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ABSTRACT. We prove that, in a setting of local Dirichlet forms on metric measure spaces, a two-
sided sub-Gaussian estimate of the heat kernel is equivalent to the conjunction of the volume
doubling propety, the elliptic Harnack inequality and a certain estimate of the capacity between
concentric balls. The main technical tool is the equivalence between the capacity estimate and
the estimate of a mean exit time in a ball, that uses two-sided estimates of a Green function in

a ball.
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1. INTRODUCTION

In this paper we are concerned with heat kernel estimates for regular local Dirichlet forms on
metric measure spaces. The heat kernel is a surprising source of many phenomena in diverse
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2 GRIGOR’YAN AND HU

areas of mathematics and science. There is a vast literature devoted to various aspects of heat
kernels; see, for example, [2, 6, 13, 14, 15, 17, 32, 33, 34, 36, 37, 38, 39] for the Euclidean spaces
or Riemannian manifolds, [8, 10, 24, 25] for tori or infinite graphs, [3, 5, 9, 27] for certain classes
of fractals, and [12, 26, 28, 30, 31, 41, 19, 20| for metric spaces.

The purpose of this paper is to obtain equivalent conditions for two-sided sub-Gaussian esti-
mates of the heat kernel for the full range of time and space variables. In the simplest case the
sub-Gaussian estimate has the following form

__C (2, y)\
Pt (xay) = W €xp <—C (T) )

where p; (x,y) is the heat kernel in question, d (z,y) is a metric, V (z,r) is the volume function
of a metric ball, and 8 > 1 is a parameter that is called the walk dimension. One of our main
results — Theorem 3.14, ensures that, under some simple assumptions about the volume function,
such an estimate of the heat kernel is equivalent to the following two conditions: the uniform
Harnack inequality for harmonic functions and the following estimate of the resistance between
two concentric balls B = B (z,r) and KB = B (z, Kr):

e
Vi(z,r)
where K is a large fixed constant. On the other hand, such a sub-Gaussian estimate of the heat
kernel is equivalent to a certain two-sided estimate of the Green function.

The main technical result of the paper is Theorem 3.12 that ensures the equivalence of the
resistance condition (1.1) to a certain mean exit time estimate from a metric ball. To obtain
Theorem 3.14, we then combine Theorem 3.12 with the results of [26] and [20].

In Section 2 we give necessary background material about abstract heat semigroups. In Section
3 we state the two above mentioned theorems, and prove Theorem 3.14 by using Theorem 3.12.
The proof of Theorem 3.12 is postponed to Section 8 after we develop necessary tools for that.

In Section 5 we prove some properties of the Green operator, in particular, the existence of its
kernel — the Green function, under the Harnack inequality. The most challenging result in this
section is to obtain an annulus Harnack inequality for the Green function, without assuming
any specific properties of the metric d, unlike previously known similar results [4], [25] where the
geodesic property of the distance function was used. A desire to have the results for a general
metric d is motivated by a number of applications. For example, the proof of the uniqueness of
Brownian motion on Sierpinski carpet in [7] uses Theorem 3.14. Another possible application
could be on self-similar fractals with a resistance metric.

In Section 6 we prove a representation formula for superharmonic functions via Riesz measures.
This type of results is known in abstract Potential Theory [11], but in our setting those results
are not directly applicable, and so we give an independent proof based on the heat semigroup.

In Section 7 we prove the pointwise estimates of the Green function using Harnack inequality
and the resistance estimate. This type of estimates was known on graphs [25] and on smooth
manifolds [17], but the present singular setting imposes certain difficulties that we overcome
using the potential-theoretic tools from the previous sections.

In Section 8 we give the proof of Theorem 3.12 using all the machinery developed in the
previous sections.

Appendix 9 contains some auxiliary properties of capacities and Dirichlet forms.

ACKNOWLEDGEMENT. The authors thank Wolfhard Hansen for valuable conversations on the
topics of this paper.

res (B, KB) ~ (1.1)

NOTATION. The sign ~ below means that the ratio of the two sides is bounded from above
and below by positive constants. The letters C,C’, ¢, will always refer to positive constants,
whose values are unimportant and may change at each occurrence. The sign U € {2 means that
U is precompact and U C Q. For any bilinear form & (f, g) set £(f) := E(f, f). If B is a ball of
radius r then AB is the concentric ball with radius Ar.
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2. HEAT SEMIGROUPS

Throughout the paper, we assume that (M, d) is a locally compact separable metric space and
u is a Radon measure on M with full support. We refer to such a triple (M,d, 1) as a metric
measure space.
Denote by
B(x,r)={ye M :d(x,y) <r}
the open metric ball of radius r > 0 centered at z. We always assume that every ball B (z,7) is
precompact. In particular, the volume function

Viw,r) = p(B(z,r))

is finite and positive for all z € M and r > 0.

Let (€, F) be a Dirichlet form in L? (M, 11). Recall that (&, F) is reqular if FNCy (M) is dense
both in F and in Cy (M), where Cy(M) is the space of all continuous functions with compact
support in M, endowed with sup-norm. The form (&, F) is strongly local if E(f,g) = 0 for any
f, 9 € F with compact supports, such that f = const in an open neighborhood of supp g.

Let £ be the generator of £, that is, £ is a self-adjoint and non-positive definite operator in
L? (M, 1) with the domain dom (£) that is dense in F and such that, for all f € dom (£) and
geF,

E(f,9)=—(Lf,9)
(

where (-, ) is the inner product in L? (M, ). The associated heat semigroup
P=¢*, t>0,

is a family of contractive, strongly continuous, self-adjoint operators in L? (M, i) that satisfies
the Markovian property (cf. [16]).
Recall that for any f € L? (M, i), the function

~ L (f =B )

is increasing as t is decreasing, and for any fer,

lim +(f = Pof, f) = £ (). (2.1)

t—0+ t

The form (&, F) is called conservative if P,1 = 1 for every t > 0. Unlike many other results
about heat kernels of Dirichlet forms, we never assume explicitly the conservativeness of (&, F),
although it may follow from other hypotheses.

A family {p;},., of non-negative y x p-measurable functions on M x M is called the heat
kernel of the form (€, F) if p; is the integral kernel of the operator P, that is, for any ¢ > 0 and
for any f € L?(M, p),

BNMZAmmMNwW@ (2.2)

for p-almost all x € M.

For a non-empty open @ C M, let F(£2) be the closure of F N Cy(2) in the norm of F. It
is known that if (£, F) is regular, then (€, F(2)) is also a regular Dirichlet form in L2(Q, ).
Denote by P the heat semigroup of (£, F(f2)), and £ the generator of (£, F(2)).

Recall that for any regular Dirichlet form (€, F), there is an associated Hunt process'. Denote
by X, t > 0, the trajectories of a process and by P,z € M, the probability measure in the space
of trajectories emanating from the point x. Denote by E, the expectation of the probability
measure P,. Then the relation between the Dirichlet form and the associated Hunt process is
given by the following identity:

P f(z) = Eof(X4), (2.3)

1Loosely speaking, a Hunt process is a strong Markov process whose sample paths are right continuous and
have left limit almost surely.
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which holds for any bounded Borel function f, for every ¢t > 0, and for p-almost oll x € M
(note that P, f is a function from L and, hence, is defined up to a set of measure zero, whereas
E.f(X¢) is defined pointwise for all z € M). By [16, Theorem 7.2.1, p.380], such a process
always exists but, in general, is not unique. Let us fix one of such processes once and for all.
If (£,F) is local, then the Hunt process X; is a diffusion, that is, the sample path t — X, is
continuous almost surely.

Example 2.1. Let M be a connected Riemannian manifold, d be the geodesic distance on M,
1 be the Riemannian volume. Define the space

Wl={felL?*:VfelL?

where L? = L? (M, ;1) and Vf is the Riemannian gradient of f understood in the weak sense.
For all f,g € W1, one defines the energy form

E(f.g) = /M (V£.Vg)dp.

Let F be the closure of C§° (M) in W'. Then (€, F) is a regular strongly local Dirichlet form
in L? (M, i1). The heat kernel admits (cf. [2]) the two-sided Gaussian bounds

2
e (@ y)vﬁexp e =yl
Y ct '

Similar bounds hold also on some classes of Riemannian manifolds (see [18], [32]). Note that in
the above examples the Dirichlet form is local and, hence, the corresponding Hunt process is a
diffusion.

Example 2.2. On some classes of fractals the heat kernel is known to exist and to satisfy the
following sub-Gaussian estimate:

g C d(z,y) B/(B-1)
Dt (I‘,y) - ta/ﬁ €xp <_ ( Ctl/ﬁ > ) (24)

for all ¢ > 0 and p x p-almost all z,y € M. Here d(z,y) is an appropriate distance function,
and a > 0 and 8 > 1 are some parameters that characterize the underlying space in question.

3. DESCRIPTION OF THE RESULTS
Let us introduce some definitions needed in this paper.

Definition 3.1. Let Q be an open subset of M. We say that a function v € F is harmonic in
Q if
€ (u,v) =0 for any v € F ().
A function u € F is superharmonic in §Q if
€ (u,v) > 0 for any nonnegative v € F (),
and is subharmonic in € if

€ (u,v) < 0 for any nonnegative v € F (2).

Definition 3.2. We say that the elliptic Harnack inequality (H) holds on M if, there exist
constants Cy > 1 and § € (0,1) such that, for any ball B (xg,r) in M and for any function
u € F that is harmonic and non-negative in B (z¢, ), the following inequality is satisfied:
esup u < Cpy einf u. (H)
B($0,57“) B(x()rér)
Let us emphasize that the constants C'y and 0 are independent of the ball B (zg,r) and the
function wu.
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Definition 3.3. We say that the volume doubling property (V D) holds if there exists a constant
C'p such that, for all z € M and all » > 0
V(x,2r) < CpV (z,7). (VD)
It is known that (V' D) implies that, for all z,y € M and 0 <r < R,

for some a > 0 (see for example [20]).

(3.1)

Definition 3.4. We say that the reverse volume doubling property (RV D) holds if, there exist
positive constants o’ and ¢ such that, for all z € M and 0 < r < R,

Clearly, (RV D) implies that the space (M, d) is unbounded. On the other hand, if (M,d) is
connected and unbounded then (VD) implies (RV D) (cf. [20]).
Let F be a continuous increasing bijection of (0, 00) onto itself, such that, for all 0 < r < R,

B I
o (B < F(R) <C B , (3.3)
r F(r) r
for some constants 1 < 8 < 8/ and C > 1. Consider the inverse function R = F~!. Obviously
(3.3) implies that
™Y R(T) T\'*
R < < — .
(7)) <Rm=c(?) 4

forall0 <t <T.

Recall that a cutoff function ¢ of (A,Q) means that ¢ € F N Cy(N), 0 < ¢ < 1 in M, and
¢ = 1 in a neighborhood of A. It is known that if (£, F) is regular, then for any open set Q C M
and any set A € ), there is a cutoff function of (A, ) (see [16, Lemma 1.4.2(i7), p.29]).

Definition 3.5. Let 2 be an open set in M and A € € be a Borel set. Define the capacity
cap(4, (1) by
cap(A4,Q) :=inf {&€ () : ¢ is a cutoff function of (A,Q)}. (3.5)

It follows from the definition that the capacity cap(A,(2) is increasing in A, and decreasing
in Q, namely, if A1 C Aa,Q; D Qo, then cap(A1, Q1) < cap(Az, Q). Using the latter property,
let us extend the definition of capacity as follows.

Definition 3.6. Let €2 be an open set in M and A C Q) be a Borel set. Define the capacity
cap(4, Q) by
cap(A4,Q) = lim cap(ANQ,,N) (3.6)
n—od

where {2, } is any increasing sequence of precompact open subsets of Q exhausting Q (in par-
ticular, AN, € Q).

Note that by the monotonicity property of the capacity, the limit in the right hand side of
(3.6) exists (finite or infinite) and is independent of the choice of the exhausting sequence {2, }.

Definition 3.7. A function » in an open set 2 C M is called cap-quasi-continuous in § if, for
every € > 0, there exists an open set U C 2 such that u is continuous on 2\ U, and

cap(U,Q) < e. (3.7)

By Lemma 9.1 that we prove in Appendix, for any open Q C M, any function u € F(Q)
admits a cap-quasi-continuous version u. This result is analogous to [16, Theorems 2.1.3 (p.71)
and 2.1.6 (p.74)] that deals with another definition of quasi-continuity, related to another notion
of capacity [16, pp.69,74].
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Next, define the resistance res (A, Q) by
I
cap(4, )’

Definition 3.8. We say that the resistance condition (Rp) is satisfied if, there exist constants
K, C > 1 such that, for any ball B of radius r > 0,

o120 <res(B,KB) < £ (3.9)

1 (B) (1 (B)’
where constants K and C are independent of the ball B. Equivalently, (3.9) can be written in
the form

res (A,Q) = (3.8)

F(r)
n(B)

We introduce the notions of the Green operator and the Green function.

res (B, KB) ~

(Rr)

Definition 3.9. For an open Q C M, a linear operator G : L?(Q) — F(Q) is called a Green
operator if, for any ¢ € F(Q) and any f € L?(Q),

E(Gf,0) = (£,9). (3.10)
If G admits an integral kernel ¢, that is,
G2 (@) = [ o) w)dn(o) for any J € I3@), (3.11)

then ¢% is called a Green function.

We will address the existence and the properties of the Green operator G in Lemma 5.1.
The issue of the Green function ¢ is much more involved, and is one of the key topics in this
paper (cf. Lemmas 5.2, 5.3, and 5.7).

For an open set Q C M, the function E% is defined by

E%(z) := G 1(z) (z € M), (3.12)
namely, the function E® is a unique weak solution of the following Poisson-type equation
— LOE® =1, (3.13)
provided that Ayin(Q) > 0.
It is known that
E®(z) =E, (1q) for pra.a. x € M, (3.14)

where 7q is the first exit time of the Hunt process {{Xt}t>0 , {Pr}meM} associated with (&€, F),
that is B

To=1inf{t >0: X; ¢ Q}, (3.15)
where X; ¢ Q means that either X; € M \ Q, or X; = co. Clearly, if the Green function g
exists, then

B% (@) = 6°1(0) = [ 4" (.9) duty) (3.16)
for p-almost all x € M.

Definition 3.10. We say that condition (Er) holds if, there exist two constants C' > 1 and
01 € (0,1) such that, for any ball B of radius r > 0,

esup BB < CF(r), (Er <)
B
einfE? > CT'F(r). (Ep >)
51B

Next we introduce condition (Gp).
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Definition 3.11. We say that condition (Gg) holds if, there exist constants K > 1 and C' > 0
such that, for any ball B := B (xo, R), the Green kernel g7 exists and is jointly continuous off
the diagonal, and satisfies

R F(s)ds

B

xo, < C/ ————— for all y € B\ {zo}, Gr <
g ( 0 y) K-1d(z0.) sV (IIJ‘O,S) Y \{ 0} ( F )

R F (s)ds

B -1 -1

xo, > C / ————— forallye K~ "B\ {zo}. Gp >
7o) td(ao) 3V (a0, 9) Y EET Bk (G2

The following theorem is a key in our paper.

Theorem 3.12. Let (M,d, n) be a metric measure space, where all metric balls are precompact.
Assume that (€, F) is a regular, strongly local Dirichlet form in L*(M,u). If (VD) and (RV D)
are satisfied, then the following equivalences take place:

(H) + (Br) & (Gr) < (H) + (EF) .

Remark 3.13. Condition (RV D) is required only for proving the implication (H) + (Ef) =
(RF Z)

The proof of this theorem is quite involved, including numerous lemmas and propositions.
We give the flowchart of the proof on the following diagram:

L.5.7
!
L72 — L71
! T
L73 — L74 L.6.5
! / AN
L.6.2 and L.6.4
AN /
L.8.2

Before stating the second theorem of this paper, we introduce more conditions.

(UE) Upper estimate: the heat kernel p; (z,y) exists, has a Holder continuous in z,y € M
version, and satisfies the following upper estimate

pe(2,y) < Wexp (—%t‘I’ <6M>> (UE)

for all t > 0 and all 2,y € M. Here ¢, C are positive constants, R : =F !, and

°0 = {; - T}

(NLE) Near-diagonal lower estimate: the heat kernel p; (z,y) exists, has a Holder continuous
in x,y € M version. and satisfies the lower estimate

p(w,y) > (NLE)

Viz,R(1)

for all ¢ > 0 and all z,y € M such that d(z,y) < nR (t), where n > 0 is a sufficiently
small constant.
Denote by (U Eyeqr) a modification of condition (U E) that is obtained by removing the Holder
continuity of p; (z,y) and by relaxing inequality (UFE) to u x p-almost all z,y € M. In a similar
way, we can define condition (NLEeqr)-
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Theorem 3.14. Let (M,d, p) be a metric measure space, where all metric balls are precompact.
Assume that (€,F) is a regular strongly local Dirichlet form in L?*(M,u). Assume also that
(VD) and (RV D) are satisfied. Then the following sets of conditions are equivalent:

(H)+ (Er) < (Gr)% (H)+ (Rp)
& (UE)+ (NLE)
~ (UEweak) + (NLEweak) .

Proof. The first line of equivalences is contained in Theorem 3.12. Denote by (E’ r) the following
condition:

EJ:TB(:E,T) ~ F (T) (EF)
for all » > 0 and x € M \ N, where N is a properly exceptional set?. Let us show that the
following implications take place:

[(UE)+ (NLE)|

i)
’ (UEweak) + (NLEweak) ‘

) ()

(H) + (Er)| = |(H) + (EF)

which contains the remaining equivalences in the statement of Theorem 3.14. Indeed, by [26,
Theorem 7.4] we have the equivalences

(H) + (Ep) < (UByear) + (NLEyear) < (UE) + (NLE).. (3.17)
Let us verify that

(Er) = (EF). (3.18)
Indeed, let B := B(xg,r) be any metric ball in M. For any 2 € B\ N we have, using (Er) and

B C B(z,2r), that
Ey7p < EuTpzon < OF(2r) < C'F(r).

Hence, it follows from (3.14) that

esup BB = esupE,7p < C'F(r),
B zeB

thus proving (Ep <). On the other hand, for any z € 3B\ N, we have, using (Er) and
B(z,r/2) C B, that

E,7p > IE907_B(m,'r/2) > C_IF(T/2) > CF(r),
and thus,

einfEP = einf E,7p5 > CF(r),
B/2 z€B/2

hence, proving (Er >) and as well as (3.18).
It remains to prove that
(H) + (EF) = (UEweak) + (NLEweak) .

For that we use the proof of (3.17) in [26] and verify that the condition (EF) in that proof can
be replaced by a priori weaker condition (Er). By [26, Theorem 3.11] we have
(H) + (Er) = (FK),
where (FK) denotes a certain Faber-Krahn type inequality (see [26, Definition 3.9]). It follows
from the inequality [22, (6.34)] that
(Er) = (SF),

2A set N C M is called properly exceptional if it is Borel, p (VM) =0 and
P, (X: € N or X;— € N for some t > 0) =0
for all z € M \ NV (see [16, p.152 and Theorem 4.1.1 on p.155]).
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where (Sr) stands for a survival estimate defined by [20, (5.23)]. By [20, Theorem 2.1] we have
(FK)+ (Sr) = (UEyeak) »
which implies
(H) + (EF) = (UEweak) .
Arguing as in [26, Section 5.4, one obtains
(H) + (EF) = (NLEweak) )
which finishes the proof. O

4. MAXIMUM PRINCIPLES

We give three maximum principles, and the first two are for a subharmonic function on one
open set, and the third is for a subharmonic function on the difference of two open sets. All of
them will be used later on.

Lemma 4.1 (Maximum principle). Assume that (£, F) is a regular Dirichlet form in L*(M, ).
Let Q C M be open such that Apin(2) > 0, and let Q1 €  be open. Assume that uw >0 in M.
(1) If u is subharmonic in 2, then (see Fig. 1 below)

esupu < esup u. (4.1)
Q M\

Consequently, if in addition u vanishes outside €0, then

esup u = esup u. (4.2)
Q O\

(2) Assume in addition that (€, F) is strongly local, 2 is precompact, and that uw € L (M).
If u is subharmonic (resp. superharmonic) in §, then for any open Qs > Q,

esupu < esup u, (4.3)

Q Q2\ 21
. einfu > inf . 44
(resp einfu > Sgl{lgl w) (4.4)

Moreover, if w is continuous in a neighborhood of 0, the above inequalities can be
replaced by

esupu = Supu (4.5)

9] 09
. einfu = inf 4.6
(resp elél u inf u), (4.6)

where 0Q = O\ Q, the boundary of .

Proof. (1). Assume that esuppq, v is finite; otherwise (4.1) is automatically true. If (4.1)
fails, there would have a finite positive number ¢ such that
esupu > ¢ > esup u.
Q M\,
Since ¢ > 0, the function ¢ := (u — ¢) is a normal contraction of u ([16, p.5]), and thus, ¢ € F.
Moreover, ¢ € F(f2) since (u —c), = 0 outside ;. Using the subharmonicity of u and the
Markov property of (£,F) (cf. [19, Lemma 4.3]), it follows that
0 = &(u,p) =E(u,(u—c))
2
> E((u—rc)y) zAmin(Q)"(u—0)+“2 > 0, (4.7)

a contradiction, thus proving (4.1).
If in addition v = 0 in M \ €2, we have

esup u = esup u.
M\Qy o\
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u 1s subharmonic in O

Hetllr )= el ypn

F1GURE 1. Maximum principle.

Hence, it follows from (4.1) that
esupu < esupu < esup u,
Q\Ql Q Q\Ql

showing (4.2).
(2). Let ¥ be a cut-off function of (ﬁ, Qz). Since u, ¥ € F N L, we see that uy € F N L.

For any ¢ € F(2), observe that the product of the two functions u(¢) — 1) and ¢ is equal to
zero, and so (cf. [40, Prop. 4.1])

E(u(y —1),9) =0.
We first assume that w is subharmonic in €. It follows that
E(up, ) = E(u, ) + E(u(yy — 1), ) = E(u, ¢) <0, (4.8)
namely, the function u is also subharmonic in 2. By (4.1), we have

esupu = esup (ut)) < esup (up) < esup u,
Q Q M\ Q2\21
proving (4.3).

We next assume that w is superharmonic in 2. Similar to (4.8), the function i) is also
superharmonic in Q. To show (4.4), consider the function v := (a — u)y, where a := esup,, u.
Then v > 0 in M, and is subharmonic in 2 since for any ¢ € F(Q2), using the strong locality of
(€, F),

g(vv 90) = a(‘:(d}a 90) - 5(U¢, 90) = _5(7“/17 90) <0.
Hence, we see from (4.1) that
esup(a —u) = esupv < esup v < esup (a — u),
Q Q M\ Q2\21
proving (4.4).
Finally, if u is continuous in a neighborhood of 90, we have that, letting Q5 | €2,
esup u — sup u.
2\ o\
Similarly, letting 1 T Q, we have

Sup u — sup u = sup u.
o\ Q\Q o0

Therefore, it follows from (4.3) that

esupu < sup u,
aQ oQ
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which gives (4.5), by using the fact that supyg u < esupgu as 9Q C Q. The equality (4.6) can
be proved similarly. O

The second maximum principle is for a subharmonic function u where we do not know a-priori
whether or not u keeps the same sign in the whole domain M, as required in the first maxi-
mum principle, although this function u turns out to be non-positive hereafter. This maximum
principle will be used in the proof of Lemma 6.4 (b).

For an open U C M and u,v € F, denote by

u<v modF (U), (resp. u=v modF (U))
if there exists some h € F (U) such that v —v < h in M (resp. u —v = h in M).

Proposition 4.2. Assume that (£,F) is a regular Dirichlet form. Let U be open such that
Auin(U) > 0. If

{ u s subharmonic in U, (4.9)

u <0 modF (U),
then uw <0 in U (and thus also in M ).

Proof. Since u < 0 mod F (U), we have that uy € F (U) (cf. [19, Lemma 4.4, p.114]). Since u
is subharmonic in U, we have that, for any non-negative ¢ € F (U),

E (u,p) <0.
Letting ¢ = uy and noting that
E(uy,u_) = %1_1%% (uy — Puy,u_) = —%i_l}(l)% (Pauy,u_) <0,
we obtain that
0 = &(u,uy) =& (uy) =& (u-uq)
> E(ug) >0,

and thus, € (uy) = 0. Therefore,

€ (ug)

2 _
[ llz20ry < () 0,

which implies that © < 0 in U. O

Finally, we present a third maximum principle where the domain is the difference of two open
sets. It will be used in the proofs of Lemmas 5.3 and 7.4.

Proposition 4.3. Assume that (€, F) is regular, local. Let Q be open such that Apin(2) > 0,
and let A C Q be compact. Let 0 < u € F(2) N L* and is subharmonic in Q\ A, and is
continuous in some neighborhood of AU, for any open U with A € U € ). Then,

esup u = Sup u. (4.10)
oO\U U

Proof. Since we always have that esupg,y u > supyy u, assume on the contrary that

m = sup u < esup u,

U Q\U
and we will deduce a contradiction.
Choose a small € > 0 such that
esupu > m + €. (4.11)
Q\U

Choose an open set V such that A C V C U, and

supu < m+e/2.
U\V



12 GRIGOR’YAN AND HU

Let ¢ be a cutoff function of (V,U). Consider the function
u® = u — up.
Clearly, u* € F N L, v*|y =0, and

uw<u<m+e/2 nU\V.

Hence, the function v := (u* — (m +£/2)), satisfies that v|y = 0. Since v € F (£2), by Proposi-

tion 9.3 in Appendix, we have that v € F (2 \ A).
On the other hand, using the locality of (£, F) and the fact that gv = 0, we have

E(up,v) =0.
Therefore, by the subharmonicity of u, we obtain
E(u*,v) = E(u,v) — E(up,v) <0.

It follows that
0> E(u*,v) > E(v) > Amin(Q)][0][7200 1),

showing that v =0 in Q \ A. Hence,
u*<m+e/2 in Q\ A,

in particular, we have that u* < m +¢/2 in Q\ U. But this is a contradiction by noting that

u* =wuin Q\ U and using (4.11).

5. GREEN OPERATOR AND GREEN FUNCTION

0

5.1. Green operator. We give the existence of the Green operator, and present its properties.

Lemma 5.1. Let (£,F) be a regular Dirichlet form in L*(M, u), and let @ C M be open such
that Amin(Q2) > 0. Let L be the generator of (€,F (), and set G = (—L)71, the inverse®

of =L, Then the following statements are true.
(1) HGQH < Amin(Q) 7Y, that is, for any f € L?()

HGQfHLQ(Q) < )‘min(Q)i1 HfHLZ(Q) :
(2) For any f € L*(Q), we have that G f € F(Q), and

E(G2f,9) = (f,) for any ¢ € F(Q).
(3) For any f € L*(9),

GUf = / P f ds.
0
(4) G is non-negative definite: Gf >0 if f > 0.
Proof. (1). It is trivial since spec(G*) C [0, Amin(©2) 7], and so |G| < Amin ()~
(2). Let u = G2f. Then u lies in the domain of £, and hence, for any o € F(1),
E(G S p) = E(u, ) = — (L%, 0) = (f,9) .-

(3). Using the spectral resolution, we see that

PRf= [ eaEgy,
Amin(Q)

3Since A1(€2) > 0, the operator —£® has a bounded inverse in L?(2, 11).

(5.1)
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and hence,

/ Pefds = / / e NESLf | ds
0 0 )\min(Q)
= / < / e‘”‘ds) dESYf
Amin (€2) 0

= [ By = ()
A

min (Q)

showing (5.3).
(4). Finally, since P f > 0 if f > 0 for any s > 0, we see from (5.3) that G is non-negative
definite. ]

5.2. Harnack inequality and existence of Green function. If condition (H) holds, we will
show that the Green function ¢* exists and is jointly continuous off diagonal.

Lemma 5.2. Assume that (£, F) is strongly local, reqular, and that conditions (H) and (VD)
hold. Let Q C M be open such that Amin(Q) > 0. Then there exists a function ¢ (z,y) defined
for (xz,y) € Q x Q\ diag with the following properties:

1) G (z) = [, 9%, 2) f(z)du(z) for any f € L*(Q) and a.e. z € Q.

2) g% (z,y) = 9" (y, x) > 0.
3) ¢%(z,y) is jointly continuous in (z,y) € Q x Q\ diag.
4) For any ball B with B C Q and any y € Q\ B,

sup g% (z,y) < Cy inf ¢*(z,y), (5.4)
:EE(SB €SB

where constants Cy,d are the same as in condition (H).
Proof. The proof is quite long. We first show the existence of ¢ (z,y) for (z,y) € Q2 x Q\ diag.
Fix a point z € Q, a ball B := B(z,R) € Q, and set U = Q \ B. Let f be any non-
negative function in L2 (Q) that vanishes outside U. Then Gf is harmonic in B because for
any ¢ € F(B),
EG . p) = (frp) =0
Hence, by condition (H) and (5.1),

esupGYf < Cpeinf GUf
6B 0B

1 2 1/2
Cy | —— GY d>
H(m&nﬂ& 1) du
Crp(dB) G|l 12

< Cru(0B) ™ Auin (@) I fll 20y = C1 (2 B) 1 f |l 2wy - (5.5)

IN

IN

where the constant C; (€2, B) is given by

Ch
Amin(€2)v/p(0B) .

C1(Q,B) =
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Since (€,F) is strongly local, using (5.5) and the fact that Gf > 0, the harmonic function
G f|p satisfies the following oscillation property: for any ball B(z, p) C dB and any 0 < r < p,

Osc Gf : = esup Gf — einf GVf
B(z,r) B(z,r) B(z,r)
N\ °
< 2(-) Osc GU'f
P/ B(zp)
N\ °
< 2(—> esup GSLf (5.6)
P 6B
\
< 20028 (%) 1l (5.7

where 6 > 0 is a constant depending only on constants Cr,d in condition (H), see [26, Lemma
5.2]. Thus the function G**f admits a Holder continuous version in 6 B, that will also be denoted
by Gf.
It follows from (5.5) that
G f(x) < CLQB) 1 2o

so that the mapping f — G@f(z) is a bounded linear functional on L?(U). By the Riesz

representation theorem, there exists a unique g5 U() € L%(U) that is non-negative in U and
such that

G2 f(@) = [ g2V(:)f(dn(2) tor any | € L2(U).
U

Let {By}r>1 be a shrinking sequence of balls centered at x such that N By, = {z}, and let

Uk =Q\ Bj,. Then we obtain a sequence of the functions g§3 Uk that is consistent in the sense

that
Qka+l

U,
Iz k.

=9z

Uk
This allows us to define a function g on Q\ {z} by

Q Q,U,
gy =g, * on Ug.

By construction, ¢ € L2 (Q\ {z}), is non-negative in Q \ {2} and satisfies

loc
G f(z) = /Q 622 f(2)du(2) (5.8)

for any f € L?(U},) and k > 1.
We claim that (5.8) also holds for any f € L?(Q), that is,

G2 f(@) = [ 92 (:)dn(z) for amy 1 € LX(@). (5.9)
Q
Indeed, set fi = f1y, for any non-negative f € L*(Q). Since (5.8) holds for f;:
G2 1) = [ B ()dn(e), (5.10)
Q

we let kK — oo and obtain that
G, — GUf in L3(Q)

2
by using the monotone convergence theorem, because fj L f and G* is bounded in L?(Q)
by (5.1). This proves our claim.
Observe that for any ball A € U,

Cr/1(04)
HGQl‘SAHLOO(éB) < AminIZQ)\/m7 (5.11)
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since, taking f = 154 in (5.5), we see that
Ch
Amin (§2)\/1(6.B)
Let us show that G : L1(§A) — L*®(§B) is bounded, that is, for any f € L'(5A),
(Cr)?
Amin (€2) /(6 B)p(5A)
Indeed, interchanging the balls A and B in (5.11), we obtain that

Cr/p(0B)
HGQL;BHLOO(SA) < )\mijg)\/m' (5.13)

Hence, for any non-negative f € L'(5A),
HGQfHLl(zSB) - (GQf’ Lsp) = (/. GQléB)
£l L1 sa) HGQ15BHL00(5A)

Cr/p(dB)

T Amin(2)/u(0A

p(SA)2.

HGQldAHLoo(w) < Ci(% B) [|Lsall 254y =

max G < 1225y - (5.12)

IN

) 1121 sa) -

Therefore, using condition (H),

maxGf < Cy I?}Bn G

0B
1
< O (55516 uvem)

(Cr)?
N (/20 B) (3 A) 1l say s (5.14)

IA

proving (5.12).
Now for y € U, let {.&?n}n21 be a decreasing sequence of positive numbers shrinking to 0 such
that A := B(y,e1) C U, see Figure 2.

FIGURE 2. Domains A and B.

Let up y = Gan,y, where

1
fn,y = )) 1B(y,an)7

w(B(y,en
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such that f,, — d, weakly in Co(M) as n — oo, where d, is the usual Dirac function concen-
trated at point y. It follows from (5.6) and (5.12) that for B(z,p) C 6B and 0 <1 < p,

0
r
Osc u < 2(-) esupu
Bew) VT (p> P

IN

6 2
r (Cu)
2<E> A Q@B )

0 2
— T (Cr)
N 2<p> Ao/ 2(0B)p(3A) (5.15)

Therefore, the sequence {uy, ,} is uniformly bounded and equicontinuous in §B. By the Arzela-
Ascoli theorem, there exists a subsequence {uy, ,} that is uniformly convergent in 6B. In fact,
the limit is g??, that is,

gg(z) = klim Gank’y(z) uniformly for z € 6B, (5.16)

because, for any ¢ € Cy(0B), using (5.9),

(Unyy, ) = (GankaZNSO) :(fnk,vaQ‘p)
— G%(y) = (9. ¢) .

and hence,
Unyy — g?? weakly in Cy(0B) as k — oo.

We now define the function g% (y,z) by
9" (y,2) =g,/ (w) = lim Gy, (x) >0

for almost all (z,y) € 2 x Q\ diag.
We next show that such ¢*(y, x) satisfies all the properties (1)-(4).
Indeed, property (1) is clear by (5.9). Property (2) follows by using (5.9),

g (y,x) = lim Gy (2) = lim [ g(2) fuyy(2)dpi(2)

k—oo J
= () = g%y
To show property (3), we have from (5.15) that, for any 0 < r < dR,

r )9 (Cn)?

Osc GQ n <2(— )
o, <2 (55 Amin(Q)y/1(0B) (0 A)

B(z,r)

and hence, passing to the limit as £ — oo,

2
Ose o°(y.) <2 ()" )
B(x:r) OR/ Aipin () /u(6B)p(6A)
It follows that ¢g%(-,y) is Holder continuous in §B locally uniformly for y € U, and thus, the
function ¢ is jointly continuous away from the diagonal.
More precisely, for any x1,y1 € Q and any r1,r2 > 0 such that B(xy,71) N B(y1,r2) = 0, and
B(xy1,m1) C Q, B(y1,72) C 2, we have that

2579 (Cyr)? !(dm, mz>>9
min()/V (z1,6r1)V (41, 072) 1

()

‘QQ(xlayl)—QQ(xz,?JQ)’ < S

: (5.17)

2

where x9 € B(x1,0r1) and y2 € B(yy,0r2).
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Finally, to show the property (4), let B be an arbitrary ball with B C €2, and let y € BC.
Note that w,,, satisfies condition (H) in 6B uniformly for n > 1, that is,

Q : Q
max G2y < O min G2y . (5.18)
Passing to the limit as k& — oo, we obtain (5.4). O

The next is the maximum-minimum principle for the Green function ¢%*(z,-). Since we do
not know whether or not the function ¢g*(zo,-) belongs to F, making it harmonic in Q \ {zo},
we are not able to apply directly the maximum principles established before, as often did when
M is a graph or a manifold.

Lemma 5.3. Assume that all the hypotheses of Lemma 5.2 hold. If o € U € 2, then

U{?f}gﬂ(:ro,-) = infg%(x0,"), (5.19)
xo

sup g (zo,-) = supg(zo,"). (5.20)
O\U U

Proof. Let Q, T Q such that Q,, is precompact open, €2, D U for each n. Let Uy | {xo} such
that each Uy is open, and U; € U. Let

0
up = G fr

where fj, ;o — 4, weakly in C(M) as k — oo, for example fj, ,, = @1%' By the proof of

Lemma 5.2, the sequence {uy}y-, converges uniformly to g (g, ) on each compact subset of
Q\ {xo}, as k — oo.

We first prove (5.19). To do this, note that each uy = G f; , is superharmonic in  (and in
particular in U), since for any non-negative ¢ € F (Q),

& (ug, ©) = (frzo, ¢) > 0.
As U is precompact, we have from (4.6) that, for each k,

inf uy, = inf uy. 5.21
e%l up, = inf up (5.21)

Clearly, for each n, we have that OU C U \ U,, C U, and thus

einf up < einf up < infuyg
U U\Un, ou

for each k. Combining this with (5.21), we see
einf uy = inf uy.
U\Un, ou
Letting kK — oo, we obtain that

inf % ) = inf ¢ .
ﬁl{lUng (zo,") inf g (zo, ),

and then letting n — oo, we conclude that (5.19) holds.
We next show (5.20). In fact, since each uy, is harmonic in Q \ Uy, it follows from Proposition
4.3 that
Sup up = sup ug
Qn\U U
for each n. Letting k — oo, we have that

sup g% (o, ) = sup g**(zo, -),
Qn\U oU

and then letting n — oo and using the continuity of ¢ (xo,-) off diagonal, we conclude that
(5.20) holds. O
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It is not hard to see that (5.4) is equivalent to the following: if

d(z1,22) < 0 [d(xo,21) A d(z0, 22)], (5.22)
for any points xg, 21, 22 € €, then ¢®(xg, 21) ~ ¢**(x0, 22), that is,
C g (20, 22) < g% (w0, 21) < Cg® (o, 22) (5.23)

for some C > 0.
We introduce the Harnack inequality for the Green function ¢

Definition 5.4. We say that the Green function ¢* satisfies the Harnack inequality if ¢ is
jointly continuous off diagonal, and if there exist some (large) constants K, C' such that for any
ball B = B (xg, R) and for any precompact open set 2 O KB,

Sung(a:O,') < Cinng(xo,-), (HG)
9B 0B
where C' may depend on K, but both K and C' are independent of the ball B and the set (.

We will show that (HG) is true if conditions (H) and (VD) hold. For doing his, we need the
relatively connected property of balls.

Definition 5.5. A metric space (M,d) is relatively (e, K)-ball-connected if, for constants ¢ €
(0,1) and K > 1, there exists an integer N = N (e, K) such that for any ball B(xo, KR) and for

any two points x,y € B(wo, R), there is a chain of balls {B;}}, of the same radius R inside
B(zg, KR) connecting x and y, that is,

xEBQNBleQN~~~BN9y,
where B; ~ B; means that B; N Bj # (0, see Figure 3.

FIGURE 3. Balls {B;}2, connecting two points z and y.

We give a sufficient condition for the ball-connectedness.

Proposition 5.6. Assume that (£, F) is a strongly local, reqular Dirichlet form, and that con-
ditions (H) and (VD) hold. Then (M,d) is relatively (e, K)-ball-connected for any ¢ € (0,1)
and any K > 61, with the same & as in condition (H).

Proof. Fix e € (0,1) and K > 6!, and let B := B(zg, R). For the ball B(xg, KR), by condition
(V D), there exists a finite number of balls {B;}¥, of the same radius eR that covers B(zg, K R),
where N depends only on K, e (cf. [29, Theorem 1.16, p.8]). It suffices to show that if X, Xy €
{B;} and X;N B # 0 (j = 1,2), then X; and X» can be connected by a chain of balls from
{Bi}.
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To see this, denote by € the union of all the balls in {B;} that can be connected to Xj.
Clearly, the set €2 is open. We claim that 2 is also closed in B(zg, KR).

Indeed, for any point y € B(zg, KR) \ 2, there exists a ball X in {B;} such that y € X. If
X intersects one of the balls in €, then X C Q, which contradicts the fact that y ¢ Q. Thus,
X does not intersect any ball from 2, that is Q@ N X = (), and y has an open neighborhood XN
B(xzo, KR) outside Q2. Therefore, the set B(xg, KR) \ Q is open, showing that Q is closed in
B(:L’o, KR)

Let Y := B(xg,0 'R) so that B CY C B(z, KR), and let

A=QNnY =QnY.

Then A is compact. Let u be a cut-off function of (A,2). We will show that  is harmonic in
Y. In fact, for any ¢ € F N Cy(Y), we have that supp (up) C QNY = A whilst u = 1 in a
neighborhood of A, see Figure 4. Hence, using the strong locality, we have that &(u,uy) = 0.

u 1s harmonic in Y

FIGURE 4. function u and domains A,Y.

Similarly, &(u, (1 —u)) = 0 because supp (p(1 —u)) C Y N A¢ C Y N Q¢ whilst v = 0 in Q.
Therefore,
E(U, 80) = 5(“?“90) + E(U, 90(1 - u)) =0,

proving that u is harmonic in Y.

Hence, we can apply condition (H) for the non-negative harmonic function w for the pair
(B,Y).

Let z € X;NBcCQNY = A. For any y € X5 N B, we obtain

1 =u(z) < Chuly),

which gives that u(y) > 0. Thus, y € Q since u is a cut-off function of (4,Q2) and u = 0 in Q°.
Hence, Xo N B C 2, showing that X5 can be connected to X7 by a chain of balls in {B;}. The
proof is complete. O

The last part of the above proof was motivated by that in [26, Theorem 7.3(a)].
We next show that condition (HG) holds.

Lemma 5.7. Assume that all the hypotheses in Lemma 5.2 are satisfied, then condition (HQG)
is true where K > 6§71, Consequently, for any ball KB C Q with center xo,

sup ¢z, -) < C'inf g% (xo, -)
Q\B B

for some C > 0 independent of the ball B and €.
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Proof. First observe that (M, d) is relatively ball-connected by using Proposition 5.6. Fix a ball
B := B(wg, R), and let Q be open such that B(xo, KR) C Q. Since g% (wo,-) is continuous on
0B, let x and y be two points on dB such that

gﬂ<m07x) = sup gﬂ(x07 ')7
OB
Q e Qo
g (.’IZ’O,y) - ldang (CC(), )
We need to show that
9% (w0, ) < Cg(wo,y). (5.24)

Clearly, if d(z,y) < R, then (5.24) with C = Cy follows from (5.4). In the sequel, we assume
that d(x,y) > 0R.

Let & = 63/4, and let {B;} Y, be any fixed chain of balls with the same radius eR in B(xo, K R)
connecting = and y. Denote by B; := B(&;,eR), and note that

IBEBONBlNBQN"'NBNBy.

We will prove (5.24) according to the whereabouts of the centers {,&1,&s, -+ ,&x} of the balls
{Bi}Y,. We distinguish two cases.
Case 1: d(z0,&;) > dR for each i (see Figure 5).

B(&.eR)

B(S.1-€R)

B(x,,KR)

FIGURE 5. The point zg lies outside each of the balls B(;,0R).

Consider the function ¢*(z¢,-). For i =0,--- , N — 1, note that
d(&;,€401) < 26R=030°R/2 < 5(6R)
< dmin {d(mo, &), d(xo, £i+1)} .
Applying (5.23), we obtain that ¢ (zo,&;) ~ g% (20,&;41), and thus,
9" (0, &) = g% (w0, € ).
Also we have
Q( (z0,€0);
(20, y)-

g .'L'(],ZU) =~

g2
g (@o,6n) = 4"
Therefore, we conclude that
gﬂ(fﬂo,fﬁ) = QQ(fL‘O,y),
proving (5.24).
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Case 2: d(z0,&;) < dR for some i.

Let 2’/ := &, be the point from {£y,&;, - ,&x} such that all the centers £y, &;,&q, -+, & lie
outside B(zg,0R) whilst the next center &, lies inside B(zo,d0R). Denote by z” := &, (see
Fig. 6).

FIGURE 6. The points 2/, 2" and 3/, y".

At the same time, let 3’ := &, be the point from {y,&;,---,{N} such that &;_; lies inside
B(z0,d R) whilst all the next centers {;,;,1,-- ,{y lie outside B(wo, 0 R). Denote by y" :=&;_;.
At this stage, we do not care about any ball with the center in {§k+2, §kagr e ,§j_2} if any.

We further distinguish three cases.

Case (2a): There exists a point 7 from {y’, JFRFERE ,§N} such that

267
(See Fig 7).
By Case 1, we have already proved that
g (o, 2') =~ g%(mo,m),
On the other hand, consider the function ¢g*(z,-). Since

2
d(z',n) < %R < 6%R < § min {d(xo,a:’),d(xo,n)} ,

we see by (5.23) that
QQ($07 LU/) = gﬂ(xoa 77)7
which combines with (5.25) to show that (5.24) also holds.
Case (2b): There exists a point £ from {£y,&1,&y, -+ , &1, 2’} such that
2

20
d(y',€) < ?R-
In this case, we can similarly prove that (5.24) holds, as we did in Case (2a).
Case (2¢): d(z/,z) > %R for all z € {y’,ﬁjﬂ,--- '}, and d(y,2) > %R for all z €
{507511527 e >§k—17x/} (See Flg 6)
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FIGURE 7. The points 2’ and 7 are close.

Consider the function ¢%*(2/,-). For each k = 4,5 +1,--- , N — 1, we see that

R 267
A€ €pr1) < 26R=—= <9 (?R>

< Odmin {d(xla gk)? d(l‘l, §k+1>} .
Applying (5.23), we have that ¢ (2/,&;,) ~ ¢*(2/,&;,1), and so

g (@' y') = g% y). (5.26)
On the other hand, consider the function ¢*(y,-). Since

d(y,2”) > d(y,x0) — d(xo,2") > R— R > §°R,
d(ya xl) > d(yv :L'O) - d((]ﬁ‘g, :I;/,) - d(wﬂﬂ 113/)
> R—6R— 2R > §°R,
we see that
53
d(z",2') < 2eR= TR < §(6%R)
< Smin {d(y,2’),d(y,")} .

Thus, we have by (5.23) that

9 (y,2") = g% (y,2"). (5.27)
Also noting that d(z”,z0) < 0R, and d(y,zo) = R, we apply (5.4) to obtain that

9% (y,2") = g% (y, z0)- (5.28)
Therefore, as ¢ (', y) = ¢%(y, x'), it follows from (5.26)-(5.28) that

9@ y) = gy, xo)-

Similarly, we obtain that
g (@' y) = g% (2, 20).
Therefore, we conclude that (5.24) also holds. O
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6. SOME POTENTIAL THEORY

6.1. Riesz measures associated with superharmonic functions. For any open 2 C M, we
show that any non-negative superharmonic function f € F () admits a regular Borel measure
vy such that f can be expressed as an integral of the Green function g% with respect to v 7. This
measure vy is called a Riesz measure associated with f. Recall that for the classical case, F.
Riesz proved this theorem, now called the Riesz decomposition theorem (cf. [1, T.4.4.1, p.105,
and Def. 4.3.4, p.102]).

Lemma 6.1. Assume that (€£,F) is a reqular Dirichlet form. Let Q C M be non-empty open,
and let f € F in M.

(a) If f is superharmonic in  and if either one of the following two conditions is satisfied:
(1) f>0in M;
(2) feF(Q) (f being not necessarily non-negative in M );
then P2 f < f in Q for all t > 0.
(b) If Pf < f inQ for all t >0 and f € F (), then f is superharmonic in Q.
Consequently, when Q = M, any non-negative function f is superharmonic in M if and only
if Bof < f forallt>0

Proof. (a). The function u (t,-) := P f — f is a weak subsolution of the heat equation in Ry x
(cf. [19, Example 4.10, p.117]), and satisfies the initial condition

2
uy (t,-) P 0 ast — o,

We need to verify the boundary condition
uy (t,-) € F(Q). (6.1)

If f>0in M, then u(t,-) = P2f — f < P2f in M, and thus, by [19, Lemma 4.4], condition
(6.1) is true. If f € F(Q), sois u(t,-), and (6.1) is also true. In both cases, using the parabolic
maximum principle (see [19, Prop. 4.11, p.117]), we obtain that v < 0 in (0,00) x , that is,
Pf < finQforall t > 0.

(b). Assume now that P{lf < f € F(Q). Then, for any non-negative function ¢ € F (£2),

b0
et =t (F7 ) 20

which means that f is superharmonic in Q. O

We will show that the Riesz measure exists for any non-negative superharmonic function.

Lemma 6.2. Assume that (€,F) is a regular Dirichlet form, and let  C M be an open set.
Let f € F(Q) be a non-negative superharmonic function in §.

(a) Then there is a reqular Borel measure vy on S such that
f-P’f
t

where the convergence is weak in Co (). Moreover, measure vy does not charge any
open set where f is harmonic.

(b) Assume further that Amin (Q) > 0 and that the Green function g% exists and is jointly
continuous off diagonal. Assume in addition that the function f is bounded in Q and
harmonic in U = Q\ S where S C Q is a compact set. Then

f (@) = /S 6% (2, y) dv s (y) (6.3)

—vpast— 0, (6.2)

for p-a.a. x € Q.
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It follows from (6.2) that, for any ¢ € F N Cy (),

E(f,p) = /Q‘Pd’/f- (6.4)
Recall that if f € dom £, then & (f, ) = (—EQf, ¢) . Hence, the identity (6.4) allows to define
— L =y (6.5)

for any non-negative superharmonic function f € F (Q).

Proof. (a) For any t > 0 and ¢ € Cj (2), set
_ p2
gt (f7 QO) = (%7 W)

so that ¢ — & (f, ) is a linear functional in Cy (€2). Let us show that lim; o & (f, @) exists for
all p € Cy (2). Fix a precompact open set V' C Q and we shall prove that limy_q & (f, ¢) exists
for all p € Cy (V') (which will imply the same for all ¢ € Cy (2)). Let ¢ be a cutoff function of

(V, Q) Then, as t — 0,
PO
Q t

It follows that, for sufficiently small ¢t > 0 and for all ¢ € Cy (V),

—_ p&
gl < [FE suwlg
LYv)

< [E(f,¥) +1]sup|ep],

that is, & (f, ¢) is a bounded linear functional of ¢ € Cp (V'), and the norm of this functional is
bounded uniformly in ¢. Since lim; 0 & (f, ¢) exists (and is equal to & (f,)) for all ¢ € F, in
particular, for ¢ € F N Cy (V), and the latter set is dense in Cp (V') by the regularity of (£, F),
it follows that lim; o & (f, ) exists for all ¢ € Cy (V).

Since & (f,¢) > 0 for non-negative ¢, the lim; o & (f, ) is a non-negative linear functional
on Cp(€2). By the Riesz representation theorem, the functional lim; o & (f, ) determines a
regular Borel measure v on €, so that

%ir% E(f,p) = / @dv ¢ for all ¢ € Cy (). (6.6)
- Q

If f is harmonic in an open set U, then £ (f, ) = 0 for all ¢ € F (U). It follows that & (f, ) — 0
ast — 0 for all p € FNCy(U), and hence,

/ edvy =0
U

for all such ¢. Since F N Cy (U) is dense in Cy (U), we conclude that vy =0 on U.

(b) Since g% is jointly continuous off diagonal and measure p is non-atomic, we see that
g (x,y) is measurable with respect to dvs(y)du(z), as the measure of the diagonal is zero.
Then the integral

Hf_Pth
t

LYV)

IN

|| e wut)
MJMm
is defined for all ¢ € Cy(M), and hence, by Fubini’s theorem, the integral

[ 1] s newan] avs)

is also defined. Therefore, the function

G2 = /M 6%z, y)p(@)dp(x)
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is vp-measurable.
Let us prove that, for any fixed non-negative ¢ € Cy (Q2),

£ (1.6%) = [ 6% vy, (6.7)
S
Observe first that

Q 1
1G2f|, < ey ke

that is, G* is a bounded operator in L™ (Q2) (see (8.20) below, or [26, Lemma 3.2]). Hence, the
function u := Gy is a non-negative bounded function on Q. Recall that, by (5.2),

E(fiu) =& (f,G%) = (f,¢). (6.8)
Let ¢; be a cutoff function of S in some small neighborhood of S. Let V be a precompact
open neighborhood of supp ;. By Lemma 9.1 from Appendix, the function u is cap-quasi-
continuous in €2, and, hence, in V. That is, for any € > 0, there is an open set £ C V such that
cap(E,V) < /2, and w is continuous in V' \ E. By the properties of capacity we have also

cap(E, Q) < e/2.
Since E € €, there exists a cutoff function ¢4 of (E, ) such that € (¢5) < € (see Fig. 8).

FiGUrE 8. Functions ¢, and 94

Since u € F N L, we see that the following three functions are also in F N L°:

ur =y (L —1y), up =uh1hy, uz=u(l—1).
Note that u; + ug + us = v in M. Let us investigate the terms in (6.7) separately for each of
the functions wu;.
By construction, u; has compact support and is continuous in 2. Indeed, u; vanishes on the
sets {¢; = 0} and {¢ = 1} while on {¢); > 0}N{1y < 1} the function u is continuous. By (6.4),
we have

E(fyur) = / urdvy = / u (1 —1)y)dvy,
Q S
where we have used the fact that v (S) =0 and ¢; =1 on S. It follows that

]s<f,u1>— Jver] < Nl [ vy = o€ (7,0).
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Next, we have

€ (f,uz)] = lim (f__Pth

t—0

) UT/’ﬂ/’z)

IN

PQ
ol g (2 02 = sl € 700,

The function wuz vanishes in an open neighborhood W of S (where ¢; = 1), we have that
us € F (U) by using Proposition 9.3 in Appendix. Since f is harmonic in U, we obtain

E(f,uz) = 0.
Adding up the above estimates of € (f,u;) and using the fact that

E(fih2) SEN'E W) < E()!e?,

we obtain
< 2 Juce|| € (£)1? M2,

E(f,u) —/Sudyf

Since € > 0 is arbitrary, we conclude that (6.7) holds.
Finally, for any 0 < ¢ € Cj (2), we have that, using (6.8) and (6.7),

[r@e@dn) = €= [ %)
= [g(/ﬂg (yw)w(w)du(x)) dvy (y)
= [ [ @nwm)e@aw,

showing that (6.3) holds for p-a.a. x € Q. O

The following example says that for some superharmonic function f, the associated Riesz
measure vy may coincide with the measure p, that is, vy =

Example 6.3. Let f = E%1q be the weak solution of (3.13). Then 0 < f € F(Q), and is
superharmonic in € since for any 0 < ¢ € F(Q),

E(f.p) = E(EM g, p) = /ngdyzo.

Hence, this function admits a Riesz measure vy, which actually is equal to pu, since for any

(,OEfﬂCo(Q),
/wdu=5(f,90)=/<pd1/f,
Q Q

and then use the fact that the space F N Cp(2) is dense in Cp(€2).

6.2. Reduced function. We introduce a reduced function @ of u € F N L* with respect to
(A, Q). Roughly speaking, a reduced function u of (A, ) is the one that is obtained by cutting
off u such that & = w in A, and @ is harmonic in Q\ A, and u € F () (so that u vanishes outside

Lemma 6.4. Assume that (€, F) is reqular, and let Q@ C M be precompact with Amin (€2) > 0.
Let A be a compact subset of Q and set U =Q\ A. Fix a function v € F N L™ and fix a cutoff
function ¥ of (A,Q), and let f € F be the solution to the weak Dirichlet problem in U :
f s harmonic in U,
f=uyp modF (U).
Define the function uw on M (see Fig. 9) by

~ u in A,
u:{ Foin A°. (6.10)

(6.9)
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(a) Then u € F ().
(b) If in addition uw > 0 in M and u is superharmonic in §, then u is also superharmonic
mQ, and 0 <u<wuin M.

The above function u is called a reduced function of u with respect to (A, Q). For example,
the capacitory potential of (A,(2) is a reduced function of any cutoff function of (Q,M ), see
Proposition 9.2 in Appendix.

FIGURE 9. Functions w and .

Proof. (a) We have uyp € F N L, and the Dirichlet problem (6.9) has a unique weak solution
(cf. [26, Lemma 7.1]). It follows from (6.9) that
vi=uyp— feFU).
Let us verify that © = f in M, that is,
u=wup—v in M. (6.11)

Indeed, in A we have

u=u=up—v
because ¥ =1 and v =0 in A, and in A° we have

u=f=up—v
by the definition of v. Since uy) € F(2) and v € F(U) C F (), it follows from (6.11) that
ue F(Q).

(b) Since up > 0 and Apin (U) > Amin () > 0, we have by the maximum principle (cf.
Proposition 4.2) that f > 0 in M and, hence, @ > 0 in M. The function f — u is obviously
subharmonic in U. Since f —u < f —wtp in M and f —uyp = 0 mod F (U), we have

f—u<0 modF (U).
Hence, using the maximum principle again, we obtain that f —u < 0 in M. Therefore, u < u
in M.
It remains to show that @ is superharmonic in Q. By Lemma 6.1(b), we need to show that
P < @ for any t > 0. (6.12)

Indeed, we have that in A,
P < PPu <u=1. (6.13)



28 GRIGOR’YAN AND HU
To prove (6.12) in U, observe that w(t,-) := P{% — U obviously is a weak subsolution of the
heat equation in R4 x U, and satisfies the initial condition

2
w4 (t,-) P 0 as t — 0.

We claim that the boundary condition
w4 (t,-) € F(U) (6.14)
also holds. To see this, note that, using part (a) and (6.11),
PYi—u < Plu—-u<u-—(uw—0v)
= (1-vY)u+wvin M. (6.15)

The function h := (1 — 1)) u vanishes in an open neighborhood of A, and thus, by Proposition
9.3 in Appendix, we see that h € F (U). As v € F (U), it follows from (6.15) that

w(t,) <h+veFU),

thus proving our claim (6.14) by using Lemma 4.4 in [19].
Finally, using the parabolic maximum principle (see [19, Prop. 4.11, p.117]), we conclude
that w < 0 in Ry x U. This finishes the proof. O

6.3. Capacitory measure. We prove here some properties of the capacitory measure (also
called the equilibrium measure).

Lemma 6.5. Assume that (£, F) is a strongly local, reqular Dirichlet form. Let Q,U be precom-

pact open subset of M such that U @ Q. Assume that Aynin(2) > 0 and that the Green function

g% exists and is jointly continuous off diagonal. Let uy be the capacitory potential of (U,€Q).

Then there exists a regular Borel measure v, supported on OU such that

vy (0U) = cap(U, Q) (6.16)
and
up(z) = / Xz, y)dvy(y) for all z € Q\ 9T, (6.17)
In particular, we have "
/aU g (z,y) dvy (y) =1 for all z € U. (6.18)

Proof. The capacitory potential satisfies the following properties: u, € F (€2),0 < u, < 1 in §,
up\U = 1,
€ (up) = cap (U,Q), (6.19)

and u, is harmonic in €2 \ U. Note that uy, is a reduced function of any cutoff function of (ﬁ, M ),
and is superharmonic in © (cf. Proposition 9.2 in Appendix).

We claim that, for any two precompact open subsets Ui, Us of Q with Uy € U € Us, the
potential function u, is harmonic in Q \ S where S := Uy \ Us.

Indeed, for any 0 < ¢ € F(2\S), by Proposition 9.4 in Appendix, we can decompose
© = 1 + g, where ¢, € F(U),py € F(Q\U). Therefore, as u, is harmonic in Q2 \ U and
(€, F) is strongly local, it follows that

E(up,p) = E(up, 1 +92) =& (up, 1) + € (up, 2)
= £ (Upv (101) = 07
thus proving our claim.

Therefore, by Lemma 6.2, there exists a regular Borel measure v, associated with u, as in
(6.2), and v, is supported on S = Uy \ U; for any U; € U € Us.
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On the other hand, let {u;};-; be a minimizing sequence of w,, that is, each uy is a cutoff
function of (U, ), and & (uy) — &(up). By (6.4),

E (up,ug) = / updvy.
S

Since u;, = 1 in a neighborhood of U, and 0 < up < 1in M, we see that

vy (V) < vy (T\UY) < / wpdv,y < vy (T2 \ U1),
S
and hence,
vp(OU) < & (up,ug) < vp(Ua \ Uy).
Letting k — oo and then using (6.19), it follows that, for any U; € U € Uy,
vp(0U) < cap (U, Q) < vp(Ua \ Uy).

By the regularity of v, the measure v,(Us \ Uy) — v,(0U) as Uy T U and Uy | U. Therefore,
we conclude that

cap (Uv Q) =& (up) = Vp(aU)v
thus proving (6.16).

Finally, if ¢* exists and is jointly continuous off diagonal, then (6.17) follows directly from
(6.3). O

For any point zg € Q2 and any ¢ > 0, consider the set
Ac(wo) ={yeQ: ¢ (zo,y) > c}. (6.20)
We look at the capacity cap(Ac(zo),2).

Proposition 6.6. Assume that (€, F) is reqular, strongly local, and let Q@ C M be precompact
open such that Amin(Q) > 0. Assume that the Green function g* exists and is jointly continuous
off diagonal. For any ¢ > 0, if xy € Ac(xo) and if Ac(xo) € Q, then

cap(Aq(xg), Q) = % (6.21)

Proof. Since ¢ is jointly continuous off diagonal, the set U := A.(z() is an open subset of Q,
and the boundary

OU = 0Ac(x0) = {y € Q: g" (wo,y) = c}.
As xp € U, it follows from (6.18) that

1= /8U g% (w0, ) dvp (y) = cvp, (OU) .
Combines this with (6.16), we obtain

cap(U, ) = v, (0U) = 1

c
This finishes the proof. (|
7. RESISTANCE

7.1. Green function and resistance. The following lemma gives a two-sided estimate of the
resistance res (U, Q) in terms of the values of the Green function ¢* on the boundary OU.

Lemma 7.1. Assume that (£,F) is regular and strongly local, and that conditions (H) and
(VD) hold. Let Q@ C M be open such that Amin(2) > 0. If xg € U € Q, we have that

inf g (0, ) < res (U, Q) < supg"” (zo,) . (7.1)
oUu U
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Proof. Let Aq(xo) be defined as in (6.20), and let

a : =supg?(xo,-),
oUu

b : =infg%(xo,-).
)

Since g*(zo, -) is non-negative and jointly continuous off diagonal, we see that
0<b<a<oo.

Note that a > 0; otherwise g% (z¢,-) = 0 on OU, and thus, using (6.18), we have

1=/ 9% (20, y) dvy (y) =0,
oU

where v, is the capacitory measure for cap(U, 2), leading to a contradiction.

Note that if b = 0, the first inequality in (7.1) is clear, and the second one can be proved in
a similar way as below. In the sequel, assume that b > 0. Let € > 0 be arbitrarily small.

We first show

ianUf ¢ (0, ) <res(U,Q). (7.2)
Indeed, by Lemma 5.3, we see that

inf ¢ (z0,-) = inf ¢ (w0, ) =b>b—e >0,
U oUu

and thus U C Ay_.(w0). Since g% (w0, -) is continuous in © \ {zo}, we can choose an open set U;
such that U C Uy € 2, and

¢ (zo,z) > b— ¢ for any z € AU,

where OU; is contained in a neighborhood of QU. Let

Az_s(:lio) =U; N Ab_s(w()).
Then, we see that zg € U C A)__(z0) € Q, and for any y € 0 (A}__(w0)),
“(

g (wo,y) > b—e.

It follows from (6.18) and (6.16) that

= & X 14
1= /d iy 0

> (b—2) vy (9 (A)_.(20))) = (b— &) cap(A4}_. (o), ),

where v, is the capacitory measure for cap(A;__(zo), ). Therefore,

1
cap(U, Q) < cap(4)__(z),) < P
that is, b — e < res (U, 2), proving (7.2).
We next show the second inequality in (7.1), namely,
res (U, Q) < sup g** (zo, -) . (7.3)
oU

Indeed, by Lemma 5.3, we see that
sup g (z0, ) = sup g (w0, ") = a,
QU U
and thus A,(zg) C U, and
Cap(Aa(xO)a Q) < Ca'p(Uv Q)
If 29 € Au(z0) C U € Q, using Proposition 6.6, we have

cap(Aa(z0), Q) = é (7.4)
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thus proving (7.3).
If zg ¢ Aq(zo), by definition of A,(zp), we have that
¢ (zo,20) <a<a+e.

Using the continuity of g% (zg, ), we can choose a neighborhood N, of ¢ such that N,, C U,
and
¢ (z0,z) < a + ¢ for any = € N,,.
Denote by the set
Al (mg) := Ag(0) U Ny .
Then, we see that zg € N,, C A’ (z0) C U € £, and for any y € 0A! (z),

9% (w0,y) <a+te.
It follows from (6.18) and (6.16) that

1 = / 9% (20, y) dva (y)
0A; (o)
< (a+e)vq (0A,(z0)) = (a+ €) cap(A(z0), ),
where v, is the capacitory measure for cap(A! (zg),2). Therefore,
cap(U,Q) = cap(U,9) > cap(A;(zo), Q)
1
a+e’

that is, a + ¢ > res (U, Q2), thus proving (7.3).
Finally, combining (7.2) and (7.3), we finish the proof. O

>

As a consequence of Lemma 7.1, we have the following.

Lemma 7.2. Assume that (£,F) is regular and strongly local, and that conditions (H) and
(VD) hold. If Q is a precompact open set containing a ball KB where B = B (xo, R) and
K > 61, and such that Apin(Q) > 0, then

inf g (0, ) =~ res (B, Q) ~ sup ¢ (zo, -) . (7.5)
0B 9B

Proof. Since condition (HG) holds, we see that
inf ¢* )~ @ ).
inf g™ (zo,) Sup g (o, )
Using (7.1), we obtain the desired. O

We next estimate the sum of a finite number of resistances. For this, we need the following
lemma.

Lemma 7.3. Assume that (€, F) is reqular. For any two open sets Q1,9 in M such that
0 € Qp and Apin(Q1) > 0, and for any non-negative f € L? (Qs), we have

esup (GQ2f GQlf) < (;251\1561 2f (7.6)
2

where U is any open subset with U € Q. If G2 f is continuous in a neighborhood of OQ1, then

esup (GQ2f GQlf) = gstg) Gy, (7.7)
2 1

Proof. Let u := G2 f — G f. Then u > 0 in M, and is harmonic in Q; since for any ¢ € F(£;),
€ (u, ) = € (Gf =GN f,0) = (f,0) — (£,0) = 0.
Therefore, for any U € €1, by the maximum principle (4.1), we have

esupu < esup u = esup u.
Q1 M\U Q2\U
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As u < G2 f in M, we see that

esupu < esup G2 f-
QQ\U QQ\U

Hence, it follows that

esupu < esup G2 f, (7.8)
1951 Q\U
which implies that, using the fact that Q9 \ Q1 C Qo \ U,
esupu = esupuV esup u = esupu V esup G f
QQ Q1 Qg\Ql Q1 QZ\QI
< esup GBSV esup G2 f = esup G2,
Q\U Q2\Q Q\U

proving (7.6).
If G2 f is continuous in a neighborhood of 9Qy, we let U 1 Q in (7.6) and obtain

esupu < esup G2 f.
Qo 02\

On the other hand, it is obvious that

esupu > esup u = esup G2 f
Qo Q2\ 1 Q2\ 1

Thus, we conclude that (7.7) holds. O
Lemma 7.4. Assume that (£,F) is reqular and strongly local, and that conditions (H) and

(VD) hold. Fiz a ball B (zo,R) and set B, = K"B forn =0,1,2,--- , where K > 6!, For all
n>m >0, if Apin(Bpn) > 0 then

n—1
sup g% (z0,-) ~ Z res(By, Byy1) ~ inf ¢P (o, -). (7.9)
O0Bm, p— O0Bm
Proof. For each k > 0, let us show that for any y € M \ {zo},
g7 (wo,y) — g7 (wo,y) < sup g+ (z0,). (7.10)

By+1\Bg
Indeed, note that (7.10) trivially holds for any y ¢ Bj. We will prove (7.10) for any y € By \{xo}.
To do this, we have from (7.6) that, for any concentric ball B’ € By,
esup (GB’““f — GB’“f) < esup GBr+1f, (7.11)
Bit1 Br41\B’
and thus for any fixed point y € By \ {z0},

GPr1f(y) — GPrf(y) < esup GPrf. (7.12)
Byy1\B’

Choose f = fuuz, — 6z, Weakly in C(M) as n — oo. The function GBr+1f, . is harmonic
in Byy1 \ B since f, 5, vanishes in a small neighborhood of xy. Hence, using the maximum
principle (4.10),

esup GB’““fmm = esup GB’““fme.

Bi+1\B’ OB
As GBr+1f,, . is continuous in Bgyq \ B, letting B’ 1 By, we obtain from (7.12) that
GBkan,cco (y) — Gkan,xo (y) < sup GBkan,a:o (7.13)
0By,

By (5.16), we have already shown that, as n — oo,

G fran(y) — 9" (z0,y),
GBk+1fn,:E0(y) - gBk-H (;U()ay)v
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and at the same time,
GBkalfn’xO(.) N gBk+1 (0, -)

uniformly in the compact subset dBj,.
Therefore, passing to the limit as n — oo in (7.13), we obtain that

g5+t (20, y) — gP% (0, y) < sup g+t (20,) < sup  gP+ (a0,),
0By, Bi+1\Bg

thus showing that (7.10) holds for any y € By \ {zo}.
It follows from (7.10) that, using (5.20) and (7.5),

9P+ (z0,y) — g7 (z0,y) < up gPr+1 (20, )
By +1\Bk

= s.upr’“+1 (xo,-) < Cyres (B, Bpt1),
0By,

for some C; > 0. Adding up k from m + 1 to n — 1, we obtain that for all y € M \ {z¢},

n—1
gP (z0,y) — gPm 1 (20, y) < O Z res (B, Br+1) - (7.14)
k=m+1
On the other hand, using (7.5) again, we have
sup gPm+1 (zg, ) ~ res (B, Bmni1) - (7.15)
OBm,

Therefore, combining (7.14) and (7.15), we conclude that

sup g% (xg,-) < C Z res (By, Brt1) - (7.16)
8B7n :m
We next show that
n—1
Z res (By, Br11) < Cs 1nf gP (x0,-), (7.17)

for some Cy > 0. Indeed, since (&, F) is strongly local, we have (cf. [23, Lemma 2.5, p.157])
that

n—1

> " res (Bi, Biy1) < res (B, Bn).

k=m

Using (7.5), we have
B,,, B,,) ~ inf g5~ ).
res (B, By,) Juf g (xo, )

Therefore, we obtain (7.17).
Finally, combining (7.16) and (7.17), we obtain (7.9). O

7.2. Estimates of the Green function. We give upper estimate of the Green function under
conditions (H) and (Efp <).

Theorem 7.5. Assume that (€, F) is reqular and strongly local, and that conditions (H), (VD)
and (Ep <) all hold. Then, for any ball B := B (xo, R), the Green kernel g® exists and satisfies
the following estimate: for all y € B\ {xo},

s)ds
B < <
9" (x0,y) C//4 TV (205)’ (Gr <)

where r = d (xo,y) and constant C > 0 is independent of the ball B.



34 GRIGOR’YAN AND HU

Proof. Fix a point y € B\ {zo}. Let r := d (20, y), and let n be an integer such that
2 "R<r<2 "R

For £ =0,1,--- ,n, let
re :=2""R and By := B(xg,rg)-

Let 0 < f € L?. Note that for U C ,

inf Gf <
eléle_

( [ i) ) dute)

(_
_ u—)/ (/ (z,y)du(x )) f(y)du(y)
% 1/l g - (7.18)

Since the function GB*f — GBr+1 f is harmonic in By, for each k, we have by (H) that it is
Holder continuous in 0Bk and, using (7.18), (VD) and (Ef <),

sup (Gka — GBrm f) < CH 1nf (Gka — GBr+1 f)

6Bk+1 k:+1

< Cg inf GBrf

dBry1

[E5]| e 5
1 (6 By )
F(rg)

Ch 211£ly

Therefore, for £k =0,1,--- ,n,

F
G flan) — 6P ) < O 2 |y

Choosing f = f,, — 0, weakly in Co(M), and using the facts that GB"“fn,y = 0 and

| fry 1 = 1, we obtain that
GP fuy(@0) = D [GP* fuy (o) = GO oy (20)]
k=0
o 1 (Be)

Hence, letting n — oo and using (5.16), we have

(7.19)
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On the other hand, as both F and V (zg, -) are non-decreasing and /4 < 2~-"*DR =r, ., the

integral
R
/ F (s)ds > Z/
r/a 8V (o, s) — sV (o, s
Tk n
> Z Flrirn) / @ — 2y L) (7.20)
k=0 V (:UO? Tk) Tk+1 S k=0 V (x()’ Tk)
! .

> C Z V o) (using (3.3) ). (7.21)

Combining (7.19) and (7.21), we obtain (Gp <). O

7.3. Continuity of G2 f. We investigate the continuity of the function G*f. Before doing this,
we need the following general result.

Proposition 7.6. Assume that conditions (3.3) and (VD) hold, and let 0 < A\, 1 < 1 and
B := B(xg,R). For anyt >0, let

o R F(s)ds
f) = a8V (2zo,8)
Then, we have
C1F(R) < A Bf( (z0,y))du(y) < C2F (R), (7.22)

where constants C1,Co are independent of the ball B, but may depend on A\, A1. If further
condition (3.2) holds, then

Fldan, )dut) < CO) X -+ 48+ 0P| F(R) (7.23)
M B 1

where C(A) is independent of A1 and R.

Proof. Since f is non-increasing, we have that
A Bf( (0, y))du(y) = f(MR)V (z0, M1 R). (7.24)
1
As the functions F' and V (zg, -) are non-decreasing, we see that, using (3.3),
oy = [ i
g SV (2o, 8)

FOMR) (7 ds _ F(R)
V (20, R) /)\AlR s ° % )\I)V(UCO,R)'

Therefore, it follows from (7.24), (7.25) that, using (V' D) again,

(7.25)

fd(xo,y))dp(y) = fFMR)V (z0, A R)

A B
V(l‘o, )\1R)F (R)
Vv (.CL‘(], R)

Y

Cl()‘a >‘1)
> C'F(R),

thus proving the first inequality in (7.22).
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We next show the second inequality in (7.22). Indeed, we have that

MR
F(d(wo, 1))dn(y) = / F(H)dV (o, 1)

M B

MR

= JOV (o, )3 = [ Viwo,0)f (t)dt
’ MR

< FOMR)V (20, \R) — /O V (o, £) (1) . (7.26)

By (3.1), we see that
1 B 1 V (zo, R)
V (o, MM R)  V (z0,R) V (29, \\M R)

1 \¢ 1
< ) -
= O <>\/\1> V (z0, R)’

(B F(s)ds F(R) tods
IOu) = [ o) = Tloo T s

_r® 1
V (1’0, )\)\1R) )\)\1

Ch (ﬁ)a (m A%) %. (7.27)

On the other hand, using (3.1) and (3.3),

MR

/ _[uE F (\t)
-/ V(xo,t)f (t)dt—/o V(mo,t)m

MR MR
N /0 d (t)\t)dt:C’()\)F(R) /O ?E?{?%

and hence,

IN

0

IN

dt

IN

IN

MR B
C'(NF(R) /0 <%) %:C(A)AfF(R). (7.28)

Therefore, it follows from (7.26), (7.27) and (7.28) that
1 @ 1 V(:Co, )\1R)F (R)
Cp | — In —
b <)\>\1> <n)\)\1> V (20, R)
+CAN F(R) (7.29)
< CAMF(R).
Finally, it remains to show (7.23). Note that

IN

f(d(zo,y))du(y)
B

R
fOMR)V (zo, \MR) = V(zo,\R) //\)\ R%

MB P (5)ds B F(s)ds
= V(xg, 1R {/ ——i—/ —} 7.30
( ) R SV (2o, 8) AR SV (0, 8) ( )
By the monotonicity of F' and V' (xg,-), the first term

MR s)ds
V(«TO;)\lR)/ M

V (20, \1R) /MR ds
FIMR)————— —
aar SV (2o, 8) MB) A

V (20, AMR) Jaxr S
F(MR)
F(R)
C'(\)F(R) (\)?  (using (3.3) ). (7.31)

< C)F(MR) = C(NF(R)

IN
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Similarly, using (3.3) and (3.2), the second term

B F(s)ds B F(s) V(zo, M R) ds
Vo) [ Gy ”/MR F(R) Viws)

)
e [ G ()%

1

= cF(R) (M) / sP=' s,
A

1
1
/ 1
/ P 1ds = In —,
A A1

1
/ ]. /
B—a’—1 _ o B—a
//\18 ds i (1 (A1) )

IA
Q

If 3 = d/, we have

and if 3 # o, we have

Hence, the second term

R F (3) ds ( / 1 ’
V(zo, MR ———_ < cF(R Aaln—+Aa+Aﬁ>. 7.32
(o) [ GO < () (M- (732
Therefore, it follows from (7.30), (7.31), (7.32) that

1
FMR)V (z0, i R) < C'(A\)F(R) ()\a ln)\— Y+ 0 > (7.33)

1
Combining (7.26), (7.33), and (7.28), we arrive at (7.23). O

Lemma 7.7. Assume that (€, F) is reqular and strongly local, and that conditions (H), (VD) ,(RV D)
and (Ep <) all hold. Let 2 be a bounded open subset of M with Apin(2) > 0, and let f € L>®().
Then, the function

G2 () = / ¢, 9) f(4)du(y)
Q

is continuous for x € Q. In particular, the function E* = G®1¢q is continuos in €.

Proof. Without loss of generality, assume that ||f| ., < 1. Fix a point zg € €2, and let R >
0,p > 1 such that

B := B(zo,R) € Q C B(xg, pR).
Let {z1},-, C B such that z;, — x¢ as k — oo. Let n > 0 be small, and let d(xy,z0) < 6(nR)
for any k£ > 1, where J is the same as in (H). Then,

GO — GOf $0|_‘ [ s er s want) ~ [ o)ty

< / ¢ (@xy)d(y) + / 6% (20, y)dpy) (7.34)
(zo,nR) B(zo,nR)
+/ |9 (zk, y) — g% (20, y)| du(y) (7.35)
Q\B(zo,nR)
We claim that
lim |9 (@, y) — 9% (0, )| duu(y) = 0. (7.36)

k=00 JO\B(z0,nR)
Indeed, as g is jointly continuous off diagonal, we have that, for any y € Q\ B(zo,nR),

Jim g% (2, y) = g% (20, 9)-
Noting that x € B(x,d(nR)) for all k > 1, it follows from (5.4) that, for any y € Q\ B(zg,nR),
9" (xk,y) < Crg™ (20, ).
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By condition (Er <), the function ¢%*(zy,-) is integrable in €, that is,

Lﬁmwwwﬂﬂmsww»

Therefore, applying the dominated convergence theorem,
li @ du(y) = @ d
im 9 (xk, y)du(y) 9" (0, y)du(y),
k=00 JQ\B(wo.nR) Q\B(zo,nR)

proving our claim.
We next estimate the two terms in (7.34). It is enough to consider the first term. The second
one is treated similarly. Now fix £ > 1, and let

f(t) = / P Pls)ds
tja SV (g, s)
By Theorem 7.5, we have that, using that fact that Q C B(xg, pR) C By := B(z, 2pR),
Q By
[ P < [ g dat)
B(zo,nR) B(zy,2nR)
< C f(d(@r,y)) duly)-
Using (7.23) with Ay = n/p, A = ;11 and with R,z being replaced by 2pR, xj respectively, we
obtain that
o1 /
/ f (g, y))duly) < C (77“ In—+n% + 77’6) F(2pR)
B(zk,2nR) n

= o(n). (7.37)
Therefore, it follows from (7.34), (7.35), (7.36) and (7.37) that
Jim G2 f () — G* f(0)] < 20(n),

thus proving the continuity of G*2f. g

Remark 7.8. Under the hypotheses of Lemma 7.7, the essential supremum and essential in-
fimum in conditions (Er <) and (Er >) in Definition 3.10 can be replaced by supremum and
infimum, respectively.

8. PROOF OF THEOREM 3.12

8.1. Implication (H)+ (Rr) = (GF).

Proof. Let B := B (0, R) and choose K > 4V §~ 1. We split the proof into two steps.
Step 1. We prove the lower bound (Gp >): there exists some C' > 0 such that for all
ye K_lB \ {ZE()},

B F(s)ds

g7 (zo,y) > C! = d (0,y) - (Gr >)

K1, SV (zo, s
Indeed, choose the integer n > 1 such that
K" 'R<r< KR, (8.1)

and for ¢ > 0, set
r, = KR and B; := B (zo,7s) - (8.2)
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As K~y > K="2R, similar to (7.20), we have that

R n+1 n+1
/ Fls)ds Z / < KZ
x-1, SV (20, s) rist sV (o, s V (zo,7i+1)
n+1 r
< C 2L (by (3.3)). 8.3
< Zon,ml (3.3)) (83)
The last two terms for ¢ = n and ¢ = n + 1 in the sum can be bounded by the term fo(g*;l),
since we have that, using (3.3) and (V D),
F(rn41) _ F(ry) ) F(rni1) ) V (w0,7n)
V(x()?TTlJrl) V(l’o,?"n) F(rﬂ) V(ﬂfo,?"nJrl)
< F(rn) ’
- V (zo,m0)
and a similar bound for the other term:
F(rnt2) <C F(rn) ‘
Vv (an rn+2) Vv (1'0, Tn)
Hence, it follows from (8.3) that
/R F (s)ds < C,Z F(riy1)
K-1, SV (x0, s) V (zo,7i+1)
< C’Zres(BiH,Bi) (by condition (Rp >))
< " nf o (a0,) (by (79)) (8.4)

On the other hand, using the fact that y € By, \ By+1, we have from (5.19) that
gB (.’Eo, y) > lélng (x()a ) = C(l)%i gB (x07 ) :

This combines with (8.4) to prove that (Gg >) holds.
Step 2. We prove the upper bound (Gp <): there exists some C' > 0 such that for all
y € B\ {zo}, .
9" (z0,y) < C . %7 r=d(zo,y)- (Gr <)
Fix y € B\ {zo}, and set r = d(x0,y) as before.
Case (a) when y € K~1B\ {z¢}. Let n,r; and B; be respectively defined as in (8.1), (8.2).
It follows that

9% (vo,y) < sup g% (wo,-) = sup g% (xo,-) (by (5.20))
B\Bn+1 OBn+1

< C res(Bi1,B;) (by (7.9))
i=0
r F(?“Z'+1) o
< ! _ <) ). .
< C ZZ; Vizo.ren) (by condition (Rp <)) (8.5)

Therefore, using (7.20), we obtain (Gr <).
Case (b) when y € B\ K~'B. We want to derive (Er <). If so, we are done by using Theorem
7.5.
Let x € B. We see that
B C B(z,2R) =
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It follows that, using (5.20),

B.%' = BQ? B/JI
E”(z) /Bg ,y) du(y) < /B,g(,y)du(y)

_ / o7 (@,y) duly) + / 97 (@,y) duly)
§B’ B'\éB’

< / o7 (@,y) du(y) + sup g7 (v, )u(B). (8.6)
5B’ d(sB")
y (7.5) and (3.3),
B PR F(20R) , F(R)
Sup 97 (@) =xes OB, B) < Oy < O gy
and hence,
sup g7 (x,)u(B') < C'F(R). (8.7)

d(5B")

It remains to estimate the integral on the right-hand side of (8.6). Indeed, by Case (a), we have
that for y € 6B/,

2R

/ F(s)ds

B <C _—.
97 [wy) < K- 1T sV (x,s)

Therefore, by Proposition 7.6 where f(t) f , we obtain

—lp SV(I s

/ 0% (x,y)duly) < C / £ (d(z,)) duly)
SB’ SB’
< C'F(2R) < CF(R). (8.8)

Finally, adding up (8.8) and (8.7), we prove that condition (Er <) holds.
This finishes the proof. O

N

8.2. Equivalence (HG') < (H). We introduce an alternative Harnack inequality, denoted by
(HG"), for the Green function g” on a ball B, and will show that (HG') <= (H) by using
Lemmas 6.4 and 6.2.

Definition 8.1 (Condition (HG')). We say that condition (HG’) holds if, for any ball B in
M, the Green function ¢g? exists and is jointly continuous off diagonal, and for any y € By \ B
with some balls By = p; B, Bs = poB (0 < py < p; < 1),

esup g (-, y) < Cleinf g% (-, y), (HG")
5,32 é B2
where C%; > 1 and §' € (0,1) are independent of B and y, but ¢’ may depend on p,, p;, and CY;
on 5I7 P25 P1-

We now show the implication (HG') <= (H).

Lemma 8.2. Assume that (€, F) is a local, reqular Dirichlet form, and that Ayin (B) > 0 for
any ball B in M. Then,

(HG') = (H).
If in addition (€, F) is strongly local and (V D) holds, then
(HG') < (H). (8.9)

Proof. Fix a ball B in M, and let u € L* (M) be non-negative in B and be harmonic in B. We
need to show that

esupu < Cpy emfu (8.10)
6B
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for some constants Cy > 1 and § € (0,1), which will imply condition (H). It suffices to prove
(8.10) assuming in addition that u € L> (M), because then the Harnack inequality for arbitrary
u follows by the argument in [26, p.1280 (proof of Theorem 7.4)].

Assuming in the sequel that u € L, we split the proof into four steps. Let By and Bs be
the same as in condition (HG').

Step 1. We cut off the function u such that it becomes non-negative globally in M, but still
in F. For doing this, let ¢ be a cutoff function of (B, B). Let

This function w; will do. Indeed, it is easy to see that u; > 0 in M (noting that u; vanishes
outside B), and u; € F N L.

Let us further show that w; is harmonic in B;. Indeed, let ¢ € F(B;). We have that
€ (u,¢) = 0 by the harmonicity of u. Noting that u(¢ — 1) = 0 in a neighborhood of Bj, we see
that € (u(¢ — 1), ¢) = 0 by the locality of (£, F). Hence,

E (w1, ) = E (ug, ) = € (u(d — 1),) + & (u,0) =0,

showing that wq is harmonic in Bj. L
Step 2. Let uy be a reduced function of u; with respect to (Bg, Bl), as defined in Lemma
6.4, that is

uj € f(Bl) ,
uy is superharmonic in By, (8.11)
{LI = Ul n BQ.

Let us show that wj is harmonic in B. Indeed, let ¢ € F (Bs). By Step 1, the function u;

is harmonic in Bj, and thus, £ (u1,¢) = 0. Since the function @y — uy vanishes in By, by the
locality of (€, F),

E(Q_Ulﬁo) =0.
Hence, we conclude that
S(EI?()O) = 5(1{,1780) +5(fﬂ—u1,<p) = 07

proving that @y is har@nic in Bs.
Step 3. Let S = By \ By. By Step 2, the function u; is harmonic in By = By \ S. Since
Amin (B1) > 0, it follows by Lemma 6.2 that

ui(x) = / 9P (x,y) dv(y) for p-a.a. all x € Bo,
S

where v := vg; is a regular Borel measure determined as in (6.2) whose support is contained in
S. By condition (GH'), for any 1,22 € 6'Bo and for any y € By \ Bs = S,

9P (21,9) < Cly P (22,) .

Therefore, we conclude that, for almost all z1,zs € §' Bs,

(@) = Tile) = /5 g% (21,) duly)

IN

o /S 9P (22,y) du(y) = Cly Ti) = Cly ulas).

Setting C'y = C; and choosing 6 > 0 such that §B = §'Bs, that is, § = p,d’, we obtain (8.10).

Finally, by Lemma 5.2, the opposite implication (H) = (HG’) is clear. Indeed, we may
choose p; = 3, p, = 1 and §' = §,C; = Cp, and then apply (5.4). Hence, the equivalence (8.9)
does hold. This finishes the proof of (8.10) for bounded u and, hence, the entire proof. O
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8.3. Implication (Gr) = (H) + (EF).

Proof. Fix a ball B := B(xg, R). Let K be the same as in condition (Gg). We split the proof
into three steps.

Step 1. (Gr) = (H). By Lemma 8.2, it suffices to prove that (Gr) = (HG'). Choose §' = 2
and

B := (4K)™'B and B,:= (6K)"'B.

We need to show that there exists a constant C = C(K) > 0 such that, for all z1,25 € § By =
(8K)"'B and all y € By \ Bo,

CgP (21,y) < g% (22,y) < CgP (21,y). (8.12)

Let us prove the first inequality in (8.12).
For i = 1,2, we have that

d(y,xi) < d(y,zo) + d(wo, ;)
< (4K)"'R+ (8K) 'R =3(8K)'R,

and that

d(y,zi) > d(y,xo) — d(zo,z;)
> (6K)'R— (8K) 'R = (24K)"'R.

As B C B(y,2R), we have by (Gr <) that

9" (@,y) < gPWP (@1,y) = gP0 (y,an)
2R
< Cl/ F (s)ds
K-1d(y,z1) sV (yv 5)
2R
< Cl/ F (s)ds
K-1(24K)-1Rr SV (y,s)
F(R) -
< 1 2 . 1
< CQV(% R) (similar to (7.27) ) (8.13)

On the other hand, as B(y, R/2) C B, we have by (G >) that, using the fact that d(y,z2) <
38K)'R< K 1(R/2),

9B (ma,y) > gBWED) (24 y) = gBWR/2)(

o /R/2 F (s)ds
’ K—1d(y,z2) sV (y75)

o /R/2 F (s)ds
’ Kk-2r/2 SV (Y, )

F(R)
= Gy (v, R)

Y, x?)

\Y

v

(similar to (7.25) ). (8.14)

Combining (8.13) and (8.14), we obtain the the first inequality in (8.12).
The second inequality also holds by interchanging z1 and xo. Hence, condition (HG’) holds.
Step 2. (Gr) = (EF). We first show that, for some Cy > 0,

sup EP(z) < CLF (R). (8.15)
T€EB
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Indeed, for x € B, we have that B C B(z,2R), and thus

Ef(z) = /BgB(SB,y)du(y)

< /B g2 (3,4 dpu(y)
2R F(s)ds o

< Llef —sm,s)]d*‘(y) (using (G <))

< CyF(R) (using (7.22) ),

thus proving (8.15).
We next show the opposite inequality, that is, for some Cy > 0,

inf EB(z) > C1F (R), (8.16)
r€)B

where § = K~!. Indeed, fix x € §B, and let B’ := B(x, (1 — §)R). Then B’ C B, and thus
EP(z) = /BgB (,9) dp(y)
> /BgB' (,9) du(y)

(1-8)R
> / Cl/ F (s)ds
K-1p/

K-1d(z,y) sV (I7 5)
> C1F(R) (using (7.22)),
thus proving (8.16). O

] du(y) (using (Gr >))

8.4. Implication (H) + (Er) = (H) + (Rr). We need the following two lemmas.

Lemma 8.3. Assume that (€, F) is reqular. Then, for any two open subsets U @ Q of M such
that Amin (2) > 0, we have

res (U,Q) < m (8.17)
T e(U)
Proof. Let u, be the capacitory potential of (U, ), that is, u, € F () ,up|y = 1, and
& (up) = cap(U, Q).
It follows that ||upH§ > (U), and
[[upll3 p(U)
showing that
1
res(U,Q) < —————. 8.19)
( ) 1 (U) >\min (Q) (
On the other hand, we claim that
1 0
L < IElL (5:20)
Let ue be a non-negative minimizing function for the first eigenvalue

in 5
ueF(Q\{0} [Jul[5
(such a function w, exists since Apyin (£2) > 0), that is, 0 < u, € F () and

E (tey ) = Amin(2) / Uepdp for any ¢ € F (Q).
Q
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In particular, taking ¢ = G®1q = E®, we have

& (ue, G1q) :/\mm(ﬂ)/ﬂue (G™1q) du.

Observing that
5(U6,G919) = / Uedpt,
Q

it follows that

ed
)\min (Q) fQ UQ 1%
Jo ue (Gq) du
Jo uedp _ 1
1G]l Jouedn  IG1all,,
proving our claim.
Finally, combining (8.19) and (8.20), we finish the proof. O

Lemma 8.4. Assume that (€, F) is reqular, strongly local. Let @ C M be open with Apin (€2) > 0,
and assume that the Green function ¢ exists and is jointly continuous off diagonal. Then, for
any open set U € 2,

. 2
(mfaU EQ)
res (U, Q) > ~—220— (8.21)
1 () 1B
Proof. Let u, be the capacitory potential of (U, ). By (8.18),
N () < ST 2)
T [lull3
We see that, using the Cauchy-Schwarz inequality,
2
2 2 (Jo updp)
U = usdy > ~—=———.
ol = [ it > 2
Note that by Lemma 6.5, for all z € Q \ 9U,
w (@ = [ g (@9)dv, ()
oUu
where v, is the equilibrium measure of (U, Q) supported on OU. Hence,
Jw@dn@ = [ [ " @y, )
Q oU
= E (y)dv, (y )>1/p(8U)1nfEQ
ou
= Q) inf B
cap(U, ) inf E,
whence, it follows that
) cap(U. Q) ()
[cap(U, Q) inf gy B2
~res (U, Q) ()
(infoy B2)*
Substituting (8.20) into this inequality, we obtain (8.21). O

We now turn to the proof.
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Proof of (H) + (Er) = (H) + (RFp). Fix a ball B := B(zo,R). We split the proof into two
steps.

Step 1. (H) + (Er) = (Rr <).

Indeed, this easily follows from (8.17): for any § € (0,1),
1E7]

p(6B) — p(B)

res (0B, B) <
Step 2. (H) + (Er) = (Rp >).
Let 0 < § < 01 where d7 is the same as in condition (Ep >), and let
U=6B and Q= B.

Note that by Lemma 7.7, the function EZ is continuous in B. Hence, by condition (Er >), we
have that

inf £ > inf E® = einfE? > C~'F (R).

oUu U U

Therefore, using (8.21) and condition (Er <), we conclude that

(infar E2)”
BB = Lo,
[C—'F (R)]? . o F@®)
p(U)CF(R)] — ~ p(B)
thus proving condition (Rp >), as desired. O

9. APPENDIX

9.1. Capacity. Recall that the capacity cap(A, 2) as well as the notion of a cap-quasi-continuous
function are defined in Section 3. It easily follows from the definition (3.5) that, for any two
Borel sets A, B € (1,

cap(AU B, Q) < cap(A4,Q) + cap(B, ). (9.1)
It follows from (9.1) and (3.6) that, for any sequence {4;};>, of precompact open subsets of €2,
cap(Up2 1 4;,Q) = klim cap(UF_,4;,Q) < anp(Ai, Q). (9.2)

o i=1

Lemma 9.1. Assume that (€,F) is a reqular Dirichlet form and € is an open subset of M.
Then, each function u € F(Q) admits a cap-quasi-continuous version.

Proof. We adapt the proof of [16, Thm 2.1.3 (p.71)] to our capacity. We first show that, for
each u € F N Cy(2) and each A > 0,

4
cap(G, Q) < FE (u), (9.3)
where
G:={zeQ:|ulx)] > A}.
Indeed, let

G = {er:]u(x)] >g}

Then both G and G’ are open and precompact in €2, because u is continuous in Q with compact
support. Also, we have

G={reQ:|ulx)|>A}Cdq.
Set

9012)\—/2
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Clearly, ¢ € F N Cp(2), and ¢ =1 on G’, and hence, it is a test function for cap(G, ), that is
4
cap(G,0) < E(p) < € (u),

thus proving (9.3).
For each u € F(2), by the regularity of (€, F), there exists a sequence {uy},-; C FNCp(Q)
such that u, 7w as n — oo. Without loss of generality, we can assume that, for any [ > 1,
E (up1 —uy) <273 (9.4)
Set

G {ac € 0 upp(x) — ()| > 271} ,

B o= Q\(UZGr) = N2 (Q\ Gu) -
Note that each (G is a precompact open subset of 2. Fix some k > 1. For any x € F}, and any
[ > k, we have

furs(2) — w(a) < 27
It follows that the sequence {u;(z)} is Cauchy in C (F}) and, hence, it converges uniformly to a
continuous function on Fj. Let
u(z) = lim w(x).
l—o00

Then u is defined on U, Fj;, and @, is continuous for each k& > 1. Moreover, using (9.2), (9.3)
and (9.4), we obtain

=~ 4
cap (Q\ Fr, Q) < ) cap(G,Q) <) 5oar€ (U —w)
1=k 1=k
- 4 -3l —k
< D, 52T =82
=k

We conclude that % is continuous on F}, the set Q\ Fy, = F}° is open, and cap (2 \ Fj, Q) < 8-27F,
Since u = u p-a.e., we conclude that w is a cap-quasi-continuous version of u in 2. O

The next proposition shows that the capacitory potential u, of (4, (2) exists for any compact
subset A. In the classical potential theory, this issue is called the equilibrium problem or the
Robin problem (cf. [35, p.189]). It turns out that the capacitory potential u, of (A4,) is a
reduced function of any cutoff function of (ﬁ, M ) for any precompact open Q with Apin (€2) > 0.

Proposition 9.2. Assume that (€,F) is a regular Dirichlet fornl. Let Q C M be precompact
open such that Apin (Q) > 0, and let ¢ be any cutoff function of (Q, M) and let A be a compact
subset of Q. Then the capacitory potential u, of (A,Q) is a reduced function of 1 w.r.t. (A,Q).
If in addition (€,F) is strongly local, then u, is superharmonic in Q.
Proof. Let u, be the capacitory potential of (A,€2). By the standard approach, there exists a
minimizing sequence {uy},., of cutoff functions of (A, ) such that wy % up as k — oo, and
E (up) =cap(4,Q),
and moreover, the function u, € F(Q2),0 < wu, < 1in Q, and u,|4 = 1. Note that this potential
uyp is unique. Also w, is harmonic in U = Q \ A, since for any ¢ € F N Cp (U) and any number
a, each function ug + ap for k > 1 is a cutoff function of (A, Q), and thus
cap (4,Q) < E(up+ap) = € (uy) + 2a€ (ug, @) + a’E (¢)
= E(up) +2a€ (up, ) + a’€ (¢)
which implies that 2a& (up, ¢) + a*€ (¢) > 0, showing that & (uyp, ¢) = 0.

Since 9 is a cutoff function of (ﬁ, M ), it is straightforward to verify that u, is a reduced
function of 1.
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Finally, if (€, F) is strongly local, the cutoff function ¢ is harmonic (in particular superhar-
monic) in Q. Therefore, we obtain from Lemma 6.4 that u, is superharmonic in 2. O

9.2. Functions in F (Q\ A). The following give a sufficient condition for a function belonging
to the space F (2\ A), and it can be viewed as a supplement of Proposition 2.8 in [21].

Proposition 9.3. Assume that (€,F) is a reqular Dirichlet form. Let Q C M be open, and let
S C Q be compact. If v € F(2) vanishes in a neighborhood V' of A, then v € F(Q2\ A).

Proof. Note that v =v; —v_, and v =v_ =01in V, and that vy,v_ € F. It suffices to assume
that v > 0 in 2. We can also assume that v is bounded because otherwise consider a sequence
v = v A k that tends to v in F-norm as k — oo by [16, Theorem 1.4.2(i7), p.28]; if we already
know that vy € F (2\ A) then we can conclude that also v € F (Q\ A). Hence, we can assume
in the sequel that v is non-negative and bounded in M, say 0 < v < 1.

Let ¢ be a cut-off function of (A, V). Let {vg},—; be a sequence of functions from F N Cy(2)

such that v 7, v as k — oco. Consider
Uk = Vg — Vi N\ @.

Note that each up € F N Cy(), up = 0 in A, and hence, the support of wuy is outside a
neighborhood of A, that is,
up € FNCH(Q\ A).

We claim that {ug} converges to v weakly in F:
f
up — v as k — oo.

Indeed, as v > 0 and vy, Z, v, we have by [16, Theorem 1.4.2(v), p.28] that |v; — ¢ A lv — ¢,
as k — oo. It follows that

1
v Ny = §[Uk+90_’vk_@0|]

A

1
5[U+<P—Iv—90!]:vmp,

and hence, ug = vy — v A @ Fv—vn (p = v, proving our claim.
Since u, € FNCu(Q2\ A), we conclude that v € F (Q2\ A). O

As a conclusion of this subsection, we will give a decomposition of a function u = uy + us €
F (U UV) such that u; € F(Uy),uy € F (V1) for any disjoint neighborhoods Uy, V; of U,V
respectively.

Proposition 9.4. Assume that (€, F) is a reqular Dirichlet form. Let U,V be two precompact
open subsets of M such that their closures U,V are disjoint. If u € F(UUV) N L®(M), we
can decompose u = uj +uz, where uy € F (Uy),us € F (V1), and where Uy, V1 are any respective
neighborhoods of U,V with disjoint closures Uy, V;.

Proof. Let ¢ be a cutoff function of (U,U;). Since u € F N L, we see also that u; := u¢ €
F N L. We show that u; € F (Uy). In fact, since the support of u; is contained in the set

supp (u) Nsupp () STUV NU, =U C Uy.

Hence, as U is precompact, we obtain by [21, Prop. 2.8, p.2620] that u; € F (U;).
To show that ug := (1 — ¢)u € F (V1), observe that the support of us is contained in the set

supp (u) Nsupp (1 —¢) STUVNM\U =V C V.

Hence, using [21, Prop. 2.8, p.2620] again, we have that uy € F (V7).
Finally, note that

u=ud+ (1 —o)u=us+ us.
We finish the proof. O
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