Discrete tori and trigonometric sums

Alexander Grigor’yan Yong Lin
Department of Mathematics YMSC
University of Bielefeld Tsinghua University
33501 Bielefeld, Germany Beijing, 100084, China

grigor@math.uni-bielefeld.de yonglin@tsinghua.edu.cn

Shing-Tung Yau
YMSC

Tsinghua University

Beijing, 100084, China
and
Department of Mathematics
Harvard University
Cambridge, Massachusetts, USA

yau@math.harvard.edu

March 2022

Dedicated to our dear friend Peter Li on the occasion of his birthday

Contents
1 Introduction 2

2 Discrete time heat kernels
2.1 Weighted graphs . . . . . . . . ...
2.2 Product of regular graphs . . . . ... ...
2.3 Quotient of graphs . . . . . ...
2.4 The heat kernel on Z™ . . . . . . . . .
2.5 Heat kernels on discrete tori . . . . . . . ... ...

© 00 3 Ot Ot Ut

2010 Mathematics Subject Classification. Primary: 60J35; Secondary: 11L03, 05C81, 60J10.

Key words and phrases. Trace formula, heat kernel, Markov chain, discrete torus, trigonometric
sum

AG is funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) - SFB
1283/2 2021 - 317210226. YL is supported by the National Science Foundation of China (Grant No.
12071245 and 11761131002)



3 Trigonometric sums 10

3.1 FEigenfunctions on discrete tori . . . . . . . ... 10
3.2 Mainresult . . . ... L 11
3.3 An example of computation . . . ... ... ... L. 13
References 15

1 Introduction

The well know Poisson summation formula says that, for any positive real ¢,

S e = \@Zexp (—Wi”z). (1.1)

kEZ nez

It can be proved by using the heat kernel p} (z,y) on the unit circle S as follows. For
the trace of the heat operator

Pf () = / 5 (,9) f (v) dy,

acting in L? (S), there are two expressions as follows:
trace P, = Z e M, (1.2)
=0

where {);} is the sequence of all the eigenvalues of the Laplace operator A = %4, onS
counted with multiplicity, and

trace P, = /p§ (x,z)dx. (1.3)
S

Comparing (1.2) and (1.3), using that that the sequence {\;} consists of the numbers
k2, k € Z, and that
pr(zy) =Y pf (x+2mn,y)

neL

1 |z —y|”
R
Py (X, Y) = exp | —

is the Gauss-Weierstrass function, one obtains (1.1) (see, for example, [5, Exercise
10.18)).

Similar ideas have been widely used in the literature for obtaining various trace
formulas and estimates of eigenvalues of Riemannian manifolds, for example, in [1], [3],
[4], etc. In the framework of graphs we mention [2] where the above idea was applied
to the heat kernels p! (z,y) on discrete tori 7' in Z™ and, hence, a certain analogue of
the Poisson summation formula was obtained.

where



In this paper we also work with discrete tori but use a discrete time heat kernel
qs (z,y), s € Z, instead of the one with a continuous time ¢ € R,. In fact, g (x,y) is
the transition density of a simple random walk on the graph in question. As a result,
we obtain explicit formulas for some trigonometric sums that seems to be new.

Our results are stated in Theorem 3.2 and Corollary 3.4. To illustrate them, let us
present them for 2-dimensional discrete tori. For any 2 x 2 integer matrix M and for
any non-negative integer s, set

s!
Gon=— 2 . (1.4)
P | I
veEMZ?, z€Z3 A1 (|U1| + Zl)- (|U2| + 22).
[v1]+|ve|4+221+222=5

Consider a 2 x 2 integer matrix A with m := det A>1. Then the lattice AZ? contains
mZ? so that the quotient

Ty = AZ? /mZ?
is well defined (in the sense of groups) and can be regarded as a discrete torus. Note
that 74 contains m vertices.

Theorem 1.1. For any non-negative integer s, we have the identity

2 2 B
Z (cos 2k + cos %) = EC’S (M), (1.5)

m 28
(k,1)ETH
where M = m (A*)™" and A* denotes the transpose of A.

Example 1.2. Consider the matrix

=(2)

with m = det A = 7. The torus 74 is shown on Fig. 1, and it contains the following 7
vertices: (0,0), (1,2), (2,4), (4,1), (3,6), (6,5), (5,3).
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Figure 1: The lattice 7Z? (double lines), the lattice AZ? (single lines) and the torus
T4 (shaded).
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Hence, the sum in the left hand side of (1.5) is equal to

5 27T+ 4 s_|_ 47T+ 81 S+ 87r+ 21\ °
04 = cos - cos - cos - cos - Cos - Cos 7

n o 4 127\ ° n 127 n 107\ ° n 107 n 6m\°
COsS — + cos — COS —— + coS —— cos — +cos— | .
7 7 7 7 7 7

In this case the matrix M is equal to

2 1
v=(43)

and the lattice MZ? is shown on Fig. 2.
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Figure 2: The lattice MZ?

Computation by means of (1.4) is performed in Section 3.3 and results in
Cl (M) = 0, CQ (M) = 4, Cg (M) = 6, 04 (M) :44, 05 (M) = 130
By (1.5) we have o, = £C, (M) which yields

21 7 455

0'1:2, 0'2:7, O'g]zz7 0'421, OSZE.

The structure of this paper is as follows. In Section 2 we have collected all necessary

information about the Markov operators on weighted graph and their heat kernels,

including the heat kernels on Cartesian products and quotients of graphs. These facts

are rather elementary but they are hardly available in the literature in this concise form.
Section 3 contains the main results mentioned above, their proofs, and examples.



2 Discrete time heat kernels

2.1 Weighted graphs

We briefly outline some fact from [6] about heat kernels on weighted graphs. Let T’
be a locally finite graph where we denote by I' also the set of vertices of this graph.
We write x ~ y if the vertices x,y of I' are connected by an edge in I'. Let p,, be a
symmetric non-negative function on pairs xy of vertices such that Py > 0 = 2~y
Define the weight on the vertices of I" by

p(r)= > =

{yely~z} yel

and assume in what follows that u(z) > 0 for all x € T" (that is, each vertex has at
least 1 edge).
Consider a Markov operator P = Pr acting on functions f : I' — R as follows:

Pf Zf Y) Hy -

yEF

It is clear that Pf > 0 if f > 0 and P1 = 1. It follows that P acts in any space [" (I', i)
with 7 € [1,00] and satisfies the norm-bound ||P|| < 1. Besides, P is self-adjoint in

(T, ).
The weight f,, is called simple if p,, = 1 for all x ~ y. In this case, y (z) = deg ()

and
Pf (x deg Z fly

For any s € Z, the power P* is well defined, and the sequence {P*} . is a reversible
Markov chain on I'. It is easy to see that

= q(xu) f W e,

yel’

where the function ¢, (z,y) = ¢. (z,y) is defined inductively by qo (z,y) = ﬁéw,

@ (z.y) = vy and g (2.9) = (@ 2)q (z.y) p(2).

zel

The function ¢, (x,y) is called the discrete time heat kernel or the transition density
of the Markov chain {P*}.

2.2 Product of regular graphs

A graph T is called d-regular if any vertex has exactly d neighbors, that is, deg () = d
for all z € T".
Let {T; }?:1 be a finite sequence of graphs. Consider their Cartesian product

' =T,000..000,.

5



The vertices of I' are n-tuples * = (z1,...z,,) where z; € I';. We write for some
j=1..n
Ly
T~y
if
xj ~y; and x, = y; for all k # j.
The edges x ~ y in ' are defined by the following rule:

x~y<:>xrr\5yfor some j=1,...,n. (2.1)
Assume further that each I'; is dj-regular. Then I' is d-regular with

Let us endow all the graphs I'; and I" with a simple weight. We have then for the
Markov operator Pr on I'

Pf@) =23 =533 F ).

y~x Jj=1 Ty
y~x

Let us consider the Markov operator Pr; on I'; as acting also on functions f (z) on I
along the component z;, so that

Prjf<w>:dijzf<y>.

ya
It follows that

APef (@) =D F ) =3 diPr,f (v).

Jj=1 1
y~w

Since all the operators Pr, commute on I', we obtain that, for any s € Z,

“ ’ S L
e (Z deFj) - Z <81 s > .H1 di s (22)
( sy 9n/ g=

J=1

| . . . . .
where ( § ) = —*— is a multinomial coefficient. Since
n !

815058 s1)...5n

Pif(x) = dg! (x,y) f(y),

yel

it follows that

S S n s;+1 .
dHl (ey) = D (31 ) ) [Td7" a5 (z5,95) - (2.3)
o sy Sp



2.3 Quotient of graphs

Let (I', u) be a weighted graph with p (z) > 0 so that the Markov operator Pr is well
defined. Let GG be a group of weighted graph automorphisms of I', that is,

Hgogy =ty V9 € G, Vr,y €L

Then the vertex weight p(x) is also G-invariant. It follows that the operator Pr
commutes with G, that is,

Pr(fog)=(Prf)ogy,
because
1
(Pef)og(@) = o y; F W) by

1
T Z f (y) Pz g—1y

yel’

> F(92) e
el

p(x) 4
=P (fog)(x).

Consequently, also gs (x,y) commutes with G, that is,

—~
~—

i

—_

qs (x,y) = (s (giU,gy) Vg e d.

Consider the quotient ) = I'/G that consists of the equivalence classes [x] of vertices
x € I" under the equivalent relation

r=ymodG < x =gy for some g e G.

The quotient ) has a natural weight:

Q —
Palfy) = Z'u%gy’ (2.4)

gelG

so that (Q, ,uQ) is a weighted graph. For example, if the weight 4, on I' is simple then

u%,[y] =card{g € G:z ~ gy}.

However, the weight £% may be not simple because the G-orbit of y may have more
than 1 vertex adjacent to x.
Observe that always

u(le)) = o () 25)
because
p((2]) =D g = DD Hegy = D s = ().
[vleQ ly]eQ 9@ zel

Any G-periodic function f on I' can be regarded as a function on @ by

f([z]) = f(x).



Clearly, Prf is also G-periodic. Let us verify that
Pof([z]) = Prf(z). (2.6)

Indeed, we have

Lemma 2.1. We have for all x,y € I and s € Z,
D=> d (z.9y). (2.7)
geG

Proof. Clearly, the right hand side of (2.7) is G-periodic in x and y and, hence, can
be regarded as a function on ) x (). For any G-periodic function f on I', we have by
(2.6)

Fof ([x]) = =Y dk (x,2) p(z)

=> "> i (w.9y) f (9y) ()
9€G [yleQ

=3 > af (wgy) f (W) 1 (y)
[y]eQ 9@

=y (qu x gy) ([y) 1 ([9])
[yleQ \geG

whence (2.7) follows. m
In what follows we simplify notation by writing x instead of [x] when this does not
cause confusion.

2.4 The heat kernel on 72"

It is known that the transition density ¢Z (z,y) of a simple random walk on Z is given
by

2

1 (s _
7 Qsﬂ(s_ ), s>k and s =k mod?2,
= 2.8

(z.) { 0, otherwise, (2:8)

where k = |z — y| (see [6, Eq. (5.6)]). Let us determine ¢Z" (x,y). By (2.3), we have

s s! s .
2n)* ' ¢ (v,y) = — 25 E () 2T (2, ) -
s1l...8,!

s1+...+sp=s



Setting

we obtain

| n |
) P () = s! s;!
(2n)™" " (z,y) Z s1l...8,) Zl;[l (%’“)' (%kl)'

S$1+...+8$n=s
> oy
= S' P . . .
S1+...+8p=s i=1 (SZka)! (Slgkl)!’

where the summation indices sy, ..., s,, satisfy in addition
S; > k’l and S; = k’l mod 2.

Changing j; = s’;k’ = (J1, -, Jn)s k = (k1, ..., ky), and using the multiindex

notation

U|:;jz‘ and jl = HJ“

we obtain

7 - 1 8!
¢ (z,y) = T {jEZi:%HS} I (2.9)

2.5 Heat kernels on discrete tori

Let us fix some integer valued n x n matrix M with
m :=det M > 1.

We regard MZ" as an additive group that acts on Z" by shifts. Consider a discrete
torus

T =7"/MZ" (2.10)

that is a finite graph with m vertices.
Let o be the weight on T' that comes from the simple weight of Z™ by (2.4). By
(2.5), we have
p(z) =2n for any x € T.

By (2.7), the heat kernel on (7', 1) is given by
@ (zy)= > " (@+vy).
vEMZ™
Using (2.9) and setting x = y, we obtain

¢ (@2)= Y ¢ (@+v2) PSER >y le. (2.11)

veMZm™ veMZ™  JELT
2\]\+|v| s



3 Trigonometric sums

3.1 Eigenfunctions on discrete tori

The following function is an eigenfunction of Pz» for any w € R™:
fw ([E) _ 627ri(w,:v).

Indeed, we have

Porfu (@) = 5= 3 Fu ) = 5o 3 (fulo +ex) + fu (o = )

Yy~T k=1

n

k=1
where {e;} is a canonical basis in R™. Hence, we obtain
Py fu = aw fu
with |
ay =~ ; COS 2T Wy,. (3.1)

Note that the functions f,, and f, are equal if and only of w’' = w” mod Z"™ so that
we can assume that w € R"/Z". Consider a lattice

W= (M*"'Z" /7"
and a torus (2.10).

Lemma 3.1. The function f, is MZ"-periodic if and only if w € W. Consequently,
for any w € W, the function f, is an eigenfunction of Pr with the eigenvalue (3.1).
Moreover, the family { fu}, ey forms an orthogonal bastis in I? (T, ) .

Proof. To prove the first claim, it suffices to verify that
fw(x)=1 forall z € MZ" (3.2)
if and only if w € W. If z = My and w = (M*)™" z where y, z € Z" then

fuw(x) = 2w — exp (2m’((M*)_1 2, My))
= exp (2mi(z, M~ My)) = exp (27i(z,y)) = 1.

If (3.2) is true, then, for all z = My with y € Z™, we have
(w, My) € Z.
Let the columns of M be uq,...,u,. Then for y = e, we obtain My = u, so that

<w> uk> = 2k

10



for some 2, € Z. The matrix of this linear system is M*, whence
= (M)

which finishes the proof of the first claim.

The fact that f,, is an eigenfunction of Pr follows from (2.6) and the fact that f,
is an eigenfunction of Pz. as was verified above.

Let us verify that the family {f,},cy is orthogonal For all w' # w"”, we have

fwafw” wa fw” ) ( ) :Zexp(Zm(w'—w",x))u(x) :COIlSt<fw71>,
zeT xzeT

where w = w’ — w”. Since w is non-zero as an element of the torus W, the eigenfunc-
tion f, is orthogonal to the eigenfunction f, = 1 because 0 is known to be a simple
eigenvalue of Pr. Hence, f, L f,~» as claimed.

Since the family {f,},c is linearly independent and the number of elements in
this family is equal to det M* = m, it follows that this family forms an orthogonal
basis in I? (T, ). =
3.2 Main result

For any multiindex v = (vy, ..., v,) € Z" set
o] = |v1] + ... + o], T = (Jo1], -, |Unl)

and for v € Z set
vl = vl v,

As above, let us fix an integer valued n x n matrix M with
m :=det M > 1.

For any non-negative integer s, set

aon= Y S (33)

vEMZ", Z€LT AT+ 2)!
|v]+2]2|=s
Now we can state and prove our main result.
Theorem 3.2. For the torus
W= (M*)"'z")zr (3.4)

and for any non-negative integer s we have

Z (Z Cos 27rwk> = gC’S (M). (3.5)

weWw

11



Proof. Since a,, with w € W are the eigenvalues of Pr, we obtain using (2.11)

S an = trcePp =Y (r.0)p ()

weWw €T

2
- 71211 2{: EE: U +_]

veEMZ™ GZ”

21+ ol=s
vEMZ” JELT U+]
207+ fol=s
m
= —C,(M). 3.6
2y G (M) (3.6)

Substituting the value of a,, from (3.1), we obtain (3.5). m
It is convenient to rewrite (3.3) in the form

c.on= 3 Cw. (3.7)

vEMZ™, |v|<s

where, for any v € Z" and s € Z
+

s!
2€LY
|2|=5(s—Ivl)

Observe that the numbers Cs (v) do not depend on M. By (3.7), the number Cy (M)
is determined by the vertices v of the lattice MZ" lying in the {!-ball in Z" of radius

s (see Fig. 3).
/ **’* / \#

/

717 .
f / 0.,0>/
[Py
T
MRFiEE e Sar
A e A

Figure 3: The nodes of a lattice MZ™ lying in the [*-ball of radius s (shaded).

/1

/1

It is clear from (3.8) that

if |v| # smod2 then C, (v) = 0.

12



Consequently, the summation in (3.7) can be restricted to those v with |v| = smod 2.
In the case n = 2 Theorem 3.2 can be reformulated as follows. By (3.4) we have

mW =m (M*)™" Z" /mZ".

The nodes of the torus mW have integer components. Indeed, the entries of the matrix
(M*)™" are obtained by dividing the minors of M* by m = det M*, which implies that
the matrix

A:=m(M)™! (3.9)

has integer entries. Clearly, we have det A = m"™~!. In particular, if n = 2 then
det A = m.

In this case, also the converse is true.

Lemma 3.3. For any 2 x 2 integer matriz A with m = det A > 1, there ezists an
integer matriz M such that (3.9) is true.

Proof. Indeed, set
M =m (A (3.10)

so that (3.9) is satisfied. Since m = det A*, it follows that M has integer entries, which
finishes the proof. m
Now we reformulate Theorem 3.2 in the case n = 2.

Corollary 3.4. For any 2 x 2 integer matrix A with m = det A > 1 and for any
non-negative integer s, we have the identity

2 2 °
Z (COS T 1 cos MLQ) = ;C’s (M), (3.11)

m m
a€AZ? /mZ?

where M = m (A*)™" and Cy (M) is defined by (3.3).
Proof. Indeed, defining W by (3.4), we see that

a
weW s w=—
m

where
a€m (M) ZM/mZ" = AZ?/mZ2.

Hence, (3.11) follows from (3.5). m

3.3 An example of computation

Example 3.5. Consider the matrix
3 1
A=(42)

13



with m = det A = 7. The torus 74 = AZ?/mZ? is shown on Fig. 1. It contains the
following 7 different points

0,0), (1,2), (2,4), (4,1), (3,6), (6,5),(5,3).

Hence, the sum in the left hand side of (3.11) becomes

9 1 27r+ 4m S+ 47T+ 8m S+ 87T+ 2m\°
g .= COS — COS — COS — COS — COS — COS —
7 7 7 7 7 7 7

n o n 127\ ° n 127 n 107r + 107 n 67\ "
COS — + coS —— cosS — -+ co COS —— + coS —
7 7 7 7 7 7

Let us compute the right hand side of (3.11). By (3.10) we have

M:7(A*)—1=(_21 ;})

The lattice MZ? is shown on Fig. 2. Let us compute the coefficients C, (M) for
s =1,...,5. One can see from Fig. 2 that
{fveMZ?®: v|=1or 2} =0,
{veMZ*: |v| =3} ={£(2,-1)}
{ve MZ?*: |v]| =4} ={£(1,3)}
{ve MZ*: |v]=5} ={£(3,2),£(1,-4)}.

In all the sums below we have v € MZ? and z € Z?%. Using (3.7) and (3.8), we obtain
the following:

|v]=1

|v]=0 |v| 9
21 9

_||ZO||212' (4 2) |Z2|ZOZ!(U+Z)' - +Z—1Z|zl =4,

v v 2= i

D G+ G

lv|=1 ‘U| 3

6 6

_;ﬂ; (v +2)! :M:?)ﬁ_zﬁ_&

204 +ZC4 (U)

[v]=0 lv|=2 |v‘:4

41

Yt Y e

=2 lol=4 |2|=0



By

24 24 24 24 24
+Z , (112!)? %4 ol o(1)? T (2lon® 113!

M): ZC4(U>+ZC4(U>+ZC4(U>

lv]=1 [v|=3 [v]=5
120
[v|=3 |2|=1 |v|5||0
120 120 120
=9 21 — -
1 1 120 120
= 240 (ﬁ—i_ﬁ) +2(ﬁ+m> = 130.
(3.11) we have
7
Og = gCS (M) .

Substituting the above values of C (M), we obtain

5 7 21 7 455

oL=2, 09=71, 03=—, O4=—, O5=——.

1 2 3 1 4 1 5 16
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