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ABSTRACT. We define the notions of Reidemeister torsion and analytic torsion for directed
graphs by means of the path homology theory introduced by the authors in [7, 8, 9, 11]. We
prove the identity of the two notions of torsions as well as obtain formulas for torsions of
Cartesian products and joins of digraphs.
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1. INTRODUCTION

Let M be a compact oriented Riemannian manifold. Assume that M is triangulated by a
simplicial complex K. Let p be a acyclic representation of 71 (K’) by orthogonal matrices, i.e.,
the twisted cohomology group HP(K;p) is trivial for all p. The Reidemeister torsion 7,(M)
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is defined from the cochain complex of K by taking a alternating product of determinants
[16, 13]. It is a manifold invariant and is used to distinguish homotopy equivalent spaces [3].

To describe the Reidemeister torsion in analytic terms, Ray and Singer [15] defined an
analytic torsion T),(M) for any compact oriented manifold M and orthogonal representation
p of the fundamental group 71 (M ). Their definition used the spectrum of the Hodge Laplacian
on twisted forms. When p is orthogonal, Cheeger [2] and Miiller [14] proved that 7,(M) =
T,(M). When p is orthogonal but not acyclic, one can also see the definition of analytic torsion
T,(M) in [6]. Bismut and Zhang [1] were the first to introduce the analytic torsion for any
p:m — GL(n,C) and without the orientation assumption, and established a comparison
formula for the analytic and combinatorial torsion in this most general situation. In [4] and
[5], by introducing the combinatorial vector field on CW complex, Formam defined various
Zeta functions which related to the Reidemeister torsion on CW complex.

In this paper we introduce the notions of Reidemeister and analytic torsions on finite
digraphs by means of the path homology theory of Grigor’yan, Lin, Muranov and Yau [7],
[8], [9], [11]. Namely, we use the homology basis to construct a preferred basis of the path
complex on a digraph G, which leads to the definition of the Reidemeister torsion 7(G). Next,
we define the Hodge Laplace operator A, acting on p-paths and use the positive eigenvalues of
A, in order to define the analytic torsion T'(G) on graphs. This definition is basically similar
to the R-torsion defined from the combinatorial Laplacian on the smooth triangulation of
manifolds in [15]. Although the homology groups can be nontrivial in our case, we still
can prove that 7(G) = T(G) (Theorem 3.14) by using an extension of the argument of [15,
Proposition 1.7]. In fact, this is the start point of Ray-Singer to make their conjecture.

Given two finite digraphs X and Y, we obtain formulas for the torsions of their Cartesian
product XY and join X %Y (Theorems 4.8 and 5.7). Our proofs rely essentially on the
Kiinneth formulas for chain complexes of XY and X %Y proved in [10] and [11]. The
approach to the proof is borrowed from [15, Thm. 2.5] but our setting is more complicated
in the following sense. The notion of torsion depends on the choice of an inner product in
the chain spaces, and the cases of the Cartesian product and join require usage of different
inner products. Besides, the case of join requires usage of an augmented chain complex. For
that reason, the final formulas for 7 (XOY') and 7 (X * Y') stated in Corollaries 4.15 and 5.8
are more complicated than one could expect. By using the these Kiinneth formulas for chain
complexes of X[1Y and X Y, one can get our results from the torsion of the tensor product
of two finite dimensional complexes [12] and [17].

In Section 2 we revise the path homology theory. In Section 3 we introduce the notions
of the Hodge Laplacian on an arbitrary finite-dimensional chain complex, prove the Hodge
decomposition, define the notions of R-torsion and analytic torsion, and prove their identity
(Theorem 3.14).

In Section 4 we revise the notion of the Cartesian product of digraphs, the Kiinneth formula
for the Cartesian product, and use it to prove the formula for the torsion of XY (Theorem
4.8 and Corollaries 4.12, 4.15). In Section 5 we fulfil a similar program for the join of digraphs
(Theorem 5.7 and Corollaries 5.8, 5.9).

We give numerous examples of application of our results by computing torsions of various
digraphs including simplices, cubes, spheres, cycles, prism, etc.

2. PATH COMPLEXES AND PATH HOMOLOGY

Let us briefly revise the definition of path complex and path homology introduced by
Grigor’yan, Lin, Muranov and Yau in [11] (see also [7]).

2.1. Path complex. Let V be a finite set. For any p > 0, an elementary p-path is any
(ordered) sequence 1o, . ..,%, of p+ 1 vertices of V' that will be denoted simply by i .. .4, or
by €4...i,- The number p is called the length of the path ig...7p.
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Formal R-linear combinations of e;,. ;, are called p-paths. Denote by A, = A, (V) the
linear space of all p-paths; that is, the elements of A, are

v = Z viotiv e g, Where vioiti € R
G061 .-ip
Definition 2.1. For any p > 0, define the boundary operator 0 : Apy1 — A, by

p+1

(av)io---ip — Z Z (_1)(1 Uio---iqflkiq---ip’ (2.1)

keV q=0

where the index k is inserted so that it is preceded by ¢ indices ig...i4—1. Set also A_; = {0}
and define the operator 0 : Ag — A_1 by setting dv = 0 for all v € Ay.

It follows from (2.1) that

p+1
8€j0"'jp+1 = Z (_1)‘1 ejo--~j:1-'~jp+1’ (2'2)

q=0

where ~ means omission of the index.
It is easy to show that §%v = 0 for any v € A, ([11, Lemma 2.1]). Hence, the family of
linear spaces {A,} with the boundary operator 0 determine a chain complex that will be

denoted by A (V).

Definition 2.2. An elementary p-path e;; _;, on a set V is called regular if i), # i} for all
k=0,...,p—1, and wrregular otherwise.

Let I, be the subspace of A, that is spanned by all irregular e;,. ;,. It is easy to verify that
0I, C I, (cf. [11]). Hence, the boundary operator O is well-defined on the quotient space
Rp = Ay /Iy

0:Rp — Rp-1
for all p > 0. Clearly, R,, is linearly isomorphic to the space of all regular p-paths:
R, = span {eio_,_ip 10 ... dp S regular} . (2.3)

For simplicity of notation, we will identify R, with the space of all regular p-paths. With
this identification, the formula (2.1) for the operator 0 : R,11 — R, is true only for regular
paths i...i,, whereas (9v)"" = 0 if ig...i, is irregular. The identity (2.2) remains true if we
replace by 0 each irregular path on the right hand side.

Denote by R (V) the chain complex {R,} with the boundary operator 0.

Definition 2.3. A path complex over a set V is a non-empty collection P of regular elemen-
tary paths on V with the following property:

if €ig...in € P then €ig.iin_1 € P and €i1..in € P. (2.4)

When a path complex P is fixed, all the paths from P are called allowed, whereas the
elementary paths that are not in P are called non-allowed. Condition (2.4) means that if we
remove the first or the last element of an allowed n-path then the resulting (n — 1)-path is
also allowed.

The set of all n-paths from P is denoted by P,. The set P_; consists of a single empty
path e. The elements of Py (that is, allowed O-paths) are called the wvertices of P. Clearly,
Py is a subset of V. By the property (2.4), if ig...i,, € P then all i) are vertices of P. Hence,
we can (and will) remove from the set V' all non-vertices so that V = F.

There are two natural families/examples of path complexes. Any abstract finite simplicial
complex S is a collection of subsets of a finite vertex set V that satisfies the following property:

if 0 € S then any subset of o is also in S.
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Let us enumerate the elements of V' by distinct reals and identify any subset s of V' with
the elementary path that consists of the elements of s put in the (strictly) increasing order.
Denote by P (S) this collections of elementary paths on V' that uniquely determines S. The
defining property of a simplex can be restated the following:

if v € P(S) then any subsequence of v is also in P (5). (2.5)

Consequently, the family P (S) satisfies the property (2.4) so that P (S) is a path complex.
The allowed n-paths in P (S) are exactly the n-simplexes.

2.2. Digraphs. Another natural family of path complexes comes from digraphs.

Definition 2.4. A digraph G = (V, E) is a couple, where V' is a set, whose elements are called
the vertices, and E is a subset of {V x V \ diag} that consists of ordered pairs of vertices
called (directed) edges or arrows. The fact that a pair (x,y) is an arrow will be denoted by
x—y.

An elementary n-path ig...7, on the vertex set V' of a digraph is called allowed if ip_1 — 4%
for any k = 1,...,n. Denote by P,, = P, (G) the set of all allowed n-paths. In particular, we
have Py =V and Py = E. Clearly, the collection P = J,, P, of all allowed paths satisfies the
condition (2.4) so that P is a path complex. This path complex is naturally associated with
the digraph G and will be denoted by P (G).

2.3. Path homology. Let us return to an arbitrary path complex P over V. Denote by
A, (P) the subspace of R, (V') spanned by the allowed elementary p-paths, that is,

A, = span {eiomip 140 ..dp € Ep} ) (2.6)

The elements of A, are called allowed p-paths.
Note that the spaces A, of allowed paths are in general not invariant for 0. Consider the
following subspace of A,

Q,=Q,(P)={veAy:0ve Ay_1}. (2.7)

The spaces €, are O-invariant. Indeed, v € €, implies Ov € A,_; and 9 (0v) =0 € A,_o,
whence v € Q,_1. The elements of ), are called 0-invariant p-paths.
Hence, we obtain a chain complex Q = Q (P) :

00— 9 £ o & ... Lo, &g £.. (2.8)

By construction we have Qy = A and € = A;, while in general 2, C A,,.
Set
Zy, =kerd|q, and B, = 0Qp41.

Definition 2.5. Define for all p > 0 the path homology groups H), (P) of the path complex
P by
Hy (P) := Hy (Q(P)) = Zp/By. (2.9)

Let us note that the spaces Hy, (P) (as well as the spaces €, (P)) can be computed directly
by definition using simple tools of linear algebra, in particular, those implemented in mod-
ern computational software. On the other hand, some theoretical tools for computation of
homology groups, like homotopy theory and Kiinneth formulas, were developed in [8], [10],
[11].

In particular, for any digraph G define its path homology groups by

H, (G) = Hy (P (G)).
In what follows we are going to deal with only finite chain complexes:

0 — 0 £ o & ... & Q1 2 Q, .02 9y — 0 (2.10)

where N € N. Clearly, any chain complex (2.8) can be truncated to the form (2.10).
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For path complexes and digraphs this means that we restrict the length of allowed paths to
N. There is a large family of digraphs where the chain complex €2 is finite naturally because
Qn = {0} for some N (and, hence, §2,, = {0} for all n > N). All examples of digraphs that
are considered in this paper have naturally finite chain complex €.

If this is not the case then we can choose N arbitrarily and truncate the chain complex €2
to (2.10). The number N will be referred to as the dimension of the chain complex (2.10) or
that of the underlying path complex.

Some examples of chain complexes €2 and homology groups of digraphs will be given in
Section 3.3.

3. FINITE CHAIN COMPLEXES

Let us fix a finite chain complex € (2.10) of finite dimensional linear spaces €2,. We are
interested in chain complexes that are coming from path complexes as described above, but
in this section we revise rather well known facts about general chain complexes 2.

Let us choose arbitrarily an inner product (,) in each linear space €,. In the case when
2 comes from a path complex, an inner product in 2, can be taken from the ambient space
Rp. In this paper we use two different inner products in R,. Let u,v € R, and

u = Zuiei and v = Zviei
where i = 4g...7. The first (standardl) inner product is l
(u,v) = Zuivi, (3.1)
and the second (normalized) inner product is l
(u,v) = ]% Zuivi. (3.2)
i

These inner products will be used in examples and in Section 4, but in general we do not
impose any restriction on the choice of inner products in the spaces €2,,.

3.1. Hodge Laplacian. Denote by 0, the operator 0 : Q, — €,_1. Assuming that the inner
product structure in {2 is chosen, consider the operator 9, : €)1 — €, that is the adjoint
operator of 9, with respect to the inner products in 2, and €,_;.

Definition 3.1. Define the Hodge-Laplace operator A, : §, — €, by
Apu = 0,0pu + Op110, U (3.3)
We will use a shorter notation
Apu = 0" 0u + 00" u
since it is clear from this expression in which spaces 2, act the operators d and 0*.
An element u € Q, is called harmonic if Ayu = 0.

Lemma 3.2. An element u € €1, is harmonic if and only if Ou = 0 and 9*u = 0.

Proof. If Ou = 0 and 0*u = 0 then by (3.3) we have Aj,u = 0. Conversely, if A,u = 0 then
we obtain

0 = (Apu,u) = (0" 0u,u) + (00" u,u) = (Qu, Ou) + (0"u, 0*u) ,
whence [|0u|| = ||0%u| = 0. O

Denote by H, the set of all harmonic elements in 2, so that H, is a subspace of 2.

Lemma 3.3. (Hodge decomposition) The space €, is an orthogonal sum of three subspaces
as follows:

Q=01 P o, 1 PH,. (3.4)
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Proof. If u € 0Qp1 and v € 0*Qp,_1 then u = du’ and v = 9*v', and we have

(u,v) = (Ou',0™') = <62u',v'> =0
so that the subspaces 02,41 and 0*Q,_; are orthogonal. Denote by K the orthogonal com-
plement of 02,41 @ 0*CQ),—1 in Q. Then we have

ue K & (u,v) =0 forall ve dQpq and v € 0°Q,

that is,
weK & (u,00')=0 Yo' €Qp and (u,0"v) =0 Yv € Qp4
& (0*u,v") =0 Yo' € Qpy1 and (Ou,v) =0 Yo € Q4
& 0'u=0 and du=0
& u € Hy.
Hence, K = 'H, which finishes the proof. O
Corollary 3.4. There is a natural isomorphism

H, ="H,. (3.5)
Proof. Observe first that Z, := ker 9, is the orthogonal complement of 9*(2,_ in €, because,
for any u € €,
uweZ,=ou=0%s (u,0) =0Yv € Q1 & uld* Q.
It follows from (3.4) that
Zp = 011 @Hp = Pp @Hp (3.6)
whence
Hp = Zp/ By = Hp.
O
Remark 3.5. It follows from this argument that H, is an orthogonal complement of B, in

Zp, and that a harmonic form u € H,, that corresponds to a homology class w € H), minimizes
the norm ||-|| among all elements of w.

3.2. R-torsion. Let € be a finite chain complex of finite dimensional linear spaces over R :
0ol 2o 20l Laylo
Denote B, = 0Q1, Z, = ker d|q, and H, = Z,/B,,.
In any €2, choose a basis w, and a basis hj, in H,. For each element of h, choose its

representative in Z,, and denote the resulting independent set by 7Lp.
Let b, be any basis in B,. For each element w € b,_1 choose one element v € 0w c Q,

so that Ov = w. Let Zp be the collection of chosen elements v so that
b1 = Oy (3.7)

Note that always 50 = (). Since bp_; is linearly independent, the set Z;p is also linearly inde-

pendent. Clearly, the union (by, h;) is a basis in Z,. Since the subspaces Z,, and span(b,) of
2, have a trivial intersection {0}, by the rank-nullity theorem we conclude that the direct
sum of these subspaces is €2,. Hence, the union (bp,ﬁp,gp) of the these sequences is a basis
in €2,

If U and W are two bases in an n-dimensional linear space, then denote by (U/W) the
transformation matrix from W to U and set

[U/W] = |det (U/W)].
In the case n =0 set [U/W] = 1.

Denote w the collection {w)} of the bases in €2, and similarly let h = {h,} be the collection
of the bases in H,,.
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Definition 3.6. The R-torsion 7(€,w,h) of the chain complex  with the preferred bases
w and h is a positive real number defined by

N
log 7(Q,w,h) = > _(—1)Plog[by, by, by / wp). (3.8)

p=0
We justify this definition in the following statement.

Lemma 3.7. (a) The value of T (Q,w,h) does not depend on the choice of the bases by,

the representatives in b and the representatives in h (which justifies the notation
T(Q,w, h)).
(b) If &' and h' are other collections of bases in Q0 and H respectively, then

N
log 7 (Q,w', 1) =log 7 (Q,w,h) + Z P (log [wp/wy,] +log [hy,/hy]) - (3.9)
p=0

The relation [U/W] = 1 for bases U and W is an equivalence relation, and each equivalence
class determines a wvolume form in the underlying linear space. We see from (3.9) that
7 (Q,w, h) depends only on the volume forms determined by w and h in the spaces 2, and
H,, respectively,

Proof of Lemma 3.7. (a) Let b, be another basis in B, with the corresponding set g;, and ﬁ;
be another set of representatives of h,. Let us first verify that

[b;,E;,E;/bp,ﬁp,bp} = [b;/bp][b;—l/bp—l]- (3-10)

Let Ep = {u,us,...} and ?L;, = {u},ub,...}. Since u and u; represent the same homology
class, we have
/

; = u; + b; for some b; € B,),. (3.11)
Let Ep = {v1,vg,...} and 5; = {v],v},...} so that

u

by_1 = db, = {v1,0vy,...} and b, 1 = 83; = {0v], 0vs, ...} .

Since b,—1 and b;)_l are bases in the same subspace Bj,_1, the transformation matrix (¢;;) =
(0, _1/bp—1) is well defined so that

o] = E ¢ij0V;.
J

It follows that
v =z + Z cijv; for some z; € Z,. (3.12)
J
Since Z, = span (by, hy,), we obtain from (3.11) and (3.12) that

(55,/p)
0 id

(b, h/ b/ /bpvﬁpvgp) = :
0 0 (b;;—l/bpfl)

P "p?

where the dots : denote the terms coming from b; and z;. Since this matrix is upper block-
diagonal, we obtain (3.10).
Consequently, we have
(U Pips by /] = (BT By / b, o By T, By /)

P p?

= [b;/bpnp_l/bpflnbp,ﬁpﬁp/wp].
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Computing the sum in (3.8) we obtain

N N
Z(_l)p 1Og[b;)7h;)7b;7/wp] = Z (=1)P log(bp, hyp, bp/wp]
p=0 p=0
N N
+Z 1) log|[bi, /by +Z 1)” log[by, 1 /bp—1]- (3.13)
p=0 p=0
It remains to observe that the expression in (3.13) vanishes because it is equal to
N N-1
(=1)" log[bf,/by] + Y (—1)"" log[ty/bg] = (—1)" log[bly /bn] = 0.
p=0 g=—1

(b) Let hy = {ny,n9, ...} and h;, = {n},n3, ...} so that
= cin;
J

where (ci5) = (h,/hp) . For the representatives u; € Ep of n; and u; € Aﬁ; of n; in Z, we have
then
u; = Z cijuij + b; for some b; € Bp.
J
It follows that

-~ - id : 0
(bps iy by [ by s b)) = | 0 (hy,/hp) O
0 0 id

where the dots : denote the terms coming from b;. Hence, we obtain
[bp,h;,bp/w;] = [by, h;ﬂbp/bmhp,bp] [bpahpabp/wp] [WP/W;:]
= [hfu/hp] [bpa hp7bp/wp] [Wp/‘d;;} )

whence (3.9) follows. O

Let us fix an inner product in each space €2, and denote by ¢ the inner product structure
in €, that is, the collection of all inner products for p = 0, ..., N. Then we have the induced
inner product in the subspaces B,, Z,, and H,. Using the isomorphism H, = H, we transfer
the inner product to H),. Hence, in this case we have a canonical choice of volume forms w
in Q. and h in H, as we prefer orthonormal bases w, in 2, and h, in H,. In fact, we can

identify h, with an orthonormal basis in H, and set ﬁp = hy,. With this choice of w and h,
we define the R-torsion of (£2,¢) by

T(Q,0) =7(Quw,h).
By (3.9) the right hand side does not depend on the choice of orthonormal bases w and h.

Corollary 3.8. Let ¢ and /' be two inner product structures in ). Assume that there are
positive reals ¢, p = 0,..., N, such that, for all u,v € €y,

U (u,v) = cpt (u,v).

Then

1 im 2, —dim
(1) =7 (@) [ g @t (3.14)
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In particular, if all ¢, = c are equal, then we obtain
() =7(Q,0)

because
N N

> (-1)PdimQ, = (~1)Pdim H, = x (),
p=0 p=0
where x (2) is the Euler characteristic of Q.

Proof. Since the notion of orthogonality is the same for ¢ and ¢/, the space H,, is also the

same. If w, and hy, are t-orthonormal bases in €2, and H,,, respectively, then w;, = \/%wp and
hy, = \/Lghp are /-orthonormal bases. Since

dim /2 —dim Hp /2
[wp/w;] =¢p 2 and [h;/hp] =c¢ / ,
we obtain from (3.9)

N

log 7 (€2,0/) =log 7 (2,0) + (—1)P (dim 2, — dim H,) log ¢,
=0

1
2

p
whence (3.14) follows. O

Let © be a chain complex that comes from a path complex P. Then the inner product in
2, can be taken from the ambient space R,. The so obtained R-torsion 7 (€2 (P),:) will also
be denoted by 7 (P,¢).

Let ¢ be the standard inner product (3.1) in R, and ¢/ be the normalized inner product
(3.2) in R,. We set

7(P)=71(P,t) and 7 (P)=71(P/).
In this case ¢, = % and we obtain from (3.14)
N 1 +1 9 .
' (P) =7 (P) [] (2" (i dim i), (3.15)
p=0

Denoting
rp = dim 2, — dim H,,
and observing that
N
> (=1)Pr,=0
p=0
and

N N p
Z (_1)p+1 rplog (p!) = Z (_1)p+1 Tp Zlog k

p:2 p=2 k=2

log kro—r1+...+(—1)k71m—1

we obtain from (3.15)

7 (P) =7 (P) (270" . 3ro—ntrs gro=ritra=rs . )1/2

(3.16)
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3.3. Examples. Let us give some examples of computation of R-torsion by definition.

Example 3.9. Consider a line digraph G = (V, E') that consists of m vertices V = {0,1,...,m — 1}
and m — 1 arrows having the form either i — i+ 1ori+1 — ¢, for i = 0,...,m — 2. An
example of a line digraph is shown in Fig. 1.

[ 4 >—0 >——« ® >—0
0 1 2 3

FIGURE 1. A line digraph with m =5

Denote

- . ei(i-i—l) le — ’L -+ 1
Ci(i+1) = { €(i41)i ifi+1—14 (317)

so that €;;41) € {1, and set
1, Wil
UZ‘_{ —1, ifi+1—i (3.18)
so that
08i(iy1) = i (€it1 — €;) .
Choose the following t-orthonormal bases in 29 and y:
wo={e:1=0,...,m—1}
and
w1 = {El(l+1) 1= 0, e, — 2} .
Clearly, Q, = {0} for p > 2. In particular, we have x (G) = 1. Since dim Hy = 1 (as for any
connected graph) and dim Hy, = 0 for p > 2, it follows that dim H; = 0.
Since By = 0Q9 = {0}, it follows that also Z; = {0}. We have Z; = Qg and, hence,
dim By = m — 1. Choose in By = 9€2; the basis
bo = {Uz‘ (ei_H - ei) s 1= O, e, — 2}
and set, respectively,
b = {Ei(i-i-l)? 1=0,....,m— 2} .
The orthogonal complement of By in Zj is one-dimensional:

Ho =span{ep + ... + em—1},

so that
ho = {\/Lﬁ (60 + ...+ em_l)} .
We see that
—00 0 \/Lm
g —01 \/Lﬁ
01
[bo, ho, by / wo] = |det] | = vm, (3.19)
—Om—2
0 o 1
m—2 vm

because expanding the determinant in the last column, we obtain that is equal to
1
—

(_1)m+1 maog...0m—2
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Since (b1, hl,gl) = wq, it follows that
1

7(G) = [ 1bp: hps by / wp) ™" = V/im.

p=0

For the normalized inner product ¢/ we have the same value 7/ (G) = \/m since Q,, = {0} for
all p > 2.

Example 3.10. Consider a digraph G = (V, E) with the vertex set V = {0, 1,2} and with
the edge set £ = {01,12,02} (Fig. 2). This digraph is called a triangle.

FIGURE 2. A triangle digraph

We have
Qo = span {eg, e1,e2}, Q1 =span{epr,ei2,e02}, Qo = {epi2}
and Q, = {0} otherwise. Hence,
By = 0Q; =span{e; —eg,ea —e1}, By =0 =span{ep — ep2 + €12}
and B, = {0} otherwise. Next, we have
Zy = span{eg,e1,ea}, Z1 =span{ep — ep2 + €12}

and Z, = {0} otherwise. It follows that dim Hy =1 and dim H, = 0 otherwise.
We choose the following ¢-orthonormal bases in €,,:

wo = {ep,e1,e2}, w1 ={eo1,e12,en}t, w2 ={eo2}.
Choose also
bo = {e1 —ep,e2 —e1}, 31 = {eo1, €12}
b1 = {eo1 — ez + €12}, g2 = {eo12}.
The orthogonal complement of By in Zj is

Ho = span{ep + €1 + €2},

so that
ho = {\/Lg (€0+€1 —i—eg)}.
We see that
N {e1—co,ea—er, leoter+e)t, p=0
(bps hpy bp) = 1 {eo1 — eo2 + €12, €01, €12} p=1
{eo12}, p=2.
It follows that )
) 1o 5
[bo, ho,bo /wo] = |det[ | 1 —1 —= | = V3,
1
0 1 7
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1
1

-1

[b1, h1, b1 /wi] = |det]

OO =

0
1 | =1
0

and
[bg,hg,bz /LUQ] = |det| (1) =1.

Hence, we obtain
2

7(G) = H[bpvhpabp/wp](_l)p = V3.
p=0
For the normalized inner product .’ we obtain from (3.14)

2
- (G) —r (G) H (p!)%(—l)m-l(dimQp—dime) _ \/§27% _ 3/2.

p=0

Example 3.11. Consider a digraph G = (V, E) with the set of vertices V' = {0, 1,2,3} and
the set of edges £ = {01,02, 13,23} (Fig. 3). This digraph is called a square.

F1cURE 3. A square digraph

We have
Qo = span {eg, e1, €2, €3}, Q1 = span {eo1, €2, €13, €23}, 22 = span{ep13 — €o23}
and €, = {0} otherwise. Hence,
By = 091 = span{e; —eg,e2 — €p,e3 — €1}
By = 0Q = span {ep1 + €13 — ep2 — €23}
and B, = {0} otherwise. Next we have
Zy = span{eg, e1,€2,e3}, Z1 =span{eop + e13 — ep2 — €23}

and Z, = {0} otherwise. Consequently, dim Hy = 1 and dim Hy = 0 for p > 1.
We choose the following ¢-orthonormal bases in €,,:

wo = {eo,e1,e2,e3}, w1 = {eo1,e02,€13, €23}, wa= {\% (€013 — €023) }-
Choose also
bo = {e1 — eo,e2 —eo,e3 — e1}, b1 = {eot, eo2, €13}
b1 = {eo1 — eo2 + €13 — eas}, by = {eo13 — €23} -
The orthogonal complement of By in Zj is
Ho = span{eg + e1 + €2+ e3}

and we take
hy = {%(6’0—1—614-62—1-63)}.
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It follows that

_ {61—60,62—60763—61,%(604—614-62-1-63)}7 p=20
(bp, hp,bp) = ¢ {eo1 — eo2 + €13 — €23, €01, €02, €13}, p=1
{eo13 — €023}, p=2.
Hence,
-1 -1 o0 {4
~ 1 0o -1 i
[bo, ho, b(_) /wo] = |det| % = 2,

0 1 0 ?

0o 0o 1 1

1 1 0 O

~ -1 0 -1 0

[bl,hl,b1 /wl] = ]det\ 1 1 0 1 =1
-1 0 0 O

[b2, ha, by [ wa] = |det| (v2) = V2,

and we obtain
2

7(G) = H[bmhpjp/wp](_l)p =2V2.

p=0
For the normalized inner product (" we obtain from (3.14)
2
7 (G) =7(G) H (p!)%(—1)P+l(dime—dime) _ 2\/52_% _ 9
p=0

Note that the triangle and square digraphs have the same homology groups and are even
homotopy equivalent (see [8]) but their torsions are different. Moreover, the torsion is not
preserved by covering mappings between digraphs, which are surjective mappings that pre-
serve arrows. For example, consider a mapping ® : X — Y of a square X on Fig. 3 onto a
line digraph Y = {0 — 1 — 2} such that ® (0) =0, ® (1) = ®(2) = 1 and ®(3) = 2, which
is obviously covering but 7 (X) = 2v/2 while 7 (Y) = v/3.

Example 3.12. We say that a digraph G = (V, E) is cyclic if it is connected (as an undirected
graph), every vertex had the degree 2, and there are no double arrows. For example, the
triangle from Example 3.10 and the square from Example 3.11 are cyclic.

Here we assume that G is neither triangle nor square. Some examples of such digraphs are
shown on Fig. 4.

FI1GURE 4. Three cyclic digraphs with 3, 4 and 6 vertices

Note that a triangular digraph on Fig. 4 is not a triangle in the sense of Example 3.10
because of different orientation of the arrows, and the quadrilateral digraph here is not a
square for the same reason.

For a cyclic digraph that is neither triangle nor square, it is known that Q, (G) = {0} and
H, (G) = {0} for all p > 2, whereas
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and, hence, x (G) = 0 (see [7, Sect. 4.5]). Assume that G has m vertices 0,1, ...,m — 1 that
we identify with residues mod m. The numeration of vertices can be chosen so that all arrows
have the form either ¢ =i+ 1ori+1—14, fori=0,.....,m — 1.
Let us use notations €11y from (3.17) and o; from (3.18) so that €;;;1) € €21 and
O8i(it1) = i (eir1 — €;) -
Choose the following t-orthonormal bases in Qg and €2:
wo = {61' :i:O,...,m— 1}
and
W1 = {él(z+1) 1= O, e, — 1} .
Observe that Zy = Qg and

m—1
71 = ker 0|q, = span { Z Uiéi(i+1)}

=0
because
0 (Z aiéi(z’Jrl)) = Z ;o (€11 —e€;) = Z (0101 — ;0;) e,
which vanishes if «; is proportional to 1/0; = 0;. Then By = 991 has dimension m — 1 and
we choose

bp ={oi(eix1 —€;), i=0,....,m—2}
and, respectively,
by = {€igiy1)s i = 0,eim — 2}

The orthogonal complement of By in Zg = () is

Ho =span{ep + ... + em—1},
so that

ho = {\/Lm (€0 + ... +em—1)}.
Hence, as in (3.19), we obtain

[bo, hos bo / wo) = /.

Next, we have By = 0Qy = {0} whence by =0, H; = Z; and

m—1
= {\/La Z 0i€4( H—l)}
1=0

We see that
1
e X !
7m1
7T . .. 1
: 1
Lmo-mfl 0 0

It follows that
7(G) = H[bpyhpagp/wp](_l)p =m
p=0

and also 7 (G) = m.
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3.4. Analytic torsion. Let €} be a chain complex as above and ¢ be an inner product

structure on . It is easy to check from (3.3) that A, is a self-adjoint non-negative definite
operator on €),. Hence, its eigenvalues are non-negative reals, denote them by {/\Z}?:i1 O

The zeta function ¢, (s) of A, is defined by
1
Cp(s) = Z ?
Ai>0 ¢

Definition 3.13. The analytic torsion T'(€2,¢) of the chain complex € with an inner product
structure ¢ is defined by

N
1
log T(2,1) = 5 Y (1)’ p(;(0). (3.20)
p=0
The next theorem is one of the main results of this paper.

Theorem 3.14. We have
T(Q,0) =T (Q,1).

This theorem was proved in [15, Proposition 1.7] for a special case when the homology
groups H), are trivial. We use a modification of the argument of [15] that works with arbitrary
homology groups.

Proof. Observe that

>0
whence
L(0) == (log);) = —log D, (3.21)
Ai>0
where
Dp = H )\1
Ai>0

is the determinant of A, restricted on the direct sum of the eigenspaces with positive eigen-
values. In the view of (3.20) and (3.21), it suffices to prove that

1 N

log7(£2,¢) = —3 Z(—l)pp log D,,. (3.22)
p=0
As before, we use notations B, = imdpy1 = 0Qp41 and Z, = ker 0, so that H, = Z,/B,.
Since any element of v € B}, has the form u = Jv for some v € Q, 11, we have
Apu = 0"00v 4+ 00™u = 0 (0*u) € B,. (3.23)

Hence, B, is an invariant subspace of A,. Therefore, there exists an orthonormal basis
bp = {b,,} of B}, that consists of the eigenvectors of A:

Ay, = b,

p’p
where ﬁ; are the corresponding eigenvalues. Since by (3.4) B, is orthogonal to H, and all

the eigenvectors of A, with eigenvalue 0 belong to H,, we have ﬂ; > 0.
By (3.23) we have Aybl, = 99*bl,, whence

88*6; = B,bp- (3.24)
Set

7 1 %710
bp = i 8 bpfl 6 Qp.
Bp—l
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We have by (3.24)
i 1 *pi 1 i pi i
b, = 3 907by,_y = —— Bp1bp_1 = b
p—1 p—1

so that the sequences Zp = {g;} and b,_1 = {b,_,} satisfy the identity (3.7) and, hence, can
be used in the definition of R-torsion. Since also

*74 1 * k1.0
0Ty = G0 =0

i
p—1

we obtain

Apb;, = 070y, + 00"by, = 9%bj,_1 +0 = (3},_1b,,.
Hence, b:f) are the eigenvectors of A, with eigenvalues ﬂ;_l. Moreover, the sequence {b;} is
orthogonal because by (3.24) for i # j

% 77 1 * 10 *7.J
(b, b)) = Tﬂjl< 1,070 1)
p—1Mp—
1 *74 j
= W@a 1> U 1)
p—1Mp—1
= <bp—1?b;—1>
p—1
=0.
In the case ¢ = 5 we obtain similarly
7i L i 1
1Byl = —— (U1, b)1) = =
p—1 p—1

Note also that the vectors b;; and Z{) are necessarily orthogonal since
1

ey . . 1 o
O B = 5 (05, 1) = 5 (@b} 1) =0

p—1 p—1

Let hy, = {h.} be an orthonormal basis of H,. Then the following sequence

wp = b, U{y/BL_ B0} Uy (3.25)

consists of the eigenvectors of A, and is orthonormal. By construction, this sequence is a
basis in €2, (see Section 3.2). It follows that all the positive eigenvalues of A, are

{Bpr} U {8},

whence ' '
D, = Hﬁéfl Hﬂ;
Setting
Ly :=log H B
we obtain

log D), = L1 + Ly.
Using that Ly = 0, we obtain
Ly = (Lp—l + Lp) - (Lp + Lp+1) T+
N

N
=3 ()P (Lg-1+ Ly) = Y (~1)7"log D,. (3.26)

q=p q=p
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It follows from (3.25) that

[bp’gpa hp/wp] = H ( ;‘3—1)_1/2 = (Lpfl)_lﬂ-

%

Using the definition of 7 (€2,¢) and (3.26), we obtain

N
log 7(2,¢) = Z(_l)p log[bp, bp, hy / wp
p=0
1 N
p=1
1 N N
= YY)l D,
p=1 q=p
QA
—3 Z Z )7 log D,
q=1 p=1
1 N
=-3 > (=1)%qlog Dy,
q=1
which finishes the proof of (3.22). O

4. CARTESIAN PRODUCT OF PATH COMPLEXES

4.1. Product of paths. Given two finite sets X, Y, consider their Cartesian product Z =
X x Y. Let z = zp21...2, be a regular elementary r-path on Z, where z = (xg,yx) with
zp € X and y, €Y.

Definition 4.1. We say that the path z is step-like if, for any k = 1, ...,r, either xp_1 = x
or yr_1 = yi- In fact, exactly one of these conditions holds as z is regular.

Any step-like path z on Z determines by projection regular elementary paths x on X and
y on Y. More precisely, x is obtained from z by taking the sequence of all X-components
of the vertices of z and then by collapsing in it any subsequence of repeated vertices to one
vertex. The same rule applies to y. By construction, the projections x and y are regular
elementary paths on X and Y, respectively. If the projections of z = 2p...2, are x = xg...x,
and y = yo...yq then p+ g = r (cf. Fig. 5(left)).

2 =(Xp.Vy) 0.9) (p.9)
D272 R S S e s S
e g
R R N S SO 1 X
Voo meay) .
777 TSR S S U S
S St I N S
" i | | | | | i
v r -r- r TrTTTrTTT e T 1
e e e e & e & e 4
Zo=(X0.)0) X Xp (.0)

FIGURE 5. Left: a step-like path z and its projections x and y. Right: a
staircase S (z) and its elevation L (z) (here L (z) = 27).
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Every vertex zj, = (74, y;) of a step-like path z can be represented as a point (i, j) of Z? so
that the whole path z is represented by a staircase S (z) in Z? connecting the points (0, 0)

and (p,q).

Definition 4.2. Define the elevation L (z) of the path z as the number of cells in Z2 below
the staircase S (z) (the shaded area on Fig. 5(right)).

For given elementary regular p-path 2 on X and g-path y on Y, denote by Il , the set of
all step-like paths z on Z whose projections on X and Y are x and y, respectively.

Definition 4.3. For regular elementary paths e, on X and e, on Y define their cross product
ez X ey as a path on Z as follows:

exxey= Y (~1)e,. (4.1)
z€lly y
Then extend by linearly the definition of u X v to all regular paths v on X and v on Y.
Clearly, if u € R, (X) and v € Ry (Y') then u x v € Rp44 (Z) . Moreover, the cross product
satisfies the product rule with respect to the boundary operator 0:
d(uxv)=(0u) xv+ (=1)Pux (dv) (4.2)
(see [8, Prop. 6.3]).
4.2. Product of path complexes and digraphs.

Definition 4.4. Given two finite sets X and Y with path complexes P (X) and P (Y) over
X and Y, respectively, define a path complex P (Z) over the set Z = X x Y as follows: the
elements of P (Z) are step-like paths on Z whose projections on X and Y belong to P (X)
and P (Y), respectively. The path complex P (Z) is called the Cartesian product of the path
complexes P (X) and P (Y) and is denoted by P (X)OP (Y).

In short: a path z on Z is allowed if it is step-like and if its projections on X and Y are
allowed. In particular, if  and y are elementary allowed paths on X and Y, respectively,
then all the paths z € Il , are allowed on Z.

Definition 4.5. Let X and Y be digraphs. The Cartesian product Z = XY of the digraphs
X and Y is defined as a digraph with the vertices (x,y) where z € X and y € Y, and arrows
(z,y) — (2',y") where either x — 2’ and y =y’ or x = 2/ and y — ¢/'.

For example, if a — o’ is an arrow in X and b — ' is an arrow in Y then they induce the
following arrows in Z:

(a,b") (a’,0")
e — e
T T
(a,b) (a’,b)
e — e

Let P(X) and P (Y) be the path complexes in X and Y, respectively, coming from the
digraph structures. It is easy to see that

P(XOY) = P(X)OP(Y),

that is, the Cartesian product of the path complexes is compatible with the Cartesian product
of digraphs. The reader who is interested only in digraphs can always think of X and Y as
digraphs and of Z as their Cartesian product.

For a general path complex P (V') over a set V we use the short notations

Ap (P (V) = Ap (V) and 9, (P (V) = Qp (V).
It follows from (4.1)
ueA,(X) andve A (Y) = uxveAd,,(2).
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Moreover, (4.2) implies that
ueQ,(X)andve QYY) = uxveQ,(Z)
(see [8, Prop. 6.5], [10, Prop. 4.6]). Furthermore, the following Kiinneth formula is true: for
any r > 0,
% (2)= P BX)e(Y), (4.3)
{p,q>0:p+q=r}

where ® denotes the tensor product of linear spaces, and u®v for u € Q, (X) and v € Q, (Y)
is identified with the element u x v of Q, (Z) (see [8, Thm. 6.6] and [11, Thm 6.6]).

4.3. Operators 0* and A on products. For the standard inner product ¢ defined by (3.1)
on each of the space R (X), R (Y) and R (Z) the following identity is known: if u € A, (X),
ve Ay (Y), pe Ay (X) and ¢ € Ay (Y), then

<u XU, p X ¢>L = (p—;q) <u7¢>b<v7¢>b

(see [10, Lemma 4.13]). This identity includes also the case when two paths in the inner
product have different length - in this case their inner product is zero by definition. Hence,
we have

1 1
m(u XV, X 1/}>L = H(U, (,0>La<'l},¢>b.

In the case p’ = p and ¢’ = g we pass to the normalized inner product ¢ given by (3.2) and
obtain

<U XvU,p X w>b' = <U, (p>L' <U, w>L' . (44)
This identity is true also if p’ # p or ¢’ # ¢ as in these cases the both sides vanish.
In the rest of this section we use the normalized inner product

<7> = <7>L’

unless otherwise specified. In particular, we define the adjoint operator 0* and the Hodge
Laplacian with respect to the normalized inner product and refer to them as normalized.

Lemma 4.6. Let u € Q, (X) and v € Qu(Y). Then for the normalized adjoint operator we
have
O (uxv)=0"uxv+ (=1)Pux (0%). (4.5)

Proof. By definition, we have, for any w € Q,44+1(2)
(0" (u x v),w) = (u X v,0w).
Any w € Q. (Z) admits a representation

w=> @ X1
k

where the sum is finite and
o € Qp, (X) and ¢y, € Qg (Y)

with px + gz = p+ ¢+ 1 (see [8, Thm. 6.12], [10, Theorem 5.1]).
Then we have

(0" (ux v),w) = (ux v,y 9 X )
= (ux v, Y (D X Py, + (=1)P oy X Oy))
= ZW X 0,0y, X Pp) + (=1)PF {u x v, 0 x OPy)
=) (u, 03) (v, ¢hge) + (1P (u, 01) (v, D)
=Y (0%, 1) (v, ) + (= 1)P* (w9 )(070, ).
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Note that if py # p then
<ua ka> =0.
Hence, we can replace pp everywhere by p and obtain

(0 (u x v) yw) =Y (0%, ) (0, ) + (1) {u, i) (0", )
=D (0w x v, X ) + (1) (ux 0, 05 X )

= (0"ux v+ (=P ux 0,y @ X1y
= (0"ux v+ (—=1)Pu x 0" v, w),

whence
O (uxv)=0"uxv+ (—1)Pux dv.

Lemma 4.7. For the normalized Hodge Laplacian we have
A (uxv)=(Au) X v+ u X Av. (4.6)
Proof. Let u € , (X) and v € Q4 (X). Then we have
00" (u x v) =0 (0"u x v+ (=1)Pu x Iv)
=9 (0*uxv)+ (=1)P 0 (u x &*v)
= 99*u x v+ (=1)PT 9*u x dv
+ (—=1)P (Ou x 0" v + (—1)P u x 99" v)
= 00" u x v+ (=P 0" u x Ov + (—1)P Ou x 0" v + u x DI v
and
00 (u xv) =0" (Ou x v+ (—1)Pu x dv)
=0" (Ou xv)+ (—1)P 9" (u x )
= 0"0u x v+ (=1)P "t du x 8*v
+ (=1)P (0"u x 9v + (=1)P u x 9%0v)
= 0"0u x v+ (=1)P 1 du x 8" v + (—1)P 8" u x dv + u x 8* .
Adding up the two identities and noticing that the terms 0*u x dv and du x d*v cancel out,
we obtain
A (uxv)=(Au) x v+u x (Av).
]
4.4. Torsion of products. Let P (V') be a path complex on a set V' with the maximal length
N . As before, let ¢ be the standard inner product structure on P (V') given by (3.1) and ¢/ be

the normalized inner product structure on P (V') given by (3.2). Consider the corresponding
standard and normalized torsions:

T(V)=T(Q(V),.) and T'(V)=T(Q(V),/).
In the same way we will use notation 7 (V) and 7’ (V') for R-torsions with respect to + and
/', respectively. Since T (V) = 7 (V) and T7 (V) = 7/ (V), the relation between 7 (V) and
T’ (V) is given by (3.15) and (3.16).
Although the main object of interest for us is the standard torsion 7' (V'), in this section
we make an essential use of 7" (V') as it behaves better with respect to the Cartesian product.
We need also the Euler characteristic of €2 (V):
N N
X(V)=x(Q(V)) =) (-1 dim®, (V) = Y (~1)"dim H, (V).
p=0 p=0
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The next theorem is our main result about torsion on the product of path complexes.
Theorem 4.8. If P(Z) = P (X)OP (Y) then
logT'(Z) = x(Y)logT'(X) + x(X) log T'(Y). (4.7)
Before the proof of Theorem 4.8, we need to do some preparations. In the next lemmas
we work with an arbitrary chain complex 2 with some inner product structure ¢. Let A be

an eigenvalue of the Hodge Laplacian A, on some chain complex 2. Consider the eigenspace
of A and its subspaces:

Ep(A) ={p € Qp: App = Ap},
E,(A) = {p € Ep() : 9p = 0},
EJ(\) ={p € Ey()\): 0" = 0}.

In the case A = 0 these three spaces are identical by Lemma 3.2. In the case A # 0 the
situation is different.

Lemma 4.9. Assume that X\ # 0. Then we have

E,(N) ={p € Qy:00"p = \p} (4.8)

Ey(A) = {p € Qp: 0"0p = Ao}
and

E,(\) = E,(\) @ E(N). (4.10)
Proof. Let us first prove (4.8). If ¢ € E} (\) then
Ap = Ap = 0"0p + 00" p = 00" p.
Conversely, if 90*p = Ap then
dp = %8 (00" @) =0

and, hence, Ap = 00*¢ = A\p so that ¢ € E}, ()). In the same way one proves (4.9).

In order to verify (4.10), observe first that the space Ej,(A) and E ()\) are orthogonal
because for any ¢ € E}, () and ¢ € E; (\) we have

1 * * 1 %
For any ¢ € E, (\) we have
(80%)? o = 9" (00" ¢ + 9*Dp) = 8I* Ap = A\ID* p,

which implies by (4.8) that 00" € E,. Similarly, we have 9*0p € E;. Finally, for any
¢ € B, (\) we have
1 1 1
= —Ap=—-00" —0%0
¥ N\ ¥ b\ ®+ b\ 12
whence (4.10) follows. O

Lemma 4.10. The operator A~Y/29 is an isometry of E}J(\) onto E,,_;(\) with the inverse
A2,
Proof. Let ¢ € EJ(A) so that 9*¢ = 0 and 9*0¢ = Ap. For ¢ = Jp we have

00" = 00 0p = Nop = \p
whence ¢ € E,_; (A). Hence,  maps E, ()\) into E,_; (\). Let us verify that A2 is an
isometry. For ¢ € EJ()\) and ¢ = A2 we have

() = 5 (0,09) = 5 (70, 9) = (. 0).
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It remains to show that the mapping A~1/29 is onto and has the inverse A~Y/29*. For any
Y € E, 1 (\) we have 0* (0"¢) = 0 and
Ap(0™Y) = (070 + 00™) 0"p = 000" = 0" (M) = N0™Y,
which implies 0*¢» € E(X). Since by (4.8) 00*1) = M), we obtain
1

ATV2oN20%) = 100" =4
and we conclude that A~'/20 and A~ /29* are mutually inverse. g
Let n,(A), n,(A), ny(A) be the dimensions of spaces E,(A), E,(A), E;(A), respectively It

follows from Lemmas 4.9 and 4.10 that
np-1(A) = n,(N),
np(X) = ngy,(A) + ny(X).
As it follows from the definition of the Euler characteristic x (©2) and H, = H,, we have
N

X (Q) = (=1)"ny, (0).

Lemma 4.11. If A > 0 then

Proof. We have

Here n/y, (A) = 0 because for every vector ¢ € E\ (A\) we have 0*¢ = 0 and, hence,

1 *
= XE)@ =0
and ng (A) = 0 because for any ¢ € E{/ (\) we have ¢ = 0 and, hence,
1
= —-0"0p =0.
P N\ ¥

Now we can prove Theorem 4.8. The idea of proof is borrowed from [15, Thm. 2.5].

Proof of Theorem 4.8. The zeta function ¢, y (s) of A, on X can be represented in the form

Cp,X (8) = Z A_Snp ()‘7 X) )
A>0
where the sum is taken over all distinct positive eigenvalues A of A, and n, (X, X) is the
multiplicity of A. Similar formulas hold for ¢,y (s) and ¢,z (s).
Let u € ©, (X) be an eigenvector of A, with eigenvalue A and v € Q, (Y') be an eigenvector
of A, with eigenvalue p. It follows from (4.6) that u x v € Q,, (Z) is an eigenvector of Ay,
with eigenvalue A+ p. If {w;} is an orthonormal basis in €2, (X) consisting of the eigenvectors
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of A, and {v;} is an orthonormal basis in Q, (Y") consisting of the eigenvectors of A, then
the sequence {u; x v;} is orthonormal by (4.4) and, hence, forms a basis in Q, (X) ® Q, (V).

Let us fix r > 0 and recall that by the Kiinneth formula (4.3) €, (Z) is a direct sum of the
spaces €2, (X) ®Q, (Y') over all pairs p, ¢ > 0 with p+ ¢ = r. Hence, collecting all the bases in
Q, (X) ® Qg (Y) of the form {u; x v;} we obtain an orthonormal basis in Q, (Z). This basis
consists of the eigenvectors of A, in Q, (7). Hence, all the eigenvalues of A, in €, (Z) have
the form A + p where X is an eigenvalue of A, in €2, (X), p is an eigenvalue of A, in Q, (Y),
and the multiplicity of XA + p is n, (A, X) ng (1, Y) .

Hence, we obtain

Gr) = XY O ) (A Xy .Y, ()
AFp>0 pg=r
It follows that

> (1) 4(s)

r>0

= 3 Y Y VP + )np(h X)ng(n,Y)

A+p>0 p20¢>0

= > A4+ [ DD X) | D (1) g (1, Y) (4.12)
A+p>0 p=>0 q=>0

+ 3 = [ X) | [ DD gng(u ) | (4.13)
A+p>0 p>0 q>0

By Lemma 4.11, if A > 0 then
Y (1)Pnp(A, X) =0
p=0

and if y > 0 then
S (=) (. Y) = 0.
q=20

Hence, in (4.12)-(4.13) all the terms with A > 0 and p > 0 vanish, and we obtain

DT = D AT D (D)Ppny(AX) | Do (=1)7g(0,Y)

r>0 A>0,u=0 p>0 q>0

+ 30 1 =P, 0,X) | [ D (-1)0gng (i, Y)

©w>0,A=0 p>0 q>0
= x(Y) D (=1)"¢, x (5) + x(X) Y (=1)%qC, v (5)-
p=0 q>0

Taking derivative of the both sides at s = 0 and using the definition of analytic torsion, we
obtain

logT'(Z) = x(Y)log T"(X) + x(X) log T'(Y). (4.14)
O

The Kiinneth formula (4.3) implies that
X (2) =xX)x (Y),

which will be used in the next statement.
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For any n > 2 define on the set X7 = X x ... x X the following path complex
————

n times
P(X"") = P(X)0..0P(X) = P(X)™".
n t;;rles
Corollary 4.12. We have
log T'(XP") = nyx (X)" log T (X). (4.15)

Proof. Denote log T’ (X™") = x,, and x (X) = a. Then x (X") = a", and we have by (4.14)

Tpal = aTp + a"xq.

1

For n =1 (4.15) is trivial. Assuming the induction hypothesis x,, = na™ 'z, we obtain

Tpt1 =na"z) +a"x; = (n+1)a"zy,
which finishes the proof by induction. O

Example 4.13. Let GG be a cyclic digraph with m vertices from Example 3.12. For n > 2
the product GP" can be regarded as an analogue of a torus. Since x (G) = 0, we obtain from
(4.15) that, for any n > 2,

T'(G"™) = 1.
Recall for comparison that 77 (G) = T (G) = m.
Before we can compute 7'(G™"), let us verify that

dim ©,(G7") = (5)m". (4.16)

Indeed, for n = 1 this is true because
Assuming that (4.16) is true for some n, we obtain by the Kiinneth formula (4.3)
dim Q,.(G7") = Y~ dim Q,(G7") dim Q, (G)
ptg=r
= mdim Q,(G"") + mdim Q,_(G")
= m()m+ m(, )

r—1
_ mn+1 (n—:l) )

In the same way, using that
dim H() (G) = dim H1 (G) = 1,

we obtain that
. O
dim H,(G™") = (Z)
Hence, by (3.15) we obtain

T(GDn) _ T/(GDn) H (p!>%(—1)P(dime—dime)
p=0
I,
2

n
p=

In particular, we have T(G™?) = 93(m*-1)



TORSION OF DIGRAPHS 25

Example 4.14. For the interval I = e — ¢! we have by Example 3.9 T’ (I) = v/2 and
x (I) = 1. Consider the n-dimensional digraph cube I-™. In the case n = 2 it coincides with
the square from Example 3.11, in the case n = 3 this digraph is shown on Fig. 6.

0 |
FIGURE 6. The cube 73

By (4.15) we obtain
log T'(I7") = nlog V2
whence
T'(17m) = 272,
Let us compute the torsion T'(I°") of the cube with respect to the standard inner product ¢.
For that let us first verify that

dim ©,(177) = 2" 7P (7), (4.17)
We have
dimQy ([) =2, dimQ; (/) =1 and dimQ,(I) =0 for p>2
so that (4.17) holds for n = 1. For the inductive step from n to n + 1, observe that 12(+1) =
I°"0I. By the Kiinneth formula (4.3) we have
dim Q,.(I7H)) = Y dim Q,(I7") dim Q, (1)
ptq=r
= 2dim Q,(I°") + dim Q,_; (I7")
— 2n+1—7" (7:) + 2n—7‘+1( n )

r—1
— 2n+lfr (n;&-l) ,

which finishes the proof of (4.17). In the same way one obtains that dim Ho(I"") = 1 and
dim H,(I"") = 0 for all p > 1. Hence, by (3.15) we obtain
n
T(Imn) _ T/(IDTL)H(p!)%(—l)p(dime—dime)
p=0

_ 2n/2H 2072 ()

For example, we have

T(I7?) = 2v/2, T(ID3):1—6\/§, T(Im):%\/g, etc.

3 81
Corollary 4.15. If P(Z) = P(X)OP (Z) then
log T(Z) =x(Y)logT(X) + x(X)logT(Y)
+ = Z 1P log (P19) (dim ,(X) dim Qy(Y) — dim Hp,(X) dim Hy(Y)).  (4.18)

p,q>1
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Proof. We use the R-torsions 7 and 7’ defined with respect to the inner products ¢ and ¢/,
respectively. By Theorems 3.14 and 4.8 we have

log7'(Z) = x(Y)log 7 (X) + x(X) log 7' (Y). (4.19)

By (3.15) we have

log 7(X) = log 7(X) — %Z (—1)P dim ©, (X)log (p!) + %Z (—=1)?dim H,, (X)log (p!),

where summation is taken over all p > 0. Similar identities hold for ¥ and Z. Substituting
into (4.19), we obtain

log7(Z) — x(Y)log 7(X) — x(X)log 7(Y)
:_Z " dimQ, (2 )log(r!)—%Z(—l)rdier (Z) log (1)

r

1

—5x() > (—1)Pdim Q, (X)log (p!) + %X(Y) > (—1)Pdim H,, (X)log (p!)

1

— 5x(X) > (=1)?dim Q, (Y)log (¢!) + %X(X) > (1) dim Hy (Y)log(¢!)  (4.20)

Denote for simplicity
zp =dimQ, (X), y,=dimQ,(Y), 2z =dimQ, (Z).
By the Kiinneth formula we have
Zr = Z TpYq-
pt+q=r
It follows that

D (1) zlog (7)) = x (V) Y (=1)P wplog (p!) — x (X) Y (=1)7yplog (q))

q

= Z (—-1)" Z Zpyqlog (r!) — Z ) yq Z )Pz log (p!)

T pt+q=r q
Z "z Z )" yplog (a!)
p q>0
=Y ()" apy,log (p+q)Y) — Y (=1 apy,log (p!) = > (1) 4 log (¢!)
p.q p,q p,q
_ Z (_1)p+q pyq log (p+q)
p,q

Note that the summation here can be restricted to p,q > 1 since otherwise log (p ;q) =0.A

similar formula takes place for dim H,, instead of dim €2,,. Substituting into (4.20) we obtain
(4.18). O

Example 4.16. Let us compute the torsions of the digraph Z = I1Y where [ is the interval
from Example 4.14 and Y is the triangle from Example 3.10 (see Fig. 7).
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FIGURE 7. A prism digraph /1Y

By Examples 3.9 and 3.10, we have x (I) = x (Y) =1 and
T'(I)=v?2, T (Y)=+/3/2.
Hence, we obtain by (4.7)

7' (2) =T (@)X 7 (v )X = v2/3/2 = V3.
Since H,, (I) and H), (Y') are non-trivial only for p = 0, we obtain by (4.18)
logT(Z) = (Y) log T(I)+ x(I)1logT(Y)

+ = ZZ 1P log p+q) dim Q, (1) dim Q, (Y)

p—lq 1

1 2 1
zlog\/§+log\/§+§log <1> ~1‘3—§log<?> -1-1
= log (\/5\/523/23_1/2) = log 4,

so that
T(Z)=4.

5. JOIN OF PATH COMPLEXES

5.1. Augmented chain complex. Let P be a path complex over a set V' as in Section
2.1. In that section we have constructed a chain complex R = {Rp}p>0 with the boundary
operator 0, and the space R_; was defined as {0} . In this section we change the definition

of R_1 as follows. For any elementary 0-paths e; redefine 9 by

Oe; = e
where e is an empty path that by definition has the length —1. Set R_; = spang {e} = R
and consider the augmented chain complex R = {Rp} -1 where the operator 9 still satisfies
0% = 0. Consequently, we obtain also the augmented chain complex Q= {Qp} > of 0-
invariant paths, where €, with p > 0 is as before and 21 = R_y, as well as the reduced

homology groups {Hp}pz,l where H 1 = {0}, Hp = Hp for p > 1 and Hy = Hy ® R. The
reduced Euler characteristic is

X(P)= Y (-1)PdimQ, = Y (-1)"dim H, = x (P) — 1. (5.1)
p>—1 p>—1

Denote by (,) the standard inner product in R, defined by (3.1) in the case p > 0 and by
(e,;e) =1 for p=—1.If u € R, and v € Ry with p # ¢ then set (u,v) = 0. As before, we
denote by ¢ the standard inner product structure in R.
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5.2. Join of path complexes and digraphs. Let V' be a finite set.

Definition 5.1. For any paths u € R, (V) and v € R, (V) with p,q > —1 define their join
U-v € Rpyg1 (V) as follows: first set

6i0...ip : ejo...jq = e’io...ipjo‘..jq

and then extend this definition by linearity.

In particular, we have e;,..;, - € = €;,..;,- The following product formula holds for the chain
complex R (V):
A(u-v) = (du)- v+ (=1 - (8v). (5.2)
(see [11, Lemma 2.2] and [10, Lemma 2.4]).

Let X,Y be two finite disjoint sets, set Z = X UY. Then all paths on X and Y can be
considered as paths on Z. It follows easily from definition of « - v that

ueER,(X) andveR,(Y) = u-v€Rpig+1(2).
Also, for the standard inner product (,) given by (3.1), we have

(u-v,0-4) = (u, 9) (v, 9), (5.3)

for allu € R, (X), v € Ry (Y), ¢ € Ry (X) and ¢ € Ry (X) (see also [10, Lemma 3.10]).
Let us extend the property (2.4) of the definition of a path complex P also to n-paths with
n = 0, that is, we allow in (2.4) also n = 0. Then necessarily the empty path e belongs to P.

Definition 5.2. Let P (X) and P (Y) be two path complexes over finite disjoint sets X and
Y, respectively. Define the chain complex P (Z) over the set Z = X LY as follows: P (Z)
consists of all the paths of the form w-v where v € P (X) and v € P (Y). The path complex
P (Z) is called the join of P(X),P (Y) and is denoted by P (Z) = P (X) * P (Z).

Clearly, P (X) and P (Y) are subsets of P (Z).
Definition 5.3. If X and Y are digraphs then define their join as a digraph Z = X %Y

where the set of vertices is X 1Y and the set of arrows consists of all arrows of X, all arrows
of Y as well as of all arrows of the form = — y where z € X and y € Y.

It is easy to see that
P(XxY)=P(X)*P(Y)

so that the operation of join of digraphs is compatible with join of path complexes (cf. [11]).
It is clear from the definition of P (Z) that

ueA,(X) andve A, (Y) = w-veAyg(Z).
It follows from (5.2) that, for all p,q > —1,
ueQ,(X) and veQ (Y) = u-ve Qe (2)

(see [11, Prop 5.4]). Furthermore, the following version of the Kiinneth formula is true for
join: for any r > —1
0, (2) = (D Q, (X)®Q, (Y) (5.4)
{p.g=—Lptqti=r}
where © ®@ v for u € Q, (X) and v € Q, (Y) is identified with the element u - v of Q, (Z) (see
[11, Thm 5.5]).
As a consequence of (5.4) we obtain that
X(Z)=-XxX)x(Y), (5.5)

where the minus comes from the additional 1 in r =p+ ¢+ 1.
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5.3. Operators 9" and A on joins. We always assume in what follows that all the spaces
R, under consideration are endowed with the standard inner product (3.1), in particular,
(5.3) is satisfied.

Lemma 5.4. Let u € Q, (X) and v € Q,(Y). Then
O (u-v) = (0"u) - v+ (=1)P T u- (0%). (5.6)
Proof. By definition, we have, for any w € Q4412 (2)
(0" (u-v),w) = (u-v,0w)
Any w € Q, (Z) admits a representation
w=> @1y
k
where the sum is finite and
i € Qpy (X)) and ¢y, € Qg (V)
with pr,+¢qr +1 = p+q+2 (see [10, Thm 5.1] and [11, Thm 5.15]). Then we have using (5.3)
(0% (u-v),w) = (u-v,) (- vy))

= (w0, Y (9 v+ (- gy 00))

=Y (u- 0,005 - ) + (=1 (0,0 - )

= (w0 (v, ) + (1P (s 00) (v, 09

= Z “u, 1) (0, 9) + (= 1D)P T (u, 9 ) (070, 1y
Note that if py # p then (u, ¢,) = 0. Hence, we can replace py everywhere by p and obtain

(0" (u-v),w) = (0 u, @) (0, ) + (=P (u, 01) (0%, )

= Z (0% - v, 01 - Pp) + <( )pH ~0"v, oy )

= (0"u- v+ (D) u- 0%,y o vy

= (0" u- v+ (=P - 0%, w),
whence (5.6) follows. O

For the Hodge Laplacian
Au = 00 u + 0" ou
we have then the following identity.

Lemma 5.5. For all u € Q,(X) and v € Qg (X) we have
A(u-v) = (Au)-v+u- Av. (5.7)
Proof. Indeed, by (5.6) we have
99" (u-v) =0 (a*u o4 (=P 8*1})

=9 (0" u-v) + (=) 9 (u- 0*v)

= 90%u-v+ (1)’ 9 u - du

(1P (Ou- 00+ (<1 - 00%)

= 90" u - v+ (~1)P 9 u - dv + (—1)P du - 9*v 4+ u - D*v



30 A. GRIGOR’YAN, Y. LIN, AND S.-T. YAU

and by (5.2)
9*0 (u-v) =0 <8u v+ (=1)PT 61})

=" (Ou-v) + (=1)PT & (u - dv)
=9"0u-v+ (—=1)P Ou - 0*v

+ (=1t (a*u S+ ()P 8*81})
=9 0u-v+ (=1)Pu- 0% + (=1’ 9" u - v + u - 8*Ov.

Adding up the two identities, we see that the terms 0*u - v and Ou - *v cancel out, and we
obtain (5.7). O

5.4. Torsion of joins. Let P be a path complex over a set V' with the standard inner product
structure ¢ given by (3.1). By means of the augmented chain complex €2 (P), let us define
the reduced analytic torsion T (P) by

N

log T (P) = log (@ (P) 1) = 5 3 (~1)" p(}(0).

In the previous sections we used the standard analytic torsion T (P) given by
L
log T (P) =105 T(2(P) 1) = 3 3 (~1)" pG}(0)
p=0
The relation between T (P) and T (P) is given by the following formula.
Lemma 5.6. We have _
T (P)=+/|VIT(P). (5.8)
Proof. The zeta function ¢, (s) is determined by the operator A, that is the same for the

chain complexes 2 and Q for all p > 1. For p = 0 the operators A, are different for these
two complexes, but the value p = 0 does not give any contribution to the analytic torsions.
Hence, the difference is determined by p = —1, that is,

~ 1
logT (P) =1logT (P) + 5 ¢’ 1(0). (5.9)
For e € Q_; we have de = 0 and
e = Z €,
i€V

because for any ¢
(0%e, e;) = (e,De;) = (e,e) = 1.
Hence,
Ae=00"c+0"0e =0 e =|V]e.
eV
Therefore, (_; (s) = |V|* and ¢’ 1(0) = —log [V]. Substituting into (5.9) we obtain
. 1
logT (P) =logT (P) — 3 log |V, (5.10)
which is equivalent to (5.8). O
The next theorem is our main result about torsion on joins.
Theorem 5.7. For the join path complex P (Z) = P (X) x P (Y) we have
logT(Z) = =X (Y)1log T(X) — X(X)log T(Y) (5.11)

where X is the reduced Euler characteristic.
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Proof of Theorem 5.7. The proof is similar to that of Theorem 4.8. Let E,(\) be the
eigenspace of A, with the eigenvalue A, and set

ny (A) =dim E, (X).

Lemmas 4.9 and 4.10 go unchanged also for the augmented chain complex Q= {Q}p>—1.
The same argument as in the proof of Lemma 4.11 gives for any A > 0 that
N
S (-1)Pp(0) =0, (5.12)
p=-—1

because n” | (A) = 0: indeed, for any ¢ € E”; (X) we have ¢ = 0 and, hence, ¢ = 09y = 0.
Arguing as in the proof of Theorem 4.8 and using the Kiinneth formula (5.4) we obtain in
place of (4.11) the following identity:

CrZ Z Z )‘+:u np(/\>X)nQ(:uv Y)

A+p>0ptgt+l=r
for any r > —1. It follows that

D (=17 (s)

r>—1
=Y 0 Y Y P g nglh Xg(aY)
A4p>0 p>—1g>—1

== > O+ [ DD EDPrn, LX) | Y (-1 Mg (1Y) (5.13)

>0 p>—1 >—1
= D A DD P X) | DD () ng(p,Y) (5.14)
>0 p>—1 >—1
= D )T Y Y (PN X )ng(u,Y). (5.15)
A4-p>0 p>—1q¢>—1

By (5.12), if A > 0 then
Y (F1)Pnp(A, X) =0
p=—1
and if > 0 then
S (<1)ng(,Y) = 0.
g=-1
Hence, the double sum in (5.15) is equal to zero, while in (5.13)-(5.14) all the terms with
A >0 and g > 0 vanish. We obtain

DTG () == Y AT Y (F1Pmp (LX) | | D (1)g(0,Y)

r>—1 A>0,u=0 p>—1 q>—1

Yoo DD F0P(0,X) | | D (~1) g ng(pY)

1>0,A=0 p>—1 >—1
= —X(Y) > (=1)PpC,x(s) = X(X) Y (=1)%qCy v (s).
p>—1 >—1

Taking derivative of the both sides at s = 0 and using the definition of analytic torsion, we
obtain (5.11). O

For the standard analytic torsion T" we obtain the following.
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Corollary 5.8. We have
log T(Z) = ~X(Y)og T(X) — X(X) log T(Y)
—i—%longl—F@log\X\—i—@logﬁﬂ. (5.16)
Proof. Using (5.8) and (5.1), we obtain
logT (Z) = %log 1Z| +log T (Z)

= log12] — (X(V) o T(X) + X(X) log T(¥) )

— 1og 2] - X() (10 7(X) - J1og X]) - X(0) (1o T(¥) - J10g V1)

1 1 1
= 5log|Z] +X(Y) 5 log | X| + X(X)5 log Y]
= X(Y)log T'(X) — X(X)log T(Y).

O
For any n > 2 define on the set X* = X U... U X the following path complex
—
n times
P(X™)=P(X)x..xP(X)=P(X)™".
n times
Corollary 5.9. We have

log T(X*™) = n (=X (X))" ' log T (X) (5.17)

and

log T(X*™) =n (1 — x (X)) logT (X)— %n (1—x (X)) 'log|X|+ % log (n|X|). (5.18)

Proof. Denote log T(X*") = z,, and —X (X) = a. Then —x(X*") = @™, and we have by (5.11)
Tpa1 = aTy + a’xy.

By induction we obtain z,, = na” 'z, which proves (5.17).

Using (5.8) (or (5.10)) and (5.1), we obtain from (5.17)
. 1
logT(X™) =logT(X™) + B log | X ™"
o 1 1
=n(1—x(X)""" (log T (X) — 5 10g | X]) + 5 log (n | X])

= n (1= x (X)) log T (X) ~ 50 (1~ x (X)) log |X]| + 3 log (n] X]),

which proves (5.18). O
For example, if x (X) = 0 then (5.18) yields

-1 1
logT(X*) =nlogT (X) — nT log | X| + 3 logn, (5.19)

if x (X) =1 then (5.18) yields
T(X™) = v/nl|X]|, (5.20)
and if x (X) = 2 then

log T(X*") = n(—l)n_l log T (X) + 1+ n2(—1)

n
1
log | X| + §logn. (5.21)
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Example 5.10. Let O = {e} be a trivial digraph of one vertex. It is easy to see that
x (O) = 1. The join OxO = O*2 is the interval I from Example 3.9, the join OxI = O*3 is the
triangle from Example 3.10. More generally, O*" can be regarded as an (n — 1)-dimensional
digraph simplez (see Fig. 8).

FIGURE 8. Simplex O** = [*2

From (5.20) we obtain that
T(O*) = y/n.
For example, T(0*3) = /3 as we have seen in Example 3.10.
Example 5.11. Consider the digraph D = {e, e} consisting of two disjoint vertices. The

join D*? is a quadrilateral, and D*3 is an octahedron (see Fig. 9). The digraph D*" can be
regarded as a digraph analogue of an (n — 1)-dimensional sphere.

' L

4 2 5
FIGURE 9. The octahedron D*3 is shown in two ways. The green subgraph is D*?.

We have x (D) =2 and 7 (D) =T (D) = 1. By (5.21) we obtain that

1+n(=1)"

log T((D™) =

N[~

1
log 2 + 3 logn,
that is

T(D™) = 2
For example,
3
T(D*?) =222 =4

3
T(D*3) = /3271 = %
Example 5.12. Let G be a cyclic digraph from Example 3.12 with m vertices. Since y (G) =

0 and T (G) = m, we obtain by (5.19)

and

1
logT(G*”):nlogm—n logm+§logn

and
n+1
2

T(G*) = /nm
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