TAIL ESTIMATES AND OFF-DIAGONAL UPPER BOUNDS OF THE HEAT KERNEL

ALEXANDER GRIGOR’YAN, ERYAN HU, AND JIAXIN HU

ABsTRACT. We study the upper bounds of heat kernels of regular Dirichlet forms (with a jump part) on a dou-
bling metric measure space. We prove an equivalent characterization of a certain L?-estimate of the tail of the
heat kernel outside balls in terms of the Faber-Krahn inequality, the generalized capacity condition, and the
Li-estimate of the tail of the jump kernel. As a consequence, we obtain a pointwise upper bound of the heat
kernel with a polynomial decay in distance depending on the parameter g. In the case of Ahlfors regular mea-
sure, these results are valid for all g € [1, oo], while in the general case of doubling measure we have to assume
that g € [2, oo]. Thanks to the presence of the parameter ¢, our results cover much more general class of jump
kernels than was previously possible. The proofs use new methods as well as the results of the previous works
[23, 24] of the authors.
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1. INTRODUCTION

In this paper, we are concerned with the heat kernel upper bounds for a regular Dirichlet form (&, ) with
jump part on a metric space equipped with a doubling measure.

Let (M, d) be a locally compact separable metric space and let ¢ be a Radon measure on M with full
support. The triple (M, d, u) is referred to as a metric measure space. Let (E,F) be a regular jump type
Dirichlet form in L? := L>(M, u) associated with a Radon measure j defined on M x M\diag:

E(u,v) = f L i (u(x) = u()(W(x) —v(y))d j(x, y). (1.1)
X iag

Here diag := {(x,x) : x € M} ¢ M X M is the diagonal of M X M. The Dirichlet form determines the
heat semigroup P; = exp(tL) in L?, where £ is the (negative definite) generator of the Dirichlet form. The
heat kernel of (&, F), denoted by p,(x,y), is by definition the integral kernel of the heat semigroup {P;}:o.
Besides, the heat kernel coincides with the transition density of the jump process associated with (&, 7).

If j is absolutely continuous with respect to u X u, then the density J(x,y) := d(jiﬂ)
kernel. For example, if M = R" and

is called the jump

J(x,y) = x,y € R"

x = ylA’
where 0 < 8 < 2 and ¢ = ¢(n), then £ = —(=A)?/2. In this case the heat kernel is the transition density of a
symmetric stable process of index 3, and it admits the estimate

1 lx =yl
pt(xey) - [”_/'B (1 + tl/ﬁ

Here the symbol ~ means that the ratio of both sides are bounded from above and below by two positive
constants.

We aim at similar estimates of the heat kernel in a general metric measure space (M, d,u). Denote by
B(x, r) open metric balls in M. Suppose for the moment that i is a-regular for some @ > 0, that is, for all
x€Mandr >0,

—(n+p)
) (1.2)

W(B(x,r)) = r". V)
By a result of Grigor’yan and Kumagai (cf. [30]), if the heat kernel is stochastically complete and satisfies
a self-similar estimate
d(x, y))

~ 7Y

for some B,y > 0 and some function ® then it is necessarily the following estimate:

1 d(x,y) ~(@th)
pi(x,y) = ﬂ_/ﬁ(1+t1—/ﬁ .

We refer to (1.3) as a stable-like estimate of the heat kernel because of its similarity to (1.2). A natural
question aries: what conditions on the jump kernel J ensure (1.3)?
Chen and Kumagai proved in [11] that if 8 < 2 then (1.3) is equivalent to the following condition:

J(x,y) = d(x,y) P xye M. @

(1.3)

However, on most of fractal sets there exist regular Dirichlet forms with the jump kernel satisfying (J)
with 8 > 2. In this case one needs one more condition: the generalized capacity condition denoted shortly
by (Gcap) that will be explained below.

Condition (Gcap) is closely related to the cutoff Sobolev inequality introduced by Barlow and Bass in
[4], and to the energy inequality of Andres and Barlow in [1]. With help of this condition, the following
result was proved by Grigor’yan, E.Hu and J.Hu in [21] and in a more general setting by Chen, Kumagai
and Wang in [15].

Theorem 1.1. Under the standing assumption (V) we have, for any 3 > 0,
(Gceap) + (J) & (1.3). (1.4)
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The above results deal with Dirichlet forms when the jump kernel admits comparable upper and lower
bounds. However, there are many interesting jump measures when this is not the case. For instance, the
jump kernel can vanish somewhere or may not exist at all. For such jump measures, only very limited results
on heat kernel estimates are available. In paper [9], the authors considered on ultrametric spaces a class of
jump kernels satisfying the following rather weak tail estimate: for all x € M and r > 0,

C
f J(x, y)du(y) < Pk (T9)
B(x,r)¢

In [9, Theorem 2.8], we proved that, under the standing assumption (TJ), a certain Poincaré inequality
(denoted there by (PI)) is equivalent to two-sided estimates of the heat kernel that include the following
upper bound

-
dx,y )) (1.5)

C
pi(x,y) < B (1 + PV
and a certain weak lower bound. Let us emphasize that the exponent 8 here is smaller than the optimal
exponent & + S in (1.3). However, the exponent § cannot be improved in this setting.
In the proof of the above result, the following tail estimate of the heat semigroup plays an important role:
for any ball B of radius r > 0 and for any ¢ > 0,

Pl < % in %B. (TP)

(Here AB for A > 0 means a ball of radius Ar concentric to B.) Indeed, the most difficult part in [9] was to
prove that (PI) + (TJ) = (TP). Then the upper bound (1.5) follows easily from (TP) and other conditions.

It is clear that, under the hypothesis (V), the upper bound of the jump kernel in (J) implies (TJ). Similarly,
the upper estimate of the heat kernel in (1.3) implies (1.5) as well as (TP).

One may ask whether there are other shapes of the heat kernel (and jump kernel) estimates between these
two cases (1.3) and (1.5) (reps. between (J) and (TJ)).

In this paper we give a positive answer to this question by introducing one-parameter families of heat
kernel and jump kernel estimates and by proving their equivalence (under certain standing hypotheses).

Assuming for simplicity that (V) holds, fix a parameter g € [1, 0] and define the following L?-tail
estimate of the jump kernel (see also Definition 2.5 below for a more general case): for all x € M and r > 0,

I/ Cx, llLacr,re) < (TJ,)

relqd+B’
where ¢’ = % is the Holder conjugate of ¢g. Similarly, we introduce the L7-tail estimate of the heat kernel
(see also Definition 2.10 for a more general case): for all x € M, r > 0 and ¢ > 0,

¢ C r o \-(@/q"+B)
ra/q’+/3) = alGD) ( * ;1_/,8)
as well as the following pointwise upper bound of the heat kernel (see also Definition 2.13 for a more general
case): for all x,y € M and ¢t > 0,

1P o aery) < C(r‘ﬁ? A P,

—(a/q' +B)
! ): ! (1 d(x’y)) . (UE,)

d(x,y)r/a+8| ~ 1B 1118
Our main result for Ahlfors-regular spaces (Theorem 3.4) says the following: if (V) holds true, then
(FK) + (Gcap) + (T],) & (TP,) + (C) = (UE,). (1.6)

Here (FK) is a certain Faber-Krahn inequality (see Definitions 2.3, 3.3 for details), and condition (C) means
that the Dirichlet form (&, ) is conservative, that is, P,1 = 1 for all r > 0.

In fact, we prove this result in a more general setting of doubling measure (see Theorem 2.15) but in this
case we have to assume that g € [2, co]. Let us also mention that the most interesting and difficult part of the
proof of (1.6) is the implication:

i y) < CE i (M R

(FK) + (Gceap) + (T],) = (TP,).
We remark that the result (1.6) for the case when g = co was partly proved by Grigor’yan, J. Hu and Lau
in [28] and by Chen, Kumagai and Wang in [15], while (1.6) is entirely new when g € [2, 00).
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Note that our approach is purely analytical, and the metric space may be bounded or unbounded. Let us
also emphasize the following novelties of this paper:

o Our starting point is the L7-tail estimate of the jump kernel, rather than a more conventional point-
wise estimate of J.

e Our main result in Theorem 2.15 is stated and proved for a general volume function V(x, r) satisfying
the volume doubling condition as well as for a general scaling function W(x, r) (that replaces %)
that may depend on point x, which covers many examples of metric measure spaces.

There are many works devoted to the study of heat kernels on metric measure spaces including fractals.
For example, see [7] for the Sierpiriski gasket, [17] for affine nested fractals, [32] for post-critically finite
self-similar sets, [2], [3] for the Sierpiniski carpets, and [34, 35] for a certain class of self-similar sets.
Equivalent conditions for two-sided estimates of heat kernels for local Dirichlet forms on metric measure
spaces were investigated in [29] and [31], whilst for non-local Dirichlet forms in [8], [11], [12], [13], [14],
[15], [21]. Equivalent conditions only for upper estimates of heat kernels for local Dirichlet forms were
studied in [1], [25], [26], [27, Section 6], [29, Section 9], [37], whilst for non-local Dirichlet forms, in [10],
[28].

The structure of the paper is as follows.

In Section 2 we give all necessary definitions and state our main result — Theorem 2.15, for an arbitrary
doubling measure ¢ and a general scaling function W(x, r) that may depend on x. Here we assume that
q € [2,].

In Section 3 we state our second main result — Theorem 3.4, in the setting of an Ahlfors-regular measure
u and a specific scaling function W(x, r) := r* for some 8 > 0. Here we assume that g € [1, c].

In Section 4 we investigate the properties of condition (TP,) and, in particular, prove its monotonicity
with respect to q.

In Section 5 we investigate the properties of so-called p-local Dirichlet forms, for example, the p-locality,
and prove the inequalities related to the associated resolvent. We also study the relation between the semi-
groups associated with the original and truncated Dirichlet forms.

In Section 6 we introduce a new metric equivalent to the original metric in some sense, and prove that the
doubling (and reverse doubling) properties of u are preserved by this change of metric. The purpose of this
change of metric is to simplify the scaling function.

In Section 7 we rephrase all the conditions in question (for example, (TJ,), (TP,), (UE,), etc) in terms of
the new metric.

In Section 8 we apply the results of Sections 5-7 to obtain the upper estimates of heat kernels as well as
the tail estimates of semigroups for truncated Dirichlet from under the new metric. This section is crucial in
deriving the main results of this paper.

In Section 9 we prove the main implication

(FK) + (Gcap) + (TJ,) = (TP,)

for the new metric, and then come back to the original metric. We also prove that (TP,) = (UE,).
In Section 10 we first investigate the consequences of condition (TP,), in particular, we prove that

(TP,) = (FK) + (TJ,)

(Lemma 10.3 and Proposition 10.4). Then we finally conclude the proof of our main Theorem 2.15.
In Section 11 we collect some known results needed in this paper.

Let us describe the main steps of the proof of the implications in (1.6) in the general setting.

Step 0. We recall our previous results that will be used below. It was proved in [23, Theorem 14.1] that
conditions (FK), (TJ,) and (Gcap) imply the survival estimates, denoted by (S, ) and (S) (see Definitions 7.2
and 7.1) respectively, for all g € [1, oo]. Survival estimates play an important role in obtaining the exponen-
tial decay rate of heat kernels for truncated Dirichlet forms. Moreover, it was proved in [24, Corollary 2.14]
that the same set of conditions also implied the existence and on-diagonal upper estimate (DUE) of the heat
kernel for all g € [2, o] (see also Proposition 2.8). So, the rest of the proof mainly focuses on off-diagonal
upper estimate of heat kernels and the tail estimate of semigroups.
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Step 1. We consider a general Dirichlet form with truncated jump part:
& =%wn+ [[ @ - unew —vondic. wves,
MXB(x,p)

where p > 0 is fixed. We show that the resolvent of (E®, F(Q)) satisfies various comparison inequalities
(Propositions 5.3-5.5 and Lemma 5.6) which together with other conditions will be further used to prove that
the heat kernel of (§¥), ) decays exponentially in distance. Besides, we investigate the relation between
the semigroups of (E¥, ) and (&, ) (Proposition 5.11 and Lemma 5.12).

Step 2. We introduce a new metric d.. (Proposition 6.1) under which the scaling function becomes much
simpler: W,(r) = # for some 8 > 0. This metric d, is comparable to the original metric d in some sense
(Propositions 6.2). Moreover, the doubling (and reverse doubling) properties of u are also satisfied with
respect to d. (Proposition 6.4).

Step 3. We rephrase all the condition (DUE), (S), (S;), (TJ,), (TJ) in terms of the new metric d, as
(DUE.,), (S.), (S1), (TJ;), (TJ..) respectively (Proposition 7.4). Then we set our main task: to obtain (TP:;)
(see Definition 9.2), that is, for any ball B.(x, r) and any ¢ in a finite interval

1 t

Step 4. We study the following truncated bilinear form
& =%wn+ [[ @ -uono - vondicy. wver.
MXB.(x,p)

where p > 0 and B.(x, p) is a metric ball in (M, d,). Under (TJ.), we verify that (EV,F) is also a regular
Dirichlet form. In Proposition 8.2 and Lemma 8.3, we prove that the heat kernel qu) (x,y) of (8, F) exists
and satisfies on-diagonal upper estimate under conditions (DUE.), (TJ,). In particular, there is a common
regular nest {F}} such that qﬁp)(x, e C({Fy}) forallt >0, x € M and p € Q, (see Remark 8.4).

Step 5. Let {Q;} be the heat semigroup associated with truncated Dirichlet form and {Q?+} be the Dirichlet
semigroup for any ball B,. We show that the tail of Q; decays exponentially as shown in Lemmas 8.8 and
8.9: for any k > 1 and any ball B, of radius r > 4kp,

5 P\ 1
Odp: <1-0,; 1, < C(6,k) E in ZB*’ (1.8)
where 6 > 0 is arbitrary.
Moreover, we give the relation between the tails of heat kernels p;(x,y) and ¢g;(x,y) outside balls (see

Lemmas 8.10 and 8.11): for any ¢ > 0, x € M and any ball B,,

Ct 't
[l (x, ')”L‘l(Bi) < llg:(x, ')||L‘1(B§) + m CXP(E), (1.9)

where ¢’ = q%l € [1, 00]. In particular, in the case when ¢ = oo and ¢’ = 1, the above inequality gives the
pointwise relation between p,(x,y) and g,(x, y).

Step 6. By (1.9), in order to prove (TP;), we need firstly to obtain the following off-diagonal upper
estimate of g,(x,y): for any ¢ > O and x,y € M,

C c't P\ d.(x,y)
q:(x,y) < m exp (E)(l + tl_/ﬂ) exp (—CT). (1.10)

We prove this estimate by using (1.8) and on-diagonal upper estimate of g,(x, y) as well as other conditions
(see Lemma 8.12).

Step 7. Using the semigroup property of g,(x,y), the fact that fM q:(x,y)du(y) < 1 and (1.10), we show
that

q-1

llg: (x, lzacsey < (V*(x,tl/ﬁ) exp (ﬁ)(l * tl_/ﬁ) ) '
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Consequently, using (1.9) we obtain

it Moy < s exp (1+ 47 )m/q,+ |
X, - o) < ——————exp|— - T a5 P\ 5
pi LB = o sy e P P 1B Vi(x, p)/4 pP b o#

Since p € Q. in the above inequality is arbitrary, one can pass the limit as Q, 3 p — ¢'/8 and obtain the first
term on the right hand side of the inequality (1.7) (see the first part in the proof of Lemmas 9.4 and 9.6).
Step 8. To obtain the second term on the right hand side of (1.7), it suffices to consider the case when

? >t

By (1.8), (1.10) and the semigroup property of g;(x,y), we show that the term ||g;(x, -)|lzs(pc) on the right
hand side of (1.9) is controlled as follows: for any x € M, r > 0 and k > 1 so that r > 4kp,

C(0,k) ot \ [P\ \T
- exp - — )
V.(x, )l a0 )\p g

Consequently, by (1.9), we obtain for any x € M, r > 0 and k > 1 so that r > 4kp,

It < S g L)1) (£ (e
Preoee =y o g \o) - \oP Voo ph P\ )
In the above inequality we set 6 = g first and then choose k large enough such that (sz) vin if;i‘ > 1. Moreover
since the left hand side does not depend on p we pass the limit as Q, 3 p — 7; and see that the second term
dominates the first term since # < 1. In particular, this yields the second term in (1.7), and hence, we obtain
(TP,) (see the second part in the proofs of Lemmas 9.4 and 9.6).

Step 9. In Lemma 9.7, we show that (TP;"]) & (TP,); hence, we obtain the tail estimates of heat semigroup
under the original metric d. On the other hand, the conservativeness follows from condition (S) (see Step 0)
by using [20, Lemma 4.6, p. 3327]. Therefore, we obtain the implication “="" in the equivalence (1.6).

Step 10. We prove the consequences of (TP,). Itis easy to see that (TPw) < (UEw). For g € [2, 00), using

the semigroup property and the Holder inequality, we have for ¢ > 0 and x,y € M with R := %d*(x, y) >0,

llg:(x, lzape) <

pi(x,y) = L Diy2(x, 2)pe2(2, y)du(z)

< f P1/2(x, 2)pr2(2, y)du(z) + f P2(x, 2)prya2(z, y)du(z)
B(x,R)¢ B(y,R)®

<MNpe2 (% MraerPy2C e + 1pey2(, e 1Pe2Co W LaBe,R))-
Since ¢ > 2, and hence, ¢’ = q%] < g, condition (TP,) implies that (TP,) is also true (see Proposition 4.1).
Therefore, by (TP,), we have
Ct
V(x, R4 W(x,R)’

||pt/2(xa ')”Lq(B(x,R)C') <

and by (TP,),

C
Vi, W=y, n)te
The terms ||p;/2(x, ;¢ and [|ps2(-, V)llza(B(y,r)<) can be similarly estimated by conditions (TP,) and (TP,/).
Combining all the above inequalities, one can obtain (UE,) and the second implication “=" in (1.6) (see
Lemma 9.8 for the details).

Step 11. For g € [2, o], the implication (TP,) = (DUE) follows from semigroup property and Propo-
sition 4.1 (see Lemma 10.3(i)). Then, we use the idea in [26, p. 551-553] to prove (DUE) = (FK) (see
Proposition 10.4). The implication (TP,) = (TJ,) + (S) is proved in Lemma 10.3, and (S) = (Gcap) was
proved in [23, Theorem 14.1]. This completes the proof of the implication “<” in (1.6) and hence our main
result - Theorem 2.15.

Step 12. The main reason that the parameter ¢ in Theorem 2.15 has to be at least 2 is because g > 2
is used in the implication (FK) + (Gcap) + (TJ,) = (DUE) (see Proposition 2.8). However, when u is

2G9N <
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Ahlfors-regular, (DUE) follows directly from the Nash inequality, which itself follows from the Faber-
Krahn inequality (FK;S /o) (see Lemma 10.11). Hence, the parameter g in this setting can take all the values
from [1, co] as stated in our second main result - Theorem 3.4.

Norarion. Letters ¢, C,C’, Cy, C,, etc. are used to denote universal positive numbers, whose values may
change at any occurrence. The letter R = diamM € (0, oo] denotes the diameter of the metric space (M, d)
throughout this paper. The usage of other letters depends on the context. The integral sign “ | means the
integration is taken over the whole space M. For two open sets U, V C M and a measurable function F' on
M x M, in the double integral f fov F(x,y)dj(x,y), the variable x is taken in U and y in V. Moreover, we
may write f fov F(x,y)dj(x,y) as f fov F(x,y)dj for short. For a function # on M, the notation supp(u)
means the support of u. For an open set U, the notation A € U means that A is a precompact open subset of
U with A c U. The notation f =~ g means that the ratio of the functions f and g is bounded from above and
below by two positive constants for a specified range of the arguments. For a measurable function u on M,

. 1/
aset U C M and p € [1, o), we use the notations ||ullzr@) = (fU |ulpd/¢) P and el Loy = esup, ey [u(x)|.
Also we write ||ull, := |lullzr := |lullzr(m) for simplicity for p € [1, oo].

2. MAIN RESULTS FOR DOUBLING MEASURES

In this section we state our main results in a more general setting. As above, denote by B(x, r) a metric
ball in the metric measure space (M, d, ) that is

Bx,r):={ye M :d(y,x) <r}.

Since in general a ball as a subset of M does not determine x and » uniquely, we always require balls to have
fixed centers and radii, even if they are not given explicitly. For any ball B = B(x, r) and a positive number
A, denote by
AB := B(x, Ar).
Set V(x,r) := u(B(x, r)). We say that (M, d, u) satisfied the volume doubling condition, denoted by (VD),
if there exists a constant C > 1 such that, for all x € M and all r > 0,

V(x,2r) < CV(x,r). 2.1

In this case we also say that measure u is doubling. Condition (VD) implies that 0 < V(x, r) < oo for all
r > 0. It is known that condition (VD) is equivalent to the following: there exist @, C > 0 such that, for all
x,yeEMandall0 <r <R < oo,

a
V(x,R) <C d(x,y)+R ‘ 2.2)
V(y.r) r
In particular, forall x e M and all 0 < r < R < oo,
V(x,R) R\*
<c(=). 23
Vix,r) r @.3)

Throughout the paper, we fix a parameter R = diam M, that is, R is the diameter of M. We say that
(M, d, ) satisfies the reverse volume doubling condition, denoted_by condition (RVD), if there exist two
positive numbers C, @’ such that, forall x e M and all0 < r <R <R,

o
c-! (5) < V(x,R) .
r Vix,r)
Let (&, ¥) be a regular Dirichlet form in L?:=[*(M, 1) (see [19] for definition). In particular, the bilinear

form E(u, v) is defined for all u,v € F, where ¥ is a dense subspace of L%, and ¥ is complete with respect
to the norm V& (u), where

2.4)

E1(u) = @) + |lull7, and E(u) := Eu, u).

We assume throughout that (&, F) has no killing part (unless otherwise stated), that is, it admits the
following unique Beurling-Deny decomposition:(cf. [19, Theorem 3.2.1 and Theorem 4.5.2]):

Ew,v) = EPu,v) + EV(u,v), (2.5)
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forall u, v € ¥, where & is the local part (or diffusion part), associated with a unique Radon measure 4I"")
(the notions EX(u, v), dT'P(u, v) are instead denoted by EO(u,v), %d,uiu W respectively in [19, see formula
(3.2.22) on p.126]) as follows:

ED(u,v) = f dr'(u, v),
M

and &) is the jump part associated with a unique Radon measure j defined on M x M\diag:
EV(u,v) = f f (u(x) = u))V) = vONj(x, ). (2.6)
MxM\diag

In this paper, we always assume that the measure j has the following shape:
dj(x,y) = J(x,dy)du(x) in M x M.
Here J(:,-) is kernel on M X B(M) (where B(M) is the sigma-algebra of Borel sets of M), that is,

o for every fixed x in M, the map E — J(x, E) is a measure on B(M);
o for every fixed E in B(M), the map x — J(x, E) is a non-negative measurable function on M.

Recall that, by the general theory of Dirichlet forms, (&, ) has a generator, denoted by £, which is a
non-positive definite self-adjoint operator in L? that determines the heat semigroup {P;};=o in L?, given by
P, = ¢'£. The integral kernel of {P;} (should it exist) is denoted by p(x,y) and is called the heat kernel of
(&, F). The heat kernel coincides with the transition density of the Hunt process associated with (&, F).

Let U C M be an open set, A be a Borel subset of U and « > 1 be a real number. A «-cutoff function of
the pair (A, U) is any function ¢ in ¥ such that

e 0 < ¢ <ku-ae. in M,

e ¢>1pu-ae. inA;

e ¢ =0pu-ae. in U°.
We denote by «-cutoff(A, U) the collection of all k-cutoff functions of the pair (A, U). Any 1-cutoff function
will be simply referred to as a cutoff function. Clearly, ¢ € ¥ is a cutoff function of (A, U) if and only if
0<¢<1,¢la =1and¢|yc = 0. Denote also

cutoff (A, U) := 1- cutoff (4, U).

Note that for every x > 1,
cutoff(A, U) C k- cutoff (A, U),

and that, if ¢ € k-cutoff(4, U), then 1 A ¢ € cutoff(A, U). It is known that if (&, T)_is a regular Dirichlet
form in L2, then cutoff(A, U) is not empty for any non-empty precompact set A with A c U.
Let ¥’ be a vector space defined by

F'i={v+a:veF, acR),

which, in particular, contains constant functions that may not be in L?.

Our next purpose is to introduce condition (Gcap), that is called the generalized capacity condition. For
that we need the notion of a scaling function. A function W : M X [0,00] — [0, c0] is called a scaling
function if it satisfies the following conditions:

(1) for each x € M, the function W(x, -) is continuous, strictly increasing, and W(x, 0) = 0, W(x, co0) = oo;

(ii) there exist three positive constants C, 81,5, (where 5; < 5>) such that, for all 0 < r < R < oo and for
all x,y € M with d(x,y) < R,

Bi B2
o (Bf BB (RY

r W(y,r) r
Denote by W~!(x, -) the inverse function of r = W(x, r) for every x € M. Clearly, (2.7) implies that, for all
xeéMandall0<r<R< o

2.7)

1/p2 -1 1/
-1 (R) < W= (x,R) <C(R) .
-

r T Wl(x,r) T

2.8)
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Scaling functions are commonly used, in particular, to describe the space/time scaling for the Hunt process
associated with the Dirichlet form. For example, it is known that diffusions/jump processes on many fractal
sets have the scaling function

W(x,r) = P
log5

for some 8 > 0. For instance, for the diffusion on the Sierpinski gasket in R?, we have 8 = Tog?" The value
of B is called the walk dimension of the process. It characterizes how fast the process moves away from its
starting point.

Definition 2.1 (Generalized capacity condition). We say that condition (Gcap) is satisfied if there exist two
numbers « > 1,C > 0 such that, for any u € ¥’ n L and any pair of concentric balls By := B(xp, R),
B := B(xp,R + r) with xo € M and 0 < R < R + r < R, there exists ¢ € k-cutoff(By, B) such that

EG4,9) < sup —— f g (2.9)
xes W(x,r) Jp
We remark that the function ¢ in (Gcap) may depend on u, but the constants «, C are independent of
u, By, B. Usually it is very difficult to verify (Gcap). However, there are some cases when (Gcap) is trivially
satisfied for certain jump kernels (see conditions (TJ) and (J<) below).
For a Borel measurable subset U ¢ M and u € ¥, define the energy measure dlUy(u) by

dTy(u)(x) := dTP (u)(x) + fM 1y () (@(x) — u(y)*dj(x, ). (2.10)

Here we use I'®(x) := T@W(u, u) for short.
The following condition (ABB) (which is named after Andres, Barlow and Bass [1], [4]) is closely related
to (Geap) (see Lemma 10.6).

Definition 2.2. We say that condition (ABB) is satisfied if there exist C; > 0, C, > 0 such that, for any
u € ¥’ N L and for any three concentric balls By := B(xo, R), B := B(xo,R + r) and Q := B(xo, R") with
0 <R <R+ r <R <R, there exists ¢ € cutoff(By, B) such that

f WdTo(¢) < C f ¢2dT p(1) + sup ¢ f e m
Q B xe@ W(x, 1) Jo

where ['q(¢) and I'g(u) are defined as in (2.10).

For a non-empty open subset U of M, denote by Co(U) the space of all continuous functions with compact
supports contained in U. Let ¥ (U) be a vector space defined by

F(U) = the closure of ¥ N Cy(U) in the norm \/8_1 (2.11)

By the theory of Dirichlet form, (&, #(U)) is a regular Dirichlet form on L*(U, ) if (&, F) is a regular
Dirichlet form on L>(M, u) (see, for example, [19, Theorem 4.4.3]). Denote by LV the generator of the
Dirichlet form (&, 7 (U)) and by A,(U) the bottom of the spectrum of £V in L*(U, x1). It is known that

E)

A(U)= in —.
ueF (UIMO} [|ull5

(2.12)

For any metric ball B := B(x, r), set
W(B) := W(x,r).

Definition 2.3 (Faber-Krahn inequality). We say that con_dition (FK) holds if there exist real numbers o €
(0,1] and C, v > 0 such that, for all balls B with radii < R and all non-empty open subsets U of B,

c! (uB)Y

Sometimes, we label condition (FK) by (FK,) to emphasize the role of the exponent v.

We introduce the condition (TJ) that provides estimates of fails of jump measures.
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Definition 2.4 (Tail estimate of jump measure). We say that condition (TJ) is satisfied if, for any ball B ¢ M,

J(x, BY) :=f J(x,dy) <

where C € [0, o0) is a constant independent of B.

W’ (2.14)

For a given number 1 < g < o0, let ¢’ be the Holder conjugate of g, that is,

sothatg’ = lif g =co,and ¢’ = c0if g = 1.
Let us introduce the condition (TJ,) that provides a tail estimate of the jump kernel outside balls in
L7-norm.

Definition 2.5 (L9-tail estimate of jump kernel). For a given number 1 < g < oo, we say that condition (TJ,)
is satisfied if there exists a non-negative measurable function J (called the jump kernel) on M X M such that
dj(x,y) = J(x,y)du(y)du(x) in M X M,
and, for any x € M and any R > O,
C
V(x, )4 W(x,R)’

I/ Cx, Hlzacr,pry) < (2.15)

where C € [0, o) is a constant independent of x, R.

For example, if ¢ = 1 then (2.15) coincides with (2.14). However, let us emphasize that the jump kernel
J(x,y) may not exist in condition (TJ), whereas it does in condition (TJ,), in particular, in (TJ;); hence,

(TIy) = (T)). (2.16)
For any x,y in M, denote by
Vix,y) = V(x,d(x,y)) and W(x,y) := W(x,d(x,y)).
(note that V(x,y) and W(x, y) are not symmetric in x, y in general). If ¢ = oo (and ¢’ = 1) then (2.15) clearly
becomes

J(x,y) < (2.17)

V(x,y) W(x,y)’
for all x € M and p-almost all y € M. If (2.17) is satisfied for all x,y € M then we refer to this condition as
(J<) so that
(J<) = (Tl).
Assume that W(x, R) = R? for any x € M and R > 0. Then the inequality (2.14) becomes
C
C
J(x,B(x,R)") < 7
This condition was introduced and studied in [9] on the ultrametric space. If in addition V(x, R) ~ R?, then
(2.17) becomes

forall xe M and R > O.

C
m for all X,y € M.
X,y

This pointwise upper bound of the jump kernel is the starting point in most of literature, see for example
[15], [21] and the references therein.
Let us recall the notion of a regular E-nest (cf. [19, Section 2.1, p.66-69]). For an open set U C M, let

J(x,y) <
(x,y) 7

Cap(U) := inf{E(u) + ||u||§ :u € F and u > 1 y-almost everywhere on U} (2.18)

(note that Cap(U) = oo if the set of functions u in (2.18) is empty). An increasing sequence of closed
subsets {Fi};> | of M is called an &-nest of M if

klim Cap, (M \ Fy) =0.

An E-nest {F}} is said to be regular with respect to u if, for each k,
u(U(x) N Fy) > 0 for any x € Fy and any open neighborhood U(x) of x.
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For an &E-nest {F};” |, denote by
C({Fi}) := {u is a function on M : ulF, is continuous for each k}. (2.19)
A function u : M — R U {oo} is said to be quasi-continuous if u € C({F}) for some E-nest {Fi}” ;.

Definition 2.6. A function p,(x,y) of three variables (¢, x, y) € (0, 00) X M X M is referred to as a pointwise
heat kernel if it satisfies the following conditions, for all £, s > 0 and x,y € M.

(1) The measurability: p,(-,-) is jointly measurable on M X M.
(2) The Markov property: p;(x,y) > 0 and

f pi(x, y)du(y) < 1.
M

(3) The symmetry: p;(x,y) = pi(y, x).
(4) The semigroup property:

Ps+(X,y) = f ps(x, 2)pi(z, y)dp(z).
M
(5) Approximation of identity: for any f € L?,

fM PG fOAu(y) — f

in L?-norm as t — 0+.

We say that p;(x,y) is the pointwise heat kernel of the Dirichlet form (&, 7)) if it satisfies in addition the
following properties, for all x, y, z.

(1) There exists a regular S-nest {F};” | such that
pi(x,-) € C{Fi})

where C({F}}) is defined in (2.19).
(2) If one of points x, y lies outside U}? | F, then

pi(x,y) = 0. (2.20)
(3) Forany f € L2,
f piCNfdpu(y) € CAFL)
and Y
fM P ) f)du(y) = Pif,
where P; = exp(tL).

The pointwise heat kernel p,(x,y) allows to extend the definition of the heat semigroup as follows: for
any 1 < p < oo, define a pointwise heat semigroup in L? still denoted by {P,},~¢, as follows:

Pf() = fM POV, feLP

for every ¢t > 0 and every x € M.
We define the on-diagonal upper estimate (DUE) of the heat kernel.

Definition 2.7 (On-diagonal upper estimate). We say that condition (DUE) is satisfied if the pointwise heat
kernel p;(x,y) of (&, F) exists and, for any Cy > 1, there exists a constant C > 0 such that, for all x € M and

all t < CoW(x, R),

pi(x,x) < (2.21)

Vix, W-l(x,0)

The following on-diagonal upper estimate of heat kernel was proved in [24, Corollary 2.14].
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Proposition 2.8. Assume that (E,F) is a regular Dirichlet form in L* without killing part. Then, for any
q €[2, 0],
(VD) + (FK) + (Gcap) + (TJ,) = (DUE).

We will prove that, under the hypothesis of Proposition 2.8, certain type of off-diagonal upper estimate
of heat kernel is also true (see condition (UE,) below). Before that, let us introduce condition (TP), the tail
estimate of the heat semigroup {P;} outside balls.

Definition 2.9 (Tail estim&te of heat semigroup outside balls). We say that condition (TP) holds if, for any
ball B of radius less than R and any ¢ > 0,

ct |
in -B 222
w®B) 3 (2.22)

Pt]-BC S

for a positive constant C independent of B, .

Let us define condition (TP,) for 1 < g < oo, that is an L7-estimate of the tail of the heat kernel outside
balls.

Definition 2.10 (L?-tail estimate of the heat kernel). We say that condition (TP,) is satisfied if the pointwise
heat kernel pi(x, y) of the Dirichle_t form (in the sense of Definition 2.6) exists and, for any ball B := B(x, R)
with R € (0, R) and any t < W(x, R),

1 t
Moz < C A : : 223
i HMescar (V(x, Wi ) e " Vi Ry W(x,R>) (229

where C is a positive constant independent of B, ¢.

Note that condition (TP) does not require the existence of the heat kernel, while condition (TP,) does.
Moreover, the inequality (2.23) in the case ¢ = oo is equivalent to the following:

1 t
Pi(x.y) < C(V(x, W-1(x, 1) " Vix, y)W(x, y))'

For example, if W(x, R) = R? then condition (TP) becomes

P < cr 1B
t1B(x,R) = Rﬁ m 2

for any ball B = B(x,R) with R > 0 and any ¢ > 0. If in addition V(x, R) ~ R® then (TP,) becomes

1 t
llps(x, ’)”Lq(Bv) <C (t(l/(ﬂ‘/) A Ra/q’+ﬁ) .

Remark 2.11. If R < o and if (2.22) holds for ¢ < W(x, R), then (2.22) automatically holds also for any
t > W(x, R) by adjusting the value of constant C, since P15 < 1 in M whilst

t R —
ZW(X’ )21 forany 0 <R <R.
W(x,R) =~ W(x,R)

Therefore, in order to verify (2.22), it suffices to consider only the case when t < W(x, R).

Remark 2.12. Note that (2.23) is equivalent to the following inequality

;/ . <
[lp(x, Il <c! vaw Tl if W(x,R) <1, o)
1\ A Li(B¢) = ; ) |
varirwor  HWOR) 21,

since we have
Vix,R)!/ . t
V(x, W-1(x, )17 W(x,R)
V(x,R)\4 . t
V(x, W-l(x, )1/ W(x,R)
The equivalence between (2.23) and (2.24) will be used later on.

IA
IA

if W(x,R) <t,

\%
\%

if W(x,R) > t.
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Let us introduce condition (UE,) that is called the off-diagonal upper estimate of the heat kernel.

Definition 2.13 (L7-upper estimate of heat kernel). For a given 1 < g < oo, we say that condition (UE,)
is satisfied if there exists a pointwise heat kernel p,(x,y) in the sense of Definition 2.6 such that, for all
x,y€ Mandall t < W(x,R) A W(y,R),

1 t 1 1
”@”SCQUMHuﬁWWAwwawmwﬂwLW%an+vmW*mmW) 22

for some positive constant C independent of 7, x, y.

For g = oo, we simply write (UE) for (UE).
Remark 2.14. Consider the case when
Vix,r) =r% W(x,r) =1,
where a, 8 € (0, ). Then W~!(x, ) = t'/f and
V(x,y) = d(x,y)", W(x,y) = d(x,y).
The term on the right-hand side of (2.25) is equivalent to the following:

L, t L S DU B RN CS ) i I
1@l @B " d(x, )l d(x, y)B J\ /@B " j@l@B) " jalap) 11/B 1a/(aB)

_ L[, dGey) T
=B\t s :

In this case, condition (UE,) is equivalent to

d(xa )7) )_(a/ql +ﬁ) (2 26)

C
pilx,y) < B (1 + B

In particular, for g = 1, (2.26) becomes

C d(x,y)\7”
pi(x,y) < B (1 + B ,

which is the best heat kernel upper estimate in some cases on ultrametric spaces (cf. [9]).
For g = o0, (2.26) becomes

’

C d(x,y) ~(@h)
pi(x,y) < B (1 + B

which is the best possible heat kernel upper estimate on the fractal metric space, known also as a stable-like
estimate (see for example [15] and [21]).

Condition (TP,) implies condition (UE,) when 2 < g < co. However, the inverse implication may not be
true. We will give below an example where (UE,) holds but (TP,) fails when 1 < g < 2, see Example 4.2.
We say that condition (C) is satisfied if the Dirichlet form (&, ) is conservative, that is

P;1 =1 foreacht > 0.

The following theorem is one of the main results in this paper.

Theorem 2.15. Assume that (€, F) is a regular Dirichlet form in L* without killing part. If conditions (VD),
(RVD) hold, then for any 2 < g < o
(FK) + (Gcap) + (T],) & (FK) + (ABB) + (T],)
& (TP, + (C)
= (UEy) + (C).

Remark 2.16. Note that condition (ABB) is stable under bounded perturbation of the Dirichlet form. Con-
sequently, Theorem 2.15 shows that (TP,) is stable under such perturbation.
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The proof of Theorem 2.15 is highly non-trivial and long. Basically, the proof takes the entire paper and
will be completed at the end of Section 10, after a series of propositions and lemmas. The most interesting
and difficult part of Theorem 2.15 is the following key implication:

(FK) + (Gcap) + (TJ,) = (TP,), (2.27)

whose proof is especially involved and consists of many steps. In the course of proof, we introduce a new
metric d. (see Section 6) in order to deal with the difficulties arising from possible dependence of W(x, -) on
x. Under this new metric d,, the measure y is still doubling, but the scaling function has a simple form, and
various conditions can be rephrased in a much simpler way (see Section 7). The idea of introducing the new
metric was borrowed from [34] and [6].

The reverse volume doubling (RVD) is used only in the proof of the implication (DUE) = (FK) (which
does not hold in general without (RVD)). Note also that (RVD) follows from (VD) if M is connected and
unbounded (cf. [26, Corollary 5.3]); in this case, condition (RVD) can be dropped from the hypotheses of
Theorem 2.15.

3. MAIN RESULTS FOR AHLFORS-REGULAR MEASURES

In our main result Theorem 2.15, the parameter ¢ is always greater than or equal to 2 because we can only
obtain the on-diagonal upper estimate (DUE) of heat kernel provided g > 2, and (DUE) plays an important
role in the proof of Theorem 2.15.

In this section, we assume that the measure u is Ahlfors-regular, which will allow us to state and prove
the main results for the entire range ¢ € [1, oo].

Let us fix two numbers @ > 0 and 8 > 0. Recall that R = diam M is the diameter of the metric space
(M, d).

Definition 3.1. We say that measure y is a-regular, or u satisfies condition (V), if for all x € M and r < R,
Vix,r) = r?. (3.1

In this section we always assume that the condition (V) holds, and that the scaling function W is as
follows:

W(x,r) =1, 3.2)
forall xe M and r > 0.
Definition 3.2. We say that condition (FK’) holds if there exist two numbers C,v > 0 such that, for any
non-empty open sets U,
4(U) 2 CluU)™ = R (3.3)

If necessary, we label condition (FK”) by (FK) to emphasize the role of the exponent v.

Remark 3.3. It is always true that (FK/’g /w) = (FKg/q).

Indeed, assume first that R = co. Then, by (FKé
U C B, we have

/a) and (V), for any ball B of radius r and any open set

1 r(l ﬂ/af 1 ,Ll(B) ﬁ/‘l
—1 —Bla _ —1 - ~_ |27
M)z €Uy = (y(U)) W(B) (ﬂ(U)) ’ G4

which gives (FKg/,). Let now R < co. Let B be a ball of radius r < oR where o~ > 0 is to be determined
later. Then, for any open set U C B we hgve u(U) < u(B) < c(oR)°. Choosing o = o(a,8,c,C) > 0 small
enough we obtain that C~'u(U)#/* > 2(R)”. Hence, (FK},,,) yields

1
W(U) 2 5C Uy P,
which implies (FKg/,) as in (3.4).

The following theorem states our main result when (V) is satisfied and g € [1, oo].
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Theorem 3.4. Assume that (E,F) is a regular Dirichlet form in L*> without killing part. Assume that
condition (V) is satisfied and the scaling function is given by (3.2). Then the following equivalences are
satisfied:
(FKE ) + (Gecap) + (T)) & (FK/;/Q) + (ABB) + (TJ))
< (TP) + (DUE) + (C) (3.5

& (TPy) + (UEy) + (O).

a

Moreover, we have for any q € (1, o],
(FK; ) + (Geap) + (T]) & (FK[’W) + (ABB) + (TJ],)
& (TP,) + (DUE) + (C) (3.6)
& (TP, + (UE) + (O).

Ja

Remark 3.5. The equivalences in (3.5) can be viewed as a version of (3.6) for g = 1, where (TJ) is replaced
by a weaker hypothesis (TJ) (cf. (2.16)).

The proof of Theorem 3.4 goes concurrently with that of Theorem 2.15 and will be completed in Section
10.

4. ConprrioN (TP,)

In this section, we show that condition (TP,) is monotone in g. Thus, among all the conditions (TP),
(TPy), - - -, (TP), condition (TP) is the weakest, whilst condition (TP,) is the strongest one.

Proposition 4.1. Assume that (VD) holds. Then, forall 1 < q; < gy < oo,
(TP,) = (TP,) = (TP;) = (TP). 4.1

Proof. Assume that condition (TP,,) holds. Fix a ball B := B(x, R) with R > 0 and some ¢ < W(x, R). We
distinguish two cases.
Case 1 when W(x, R) < t. By Remark 2.12, it suffices to prove that

C
V(x, W-l(x, e) V4

If g1 = 1 then this is trivially satisfied by ||p,(x, )l|;1(p:) < 1 and g} = co. Let now g; > 1. Using (TP,,), the
Holder inequality with the measure p,(x, y)du(y) and the fact that ||p,(x, -)||;1 < 1, we obtain

P, Mo gey <

1
P2, s ey = ( fB ) pi(x, )" -pz(x,y)du(y))

a1-1 _a-\ /¢
< [( fB C pile, )V -pz(x,y)du(y)) 2 ( fB ) pz(x,y)dﬂ(y)) 2 J

1-1/q;

< (L( pt(X,y)QZd’u(y)) a2- _ (”pt(x’ ')”L‘12(BL'))

< ( ¢ )q;/q; . Cl.g)
~ Vi, W, ) V(x, W=l (x, )/

514,

which was to be proved.
Case 2 when W(x, R) > t. For any integer n > 0, set B,, := B(x,2"R) so that

W(B,) = W(x,2"R) > W(x,R) > t.
By condition (TP,,) we have, for any n > 0,

B Ct ~ Ct
T VL R)YEW(x,R,)  u(B) ' EW(B,)

[lps(x, ')||qu(3;)
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Using this and the Holder inequality, we obtain, for any n > 0,

/q
(X, s 8,.\8,) = (f p,(x,y)q‘d,u(y))
Bn+l\Bn

1/q2
= ( f Pt(x,y)qzd/x(y)) U(Byir \ By /-1
B11+I\Bn

< P, Migan gy w(Bus) V917122

C't
< ”—/ﬂ(Bn)l/ql_l/qz
u(B,) ' 2W(B,)
C't C't

= - < - .
u(B) MW (B,) — (B W(B,)

Note that, by (2.7), W(B,,) > c2"#1 W(B), so that

/q

||pt(x, ')”qu(B") = Z ”pt(x, )qu;{] (Bpr1\By) < Z ”pt(xa ')HL‘II(B,HI\B”)
n=0

n=0
- C't Ct
S ’ S 4 ’
=3 H(B) MW (B,) (B W(B)
which proves (TP,,) by Remark 2.12. O

One of the claims of Theorem 2.15 is that
(TP, = (UE,)
provided g > 2. Let us give an example showing that the opposite implication is not satisfied if g = 2, that

is, condition (TP,) is strictly stronger than (UE,) when g = 2. Probably, this is true for all g > 2.

Example 4.2. Let us fix I < g < 2 and give an example when condition (UE,) holds but condition (TP,)
fails, that is,
(UEy) = (TP,).
Let 8, a1, a> be three positive numbers. Let (M;, d;, ;) for i = 1,2 be two ultrametric spaces, where each
measure y; is a;-regular. Let J @ be a function on M; x M; for i = 1,2 such that for all x;,y; € M;,
Ji(xis yi) = diCxi, yi) P,
Let (89, 7”(")) for i = 1,2 be two Dirichlet forms on LZ(M,-, 4;) defined, respectively, by

E0u,v) = f fM ) — ) (v) = vO ik yddpCeddp (). v € F,

where the space 7 is the closure of the set
n
{chlgj :n €N, cj€R, Bjisacompact ball}
=0
under the inner product

NCLODRYTT .
The Dirichlet form (8@, F©) is regular and non-local (cf. [9, Theorem 2.2]). It turns out that the heat kernel
PP (xi, ) of the form (D, F@) exists and satisfies the following two-sided estimates:

di(xi, yl) —(@;+p)
t1/B

POy =17 (1 + (4.2)

for all > 0 and all x;, y; € M;; see for example [14], [21].
Let us construct a new ultrametric space (M, d, u) by letting M := My X Ma, u := py X i, and

d(x,y) := max{d(x1,y1),da2(x2,y2)} forx = (x1,x2), y = (y1,y2) in M.
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Clearly, for any point x = (x, x2) € M, any metric ball B(x, r) C M is a direct product of balls B(x, r) C M
and B(xy,r) C M>, that is,
B(x,r) = B(x1,r) X B(x», 7).

It follows that
V(x,r) = u(B(x, 1)) = py(B(x1, Mup(B(xz, 7)) = r¥1+ ~ r, (4.3)
where « := a; + a;. For any point x € M and any r > 0, let
Wx,r) = .

Define the measure j on B(M X M) by dj(x,y) = J(x,dy)du(x), where J(x,dy) is a kernel on M x B(M)
given by
J(x,dy) = JD(x1, y1)dpy (91)d6 o (72) + TP (x2, y2)dpar (v2)d6 s, (1) (4.4)
for any points x = (x1, x2), ¥y = (y1,¥2) in M, where do,(x) is the Dirac measure concentrated at point b € R.
By (4.3) and the definition (4.4), we have for any r > 0,

sup f J(x,dy)
x=(x1,x2)eM J B(x,r)¢

sup [ (0 1) 02) + Iy (02)8 01)
B(x,r)¢

x=(x1,x2)eEM

< sup f JDCer,y1)du; (1) + sup f TP (x2,y2)dpt (v2)
x1EM| JB(x1,r)¢ x26M> J B(x,r)¢

_c, c_2x

BB B

Hence, by [9, Theorem 2.2], the measure j determines a regular Dirichlet form (&, ) on L*(M, ), and the
heat kernel p;(x,y) of (&, ) exists. It is known from the general theory that p,(x, y) satisfies

pixey) = PG ypP (. y2),  x = (x1,x2), y = (1, y2) € M. 4.5)

Let g € (1,2] be a given number. We choose a7, @; so that

¢ =—-=—e[2w)
g-1

where @ := min{a, az}. Let us verify that condition (UE,) is satisfied on M.
Indeed, we have by (4.5), (4.2) that, for any points x,y € M and any ¢ > 0,
pix.y) = PP (e, y)py (2, 32)
1 ( dy(x) ,y1>)‘<‘“+‘” 1 ( . d2<xz,yz>)‘<‘”2+ﬁ>

= B 1B 1218 1B
._¢ d(x, )\
~ fa+a)/B 1B
C d , —(a/q'+B)
O PUNICCY) ’
1alB 11/B

thus showing that (UE,) holds with W(x, r) = r~.
Let us now disprove (TP,). Fix

t>0, R> Y8 and x = (x1,x2) € M.

We need to estimate the lower bound of [|p;(x, )l La(B(x.R))-
Since p;(B(x;,r)) = r%,i = 1,2 for any r > 0, we can choose a > 1 large enough such that, fori = 1,2,

wi(B(xj,ar) \ B(xi,r)) = u;(B(xi, ar)) — u(B(x;, r)) = cr®, r>0. 4.6)
Using (4.5) and the fact that
{y=O1.y2) € M : di(x1,y1) =2 R} C B(x,R)",
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we obtain

2
f pi(x, y)ldu(y) > f ety duy (1) f PP (2, y2) dpuy (y2)
B(x,R)* {d1(x1,y1)2R} M

1
> f Py Cer, ) dpy (1)
{aR>d; (x1,y1)=R}

2
y f P (2, y2)dpty (32):
{atVB2ds (x2,y2)2111F)

Using (4.2) and (4.6), we have

g1 [ aR \~9@1+B)
(" ) 41y(B(x1,aR) \ B(x1,R)

1 p—
f P§ Yo, y1)ddpy (1) = cf T
{aR>d; (x1,y1)=R} ¢

_qey |, qler+p)

> ct Bt 5 (aR)—LI(Q’I‘*',B)R(Y]

> o tAR™@~ D —qﬁ,
and

) _9%2
f P22, y2) ity (v2) 2 ¢t 7 puy(B(xa, at'P) \ Bxa, 1'/P))
{atVIB>dy (xp,y2) 2118}

qay | ap _ (g-Dap

>t FYE =B
Combining the above three inequalities, we obtain

peCx, Miocaeeryy = ct TR 7P,

If condition (TP,) were satisfied, then we would have

11X, raepooryy < CtR ¢ 7P
Combining the above two inequalities and using that @ = @ + a;, we obtain

-2 4

which is equivalent to R < Ct'/A. Hence, we obtain a contradiction for large enough ﬂ%.

5. TRUNCATED DIRICHLET FORMS

In order to obtain the tail estimate of the heat semigroup {P;};>0 of (&, F), we need to truncate the jump
part &) . In this section, we study the truncation of a general Dirichlet form (&, ) (not necessarily without
killing part). Recall that any regular Dirichlet form (&, ) can be decomposed into three parts as follows:

Eu,v) = EPu,v) + EVu,v) + EX(u,v),

where & is the local part, &) is the jump part associated with a unique Radon measure j on M x M\diag,
and X is the killing part.
Fix a real number p > 0 and set

EPu,v) = EPu,v) + EPw,v) + EOWw,v), u,veF, (5.1)

ED(u,v) = f f (u(x) — u(y)) ((x) — v(y)) dj.
{(x.y)EMXM:d(x,y)<p}

The symmetric form (§%), ) may not be in general a regular Dirichlet form. In Subsection 5.3 we will
prove that it is a regular Dirichlet form under an additional mild assumption. Currently we assume that &*)
is a regular Dirichlet form on L>(M) with the domain ¥® := #. We refer to the Dirichlet form (¥, 7©)
as in (5.1) as a p-local Dirichlet form. If in addition &% = 0, then the Dirichlet form (8, F©) is said to
be strongly p-local.

In this section we always assume that the domain ¥ of the Dirichlet form satisfies the following property:

where

cutoff(A, Q) # 0 for any non-empty open set Q C M and any bounded set A with A c Q. 5.2)
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Note that this property is always true under one of condition (S.), (S}), (S) and (S.) to be introduced in
Section 7. Moreover, it is also true for all compact sets A by the regularity of (&, 7).

5.1. Some properties of p-locality. In this subsection, we study some properties of p-local Dirichlet forms.
Recall that the locality property of &X) means that if the functions u,v € ¥ have disjoint compact
supports, then &P (u, v) = 0. The following proposition relaxes this assumption to bounded supports.
For any r > 0 and set U C M, denote by U, the r-neighborhood of U:

U, = U B(z, 7).

zeU

Proposition 5.1. Let (&, 7) be a regular symmetric Dirichlet form on L%, and &® be its strongly local part.
Assume that (5.2) is satisfied.

(1) If functions u, v € ¥ have disjoint bounded supports, then ED(u,v) = 0.
(ii) If functions u,v € F have bounded supports and u is constant on a neighbourhood of supp(v), then
ED(u,v) = 0.

Proof. (i). Let u,v € ¥ have disjoint bounded supports.
We can choose two open sets U, V such that supp(u) C U, supp(v) C V and dist(U, V) > 0. Moreover,
since supp(u), supp(v) are bounded, we have by hypothesis (5.2) that

cutoff(supp(u), U) # @ and cutoff(supp(v), V) # 0.

Consider three cases.
Case 1. Assume firstthat0 <u < land0<v < 1.
Choose some functions

¢, € cutoff(supp(u), U) and ¢, € cutoff(supp(v), V).
There exist sequences {u,}, {v,} C F N Co(M) such that
lim E&(u, —u) =0 and lim &(v, —v) =0.
n—oo n—oo

Without loss of generality, we can assume that 0 < u, < 1 and 0 < v, < 1 forall n > 1 by [19, Theorem

1.4.2(v), p. 28]. Note that by [19, Theorem 1.4.2(ii), p. 28], we have ¢,u,, € ¥ for any n, and
sup VE1(¢1un) < l1llco sup VE1 () + sup lunlleo VE1(¢1)
n>1 nx1 n>1

< sup \/81(un) + \/81(¢1) < 00,

n>1

Moreover, ¢,u, converges to ¢,u = u in L?>-norm as n — oco. Hence, by Lemma 11.2 in Appendix, a
subsequence of ¢,u, (that we denote again by ¢,u,) converges to ¢,u = u weakly in &;-norm as n — oo.
Similarly, ¢,v, converges to ¢,v = v weakly in E;-norm as n — oo.

Passing again to subsequences we can assume that the Cesaro means

3 1 < . 1 <
0y, = — Zqﬁluk and v, := —Z¢2Vk
s s

converge to # and v in &;-norm, respectively. In particular, we have
lim &Y, —u)=0 and  lim &P, —v) = 0.
n—oo n—oo

On the other hand,
supp(¢yun) C U Nsupp(u,) and  supp(¢,vs) € V N supp(v,)
for each n. Hence, for any m,n > 1 supp(ii,,) and supp(¥,) are compact and
dist(supp(it,), supp(¥n)) > dist(U, V) > 0.
Therefore, it follows from the locality of EW that, for all n > 1,
EB iy, 7)) = 0.
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Pass to the limit as n — oo, and obtain &P (u, v) =0.

Case 2. Assume now that u, v € L™.

Set ¢ := (||ulleo V |Vlleo)~". Then all functions cu, cu_, cv,, cv_ take values in [0, 1], and by the result of
Case 1, we have

gwb (cus,cvy) = S(L)(cu+, cv.) = S(L)(cu_, cvy) = S(L)(cu_, cv-) =0.

Consequently, &P (u,v) = 0.
Case 3. Consider now the general case of « and v.
For any n > 1, define
U, :=(—n)VuAn and v, :=(-n)VvAn.
Then the supports of u, and v, are disjoint, and, hence, by Case 2, we have &L (u,, v,) = 0 for all n. Since
{un} and {v,} converge in &;-norm to u and v, respectively, we conclude that ED @, v) = 0.

(ii). Suppose that the functions u, v € ¥ have bounded supports and u is constant on an open set U with
supp(v) C U.

Case 1. Consider first the case when supp(v) is compact.

Choose a precompact open set V such that supp(v) Cc V C V c U and choose ¢ e cutoff(‘_/, U)n Co(M).
Let ¢ be the constant such that u|y = c. Since ¢y = 1 and supp(¢) is compact, it follows from the strong
locality of & that EX(¢, v) = 0. On the other hand, since u —c¢ = 0 on V, we have that supp(u — c¢) C V¢,
so that supp(u — c¢) is bounded and disjoint with supp(v). Hence, by the result in (i), we obtain that
ED(u - c¢,v) = 0. It follows that

S(L)(u, V) = S(L)(u —co,v) + S(L)(cq), v) =0.

Case 2. Consider the general case when supp(v) is just bounded (not necessarily compact). .

Let g := %dist(supp(v), U > 0 and V := (supp(v))s be the e-neighborhood of supp(v) so that V c U.
Choose y € cutoff(supp(v), V) (by (5.2)). Then, by the argument in Case 1 of_the proof of (i), we can take a
sequence {¥,} C ¥ of functions with compact supports such that supp(¥,) c V c U for all n and

lim &P @, —v) = 0.

n—oo

Since u is constant on U and, hence, on a neighbourhood of 7,, it follows from the result in Case 1 that
EWD(u, %,) = 0. Passing to the limit as n — oo, and using the above formula, we obtain & (u, v) = 0. o

The following corollary shows that the (strongly) p-local Dirichlet form (EP, FP) (asin (5.1)) possesses
some properties analogous to those of 1.

Corollary 5.2. Let (8©, F®) be the regular p-local Dirichlet form on L? as in (5.1). Assume that (5.2) is
satisfied.

(i) If functions u, v € F® have bounded supports and dist(supp(x), supp(v)) > p, then E®(u, v) = 0.
(ii) Suppose that in addition (¥, F®)) is strongly p-local. If functions u,v € F® have bounded
supports and v is constant on a neighbourhood of (supp(u)),, then EP)(u,v) = 0.

Proof. Tt suffices to prove (ii). Since #%) = ¥, any cutoff function for & is also a cutoff function for ¥,
Suppose that u,v € ¥ have bounded supports and u is constant on a neighbourhood of (supp(v)),. It
follows from Proposition 5.1(ii) that &5 (u, v) = 0.
It remains to prove that EV(u,v) = 0. Let A := supp(u). Using the facts that v = const on A, so that
v(x) —v(y) =0onA, xA,as wellasu = 0 on A° D Ag so that u(x) — u(y) = 0 on A[C) X A;, we obtain

E9(u,v) = f f () — uONOG) = v Lty
MxM

. ( f f . f f , f f + f f )(u(x)—u(y))(v(x)—v(y))l{d(x,y><p}dj
ApXA, ApXAg AGXA, AGXA

=2 f L AC(M(X) = u()(V(x) = v acxy)<p)dj
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= 2( f f + f f )(M(X) — u()W(x) = VO Lid(xy)<p)dj
AXAS (Ap\A)XAS
=0,
where in the last line we have used that 1igxy)<py = 0 on A X A7 so that the first integral vanishes, and
u(x) —u(y) = 0Oon (A, \ A) X AFC, (as u = 0 outside A), so that the second integral is also zero. Finally, it

follows from (5.1) that @ (u, v) = 0. |

5.2. Resolvents. In this subsection, we give some general facts on the resolvent associated with the p-local
Dirichlet form.
For p > 0 and for any non-empty subset Q of M, let ¥ ¥ (Q) be a vector space defined by

FP(Q) = the closure of F% N Cy(Q) in the norm \/8(1'0). (5.3)

Then (E¥, F©)(Q)) is a regular Dirichlet form in L>(Q, u). Let
0% = (©),Q
t

Pl
be the heat semigroup in L? associated with (§¥), F©)(Q)). For any 4 > 0, let R? = R/l(p)’Q be the resolvent
associated with (E®, F®)(Q)) that is defined by

RYf = fow eSO fds, fel’ (5.4)
When Q = M, we drop the superscript Q by writing
0O, := sz and R, := Rff.
For simplicity, denote by
S(f)(u, v) = EP(u,v) + Au, v) for any u,v e F©. (5.5)
It is known (see for example [19, formula (1.3.7), p. 20]) that, for any open subset €,
EV(REf,g) = (f,g) forall f e L*(Q)and g € FP(Q). (5.6)
The following statement gives a relation between the functions 1 — f)lg and 1 — ).R?IQ.
Proposition 5.3. For any open subset Q C M and all t, 1 > 0,
1-0P1q < e (1 - ARV1q) in M. (5.7)

Proof. Note that the function s — Q%1g is non-increasing. Hence, for any ¢ > 0,
-kt = [ 0= ftoie sz [ - 0fane s
0 t

> (1 - Q%g) f deVds = (1 - 0P1g)e™,
t
which is equivalent to (5.7). |

Note that the above the inequality (5.7) is true for general Markovian semigroups and their resolvents.

Proposition 5.4. Let p > 0 and (E¥), F©)) be a strongly p-local Dirichlet form in L*. Assume that (5.2)
is satisfied. Let A > 0 and U be a non-empty bounded open subset of M. If a function u € F® n L*(M)
satisfies that 0 < u < 1 in U, and

EPuwy) <0, YO<yeFPOW), (5.8)

where 8/({’) is defined by (5.5), then
u<1-AR{1y inU,. (5.9)
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Proof. We will apply elliptic maximum principle (Proposition 11.6 in Appendix). It suffices to prove (5.9)
in U, since (5.9) is automatically true in U, \ U as u < 1 in U, and RSJIU =0in U, \ U. We show that for
any open set V € U,

u<1-ARY1y inV. (5.10)

Then (5.9) will follow by taking an exhaustion V T U in (5.10) and using [25, Lemma 4.13, p. 119].
Choose some ¢ € cutoff(V,, U,) (by (5.2)), and consider the function

vi=ou—(¢— /lRylv).
Since u, ¢ € F©) N L*®(M), we conclude by [19, Theorem 1.4.2, p. 28],
du € FP N L(M).
Consequently, v € ¥ © On the other hand, since0 < u < 1in U, > We have
v=du—¢+ AR, 1y < AR 1y € FOV).
It follows from [25, Lemma 4.4, p. 114] that

vy € FOW). (5.11)
Let 0 <y € F%) N Cy(V). Let us prove that v satisfies
P,y <0. (5.12)

Indeed, note that supp((¢ — )u) C (V,)° and supp(¥) C V, so that the distance between supp((¢ — 1)u) and
supp(¥) is strictly greater than p. By Corollary 5.2(i), we have

EP (¢ - Du,y) = 0.
Combining this and (5.8), we obtain,
EP(pu,p) = EP(u, ) + EV (¢ — Du,y) < V(¢ — Du,y) = 0.

On the other hand, since supp(¥) C V and ¢ = 1 in V, so that ¢ is constant in the p-neighborhood of the
support of i, it follows from Corollary 5.2(ii) that E¥)(¢, ) = 0. Hence,

EXp,w) = EP(p,¥) + AB, ) = A, ) = Allr.
By (5.6), we have
EPRY1y,¥) = Ay, ¥) = Iyl
Therefore, combining the above three formulas, we obtain
EX ) = EP(pu— ¢+ AR 1y, 9)
= EV(pu,p) — EV(p, ) + AEV (R 1y, )
<0— AWl + Al =0,

thus showing (5.12). For a general function 0 < y € F©)(V), we can apply (5.12) for a sequence of functions
{,} € F® N Cy(V) converging to ¢, and obtain (5.12) also for this .

Consequently, it follows from (5.11) and (5.12) that the function v satisfies all the assumptions in the
elliptic maximum principle in V (see Proposition 11.6 in Appendix). We conclude that

v=gu—(p-AR/1y)<0 inV,
which yields (5.10) as¢ =1 on V. O

We remark that Proposition 5.4 can be viewed as an extension to the p-local case of [25, Corollary 4.15]
that was proved for strongly local Dirichlet forms.

Proposition 5.5. Assume that (5.2) is satisfied. Fix A > 0, p > 0. Let Q be a non-empty bounded open
subset of M, and U C Q be an open subset such that U, C Q. Then, for u-almost all z € U,

1= R < (1 - R{1uE) 1 - R al| oy, - (5.13)
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Observe that the inclusion U C Q implies that
1- AR = f Ae™B(1 - Q% g)ds < f 21 - 0Y1y)ds =1-ARY1y in M (5.14)
0 0

because QU1y < Q?lg in M for any ¢ > 0. The inequality (5.13) gives a sharper upper bound of the
function 1 — /lRle].Q in terms of 1 — /lRE{IU. In the next lemma, the inequality (5.13) will be used to get the
tail estimate Q,1pc for any metric ball B.

Proof of Proposition 5.5. Let V C U be an arbitrary precompact open subset; then Vp c U, c Q. Choose
some ¢ € cutoff(V,, U,) (by (5.2)) and consider the function

u = co(¢p — AR),
where cg is a constant given by
' = ||¢ - /lRleIQ”L“’(Up) :
We will apply Proposition 5.4 to show
u<1-2ARY1ly inV, (alsoin U,). (5.15)

Indeed, note that u € F@ N L®(M)and 0 < u < 1 in U,. We need to verify that u satisfies (5.8) in V that
is, for all 0 < y € F¥)(V). By Corollary 5.2(ii) and using the fact that ¢ = 1 on V,, we have

EP(¢,y) = 0.
It follows that
EV(@.0) = V(g 9) + A, p) = Ag,p) = Ay
On the other hand, by (5.6) we have
EV (R, v) = (1o, 9) =yl
Combining the above two formulas, we obtain that
EPw,v) = 08¢ - AR, ¥) = co (Y (9, ¥) — 1L (R 10,0))
= co (Al = Allygllh) =0,

thus proving (5.8).
By inequality (5.9) of Proposition 5.4, we obtain (5.15). Combining (5.15) and the fact that ¢ = 1in V,,,
we obtain that

1-AR91q = ¢ — ART1q < ¢5' (1 - ARY1y)
= (1= RV 1y) |1 = ARG 1ol ) In V) (alsoin Up).
Passing to the limit as V T U, we obtain (5.13). O

Lemma 5.6. Assume that (5.2) is satisfied. Fix A > 0, p > 0. Let B be a ball in M of radius R > 0, and
k > 1 be an integer satisfying

4kp < R.

Assume also that, for any z € B,

1
1= ARy <a in 1B@p) (5.16)
for some positive constant a. Then

1
1-ARB1p <d in i (5.17)
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Proof. We divide the proof into two steps.
Step 1. Fixy € iB and prove that

B(.3R) .
L= AR 1y 3py <d* inBGy,p). (5.18)
Indeed, for any 0 < n < k, set B, := B(y,(2n + 1)p) C B(y, %R) C Band
B(.3R)
m, ;= |1 — AR 4 1 3 .
" ’ 1 BOiP o8,

Forany 1 <n < kand forany z € B,,_; we have, B(z,p) C B(z,2p) C B,. Applying (5.13) with Q = B(y, %R),
U = B(z,p) for any z € B,_; C B and using (5.16), we obtain

B(y,3R)

B(,3R)
1-21R, falhs |

B(z,0)
Lggir) < (1= AR 1)1 - AR B3R =BE20

B(z, B(,3R)
< (1= ARY e ) I = AR V1 g llims,y

= (1 - ﬂRf(Z’p)IB(Z,p)) my
1
<am, in ZB(z,p).
Covering B, by at most countable balls like %B(z, p), we obtain from the above inequality that

my—1 = < amy,.

L*(Bp-1)

3
‘1 — ARS i

B(.3R)
Iterating this inequality and using the fact that m; < 1, we obtain

=mgy < akmk < ak,

B(y,2R
1 - AR
L=(By)

B(y.3R)

which is exactly (5.18).
Step 2. Since B(y, %R) C Bforany y e }LB, we have by (5.18),

3
1= ARy < 1= AR 1, 5 <d* in B, p).
Covering %B by at most countable family of balls like B(y, p), we obtain (5.17). O

5.3. Relation between two semigroups. In this subsection, we always assume that the following condition
holds:

w(p) = supf J(x,dy) < o (5.19)
xeM J B(x,p)¢

and investigate the relationship between the original heat semigroup {P,} and the p-truncated heat semigroup

{Q).
Lemma 5.7. Under the hypothesis (5.19) the bilinear form (E®), F ) is a regular Dirichlet form.

Proof. By the symmetry of j, we have, for all u € F,

1) = E9(u, 1) + f f W(x) - )Y dj
MXB(x,p)¢

<P +2 [ (uw? ) dj
MXB(x,p)¢

< 8(‘0)(u, u)+4 f f u(x)zJ (x, dy)du(x).
MXB(x,p)°
Using (5.19), we obtain
E(u, u) < EP (u,u) + 4 f u(x)2J(x, B(x, p)*)du(x)
M

<EP(u,u) + 4a)(,0)||14||§
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< @dw) vV DEP u,u), ueF,
where S(IP)(M, v) = EP(u,v) + (u,v), u,v € F. Hence, it follows that
EXu,u) < &1(u,u) < 24w(p) v DEX (w,u), ueF.

Therefore, the quadratic forms 8(]”) and & are equivalent, which implies that (E¥, ) is also a regular
Dirichlet form. m|

For any p > 0, we define the operator A® by

AP f(x) =2 fM (FO) = FOO oy (DI (x, dy). (5.20)

assuming that f € ¥ and that the integral in the right hand side is well defined. Note that we always use here
a quasi-continuous version of f, since the measure dj(x,y) = J(x, dy)du(x) charges no set of zero capacity.

Proposition 5.8. Fix some p > 0 and g € [1, o). Assume that (5.19) is true. Then, for any f € ¥ N L,
IA® fllg < 4w()lIflly < co. (5.21)

Proof. For the case when g = oo, the inequality (5.21) follows directly from Proposition 11.9 in Appendix.
Let g € [1, c0). By the Holder inequality, we have, for any f € ¥ N L9,

AP f1lg =21 f
M

g-1
<2 [ o= sy [ swan) e
M JBx,p) B(x.p)

< 2ea(p)! fM fM 29 Ly (G + FONDICr, dydda(x)

q
f () = F)I(x, dy)\ du()
Bx.,p)°

= 2(p)! f I f J(x, dy)du(x)
M Bx.p)°

= #90(p)" fM O duC),
thus showing (5.21). |

Remark 5.9. Let ¢ = 2. If (5.19) is satisfied then by (5.21) the operator A%’ is bounded in L?-norm and,
hence, can be extended to a bounded operator on the entire space L.

Next, we compare the semigroups {P,} and {Q,} by means of the following abstract Phillips theorem.

Proposition 5.10 ([38, Theorem 3.5 and eq. (13)]). Let A be the (non-positive definite) infinitesimal gen-
erator of a strongly continuous semigroup {Q,}>0 on a Banach space H, and let A be a bounded linear
operator from H to H. Then the semigroup {P,};>0 generated by A + A can be expressed by

P Z Q(")
where QEO) = Oy, and
[
o = f 0,-,A0" Vs for eachn > 1
0

is well-defined, strongly continuous in t on H. If in addition {Q,}>0 is contractive on H, that is, ||Qy|| < 1,

then

A n
10" < ——— (t” ”) for each n > 0. (5.22)

The following statement gives a relationship between two heat semigroups {P;} and {Q;}.
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Proposition 5.11. Assume that (5.19) is satisfied. Then, for all p,t > 0 and f € L?,
!
Pif = Quif + f QsAP'P_fds, (5.23)
0

where operator A®) is defined by (5.20).
Proof. Observe that, for all f,g € F,

E(f.g) = EO(f.g) + f f (F0O = FONE0) — g0
MXB(x,p)¢

=8V(f,8)-2 f g(x) ( f (f(y)—f(x))J(x,dy))dﬂ(x)
M B(x,p)¢

=&V(f,8) - (AP f, 9).

Since the operator A®) is bounded, the Dirichlet form E#)(f, g) is a bounded perturbation of &(f, g), which
implies that the generators £%) and £ of these Dirichlet forms have the same domains and

L=L0 4 AP, (5.24)
Therefore, applying Proposition 5.10 with A = £, A = A®) we obtain that
Pi=Y O (5.25)
n=0

where Q;0 = Oy, and
!
Qt,n = f Qt—sA(p)Qs,n—ldS, nx=1.
0

It remains to show (5.23).
Indeed, the series ., O;, is absolutely convergent in the operator norm of || || in L? since, for any t > 0,

t HQ,_SA(") Qs,n” ds < t“A(p)Qs’n“ ds (since Qy is contractive in L2)
0 0

!
< f AP |Qsnllds  (by (5.21) and Remark 5.9)
0

4 ©)|\n
< f IIA@des (by (5.22))
0 !

©n+l ot
_ a9 fosndss L o™ (y (5.21)),

n! (n+1)!
which yields that

s t ©0 (4a)(p)t)n+l
®) ‘Gw()™" B
2 f 10,40, ds < Z O = exp o - 1.

Exchanging the order of summation and integration, we obtain from (5.25) that, for any f € L? and any
t>0,

P =Y 0uf = 0+ ) [ 0eAP Qo fs
n=0 n=1
! 0o
=0Oif +£ QA% [Z Qs,n_1f] ds
n=1
= Qtf"'f QAP [Z Qs,kf) ds
0 k=0

!
= O/ f + f 0 AP P fds (by (5.25) again),
0
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which yields (5.23) by changing variables t — s to s. O

The next lemma was proved in [28, Proposition 4.6, p. 6412] under the assumption that the jump kernel
exists, but the same proof works also in the present setting.

Lemma 5.12. Assume that (5.19) is satisfied. Let Q C M be a non-empty open set. Let {sz} be the heat
semigroup associated with the part Dirichlet from (E¥), F©)(Q)) of the truncated p-local Dirichlet form
(EP, F @)y (cf. (5.1)). Then, for any t > 0 and any f € L™,

P2 = 02 flloo < 20(0)flco- (5.26)

6. A NEW METRIC

In this section, we will introduce a new metric d,. on M, which is topologically equivalent to the original
metric d. Under this new metric d., the scaling function W(x, R) becomes independent of point x, while the
measure y is still doubling (resp., reverse doubling). The new metric d,. will be used to construct a truncated
Dirichlet form.

Recall that W(x,y) := W(x, d(x,y)), where x,y € M, and set

D(x,y) := W(x,y) + W(y, x). 6.1)

By the right inequality in (2.7), we see that, for all x,y € M,
W“““m<cf“”f:c
W, d(x,y) ~—  \d(x,y) ’

that is, W(x, y) < CW(y, x), which implies by interchanging x, y that

W(x,y) = W(y, x).

It follows from (6.1) that, for all x,y € M,
W(x,y) < D(x,y) < C'W(x,y) (6.2)

for some constant C” > 0.
Clearly, the function D is symmetric, that is D(x,y) = D(y, x), and it vanishes if and only if x = y. Let us
show that D(x, y) is a quasi-metric on M.

Proposition 6.1. There exists a constant Cy > 1 such that for all x,y,z € M,
D(x,y) < C1(D(x,z) + D(z,)). (6.3)
Consequently, there exist two constants 3, C, > 0 and a metric d. on M such that
C;'d.(x,y) < D(x,y) < Cadu(x,y)° (6.4)
forall x,y e M.
Let us observe that if W(x, r) = # for some E > 0, then 5 = E and
d(x,y) = d.(x,y), x, yeM.
Proof. By the triangle inequality, we have
d(x,y) < d(x,z) +d(z,y) < 2max{d(x, z),d(z,y))}.
Assume without loss of generality that
d(x,y) < 2d(x,z).
It follows from (6.2), the monotonicity of W(x, -) and the right inequality in (2.7) that
D(x,y) < C'W(x,y) < C'W(x,2d(x,2)) < C1W(x,d(x,2)) < C1D(x,2)

for some C; > 1, thus proving (6.3). Hence, D(x, y) is a quasi-metric on M.
The second claim follows from (6.3) by [33, Proposition 14.5]. m|
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In the rest of the paper, 8 will always denote the constant from Proposition 6.1.

Define the function F by
F(x,R) := W(x,R)'F, xeM, R>0. (6.5)
Clearly, the function F'(x, -) is strictly increasing on [0, co] for any x € M and, by (6.4),
L7ldu(xy) < F(x,d(x.y)) = W(x. )P < Ldu(x. ), (6.6)

for some constant L > 1 and all x,y € M. For any x € M, let F ~1(x,) be the inverse of the function
t > F(x,1), so that

Flon=w'iP), t>0. (6.7)
Denote by B.(x, r) balls with respect to metric d., that is
B.(x,r) :={ye M :d.(y,x) <r}. (6.8)

Proposition 6.2. There exists a number Ly > L> > 1 such that the following properties are true.
(1) Forall x e M and all r > 0,

B.(x,Ly'r) € B(x, F"'(x,L™'r)) € B.(x, 7). (6.9)
(i) Forall x e M and all R > 0,
B(x,Ly'R) € B.(x,L"'F(x,R)) C B(x,R). (6.10)

Consequently, the metrics d. and d are topologically equivalent.

Proof. Let Ly > 1 be a constant to be determined later.
(1). For some fixed x € M and r > 0, let
R := F'(x,L7'p).
We show the left inclusion in (6.9). Indeed, for any y € B.(x, L, 17), we have
d.(x,y) < L(;lr,
and, hence, by (6.6),
F(x,d(x,y)) < Ld.(x,y) < LL;'r.
It follows that
d(x,y) < F'(x, LLy'r) < F'(x,L"'r) = R,
provided LL(;1 < L7! that is,
Ly> L2 (6.11)
Thus, the left inclusion of (6.9) holds provided Ly satisfies (6.11).
Let us show the right inclusion in (6.9). Indeed, for any y € B(x, R’), we have by (6.6) and the definition
of R/,
d.(x,y) < LF(x,d(x,y)) < LF(x,R)) = L(L™yr =,
whence the right inclusion in (6.9) follows.
(i1). For some fixed point x € M and R > 0, let
¥ = L F(x,R).
Let us verify the left inclusion in (6.10). Indeed, for any y € B(x, L 'R), we have
d(x,y) < Ly'R,
and then, by (6.6)
d.(x,y) < LF(x,d(x,y)) < LF(x,L;'R) < L"'F(x,R) = 1,
provided that
LF(x,Ly'R) < L"'F(x,R) forall x € M, (6.12)
which proves the left inclusion in (6.10).
Let us now prove the right inclusion in (6.10). Indeed, for any y € B.(x,r’), we have by (6.6) and the

definition of 7’ that
F(x,d(x,y)) < Ld.(x,y) < L' = F(x,R),
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showing that
d(x,y) <R.
This proves the right inclusion in (6.10) provided Ly satisfies (6.12).
It remains to pick up Ly > 1 so that both (6.11) and (6.12) are satisfied. Indeed, by (6.5) and the left
inequality in (2.7), we obtain for all x € M,

1
LR 1 weR )P 1 (L R
LF(x,L;'R) ~ L*W(xLj'R)) ~ I? L;'R
from which, we see that (6.12) is satisfied if
—17B1y1
(C LO]) B
L2

>

pi\!/B Biy1
! ~ (CLOI) B
=7

>1 o Lo>(CL#)VA,
Therefore, if we choose
Lo := L v (CL%#)'A
then both (6.11) and (6.12) are satisfied, which completes the proof. O

Denote the diameter of M under the metric d. by
R, = sup{d.(x,y)| x,y € M}.
Recall that R = diam M denotes the diameter of M under the metric d.
Proposition 6.3. Let Cy denote the constant in (2.7) and let C := LC %B . Then, for any x € M,
C'W(x, R <R. < CW(x,R)'. (6.13)

Proof. Fix x € _M . By (6.6), we have that W(x, I_Q) = oo if and only if R. = co. Hence, it suffices to consider
the case when R < co.
By the left inequality in (6.6), we have for all z,y € M,

d.(z.y) < LF(z,d(z.y)) < LF(z.,R) = LWz R)'".
On the other hand, we have by (2.7)
— — 1/B
W(z, )1/ RY"
Wk~ CW(:) =P, (6.14)
W(x,R)VB R
Combining the above two inequalities and using the arbitrariness of z,y, we obtain the right inequality in

(6.13) with C = LC})”.
Let us prove the left inequality in (6.13). Indeed, by the right inequality in (6.6), we have, forall z,y € M,

F(z,d(z,y)) < Ld.(z,y) < LR..
On the other hand, we have by (2.7)

— F(x,R) R
W g T
(-x’ R) F(Z, d(Z, y)) F(Z’ d(Z, )’)) < [CW [

Combining the above two inequalities, we obtain

R Bo\1/B
W(x,E)l/ﬁs[cW( ) ] LR..

g\ 116
F(z,d(z,y)).
d(z’y)] ] (z.d(z,y))

d(z,y)
Passing to the limit in the above inequality as d(z,y) T R, we obtain the left inequality in (6.13) with the
same constant C = LC é‘ﬁ'g . |

For any x € M and r > 0, let V.(x, r) be the volume of the ball B.(x, r), that is,
Vi(x, r) == u(Bi(x, r)).

Proposition 6.4. Assume that (VD) is satisfied. Then the following statements are true.
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(1) Condition (VD.,.) is satisfied, that is, there exists a constant C > 0 such that, for all x € M and r > 0,
Vi(x,2r) £ CV.(x,r). (6.15)
Consequently, there exists a, > 0 such that for all x,y € M and 0 < s < r withd.(x,y) <r,

Vo) _ C(f)“* '
V.(y, s) s
(ii) Assume in addition that (RVD) is satisfied. Then condition (RVD.,) is also satisfied, that is, there
exists ., > 0 such that for all x e M and all 0 < s < r <R,

Vilx,r) S (r a.,
Vons = € (s) : (6.16)

Proof. Let L, Ly > 1 be the same constants as in Proposition 6.2. Fix a point x € M.
(1). Fix r > 0 and set

Ry = F '(x,2LoL™'¥) and R, = F '(x,L7'r).

Since F(x,-) is strictly increasing and Ly > 1, we have 0 < R, < R; < oo. Using the left inclusion in (6.9)
with r replaced by 2Lyr, we obtain

B.(x,2r) C B(x,Ry).
Similarly, we have by the right inclusion in (6.9)
B(x,Ry) C B.(x,r).
Hence, using the definition of V., (6.7) and the right inequality in (2.8), we obtain

V.(x,2r) L V(x,R}) <c Ri ¢ _c Fl(x,2LoL 1 r)\"
V.(x,r) ~ V(x,Ry) Ry F~1(x,L1r)

1 _1 a -1 1/81\%
:C(W (x, 2LoL r)ﬁ)) SC(C((ZLOL r)ﬁ) ) = c(c@Loyh)’,

W-1(x, (L~1r)¥) (L 1r)p

thus proving (VD).
(i1). For0 < s < r < R,, let

Ry := F '(x,6L7's) and R, := F '(x,6L7'r),
where the constant 6 > 0 is small enough such that, by (6.13),
Ry <R =W '(x, GL™'r/) < W' (x, GBLYCW(x,R)) < W' (x, W(x,R)) = R.

By (6.9), we have
B.(x,6Ly's) € B(x,R;) and B(x,R,) C B.(x,1).

Hence, using the definition of V., (VD.,), (6.7), and the left inequality in (2.8), we obtain

Vi(x, 1) S ol Vilx, 1)

(by (VD,)and Ly > 1)

Vi(x,s) © T Vi(x, 6L5 1)
GVORR) (R
Y (R) (by (RVD))

, (F-l(x, L' ) , (W-l(x, <L-1r>ﬁ))“'
ot D)y (2 )
F~1(x, L ls) W-1(x, (L~1s)P)

- 1B\ ,
[ (L 1r)5 r\@'Blp2
> C, C 1 =C (_) 5
( ((L‘l 5P s
thus proving (RVD..) with «, = @’B/8>. |
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7. HEAT SEMIGROUP AND JUMP MEASURE UNDER THE NEW METRIC

In this section, we shall reformulate some properties of the heat semigroup and jump measure under
the new metric d,.. The advantage of the change of metric is that the scaling function under the metric d.
becomes

W.(,r):=W.(r):=r* xeM, r>0,

where 8 > 0 is given by (6.4). The new scaling function W,(x, r) = /* is independent of point x and, hence,
is much simpler to deal with.

Let us first introduce conditions (S) and (S..). For any open set Q c M, let {P,Q} be the heat semigroup of
the Dirichlet form (&, ¥ (Q2)).

Definition 7.1. We say that condition (S) (survival estimate) holds if there exist two constants £,6 € (0, 1)
such that, for any ball B in M of radius < R and any ¢t < 6W(B),

1
P21y > & in —B.
4
Definition 7.2. We say that condition (S, ) holds if there exist two constants € € (0, 1) and ¢ > 0 such that,

for any ball B of radius < Randall > 0,

ct .1
in —B.
W(B) 4
Let us emphasize that, in contrast to condition (S), there is no restriction on the range of time ¢ in condition
(S;). In fact, we have

P?IB >&E—

S) & (So). (7.1)

Indeed, it is clear that (S;) = (S) by choosing the constant ¢ in (S) small enough. To show the opposite
implication (S) = (S;), it suffices to consider the case when t > dW(B). In this case, this implication

follows by setting the constant c in (S;) to be 6! so that PPl > 0> e~ 1> - #tl?)‘
It is proved in [23, Theorem 14.1] that, under the condition (VD),
(FK) + (Gcap) + (TJ) = (S;+) = (S) = (Geap). (7.2)

Remark 7.3. We remark that the constant ¢ in the condition (S ) in [23, Theorem 14.1] is required to be in
(0, 1), which is different from that in this paper. However, condition (S.) in [23] can be replaced by (S;) in
this paper, and all the results in [23] are also true.

It is proved in [24, Proposition 3.1] that, under the condition (VD), for any 1 < g; < ¢» < oo,
(Tly,) = (Tl,) = (TI) = (TJ). (7.3)
In this section, we look at conditions (DUE), (S), (S;), (TJ,), (TJ) under the new metric d.. For that, let

us introduce conditions (DUE.,), (S..), (S3), (TJ(’;), (TJ.,) as follows.

e Condition (DUE,): The heat kernel p,(x, y) of (&, F) exists pointwise on (0, co) X M X M, and there
exists a regular &-nest {F}} such that the following properties are true.
(a) Forany x € M and t > 0,

pi(x,-) € C{Fi}).
(b) For any Cy > 1, there exists a constant C > 0 such that for all x,y € M and all t < Cy(R..),

C
p,(x, x) < m (7.4)
) Condi_tion (S.): There exist €,6, € (0,1) such that, for any metric ball B, = B.(x,r) of radius
r <2R.,
B 1
P’*1p, > € in ZB*’ (7.5)

provided VB < 6,r.
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e Condition (S%): There exist € € (0,1) and ¢ > 0 such that, for any metric ball B. = B.(x, r) with

r < 2R, and any t > 0,

ct . 1
Pf*lB*Zg—— in —B,.

w 4
e Condition (TJ.): There exists C € [0, o) such that, for any x € M and any r > 0,

J(x, Bu(x, 1)) < %.

e Condition (TJZ) for some 1 < g < oo: There exists a non-negative function J such that

dj(x,y) = J(x, y)du(y)du(x) in M X M,
and, for any x € M and any r > 0,
c
V. (x, )l P’

where ¢’ = ;%1 and C € [0, o) is independent of x, r.

ICx, zaea, (xrye) <

Proposition 7.4. The following statements are true.
(i) (VD) + (DUE) = (DUE.).
@i1) (S) = (S.). Moreover,
(S+) & (S).
(i) (TJ) & (T1.), and, for any 1 < g < oo,
(VD) +(T]y) = (TJ;).
Consequently, under (VD), for any 1 < g1 < g < oo,
(Tl,,) = (TJZz) = (TJZ]) = (TJ,).

(7.6)

(7.7)

(7.8)

(7.9)

(7.10)

Proof. Since (VD) = (VD.), _We can assume throughout the proof that (VD,) is satisfied if so is (VD).
(i). Fix x € M and t < Co(R,)P. The existence and continuity property of the heat kernel are satisfied by

(DUE), so we need only to verify the inequality (7.4). Indeed, we have by (DUE)

T

By (6.13), there exists a small enough constant ¢ € (0, 1) such that
ct < cCo(R.)P < cCoCPW(x,R) < W(x,R),
whence
R:=W'(x,c) <R (& ct=WxR) <WxR).
By (6.10), the ball B(x, R) contains a ball B.(x, r), where
r:=L""F(x,R) = L"'"W(x,R)"E = L' (ct)'/P,
which implies that
V(x, W (x,en) = u(B(x, R)) = u(Bu(x,1) = Vu(x, L™ (1) /P).
Hence, it follows from (7.11), the above inequality and (VD,), that

C C C’
< < <
Vx, W l(x,0)) = Ve, Wl (x,ct)) ~ Vi(x, LW (e)'/P) = Vi(x, 1V/B)

pi(x,x) <

which was to be proved.
(i1). Fix x € M and r < 2R,. By (6.13), we have

r < 2R, <2CW(x,R)'# = 2CF(x,R),
where C = LC%’B > L. Set
R:=F'(x,2C)'r)<R and B:=B(x,R).

(7.11)
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Using (6.9) with r replaced by (2C )~ Lr, we obtain
B.(x,Ly'2C)"'Lr) € Bx, F~'(x, L™'(2C) "' Lr))
= B(x,R) C B.(x,2C)"'Lr)
C B.(x,r) =: B,.
It follows that |

1
182 7B, Ly'20)'Lr) = ¢7'L;'20)'L)B. =: 1B,

which together with condition (S) yields
1
P21y, > PPlg > & in ;B2 1B (7.12)
provided that
t < SW(x,R) = 6QC)PF.

Let us show that (7.12) holds also in %B* (not only in n7B..). This can be done by using the standard covering
arguments. Indeed, for any z € %B*, since U := B,(z, Alfr) C B., we see by (7.12) that

1
Pf*lB* > PtUlU > e innB.(z, Zr)
provided ¢ < §(2C)#(4r). Covering {B. by a countable family of balls like B.(z, 2r), we conclude that
1
P¥1p > ¢ in 7B

provided ¢ < §(2C)#(4r), thus showing that condition (S,) holds with 6, := §'/A(8C)~!.

For the equivalence (7.9), let us first prove the implication (S;) = (S}). Fix some ball B, := B.(x,r)
with r < 2R, and set

R:= F'(x,L ¢or) and B:= B(x,R),
where ¢y > 0 is a small constant such that R < R (which can be done thanks to (6.13) and (2.8)). Then, by
(6.9) with r replaced by cor, we see that
B.(x,Ly'cor) € B C B.(x,cor) C B..

Thus, by condition (S ), we obtain, for any ¢ > 0,

ct ct clft o IBD lB( L-leor) 0 g
— =5- =—eg— in — -B.(x, cor) = — B,
W(x,R) (L1 » 4774 0 T UL,

where the constants &, ¢ > 0 come from condition (S ). Moreover, by standard covering arguments, we have

PIB*IB* > P?IB > E—

! 1
Pf*lg* >e- < in ZB* (not only in

P

for any r < 2R, and any ¢ > 0, which proves (S*).
It remains to prove the converse implication (S%) = (S4). Fix a ball B := B(x, R) with R < R, and

ri= L_lF(x, R).

€0

B*
4L )

By (6.10), we have
B(x,Ly'R) € B, := B.(x,r) C B(x,R) = B.
Hence, by (S7), we obtain

t t 1 1 1
PPly > PP1g > - & ° in B.> 2 B(xLg'R) = 7 -B.

—_——_ - —
w LBW(x,R) 4 4L
where the constants &, ¢ > 0 come from condition (S%). Moreover, by standard covering arguments, we can

prove the above inequality also holds in }lB, which proves (S).
(iii). Fix some x € M and r > 0. We have by (6.9)

B.(x,Ly'r) € B(x,R) C B.(x,7),
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where
R:=F'x,L') & F&,R) =L'r & W(xR) = (L'rP.
It follows that
V(x, R) = u(B(x, R)) = u(B.(x, Ly' 1) = V.(x, Lg' ).
Hence, if (TJ) holds, then

C

J()C, B*(X, r)C) S J(X, B(X, R)C) S W(.x, R) = (L—lr)ﬁ’

so that condition (TJ.,) holds as well.
Similarly, we can use the right inclusion in (6.10) to prove (TJ.) = (TJ). Here we omit the details.
If (TJ,) holds for some 1 < g < oo, then we obtain similarly

C
V(x,R)1/4 W(x, R)
- C _ C
T Vi Ly'DVEW,R)  Vilx, Ly Ve (L)
CI
S -
Vi(x, V4 P

IV Miza, ey < I N zaBeeryy <

(by (VD,)),

thus proving (TJ7).
Finally, the implication (7.10) follows from the similar arguments that lead to (7.3). m|

Remark 7.5. Proposition 7.4 says that if conditions (DUE), (S), (S4), (TJ,), (TJ) are satisfied for a scaling
function W(x, r), that may depend on x, then the parallel conditions (DUE,), (S.), (S}), (TJ,’;), (TJ,) are
also satisfied for a new scaling function W.(x,r) = . that is independent of x, under the metric d.. This
property is crucial for the study of a truncated Dirichlet form in the next section.

8. TRUNCATED DIRICHLET FORM UNDER NEW METRIC

In this section, we will consider the p-truncated Dirichlet form (E®, #®)) defined in Section 5 for any
number p > 0 but under the new metric d., and obtain the heat kernel estimates for the truncated Dirichlet
form. Unless otherwise stated, all balls in this section are defined under the new metric d..

Recall that (&, F) is a regular Dirichlet form without killing part, and the jump part is as in (2.6). For any
p >0, set

EPu,v) := EV(u,v) + f f (u(x) — u(y)) 0(x) —v(y) dj, wu,veF, (8.1)
MXB.(x,p)

where B.(x, p) is an open ball under the new metric d, as defined in (6.8).
Clearly, if condition (TJ.) or (TJ) (which implies (TJ..) by Proposition 7.4(iii)) holds, then

w(p) := esup J(x, B.(x,p)) < oo, (8.2)
xeM

and (¥, 7)) is a regular p-local Dirichlet form by Lemma 5.7. Besides, all the results in Subsection 5.3
can be applied in the present setting.

Denote by {Q} the heat semigroup of the Dirichlet form (&%), F%)(Q)) restricted to a non-empty open
set @ € M (the superscript p in Qf1 is omitted). If Q = M, then {Q,} := {Qf!} is the heat semigroup of
(g(p)’ 7:(;0)).

Remark 8.1. Since # = ), all the cutoff functions defined for the Dirichlet form (&, ) are also cutoff
functions for (8¥), F©)).
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8.1. On-diagonal upper estimate of truncated heat kernel. We need the notions of the subcaloric and
caloric functions. Let / be an interval in R. A function u : I — L? is said to be weakly differentiable at t € I,
if for any ¢ € L2, the function (u(-), @) is differentiable at ¢, that is, the limit

(u(t + &) —u(t) )
- ¢

&

lim

&—0
exists. In this case, by the principle of uniform boundedness, there is some w € L? such that

. (u(t + &) —u(?)
lim| ——————~

&

,90) =w,p)

&—0

for any ¢ € L?. The function w is called the weak derivative of u at t, and we write w = du. Weak
derivative satisfies the following product rule. Let g : I — R be differentiable at ¢ € [ in the classical sense,
and u : I — L? be weakly differentiable at # € I. Then the function v := gu : I — L? is also weakly
differentiable at ¢.

For an open subset Q ¢ M, a function u : I — F is called subcaloric in I x Q with respect to (&, F) if u
is weakly differentiable in L? at any ¢ € I and, for any ¢ € I and any non-negative ¢ € F(Q),

(O, @) + E(u(t, ), @) < 0.

A function u is called caloric if the above inequality is replaced by equality, that is, if
(O, @) + E(u(t, ), ) = 0.

For example, for any f € L*(Q), the function u(t,-) = P,Q f is caloric in (0, c0) X Q.

Proposition 8.2. Let Q be an open subset of M. Under condition (8.2), for any t > 0 and any 0 < f € L?,
we have

0% f < PYPIPRf in Q (also in M). (8.3)
Consequently, if condition (T].) hold, then
2ct
Q,Qf < exp (%)P?f in Q (alsoin M), (8.4)

where ¢ > 0 is the same constant as in condition (T].) (independent of p, t, f and Q).
Proof. Let f € L? be nonnegative in M and
u(t,x) ;= 0P f(x) t>0, xeM.
Clearly, the function u is caloric in (0, 00) X Q with respect to &, that is, for any > 0 and any 0 < ¢ € F
@u(t, ), ¢) + EP(u(t, ), ¢) = 0. 8.5)
Consider the following function defined for all # > 0 and x € M:
v(t, x) := exp(=2w(p)u(t, x) — PLf(x).
Clearly, the function v(¢, -) satisfies the boundary and initial conditions:
v4(t, ) < exp(—2w(p)u(t, x) € FO(Q) = F(Q),
v4(t,-) = 0 in the norm of L?(Q) as t — 0.
Note that the function P2 £ is caloric in (0, c0) x Q with respect to &, that is, for any ¢ > 0 and any ¢ € F
(0:P2f, @) + E(P . ) = 0. (8.6)

Moreover, the function v is subcaloric with respect to & in (0, 00) X €, since for any 0 < ¢ € F(Q)

Ov(t, ), ) + EW(L, ), ) = exp(—zwm)n( — 2w(p)ut, ), ) + @u(t, ), p) + EP (ult, ), p)

N f f (ult, 1) = u(t, V() - $3)d )
M JB,(x,p)¢
+ (P2 f,0) + E(PRS, @)
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< exp(—2w(p)t)( —2w(p)(u(t,-),p) (by (8.5) and (8.6))

+f f 2, 20¢(2) + (e, VeI
M JB.(x,p)¢

< exp(=2w(p)N)( = 2w(p)(u(t, ), @) + 2w(p)(u(t, ), ¢))
=0.
Therefore, by the parabolic maximum principle (Proposition 11.7 in Appendix), we obtain
V(t, x) = exp(—2w(p)) 02 f(x) < PPf(x) for (1, x) € (0,00) X Q,
thus showing (8.3).
The inequality (8.4) follows from (8.3) and (TJ..). |

Next we show the existence and on-diagonal upper bound of the pointwise heat kernel for the truncated
Dirichlet form (E©, F®) for any p > 0.
Lemma 8.3. Assume that conditions (VD.,.), (T].) and (DUE,) hold. Then, for any p > 0, the Dirichlet form
(EP), F©)) possesses a pointwise heat kernel qu)(x, y) on (0,00) X M X M (see Definition 2.6). Moreover,
for any Co > 1, there exist constant C, ¢ > 0 such that, for any x € M and any t < Co(R,)’,

C ct

——exp|—|. 8.7
V.(x, 11/F) p(Pﬂ) &
Proof. Fix a ball B, := B(x,r) for some x € M and r > 0. Using conditions (VD,) and (DUE,), and
following the arguments in the proofs of [24, Lemma 6.3 and Corollary 6.4], one can obtain that

g (x,x) <

C’ r T B %
1Pl < (:vQ(—+Q|w}
tfll=(B,) 0 \R. ;

Using (8.4) with Q = M and (TJ..), we obtain for any ¢ > 0, r > O and f € L2,
ct

C’ T(E\F
Q¢ fllz=(p,) < exp (pﬂ)”PtfHL‘”(B*) < exp (;—;) JiB) (I% v 1) (7 + 1) /12

Therefore, it follows from Theorem 11.8 (with p = 2) in Appendix that the heat kernel qu) (x,y) of
(EV), F©)) exists on (0, c0) X M x M, and, moreover, for any z € B, = B,(x,r) and any ¢ > 0,

ct c’ r 7 e %
|W%»Msa4—}——{—vQ(7+q.

PP} Ju(B.) \R.
(See also [24, Eq. (6.13) and Remark 6.8].)
Let us verify (8.7). Indeed, for given Cy > 1 and ¢t < Co(R,)P, setting r := 1'/F < Cé/ﬁ R, in the above
inequality and using (VD,) and (2.7), we obtain

t C’ 118 TrN\g c” t
qg;)(x,x) < exp(c—) _ (_— \Y 1) (— + 1)2/3 <—— Xp(c_)’

P VV.(x, t1/8) \ R, 1/v,,c(x,(zt)l/ﬁ)e o8
which proves (8.7).

It remains to observe that the & -nest {F ](f) }re; 18 also &-nest, which follows directly from the fact that

&1 and 8(1‘0) are equivalent. O

Remarks 8.4. (i). Note that the E-nest {F ,(cp)}]‘j’:l in Lemma 8.3 may depend on p. Let {F} be the E-nest in

condition (DUE)~(see also [24, Lemma 6.6]). By [19, Theorem 2.1.2(1)] and its proof, there exists a common

regular &-nest {Fi},” | such that, for any positive rational number p € Q. and for each &,
FkCF](Cp) and FkCFk.

Consequently, for any p € Q;,

CAFPY) c C({F)) and  C({Fi)) € C{FR),
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Hence, we can modify the heat kernels p;(x,y) and qu)(x, y) by letting
pix.y) = ¢ (x.) = 0

for any ¢ > 0, whenever x, y lie outside the union set U,‘;‘;lf k-
In the rest of this paper, we rename {f kleey by {Fihy., so that (2.20) holds for both heat kernels p;(x, y)

and qﬁp)(x, y) simultaneously for all # > 0 and p € Q..

(ii). Under the hypothesis of Lemma 8.3, for any f € L? and ¢t > 0, the function P, f has a quasi-
continuous version that belongs to C({F%}), for example, fM P, y) f()du(y). We always adopt this version
of P,f, that is, for any f € L2

Pf(x) = f (%, ) f(")du(y) forany x € M and ¢ > 0 (8.8)
M

so that

P f € C{Fi).
Similarly, by Lemma 8.3, we can replace the truncated heat semigroup {Q; f};~0 by its pointwise realization,
by setting

0,f(x) = f q”(x, ) f()du(y) forany x € M and > 0 (8.9)
M
so that Q,f € C({Fl(f)}). In particular, for any p € Q,, f € L? and any ¢ > 0,
0:f € CEFiD.

By the standard arguments, we can first extend (8.8) and (8.9) to all positive functions f € B, (M), and
then to all f € B(M) whenever the integrals in (8.8) and (8.9) make sense.

(iii). If in addition P,f is continuous for all # > 0 and f € L?, then, by the proof of Theorem 11.8 in
Appendix, the E-nest {Fi} can be taken as F := M for all k > 1. Similarly, if Q,f is continuous for all # > 0
and f € L2, then & -nest {F](f)} can also be take as F]((p) = M forall k > 1.

In the remainder of this subsection, we prove the following statements that will be used later on.

Proposition 8.5. Under the hypotheses of Lemma 8.3, the following statements are true.
(i) Let g be a continuous function in an open subset U of M and f be a non-negative Borel function on
M. If the following inequality
P f(x) < g(x) (8.10)
holds for some t > 0 and for u-almost all x € U, then it also holds for all x € U.
(ii) Let h be a continuous function on U X U. If the following inequality
pi(x,y) < h(x,y) (8.11)
holds for some t > 0 and (u X w)-almost all (x,y) € U X U, then it also holds for all (x,y) € U X U.
The above results are valid for Q, and qu) (when p € Q. ) under similar assumptions.
Proof. (i). Let K € U be compact. Assume first that 0 < f € L*. Let ¢ € Co(U) be such that 1x < ¢ < 1.
By (8.10), we have for y-almost all x € M,
PP f(x) < p(x)g(x). (8.12)

Let {F} be the &-nest as in Remark 8.4(i). Since ¢g € Co(M) and ¢P,f € C({Fy}), by [19, Theorem
2.1.2(i1), p. 69], we see that (8.12) holds true for all x € M. In particular, we have (8.10) for all x € K, as
¢lx = 1. Since K C U is arbitrary, we obtain (8.10) for all x € U.

For a general non-negative Borel function f, let

foi=(FAnlg e LX(M), n>1.

It follows from above that (8.10) is true for each f, and for every x € U, since 0 < f, < f. Passing to the
limit as n — oo and K T U, we obtain, for every x € K,

Pif(x) = Hgn}( . Pifa(x) < g(x), Yxel.
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(ii). Let 0 < f € L™ (M) be with compact support in U. Multiplying by f both sides of (8.11), we obtain,
for u-almost all x € U

P f(x) = jﬂ; pi(x M f()duly) < fM h(x, ) f()dp(y). (8.13)
Since f € L™ has compact support and & € C(U x U), it follows that the function
v [ e 0o

is continuous in U. Hence, using (8.10), we obtain (8.13) for all x € U. From this, we see that (8.11)
holds for all x € U and p-almost all y € U. Moreover, by condition (DUE,) (or (DUE)), we see that
pi(x,-) € C{Fi}). Then, similar arguments in (i) will lead to the inequality (8.11) for all (x,y) e U X U. O

Remark 8.6. Recall that there is the relation (5.23) between P, and O, that holds almost everywhere in M.
Under the hypotheses (VD.,), (TJ.) and (DUE,), we conclude by Proposition 8.5 that (5.23) holds pointwise
forall p € Q. and f € L?> N L™, that is,

P.f(x) = O, f(x) + f QAP P,_ f(x)ds forall x € M. (8.14)
0

The identity (8.14) plays an important role in deriving the upper bounds of heat kernels.
Indeed, by Remark 8.4(ii), we know that P,f, Q,f € C({F}) fort > O and f € L? when p € Q.. Fix
peQ,and feL>NL™. By (5.21), we have, for any 0 < s < ¢,

QAP P, f € CHFL)).
Then it follows from [19, Theorem 2.1.2, p. 69] and (5.21) that, for any x € M,
10,AY P £ < 1QAY Py fllo

S NQsllizesr - 4w(P) - [1Pr—sllz= - 2= flloo
< 4w(p)l| flleo < oo

Hence, by the dominated convergence theorem, we obtain

t
fo QAPP,_ f € CUFL)).

By [19, Theorem 2.1.2, p. 69], we conclude that (8.14) holds for any f € L*NL®andt>0.

8.2. Tail estimate for truncated semigroup. Recall that, for any open set Q Cc M, {Q?} denotes the heat
semigroup associated with the part Dirichlet from (¥, 7®)(Q)) of the truncated p-local Dirichlet form
defined by (8.1) for p > 0. In this subsection, we give pointwise tail estimate of the heat semigroup {Q? *} of
any p-local Dirichlet form (&P, F©)(B,)) for any ball B,.

Proposition 8.7. If every ball in M has finite measure and conditions (S%), (T1.) hold, then, for any ball
B. := B.(x,r) withr > 0 and any t > 0,

1-071p <1-e+C(rP+pP)t in %B* (8.15)
where € € (0, 1) and C > 0 are two constants independent of p, t, B..
Proof. By condition (S} ), for any ball B, := B.(x,r) with r < 2R, and any 1 > 0,
1-PP1p <1-e+CrPrin %B*, (8.16)

where € € (0, 1) and C > 0 are two constants independent of ¢, B.. Let us prove that (8.16) holds also when
r > 2R, (and R, < oo). Since every ball has finite measure, it follows from [20, Lemma 4.6, p. 3327] that
condition (S.) (and, hence, (S7})) implies that (€, ) is conservative. Hence, when r > 2R.,wehave B, = M
whence 1 — Pf*lg* =1-P;1 =0, forall t > 0, which implies (8.16) for all » > 0 and ¢ > 0.
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Consequently, it follows from (5.26) with Q = B,, f = 15, that

=01 < 1= PP 1y + 5 1,

1
<l-e+CrPr+CpPt in ZB*,
which proves (8.15). |
In the next two lemma we obtain two different estimates of Q;1pc.

Lemma 8.8. If every ball in M has finite measure and conditions (S3), (T).) hold, then there exist positive
constants C, c, ¢’ such that, for any ball B, := B.(xo, r) of radius r > 0 and any t > 0,

r t 1
1o <1-0%1, <C —c—+c—=| in-B.. 8.17
Ol pe 0, 1p, CXP( Cp Cpﬂ) in 5 (8.17)

Proof. Fix a ball B, := B.(xg,r) with r > 0 and ¢ > 0. The inequality (8.17) is trivially satisfied if r < 4p,
since 1 — Qf *1p, < 1 in M. In the sequel, assume that r > 4p.
Since (S7) and (TJ.) are satisfied, we obtain by Proposition 8.7, that, for any z € M,

1

1= 07 Ny gy < l—e+co(pP+pP)t=1-8+2cpPt in 1 B-@p). (8.18)

Recall that, for any A > 0 and a ball B.(y, r’), the resolvent RB-0) f the heat semigrou {QB*(y’r/)} is given
y y 2 group (¢, g
by (5.4), that is, by
ROy = f e BB rds for f e L2,
0

Then by (8.18), for any 4 > 0 and z € B.

1 - /lRf*(Z’p)lB*(z,p) — j; /le_/ls(l _ Q?*(Z,p)lB*(Z,p)) dS
< f e (1 -+ 2cop_ﬁs) ds
0

1
=1l-e+2c02 pP =1¢c(p,)) in ZB*(z,p).
Next, let £ > 1 be an integer such that

’
k<—<k+1,
<4p_ +

in particular, 4kp < r. Since (S}) = (S.) and every ball has finite measure, by [20, Lemma 4.5, p. 3326],
we have that cutoff(A, U) # 0 for any bounded measurable set A and for any open set U with A C U (that
is, (5.2) is satisfied). Hence, by Lemma 5.6 and (5.17), we obtain, for any A > 0,

1
1= AR% 15, < c(p, M = (1 =& +2c0A7 "' p P in B

. dcp - . . .
Setting A = ﬁ in the above inequality, we obtain

2 2 1
1- /lRf*IB* <(1-g/2)f =exp (—kln 7 8) < exp (— (é - l)ln 7 8) in ZB*.

Moreover, with the above choice of 4, using (5.7) with Q = B,, we obtain from the above inequality

2
PSR T

= exp|—In 2 r—l +4COI
- P 2-¢e\4dp gpP

C ( - ’t) i 1B
= exXp|—c— Cc — 1m —Dy.
JR 4

which is exactly (8.17) with C = 5%, c = 1 In5%= and ¢’ =

4co
0,
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Lemma 8.9. If conditions (S7}) and (TJ,) hold, then, for any t > 0, 6 > 0, any integer k > 1, and any ball
B.. := B.(xq, 1) with r > 4kp,

Ok

B r\# 1
Ol <1- 0/ 1p < CH,k) > in 7B.. (8.19)

Here the constant C(6, k) > 0 is independent of t, B., p.

Proof. Let {Q,@} be the heat semigroup associated with a regular, strongly p-local truncated Dirichlet form

(EP, F©)) defined by (8.1) for p > 0. Let { Eﬁ)’U} be the heat semigroup associated with Dirichlet form
(EP, FO(U)) for any open set U.
Step 1. Let us prove that for any 6 > 0, s > 0, any ball B.(z,7) withze M and 7 > 0,

4
_ o+ 1
1- Pf*(Z’V)IB*(zi) <C@®) (%) in ZB*(Z’ r). (8.20)
If ?—Yg > 1, then (8.20) is trivial, since 1 — P?*(Z’?)IB*(Z,;) < 11in M. Hence, let us assume that
s<7. (8.21)
Let p > 0 be a number to determined later. Applying (5.26) with Q = B.(z,7), f = 1p,7 and using
(TJ.), we obtain, for any s > 0,
= 5 7 Cs
1= PEEg 5 < 1= QPP o+ E 157, - (8.22)
Since (S3) and (TJ,) are satisfied, we obtain by combining (8.22) and (8.17), that

. 7 c 1
1- PBGEIL, o < Cexp (—ci + c'_i) + = in 7B, (8.23)

o
We will minimize the right hand side of the above inequality by choosing p that satisfies
s<p?P and p<T. (8.24)
Assuming that p satisfies (8.24) for the moment, applying (8.23) and using the elementary inequality
e < er@a? foralla >0,

we obtain that, for any ball B.(z,7) withz € B, and 7 < r,

= T C
1- Pf*(z’r)lg*(z,ﬂ < Cexp (—C; + C,_i) + _—S
PPl

, r\ C
< Ce® exp (—cé) b=
P

rod
—\0
<C®) [(g) + i] in %B*(z, 7). (8.25)

—\0
Now choose p such that (’;)) = %, that is,

Note that the number p satisfies(8.24), since

7 _(f)ew >1 and

N

SH DI

N

()

Therefore, substituting the above value of p into (8.25), we obtain that, for any 8 > 0, any ball B.(z,7) with
7€ M and 7 > 0 and for any s > 0,

—\0 5
_ s \ B 1 _
1— PSB*(ZJIB*@,;) <2C(H) (g) =2C(6) (§) n ZB*(Z, r),
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thus proving (8.20).
Step 2. We turn to prove (8.19). It suffices to consider the case that

t
— < 1.

o
Using (TJ.) and (5.26) with Q = B.(z,p) (where z € B,) and f = 1p, (), we obtain by (8.20) that, for any
6 > 0and any s > 0,

0
) Cs s\* Cs . 1
1- Qf*(z’p)lB*(z’p) <1- Pf*(z’p)lg*(z’p) + E ”13*(1,’0)”00 <CH) (ﬁ) +— 1In ZB*(ZaP).

P

Then, forany A > 0 and z € M,

B.(z, « s B.(z,
1= AREP1p () = fo Ae™H(1 = 071 () ds

< fom A~ [C(H) (%)” + %] ds

_ fom e {C(e)(ﬁ)gﬁﬁ + %} ds

0 _ 1
<CO W) 7 +C(W) =D i ZB.p).
Since 4kp < r, it follows from Lemma 5.6 that

P k
1= ARV 1p, < c(p, V) = (C’w) (20F) ™ + c(ApB)‘l) in %B*.

Moreover, setting A = ¢~ in the above inequality and using (5.7) with Q = B,, we obtain by the above
inequality
k

1- 0715 <eV(1-ARY15,) < e (c’(e) (Apﬁ)_ﬁ +C (/lpﬁ)_l)

= e[C'(Q) (i)yif + Cp%]k

c@o k)(t & i 1B
= — in —=B..
()

where we also use the assumption that # < p# and the fact that -2

9+,3<1' O

In the remainder of this subsection, we will obtain the relation of two heat kernels p;(x,y) and ¢;(x,y) in
the norm of LY outside ball B, for any 1 < g < oo.

Lemma 8.10. Assume that (VD.,), (DUE,), (S3), (TJZ) hold for some 1 < g < oo. Let q,(x,y) be the heat

kernel of the p-local truncated Dirichlet form (8%, 7)) defined by (8.1) for any p € Q,. Then, for any
t >0, x € M and any ball B.,

Ct 't
X, oy < lge(x, - o+ —————exp|— |, 8.26
1P, lzacey < Nlge(x, llracae VoG p) V7 P P(pﬁ) (8.26)
where C,C’ are two positive constants independent of t, x, B., p, and ¢’ = q%l as before.

Proof. Since conditions (TJ,.) (which follows from (TJ;) by (7.10)) and (DUE,) hold, we see by Lemma 8.3

and Remark 8.4 that, for any p € Q,, the truncated Dirichlet form (¥, 7)) possesses a quasi-continuous
heat kernel g,(x,y) on (0,00) X M X M.
Fix a ball B, := B.(x,r) with r > 0 and fix # > 0. Without loss of generality, assume that

lp:(x, Nlzacsey > 0,
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otherwise, nothing is needed to prove. It suffices to consider the case when r < R., as otherwise, B¢ =0and
[p:(x, llzacpey = 0. The equality (8.14) yields that, for any f € ’NL>,

fM PG fO)U) = fM (e V) FOI(y) + fo 0APP,_, f(x)ds. (827)

Let us use the operator A® defined in (5.20), that is, (under hypothesis (TI,))

A0 =2 [ (@)= FOMI0. DM @)
We need to estimate the term Q A% P,_, f(x). To do this, let us introduce the function hsx: M — R, by
hsx(2) := fM qs(x, w)J,(w, 2)du(w), z€ M,
where J,(w,2) := JW, 2)1{4,w.22p)- Then, for any s € (0,7) and any 0 < f € L? N L™,

QAPP,_f(x) = fM 4s(x.3) - AP P, F)d)
<2 L qs(x,y) ( L P f(2J(y, Z)l{d*(y,z)zp}dp(z)) du(y) (by definition (5.20))

=2 f]‘; Pi_sf(2) (f];/[ qs(x, 1)J (O, Z)l{d*(y,z)zp}dll(y)) du(z)

= Z(Pt—sfa hs,x) = Z(f, Pt—shs,x)
<2l fllgIPr—shsxll; — (by Holder inequality)
<2l fllgllhsxll;  (by contractivity of P, in LY),

where ¢’ := q%l. Combining this and (8.27), we obtain that

fM i, N fduy) < L qi(x, ) fFdu(y) + fo O,AP P,_ f(x)ds

t
< f q:(x, ) fduy) + 21 flly f A5, xllgds. (8.28)
M 0
Let K be a bounded set under the metric d,.. Consider the function
FC) = pilx, )T gk ().
Observe that f € L*(M) because by (DUE.) we have, for any y € M,

pi(x,y) = f P172(X, 2)P2(2, )A(z) < |pij2(x, l2llpe2G, Yl
M
C
V. BV, (y, 11B)

which together with (VD,,) and the fact that f is supported in a bounded set K, yields that f is bounded. It
follows that also f € LY(M) and, hence, fe LY (M). Note that

= \Vpi2(x, 0)pia(y,y) <

1/q
R ) R T e 829)

Applying (8.28) with the above function f, we obtain

!
f pi(x, ) duy) < N fllgllge(x, s + 211 flly f Ws.xllqds.
BSNK 0

Dividing by || f]l; on the both sides of the above inequality and using (8.29), we obtain

!
lp:(x, lzasenk) < llge(x, llzase) + Zf s llyds.
0
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Since the bounded set K is arbitrary, we conclude that

t
e Cx, llzacae) < Ngi(x, llzacse) + Zf 125 xllqds. (8.30)
0

It remains to estimate the term ||4;,|l,. By condition (TJZ)’ we have

C
(I So(w, )llg < W, we M. (8.31)

Defining measure v by
dv(w) = qs(x, w)du(w),
and using Minkowski’s inequality for integrals (cf. [18, on p.194]), we obtain that

q 1/q
“hs,xHq = (L (\f/;/] Jp(W, 7) - qs(x, W)d/,t(w)) dﬂ(Z))
q 1/q
- (f (f Jp(W’Z)dV(W)) d,U(Z)) Sf 1w, )llgdv(w)
M \JIm y

C

qs(x, w)
wfvwmw Lu(w). (8.32)
Let us estimate the last integral. Let By := 0 and

By := B.(x,kp) fork > 1.

Then
qs(x, w) N qs(x, w) N
————du(w) = f ————du(w) =: Iy.
L V*(W7p)1/q ; Bk\kal V*(Wap)l/q ;
By (VD..), we have, for any k > 1 and any w € By,
1 V.(x, 1 Clk+ 1)*
_ Vxp) G+ D™ (8.33)
Vilw,p)  Vi(w, p) Vi(x, p) Vi(x,p)
and then s s
I < s(x, wydu(w) < .
"2 Vo) Ju T = Vi)

On the other hand, by Proposition 8.5 and (8.17) with ¢, r replaced by s, (k — 1)p respectively, we have that

for any k > 2
slge (x) < Cexp|—c +c’i = Cexp —c(l<—1)+c’i .
Ol () <C p p
Combining this, (8.33) and (VD..), we obtain, for any k > 2,
1/q
qs(x,w) Clk+ 1)*
Iy = f —————du(w) < (— qs(x, w)du(w)
Bk\Bk—l V*(Wap)l/q V*(xap) Bk\Bk 1 *
C(k + D\ C(k + )@
< (#) QslB" ( ) < (g

C’ s ,
- r 2. a./q 3
< V.o )9 exp(c pﬁ) k+1) exp(—ck).

(k—Dp

1/q s
-C —c(k—1 f—
) exp( c( )+Cpﬂ)

Therefore,

(o)

gs(x, w) N s\ o ol
memwww‘zlSvumwﬁ%ﬁﬂgwﬂ)quw

C c's
(7] o
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Combining this, (8.32) and (8.30), we obtain (8.26). |
The following lemma is an analogue of the above lemma for the case when g = co.

Lemma 8.11. Assume that (VD.), (DUE.), (S}), (J2) = (TJ,) hold true. Let q;(x,y) be the heat kernel of
the p-local truncated Dirichlet form (E®, F©) defined by (8.1) for any p € Q. Then, for any t > 0 and
any x,y,€ M with x #y,

Ct c't
(%, y) < qix,y) + Vi & &ﬁ) (8.35)
Proof. Let B, := B.(x, r) with r > 0. By (8.28), we see that for any 0 < f € L'(B) n L™
fB P fOdp(y) < fB @iy f3)du®) + 201 fll fo A5 xlloods,

from which, it follows that, for y-almost all y in B¢,

1
pl‘(x’y) < CIt(X,)’) + 2]()‘ ”hs,x”oods- (836)

Since py(x,-) € C({F¢}) and q;(x,-) € C({Fi}) by Remark 8.4, we see that (8.36) holds true for all y € M
with d.(x,y) > r. It remains to estimate the term ||A; ||. Indeed, by the similar arguments in the proof of
Lemma 8.10, we can prove that (8.34) also holds true for ¢" = 1 but using (J2) = (TIZ,) instead of (TJ;).
Hence, we obtain

llAsxlleo < f qs(x, w) (esupl{d*<w,z>>p}J(w,z))du(w)
M

_ qs(xW)
fqg(xw)( )dﬂ() pﬁf\/(,p) w)

- C exp (c’s)
= Vi(x, p)pf P
Combining this and (8.36), we finish the proof. O

8.3. Off-diagonal upper estimate of truncated heat kernel. In this subsection, we derive off-diagonal
upper bound of the heat kernel ¢,(x, y), for the truncated Dirichlet form (EP, F©)) where p € Q.

Lemma 8.12. Let (8P, 7)) be a regular Dirichlet form in L* with EP) defined by (8.1) for p € Q. If
conditions (VD,), (DUE,), (S3), (TJ.) hold, then for any Co > 1, t < Co(R.)Y and any x,y € M,

C 't 0 \& d.(x,y)
q:(x,y) < m exp(pﬁ)(l + l/ﬁ) exp (—c - , (8.37)
where the constants C, c,c’ > 0 are independent of t, x, y, p. Consequently,
C 't 0 \&
460 < exp(ﬁ) (1 + tl_/ﬁ) . (8.38)

Proof. FixCy > 1,1 < Co(R.)’ and x, y € M. If x =y, then (8.37) follows directly from Lemma 8.3. In the
sequel, we assume x # y and set r := %d*(x, y). We consider two cases.

Case 1: p > r. In this case, since /2 < 2‘1Co(1_2*)ﬁ, we have by Lemma 8.3 that

C 't
t ’ = t ) t ) S Q|-
q1(x,y) = V23, 0q12(y, ) N AP0 exp(pﬁ)

Moreover, by using (VD..) and the fact that p > r, we have

Valx, 1176 d.(x.y) + 1B\ (3p 4P o\
V*(y,(t/Z)”ﬁ)S ( (1/2)\/B ) < ((t/z)l/ﬂ) = (” 1/,8) -

Combining the above two inequalities and using the fact that @ < 3, we obtain (8.37).
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Case 2: p < r. In this case, consider disjoint balls
U :=B.(x,r), V:=B.,7r).
By Lemma 8.3, we have, for any w’,z € M and s < Co(R..)?,

C s
@sW, 7)) = \gswW w)gy(Z, 7)) < exp (—)
Vo' SRV, (2, 51y \ PP

In particular, the function g4(w’, 7’) is locally bounded in R, X M x M. Hence, by Corollary 11.5 in Appendix,
with s = t and Q = M, we see that, for u-almostallw e U,z € V,

q2u(w.2) < (1 = 0V 1y(w)) sup g (- D=,y + (1= Q' 1)) sup llge oWl -

t<t' <2t 1<t'<2t

On the other hand, applying (8.17) with B, replaced by U, we have

r t 1
1-Q1y(w) < Cexp|-c—+'—| p-aa we-U.
Cly(w) < exp( Cp+cpﬁ) p-a.a we4

Similarly, applying (8.17) with B, replaced by V, we have

r t 1
1-0/1v(2) < —c—+c—| paaze-V
0, v(z)_CGXp( Cp+cpﬂ) p-a.a. z€ o

Therefore, combining the above three inequalities, we obtain that for u-almost all w € iU ,ZE %V,
r t
qa(w,z) < 2Cexp (—c— + c'—) sup esup gqr(w',7). (8.39)
P PP ) << weU,,7 €V,

Let us estimate the term sup;_, <y, €sUp, ey, ey, 4r(W',2'). Indeed, since p < r, we have for any w' € U,
and 7’ € V,,,
d.(x,w)<r+p<2r, and d.(y,7)<r+p<2r
Moreover, since ¢ < Co(R,)?, we have for any ¢’ € (¢, 21],
¢ <2t <2Co(R.).

Therefore, by Lemma 8.3, we have

C c't
su esup gr(w',7) < esu (_)
t<t’£2z w’eUp,zPeVp ' w'eU,, zpeV \/V W, 1BV, (2, t1/B) P P
c’ 't ro\@
<—exp[— |1+ —) , 8.40
V. (x, t1/B) p(/ﬁ)( 11k (840

where we have used the fact that, using the doubling property (VD.,.), for any points w’ € U,,,z' € V,,
V.(x, t'/8) d.(x,w) + t1/B\" , r+ p\% , 2r \*
—V*(W,,tl/ﬁ)sc By — SC(1+ 1//3) <C 1+1—/ﬁ )
Vi, 18 (d*(x, )+ t”ﬁ)”* <C (d (09) + (D) + r”ﬁ)

V*(Z/’;l/ﬁ) - t1/B t1/B
, 4r +p , 5r
<C (1 + /B ) <C (1 + I_/ﬁ)

Now, combining (8.39) and (8.40), we have

r t
g2:(w,7) < 2Cexp (—c— + c’—) sup esup gqr(w',z7)
P ,DB 1<’ <2t w'el,,7’€V,

¢ A (1+r)a*
S ———-EXpl|—Cc— Cc — .
Vi, 108y P\ T 8 ) U T
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Moreover, by Proposition 8.5, the above inequality holds true for all points w € }lU and z € %V. In
particular, for (w, z) = (x,y), we obtain

(x,y) < ¢ e 2t e ! (1+ ’ )a*
x,y) < ————exp| — |exp[—-c- — .
qoe\ X,y V*(x, tl/'B) p pﬁ p 0 /B

Finally, let us observe that
r ro\% cr P \*
exp(—cl—))(l + tl_/ﬁ) < Cexp(—il—))(l + tl_/ﬁ) ,

which follows from the elementary inequality exp(4) > ¢(1 + 4)*. Combining the above two inequalities,
we conclude that

(x,y) < ¢ e 2c't e cr (1 ;P )a*
X,y) < ————ex xp|—=— -
q2:\ X, y V*(x,tl/ﬁ) p pﬁ p 2p /B

thus proving (8.37) by renaming ¢ by % and substituting r = @ O

9. HEAT KERNEL UPPER BOUND

In this section, we will obtain the upper estimate of ||p/(x, -)l| q(ge) for any 1 < g < oo. To do this, we first
obtain the upper estimate for ||p;(x, )|l L4(pc) under metric d., and then translate it to the original metric d.

9.1. Tail estimate in L7 under new metric. Let us first introduce conditions (TP,) and (TP)).

Definition 9.1 (Condition (TP,)). We say that condition (TP.) is satisfied if
Ct .1
PtlBi < r_ﬁ n ZB* (91)

for any ball B, := B.(x, r) of radius r € (0, ﬁ*) and any ¢ > 0, where C > 0 is a constant independent of ¢, B,.
Definition 9.2 (Condition (TP;)). For a number 1 < ¢ < oo, we say that condition (TP;) is satisfied if the

pointwise heat kernel p;(x,y) exists in the sense of IZeﬁnition 2.6, and, £0r any Co > 1, there exists C > 0
such that, for any ball B, = B, (x, r) of radius r € (0, R,) and any ¢ < Co(R.)?,

1 t
”pt(-xs )”L’i(Bi) < C V*(x, tl/ﬁ)l/q, A V*(x, r)l/q;rﬁ)’ (92)

r— 9
where ¢’ = 1 a8 before.
We start with the following lemma.

Lemma 9.3. The following implication is true:
(VD,) + (S) + (TJ.) = (TP.).

Proof. Let B, := B.(x,r) with r € (0, R,) and let 7 > 0. We need to show (9.1). We can assume that ¢ < °,
because otherwise (9.1) is trivial since P;1pc < 1.

Using (5.26) with Q = M, f = 15 and (8.19), we have, that for any integer k > 1, any 0 < p < ﬁ{ < %,
and any 6,1 > 0,

Ok
Ct t\" Ct 1
Plpe < Qg + — |||, < C(6,k) (—) +— in -B..
! t o8 ” ”oo o8 o8

Setting here 6 = B, k = 3 and p = 7 = 15, we obtain

1551\ 156Ct 1580\ 158Ct ¢ 15fct ot 1

Plp <CB|—| +-—=<cC + <C'=+—==C=- in-B.,
A < (ﬂ)(rﬁ) rﬁ_(ﬁ)(rﬁ) e A

which proves (9.1). m|

Let us prove a similar implication for (TP;) for 1 < g < co.

Lemma 9.4. For any 1 < g < oo, we have
(VD.) + (DUE,) + (S}) + (TJ,) = (TP)).
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Proof. Let B, := B.(x,r) with r € (0, R.) and let 7 < Co(R.)’ with Cy > 1. By remark 8.4(i), the pointwise
heat kernel p;(x,y) exists in the sense of Definition 2.6. So, we need only to show the inequality (9.2).
Let us first prove that

PG, Mpapey < 9.3)

Velx, Byl
for some positive constant C independent of ¢, x. It suffices to consider the case when 1 < g < oo since

lpr(x, Mprpey < 1.
To do this, we need to estimate the term ||g,(x, -)l|zs(s¢) in (8.26) for p € Q.. Indeed, we have by (8.38) in
Lemma 8.12 that

llg:Cx, lzacBe) ( fB ) gr(x, y)?7! -qz(x,y)d#(y))q

1

IA

q-1 q g-1
sup g;(x,y) 4 ( f Qt(x,y)d/l(.)’)) < supg(x,y) ¢
yEM M yeEM

gq-1

C Ct p \&\ T
S“mf@“%ﬁﬂ“ﬁﬂ) '

Therefore, it follows from (8.26) that

llpe(x, )l < llg:(x, )l + d 5 © C/Bt
X, - oy < X, - c ——eXp| —
Dt La(BS) = 1lq: L9(BY) Vo) P

< ¢ ex “ (1+ g )"*/q’+ cr ex c
= Ve, 0Byg P o 1l/B V. (x, o)V pB P )

Choose a rational p close to /8, we obtain (9.3).
Let us next prove that

Ct

peCes Mo, ey < VoG B 94

for some C independent of ¢, r, x. By (9.3), it suffices to consider the case when
? >t 9.5)

We also assume that
p €(0,r1N Q. (9.6)
By (8.37) and (VD,), we have that, for any t < Co(R,)’ and any x € M,

(x,3) < < (14 L) enp e
su X,y) S SUp —————eXp|— — | expl|-c

< _c (L)a exp(it) (1 + L)a* exp (—cz)

= V(o) \1178 o )\" T P

< S (L) exp(if)exp ()

= Vo(x,r) \11/B P o
+___E;__(1;)“*exp(EZ)(Je_)“eXp(_cz)
Ve, r) \(1B o )\11/B p

c’ ro\2e c’t
Swmn@ﬂ “4@) 9.7)

where we have used the fact in the last line that

p o\ r ro\% [\ r ro\
(5 e l-<t) = () ) emnlef) <)
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On the other hand, we have by (8.19), Remark 8.4 and Proposition 8.5 that, for any 8 > 0 and for any
integer k > 1 with r > 4kp (noting that (9.6) is clearly satisfied since 'g > 4k > 4),

f GG )du(y) = Ol (x) < C(@(i)w . 9.8)
B P

Consequently, combining (9.7) and (9.8), it follows that, for any 8 > 0 and for any integer k > 1 with
r > 4kp,

1/q -1 1/q
lg:(x, racey = ( fB ) qr(x, y)! -qt(x,y)dﬂ(y)) < sup gi(x,y) @ ( fB ) qz(x,y)du(y))

YeB;

c’ ro\2e o\ ¢ \p
= (V*(x,r) (tl_/ﬁ) CXP(E)) '[C(e)(ﬁ) ]
__Cco ( ot )(L)Za*/q' (i)w%q
= Voo nve P\ g op |\ s P

O r \ [P\ [ \w
= ex r r .
Vi (x, r)le p 70 \p 7

Therefore, substituting the above inequality into (8.26), we obtain

1/q

l1p:(x, )l < llge(x, )l — 5 €X —l;
X, ) = X, ¢ ’
Dt La(BS) = |Iq: L4(BS) V.Cr )14 p

CO [\ (R
= 7 exp r 13
V*(x,r)l/q q//)ﬂ p pﬁ

Ct c't
+———exp|—|. 9.9
o) 09
Now let 6 = 8 and choose the integer k > 1 such that
Ok 2a, k2.

= = >,
O@+Pa Bgd 29 B

2w,
2‘1(”/;;'”'

Choosing the rational p close to 4—’k and using (VD) and (9.5), we obtain

for example, let

k=1+

c t\wa Rt C't
. qpey < —mmm 0 — —_ 4+ —I1< —
it Dleecssy < e ((rﬁ) #)= Vil
thus proving (9.4).
Finally, condition (TPZ) follows directly from (9.3) and (9.4). m|

Let us define condition (TP:;) for g = co.

Definition 9.5. We say that condition (TP.,) is satisfied if the pointwise heat kernel p;(x, y) exists in the sense
of Definition 2.6, and for any Cy > 1, there exists C > 0 such that for any x,y € M and any t < Cy(R,)’,

1 t
Py = C(mx, W) " Ve di o, y)ﬂ) | 10

Lemma 9.6. For g = oo, we have

(VD,) + (DUE,) + (S}) + (TJ,) = (TP,).
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Proof. Fix x,y € M and t < Cy(R,)? with Cy > 1.

Let us first prove that p,(x,y) < W Indeed, by (8.35) and (8.38), we have for any p € Q,,

(x,y) < ¢ ct (1 + P )a* + ¢ ct
x,y) < ————exp|— _— ————exp|— |-
Taking here p close to t'/8, we obtain
(x,y) < o ex <t 1+ AN PRI ct
X)) < ———— — —_— —_— —
PRV = 5 ey P\ 7 118 V.o iy PG
B C
Vil 1By

It remains to show that
Ct

} 9.11
Vo(nd ey P @1

Pt(xy)’) <

It suffices to consider the case when
d.(x, y)ﬂ > 1.
By (8.35), we need to estimate ¢;(x, y). Let
ri=2d,(x,y) > 2t'/P,

so that M C B.(x,r)° U B(y, r)°.
By semigroup property of g,(x,y), we have

q(x,y) = fM q172(x,2)q172(2, y)du(z)

( f + f ) q1/2(x, 2)q1/2(2, y)du(z)
«(x,1r)¢ B.(y,r)°

sup ¢;/2(z,y) q1/2(x, 2)dp(z) + sup qy/2(x, z) q172(2, y)du(z).
EM B.(x,r)¢ zeEM B.(y.r)*

We need to estimate the terms on the right hand side of the above inequality. By (8.38), (VD) and the
assumption that > 2¢!/8, we obtain

IA

IA

su (z.y) < < ex 1 )(1 ;P "
LY S o — —
i AN T L N V) ST
C Vi(x,r) ! ( 0 )"*
< 1+ —
V.0 ) VoG (2)178) O (2p3) (B
c’ ro\% c't P\
<— (- re )
Vo(x, 1) (zl/ﬁ) eXp(zpb’)( 117
Similarly, we obtain the same estimate of sup_.,, g;/2(x, 2):

s (r) < —C (r)me c't (1+p)m

u %72) < —— == exp|l=— — .

ro 2 D=y e ) P58 )T

On the other hand, by (8.19), Remark 8.4 and Proposition 8.5, we obtain for any 8 > 0, any integer k > 1
and p € Q, with 4kp < r,

t \%B
f q112(x, 2)du(z) = Qs21B,(x,re(x) < C(6,k) (—) ,
B.(x,r)¢ 2/)6
and
t

Wﬁ
f q172(2, Y)du(z) = Q121,30 (y) < C(6, k) (2—) ,
B.(y,r)¢

where C(6, k) is a constant independent of ¢, x, y, p.
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Finally, combining the above five inequalities, we obtain that, for any 8 > 0, k > 1 and p € (0, ﬁ() NQ,,

2C(9’k) o\ C/t p [e2% t %
9i(%.y) < Vi(x,7) (tl_/ﬁ) exp(ﬁ) (l ’ fl_/ﬁ) (E) ’

Substituting the above inequality into (8.35), we obtain that
(53) < 4 y) + Ct (C’t)
DX, y) = qiX,y) + ———— eXpl—
' ' V*(-x’p)/)B f)ﬁ
Ok
2C(9,k)( r )m 't ( 0 )0 t \o8
< — — {1+ == —
= Vo \dE) P\ P E) \pp

N Ct exp ( 't )
Vi(x, p)pP Pl
Set in the above inequality 6 = § and take

2w,
k=1+ 2(1+ )J
B
so that
k  2a.
- = > 1.
2 B

Passing to the limit in (9.12) as the rational p increases to #c, we obtain by (VD,) that

Ci(Bk) ( r \* c't r/5k\" P\
Pilxy) < s (tl_/ﬂ) eXp((r/Sk)B)(l+ t”ﬁ) ((r/5k>ﬁ)

N Ct ( 't )
V.6 /5l (r/5kF P\ (/508
C(k) (t)’z‘-zﬁ”* C'(k) t

~ Vilx, 1) E * V.(x, r)ﬁ
Ck)t

< I /. N R°
~ V(x, )r8

where we have used the facts that ﬁ < 1 and then

k_2ax
B

(%)i sriﬁ (by (9.13)).

Thus we have proved (9.11).
9.2. Tail estimate in L7 under the original metric.

Lemma 9.7. Assume that (VD) is satisfied. For any 1 < g < oo, we have
(TP,)) & (TP,
(TP,) & (TP).

9.12)

9.13)

9.14)
(9.15)

Proof. For the equivalence (9.14), it suffices to prove the implication (TPZ) = (TP,) since the other direction

can be proved similarly.

Indeed, assume that condition (TP,) is true. Fix x € M, R € (0, R) and r < W(x, R). It follows from (6.13)

that r < Co(R..)? for some C > 0. Let
r:= L™ F(x,R) so that W(x,R) = F(x,Rf = (Lr)’.
By (6.10), we have
B(x,Ly'R) € B.(x,r) C B(x,R)
so that
V(x,R) = u(B(x,R)) > u(B«(x,r)) = Vi(x,r) > V(x, L51R).

(9.16)

(9.17)
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Let us assume that 1 < g < oo since the case when g = oo can be proved similarly. Using condition (TPp),
it follows from above that

1 t
* c < P g C S
lp:Cxs M ryy < WP Mo, ey < € V. (x. BT A Viix, r)l/q'rﬁ)

1 t
<C - A .
[V*(x, tBE V(x, Ly RV LFW(x, R))
On the other hand, using the second inclusion in (6.9) with r = Y8 we have by (6.7)
Vo(x, Y8 > Vix, F ' (x, L' '"By) = V(x, W' (x, LP1)).

Therefore, combining the above two inequalities and using (VD) and (2.8), we conclude that

1 ¢
P c S C, 7 A , ’
NPeCx Meacacn (V(x, W)/ " VxRV W(x,R))

thus showing that condition (TP,) is true.

For the equivalence (9.15), it suffices to prove the implication (TP.) = (TP) since the opposite direction
can be handled similarly.

Assuming that condition (TP..) is true and using (9.17), (9.16), we obtain

Ct Ct 1 1
Pz]-B(x,R)C < P,lB*(x,r)c < ﬁ = W(X,R) n ZB* D B(x, ZLO R).
By standard covering arguments, this inequality still holds in %B(x, R), thus proving (TP). O

9.3. Off-diagonal upper bound. We show that condition (TP,) will lead to condition (UE,).
Lemma 9.8. For2 < g < oo, we have
(VD) + (TP,) = (UE,).
Proof. Fix two points x,y € M and set
1
R = =d(x,y).
7 d(x.y)

Lett < W(x,R) A W(y,R).

We first assume that g € [2, 00). In this case, we have ¢’ = q%] < 2 < g. It follows from (4.1) that
condition (TP, ) is also true.

Using the semigroup property and the Holder inequality, we have

pi(x,y) = fM Pi72(x, 2)pe2(2, y)du(z)

< f Di72(x, 2)pry2(2z, y)du(z) + f D1/2(x, 2)pry2(2, y)du(z)
B(x,R)¢ B(y.R)°

S pey2(x, llzaeryollPe2C g + 1P2C g pe2C W LaBy.R)e)- (9.18)
We estimate the term |[p;/2(-, ¥)lly -
Indeed, since t < W(y, R), by condition (TP, ), there exists a constant C > 0 such that for any R" < R,

C
V(y, W=y, n)le
Since R’ < R is arbitrary, passing to the limit in the above inequality as R’ | 0, we obtain

C
V@, W=y, n)te

||pl/2(" y)”Lq'(B(y,R/)c) S

ps2C, Wy

Similarly, since < W(x, R), we have
C
V(x, W=(x, )4’

lpe/2Cx, lly <
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Substituting the above two inequalities and condition (TP,) into (9.18), we obtain
1 t/2 1
/ /\ /
V(x, W e, t/2)V9 - V(e VI W(x, R) ) V(y, Wl(y, £/2)V4
1 A t/2 1
VO, Wy, t/2)V4  V(y, VI W(y,R) ) V(x, W=1(x, 1/2)) e

Pt(x,Y) S C(

+ C( (9.19)

We claim that, for 2 < g < oo,

1 t 1 ¢
VoW TG VO W) C(V(x, W) V)W, y)) ©.20)

for a positive constant C independent of ¢, x, y.
Indeed, by condition (VD) and (2.7),

Ci'WV(y, x) < V(x,y) < C1V(y,x),
Ci'W(y, x) < W(x,y) < CiW(y, %)

for a positive constant C; > 1 independent of x,y. Let us divide the proof into two cases.
Case 1: W(y, x) > . In this case, we have d(x,y) > W~!(y, 1), which gives by (9.21) that

W(x,y) = W(x,d(x,y)) = C7'W(y, d(x,y) > C;'t.
From this and using (2.8), we see that
d(x,y) = W(x,C7'0 > CT'Wl(x, 1),
Therefore, it follows from (9.21), (VD) that
1 t t t
/ /\ s = / S C ’
Vo, W=y, ople Vi, o Wy, x) Vi, 0YIW(y,x) — V)Y Wix,y)
t t
S
Ve VEWx,y) Vi, CIW(x, n)Ve' (C ')

9.21)

t c’
<C - A aE
Vi, VaW(x,y)  Vix, W-l(x,n)l/4
thus showing (9.20) in this case.
Case 2: W(y, x) < t. In this case, we have d(x,y) < W~l(y, 7). By (11.2) in Appendix,

S Wl(x, 1)
V@, W-l(y,1)

for a positive constant C independent of x,y,#. From this and using (9.21), we obtain (9.20). This proves

our claim.
By (9.20), the factor in front of the second term on the right-hand side of (9.19) is bounded by

9.22)

1 R t/2 SC( 1 \ t )
Vi, W=y, 1/2)V9  V(y, R4 W(y, R) Vi, WLy, )4 V(y,R)\V4W(y,R)

1 t
’ ’ /\ ’ *
(V(x, WL, pia V(x, )V Wi, y))
Therefore, combining this and (9.19) and substituting R = %d(x, y), we obtain

1 t 1 1
< 7 A , + ,
pilx.) (wx, W) " V)W, y)) ( Vo W) Vi WG, r))l/q)
which is the inequality (2.25) in (UE,) in the case when 2 < g < oo.

Consider now the case g = co. Inthiscase ¢’ = 1. Fixy # xand let R = %d(x, ¥). Using (2.20) and the
fact that p,(x, ) € C({F}), we have by condition (TP.,) that for every point z € M with d(x, z) > R,

1 t
s < [ > (B(x,R)¢ < C A .
Pi(x,2) < Ipe(x, Ilz=(Bx.R)) (V(x, e Ve RV, R))
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In particular, the above inequality holds true for z = y since d(x,y) > R, thus showing that (2.25) holds in
the case when g = oo. _ _
Therefore, we always have that (2.25) holds for r < W(x, R) A W(y, R), thus showing condition (UE,). O

10. PROOFS OF MAIN RESULTS

In this section, we first give some consequences of the tail estimate (TP,). And then, we prove main
theorems.

Proposition 10.1. Let (&,F) be a regular Dirichlet form in [% Let UV c B(M)withUNV =0, and
f, g € F be non-negative Borel functions such that supp(f) C U and supp(g) C V. Then,

|
f f(x) f 8WJ(x, dy)du(x) < liminf — f F)Pg(x)du(x).
U v —0 2t U
Proof. Since supp(f) N supp(g) € U NV = 0, we obtain for any ¢ > 0,
(8= PO = (1P = [ P,
U
whence by [19, Lemma 1.3.4(1)],
.1

807,90 = lim | 21078 - Pig)

On the other hand, using (2.6), we obtain

&(f.g) = V(. g) = f f (F) = FON () — g0 j(x. )
MxM\diag

< liminf l f F(x)Prg(x)du(x).
-0 t Jy

= -2 f F)gW)J (x, dy)du(x).
Uxv
Combining the above two inequalities we finish the proof. O

Lemma 10.2. We have
(TP) = (TJ).
Proof. Fix some xo € M and R > 0, and set B := B(xp,R). Let f,g € ¥ be non-negative Borel functions
such that supp(f) C B and g < 14p)c. By (TP) we have for any 7 > 0,
Pig < PAupy < _C B
W(xo, R)
Using the above inequality and applying Proposition 10.1 for U = B and V = (4B)¢, we obtain for any ¢ > 0,

C
J(x,dy)d, —_— du.
Jye0 [ s < o |

Passing to the limit as g T 1(4p)c, we obtain

fB - J)J(x, B(x, SR))dp(x) < f J(0)J(x, B(xo, 4R) )dp(x)

B(xo,R)
C
S —_—
W(x0, R) Jp(xy.R)
Since f is arbitrary, there exists a Borel set Ny, g of measure 0 depending on xp and R such that, for all
x € B(xo,R) \ Ny g,

fdu.

CI
<
W(xo,R) = W(x,5R)’
where in the last inequality, we have used the fact that by the right inequality in (2.7),
W(x,5R) < cW(xg,R).

For a fixed R > 0, since M can be covered by at most countable balls like B(xg, R), there exists a measurable
set Ng with u(Ng) = 0 such that (10.1) holds for all x € M \ Ng.

J(x, B(x, 5R)) <

(10.1)
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Next, set
N = UR€Q+NR.
Then pu(N) = 0 and (10.1) also holds for all x € M \ N and all rationals R € Q.
For any real R > 0, taking a sequence {R,} € (0,R) N Q such that R, T R as n T oo, we obtain by (10.1)
and the right inequality in (2.7),

. . C
J(X, B(x, SR)L) < h}l'I_l)g.}f J()C, B(X, 5Rn)c) < hrl;IilcEf m

¢ (RY" C
<lminf ———|—| = ———,
n—co W(x,5R) \R, W(x,5R)

showing that (10.1) holds true for all x € M \ N and all R > 0. Let us set J(x, B(x,5R)°) = O for any x € N
so that (10.1) is satisfied for all x € M and R > 0. Renaming R by R/5 in (10.1), we conclude that condition
(TJ) 1s true. O

Recall that condition (C) means that the Dirichlet form is conservative.

Lemma 10.3. Let (8, F) be a regular Dirichlet form in L>. Then the following statements are true.
(1) For2 < g < oo,
(VD) + (TP,) = (DUE).
(i) For1 < g < oo,
(VD) + (TP,) = (TJ,).
(iii) For1 < g < oo,
(TP) + (C) = (S4).
Consequently,
(VD) + (TP, + (C) = (S4).
Proof. (i). Since condition (TP,) holds for 2 < g < oo, condition (TP;) is also true by (4.1). Thus, for any
ball B := B(x, R) of radius R € (0, R) and any t < W(x, R),
1 t C
lpr(x, 2 (gey < C(V(x, R A Vo R R)) < PR
Passing to the limit as R | 0 and using the semigroup property of p;, we obtain that for any x € M and any
t < W(x,R),

2

V(x, W-l(x, 1)
To prove condition (DUE), we need to extend the above inequality to any 1 < CoW(x, R) with Cy > 1 if

R < oo. Indeed, for any y € B(x, Aw=1(x,1) and fel? applying (10.2) for the point y and t < W(x, R),
and using (11.2) in Appendix, we have that

IPfO) = | fM Py, DF Q)| < lIp, Ml fll

’

< vor o < v
thus showing that [24, Eq. (6.2)] holds true. Therefore, by [24, Remark 6.8], the inequality (10.2) holds true
for any t < CoW(x, R) with Cy > 1, that is, condition (DUE) holds true.

(i1). Let us first consider the case when 1 < g < co. We first prove that the jump kernel J exists. Indeed,
fix xo € M and R > 0. Applying Proposition 10.1 for U := B(xg,R), V := B(xp,2R)  and for 0 < f,g €
with supp(f) C B(xo, R) and supp(g) C B(xop,2R)‘, we obtain by (VD), (2.7), (TP,) and Holder inequality
that

pi(x, %) = Ipa(x, I3 < (10.2)

f f(x) f g (x, dy)du(x)
U \%

1
<timint o [ 1) [ g0t
- U \%
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1 , 1/q l/q
< liminf — [ f(x) ( f g! d,u) ( f pi(x, y)qd,u()’)) du(x)
=0 2t Jy v v

.1 .
< liminf ~ f S - lIglle (v llpe(x, llzaesixryydu(x)  (since V € B(x, R)°)
- U

Ct
V(x,R)V/4W(x,R)

L 1
< hggipfnguL¢<v)§;‘j;.fcx>- du(x)  (by (TP,))

S(x)
= Cllgllye v, fU T R e (10.3)

< C,HgHLq’(v)
= V(xo, R4 W(x0,R)

fU J®)du(x)  (by (VD) and (2.7)).

Since F N Co(M) is dense in Co(M) and L7 (V) is separable, we can choose a sequence {g,}”, € F N
L7 (B(xo,2R)°) with supp(g,) € B(xo, 2R)° for all n > 1 such that {g,}*° | is dense in L7 (B(xo, 2R)"). Since
the function 0 < f € ¥ with supp(f) C U is arbitrary in the above inequality, there exists Ny, g € B(M)

with Ny, g C B(xg, R) and p(Ny, g) = 0 such that for all x € B(xg,R) \ Ny,gand alln > 1,

C,Hgn”Lq’ Blxo 2R)
f g (x,dy) < - E (x0,2R)°) .
B(x0,2R)" V(xg, )4 W(xg,R)

Since {g,}°°, is dense in LY (B(xg, 2R)°), by Fatou’s Lemma, (VD) and the right inequality in (2.7), we

n=1

obtain that for all x € B(xo, R) \ Ny, g and g € L7 (B(xo, 2R)°),

f IwW@MSf g Cx. )
B(x,3R)¢

B(x0,2R)¢
< liminf C”gn”L‘/(l/B(xo,ZR)C)
n=eo V(x0, R4 W(xo, R)
C||g||Lq’ (B(x0,2R)°)
= V()CO,R)l/q/ W(xp,R)
- C||g||Lq’(M)
~ V(x,3R)/4W(x,3R)

(by (VD) and (2.7)) (10.4)

For a fixed R > 0, since M can be covered by at most countable balls like B(xg, R), there exists a measurable
set Ng with u(Ng) = 0 such that (10.4) holds for all x e M \ Ng and g € LY (M).
Next, set

N = UR€Q+NR.
Then u(N) = 0 and (10.4) also holds for all x € M \ N, all rationals R € Q. and g € LY (M).

For any real R > 0, choosing a sequence {R,} C (0,R) N Q such that R, T Ras n T oo, by (10.4), (VD)
and the right inequality in (2.7), we obtain for all x € M \ N, all R > 0 and g € LY (M).

L C”g”L’M
f g (x,dy) < liminf P
B(x3R)C n—eo V(x,3R,)"4 W(x,3Ry,)
Cligll, R \**
< liminf Soeon (R (by (VD) and (2.7))
e V(x,3R)/4W(x,3R) \R,
C”g”m'(M)

~ V(x,3R)4 W(x, 3R) (10.5)

Therefore, for any x € M \ N and any R > 0, J(x,dy) is absolutely continuous with respect to du(y) on

B(x,3R)“, and hence, the derivative

J(x, dy)
du(y)

Jx(y) = (10.6)
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exists on M \ {x} and satisfies
C
V(x,3R)Y/4W(x,3R)
Now, let us prove that the function J,(y) has a jointly measurable version, say J(x,y), in (x,y) € M X M.
Indeed, we fix R > 0, and consider the function (x,y) — J,(y)1p.r)(y). First of all, by the fact that J(x, dy)
is a kernel on M x B(M) and (10.7), we obtain that the map x — J1pr)c from M to LI(M) is weakly
measurable since for any g € LY (M), the function

R fM Lacry g (x, dy) = f e0)J(x, dy)

B(x,R)°

I xllLaBox3R)) < (10.7)

is measurable. Secondly, since LY(M) is separable, by Pettis’ measurability theorem (see [39, Chapter V,
Section 4]), the map x +— J1p gy from M to L9(M) is strongly measurable. Thirdly, for any ball B(o, k)
with 0 € M and k > R, we have by (VD) and the right inequality in (2.7),

1 C
<
V(x, )14 W(x,R) = V(o,k)'/4W(o,k)

which together with (10.7) implies that the function x + [|J,1p(x r)c|lz2(m) belongs to L'(B(o, k)). This shows
that x = J,1p( ) is Bochner integrable on B(o, k) by Bochner’s theorem (see [39, Chapter V, Section 5]).
Finally, by [16, Chapter III, Section 11, Theorem 17], any Bochner integrable mapping admits a jointly
measurable version. This shows that x + J,1p(, ) admits a jointly measurable version (depending on R)
on B(o, k). Since k > R is arbitrary, there is a jointly measurable function J' ®(x,y)in (x,y) € M x M such
that for y-a.a. x € M,

L0 iy ) = JP(x,y),  praaye M.
Moreover, for any R > r, we have for y-a.a. y € B(x, R)",

JOy) = L0y ) = 0 ) = J7x, ).
Hence, we can define the jointly measurable function J(x, y):

Jo,y) = lim J®,y), x,yeM,
(x,y) Jlim (x,y), xy

such that for any R > 0 and p-a.a. x € M,

SO rye () = J(x,y), p-aayeM.
Therefore, by (10.6), we obtain that

dj(x,y) = J(x,dy)du(x) = J(x, y)du(y)du(x). (10.8)

Moreover, the function J(x,y) can be symmetric since the measurable j is symmetric. That is, we have
proved that the jump kernel J(x, y) exists.
Using (10.8) and repeating the arguments that lead to (10.5), we obtain for all x € M \ N, all R > 0 and
g€ LY (M).
C”g”m’(M)
J(x, y)d, < - ,
| o W) < G

which, by the arbitrariness of g, implies that for all x e M \ N and R > 0,
C
V(x,3R)/4W(x,3R)’
Renaming R by R/3, we obtain the inequality in condition (TJ,), hence, proving (TJ,).
It remains to consider the case when g = co. Indeed, by Lemma 9.8, condition (UE) is true, from which,

one can obtain (TJ). In fact, one can similarly obtain (10.3) directly from condition (UE,), that is, for any
non-negative f, g € ¥ with supp(f) c U, supp(g) c V,and U NV =0,

)
d d .
[ fwsoaicn < | IS duauc

IV (x, NlzaBx3r)) <
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This shows that the measure j is absolutely continuous with respect to u X ¢ on M X M\diag, and hence,
there is some B(M X M \ diag)-measurable function J(x, y) such that dj(x,y) = J(x,y)du(x)du(y), and

C
J(x,y) < ————— on M x M\ diag,
Y= V) Winy) g

showing that condition (TJ) is true. We remark that the similar result was also obtained in [5, Thoerem
1.2] and [15, Proposition 3.3], but the conservativeness of (&,F ) was used. Here we do not need the
conservativeness.

(iii). We show (VD) + (TP,) + (C) = (TP) + (C) = (S,).

Under (VD), since condition (TP,) for 1 < g < oo is true, condition (TP) is always satisfied by (4.1), and
then (TP.) is true by (9.15). That is, for any ball B, := B.(x, r) of radius r < R, and any ¢ > 0, we have

Ct 1
PtlBi' < ﬁ in ZB*
Hence, we obtain by using [27, Lemma 6.1, p. 2634] that
2Ct 1
1-PP1p, < in —B,.
S GnE
Moreover, by standard covering arguments, one can extend the above inequality from r € (0, R)tor €
(0,2R.). That is, we have proved (S} ), and then, (S;) by (7.9). m|

We show that condition (FK) will follow from (VD), (RVD), (DUE).

Proposition 10.4. Assume that (8, F) is a regular Dirichlet form in L*. Then

(VD) + (RVD) + (DUE) = (FK[g J(apa))> (10.9)
where « is the constant from (2.2) and 1,52 are the constants from (2.7).
Proof. Fix B := B(xp,R) with0 < R < oR, where o € (0, 1) will be determined later on. We divide the

proof into four steps.
Step 1. We show that

R
W-1(xo, 1)

K
esuppfg = esuppf(x,y) < h( ) forall0<r<T, (10.10)
B u(B)

Xx,yEB
where 7T is defined by

T := W(xo, AK'/*R),
A, K > 1 are two positive constants to be determined, and 4 is the function defined by
K if0<s<l,
h(s) = { /By I (10.11)
Indeed, by (DUE) and [24, Eq. (6.18) in Corollary 6.9], if x,y € B and
t<T < W(x,R)AW©,R), (10.12)

then we have
Cy

VYV, W= (x, 0)V(y, W=y, 1))
C V(xo, R V(xo, R
_ 1 (x0, R) (xo0, R) ‘ (10.13)
V(x0,R) \ V(x, W=1(x,0)) \ V(y, W=1(y,1))
We will first choose large A, K and then choose a small o such that (10.10) is satisfied. To do this, we need

: V(xo,R)
to estimate the term Vo) from above for any x € B.

Indeed, let t € (0, 7] and x € B. Denote by
Ry = Wlixo,t) and Ry, := W l(x,1),
Ry = Wl (x0,T) = AK'/°R,

(10.14)
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so that Ry, 7 > Ry, ;, and
W(XO’RX(),I) =1= W(X’Rx,t) < T = W(XO,Rxo,T)- (10'15)

Since the following argument is sensitive to constants, we denote the constants in (VD), (RVD) and (2.7) by
Cy, Cg, Cy respectively.
Case 1 when R < R, ;. In this case, if Ry, ; > R, then

d(xp,x) <R <Ry,
from which, by the left inequality in (2.7) and using (10.15), we see

C;VI (Rxo,t)ﬁl < W(x0>Rx0,t) _ t

==1,
Ry W(x,Re) 1

and so,
Rei 2 Cy)P' Ry .
If Ry, < Ry, the above inequality is also true since Cy > 1. Therefore,
Vo, B) _ Vo Ror) Vo, B Vo, Rur)  V(xo,R)
V(x’ Rx,t) V(-xa R)C,t) V(X(), R}Co,T) B V(x, C;VI /ﬁl RX()J) V(-xo’ RX(),T)

a
Ry 1 V(x0,R)
Cy "' Ry, ) VX0, Reg1)

<Cy

(by (2.3) and the fact that Ry, 7 > Ry, /)

Rx a Cl/
<op| Nl -CR( R ) (by (RVD))

-1
CW /,B] RX(),Z‘ RX(),T

’

AkVeR R \@
=Cy|—F——1| - (—) by (10.14
v T ’\ KR (by ( )
@
= CvCRC(vZV/ﬂl/la_a,K_“’/a : K( R )
R)Co,t
! i R K R
= CyCrCP A K /“-Kh( )5 —h( ) (10.16)
X0,t Cl X0t
provided that
CyCrCIPI AT K=l < 71, (10.17)

Since x € B is arbitrary, we also have fory € B

Vxo,R) _ Kh( R )
V(V, Ry,t) - Cl Rxo,t

(10.18)

provided that (10.17) holds.
Plugging (10.16), (10.18) into (10.13), we obtain for any x,y € B

Cq K R K R
Pxy) < —h( )= h( )
P s ye e k) T i \Wte.n

thus showing (10.10), provided that (10.17) is satisfied.
V(xo,R) _ V(xo,R R \" R\ R
(xo, R) < (x0, B) <Cv( ) SCV( ) Zth( )
Rxo,t Rxo,t Rxo,t
If Ry, s > Ry, then R > R, ; and so, by (VD),
V(xo, R R \"
(xo, R) _ Cy (_) .

Case 2 when R > Ry, ;. In this case, if R,,; < R,, then by (VD)
V(x’ Rx,t) a V(X, Rxo,l) -
Vi(x, Rx,t) B Rx,t
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Moreover, by (2.7) and (10.15),
Bi B2
c¢(li) - Wo.R) - W(xo.R) <CW( R ).

Ret) = WLRy)  Wo,Rg) ~ " \Rugs
It follows from the above two inequalities that
B2/B1
V(xo,R) ( R )a 2011 ( R )a 2011 ( R )
—— < Cy|—] <CyC —_— =CyC hl—1|, (10.19)
Vix, Rx,t) v Rx,t viw Rxo,t Viw Rxo,t
no matter Ry, ; < R, or Ry, > Ry;. Since x € B is arbitrary, we also have y € B
V(xo, R R
Voo R CVC‘Z;,"/ﬁlh(—). (10.20)
V()’, Ry,l) X0,
Therefore, plugging (10.19), (10.20) into (10.13), we obtain
B Ci V(xo,R) V(x0,R)
pr(xy) < — —
V(xo,R) \ V(x, W=(x,0) \ V(y, W= (y,1)
C R K R
<! Cvcﬁvf’/ﬁlh( )s h( ; )
V(xo,R) Ryi)  w(B) \W-l(xo,1)
provided that
cicvep? < K. (10.21)

thus showing (10.10).

So far we have proven (10.10), provided that assumptions (10.12), (10.17) and (10.21) are all satisfied,
which will be confirmed later on.

Step 2. We further show that there exists a constant C > 0 such that
C h( R
u(B) \W-l(xo,1)
Indeed, note that (10.10) holds for t = T. We claim that it also holds for t = 27. As a matter of fact, let
Ry o1 = Wl (x0, 27), that is,

esup p? < ) for all 7 > 0. (10.22)
B

W(X(),RXOQT) =2T.
Note that
Ryor = Ryr = AK'*R > R,
where Ry, 7 is given in (10.14). By (10.11) and (10.10), we obtain for all x,y € B,

Par(x,y) = fB p?(x,z)p?(z,y)du(z)SM(B)(esl_}}lmv‘ﬁ)2

<(B)(Kh(R))2= KZ(R)2(1/
=HEN B " \ Ry 1(B) Ry, 7

R a R a K R a
:K( WT) ( ) : ( ) . (10.23)
Rxo,T Rxo,T /J(B) Rxo,ZT

By the left inequality in (2.7), we have
C%mmf<wmﬂmﬂ:g:
" T Wo.Rgr) T
Plugging this inequality into (10.23) and then using (10.14), we obtain

B Ryoor\'( R \" K R \"
o < (32 () i (e

2.

Rx(),T

Ry, 1 x0,T x0,2T
R \ K R \"
<K- (ZCW)Q/'BI . ( ) .
AKVeR]  p(B) \ Ry 21

a
S(2CW)“/[“/1‘“-£( R )
H(B) \ Ry, o1
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thus showing that (10.10) holds for t = 27, provided that
QCw)Pra e < 1. (10.24)

We now first choose a large number A such that (10.24) is satisfied, and then choose a large number K such
that both (10.17) and (10.21) are satisfied. We will verify (10.12) by choosing small enough o later. In the
rest of the proof, we will fix these choices of A and K.

We turn to show (10.22). Indeed, we see by induction that (10.10) holds at + = 2"T for any integer
n=0,1,2,---. Since the function t — esupy p? is non-increasing (cf. [26, Lemma 3.9]), we obtain that, for
2T <t < 2"IT,

K R
B B
esu < esu nr < h . 10.25
gt L1 = PP = ) (W—1<xo,2nT>) (102

R Indeed, by (2.7) and the monotonicity of W~ (xp, -), we have

R B R W (x0,2"*!T)
W1(x0,2T)  W-1(x0, 2" 1T) W-1(x0,2"T)
R ( W(xo,W‘l(xo,Z"”T)))l/ﬂl

Let us estimate the term

<
= W, 27T T Wik, W (x0,277)
R i\ P R
< lcw =
W1(x0, 1) 2nT W1(x0, )
Moreover, using the fact that t > 2"T = 2"W(xo, AK'/*R) > W(xo, R) and using (10.11), we have

R B R @ R 18, ¢
h(W‘l(xo,2"T))_ (W‘l(xo,2"T)) S(W‘l(xo,t)(zcvv) )

R
— a/p1
2Cw) h(W-1<xo,r>)'

. (ZCW)I/ﬁl ]

— a/Bi _ ‘
(2Cw) (W-1<xo, r))

Plugging this inequality into (10.25), we obtain
K N R - KQCw)¥h N R
uB) \W-l(x,2"T)] ~  w(B) W-l(x0,0) ]
This proves (10.22) by setting C = (2Cw)*P1K.
Step 3. We show (FK,).

Indeed, let U be a non-empty open subset of B. Let Ry, ; = W=(xo, 1) be as in (10.14). Using the fact that
pU < pP and the Cauchy-Schwarz inequality, we have from (10.22) that, for any f € ¥ (U) and any ¢ > 0,

)Ilflﬁ

esup pf <
B

C R
(P10) = [ [ pVesmnsofonutoduo < o=

lu(B) (Rxo,l‘
Cu®) [ R\, .
= B h(Rxo,t)”f 2

Since the function r~!(f — PIU [, f) monotonously increases to E(f, f) as t goes to 0, it follows that

1 1
&f. Nz < (f=PLAS) = - (115 = (PUF.D).
from which, we see that for any non-zero f € ¥ (U) and any ¢ > 0
E(f, 1 Cu(U R

G0 _(1 _ Cu( )h( ))

Wizt uB) \Ryy,
Since ¢ > 0 in (10.26) is arbitrary, we will choose ¢ to satisfy the identity

Cu(U) h( R ) 1
lu(B) Rxo,l‘

(10.26)
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that is,
h( R ) 1 uB)
Rxo,t 2C ,U(U) '
If a < 1, we have by definition of 4 in (10.11)

R R a
) (i) =
Rxo,t Rxo,l‘

that is, Ry, = W' (xo,7) = a /R, and so by (2.7)

~1/a ~1/a 1 u(B) e
t = W(xo,a R)scw(a ) W(xo,R) = Cy 5C aD) W(xo, R).

Then, it follows from (10.26) that
’ Ba/a
8L 1, C (u(B)) "
A3~ 2t~ Wixo, R) \w(U)
On the other hand, if a > 1, then by definition (10.11)

R R apa/p
) -
R)Co,t Rxo,t

that is, R, = W' (x0,1) = aP/@)R, and so by (2.7)

a<l. (10.27)

—B2/(apa)
1 wB)\"
K )) W(xo, R).

t = Wi(xg,a ﬂl/(afa’z)R) < CW( ﬁ]/(dﬂz)f W(xo, R) = CW(ZC )

Then, it follows from (10.26) that

&, f) l N c’ (@)ﬁ%/(aﬁz)
I1A115 = W(xo, R) \u(U)

In both cases (10.27) and (10.28), we always have that, using the fact that &2 B) > 1,

W0)
g SEH, (M(B))
feF@ONoIf1l5 T Wixo, R) \u(U)

ifa>1. (10.28)

/lmin(U) =

where v is given by
v = min{Ba/a. B/ (@B2)} = Bi/(a2)
since 81 < B>, thus proving condition (FK) with v = /5’2 /(af32).
Step 4. Finally, it remains to verify (10.12). This can be achieved by choosing the value of 0. Without
loss of generality, assume that R < co; otherwise W(x, R) = oo, and (10.12) is trivially satisfied.
For any x € B, since d(x, x9) < R < oR < R, we see by (2.7)

- -\B2
W R R
(X—O,_)SCW(—] =Cyw,

W(x, R) R

and so (10.12) will be secured if
T < Cy/ W(xo, R). (10.29)

On the other hand, if R < o'R, then by (2.7),
T = W(xo, AK/R) < W(xo, AK"'*(0R) < Cw (1K) W(xo, R).
Now, we can choose o to be sufficiently small such that
cw (ko) <ot < 1.

With the choice of the above o, we conclude that (10.29) is true, which in turn implies that (10.12) is
secured. O
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Definition 10.5 (Capacity upper bound). We say that the condition (Cap.) is satisfied if there exists a
constant C > 0 such that for all balls B of radii less than R

cap( B,B) < C% (10.30)

The authors proved in [23, Theorem 2.11] that under mild assumptions, (Gcap) & (ABB) + (Cap.).
While, in the following lemma, we prove that under the same assumptions, (ABB) = (Cap.), and conse-
quently, (Gecap) & (ABB).

Lemma 10.6. Let (E, F) be a regular Dirichlet form in L? without killing part. Then, we have
(VD) + (T)) + (ABB) = (Cap.). (10.31)
Consequently, under conditions (VD), (FK) and (T]), we have the following equivalence:
(Gcap) & (ABB). (10.32)
Proof. Let B := B(xg,R) with xo € M and R < R. We divide the proof of (10.31) into two cases.

Case 1: R < %E. Applying (ABB) for By := %B, B, Q := 2B and u = 1, we have that there exists
¢ € cutoff(By, B) such that

c1u(2B)
drI’ < du = _—
f 28(0) < SUP B R2) R/2> f o s W(.RI2)
Then, by (2.5), (VD), (TJ) and (2.7), we have

&6, 6) = f dT25(9) +2 f f (600 — SN j(x.)
2B (2B)x(2B)¢

f dT2p() +2 f f S0 (x, dy)duu(x)
2B BX(2B)

c1u(2B) .
< jgz%m 2fJ(x,B(x,R) )du(x)

IA

sup c1(2B) f
erB W(x,R/2) W(x R)
< auB) sup W(xo,R) /1(23) ) W(xo, R)
~ W(B) 28 W(x,R/2) u(B) W(B) B W, R)
< Cud)
W(B)
which is the inequality in (Cap.).
Case 2: 1R <R<R (when R < 00). By (VD), there exists an 1nteger N > 0 depending only on the
constant in (VD) and {x;, 1 <i < N} C 1B such that 1 3B C Uf\i B(x;, 4R). Similar to Case 1, for each x;, one
can find ¢; € cutoff(B(x;, A%R), B(x;, %R)) such that

du(x)

C;V(x;, 5R)

E(dr, ¢,) < .
(¢i» $i) < W 1R)

Define

Clearly, ¢ € cutoff( %B, B). Moreover, by the subadditivity of capacity and (2.7), we have

NGV AR L CiVi(xo,R) W(xo,R)  Cu(B)
& , < 2 < 4 s 5 < ,
“ ¢)<; W(x;, 3R) <; W(x0.R) W(x;, 3R) = W)

which is the inequality in (Cap.). Hence we obtain (Cap.).
Finally, (10.32) follows directly from (10.31) and [23, Theorem 2.11]. m|
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By (7.1), (7.2) and (10.32), we obtain that under condition (VD),
(FK) + (ABB) + (T]) = (S4) © (S) = (Gcap). (10.33)
Theorem 10.7. Under condition (VD), we have
(FK) + (Gcap) + (TJ) & (FK) + (ABB) + (TJ)
= (S)+ (T))
= (TP).

Proof. The first equivalence follows directly from (10.32). The rest conclusions follow from the following
implications:

(FK) + (ABB) + (T)) = (S;) ((10.33))
Sy e S «(7.1)
(S+) & (S}) (Proposition 7.4(ii))
(T)) & (TJ.) (Proposition 7.4(iii))
(VD) = (VD,) (Proposition 6.4(i))
(VD) +(S3)+ (1)) = (TP,) (Lemma9.3)
(TP,) = (TP) (Lemma9.7).

O

The next theorem contains a number of equivalent conditions for (TP,) + (C) that constitute a substantial
part of the proof of the main Theorem 2.15 below.
Theorem 10.8. Let (8, F) be a regular Dirichlet form in L* without killing part,
(1) For g € (1, o0], under conditions (VD) and (DUE), we have
(TP,) + (C) & (S) +(TJ,) = (Gcap) + (T],) = (ABB) + (TJ,) (10.34)
and
(VD) + (FK) + (ABB) + (T],) = (S). (10.35)
(i1) For q € [2, 0o], under condition (VD), we have
(TP,) + (C) & (DUE) + (S) + (T],)
= (DUE) + (Gcap) + (TJ,) (10.36)
= (DUE) + (ABB) + (T],)

n (VD) + (FK) + (ABB) + (T],) = (S) + (DUE). (10.37)
>iii) For q € (1, 0], under conditions (VD), (RVD) and (DUE), we have
(TP,) + (C) & (S) +(TJ,) & (Gceap) + (T],) & (ABB) + (TJ,). (10.38)
(iv) For q € [2, ], under conditions (VD) and (RVD), we have
(TP,) + (C) & (DUE) + (S) + (TJ,) & (DUE) + (Gcap) + (T],) (10.39)
& (FK) + (Geap) + (TJ,) & (FK) + (ABB) + (TJ],) (10.40)

Proof. (i). In the proof we use (S.) instead of (S) as these two conditions are equivalent by (7.1). The
implication
(TPg) + (C) = (S4+) +(Tly)
in (10.34) follows from the following sequence of implications:
(VD) + (DUE) = (DUE,) (Proposition 7.4(i))
(VD) +(Tl) = (TJ(’;) (Proposition 7.4(iii))
(VD) +(TI}) = (T).) ((7.10))
(S+) = (S}) (Proposition 7.4(ii))
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(S})+(T],) = Inequality (8.15) (Proposition 8.7)
Inequality (8.15) + (S}) = Inequality (8.17) (Lemma 8.8)
Inequality (8.17) + (TJ.) = Inequality (8.19) (Lemma 8.9)
(VD) = (VD,) (Proposition 6.4)
(VD,) + (DUE,) + (S}) + (TJ,) = upper estimate of truncated heat kernel ¢,(x,y) (Lemma 8.12)
(VD.) + (DUE,) + (S}) +(TJ)) = (TPy)forl <g<oco (Lemmas 9.4 and9.6)
(VD) + (TP(’;) = (TP, forl <g<oo (Lemma?9.7)
(S = (S = (©) ([20, Lemma 4.6, p. 3327]).

The implication
(TPy) + (C) = (S4) + (TIy)
in (10.34) is proved as follows:
(VD) + (TPy) +(C) = (S;) (Lemma 10.3(iii))
(VD) +(TP;)) = (TJ,) (Lemma 10.3(ii)).
The rest implications in (10.34) follow directly from (10.33) and the following implication:
(VD) +(Tl)) = (T) ((7.3)
(Geap) + (TJ) = (ABB) ([23, Lemma 6.2]).
The implication (10.35) follows from the following implications.
(VD) +(Tl)) = (1)) ((7.3))
(VD) + (FK) + (ABB) + (T]) = (S;) ((10.33)).
(i1). The formula (10.36) follows from (10.34) and the following implication:
(VD) +(TP,) = (DUE) (Lemma 10.3(1)).
The implication (10.37) follows from (10.35) and the following implications:
(VD) + (FK) + (ABB) + (TJ) = (Gcap) ((10.33))
(VD) + (FK) + (Gcap) + (TJ,) = (DUE) (Proposition 2.8).
(iii). The formula (10.38) follows from (10.34), (10.35) and the following implication:
(VD) + (RVD) + (DUE) = (FK) (Proposition 10.9).
(iv). The formula (10.39) follows from (10.36), (10.37) and the following implications:
(VD) + (RVD) + (DUE) = (FK) (Proposition 10.9)
(VD) + (FK) + (Gecap) + (TJ) = (S4+) (((7.2)
(VD) + (FK) + (Gcap) + (TJ,) = (DUE). (Proposition 2.8)

We now prove the main Theorem 2.15.

Proof of Theorem 2.15. The statement of this theorem is contained in the equivalences (10.39), (10.40) and
the implication
(Tp,)) = (UE,. (Lemma9.8)

O

In the rest of this section, we are to prove Theorem 3.4, which states the result on heat kernel estimates
when condition (V) is satisfied. Before that we need to introduce the condition (Nash) and to prove some
lemmas. Note that if (V) is satisfied, then both (VD) and (RVD) are satisfied with @ = «’. Recall that
R = diam M is the diameter of M.
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Definition 10.9 (Nash inequality). We say that condition (Nash) holds if there exist two numbers C,v > 0
such that, for any u € ¥ N LY(M),

i3 < € (&, 1) + R)P a3 el (10.41)
If necessary, we label condition (Nash) by (Nash, ) to emphasize the role of the exponent v.
Lemma 10.10. For any v > 0,
(FK)) & (Nash,).

Proof. For the implication =", we use the approach of [26, Lemma 5.4]. Fix a quasi-continuous function
u € F N L' (M). Without loss of generality, we can assume that u > 0 since E(Jul, |u]) < E(u, u). If ||u|l; =0
then there is nothing to prove. Hence, we assume that ||u||; > 0. For any s > 0, set

E; ={xeM:ulx) > s},

and note that
[loelly

1
u(Ey) < —f udp < —2
N E N

Fix &€ > 0 and choose an open set U be an open set such that £, ¢ U and u(U; \ E;) < €. Since
(u— 5)+(x) = 0 for all x € ES and E; C Uy, we have (u — s)+ € F(Uy). Then, by the Markov property of
(&, %) and (2.12), we have for any s > 0,

Eu,u) = E(U = 8)4, (u—8)1) = 4(Uy) | (u— s)idu.
U,

Since u > 0, we have

f (u— s)idu = f (u— s)5du > f u* = 2suydp = |lull3 — 2slull.
U, M M

On the other hand, since
[[oe ||1
ﬂ(Us) SuE)+e< — +e,

we have by (FK')) that
(U = (U™ — ®F 2 (” all s) - ®*

Combining the above inequalities and letting € — 0, we obtain, for any s > 0,

&, >>( (” ”1) (E)—ﬁ)(nun%—zs).

Choosing s = iln ””2 in the above 1nequahty, we obtain (10.41).

Now let us prove the implication ”<”. Fix a non-empty open set U. Let u € F(U) \ {0}. It follows from
(Nash,) and the inequality ||u||; < +/u(U)||u|l» that

_ 2
3" < € (&, w) + R Pllul) (ViC@)llullz)
that is
3 < € (&, u) + R Pllull3) w(UY",
which together with (2.12) yields (FK)). O
Note that under (3.1) and (3.2), the inequality (2.21) in condition (DUE) becomes

pi(x,x) < Cr /P, (10.42)

f0rallt<1_eﬁandxe M.

Lemma 10.11. We have

(FK},.) & (Nashg,) & (DUE).

Bla
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Proof. By Lemma 10.10, it suffices to prove the second equivalence. Let us first prove the implication
(Nashg/q) = (DUE).

Recall that by [10, Theorem 2.1], (Nashg/, ) is equivalent to the ultracontractivity of the heat semigroup
{P;}>0, that is, to

IPflleo < Ce®P B fl, 150, fe L' (M), (10.43)

On the other hand, by Theorem 11.8 (for p = 1, S = {M} and ¢(M, t) = Ce®11-2/B) in Appendix, the heat
semigroup is ultracontractive if and only if there exists a regular nest &-nest {F} such that, for any r > 0
and x € M, p,(x,-) € C{F}) and

pi(,y) < CePPialB 150 xye M. (10.44)

Clearly, (10.44) implies (10.42) and, hence, (DUE).
Let us prove the converse implication (DUE) = (Nashg/,). By (10.42) and the semigroup property, we

have, for any ¢ < I_Qﬂ and x,y € M,

pi,y) = fM Pt a2 VAU < pya, VallpryaCe s

= Vpi(x, X)pi(y,y) < Cr /B,

If R = co then we have (10.44) and, hence, (10.43) and (Nashg/,). Let R < 0. Then we only need to verify
(10.44) for t > I_Qﬁ Using the above inequality for ¢ = 7y := %(E)ﬂ, we obtain

pi(x,y) = f Pi-1y(X, D)1y (2, y)dp(z) < C’BW f Pi-1o(X, 2)du(z)
M M
< i < €M lB = ¢ eRB,
O

Now we are to prove Theorem 3.4. Note that under (3.1) and (3.2), conditions (S}), (S.), (Tl.), (TP,.) are
the same to (S;), (S), (TJ), (TP) respectively.

Proof of Theorem 3.4. (i). We first prove the equivalences in (3.5). The first equivalence in (3.5) follows
from (10.32) in Lemma 10.6.
The implication

(FK},) + (Geap) + (TJ) = (TP) + (DUE) + (C)
is proved as follows:
(FK,,) = (DUE) (Lemma 10.11)
(FK3/,) + (Geap) + (TJ) = (S4) = (S) (Remark 3.3 and (7.2))
(Sy)+(TJ)) = (TP) (Lemma?9.3)
(S) = (C) ([20, Lemma 4.6, p. 3327])

The implication

) + (Gceap) + (TJ)

(TP) + (DUE) + (C) = (FK},

is proved as follows:
(DUE) = (FK& o) (Lemma 10.11)
(TP)+(C) = (S;) (Lemma 10.3(iii))
S+) = (S) = (Geap) ((7.2)
(TP) = (TJ) (Lemma 10.2).

For the last equivalence in (3.5), it suffices to prove that

(TP) + (DUE) = (TPy) + (UE;).



TAIL ESTIMATES 67

Indeed, under condition (DUE), the heat kernel exists, and then it is trivial that (TP) = (TP;). It remains to
prove that
(TP) + (DUE) = (UE,).

The argument here is similar to the proof of [9, Lemma 12.6]. Indeed, fix x,y € M with x # y and ¢ < I_Qﬁ
Let

R :=d(x,y).

Note that the inequality (2.21) in condition (DUE) implies (10.44) (see the proof of Lemma 10.11). By
semigroup property and (TP) + (DUE), we have

pi(x,y) = fz‘u D1/2(X, 2)pry2(2, y)du(z)

: (f " f )p 1/2(X, 2)Piy2(2, y)dp(z)
B(x,R)¢ B(y,R)¢

< CrB f Dij2(x, 2)du(z) + C /B f P12z, y)du(z)  (by (10.44))
B(x,R)¢ B(y,R)¢

= Ct PP 1 rye(X) + CEP P o 1o Ry ()

ccr(int) oy,

which yields (UE;) (see also Remark 2.14).

(i1). The first equivalence in (3.6) follows from the first equivalence in (3.5) and the implication (TJ,) =
(TJ) (by (7.3)). For the rest equivalence, the implication

(FK},,) + (Geap) + (TJ,) = (TP,) + (DUE) + (C)

follows from the following implications:

(FK'ﬁ 1) = (DUE) (Lemma 10.11)
(Tly) = (T ((7.3))
(FK;/Q) +(Geap) +(T)) = (S+) = (S) (Remark 3.3 and (7.2))
(DUE) +(S4) +(TJ,) = (TP,) (Lemmas 9.4 and 9.6)
S) = (O ([20, Lemma 4.6, p. 3327])
The implication
(TP,) + (DUE) + (C) = (FK; 1o) T (Geap) + (TJ)

follows from the following implications:
(DUE) = (FK;; o) (Lemma 10.11)
(TP +(C) = (S4) (Lemma 10.3(iii))
S+ = (S) = (Geap) ((7.2))
(TP, = (TJ,) (Lemma 10.3(ii)).
For the last equivalence in (3.6), it suffices to prove that

(TP,) + (DUE) = (UE,).

Similar to the above arguments, we fix x,y € M with x # y and ¢ < Eﬁ Let
R:=d(x,y) and ¢ := 4
qg—1
Note that the inequality (2.21) in condition (DUE) implies (10.44) (see the proof of Lemma 10.11). By
semigroup property and (TP,) + (DUE), we have

pi(x,y) = fM Pi12(X, 2)pe2(2, y)du(z)
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= (f + f )pt/Z(X, Z)pt/Z(Z,y)dM(Z)
B(x,R)¢ B(y,R)

< Ipe2 (e, lleaeeryollPe2Co N e (serye)
+ 1pe2(ys Mrase.r)e)l|Pry2(x, ')||Lq’(B(y,R)c)

~a/(Bq") d . ) N
< C(t GPLTA RQ/Q'+ﬁ)(|Ipt/2( ay)”[ﬂ BxR) T ||Pt/2(X, )“Lq (B(y,R)C))
where we have used (TP,). Next, using
1 ’
Il < IAILE AL
and that by (10.44) ||ps/2(-, Y)lleo < Cr /8 and lpe2¢. Wl < 1, we obtain

< C(rar6) ) ~a/(Bq)
Pt(x,Y)—C(t /\R(Y/‘]'*'ﬁ ! i

that is, (UE,) (see also Remark 2.14). O

11. APPENDIX
In this appendix, we collect some facts that have been used in this paper.
11.1. Miscellaneous issues.

Proposition 11.1. Assume that condition (VD) holds and W satisfies (2.7). Then there exists a constant
C > 0 such that, for all t > 0 and all points x,y € M with d(x,y) < W= (x,t) v W (y, 1),

-1
WD o (11.1)
Wy, 1)
-1
—ISV(X’W—_(X’I))SC’ (11.2)
V(y, W=l(y,1)

Proof. Lett > 0. Assume that
d(x,y) < Wlx,n) v wl(y, 0.
Without loss of generality, assume that
d(x,y) < Wl(x, ),

otherwise, both inequalities (11.1) and (11.2) are still true by exchanging the order of x,y. Denote the
constants in (VD) and (2.7) by Cy, Cy respectively. Let us divide the proof into two cases.

Case 1: Wl(x, 1) > W‘l(y, t). Since d(x,y) < W~1(x, 1), we have by the left inequality in (2.7)
B (W—l(x, t))”'l W W)
Y\w-to,0) = Wo,W-lynn) ot
thus showing that (11.1) holds for C := C‘%ﬁ '

Let us prove (11.2). Indeed, since d(x, y) < W~!(x, 1), we have by (VD) and (11.1),

Vi, W, 1) Wl 0
Vo wTom S wEa
VG, W=y, 0) W=, 1)
thus showing the right inequality in (11.2). On the other hand, Since d(x,y) < W~!(x, 1), we see by (VD)
VoW ) _ VW) UACNN
< <Cy|l=——=| =Cy,
Vi, W, 1) — Ve, Wl(x, 1) Wl(x, 1)
thus showing the left inequality in (11.2).

Case 2: W '(x,1) < W™l(y, ). Since d(x,y) < W~ l(x,1) < W~l(y,), we have by the left inequality in
(2.7) that

a
) <cyCiP,

>

ol (W—‘(y, r))ﬁ‘ _WeWTen) 1
WAW-1(x,0) =~ Wx,W-l(x,1) ¢

thus showing that (11.1) holds again for C := C %ﬁ "
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Let us prove (11.2). Indeed, since d(x,y) < Wl(x, 1) < Wl(y, 1), we have by (VD)
Ve W n) _ Ve W gnn) w'o,n)\*
< <Cy|——"—| =Cy,
Vi, Wy, 1) ~ V(y, W-L(y,1) W=y, 1)

thus showing the right inequality in (11.2). On the other hand, Since d(x,y) < W~ l(x,1) < W‘l(y, 1), we
have by (VD) and (11.1),

Vo Wlonn) _ o (W0
Ve W leen) T AW @
thus showing the left inequality in (11.2). O

a
) < Cvc(vlv/'gl,

The following was proved in [36, Lemma 2.12].
Lemma 11.2. Let (E, F) be a Dirichlet form in L*. If

S f supEf) < o,

then f € F, and there exists a subsequence, still denoted by {f,}, such that f, & f weakly, that is,

asn — oo for any ¢ € F. And there exists a subsequence {f, } such that its Cesaro mean %Zzzl e
converges to f in &E-norm. Moreover, we have

&(f) < liminf E(f,).

11.2. Comparison inequalities. Recall the notion of the p-local Dirichlet form in Subsection 5.
The following proposition is essentially the same as [27, Theorem 4.3, p. 2627]. Here we replace the
compactness of U, in [27, Theorem 4.3, p. 2627] by the assumption that cutoff(U,, M) # 0.

Proposition 11.3. Assume that (&, F) is some p-local regular Dirichlet form for p > 0. Let U be an open
set such that cutoff(U,, M) # 0, and let u be subcaloric in (0,To) X U where T € (0, +oo]. Assume that
u(t,-) € L®(M) for each t € (0, Ty), and

L*(U)
ui(t,’) — 0 ast— 0. (11.3)
Then for any compact subset K of U, any t € (0, Ty), and for almost all x € U,,

u(t, %) < (1= PY1y(x)) sup llus (s, L=, \&)»

O<s<t

provided that supg_ ., llu+(s, llL=w,\k) < .

Proof. Note that the set U, in [27, Theorem 4.3] is required to be precomact, while we only assume that
cutoff(U,, M) # 0. However, the proof of this proposition is parallel to that of [27, Theorem 4.3].

Indeed, the compactness of U, is used in three places in the proof of [27, Theorem 4.3]. Firstly, the
compactness of U, implies that cutoff(U,, M) # 0, which is our assumption. Secondly, it is used in [27,
Theorem 2.9] to make sure that the set K N Q is compact. However, this is true since K is compact in our
assumption. Thirdly, the compactness of U, implies that u(U) < oco. To overcome this difficulty, we can
take a sequence of precompact open sets {U;};>; such that U; T U asi — oo and K C U;. Applying [27,
Theorem 4.3] for each U;, we obtain for u-a.a x € (U;),,

u(t, x) < (1= P{1y,(x)) sup [l (s, o, \&)

O<s<t
Ui
< (1= PY1y,(x0)) sup llus (s, )l k),
O<s<t
thus showing this proposition by passing to the limit as i — oo. O

By using proposition 11.3 and repeating the arguments in [27, Corollary 4.8 and Remark 4.9], we have
the following result.
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Corollary 11.4. Assume that (E,F) is some p-local regular Dirichlet form for p > 0. Let U, Q be open sets
such that U, C Q and cutoft(U),, Q) # 0. Then, for any 0 < f € L*(M), any t > 0 and for p-a.a. x € U,,

PRf(x) = P f(x) < (1 = P/ 1y(x)) sup [IP2fllisw, k). (11.4)
5€(0,/1NQ

where K is a compact subset of U.
Using (11.4) and repeating the proof of [27, Theorem 5.1], we have the following.

Corollary 11.5. Assume that (E,5) is some p-local regular Dirichlet form for p > 0. Let U, V,Q be three
open sets such that U, U'V,, C Q. Assume that the Dirichlet heat kernel th exists and is locally bounded in
Ry X QX Q. Then for any s,t > 0and y-a.a. xe U,y €V,

PiL(x,y) < fM pY(x, 2)pY (2, y)du(z)

+ (1 - P,UIU(x)) KsﬂuSI?H ”pf’z("y)”mwp) + (1 - Ptvlv(y)) sup ||piC, x)“Lw(Vp) :

t<t’'<t+s

(11.5)

11.3. Maximum principle. The following is elliptic maximum principle.

Proposition 11.6 ([25, Proposition 4.6, p. 116]). Suppose that (&, F) is a regular Dirichlet form. Let A > 0
and Q be a non-empty open subset of M. If u € ¥ satisfies

Eu, @)+ Au,d) <0, VO0<¢eFQ),
us € F(Q),

then u < 0 a.e. in Q.
The following is parabolic maximum principle.

Proposition 11.7 ([25, Proposition 4.11, p. 117]). Suppose that (E,F) is a regular Dirichlet form. Fix
T € (0, +co] and an open subset Q C M. Ifu : (0,T) — F is a subcaloric function in (0, T1 X Q and satisfies

ur(t,”) e F(Q) foranyte (0,T)
u(t,-) LLQ 0 ast— 0,

thenu < 0a.e. on (0,T) X Q.

11.4. The existence of heat kernel. The following result shows that the existence of heat kernels follows
from some generalized ultracontractivity of semigroups.

Theorem 11.8 ([22, Theorem 2.2]). Let (&, F) be a regular Dirichlet form on LX(M, ) for a metric measure
space (M, d, ), and let {P;}~o be the associated heat semigroup on L% Fix Ty € (0,00] and 1 < p <2
Assume that there exist a countable family S of open sets with M = UycsU and a function ¢ : Sx (0, Ty) —
R such that, for each t € (0,Ty), U € S and each f € LP N ?

1P fllzcwy < (U DIl flp-
Then { P}~ possesses a heat kernel p,(x,y) in (0, 00) X M X M that satisfies Definition 2.6 for some regular
E-nest {F,})" | of M, and

pi(x,y) =0 foranyt >0
whenever one of points x, y lies outside U’ | F,. Moreover, for each t € (0,Ty) and x € U

||pt(x9 .)“]7' < ()D(Ua t)v

where p’ = p%l is the Holder conjugate of p, and forany 1 < g < p’.

Ipe(x, llg < (@(U, 1)@ D@D
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11.5. Essential supremum. The notion of the u-regular E-nest {F} is given in Section 2 (see also (2.18)).

Proposition 11.9. Let B, C B be two metric balls such that By \ By # (0. Then for any quasi-continuous
veF,

f v(y)J(x, dy) < ((esupv) f J(x,dy) forg.e. x € By.
B1\B» B B;

Proof. By [19, Lemma 4.5.4(i), p. 184], the measure j charges no part of M x M\diag whose projection on
the factor M is exceptional. Furthermore, by [19, Theorem 4.2.1(ii), p. 161], a set N C M is exceptional
if and only if Cap;(N) = 0. By [19, Theorem 2.1.2(i), p. 69], there is a p-regular &E-nest {F} such that
v e C{Fy}. Set F := | J Fy, whose complement is exceptional.
k1
Hence, it follows that

f vy J(x,dy) = f v(y)J(x,dy) forq.e. x € B;.
Bi\B;

(Bi\B)NF
Moreover, by [23, Proposition 15.3 in Appendix], we have that for any x,

f v(y)J(x,dy) < ( sup v) f J(x,dy) < ( sup v) f J(x,dy) = (esup v) f J(x,dy).
(B1\B2)NF (B1\B)NF (B1\B)NF BINF B B, B

C C
2 2
O
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