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0 Introduction

Let {X:},-, be a reversible Markov process on state space M with a stationary
measure . This process is called stochastically complete if its lifetime is almost
surely co. In terms of the associated transition semigroup {P,},., the stochastic
completeness means that P,1 = 1 for all ¢+ > 0. If the process has no interior killing
component (which is assumed to be the case) then the only way the stochastic
incompleteness can occur is when the process leaves the state space in finite time
due to a fast escape rate to co. Easy examples are diffusions in bounded domains
with the Dirichlet boundary condition.

By far less trivial example was discovered by R.Azencott [1] in 1974: he showed
that Brownian motion on a geodesically complete non-compact manifold can be



stochastically incomplete. In his example, the manifold has negative sectional cur-
vature that grows to —oo very fast with the distance to an origin. The stochastic
incompleteness occurs because negative curvature plays the role of a drift towards
infinity, and a very high negative curvature produces an extremely fast drift that
sweeps the Brownian particle to infinity in a finite time.

The first sufficient condition for stochastic completeness of geodesically complete
manifolds in terms of lower bound of Ricci curvature was proved by S.-T. Yau [19].
A general sufficient condition in terms of the volume growth was proved in [4]: if
V' (r) denotes the volume of the geodesic ball of radius r centered at the origin and

*  rdr
| e = (0-1)

then the manifold in question is stochastically complete.

In the first part of this course we will give the proof of the stochastic completeness
under the condition (0.1), following [6] and [7]. Then we will show the sharpness of
(0.1).

On any stochastically complete manifold the notion of an upper radius makes
sense. This is a function R (¢) such that the distance from the Brownian particle at
time t to the origin is at most R (¢). Given the condition (0.1), function R (¢) can
be determined via the volume function V' (r) ([10], [5], [8]). For example, under a
polynomial volume growth V (r) < Cr"¥ one obtains

R (t) = const \/tlog t. (0.2)

Note that the sharp upper radius in R™ is by Khinchine’s theorem R (t) = v/ct loglog t
where ¢ > 4. However, there are examples of manifolds with polynomial volume
growth where the upper radius (0.2) cannot be improved ([11]). If V' (r) < exp (Cr?)
where 0 < o < 2 then the upper radius is

R (t) = const tra

whereas under the assumption V (r) < exp (Cr?) one obtains R (t) = exp (const t).
We plan to give in lectures a brief account of the above results on upper radius.

Consider now a symmetric jump process { X; } on a metric measure space (M, d, )
that is determined by a jump kernel J (z,y) (a rigorous definition of such a process
is given by means a Dirichlet form in the spirit of [3]). If a certain condition that
relates the metric d with the kernel J (z,y) is satisfied then we call the metric d
adapted. If d is adapted then the stochastic completeness of such a process can also
be stated in terms of the volume growth: if V (r) < exp (Cr) then the process is
stochastically complete ([9]). This theorem has nice applications to jump processes
on fractal spaces, in particular, to those considered in [2]. We plan to give the proof
of this theorem and discuss possibilities for relaxing the hypotheses.

A particular case of a jump process is a continuous time random walk in a graph,
generated by an unnormalized Laplace operator, that is symmetric with respect to
the counting measure. In this case the natural graph distance d is not adapted
to the process. However, an additional argument with introduction of an adapted



distance allows to prove the following: if V' (r) is the counting measure of the ball of
radius r with respect to the graph distance and V (r) < Cr® then the random walk is
stochastically complete ([9]). Surprisingly enough, the cubic rate is volume growth is
optimal: there are examples of stochastically incomplete graphs with V (r) < Cr3*e
for any € > 0 ([14], [18]). Other criteria for stochastic completeness can be obtained
in terms of the degree growth ([14]).

1 Brownian motion on Riemannian manifolds

1.1 Laplace-Beltrami operator

Let (M, g) be a Riemannian manifold and p be the Riemannian measure on M. The
Laplace operator (or Laplace-Beltrami operator) A is defined to satisfy the Green
formula: for all u,v € C§° (M)

/MAu vdpt = —/M<Vu, Vo)dp, (1.1)

where Vu and Vv is the Riemannian gradients and (-,-) denotes the Riemannian
inner product. In the local coordinates !, ..., 2" we have

B 3u ov
g Oxi O

= \/det gdz'...dz

which implies the following expression for A:

ma (mg dui )

For example, in R with the Euclidean metric (g;;) = id, we obtain the classical
Laplace operator

(Vu, Vo) =

and

Z 8201

Initially A is defined as an operator on functlons from Cg§° (M), but its symmetry
with respect to p (that follows from (1.1)) allows to extend it to a self-adjoint
operator in L? (M, u). In general, this extension may not be unique, but if M is
geodesically complete (which will be assumed in the main results) then this extension
is unique. With some abuse of notation, the self-adjoint extension of A will be
denoted by the same letter.

1.2 Heat semigroup and heat kernel

As one can see from (1.1), the operator A is non-positive definite, which implies that
the following operator P; := e'® is a bounded self-adjoint operator for any t > 0.
The family {P,},., is called the heat semigroup of A for the reason that it resolves
the heat equation. More precisely, the following is true:
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e for any f € L? the function u (t,z) = P,f (x) is a C* smooth in (¢,7) €
(0,400) x M and satisfies the heat equation

ou
— = Au. 1.2
and the initial condition
u(t,:) = f ast — 0+ (1.3)

where the convergence is understood in L?-norm.
o If f € C§° (M) then the convergence in (1.3) can be understood in C*°-sense.
o If f>0then P.f >0;if f <1then P, f <1.
e The semigroup property: PPy = P;,.

Furthermore, there is a function p; (z,y) of ¢ > 0 and z,y € M such that

BH@ZLm@wﬂwW@- (1.4)

The function p; (z,y) is called the heat kernel of A or of M. Alternatively, p; (z,y)
is referred to as the transition density of Brownian motion on M.
For example, if M = R" then

2
1 |z —y|
pe(z,y) = exp [ ——|.

(4mt)"? 4t

For general manifolds there is no explicit formula for the heat kernel. As it follows
from the properties of the heat semigroup, the heat kernel satisfies the following
properties:

e p; (z,y) is C* smooth in (¢,z,y) € (0,+00) x M x M

pe(x,y) >0 (and p; (x,y) > 0 on connected manifolds) and

/Mpt (2,y)dp(y) < 1, (1.5)

bt (x>y> =Dt (y,:l?)

The semigroup identity: for all z,y € M and t,s > 0,

pm@wIL%@@m@wW@- (16)



The existence of the heat kernel allows to extend the domain of the operator P,
from L? to other spaces. For that, use the identity (1.4) now as the definition of P
where f is any function such that the integral converges. In particular, P, extends
to a bounded operator on all spaces L4, q € [0, 00]. We will need the following:

o If f € Cy(M) then u(t,z) = P,f is a C* function of (¢,z) that solves the
heat equation (1.2) with the initial condition (1.3) where the convergence in
the latter is understood locally uniformly. Besides, we have

inf f < P,f <supf.

e Let u (¢,x) be a non-negative solution to the heat equation in (0, co0) x M such
that

2
w(t,) 28 f oast -0, (1.7)
for some f € L2 (M). Then P, f (z) is finite, smooth, solves the heat equation

loc

in (0,+00) x M, satisfies the initial condition (1.7), and
u(t,z) = Pf (z), (1.8)

for all t > 0 and z € M. (the minimality of P,f).

1.3 General conditions for stochastic completeness

Definition. A weighted manifold (M, g, i) is called stochastically complete if P,1 =
1, that is, if the heat kernel p; (z,y) satisfies the identity

/Mpt (z,y) du(y) =1, (1.9)

forallt >0and x € M.

Note that in general we have 0 < P,1 < 1. If the condition (1.9) fails, that is,
P,1 # 1 then the manifold M is called stochastically incomplete.
Our purpose here is to provide conditions for the stochastic completeness (or

incompleteness) in various terms.
Fix 0 < T < o0, set I = (0,7) and consider the Cauchy problem in I x M

(1.10)

{ %:Au, in I x M,
u‘t=0:f7

where f is a given function from Cj, (M). The problem (1.10) is understood in the
classical sense, that is, v € C*°(I x M) and u(t,z) — f (z) locally uniformly in
x € M ast — 0. Here we consider the question of the uniqueness of a bounded
solution of (1.10).

Theorem 1.1 Fiz o> 0 and T € (0,00]. The following conditions are equivalent.



(a) M is stochastically complete.
(b) The equation Av = aw in M has the only bounded non-negative solution v = 0.

(¢) The Cauchy problem in (0,T) x M has at most one bounded solution.

Remark. As we will see from the proof, in condition (b) the assumption that v is
non-negative can be dropped without violating the statement.

Lemma 1.2 Let f be a non-negative bounded smooth function on M. Set

Rof (@)= [ e pf @,
0
where a > 0 is a constant. Then u = R, f is finite, smooth, and solves the equation
—Au+ au = f.

Proof. The integral is finite because P;f is bounded. Assume in addition that
f € L2. Then we have by the spectral theory

Rof = / e Al fdt = / e AT = (=A 4 a) 7 f,
0 0

so that (—A + a)u = f. Initially this identity is true in the sense of operators in L?
but then, using the local elliptic regularity and the hypothesis f € C* we conclude
that u € U and that the equation is understood in the classical sense.

A general f can be approximated by an increasing sequence {fx} of functions
from L? so that R,fr T Raf whence the equation for R,f follows by the local
convergence properties of sequences of solutions to elliptic equations. m

Proof of Theorem 1.1. We first assume 7" < oo and prove the following
sequence of implications

= (a) = = (b) = = (¢) = —~(a),

where — means the negation of the statement.

Proof of = (a) = —(b). So, we assume that M is stochastically incomplete and
prove that there exists a non-zero non-negative bounded solution to the equation
—Av + av = 0. Consider the function

w(x) = Ryl (z) = / e P () dt, (1.11)
0
which is by Lemma 1.2 C"*°-smooth and satisfies the equation
—Aw+aw =1 (1.12)

Since 0 < P,1 < 1, we obtain from (1.11) that

0<w<al. (1.13)



By the stochastic incompleteness, there exist € M and ¢ > 0 such that P11 (z) < 1.
Then (1.11) implies that, for this value of x, we have a strict inequality w () < o~
Hence, w # o~ L.

Finally, consider the function v = 1 — aw, which by (1.12) satisfies the equation
Av = av. Tt follows from (1.13) that 0 < v < 1, and w # a~! implies v # 0. Hence,
we have constructed a non-zero non-negative bounded solution to Av = awv, which

finishes the proof.

Proof of = (b) = —(c). Let v be a bounded non-zero solution to equation Av =
av. Then the function

u(t,x) = e*v () (1.14)
satisfies the heat equation because
0
Au = e Ay = ety = 22
ot

Hence, u solves the Cauchy problem in R, x M with the initial condition u (0, z) =
v (x), and this solution u is bounded on (0,7') x M (note that T is finite). Let
us compare u (t,z) with another bounded solution to the same Cauchy problem,
namely with Pv (z). We have

sup | Pv| < sup |v],

whereas by (1.14)
sup |u (¢,-)| = e** sup |v| > sup |v].

Therefore, u # P,v, and the bounded Cauchy problem in (0,7") x M has two different
solutions with the same initial function v.

Proof of = (c¢) = —(a). Assume that the problem (1.10) has two different
bounded solutions with the same initial function. Subtracting these solutions, we
obtain a non-zero bounded solution u (¢, ) to (1.10) with the initial function f = 0.
Without loss of generality, we can assume that 0 < supu < 1. Consider the function
w = 1 — u, for which we have 0 < inf w < 1. The function w is a non-negative solu-
tion to the Cauchy problem (1.10) with the initial function f = 1. By the minimality
property of the heat semigroup, we conclude that w (t,-) > P,1. Hence, inf P,1 < 1
and M is stochastically incomplete.

Finally, let us prove the equivalence of (a), (b), (¢) in the case T' = co. Since the
condition (¢) with 7' = oo is weaker than that for 7' < oo, it suffices to show that
(c¢) with T = oo implies (a). Assume from the contrary that M is stochastically
incomplete, that is, P;1 # 1. Then the functions u; = 1 and us = P;1 are two
different bounded solutions to the Cauchy problem (1.10) in Ry x M with the same
initial function f =1, so that (a) fails, which was to be proved. m

Two more useful results.

Theorem 1.3 Let M be a connected manifold and K C M be a compact set. As-
sume that, for some a > 0, there ezists an a-superharmonic function v in M \ K
(that is —Au+au > 0) such that v (z) — +00 as x — 00. Then M is stochastically
complete.



Idea of proof. Note that a positive constant c is a-superharmonic and the min-
imum of two a-superharmonic functions is again a-superharmonic although in a gen-
eralized sense, as a continuous function. It follows that the function w = min (v, ¢) is
a-superharmonic in M \ K. Taking c large enough and using the condition v — +o00
we obtain that w = ¢ in a neighborhood of K. Hence, w is a-superharmonic on
entire M.

Now assume that M is stochastically incomplete. By Theorem 1.1 M admits a
non-trivial a-harmonic function u, such that 0 < v < 1. Fix ¢ > 0. Taking large
enough precompact open subset 0 C M, we obtain that ew > u on 0f). By the
comparison principle it follows that ew > w in 2. By exhausting M by such sets
) we obtain ew > u on M. Letting ¢ — 0 we obtain v = 0, which contradicts the
hypothesis. m

Theorem 1.4 Let M be a connected manifold. Assume that there exists a non-
negative superharmonic function u on M (that is, —Au > 0) such that u Z const
and uw € L' (M). Then M 1is stochastically incomplete.

Idea of proof. Consider the Green function

g(z,y) = /Ooopt (z,y) dt.

The existence of a non-constant non-negative superharmonic function u implies (and
is even equivalent to) the finiteness of g (z,y) off-diagonal. Then the Green function
is a fundamental solution of the Laplace equation Av = 0. In particular, as x — y it
has the same singularity as in R”, which implies its local integrability as a function
of z (with fixed y). If in addition u € L' (M) then the comparison with g (x,v)
shows that also g (z,y) € L' (M) with respect to the variable x. However, we have

/Mg<x,y>du<m>=/OOO/Mpt@,y)du(y)dt:/0°°m<w>dt.

If M is stochastically complete then P,1 = 1 and the above integral diverges. This
contradiction shows that M is stochastically incomplete. m

1.4 Model manifolds

By a model manifold we mean R™ with the metric
ds® = dr* 4+ * (1) db* (1.15)

where (r,6) are the polar coordinates in R", where » > 0 and 6 € S"', df* is
the standard spherical metric in S"~!, and ¢ (r) some positive smooth function on
(0,+00). In fact, in order to be able to extend this metric to the origin, ¢ must
satisfy probability space 1 (0) = 0 and ' (0) = 1. For example, 9 (1) = r gives the
Euclidean metric in R™, ¢ (r) = sinhr gives the hyperbolic metric, which makes R”
into H". The function ¢ (r) =sinr, 0 < r < 7, gives the spherical metric in S".
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Denote R™ with the metric (1.15) by M,. Consider the ball
B, = {|z| < r}

and its boundary sphere

S, =A{lz| =r}.

The area of S, is equal to
S (r) = wnt (r)"™

and the volume of B, is .
Vir)= / S (t)dt.
0
The Laplace operator on My, is given by
_0® S (r)o 1

A=— — + ———Agn-1. 1.16
8r2+5(7‘)8r+¢2(r) st (1.16)
For example, the Euclidean Laplacian is
? n-10 1
ARn = w —I— , 5 + 7"_2AS”71 . (117)

the hyperbolic Laplacian is

0? 0 1
— — 1)cothr— + ———
or? +(n ) co rar * sinh? r

AHn - Agn—l 3 (118)

the spherical Laplacian is

A —8—2+(n—1)cot7’£+ = A (1.19)
T o or ' sinZr o '

Remark. The following radial function
"odr
u(r) = / —
ro (1)
is harmonic, that is, satisfies the Laplace equation Au = 0.

Theorem 1.5 The model My, is stochastically complete if and only if

V),
/ S = (1.20)

Proof. Let us show that (1.20) implies the stochastic completeness of M. By
Theorem 1.3, it suffices to construct a 1l-superharmonic function v = v (r) in the
domain {r > 1} such that v (r) = 400 as r — 0.

In fact, we construct v as a solution to the equation Av = v, which in the polar

coordinates has the form g
v+ gv' —v=0. (1.21)



So, let v be the solution of the ordinary differential equation (1.21) on [1, +00) with
the initial values v(1) = 1 and v’(1) = 0. The function v(r) is monotone increasing
because the equation (1.21) after multiplying by Sv and integrating from 1 to R,
amounts to

R
Svv'(R) = / S (v +?) dr > 0.
1

Hence, we have v > 1.
Multiplying (1.21) by S, we obtain

(Sv') = Sw,

which implies by two integrations

w(R) =1+ /1 SCE:) /1 " Sttt

Using v > 1 in the right hand side, we obtain, for R > 2,

v(R) > /1R S’CE:) /1R S(t)dt = /1R (V(r) ;(X(l))dT > C/zR Vé?(“i;ir’

where c =1 — % > 0. Finally, (1.20) implies v (R) — oo as R — oc.
Now we assume that =V (r)
-
d 1.22
/ S r < oo, ( )

and prove that M is stochastically incomplete. By Theorem 1.4, it suffices to con-
struct on M a non-negative function u € L' (M) such that

—Au=f, (1.23)

where where f € C3° (M), f > 0 and f # 0. Both functions v and f will depend
only on r so that (1.23) in the domain of the polar coordinates becomes

!

'+ %u ——f (1.24)

Choose f (r) to be any non-negative non-zero function from C§° (1,2), and set, for
any R > 0,

u(R) = / h Sd(% /0 SU) f (@) dt. (1.25)

R

Since f is bounded, the condition (1.20) implies that u is finite. It is easy to see
that u satisfies the equation

(Su) = —Sf¥,

which is equivalent to (1.24). The function u (R) is constant on the interval 0 <
R < 1 because f (t) =0 for 0 <t < 1. Hence, u extends by continuity to the origin
and satisfies (1.23) on the whole manifold.

10



We are left to verify that w € L' (M). Since f (¢t) = 0 for ¢ > 2, we have for

R>?2
u(R):c/: S‘Z(Z)
where C' = [ S (t) f (t) dt. Therefore,
/{R>2}udu — /;ou(R)S(R)dR
- o] (), si) st
- c/:o (/;S(R)dR) %

=V (r)
< 0/2 S(T)dr<oo,

which gives u € L' (M). m

1.5 The log-volume test
Define the volume function V (x,r) of a weighted manifold (M, g, 1) by

Vv (x,r) = N(B (1‘,7”)) )

where B (x,r) is the geodesic ball. Note that V (z,7) < oo for all zx € M and r > 0
provided M is complete.

Recall that a manifold M is stochastically complete, if the heat kernel p; (z,y)
satisfies the identity

/M pr () da () = 1,

for all x € M and ¢t > 0 (see Section 1.3). The result of this section is the following
volume test for the stochastic completeness.

Theorem 1.6 Let (M, g, i) be a complete connected weighted manifold. If, for

some point xg € M,
o rdr
R 1.26
/ log V(wo,r) (1.26)

then M 1s stochastically complete.
Condition (1.26) holds, in particular, if
V(zo,7) < exp (Cr?) (1.27)
for all r large enough or even if

V(zo, k) < exp (C’r,f,) , (1.28)
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for a sequence r, — oo as k — oo . This provides yet another proof of the stochastic
completeness of R™ and H".

Fix 0 < T < o0, set I = (0,7) and consider the following Cauchy problem in
I xM

{ % — Au in 1 x M, (1.29)

U|t:0 = 0.

A solution is sought in the class u € C*°(I x M), and the initial condition means
that u (t,z) — 0 locally uniformly in x € M ast — 0 (cf. Section 1.3). By Theorem
1.1, the stochastic completeness of M is equivalent to the uniqueness property of
the Cauchy problem in the class of bounded solutions. In other words, in order to
prove Theorem 1.6, it suffices to verify that the only bounded solution to (1.29) is
u = 0.

The assertion will follow from the following more general fact.

Theorem 1.7 Let (M, g, 1) be a complete connected weighted manifold, and let
u(z,t) be a solution to the Cauchy problem (1.29). Assume that, for some xy € M
and for all R > 0,

/0 /B( o u?(z,t) du(z)dt < exp (f(R)), (1.30)

where f(r) is a positive increasing function on (0,400) such that

* rdr

f(r)

= 00. (1.31)

Then u=01m I x M.

Theorem 1.7 provides the uniqueness class (1.30) for the Cauchy problem. The
condition (1.31) holds if, for example, f (r) = Cr?, but fails for f (r) = Cr*"¢ when
e > 0.

Before we embark on the proof, let us mention the following consequence.

Corollary 1.8 If M = R" and u (t, x) be a solution to (1.29) satisfying the condition
lu(t,z)| < Cexp (C ]z|2) forallte I, z € R, (1.32)
then uw = 0. Moreover, the same is true if u satisfies instead of (1.32) the condition
lu(t,z)| < Cexp (f(|z|)) foralltel, xeR", (1.33)
where f (r) is a conver increasing function on (0, 400) satisfying (1.31).

Proof. Since (1.32) is a particular case of (1.33) for the function f (r) = Cr?,
it suffices to treat the condition (1.33). In R™ we have V (x,r) = cr”. Therefore,
(1.33) implies that

/0 /B(o o u?(z,t) du(z)dt < CR"exp (f (R)) = Cexp(f (R)),

12



where f (r) := f(r) +nlogr. The convexity of f implies that logr < Cf (r) for
large enough r. Hence, f(r) < Cf (r) and function f also satisfies the condition
(1.31). By Theorem 1.7, we conclude u =0. m

The class of functions u satisfying (1.32) is called the Tikhonov class, and the
conditions (1.33) and (1.31) define the T'dcklind class. The uniqueness of the Cauchy
problem in R™ in each of these classes is a classical result of Tikhonov and Tacklind,
respectively.

Proof of Theorem 1.6. By Theorem 1.1, it suffices to verify that the only
bounded solution to the Cauchy value problem (1.29) is u = 0. Indeed, if u is a
bounded solution of (1.29), then setting

S :=sup |u| < 0o

we obtain
T
/ / w2 (t, )d(z) < S*TV (20, R) = exp (f ().
0 B(zo,R)

where
f(r) :=1log (S*TV (zo,r)) .

It follows from the hypothesis (1.26) that the function f satisfies (1.31). Hence, by
Theorem 1.7, we obtain u=0. =

Proof of Theorem 1.7.  Denote for simplicity B, = B(zo,7). The main
technical part of the proof is the following claim.

Claim. Let u(t,x) solve the heat equation in (b,a) x M where b < a are reals, and
assume that u (t,z) extends to a continuous function in [b,a] x M. Assume also

that, for all R > 0,

/ab /BR u?(z,t) du(z)dt < exp (f(R)),

where f is a function as in Theorem 1.6. Then, for any R > 0 satisfying the
condition

R2
—b <
“ = 8f(ARY

(1.34)

the following inequality holds:

/B uQ(a,-)dpg/ u%b,-)du—l—%. (1.35)

Byr

Let us first show how this Claim allows to prove that any solution u to (1.29),
satisfying (1.30), is identical 0. Extend u (t,z) to ¢ = 0 by setting u (0,z) = 0 so
that u is continuous in [0,7") x M. Fix R > 0 and ¢ € (0,7"). For any non-negative
integer k, set

R, =4"R

13



and, for any k& > 1, choose (so far arbitrarily) a number 74, to satisfy the condition

R
0< 74 <otk 1.36
TES SRy (1.36)
1

where ¢ = 15z. Then define a decreasing sequence of times {3} inductively by o = ¢
and ty = t_1 — 7k (see Fig. 1).

Figure 1: The sequence of the balls Br, and the time moments ¢y.

If t;, > 0 then function u satisfies all the conditions of the Claim with a = ¢,
and b = tx, and we obtain from (1.35)

J

which implies by induction that

u?(th 1, )dp < / u?(ty, )du + (1.37)

BRk

2
Rk—l

Ri_1

k
4
2 2
/B u”(t,-)du g/B u (g, -)dp + E B (1.38)
R Ry, i=1 i1

If it happens that t; = 0 for some k then, by the initial condition in (1.29),
/ UZ(tlm )dpl = 0.
B,
In this case, it follows from (1.38) that
= 4 C
U2(t, )d/I’ < = 5o
Jyream =g =

which implies by letting R — oo that u(-,¢) = 0 (here we use the connectedness of
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Hence, to finish the proof, it suffices to construct, for any R > 0 and t € (0,7, a
sequence {t;} as above that vanishes at a finite k. The condition ¢, = 0 is equivalent
to

t=T1+7To+ ... +Tk. (1.39)

The only restriction on 7y is the inequality (1.36). The hypothesis that f (r) is an
increasing function implies that

< rdr 2. [Be pdp N
e T SZ/H 707 = 2= 7Ry

which together with (1.31) yields

o)

RY
Z fRy) ~

Therefore, the sequence {74},-, can be chosen to satisfy simultaneously (1.36) and

8
-

I

8

k=1

By diminishing some of 74, we can achieve (1.39) for any finite ¢, which finishes the
proof.

Now we prove the above Claim. Since the both integrals in (1.35) are continuous
with respect to a and b, we can slightly reduce a and slightly increase b; hence, we
can assume that u (¢, z) is not only continuous in [b,a] X M but also smooth.

Let p(z) be a Lipschitz function on M (to be specified below) with the Lipschitz
constant 1. Fix areal s ¢ [b, a| (also to be specified below) and consider the following
the function

_Px)

At —s)’

which is defined on R x M except for ¢ = s, in particular, on [b,a] x M. The
distributional gradient Vp is in L> (M) and satisfies the inequality |Vp| < 1, which
implies, for any t # s,

E(t,x) =

Ve ()] < 51
Since
& P2
ot 4(t—s)
we obtain
% rIvep <o (1.40)

For a given R > 0, define a function ¢ (z) by

¢ (z) = min ((3— ‘KL;(J)LJ)



(see Fig. 2). Obviously, we have 0 < ¢ < 1on M, ¢ =1 in Byg, and ¢ = 0 outside
Bsg. Since the function d (-, z¢) is Lipschitz with the Lipschitz constant 1, we obtain
that ¢ is Lipschitz with the Lipschitz constant 1/R. Then we have |Vy| < 1/R. By
the completeness of M, all the balls in M are relatively compact sets, which implies
¢ € Lipo (M).

Figure 2: Function ¢ (z)

Consider the function up?eé as a function of  for any fixed t € [b,a]. Since it is
obtained from locally Lipschitz functions by taking product and composition, this
function is locally Lipschitz on M. Since this function has a compact support, it
belongs to Lipy (M), whence

up®et € W (M).

Multiplying the heat equation

ou
=A
E

by up?e® and integrating it over [b,a] x M, we obtain

// T 2efdudt = // (Au) up®eSdudt. (1.41)

Since both functions u and § are smooth in ¢t € [b,a], the time integral on the left
hand side can be computed as follows:

1 [ 2 1
5/ %Sﬁegdt:é u2g026g / 8£u2<p2e£dt. (1.42)
b

Using the Green formula to evaluate the spatial integral on the right hand side of
(1.41), we obtain

/M (Au) ug?eSdy — — / (Vu, V(up?e))dp.

M

16



Applying the product rule and the chain rule to compute V(ug?e?), we obtain

—(Vu, V(ug®e)) = —|Vul’ g — (Vu, Vehuget — 2(Vu, Vhupet
< — |Vul* @t + [Vl [VE] |u] g2

1
+ <§ IVul? p* + 2| V| u2> et

1
(5 7+ 19ul [Vl ul) 2 + 2Vl e

Combining with (1.41), (1.42), and using (1.40), we obtain

[ eecn) = [ [Geecaae [ [ @oudedun
v X ot
b M b M

// (- IVEP u? — |Vul® + 2 |Vu| |[VE] |ul) p*etdpudt

b M

+4//|wy 2eSdudt
M

[ (vl1ul = 1Vul)* e
M

+4//|V<,0]2 u?etdpdt
b M

[/MU“(pefd”} <4 //|V90| 2etdpdt. (1.43)

Using the properties of function ¢ (z), in particular, |Vy| < 1/R, we obtain from
(1.43)

/ u*(a,)ed @) dy < / u?(b, )t dpy 4+ — / / 2eSdudt. (1.44)
Bpr Byr

b Bir\Bar

IA

I
|
v\
2 o

whence

Let us now specify p(z) and s. Set p(x) to be the distance function from the ball
Bg, that is,

o) = (d(z,20) — ),
(see Fig. 3).
Set s = 2a — b so that, for all ¢ € [b, a],

a—b<s—t<2(a—"b),

17



Figure 3: Function p (z).

whence 2(2) 2 (2)
p°(x p°(x

<~ 0. 1.45

4(s—t) = 8(a—0b) ~ (1.45)

Consequently, we can drop the factor e on the left hand side of (1.44) because £ = 0

in Bg, and drop the factor €¢ in the first integral on the right hand side of (1.44)

because £ < 0. Clearly, if x € Byg\Bagr then p(x) > R, which together with (1.45)
implies that

f(t, Il?) ==

R2

£(t,x) < —m

in [b, a] X B4R\B2R.

Hence, we obtain from (1.44)

4 R? r
2(a. Vdu < 2(p. . =l L 2 .
/BRu(a, )du_/Bmu(b, )du—l—RQeXp( 8(a—b)>//Ududt

b Bugr

By (1.30) we have

b/ B /R Wdudt < exp (F(4R))

whence

/BR u?(a, -)dp < /B4R u?(b, -)dp + % exp (—% + f(4R)> .

Finally, applying the hypothesis (1.34), we obtain (1.35). m

e rdr
R 14
/ log V' (o, 1) o0 (1.46)

Example. The hypothesis

18



of Theorem 1.6 is sufficient for the stochastic completeness of M but not necessary.
Nevertheless, let us show that the condition (1.46) is sharp in the following sense: if
f (r) is a smooth positive convex function on (0, +00) with f’ (r) > 0 and such that

* rdr
/ 0] < 0, (1.47)

then there exists a complete but stochastically incomplete weighted manifold M
such that

log V (zg,7) = f (1),
for some xy € M and large enough r. Indeed, let M be a model manifold. Note
that M is geodesically complete. Define its volume function V' (r) for large r by

V(r) =exp(f(r))

so that V() )
r

Vi) T F0) A9

Let us show that, for all » > 1,
1 T

[CRIC) 149

where )
c = min <];T(11)), 1) 0

Indeed, the function
h(r)=rf'(r)—cf(r)
is non-negative for r = 1 and its derivative is

W (r) = rf" (r) + (1= ) ' (r) > 0.

Hence, h is increasing and h (r) > 0 for r > 1, whence (1.49) follows.
Combining (1.48), (1.49), and (1.47), we obtain

[ b

which implies by Theorem 1.5 the stochastic incompleteness of M.

Example. We say that a weighted manifold (M, g, ) has bounded geometry if there
exists € > 0 such that all the geodesic balls B (z,¢) are uniformly quasi-isometric
to the Euclidean ball B,; that is, there is a constant C' and, for any x € M, a
diffeomorphism ¢, : B(z,e) — B. such that ¢, changes the Riemannian metric
and the measure at most by the factor C' (see Fig. 4).

For example, R® and H" have bounded geometry. Any manifold of bounded
geometry is stochastically complete, which follows from the fact that it is complete
and its volume function satisfies the estimate

V(z,r) <exp(Cr),
for all z € M and large r.
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Figure 4: A manifold of bounded geometry is “patched” by uniformly distorted
Euclidean balls.

2 Escape rate of Brownian motion

2.1 Upper radius in terms of volume function

Let M be a geodesically complete noncompact Riemannian manifold. As before let
({X¢} 50> {Ps},cpr) be Brownian motion on M generated by the Laplace operator.
Fix a reference point zo € M and let p(z) = d(z,xy). We say that a function R(t)
is an upper rate function for Brownian motion on M if

P,, {p(X:) < R(t) for all sufficiently large ¢t} = 1.

Let us first point out that the notion of an upper rate function makes sense only if the
lifetime of Brownian motion is infinite, that is, when the manifold M is stochastically
complete.

Recall that M is stochastically complete provided

| o = (2.1)

log V' (zg, 1)

The integral in (2.1) will be used here to construct an upper rate function.
Before we state the result, let us recall the classical Khinchin’s law of the iterated
logarithm that says that for a Brownian motion in R"

p(X:)

limsup ———= =1 as.

oo +/Atloglogt

(the factor 4 instead of the classical 2 appears because in our setting a Brownian
motion is generated by A rather than %A) It follows that, for any ¢ > 0,

R(t)=+/(4+¢)tloglogt (2.2)
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is an upper rate function.

We will construct an upper rate function under the most general condition (2.1).
However, we assume in addition that M is a Cartan-Hadamard manifold, that is,
a geodesically complete simply connected Riemannian manifold of non-positive sec-
tional curvature. This assumption is not essential for the result as the latter can be
proved for arbitrary geodesically complete manifolds. However, the proof for Cartan-
Hadamard manifolds is somewhat simpler. The property of Cartan-Hadamard man-
ifolds that we use is the Sobolev inequality: if N = dim M then, for any function

fe g (M), .
( / |f|NN1du> T <o / IV fldu, (2.3)
M M

where Cy is a constant depending only on N —see [12]. The Sobolev inequality
allows us to carry through the Moser iteration argument in [16] and prove a mean
value estimate for solutions of the heat equation on M, which is one of the ingredients
of our proof.

Now we state our main result.

Theorem 2.1 Let M be a Cartan-Hadamard manifold. Assume that the following
volume estimate holds for a fixed point xo € M and all sufficiently large large R:

4 (x()? R) < exp (f (R)) ) (2'4)

where f(R) is a positive, strictly increasing, and continuous function on [0,400)
such that

< rdr
= 00. 2.5
£ 29
Let ¢(t) be the function on Ry defined by
Oy dr
t = —_— 2.6
o ) 20

Then R(t) = ¢(C't) is an upper rate function for Brownian motion on M for some
absolute constant C' (for example, for any C > 128).

If we set f(R) = logV (zo,R) for large R then the condition (2.5) becomes
identical to (2.1).
Let us show some examples.

1 If
V (20, R) < CR” (2.7)

for some constant C' and D then (2.4) holds with
f(R) = Dlog R + const,
and (2.6) yields
¢2
oy ————.
2Dlog ¢
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It follows that logt ~ log ¢* and

¢ (t) ~ +/Dtlogt.

Hence, the following function

R(t) = /CDtlogt

is a upper rate function.

2. If V (2o, R) < exp (Cr®) for some 0 < o < 2 then (2.4) holds with f(R) =
Cr®, and (2.6) yields t ~ ¢ (t)>~* whence we obtain the upper rate function

R(t) = Ctz=.
3. If

V (2o, R) < exp (C’RQ) ,

then f (R) = CR% Then (2.6) yields t ~ In ¢ (t). Hence, we obtain the upper
rate function

R(t) =exp(Ct).
This result is new. Similarly, if
V (zo, R) < exp (CR*log R)
then (2.6) yields t ~ loglog ¢ whence
R (t) = exp (exp (Ct)) .

Proof of Theorem 2.1. We first explain the main idea of the proof. For any
open set ) C M, denote by 7q the first exit time from €2, that is,

TQ:in{t>0: Xtilﬂ}

Fix a reference point zp € M and set p(z) = d(x,z0) .Let {R,} -~ be a sequence
of strictly increasing radii to be fixed later such that lim,,_,., R, = oo and consider
the following sequence of stopping times

Tn = TB(xo,Rn)"

Then 7,, — 7,,_1 i1s the amount of time the Brownian motion X; takes to cross from
OB (x9, Ry—1) to OB (xg, R,,) for the first time (if n = 0 then set Ry = 0 and 79 = 0).
Let {c,} -, be a sequence of positive numbers to be fixed later. Suppose that we
can show that

Z]szo {Tn — Tno1 < ep} < 0. (2.8)

n=1

Then, by the Borel-Cantelli lemma, with P, -probability 1 we have

Tn — Tn_1 > Cn, for all large enough n. (2.9)

22



For any n > 1, set
n
Tn = ch.
k=1

It follows from (2.9) that, for all sufficiently large n,
Tn > 1T — T,
where Tj is a large enough (random) number. In other words, we have the implication
t<T,—-Ty = p(X;) <R, if nislarge enough. (2.10)
Let ¢ be an increasing bijection of R, onto itself such that
Th—1— ¢ (R,) — 400 as n — oo. (2.11)

We claim that 1! is an upper rate function. Indeed, for large enough t, choose n
such that
Th1—Ty <t <T,—T.

If ¢ is large enough then also n is large enough so that by (2.10)
p(Xi) <R,

and by (2.11)
To1— v (R,) > To.

It follows that
t>Tn_1—T0 >’¢(Rn),

whence

p(Xe) < Ro <97 (1),

which proves that /™" is an upper rate function.
Now let us find ¢, such that (2.8) is true. By the strong Markov property of
Brownian motion we have

Py {Tn — Tn-1 < e} = EooPx, {70 <} (2.12)

Note that X, , € 0B (zo, R,—1). If a Brownian motion starts from a point y €
0B(zg, R,—1), then it has to travel no less than distance

rn =R, — R,_1
before it reaches 0B(xzg, R,,) (see Fig. 5), hence
P, {1, <c,} <P, {TB(yJ«n) < cn} , Yy € 0B(xg,Ry_1).
From the above inequality and (2.12) we obtain

Pxo {Tn — Tp-1 < Cn} < sup ]P)y {TB(y,rn) < Cn} . (213)
yGaB(xo,Rn_l)
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Figure 5: Brownian motion X; exits the ball B (y,r,) before B (z¢, R,)

For a fixed y € 0B (zo, R,,_1), consider the function
w(z,t) =Py {Tpyr.) <t}.

Clearly, u (z,t) is the solution of the heat equation in the cylinder B(y,r,) x R,.
Furthermore, 0 < u <1 and

u(z,0) =0 for x € B(y,r,).
We use the following estimate of the solution at the center of the ball:
T?’L

2
12 Tn _n
u(y,t) < Cu(B(y,m)) e o ( 16t> (2.14)

provided ¢ < r2. The proof of (2.14) uses the Sobolev inequality and will be skipped.
The probability we want to estimate is the value of the solution u at the center
of the ball:

Py {75y, < €a} = u(y, ). (2.15)
Applying the estimate (2.14) and noting that B (y,r,) C B (x¢, R,) so that

1 (B (y,m)) < exp(f(Rn)),

we obtain
2

w(y, cn) < Cexp (f (Rn) /2) ﬁ exp (— 176”;) , (2.16)

provided ¢, < r2. Now we choose ¢, to satisfy the identity

2

161;” = /()
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that is,

2
1

“ 716 /(Ra)

Since f (R) — oo as R — 0o, we have ¢, < 72 for large enough n. Hence, we obtain
from (2.16)

Tn

14+N/2
\/Cn /
24N

= COnr,"Pf(Ry)™5 exp(—f (Rn) /2)
S CNT_N/2.

n

u(y,cn) < Cy exp (—f (Ry) /2).

Set now R, = 2" so that r, = 2”1, The above estimate together with (2.13) and
(2.15) yields

> o0
S Pa{ra—Tas S} Ox Y1V < o0,

n=1 n=1

that is (2.8).
Knowing the sequences { R, } and {c,}, we can now determine a function ¢ that
satisfies (2.11). Indeed, we have

T, = ¢ +..+c¢,

f(Ry)

L zn:/RkH rdr
128 Ri f (T‘)

k=1
B 1 /R"+1 rdr
128 Jg, f(r)

" ordr
P(r)=c . m,

where ¢ < 535, and using (2.5), we obtain that

_ 1 zn: Rii1(Re+1 — Ry)
k

v

Setting

T, — ¢ (Ruy1) — 00 as n — 00,

which is equivalent to (2.11). Therefore, 9~* is an upper rate function. Clearly,
Y™t (t) = ¢ (Ct) where ¢ is defined by (2.6) and C' = ¢!, which finishes the proof
of our main result Theorem 2.1. =
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2.2 Upper radius on model manifolds
Let M be a model manifold, that is, R” with the metric
ds* = dr? + ¢ (r)* d6*. (2.17)

As before, let S(r) = wyt (r)""" be the boundary area function and V (r) =
s S (t) dt be the volume function of M. The Laplace operator of the metric (2.17)
is represented in the polar coordinates as follows:

0? 0 1
A_w+m(r)5+w2—(7»)ASn71’
where
N I
m(r)=(n 1)w—S—V/.

The function m (r) plays an important role in what follows. Clearly, m satisfies the
identity

S(r) = S (ro) exp (/ m (s) ds> (2.18)

for all » > ry > 0. We assume in the sequel that

m(r) >0 and m’'(r) > 0 for large enough r (2.19)
and o g
SN (2.20)
m (r)

For example, we have m (r) = = in R" and m (r) = (n — 1) K coth K7 in H. In
neither case is the hypothesis (2.19) satisfied. On the other hand, if S () = exp (%)
then m (r) = ar®!, and both (2.19) and (2.20) are satisfied provided 1 < o < 2. If
S (r) = exp (r?log” r) then (2.19) and (2.20) hold for all 0 < 8 < 1.

Claim. Under the condition (2.19) (Brownian motion on) M is transient, and
under the conditions (2.19)-(2.20) M is stochastically complete.

We use the following well-known results (cf. [6]) that for model manifolds the

recurrence is equivalent to
> dr
= 2.21
| st (2.21)

and the stochastic completeness is equivalent to

V@)
/ S(r)dr— . (2.22)
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Clearly, (2.19) implies that m (r) > ¢ for some positive constant ¢ and for all large
enough r. It follows from (2.18) that S (r) grows at least exponentially as r — oo,
which implies (2.21). To prove (2.22), observe that, for large enough r > ry we have

Vi(r)=V(r) = TS(t)dt: Tilégdt
I N SN
> o LS 0= s )= s,
whence . V)= V() V(
m(r) < 5 (7«) — S(TO) ~ g ('r‘) as r — OoQ.

Hence, (2.22) follows from (2.20).
Let us define the function 7 (¢) by the identity

r(t) d
t= / ° (2.23)
0

m(s)

Our main result in this section is as follows.

Theorem 2.2 Under the above assumptions, the function r ((1+ ¢€)t) is the upper
rate function for Brownian motion on M for any € > 0, and is not for any € < 0.

Let us compare the function r (¢) with the upper rate function R (t) given by
Theorem 2.1, which is defined by the identity

R(t)
/ _rdr oy
0 logV' (7’)

For “nice” functions V (r), one has

eV 1 logV(r)

i (log V') ~ ma— (2.24)
which means that the functions r (¢) and R (¢) are comparable up to a constant
multiple in front of ¢. For example, (2.24) holds for functions like V' (r) = exp (r®)
and V (t) = exp (ra log” 7’), where a > 0, etc. On the other hand, it is easy to
construct an example of V' (r) when r (¢) may be significantly less that R (t) , because
one can modify a “nice” function V' (r) to make the second derivative V" (r) very
small in some intervals without affecting too much the values of V' and V. Then
the function 7 (¢) in (2.23) will drop significantly, while R (¢) will not change very
much.

Proof of Theorem 2.2. By the Ito decomposition, the radial process r; =
p (X;) satisfies the identity

e = V2W, + /Ot m(rs) ds, (2.25)

27



where W, is a one-dimensional Brownian motion (see [13]). Since the process X;
is transient, r, — 00 as t — oo with probability 1. Hence, m (r;) > const for large
enough ¢ so that the second term in the right hand side of (2.25) grows at least
linearly in ¢. Since W; = o (t) as t — oo, we have with probability 1,

t
Ty~ / m (rs) ds as t — oo. (2.26)
0

Consider the function .
u(t) :/ m (rs) ds
It follows from (2.26) that, for any ¢ > 10and for large enough t,
T < cu (t) (2.27)
whence by the monotonicity of m,

m(ry) < m(cu(t)).

Since 2 (t) = m (r;), we obtain the differential inequality for u ():

dt
2—1: <m(cu(t)).

Solving it by separation of variables, we obtain, for large enough t, and for all ¢ > ¢,
cu(t) dé-
—— < c(t—to),
/cu(to) m ()

whence

cu(t)
/0 —mdé) < et + co, (2.28)

where ¢ is a large enough (random) constant. Comparing (2.28) with (2.23) and
using again (2.27), we obtain

re<cu(t)<r(ct+c)<r (czt)

for large enough r with probability 1. Since ¢ > 1 was arbitrary, this proves that
r ((1+ &) t) is an upper rate function for any € > 0. In the same way one proves that
re > 1 (c*t) for large enough ¢ so that 7 ((1 — €) t) is not an upper rate function. m

3 Jump processes

Let (M, d) be a metric space such that all closed metric balls
B(z,r)={y e M : d(z,y) <r} (3.1)

are compact. In particular, (M,d) is locally compact and separable. Let p be a
Radon measure with full support on M.

Recall that a Dirichlet form (£, F) in L? (M, u) is a symmetric, non-negative
definite, bilinear form € : F x F — R defined on a dense subspace F of L* (M, u),
which satisfies in addition the following properties:
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e (Closedness: F is a Hilbert space with respect to the following inner product:

e The Markov property: if f € F then also f := (f A1), belongs to F and

E(f) < E(f), where E(f) :=E(f, f).

Then (£,F) has the generator A that is a non-positive definite, self-adjoint
operator on L? (M, 1) with domain D C F such that

E(f,9)=(-Af,9)

for all f € D and g € F. The generator A determines the heat semigroup {P;},,
by P, = €' in the sense of functional calculus of self-adjoint operators. It is known
that {P,},., is strongly continuous, contractive, symmetric semigroup in L?, and is
Markovian, that is, 0 < P.f < 1foranyt>0if0 < f < 1.

The Markovian property of the heat semigroup implies that the operator P,
preserves the inequalities between functions, which allows to use monotone limits to
extend P, from L? to L® (in fact, P; extends to any L?, 1 < ¢ < oo as a contraction).
In particular, P;1 is defined.

Definition. The form (£,F) is called conservative or stochastically complete if
P,1 =1 for every t > 0.

Assume in addition that (£,F) is regular, that is, the set F N Cy (M) is dense
both in F with respect to the norm (3.2) and in Cy (M) with respect to the sup-
norm. By a theory of Fukushima [3], for any regular Dirichlet form there exists a
Hunt process {X,},., such that, for all bounded Borel functions f on M,

E.f(Xe) = P f(x) (3-3)

for all ¢ > 0 and almost all x € M, where E, is expectation associated with the law
of {X;} started at x.

Using the identity (3.3), one can show that the lifetime of X; is almost surely oo if
and only if P,1 = 1 for all £ > 0, which motivates the term “stochastic completeness”
in the above definition.

One distinguishes local and non-local Dirichlet forms. The Dirichlet form (&, F)
is called local if £ (f, g) = 0 for all functions f, g € F with disjoint compact support.
It is called strongly local if the same is true under a milder assumption that f =
const on a neighborhood of supp g. For example, the classical Dirichlet form on a
Riemannian manifold

E(frg) = /MVf-ngu

is strongly local.
It is known that any regular Dirichlet form can be represented in the form

E=¢60 4 gl) L gl

29



where £(%) is a strongly local part, that has the form
€9 (£.9)= [ T(f9)dn,
M

where I (f, g) is a so called energy density (generalizing V f - Vg on manifolds); £)
is a jump part that has the form

G =5 [ [ @ 1) 6@ gt @)

with some measure J on X x X that is called a jump measure; and £® is a killing
part that has the form

) (1, g) = /X Fgdk

where k is a measure on X that is called a killing measure.

In terms of the associated process this means that X; is in some sense a mixture
of a diffusion process, jump process and a killing condition.

The log-volume test of Theorem 1.6 can be extended to strongly local Dirichlet
forms as follows. Set as before V (z,7r) = p (B (x,r))

Theorem 3.1 Let (£,F) be a regular strongly local Dirichlet form. Assume that
the distance function p (x) = d (xz,x¢) on M satisfies the condition

['(p,p) <C, (3.4)

/°° rdr C s
log V' (xo, 1) a

then the Dirichlet form (£, F) is stochastically complete.

for some constant C. If

Basically, the method of the proof is the same as for Theorem 1.6 because for
strongly local forms the same chain rule and product rules are available, that were
used in the proof of Theorem 1.6, and the condition (3.4) replaces the condition
|[Vd| < 1 that was repeatedly used in the proof. However, still a lot of technical
details has to be filled (see [17]).

Now let us turn to jump processes. For simplicity let us assume that the jump
measure J has a density j (z,y). Namely, let j(z,y) be is a non-negative Borel
function on M x M that satisfies the following two conditions:

(a) j(z,y) is symmetric:
j(e,y) =3(y,z). (3:5)

(b) there is a positive constant C' such that

sup /M (LA d(z,9)2)i(z, y)u (dy) < C. (3.6)
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We say that a distance function d is adapted to a kernel j(x,y) (or j is adapted
to d) if (3.6) is satisfied. For the purpose of investigation of stochastic completeness
the condition (3.6) plays the same role as (3.4) does for diffusion.

Consider the following bilinear functional

%[;A;ﬂm—fw»@wy—mmwmwmum (3.7)

that is defined on Borel functions f and g whenever the integral makes sense. Define
the maximal domain of £ by

Fuax = {f € L* 1 E(f, f) < o0},

where L? = L?*(M,p). By the polarization identity, £(f,g) is finite for all f,g €
Fmax- Moreover, F .. is a Hilbert space with the following norm:

If15 =& ) = £l +EL ).

Denote by Lip, (M) the class of Lipschitz functions on M with compact support.
It follows from (3.6) that Lipy(M) C Fiax- Indeed, for any f € Lip,(M) we have

|f(z) = f(y)| < LA (Ld(z,y))

where L = max (HfHLip,qup |f\) and || flly;, is the Lipschitz constant of f. De-
noting K = supp f, we obtain using (3.6)

E(f, f) = /M/ )25 (z,y) dp (z) dp (y)
< /KM (2) — F¥))% (2, ) dpt (y) dp ()
// 1A d(z,y)2)j (2y) dyt () dps (2)

< LCu(K) < oo,

IN

which proves that f € Fax.

Define the space F as the closure of Lip,(M) in (Fiax, ||| 7). Under the above
hypothesis, (€, F) is a regular Dirichlet form in L*(M, ). The associated Hunt
process {X,} is a pure jump process with the jump density j(z,y).

Many examples of jump processes are provided by Lévy-Khintchine theorem
where the Lévy measure corresponds to j (z,y) dp (y). The condition (3.6) appears
also in Lévy-Khintchine theorem, so that the Euclidean distance in R™ is adapted
to any Lévy measure. An explicit example of a jump density in R" is

(2, y) = const
] ) y |l‘ _ y|n+a )
where a € (0,2). The corresponding Levy process (=the Hunt process of (£, F))
is the symmetric a-stable process with the generator — (—A)*?, where A is the
Laplace operator in R™.
Sufficient condition for stochastic completeness of the Dirichlet form of jump
type is given in the following theorem that was proved in [9].
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Theorem 3.2 Assume that j satisfies (3.5) and (3.6) and (£,F) be the jump form
defined as above. There is a constant b such that if

V (zo,7) < exp (brlogr) (3.8)

for some 1o € M and all large enough® r then the Dirichlet form (€,F) is stochas-
tically complete.

It comes from the proof that any value b < % will do but it is not known if % is
sharp. For example, (3.8) is satisfied if, for some constant C' and all r,

V (zo,7) < exp (Cr) (3.9)

In the proof of Theorem 3.2 we split the jump kernel j(z,y) into the sum of two
parts:

7@, y) = J(@,9) Ydey=<y and j(2,y) = j(@,¥) Ldey)>1) (3.10)
and show first the stochastic completeness of the Dirichlet form (&, F) associated
with j'. For that we adapt the methods used for stochastic completeness for the
local form. The bounded range of j' allows to treat the Dirichlet form (&', F) as
“almost” local: if f, g are two functions from F such that d (supp f, supp g) > 1 then
E (f,g) = 0. The condition (3.6) plays in the proof the same role as the condition
(3.4) in the local case. However, the lack of locality brings up in the estimates
various additional terms that have to be compensated by a stronger hypothesis of
the volume growth (3.8), instead of the quadratic exponential growth in Theorem
3.1.

The tail j” can regarded as a small perturbation of j’ in the following sense:
(€, F) is stochastically complete if and only if (£, F) is so. The proof is based
on the fact that the integral operator with the kernel j” is a bounded operator in
L? (M, i), because by (3.6)

/Mj” (z,y)du (y) < C.

It is not clear if the volume growth condition (3.8) in Theorem 3.2 is sharp. We
conjecture that it is sharp in the following sense: if b is too large then the statement
of Theorem 3.2 is no longer true. If this conjecture is true then a new interesting
question arrises: what is the optimal value of b7

To explain the motivation behind this conjecture, let us briefly mention a recent
result of Xueping Huang [15], that is analogous of Theorem 1.7 about the uniqueness
class for the Cauchy problem on a geodesically complete manifold. Recall that
this theorem states the following: the Cauchy problem for the heat equation on a
manifold has the following uniqueness class:

//B@R (t,) du () dt < exp (f (R))

n fact it suffices to have (3.8) for » = 7 where {r;} is any sequence such that ry — oo as
k — oo.
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where [~ }"El:) = o00. X.Huang proved a similar theorem for the heat equation asso-
ciated with the jump Dirichlet form on graphs satisfying (a) and (b): the associated

heat equation has the following uniqueness class

T
/ / u? (t,2) dp (z) dt < exp (brlogr)
0 JB(R)

for some constant b. Moreover, he has shown on an example that for large enough
values of b this statement fails. However, the function u in this example is un-
bounded, so that it cannot serve to show the sharpness of the condition (3.8) in
Theorem 3.2.

4 Random walks on graphs

Let us now turn to random walks on graphs. Let (X, E) be a locally finite, infinite,
connected graph, where X is the set of vertices and F is the set of edges. We assume
that the graph is undirected. Let p be the counting measure on X. Define the jump
kernel by j(x,y) = lizy}, Where x ~ y means that x,y are neighbors, that is,
(xz,y) € E. The corresponding Dirichlet form is

EN)=5 D, F@-FfW),

{z,y:x~y}

and its generator is

Yy~
The operator A is called unnormalized (or physical) Laplace operator on (X, F).
This is to distinguish from the normalized or combinatorial Laplace operator

Af(@) = gy D)~ S @),

y~z

where deg(z) is the number of neighbors of . The normalized Laplacian A is the
generator of the same Dirichlet form but with respect to the degree measure deg ().
Both A and A generate the heat semigroups e** and etd and, hence, associated
continuous time random walks on X. It is easy to prove that A is a bounded
operator in L?(X, deg), which then implies that the associated random walk is always
stochastically complete. On the contrary, the random walk associated with the
unnormalized Laplace operator can be stochastically incomplete.
We say that the graph (X, F) is stochastically complete if the heat semigroup
is stochastically complete.
Denote by p(x,y) the graph distance on X, that is the minimal number of edges
in an edge chain connecting x and y. Let B,(z,r) be closed metric balls with
respect to this distance p and let V,(z,r) = |B,(z,r)| where and |-| := pu(-) denotes
the number of vertices in the given set.
Stochastic completeness can be stated in terms of the volume growth as follows.

etA
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Theorem 4.1 If there is a point xo € X and a constant ¢ > 0 such that
Vy(zo,7) < e (4.1)
for all large enough r, then the graph (X, E) is stochastically complete.

Note that the cubic rate of the volume growth here is sharp. Indeed, Woj-
ciechowski [18] has shown that, for any ¢ > 0 there is a stochastically incomplete
graph that satisfies V,(zo,r) < cr®*€. For any non-negative integer r, set

S, ={x € X : p(xg,x) =r}. (4.2)

In the example of Wojciechowski every vertex on S, is connected to all vertices on

S,_1 and S, (see Fig. 6).

Figure 6: Anti-tree of Wojciechowski

For this type of graphs, that are called anti-trees, the stochastic incompleteness
is equivalent to the following condition ([18]):

330,
4.3
Z 5ol \S\ = oo (43)

Indeed, assuming (4.3), one constructs a non-trivial bounded solution to the equation
Au — u = 0, which is enough to ensure the stochastic incompleteness. For a radial
function u = u (r) this equation acquires the form

1 - ,
u(r+1):u(7’)+m;|&|u(z). (4.4)

Setting u (0) = 1 and solving this equation inductively in r, we obtain a positive
solution w (r) that increases in r. It follows that

1 T
ur+1) < |1+ ——"— Si| | u(r
r+1) ( EmIEApI ')
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whence by induction

R-1

i 250)

i !Sm! |5r|
The condition (4.3) implies that the product in the right hand side is bounded so
that u is a bounded function.
If |S,| ~ r**¢ then V,(zo,7) ~ r**¢ and the condition (4.3) is satisfied so that

the graph is stochastically incomplete (the relation f ~ g means that the ratio of
functions f and ¢ is bounded from above and below by positive constants).

The proof of Theorem 4.1 is based on the following ideas. Firstly, the graph
distance p is in general not adapted. Indeed, the integral in (3.6) is equal to

Z (1 A p? (m,y)) J(z,y) = Zj (z,y) = deg ()

Y

so that (3.6) holds if and only if the graph has uniformly bounded degree, which is
not interesting. In general, we can construct an adapted distance d as follows. For

all x ~ y set
1 1

V/deg() : V/deg(y)

and regard o (z,y) as the length for the edge © ~ y. Then for all z,y € X define
d(z,y) as the smallest total length of all edges in an edge chain connecting x and y.
It is easy to verify that d satisfies (3.6):

, . 1 1 . 1 _
> (Ind (@,y)j(wy) < ; <deg @ " deg(y)> Jew) = ;deg (2)

Y

o(x,y) = (4.5)

Then one proves that (4.1) for p-balls implies that the d-balls have at most ex-
ponential volume growth, so that the stochastic completeness follows by Theorem
3.2.

To see why the cubic volume growth for the graph distance is related to the ex-
ponential volume growth for the adapted distance, let us consider a more restrictive
hypothesis

1S,| < Cr? forr>1, (4.6)

where S, is defined by (4.2) (clearly, (4.6) is a stronger hypothesis than (4.1)). Any
point z € S, admits the estimate of the degree as follows (see Fig. 7):

deg(z) < |S,_1] + [Sp| + [Srqa| < Cir2. (4.7)

Therefore, if z,y are two neighboring vertices in B, (zo,r), then by (4.5) and

(4.7)
o(@,y) = e h e > O (48)

Vdeg(z)  /deg(y) ~ 7

with some constant ¢; > 0.
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Py J

Figure 7: A vertex € S,(r) can be connected only to the vertices on S,(r — 1),
S,(r), and S,(r + 1)

Fix a vertex x € Sk and let {fEi}i]\io be a path connecting xy to = with the
minimal o-length (see Fig. 8). Clearly, we have p(zo,z;) < ¢ whence it follows from
(4.8) that o(z;_1,2;) > % and, hence for some c; > 0,

N R
1
d(xo, {E) = Zl O'(Ll','ifl, il?l) Z C1 Zl ; > Co lOg R.
......... 2
&N L "
K

Figure 8: For any path {z;}), connecting z and = € S,(R), we have N > R and

o(xi_1,m) > %+

Denoting by B, the d-balls, we obtain
Bd(l'o, Co log R) C Bp(l'o, R)

Changing variables r = ¢y log R and denoting by V; the volume of By, we obtain
using (4.1) that

Vd(x())r) S ‘/,;('xO; eT/C2) S exp <C3T)
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for some c3 > 0 and all large enough r, which was claimed.

In the general case (4.1) does not imply (4.6) for all » > 1, but nevertheless (4.6)
holds for sufficiently many values of r, which can be used to prove the estimates of
d as above.
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