY(Q) if and only if p € A,(Q) and ONp € A, 1 (Q). Let

p= Z crag, .. a;,) € QAN(Q), ¢ €K.
T=(i1,.--yin)

We have

"p = K+ (-1)"9,p

-~

GAn,1(Q)
n—1
k
(=D el - aiJagai,)ai,, - a,). (4.8)
k=1 I
Since N > Ny, by the same argument as in the proof of Theorem 4.4, all the terms
Qg - v Qg [aikaikﬂ]aikﬂ oL Qp

12



from (4.8) cancel out in order to ensure that 0Vp € A,,_; (Q). Hence,
"p=0)p+(—1)"0)p.

Let us show that f.p € QY(Q’). For that, we need to verify that oV (f.p) €
A1 (Q"). We have

fip = Z cr(biy ... b)),
where b; = f.(a;) € E', and
N(fp) = ) (fop) + (=1)" 0N (f.p)

EAn1(Q")

n—

1
+ Zc, i e Dig (i biys b -+ i),y (4.9)
1

k=

where b; = f.(a;) € E'. Because of the cancellation of all the terms in the sum
(4.8), we see that all the terms in the sum (4.9) cancel out. Therefore, we have

O (fup) = 00" (fup) + (=1)" 05 (fup) = [<(00'p+(=1)" 9'p) = fu(0"p) € Mt (Q) .

It follows that f.p € QN(Q') and that f, commutes with &, which finishes the
proof. m

Now assume that instead of (4.7) we have N = max{Ny, N} and investigate
the induced morphisms of the chain complexes QY (Q) and Q¥ (Q’). In this case we
impose an additional condition.

Definition 4.8 A morphism [ : Q — Q' is called strong if, for any two distinct
arrows a,b € E with s(a) = s(b) and t(a) = t(b) we have fg(a) # fg(b).
The quivers with strong morphisms define a subcategory Q7 of the category
Q. Any strong morphism f : @ — @ can be extended to a strong morphism
f ; Q — Q’ as on the following diagram (that is defined up to isomorphism):
Q - @
b7 L (4.10)

& Lo

Here 7 and 7’ are natural inclusions, and the ‘map f ( fv, f E) is defined as follows:
i) fv coincides with fy (recall that V =V, V' = V7).
ii) The restriction fE|E coincides with fg (recall that E C E, E' C E’)

iii) For any two vertices v, w € V, denote by E, ,, the set of arrows in E that does
not lie in £ and have the start vertex v and target vertex w. Denote by E}(U% Faw)

the set of arrows in £’ that does not lie in fz(E) and have the start vertex f(v) and
target vertex f(w). By the injectivity of fr, we have [Eyw| = [E},) r(,|- Then we

extend fg to E by an isomorphism of sets F,,, — E}( ). F(w) thus obtaining fz.

Hence, f is a strong morphism.
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Remark 4.9 Note that, for any v, w € V', the strong morphism fprovides a bijec-
tion between the set of arrows with start vertex v and target vertex w and the set
of vertices with start vertex f(v) and target vertex f(w).

Proposition 4.10 If f : Q — Q' is a strong morphism, then the morphism fv: @ —
Q', defined by (4.10), induces a morphism of chain complexes

o A(Q) — A(@) (4.11)
and, hence, a homomorphism H*(@, K)— H*(@, K) of homology groups.

Proof. It is sufficient to check that 9;(f.(p)) = f.(d;p) for any elementary
(n+ 1)-path p=ag...a, and 0 <i < n+ 1. By definition, we have

fp) = fz(ao) ... fz(an), a; € E.

The cases i = 0 and ¢ = n+ 1 follow from relation between J?E and ff/ for n = 0 and
from Remark 4.9 for n > 1. For the rest cases it is sufficient to check that

felaicia] = [f5(aim1) f5(ai)],
which follows from Remark 4.9, as well. m
Proposition 4.11 Let Q = (V, E,s,t) and Q' = (V', E',s',t') be quivers of power
Ny and N{, respectively, and f: Q) — Q' be a strong morphism. Let N = max{Ny, N}

and let p € QN (Q). Then f.(p) € QN(Q') and the morphism f induces a morphism
of chain complezes

Q7(Q) — (@)
and hence a homomorphism of homology groups
HY(Q,K) — H}(Q', K)
in all dimensions.

Proof. By Proposition 4.10 we have a morphism (4.11) of chain complexes.
For any n, consider the restriction of this morphism to A, (@), that is, we have a
commutative diagram:

QB A @)
I
MQ) T A@)
For any p € A,(Q) we have
ONp=0"7(p) € A 1(Q).

Then f.(p) € A,(Q') and

ON fu(p) = V(' f.(p) = OV (Fr(p) = [0 7(p)) = £.(0"T(p)) € Mt (@),
whence f.(p) € Q,(Q'). m



5 Homotopy invariance of path homology groups
of quivers

In this section we define the notion of homotopy between two quiver morphisms and
give conditions when homotopic maps induce the same homomorphism of homology
groups.

Let I, = (Vo, Epn,Sn,tn) (n > 1) be a quiver with the set of vertices V,, =
{0,1,...,n} and the set of arrows FE,, that contains exactly one of the two arrows
(1t —= (i+1))and ((i+1) — i) fori =0,1,...,n—1, and no other arrow. We denote
by Iy the quiver which has one vertex 0 and has no arrows.

Any quiver I, is called a line quiver of the length n. Denote also by Z = U,,>0l,
the set of all line quivers. The length of a line quiver J will be also denoted by |J|.

Definition 5.1 @ = (V, E, s,t) be a quiver and I,, = (V,,, E,,, s, t,,) be a line quiver.
Define the Cartesian-product

I1=Q0OI, = (Vi, En, su, tn)
as a quiver with the set of vertices Vi; =V x V,,, the set of arrows
En={ExV,} u{V x E,},
and the maps sy, tr1 as follows:
sn(a,i) = (s(a),i), tula,i) = (t(a),i) fora e E i€V,
sr(v,b) = (v,8,(0)), tn(v,b) = (v,t,(b)) forveV,be E,.

The product QLII, can be considered as a cylinder over the quiver (). We have
identifications @ with the bottom of QCI{0} and with the top QT{n} of the cylinder
by using natural inclusions.

Let I be the line quiver of length 1 with two vertices {0, 1} and exactly one arrow
(0 — 1).

Definition 5.2 Let ) and R be two quivers.

i) We call two morphisms f,g: @ — R one-step homotopic and write f ~; g if
there exists a morphism F': QUJI — R such that at least one of the two following
conditions is satisfied:

L. Floogy = f, Floopy = 9;
2. Floogy =9, Floogpy = [-

ii) We call two (strong) morphisms f,g: Q — R homotopic and write f ~ g if
there exists a sequence of (strong) morphisms

fir@Q@—R, i=0,...,n,
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such that f = fo~1 fi~ - > fn=9.
iii) Two quivers @ and R are called (strong) homotopy equivalent if there exist
(strong) morphisms

J:Q—R, g:R—Q
such that

In this case, we shall write @ ~ R (or Q < R in the case of strong homotopy) and
shall call the morphisms f, g (strong) homotopy inverses of each other.

In order to state and prove the main result, let us introduce some notations. For
any quiver @ = (V, E, s,t) set
Q = Q0.
We shall put the hat ” =7 over all notations related to @ that are similar to
corresponding notations for ). For example, V is the set of vertices of Q, E is

the set of arrows of Q, A, = A (Q) and QN = (QN) Write also P = P(Q and
P = P(0) )

Any vertex v € V is identified with the vertex (v, 0) € V. Set also v/ = =(v,1) e V.
Similarly, any arrow a € E is identified with (a,0) € E. Set also o = (a,1) € E.

For any path p € P define the path p’ € P as follows: if p=wv €V then p’ = and
ifp=uagp...a, then
P =ag...a,.
For any vertex v € V, denote by b, the arrow (v — v') € E. For a path p € P,

define the path p € P that is called lifting of p as follows. For any O-path p =v €
V = F, set R
p=b, € P.

For any path p = agayas...a, € P,11 (n > 0) set
]/9\: bs(ao CLO(II CL -+ Z H_l ao...aibt(ai)agﬂ...a;) s (51)

so that p € ﬁn+2. By K-linearity this definition extends to all p € A,,4; (n > —1)
thus giving p € A, ;9.
Let Ny be the power of Q. Fix some N > N, and write for simplicity 0~ = 0.

Lemma 5.3 For any p € A,, with n > 0, we have
Op=—0p+N(@p —p). (5.2)

Proof. It suffices to prove (5.2) for any p € P,. Let us first prove (5.2) for
p=wv €V = Fy. In this case we have dp = 0, (7)5 =0,and p =0b, = (v—7)
whence .

op=N@p —p)=—-0p+N(@ —p).
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Then it suffices to prove (5.2) for p = ay...a,, where n > 0, which will be done by
induction in n.
For n =1, we have p = ay =: a. Set a = (v — w). Then we have

Op = N(w—v), 9p = N(by — by), P = byd — aby, (5.3)
whence

dp = Nd — [b,a’]+ Nb, — (Nb,, — [ab,] + Na)
= N (d' —a)— [bya] + [ab,] + N (by — by) . (5.4)

Note that [b,a] is the sum of all arrows from s (b,) = v to t (a') = w’, while [ab,,] is
the sum of all arrows from s (a) = v to t (b,) = w’, whence we see that

(bua’] = [ab,] (5.5)

Combining (5.3) and (5.4) we obtain (5.2).
In the inductive step we shall use the following identity. For any path ay....a, €
P,yq with n > 1 set 3 = ag...a,_1 and

_J ag...an—2, n=>2,
T s (ag) , n=1.

Then it follows from (3.8) that

0 (ﬁan) = (85 - (_1)nN7) ap, + (_1)n Y [an—lan] + (_1)n+1 Ng
(08) an + (—1)" "' Nya, + (=1)" 7 [an-1a,] + (1) NB. (5.6)

For the inductive step from n to n + 1, consider p = ay...a, € P, and set

ag...ap_s, N > 2,

u = ag...ap,—; and w = { s (o) —

Set also
j=t(a,_1)=s(a,) and k=t(a,)

as on the following diagram:

— e a,n—*% o In, ¥
T T b T by
_— @& — .j — [ J3
Ap—1 Qn
We obtain from (5.1) that
p=ua = ual, + (—1)"uay,by, (5.7)
whence
op = 0 (ual)) + (—1)”“8 (ua,by) . (5.8)



Since u = wa,_1, it follows from (5.1) that
u = wa,_, + (—=1)" wa,_1b;.

In order to compute 0 (ua)) observe that every elementary path in u has the end
vertex j', while the last arrow can be of two kinds: a],_; or b;. Hence, applying (5.6)
in order to compute 0 of elementary paths of these two kinds, we obtain

0 (ﬂa%) = (8@) a; + (_1)n+2N (7/ + 7//) a;l
+ (—1)71-1—1 7/ [a/ a;] + (_1)n+1 ’}// [bja' ] + (_1)n+2 Nﬁ (59>

n—1
where
v =w and 7" = (-1)"wa,_1 = (—1)"u.
Observe also that in (5.9) v"a), = (—=1)" ua, =
Next, using again (5.6), we obtain
 (uanby) = 0 (uay) by + (=1)"2Nub, + (=1)" w[a,bi] + (=1)""* Nua,. (5.10)
Combining (5.9) and (5.10), we obtain

op = (0u)d, + (=1)""*Nwa,
+ (—1)"+1 W [a' a;] —u[bja,] + (_1>n+2 Nu

n—1

+ (=1)" 9 (uay) by + (=1)"3 Nubp+u [anb] — Nua,
Using
0 (uay) = (9u) an + (=1)" " Nwa, + (=1)" w [an_1a,]) + (1) Nu (5.11)
and observing that, similarly to (5.5), [bjal,] = [a,by], we obtain

op = (0u)a, + (—=1)"**Nia,
+ (=" @ [0, _yay] —ulbiar) + (=1)"* Na
+ (=1 (0u) anby, + Nwanby, — w [an_1a,) b, + Nuby,
—Nubg+u [a,by] — Nua,
= (9u)a, + (-1)"**Nwal,
+(=D)"" % lar,_ya),] + (-1)"** Na

+ (—1)”Jrl (Ou) apby + Nwayby — w [a,_1a,] b, — Nuay,.
By the inductive hypothesis, we have
0t = —0u+ N (u — u)
and, hence,

0p = —(0u)d, + Nu'd, + (—1)""*Nad,
+ (=" @ [al,_ya,] + (-1)"" Na

+ (—1)”Jrl (Ou) apby, + Nwapby, — w [a,_1a,) by — Nuay,
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where we have used again ua,, = 0.
On the other hand, using (5.11) and (5.7), we have

op = O(uay) = (Qu)a, + (—1)""'Niwa, + (—1)" we + (—1)" " Na
517)@;1 + (=1)" (Ou) aby +

~1)"" Nwa!, + (—=1)"t(=1)" Nwa,, by

~1)" @ [a,_ya,] + (1" (=1)" w ap-1aa] b+ (-1)"T N

(
+
(

where ¢ = [a,_1a,]. Adding up the two identities, we see that most of the terms
cancel out, and we obtain

op + 5]\) = Nu'al, — Nua, = N(p' — p),
which finishes the proof of (5.2). =

Proposition 5.4 Let Q be a quiver of power Ny and N > Ny. If p € QY then
pey,.

Proof. The condition p € Qi:’ means that p € A,, and dp € A,,_;. Since p € /AXnH
and dp € A, we obtain by (5.2) that also dp € A,,. Hence, p€ QF, ;. =
Now we can prove the main result about connection between homotopy and the

homology groups of quivers.

Theorem 5.5 Let ), R be two quivers of power Ny and N{, respectively. Let K be
a commutative ring with unity. Fiz an integer N > max{ Ny, N} and assume that
the element N € K 1is invertible. Let f ~ g: () — R be two homotopic morphisms
of quivers. Assume that either N > max{Ny, Nj} or N > max{Ny, N} and f,g
are strong morphisms.

(1) Then f and g induce the identical homomorphisms

fo=g.: HY(Q.K) — HY (R, K).

(ii) Let the quivers Q and R be homotopy equivalent by mutually inverse morphisms
f:Q — Randg: R— Q. Then the induced maps f, and g, provide mutually
inverse isomorphisms of the homology groups HN(Q, K) and HN (R, K).

Proof. (i) Let F' be a homotopy between f and g as in Definition 5.2. It suffices
to prove the statement for the one-step homotopy using the line quiver 7 = (0 — 1).
By Propositions 4.7 and 4.11, the maps f and g induce morphisms of chain complexes

Jir G QiV(Q) - Q*N(R)a
and F' induces a morphism of chain complexes

F.: ON(Q) — QY (R).
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where @ = @QOI. Note that, for any path p € P(@) that lies in P(Q), we have
F. (p) = f«(p), and for any path p’ € P(Q) that lies in P(Q'), we have F, (p') =

g« (p)-
In order to prove that f, and g, induce the identical homomorphisms HY (Q) —

HXY (R), it suffices by [23, page 40, Theorem 2.1] to construct a chain homotopy
between the chain complexes Q¥ (Q) and QY (R), that is, the K-linear maps

Ly 9,(Q) — Q' (R)

such that
8-[/11 + Lnfla = 0x — f*7

where & = V. Let us define the mapping L,, as follows

for any p € QN (Q). Here p e QN,,(Q) is lifting of p € QN (Q) as above.
Since F is a morphism of chain complexes we have 0F, = F.0. Now using (5.2)
we obtain

0Ly + Lucsd)p) = O(F.(5)) + - F.(3p)
= P (95) +  F.(Op)
= R0+ 0p) = E (NG~ )

= Fp) = Fudp) = g« (p) — [« (D).

(77) Note that morphisms f, g induce the following homomorphisms
HY (QK) & HY (R) & HY (Q, K) & HY (R,K),

where by (), f.og. = Id and g, o f. = Id, which implies that f, and g, are mutually
inverse isomorphisms of HY (Q, K) and HY (R, K). m

6 Homology of multigraphs and examples

In this section we transfer the homology theory to a category of multigraphs, discuss
possible applications, and give several examples of computations.

At first we describe how to transfer the homology theory from the category of
quivers to that of multigraphs. To denote a multigraph and morphisms of multi-
graphs we shall use a bold font (similarly to [15, §6]), while for quivers we use a
normal font.

Definition 6.1 i) A finite multigraph is a triple G = (V,E,r) where V is a finite
set of wertices, E is a finite set of edges, and r: E — V x V is a map which
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assigns to each edge an unordered pair of endpoint vertices. An edge a € E with
r(a) = (x,x),x € V is called a loop.
ii) A morphism from a multigraph G = (Vg, Eg, rg) to amultigraph H = (Vg, Eg, ryg)
is a pair of maps fy: Vg — Vg and fg: Eg — Eg such that for any edge a € Eg
with rg(a) = (x,y) we have

ru(fe(a)) = (fv(x), fv(y)).
We will refer to morphisms of multigraphs as graph maps.

For a multigraph G = (V, E, r) and any nonordered pair of vertices (x,y) € V x V
define p(x,y) as the number of edges a € E for which r(a) = (x,y). Set

No:= max {{u(xy)x#y} 2u((xx))}. (6.12)
(x,y)EVXV
The set of finite multigraphs with graph maps forms a category G. We can
associate to each multigraph G = (Vg, Eg,rg) a symmetric quiver

G=0(G) = (Vg, Eq, sa ta)

where Vo = Vg and FEg,sq,tq are defined as follows. For any a € Eg with
rg(a) = (x,y) we have two arrows a;,as € Eg with

s(ar) = x,t(a1) =y and s(as) =y, t(as) = .

Thus we obtain a functor O that provides an isomorphism of the category G and a
subcategory of symmetric quivers of the category Q.

Definition 6.2 For any multigraph G = (V,E,r) and N > N, define the homolo-
gies with coefficient from K by

H(G) = H, (0(G)).

It follows directly from the Definition, that the homology groups of a multi-
graph are well defined. It is an easy exercise to obtain the basic properties of these
homology groups from the corresponding results about quivers.

Now we generalize the notion of the Atkins connectivity graph that was defined
for simplicial complexes in [1], [2], [6]. Namely, we define a connectivity multigraph
of a C'W-complex, so that the path homology theory of multigraphs can be applied
for investigation of connectivity properties of C'WW-complexes. Recall the definition

of CW-complex (cf. [24]).

Definition 6.3 A CW-complex X is a topological space X which is the union of a
sequence of subspaces X, such that, inductively, X is a discrete set of points (called
vertices) and X, is the pushout obtained from X,_; by attaching disks D" along
attaching maps 9(D") — X,,_;. Each resulting map j : D" — X is called a n-cell.
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Given a finite C'W-complex X, let us fix two integers 0 < s < n, enumerate all
n-cells of X by integers and define the connectivity quiver G = (V, E,r) as follows.
The vertices of G are given by all n-cells of X, and the arrows of G are given by
s-cells of X by the following rule. A s-cell j°: D® — X is an arrow from the vertex
jt: D" — X to the vertex j2: D" — X if the number of j! is smaller than that of
4% and j°(D®) C j4(D™) for i = 1,2.

Similarly, the connectivity multigraph G® = (V,E,r) of X is defined as follows.
The vertices of G are n-cells of X, and a s-cell j°: D® — X determines an edge
between two vertices j: D" — X (i = 1,2) if ;%(D*) C j4(D") for i =1, 2.

Now we give several examples of computations of homology groups of quivers in
small dimensions.

Example 6.4 Consider a cell complex with three 2-cell that are enumerated by
Vg, U1, U2 as on Fig. 1.

Figure 1: A CW-complex.

The corresponding connectivity quiver G = Q = (V, E,s,t) is given on the

following diagram

b
U1 — U2

a Tay

Vo

Here V = {vg,v1,v2} and E = {a,as,b}. Let us take N = 2 and set Q, = Q2.
Clearly, 2,,(Q) = 0 for n > 3 and

QO(Q) = <UO7UIJU2>7 Ql(Q) = (a,al,b>, Qz(Q) = (ab - a1b>.
The boundaries are given by
da = 2(vy — vg), da; = 2(v1 — vg), Ob = 2(vy — v1),

and
d(ab — a1b) = 2(a; — a).

Let us change the bases in Q,(Q) as follows:

Q0(Q) = (v, v1 — vg,v2 —v1), (Q) = (a,a1 —a,b), Qu(Q) = (ab— a1b).
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Then
da = 2(vy — vg), O(a —a) =0, 0b=2(vy — vy),
and
d(ab — a1b) = 2(ay — a).

Hence, H1(Q,Z) = Zs is generated by (a;—ag) mod 2, Hy(Q,7Z) = 0, and Hy(Q,Z) =
7. & Ly & 7o where Z is generated by vy and the summands Z, are generated by
(v1 — v9) mod 2 and (vy — v1) mod 2, respectively.

Example 6.5 Let X consist of two identical n-gons (n > 3) with identified bound-
aries. Then its connectivity quiver G* = @Q = (V, E,s,t) has two vertices V =
{vo,v1} and n arrows E = {ay,...a,}, such that s(a;) = vo,t(a;) = vy, for i =
L,...,n. Let N =n and Q, = Q7. Then Q4(Q) =0 for & > 2 and

Q(Q) = (vg,v1) and Q1(Q) = (a1, ... a,).

The only nontrivial differential is 9: Q4 (Q) — Q0(Q) given by da; = n(v; — v) for
i =1,...,n. Changing the basis in .(Q) we can write

Qo(Q) = <’U0,U1 — U0> and Ql(Q) = <CL1,CL1 —ag,...,a1 — an).

Clearly, da; = n(vy —vg) and d(a; — a;) = 0 for ¢ = 2,...n. Hence Hx(Q,Z) =0
for kK > 2 and
Hy(Q,Z) 27 &7, and H,\(Q,Z) = 7"

Example 6.6 Now we give an exampe of quiver @ for which H2(Q, Z) is nontrivial.
Consider at first a quiver @; ("cycle”) as on the diagram:

a2
Vg — U3

al T \/(ZS
U1
with Vi = {v,v9,v3} and E; = {aj,a2,a3}. Now construct the quiver @ =

(V, E, s,t) that is a ”double suspension” over @) as follows. We add two new vertices
vy and vy and arrows by, b, by, b, b3, Uy, ¢1, ¢}, ca, ¢4, c3, ¢ such that

s(bi) = s(b;) = s(ci) = s(c)) = vi, 1=1,2,3,

and
t(bl) = t(b;) = Uy, t(cz> = t<cl) = Us, 1= 17273'

(3

Let N = 2 and Q, = Q2. We have Q,(Q) = 0 for n > 3. Consider a nontrivial
element w € Q(Q) as follows:

/ / / / / /
w = agby + asb] + a1by + a1b5 4 asbs + asbs — ascy — ascy — ayca — a1¢y — ascs — ascs.

It is easy to check, that Ow = 0, and hence Hy(Q,Z) # 0.
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CCl
Figure 2: A quiver with two loops.

Using the iteration of the suspension it is relatively easy to construct quivers
with nontrivial homology group in any dimension similarly to [16].

Example 6.7 Now we give an example of quiver with nontrivial finite one-dimensionsl
homology group. Consider a quiver @) = (V| E,s,t) as in Fig. 2. with one vertex
{vo} and two arrows cg, ¢;, such that s(¢;) = t(¢;) = vp. Set N = 2 and Q, = Q2.
We have

QO(Q) = <U0>7 Ql(Q) = <00701>, and {2y = <0000,000170160,C1C1>~
The differentials are trivial in dimensions zero and one. We have

8(6000) = 200 —Cy—C1 + 200 = 300 — (1,
8(0001) = 2C1 —Cy—C1 + 200 =Co + ¢y,
8(6100) = 200 —Cy—C1 + 261 = Co + ¢y,
6(0161) = 261 — Cy — C1 -+ 201 = 301 — Cp.

(6.13)

and, hence, d(coco+ coc1) = 4cp. Tt is easy to check directly, that 2¢y ¢ Im{d: Qy —
2, }. Changing the basis we have

Ql<Q> = <Co, Co + Cl>.

Thus we obtain
Z, fori=0,

Z4, for i = 1.

Hi(QJZ) = {
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