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Abstract

We use a differential form cohomology theory on transitive digraphs to give a new proof
of a theorem of Gerstenhaber and Schack about isomorphism between simplicial cohomology
and Hochschild cohomology of a certain algebra associated with the simplicial complex.
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1 Introduction

At present time there exist different notions of homology (cohomology) of digraphs and undi-
rected graphs, see [2], [5], [6], [8], [10], [11]. In this paper we use cohomology theory of digraphs
of [2] and [6], that is reminiscent of the classical de Rham cohomology theory of differential
forms, in order to give a new proof of a theorem of Gerstenhaber and Schack [4]. In the course
of the proof we obtain close relations between the cohomologies of digraphs, those of simplicial
complexes, and the Hochschild cohomologies of algebras [9].

Let K be a commutative unital ring and A be an associative unital algebra over a K. Denote
by C™(A) the set of all K-multilinear functions f : A™ — A. Hochschild [9] introduced a
differential D : C™(A) — C"F1(A) that satisfies D> = 0 thus making {C™ (A)}>2, into a
cochain complex. Its cohomologies are called Hochschild cohomologies of A and are denoted by
HH" (A).

In 1983 Gerstenhaber and Schack [4] established the following beautiful relation between the
Hochschild and simplicial cohomologies. Let S be a (finite) simplicial complex. Denote by V/
the set of all barycenters of the simplexes of S, and introduce on V a structure of a digraph
(=directed graph) by defining the edges a — b between two barycenters a,b € V as follows:
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if s, is the simplex whose barycenter is a, and s, the simplex with the barycenter b, then by
definition

a—bs s, D 8. (1)

In particular, the underlying undirected graph of V with removed loops is the 1-skeleton of the
barycentric subdivision Bg of S (see Fig. 1)

e

Figure 1: The barycentric subdivision Bg of a 2-simplex (left) and the associated digraph (V, —)
(right).

Denote by A the left K-module of all formal linear combinations of the edges of V with
coefficients from K. Define the multiplication of the edges by

vy ) (ab), ifb=4d
(a,0) (a ’b) - { 0, otherwise, (2)

(cf. Fig. 2) and then extend it by K-bilinearly to a multiplication in A, thus making A into an

associative algebra over K. The algebra A has a unity that is the sum of all loops in V.

Figure 2: Illustration to (2): (a,b) (a/,0") = (a,V’) (left) and (a,d) (a’,b) = 0 (right)

Gerstenhaber and Schack proved in [4] that
HH*(A) = H"(5), 3)

where H* (S) is the simplicial cohomology of S over K. Although they constructed in [4] an
explicit cochain map 7 : C*(S) — C*(A), they wrote: “we are unable to show by direct
calculation that H* () is an isomorphism”. To prove the isomorphism (3) in cohomologies, the
Gerstenhaber and Schack used instead the cohomology comparison theorem developed in their
previous paper [3].

Another proof of (3) was given by Cibils [1] using a cleverly chosen resolution of the path
algebra of a poset associated with the simplicial complex.



The purpose of this paper is to give a direct proof of (3) by constructing a cochain map
between C* (S) and C* (A), although in a number of steps, and showing that the associated
cohomology map is an isomorphism, thus completing the program of Gerstenhaber and Schack.

Let us briefly describe our approach. We make a crucial use of cohomologies of digraphs that
are analogous to the differential forms cohomologies. The elements of the cochain complex Q"
based on the digraph (V, —), are K-valued functions on n-paths ig — i1 — ... — i, of the vertices
of V, with appropriately defined exterior differential d : Q* — Q"+, We use also a regularized
cochain complex {27, where the functions are defined only on the paths ig — i1 — ... — i, with
distinct vertices.

The notions of exterior differential and exterior forms on general digraphs as well as the
associated cohomology theory were developed in [2], [6], [5]. In particular, it was shown in
[6] (based on [7]) that the cohomology groups H* (§lr¢g,Z) are homotopy invariant. We refer
the reader to [6] and [5] for general overview of (co)homology theories on digraphs. In the
present paper we need the aforementioned theory only in a special case of transitive digraphs.
In the latter case the definitions of the cochain complex and the associated cohomologies are
significantly simplified and can be easily introduced from scratch as we do in Section 3.

Consider the product V =V x V that also becomes a digraph with the following definition
of edges: B

(i,j) = (I',j) mVej-idnV
(see Section 4). This type of product of graphs is unusual in graph theory, but is appropriate
for our purpose. On the digraph (V, —) we also introduce a cochain complex Q* analogously to
the cochain complex Q* on (V, —), with an additional weight in the exterior differential, which
strengthens the role of the diagonal diagV = V.

Denote by A the algebra spanned by all pairs (a,b) € V x V (not only edges of V) with
multiplication (2), and consider a Hochschild cohomology HH*(A, A) that comes from the
cochain complex C*(A, A) of multilinear functions f: A" — A.

We prove (3) by means of the following chain of relations:

HH*(A) = HH*(A, A) = H*(Q) = H*(Q) = H" (Qeg) = H" (Bg) = H"(S5), (4)

where Bg is the barycentric subdivision of S. The corresponding cochain complexes are related

as follows: B
Cc*(A)ccCr (A, A) =20 -0 - Qr, =C"(Bs) DC*(S5),

where A* = B* means that B* is a quotient cochain complex of A*. Hence, in the first step we

enlarge the cochain complex in question, but in each of the following steps we reduce it while

preserving cohomologies, until we arrive at C* (S). Let us comment on each of the relations in

(4).

1. The the isomorphism H*(Q) = H*(Q) is key result of this paper and is proved in Lemma
4.2. We establish first a map between the corresponding cochain complexes and then prove
that the cohomology of the kernel of this map is trivial. This step is crucial in the entire
proof as it allows to drastically reduce the cochain complex O* to Q.

2. The isomorphism HH*(A, A) =~ H *(ﬁ) follows from the isomorphism of the corresponding
cochain complexes C*(A, A) and Q*. The proof of the latter contains a trick of changing
the tensor notation, which in an instant transforms the elements of C™(A, A) into those of
Q" (Lemma 5.1).

3. The isomorphism HH*(A) 2 HH* (A, Z) is proved in Lemma 5.2 using an argument from
the proof of Lemma 4.2.



4. The isomorphism H* (2) =2 H* (Q.¢4) is proved in Lemma 6.1, also similarly to Lemma
4.2.

5. The isomorphism H* (Q.y) = H*(Bg) is rather straightforward and follows from the

isomorphism of the cochain complexes ., and C* (Bs) (Lemma 7.1).

6. The isomorphism H* (Bg) = H* (9) is classical.

The structure of the paper is determined by the above sequence of Lemmas. The main
Theorem 7.2 is stated and proved at the end of the paper.
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2 Hochschild cohomology

Let K be a commutative unital ring and A be an associative unital algebra over K. Let M
be a left K-module that has a compatible structure of a A-bimodule (in particular, M can be
an algebra over K containing A as a subalgebra). For any non-negative integer n, denote by
C" (A, M) the set of all K-multilinear functions f : A" — M. Clearly, C" (A, M) is a left
K-module. By definition, we take C° (A, M) = M.

Consider the Hochschild differential D : C™ (A, M) — C™*! (A, M) defined on any function
feC™ (A, M) as follows:

Df(a17a27"'7an+1) = alf(a27"'aan+1)
n
+Z(—1)kf(al7---,akak+1,---an+1)
k=1

+ (_1)n+1 f (CLl, ceey an) An+1,
for all a; € A. In particular, for n = 0, the differential of a constant f = m € M is a function

Df:A— M given by
Df (a) = am — ma.

It is known [9] that D? = 0 so that we have a cochain complex
0-CY(A M2 Boma ) Bomttia S

whose cohomologies are called the Hochschild cohomologies and are denoted by HH* (A, M) .

3 Cohomology of transitive digraphs

In this section we introduce a cohomology theory on transitive digraphs, similarly to the coho-
mology theory of digraph of [2] and [6]. However, unlike the cited works, we allow the digraphs
to have loop edges, which is motivated by application to Hochschild cohomology.



Let V be a finite set, whose elements will be called vertices. Denote by A" = A™ (V,K) the
left K-module of all functions f : V"1 — K. We use the following notation

figoiin = [ (i0; -y in)

for all 4, € V. Any sequence ig...i, of n + 1 vertices of V will be called an n-path. Hence, any
f € A" is a K-valued function on n-paths.
Fix a function § : V — K and define the exterior differential d : A" — A™*! by

n+1

(df)io...in+1 = Z (—1)k 5ikfio...i7c...in+1’ ()

k=0

where the hat zAk means omission of the index 4. Strictly speaking, the operator d should have
been denoted by ds but we omit the index § as usually this causes no confusion.

Claim. d? =0.
Proof. For any f € A", we have

n+2

(d2f)i0...in+2 = Z (*1)’C O, (df)io...i/,;...i,”rg

k=0

n+2 k—1 n+2
= Z (_1)k Oiy ( (_1)l5ilfi0‘..{;..‘{;€‘..in+2 + Z (_1)l_1 5izfz' fkﬁznﬂ)
0

k=0 = l=k+1

_ ket
= Z (=1) 6ik6ilfi0...7/:;.‘.{;;...in+2

0<i<k<n+2

k+1
D DR G A TR PR

0<k<i<n+2

After switching k£ and [ in the last sum we see that it is equal to the previous one, whence
d’f =0 follows. m
Hence, we obtain a cochain complex

0 A0S | GpAn 4 gt 4
So far V' was just a finite set. Let us now introduce a digraph structure on V.

Definition 3.1 A couple (V, E) is called a (finite) digraph if V' is any finite set and £ C V x V
is a relation on V.

Any couple (7,7j) € E is called a directed edge or arrow and will be denoted by i — j. A
digraph (V, F) will also be denoted by (V, —).

Definition 3.2 A n-path iy...i,, of vertices of a digraph (V, —) is called allowed if
19 — 1] — ... — Ip,
and non-allowed otherwise.

On any digraph (V,—) there is a natural way of defining a cochain complex Q* with the
exterior differential d that takes into account allowed paths (see [6], [8]). However, we need this
construction only for a specific class of transitive digraphs, that can be done easily as below.



Definition 3.3 Let (V,—) be a digraph and let § be a K-valued function on V. We say that
V is a é-transitive if
i —jand j — k=1i—k, provided d; # 0,

for all 4,5,k € V.

Let (V,—) be a d-transitive digraph. Denote by Q" = Q" ((V,—),K) the set of K-valued
functions on all allowed n-paths on V. Let us use the same function § in the definition (5) of d
and show that the operator d = ds can be considered as an operator from Q" to Q"*!. Indeed,
given f € Q" let us first extend f arbitrarily to a function on all n-paths, that is, to an element
of A™. Then (5) defines df as an element of A", that is, a function on all (n + 1)-paths. Then
the restriction of df to the allowed (n + 1)-paths yields an element of Q"1 that will also be
denoted by df.

Claim. If V is §-transitive then, for any f € Q", the differential df is well defined as an
element of Q1.

Proof. We need to show that df on allowed (n + 1)-paths does not depend on how f was
extended. Indeed, let ig...i,4+1 be an allowed path. We need to verify that in the right hand side
of (5) the contribution of the terms d;, io..in.ins, With non-allowed paths 40+ ijs.-.in41 vanishes.
Indeed, if §;, = 0 then this term does not give any contribution. If §;, # 0 then ix_; — i — ig41
imply 4x—1 — @gy1 so that the n-path

~

§0v e i1 = 60w TG 1oy

is allowed, which finishes the proof. m
Hence, we obtain a cochain complex

0004  Lond gnet d

of the d-transitive digraph (V, —) that will be denoted by Q* = Q5 ((V, —),K). The cohomolo-
gies of this complex

H™(Q) = H (Q(V, —) ,K) = ker d|gn /Tm d|gn-1

(where n > 0) are of primary interest for us.

Note that a digraph can be -transitive with many choices of function ¢ since in Definition 3.3
only the support of § matters. However, since we use the same function ¢ also in the definition
(5) of d, different choices of § will determine different complexes Q*. Therefore, in applications
one should carefully specify the choice of 4.

A digraph (V, —) is called transitive if

i —7—k=1—k.

For example, any partially ordered set (shortly, a poset) is a transitive digraph. Of course, a
digraph is transitive if and only if it is d-transitive with 6 = 1.For transitive digraphs we will
always use d = 1 in the definition (5) of d.

The cochain complex H* (Q2) for transitive graphs is a particular case of the construction of
[6], [8] of cochain complexes for arbitrary digraphs. Note also that the ring K in the definition
of the cochain complex can be replaced by any abelian additive group provided the function §
is Z-valued.



4 Self-product of a transitive digraph

Let (V,—) be a transitive digraph, and * the associated cochain complex (with § =1 as we
have agreed above). Set V =V x V and define the edges on V' as follows

(i,5) = (', j) = j—1 (6)

for all i,7,i,j" € V (cf. Fig. 3).

(0,0) 0,1)

Figure 3: An example of digraphs V' and 1%

Define a function § : V — K by
L, 1=y,
6(i7j) = { 0, ij. (7)

Claim. If (V,—) is transitive then (V,—) is -transitive with the function & defined by (7).
Proof. Indeed, if
(i,]) N (i/,jl) N (Z‘//’j//)
and 0y ;) # 0 then i’ = j" and
j — Z'/ — j/ — i”
whence j — i and, hence, (i,7) — (i",j"). =

Definition 4.1 The J-transitive digraph V is called a self-product of V.

As before, let 2* be the cochain complex of the transitive digraph V', and denote by Q* the
cochain complex of the §-transitive digraph V.

We say that a digraph (V,—) is reflexive if i — i for all i« € V. For example, any poset is
transitive and reflexive. Now we can state and prove our main technical lemma.

Lemma 4.2 If V is transitive and reflexive, then we have the isomorphism of cohomologies:

Proof. Let us identify V with diag V. Note that (i,4) — (4,J) is equivalent to i — j so
that diag V' as a subgraph of V' is isomorphic to a digraph V. For any function f on the allowed

n-paths in V', let @ f be a restriction of f to the allowed n-paths on V. In tensor notation, any
function f € Q" has the components f(;, jo)...(in,jn), @0d then @ f is defined by

(@f)ig.in, = Fti0i0)-(insin)

7



for all allowed n-paths 4g...i, on V. Hence, we obtain an epimorphism
d: Q" — Q" (9)
We start with verifying that the following diagram is commutative:
ﬁn i) ﬁnJrl
1® 1® (10)
Qn i) Qn+1

For any f € Q" and any allowed (n + 1)-path ig...in41 on V we have

n+1
(d ((I)f))iO...in+1 = (_1)k ((I)f)io.ni;uinﬂ
k=0
n+1
= Z Zkﬂk)f(io,z’o)...(z’k,ik)...(inﬂ,in+1)
k=0

df) (40,20)---(tn415tn+1)
d

(
= (2 dN)ig..inss

whence d® = ®d follows. B
Denote by K™ the kernel of the mapping (9). Since ® is a cochain map from Q* to Q*, we
see that K™ is a sub cochain complex. The short exact sequence

0—K*—=Q* Q=0
of cochain complexes yields by zigzag Lemma the long exact sequence in cohomologies
. — H"(K) — H"(Q) —» H"(Q) —» H"" (K) — ...

Hence, in order to prove the isomorphism (8) it suffices to show that, for all non-negative integers
n?
H" (K) =A{0},
that is, if f € K" and df = 0 then there is g € K" 1 such that f = dg.
Let us denote the elements of V' by ij,is etc. If i = (4,7) then set

= (j,j) € diagV

so that i’ can be regarded as “projection” of i onto V. Note that always i — i’, which follows
from the reflexivity of V, and
i—sj eoi—j

for all i,j € ‘7, since i and i’ have the same second component.
The following claim is a key to the proof.

Claim. For any f € Q" there exists g€ Q"1 such that the following holds:
(i) for any allowed (n — 1)-path iy...in that lies on diagV,

Yiy...in = 07 (11)



(13) for any allowed n-path iy...i,4+1 on V that does not lie entirely on diag TN/,
(_1)k (df)il...iki;...in+1 = firinr — (dg)il...inﬂ ) (12)
where k is the smallest index such that i, ¢ diag V.

Let us define g as follows: for any allowed (n — 1)-paths i;...i, on V, set Giy..1, = 0 if all
iy € diagV, whereas otherwise set

k
Girin = (517 fiy il i dn (13)

where k is the minimal index such that i ¢ diag V. Observe that the right hand side of (13) is
well defined, since the n-path i1...ik_1iki§cik+1...in is allowed whenever i;...i,, is allowed, because
i — i), — ipy1 (see Fig. 4).

Figure 4: The path i;...ii}ig41... is allowed

We have by (5)
n+1
1—
(A9)s, iy = 2 (=D S50, o0 (14)
=1

The term 6;,g in (14) vanishes whenever ¢;, = 0, which, in particular, is the case when

ip..dp.dpga
[ =Fkasiy ¢ diag V. Assume that 3, # 0, in particular, [ # k. Then the (n — 1)-path i1...ﬂ...in+1
is allowed. The first term in this path outside diag Vis again iy, and it has the ordinal number
k — 1 in this path, if [ < k, and the ordinal number k if [ > k. Hence, if [ < k, then we obtain
by (13)

G poi, =D

i1 0y dingt Lo pedgdy e dngn?

and if [ > k then

iy iyodngr (_1)kfil...ikigg...ﬁ...inﬂ'
Combining all the terms together, we obtain
k—1 n+1
(dg)il---in+1 = (_1)k+l 5il icdpedpd) i + Z (_1)k+l_1 5ilfi1.‘.iki;€...i7...in+1 (15)
=1 I=k+1



By (5) we have also

(df)ll lkl L1 = (_1)1_16ilf'

icdpedpd) i
1
k—1
(1) Oy, i1..dg ieingt

k
—1) 5i;cfi1...ikiz...in+1
n+1
+ Z 11 1k1k~~-1l~--1n+1
I=k+1
Noticing that d;, = 0, 5/ =1, f. = fi,..in.1, Substituting here (15) and multiplying

i1.. lklk dpt
by (—1)¥, we obtain (12).
Now assuming that f € K™ and df = 0, let us show that the function g defined by (13)
belongs to K™~ ! and satisfies dg = f. That g € K"~ ! is true by (11). Let us show that dg = f,
that is, for any allowed n-path iy...i,1,

(dg)il...in+1 = fi1-~‘in+1' (16)

If all iy, ...,i,4+1 € diag V then we have by (11) that (alg)ilmin+1 = 0, which matches f;, j,., =0

that is true by f € K™. Otherwise, let k& be the minimal value of the index such that i, ¢ diag V.
As it was observed above, the (n + 1)-path iy...igi}...ip41 is allowed. Since df = 0, that is, df
vanishes on all allowed (n + 1)-paths, we obtain

()i, it inps = O-

Substituting this into (12), we obtain (16). =

5 Algebra associated with poset

A digraph (V,—) is called a poset (partially ordered set) if it is reflexive, transitive, and anti-
symmetric, that is, ¢ — j — ¢ implies ¢ = j. In this section (V, —) is always a finite poset.

Denote by A the left K-module of all formal K-linear combinations of pairs (4,5) of vertices
of V. The pair (i,j) as an element of A will be denoted by e;; so that any element a € A can
be uniquely represented in the form

where ¥ are the coefficients from K. Let A be a submodule of A spanned by all e;; with i — 7;
that is, any a € A has the form
a = Z a” €ij-
{i,jEV:i—j}
Define in A multiplication on the basis elements

e
e, if " =j,

Con e Citt = Sirtrit — /

R R { 0, otherwise,

where

1=y
i ‘{ 0, i # 7, (18)

10



and then extend the multiplication to all the elements of A by K-bilinearity. It follows from (17)
that, for all a,b € Aand i,j € V, -
(ab)" = Z a''pld, (19)

lev

It is easy to see that A is an associative algebra over K with a unity Iy = icv €ii-
By a poset property we see that if e;;, e € A then e;jer; € A so that A is a subalgebra of A
(and 14 = 15). Hence, the Hochschild cochain complex C*(A, A) is well defined as in Section 2.
On the other hand, we have a cochain complex 2* of the poset V' as defined in Section 3,
and a cochain complex Q* of the self-product V of V as defined in Section 4.

Lemma 5.1 The cochain compleres C*(A, A) and Q* are isomorphic.
Proof. For any function f € C"(A, A) set
fivivizgo.ingn = f (€irjis s €ingn)

for all iy, j, € V. Since f takes values in A, firjrizjo...injn 1S linear combination of the terms e;;

as follows:
fi1j1i2j2--~injn : : 11J1%272. anne J
i,jev
with the coefficients f; . ¢ K. It follows that, for all a4, ...,a, € A,
1]12232 “Anjn
Z111 injn. .
f(a’17 "‘7 Zfljl 7,an * a”n’fL nelj

where the summation is performed over all ¢, j, ix, ji € V; .
By definition of the Hochschild differential D on C*(A, A) we have

(Df>i1j1...’in+1jn+1 = (Df) (€i1j17 Tt ein+1jn+1>

= eyt (eizjza "'vein+1jn+1)
k
+ Z (=1)%f (eiljlv s Gt Clppadryrs "'ein+1jn+1)
+1
+ (D" f(€irjrs s €ingin) Cinajnsr-

Using (17) and (19) we obtain

_ il lj
(Df)zul dn41ine1 Zeiljlfi2j2---in+1jn+1
lev

E _ . ij
+ ( 1) 5]’“7”“‘“lejl~~-Zk71]k711kjk+1zk+2]k+2~-~ln+l]n+l

n+1§ :
11J1---inJn Zn«i»l]n«kl

lev

whence
( f)’?‘ ) . = A )
11J1--In+1Jn+1 144972 in41Jn+1
+Z _1 3klk+1f11j1 Ak —1Jk—10kIk+1%k+2Jk+2--Int1In+1

n+1 7;7;77.-4—1
+ ( ) 5]n+1] lel...’injn'

11



Now we change notation, namely, we rename f;: 1oingn L0 fiirji..injnj and then rename in the

latter the indices as follows: figjoi1 i ...inj. - Bifectively this means the following change of notation:
P~y Uk k-1, Jk 7 ks ] Jne

In the notation for D f we should use j ~~ j,41 instead of j ~~ j,, so that the above formula for
D f becomes:

(Df)iojo.“inJrljnJrl = 5i0j0f7;1j1---in+1jn+1

n
k
> (1) iy Fioorin s risrdestoingijnss
k=1

+ (=) G Fiogoningn-
All pairs (ig, jx) can be regarded as elements of V=VxV. Using notation
i, = (ik, Jr)
we see that the components of f can be denoted by f;, j,. Hence, the above formula for D f

can be rewritten as follows

n+1

(Df)io...inﬂ = Z (_1>k5ik 10 ip. dng1 (20)

k=0

for all iy, € V. Consequently, any function f € C"(A, A) can be identified with a function from
A”(f/), this identification is clearly a linear isomorphism, and it transforms the operator D to
d as one can see from comparison of (20) and (5) (note that we use the same the function ¢ in
(20) and (5)).

Consider now the set C" (A, Z). The functions from C" (A, Z) can be regarded as restrictions
of the functions from C"™ (Z, Z) to the domain A". In particular, for any f € C"(A, A), the
value f (€., €injn) is defined only if i, — ji, for all £ = 1,...,n. Hence, the component
f-ij . is defined also under the same condition, that is, for the sequences of indices such that

11J1---Injn
In the notation fiyjy...inj. = fio...i,, this condition becomes jj_1 — iy, that is,
10J0 — 11J1 = - = InJn,

which is equivalent to

ip — iy — ... — iy,

given that the edges in V are defined by (6). Hence, any function f € C"™(A, A) is identified
with a K-valued function on allowed n-paths on V, and such functions are exactly the elements
of Q", which proves the isomorphism of the cochain complexes C*(A, A) and Q*. m

Lemma 5.2 We have HH*(A,A) =~ HH* (A4, A) .

Proof. In the previous proof we have identified the set C"™ (A, Z) with the set Q" of functions

on allowed n-paths on V. The set C" (A, A) is a subset of C" (A,z), and a function f €
cn (A,Z) belongs to C™ (A, A) if and only if, for all iy — ji,...,0n — Jn,
it = [l =0 (21)

'L'ljlu-’injn -
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(in other words, the component f% vanishes if ij is not an edge). Let 58 be the image of
C" (A, A) in Q™. Then we have the isomorphism of the cochain complexes

C* (A, A) = Q" and C* (A, A) = Q.

It suffices to prove that N _
H™(Q) = H" (),
which is equivalent to o
H"(Q/Q) = {0}. (22)

Before we can prove (22), let us reformulate the property (21) in terms of the notation fi,. j,
that we use for the elements of (2. Let us introduce one more relation — on V:

(i,5) = (7)) &i—J

(observe the difference with the definition (6) of — on V). Then the relation i — j in the

notation f’ is equivalent to iy — i, in the notation f;, ;, .

11J1--injn _
We say that an allowed n-path ig...i, on V' is proper if iy — in, and improper otherwise.
Then it follows from (21) that a function f € Q" belongs to € if and only if

fig..i, = 0 for any allowed improper n-path ig...i,. (23)

To prove (22) we need to show that if f € Q" and df € ﬁg“ then there exists g € Q" lsuch
that dg — f € €ff. Define g € "1 as in Claim in the proof of Lemma 4.2. Then we must show
that, for any allowed improper n-path i;...i,4+1 on V,

(dg)ilin+1 = fil---in+1 : (24)

An improper path cannot lie entirely on diag V as otherwise iy — ... = ipyy implies i1 — 4
and i — i,41. Let k be the smallest index with i, ¢ diagV. Then ¢ satisfies (12), and the
identity (24) will follow from (12) if we show that

(df)il...iki;c...in+1 =0. (25)

The path ij...ii}...in41 is allowed, so that we obtain (25) from df € ﬁg“ if we show that this
path is improper. If £ < n+1 then it is improper because its first and last vertices are the same
as those of the improper path i;...i,11. In the case £k = n + 1 we need to verify that the path
i1...ipy1i5,, is improper, that is, iy # i), ;. Indeed, since the last components of i,41 and i;,
are the same, the condition i; 4 i/, | follows from i; 4 i,41. ®

6 Regularized cohomologies of posets

A n-path ig...i,, of the vertices of a digraph (V, —) is called regular if ix,_1 # iy for all k =1, ..., n,
and irregular otherwise. Let from now on (V,—) be a poset. Any the regular allowed n-path
ip...i, on a poset has an additional property that all the vertices i; in this path are distinct.
Indeed, if i; = ix for some [ < k — 1 then ¢; — 4j31 — ...ix_1 — i} implies by transitivity that
iy — ix_1 — 1 whence by a poset property ix_1 = i, which contradicts the regularity.
Alongside the set Q" of K-valued functions on all allowed n-paths on V', consider the set
Q" of K-valued functions on all regular allowed n-paths. Observe that dQ” _ C Q7! in the

reg reg reg
following sense: any function f € Qf,, can be extended to a function from Q", also denoted
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by f, then df on the regular allowed (n + 1)-paths does not depend on the choice of extension.
Indeed, if ig...in+1 is a regular allowed (n 4 1)-path then

n+1

(df)io...z'n+1 = Z (_1)k fio.--{;g--~in+1’ (26)
k=0

*

and each path io...iAk...inH is regular and allowed. Hence, {27, is a cochain complex, that will
be referred to as the regularized cochain complex of the poset V.

Lemma 6.1 If V is a poset then
H () = B (yeg) (27)

Proof. Consider the mapping 2" — (2%, that is given by restriction of the functions from
Q" to regular allowed paths. Let K™ be the kernel of this mapping, so that we have a short
exact sequence

0—-K'—-Q"—=Qf —0.

reg

Hence, the isomorphism (27) will follow if we prove that
H" (K) = {0},

that is, for any f € K™ with df = 0 there is ¢ € K"~ ! such that dg = f.

If n = 0 then K° = {0} so the claim is trivial. For n = 1, a function f € K! may have
non-zero components only of the form f;;. Since (df);; = fu, it follows from df = 0 that also
fii = 0 so that f = 0. Hence, g = 0 is a solution.

Assume n > 2. We will construct explicitly a solution g € K"~! of the equation df = g. Let
us first illustrate this construction in the case n = 2. For any allowed 1-path i — j, set

o { 0, i#j
g fisiy 1=7.
Then g € K' and let us show that dg = f, that is,
(dg)z'jk = fijk (28)
for all allowed paths ijk. If the path ijk is regular then all 7, j, k are distinct, and
(d9)ijr. = 9jk — ik + gij = 0= fijk-
If ¢ = j then
(d9) i1, = 9ii = fuii-
Since df = 0, we have
0= (df) s = fii — fiii
whence
(d9)sir, = fiik-
Similarly one treats the case j = k, which settles (28).
Now consider the general case n > 2. If ig...i,,—1 is a regular allowed path then set

Gig.in_1 = 0.

14



If 4g...i,_1 is an irregular allowed path then let &£ be the smallest index with the property that
ix = igr1. Denoting by j the common value of iy and i1, we can write

§0v i = 10w k1] o2 i1

Then set
k
Gioewiin-1 = (1) fig.in_1jjjinsain-1- (29)
Note that the n-path ¢g...ix—1777%%+2...4n—1 on the right hand side is obtained by inserting one

more vertex j between already existing in g...i,—1 two vertices j at positions k and k + 1 (see
Fig. 5).

io i1 1 I i+2

io i1 1 @ i+2

Figure 5: Paths ig...jj...ip—1 and ig...Jj7...0n—1

By definition, we have g € K™ ! Let us show that dg = f in Q", that is,

(d9)i,...i,, = fio.in (30)

for any allowed path ig...i,,. If the path ig...7,, is regular then
n
1
(dg)s,. 4, = Y (-1) Gig..ipnin = 01

because all the paths loaln are also regular. Since also f;,.;, = 0 by f € K", we obtain the
identity (30) in this case.

Let now the path ig...7,, be irregular. Let k£ be the smallest index with the property ix = g1,
and denote by j the common value of i and ix1, that is,

§0vin = 10w i1 fik42. i

Observe that the k-path ig...7; is regular and allowed, which implies that all the vertices in this
path are distinct. We have by (26)

k—1
!

(dg)io...in = Z(_l) o igejioin (31>

1=0

k k
+(-1) Gio.. 5jin T (1) ! Yig..§Fin (32)
n
!
+ Z (1) Gio.ijuipein (33)
I=k+2

Clearly, the two terms in (32) cancel out. Observe that in the paths §0erigerjfonin a0 G0 f furifin
the first couple of equal consecutive vertices is jj, the same as in the full paths ig...5j...i,. By
(29) we obtain

1kl ~
Yoy Gijorin =(=1) fio...z‘l...jjj...in

15



and
— (_1\k ~
ioeigoiyoin — (1) fio...jjj...il...in

whence

S
—_

n

_ k-1 ~ Ntk R
(d9)i..:, = (1) i i jjjin T Z (1) Fiodiiiin: (34)
l I=k+2

I
o

On the other hand, since the (n + 1)-path dg...ix—1j7jjigs+2...in is allowed, we have

Computing this component by (26), we obtain
k—1
1
(df)io...ik_1jjjik+2...in = Z (1) fio...a...jjj...in (36)
1=0
+ (_1)k fio...jjj...in + (_1)k+1 fio...ﬁj...in + (_1)k+2 fio...jﬁ...in (37)
I+1
+ > DT i (38)
I=k+2

The three terms in (37) sum up to (—1)11c fioejjoin = (—1)k fio...in- Combining (36)-(38) with
(34), we obtain
()i in riidinsonin = (-1t (d9)iy.., + (=1)" figin-

Substituting here (35), we obtain (30). m

7 Poset associated with a simplicial complex

Let S be a finite simplicial complex. By definition, S can be regarded as a family of subsets of
a finite set M such that if s € S then any non-empty subset ¢ of s also belongs to S (we do not
allow the empty set to be in S). Then we obtain immediately a poset structure on S as follows:

s—t & sDt.

Let Bg be the barycentric subdivision of S and let V' be the set of vertices of Bg, that is, V
is the set of the barycenters of all simplexes of S. For any vertex ¢ € V denote by s; the simplex
from S whose barycenter is i. Clearly, the set V' has the same poset structure as S: if ¢ and ¢
are two vertices from V then we set

1— 7 & 8D S
(cf. Fig. 1). As in Section 6, let Q7. be a regularized cochain complex of the poset V.
Lemma 7.1 We have isomorphism

H* (Qpeq) = H* (S) . (39)

Proof. We will show that the chain complexes Q. and C, (Bg) are isomorphic. This will
implies the isomorphism of the corresponding cochain complexes and, hence,

H* Qo) = H* (Bg).
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Since H* (Bs) = H* (S), the isomorphism (39) will follows.
The set QY consists of all formal K-linear combination of the regular allowed n-paths i...i,,
on V. The n-path ig...i,, as an element of Q5”7 will be denoted by €io...i,- Lhe boundary operator

9 : QY — Q'Y is defined by

Oeiq..i, = (—1)k€
k=

(40)

[e=]

(observe that the (n — 1)-path ég...if...ip is regular allowed). It is clear that Q7.4 can be regarded
as the set of all K-linear functionals on Q;,Y, and it is easy to check that O is dual to d : Qj}e;l —
ey

By construction of the barycentric subdivision Bg of S, each regular allowed n-path ig...,

in V gives rise to a n-simplex of Bg with the vertices ig...i,, and vice versa (see Fig. 6).

Figure 6: A regular allowed path ipi1is determines a 2-simplex [ig, i1, 2] of Bg.

Since the boundary operator on simplexes is defined by
n
Oio, -yin] = Y (=1)"[i0, ey ik 5 -.eyin]

k=0

that matches (40), we see that the chain complexes Q. and C, (Bg) are isomorphic, which was
to be proved. m

As in Section 2, define the algebras A and A based on a poset V' and the associated Hochschild
cohomologies HH™ (A, A). Now we can state and prove the main result.

Theorem 7.2 We have the following isomorphism of cohomologies
HH* (A, A) = H*(5),
where H* (S) is the simplicial cohomologies of the simplicial complex S.

Proof. This follows from Lemmas 4.2, 5.1, 5.2, 6.1, 7.1 as in (4). m
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