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Non-local heat kernels in R"

Consider in R" a fractional Laplace operator £ = ( —A)ﬂ /2 (that is a non-negative definite
self-adjoint operator in L?(R™)). If 3 € (0,2) then this operator is the generator of the
symmetric stable Levy process of index (. Denote by p,(z,y) the heat kernel of L that
is the fundamental solution of the associated heat equation 0;u = —Lu and, at the same
time, the transition density of the Levy process. The heat kernel of £ admits the estimate

1 o — g\
pt(:U?y) = tn/ﬁ 1+ tl/’B ) (1)

where A ~ B means that ¢; B < A < ¢ B for some positive constants ¢, cs.

The operator £ = (—A)?/? is the generator of the non-local Dirichlet form (&, F) where

/n / )(gn(f;) = g(y))dxdy’

Y|

for all f,ge F = Bg /22 (R™). Recall that a Dirichlet form is related to its generator £ by

E(f,9) =(Lf,9): forall fedom(L) and g € F.



Jump type Dirichlet forms on metric measure spaces

Let (M, d) be a locally compact separable metric space and p be a Radon measure with
full support on M. Let (£, F) be a regular jump type Dirichlet form, where F is a dense
subspace of L*(M, ;) and £ is a bilinear form on F given by

£r.9) = [ [ (@) = 1) (900) - 90)) Jop)u@uty), ¥f.g € F.

M x M

J(x,y) is a jump kernel, that is, a non-negative measurable symmetric function on M x M.

Let £ be the (non-negative definite) generator of (€, F). For any t > 0, set P, = e % so
that {P;},5, is the heat semigroup of (€, F).

If, for any ¢ > 0, the operator P, is an integral operator with the integral kernel p,(z,y),

Pf(z) = /Mpt(«r,y)f(y)du(y) for all f € L*(M, p),

then py(x,y) is referred to as the heat kernel of (€, F).

Major problem: obtaining upper and lower bounds of pi(x,y) depending on the geometry
of the underlying space and on J.



Two-sides estimates of the heat kernel

Denote by B(x,r) open metric balls in M. In this talk we always assume that p is
a-regular for some a > 0, that is, for all x € M and r > 0,

p(B(z,r)) ~re V)

(although the main results are available also in the setting of a doubling measure).

By a result of AG and T.Kumagai (2008), if the heat kernel of a jump type Dirichlet form

satisfies a self-similar estimate
1 _ (d(r,y)
pt(x7y> — t_VCI) ( tl/ﬁ

for some (3, > 0 and decreasing function ®, then it is necessarily the following estimate:

! d(@,y)\ 7
pi(w,y) =~ 7a/B (1 + s ) : (2)

We refer to (2) as a stable-like estimate of the heat kernel because it matches (1) with
a = n. The number 3 is called the index of the corresponding Dirichlet form.




If (2) holds then, using the identity J(z,y) = lim;_¢ 5:p:(2,y), we obtain that
J(x,y) = d(z,y)~ 7. (/)
Z.-Q. Chen and T.Kumagai (2003) proved that if 5 < 2 then, in fact,
(J) < (2).

However, on many fractal sets there exist regular Dirichlet forms with the heat kernel
satisfying (2) with # > 2. Indeed, by works of M.Barlow, J.Kigami, et al., on large
families of p.c.f. fractals and Sierpinski carpets, there are diffusion processes with heat
kernels satisfying the sub-Gaussian estimate with the walk dimension d, > 2. Using a
subordination techniques, one obtains a jump process satisfying (2) for any index § < d,,.
Clearly, 8 can be > 2.

To obtain the implication (J)=-(2) in the case § > 2 in general, one has to assume one
more hypothesis: a generalized capacity condition (Gcap) that will be explained below.
This condition is closely related to the cutoff Sobolev inequality introduced by M.Barlow
and R.Bass (2004), and to the energy inequality of S.Andres and M.Barlow (2015).

It was proved by AG, E.Hu, J.Hu (2018) and Chen, Kumagai, Wang (2020) that, for any
5 >0,
(Geap) + (J) < (2). (3)



Upper bounds of the heat kernel

The main question to be discussed here is how to obtain the estimates of the form

C d(z,y)\ "’
pt(xyy)ﬁm<1+ il/ﬂ)> ; (4)

with some 3,7 > 0. Here necessarily v < a 4+ 3 because otherwise (4) implies J = 0. If
v = a + [ then the necessary condition for (4) is

C
< W (J<)

J(z,y)

The case v < a +  will be of main interest. In this case (4) does not imply any useful
bound for J.

Alongside (4), consider for any ¢ € [1, o] the following tail estimate of the heat kernel:

r >—(a/q/+,6’) 1 t

C
1P (@, Mooy < ariam <1 M = Yai@d) " rara+p (TF,)

for all z € M and r > 0, where ¢’ = . Condition (T'F,) gets stronger when ¢ increases.
q



If ¢ =1 then ¢’ = co and (T'F,) is equivalent to

t
| negdnw <0 (TP
Be<(z,r) r

if ¢ =2 then ¢’ =2 and (T'P,) becomes

1/2 C r o\ —(a/2+8)
2 B — J—

if ¢ = 0o then ¢’ =1 and (T'F,) is becomes

esss (z,y) < ¢ (1 + —
up pe(r,y) >
yeBe(x,r) ta/ﬂ tl/ﬂ

: (T'P)
which is equivalent to (4) with v = a + §.

Lemma 1 If q € [2,00] then (T'F,) implies the following pointwise upper estimate

—(a/q'+B)

pt(x7y) S ta/ﬂ tl/ﬂ

=

(UE,)

for all t > 0 and p-almost all x,y € M (that is the estimate (4) with v = a/q + 3).
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Clearly, (UE,) gets stronger when ¢ increases. For example, if ¢ = 1 then (UE,) becomes

C d(z,y)\ "
pt(f,y) S ta/ﬂ (1 + tl/ﬁ ) ) (UEl)
if ¢ = 2 then (UE,) becomes
C d(sc,y) —(a/2+P)
pt(x7y) S ta/ﬁ (1 + tl/ﬁ ) ) (UE2)

and if ¢ = oo then (UE,) becomes

C d(z,y)\ """
po) < s (14 5520) (VB

which is equivalent to (T'Ps) and to (4) with v = a + 5.

Tail of jump kernel

In order to obtain the tail estimate (7'F,) of the heat kernel, we will use the following
hypothesis that is referred to as the tail estimate of the jump kernel:

C

lzo(se@m) < Tarass

|J(x, ) Ve e M, r > 0. (TJ,)
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It is easy to verify that (7J,) becomes stronger when ¢ increases.

For example, if ¢ = 1 then ¢’ = oo so that (7'J,) becomes

J(z,y)duy) < —,
/Bc(x,r) 706

If ¢ =2 then ¢’ = 2 and (7'J,) becomes

1/2 8.
J*(x, y)dp(y ) < .
(/Bc(az,r) ( ) ( ) ro/2+6

If ¢ = o0 then ¢’ =1 and (7'J,) is equivalent to (J<):
C

roth’

essup J(z,y) <
yeBe(x,r)

Since J(z,y) = lim;_.g %tpt(a:, y), we have the implication

(TP) = (TJ,).

(TJy)

(T Js)

(T'Joo)

(5)

Our main result states that, under some additional hypotheses, also the converse impli-

cation holds, that is,

(additional hypotheses) + (TJ,) = (T'F,).
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Additional hypothesis

We introduce here two hypotheses: the Faber-Krahn inequality and the generalized ca-
pacity inequality. They both can be stated for any regular Dirichlet form (&, F).

Definition. We say that the Faber-Krahn inequality (FK) of index [ is satisfied for
(&€, F) if, for any precompact open set 2 C M,

A () > e ()77, (FK)

where \; () = inf spec(£?) and L? is the generator of the restricted form (&, F(£2)).
Equivalently, (FK) holds if, for any ¢ € F N Cy(Q2)

E(p,0)= cun ()7 Il s

It is known that (FK) is equivalent to the diagonal upper estimate of the heat kernel

pila,y) < Ct=o/8) (DUE)

It is also known that

J(x,y) = = (FK). (6)

> _ ¢
~ d(z,y)o P
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Hence, (FK) can be regarded as an integral version of the lower bound of J.

Recall that the capacity associated with (€, F) is defined as follows: for any open set
U C M and a Borel set A C U set

cap(A,U) =inf{&(¢,¢) : ¢ € F, 0< o<1, ¢la=1, ¢

UCZO}.

Definition. For any bounded function u € F + const and a real x > 1, define the
generalized capacity of the pair (A,U) by

capq(f) (A, U) = ilgf E(ug, d),

where inf is taken over all ¢ € F such that

0<9<k, ¢laz1l ¢

Uc:O.

For example, if kK =1 and u = 1 then

cap{™ (A, U) = cap(A,U).
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Definition. We say that the generalized capacity condition (Geap) of index 3 is satisfied
for (€, F) if there exist k > 1,C' > 0 such that, for any bounded function v € F + const
and for all concentric balls By := B(x,R), B := B(x, R+ r) with x € M and R,r > 0,

C
cap™(By, B) < r_ﬁ/ w?dp. (Geap)
B

Equivalently, this condition means that, for any pair of concentric balls By, B as above

and for any bounded v € F + const,

K

there exists ¢ € F such that !

Oggbg’%a ¢|Bozla Qb

e =10

and the following inequality is true:

C
£(6,6) < 1 [ wd 7
™ JB
Setting v = 1 in (7) and replacing ¢ with ¢ A 1, we obtain the capacity condition
C
cap(Bo, B) < r_ﬂu(B)' (cap)

12



Usually it is very difficult to verify (Geap) (apart from some specific cases), and it is
an open problem to develop methods for verification of (Gcap). In contrast to that, the
capacity condition (cap) can be proved in many examples of interest.

Conjecture. If in all our results (Geap) can be replaced by (cap).
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Main result

Denote by (C') the hypothesis that the Dirichlet form (&,F) is conservative, that is,
P1=1forallt>0.

Theorem 2 (AG, E.Hu, J.Hu, 2024) Let (V') be satisfied. Then, for any q € [1,00],

(FK) + (Geap) + (TJ,) & (TP,) + (UE,) + (C). (8)

Recall for comparison that if (€, F) is a strongly local Dirichlet form then

B(x )\ -1
<FK>+(Gcap><:>{pt<x,y><ta%exp <(d (t’y)) )} L),

by S.Andres and M.Barlow (2015) and AG, J.Hu, K.-S. Lau (2015).

In the present case of jump-type Dirichlet form, we add one more condition (7°J,) about
the tail of J, and obtain both tail and pointwise estimates of the heat kernel.

If ¢ > 2 then, by Lemma 1, (T P,)=(UE,) so that Theorem 2 can be restated as follows:

(FK)+ (Geap) + (TJ,) < (TP, + (C). (9)
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In fact, we have proved (9) for ¢ € [2,00] in a more general setting when measure p is
doubling, and the scaling function r” is replaced by a general scaling function W (z, ).

Recall some previously known related results. In the case ¢ = co we obtain from (8) that
(FE) + (Geap) + (J<) & (UEx) +(C),

which is contained in the results of AG, J.Hu, K.-S.Lau (2014) and Z.-Q.Chen, T.Kumagai,
J.Wang (2021).

Let M be an ultra-metric space, that is, d satisfies the ultra-metric triangle inequality
d(.ﬁlﬁ',y) §max(d(a:,z),d(y,z)) V.I',y,ZEM.

For example, the field Q, of p-adic numbers is an ultra-metric space with respect to the
p-adic norm. Also, QJ is an ultra-metric space with respect to max-product distance.

Let ¢ = 1. It is known that in ultrametric spaces (T'J;)=(Gcap), and we obtain from (8)
that

. C d(z,y)\ "
(FE) +(Th) = (UE) that is, pi(z,y) < -7 (H 1175 ) ’

which was previously proved by A.Bendikov, AG, E.Hu, J.Hu (2021).

15



Approach to the proof of Theorem 2
Strong generalized capacity condition and elliptic mean value inequality

In the definition of (Geap), in the inequality (7), that is, in

C
£ (w6.0) < 5 [ uldu
Tﬂ B
the cutoff function ¢ may depend on the weight u. Denote by (Geap’) a stronger version
of (Geap) when function ¢ depends only on the pair By, B of the balls and serves all
functions v simultaneously.

The next theorem is the first one in a sequence of results leading to heat kernel upper
bounds. We use again the following hypothesis about the tail of the jump kernel:

C

1 (, ‘)”Ll(Bc(x,r)) = 8 Ve e M, r>0. (TJ)

=

Theorem 3 (AG, E.Hu, J.Hu, 2023) Under the hypothesis (V'), we have the implication

(FK) + (Geap) + (TJ) = (Geap') .
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The condition (Geap’) will be used below for obtaining the parabolic mean value inequality
that in turn is needed for heat kernel upper bounds. The proof of Theorem 3 uses the
elliptic mean value inequality (EMV).

Definition. We say that (EMV) holds if, for any function v € F N L*™ that is non-
negative and subharmonic in a ball B = B(xg, R), and for any ¢ > 0,

1/2
< CE 2 oo ey .
ezlllgpu < (Jiu ) +ellull e (1))

The proof of Theorem 3 goes through the following implications (under the standing
assumptions (V), (FK), (TJ)):

(Geap) = (EMV) + (cap) = (Geap') .

17



Parabolic mean value inequality

Theorem 4 (AG, E.Hu, J.Hu, 2023) For any q € [1, c0|, we have
(FK) + (Geap) + (TJ,) = (PMV,),

where (PMYV,) stands for the Parabolic Mean Value inequality that means the following.
Fix an arbitrary ball B = B (z, R) in M and set T' = R°. Let u be a bounded non-negative
function on M x (0,77] that is subcaloric in the cylinder B x (0,7]:
that is, for any ¢t € (0,77, s

u(-,t) € FrNL2(M)
and u satisfies in B x (0,7

Ou+ Lu <0 |

in a certain weak sense.

L 14B
Then, for any ¢ € (0, 1], ’ =
1/2
sup Hu(,t)HLoo(%B) < Cg ][ u2 —I—ﬁ sup Hu("t)HLq/((%B)C)- (PMV;})
te[3T,T) Bx[3T.,T] te[3T,T)

18



For the proof, consider a shrinking sequence .

of cylinders Q. = B (x,r;) X [te, T], k>0, . -
and an increasing sequence by > 0. Set R I— B8 [0/ S N

[ -- B

a ::/ (u —by,)* dudt
Qk

0 B(x,//5R)
so that a; clearly decreases, and prove that B(x.R)

B

C Tk ¢ 1 1 Sk +q 148
A1 < 7 < ) << + + a, “,

(bpsr — bi)? Tk — Tk+1 Te — Th1)?  thpr — e brpr — b

where
= WP EAE / w(y, )7 (2 ) duy).
Be(z,ry)

teltn ] sep(a, BrktL)
The proof of the relation between ay and ag,; uses essentially (FK) and (Gcap').

Choose
re=(3+2" R and t,=(3 -2,
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so that
Bx[5T,T]=Qo D Qr D Qo = 3B x 3T, T].
Setting also by = (1 — 2_"“) b for some b > 0, we obtain

8 8
R’BSk> 1+ CL;—’_Q |
b (Ra-f—ﬂb?)g

[terating (10), we show that if b is large enough then limy .., ay = 0,which implies that

a Qo

u < b in Q. The choice of b depends on sup,, za45 = zats and on an upper bound for
RPs;. The value

apye < C29F (1 + (10)

%0 < const ][ u?
Reth — Bx[LT,T]

yields the first term (PMV,). Estimating s; by means of the Holder inequality and (7'P,)
gives

C
R’sy < R% sup lu(-,t)| o 1pe /
te[3T.T] TG ()
OQCk;
- = BN ot 1 e
Rald t;?TI?T] [l (- )l (3B)e)

which yields the second term in (PMV,).
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Outline of the proof of Theorem 2

Most of the proof is devoted to the implication

(FK) + (Geap) + (TJ,) = (TP,))

Step 0. As it was already mentioned above,
(FK)= (DUFE).

However, this implication does not work in a more general setting of doubling spaces,
where we use an alternative proof of (DUFE) with help of the mean value inequality of
Theorem 4.

Step 1. By Theorem 3, we have
(FK) + (Geap) + (T'J) = (Geap'),

and, by Theorem 4,
(FK) + (Geap') + (TJ,) = (PMV,).
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Step 2. We prove that
(PMVy) = (DUE) .

For that apply (PMV,) with u (-,t) = P.f where f € Cy(M) and f > 0, and observe that
the both terms in the right hand side of (PMV,) are bounded by <5 || f|| > which yields

C
1Pr fllos < raramy 1112

which then implies (DUFE). Consequently, we obtain that, for any ¢ € [2, o],
(FK)+ (Geap) + (TJ,;) = (DUE).
It follows from (DUFE) that

C
|ps (2, ')HLq(M) = 1o/ (dB)

Hence, in order to prove (T'P,), it remains to prove

Ct
||pt (ZU, ')HLCI(BC(m,T)) = m (11)

assuming that r® > ¢, which is done in the rest of the proof.

L



Step 3. We deduce from (PMV]) a so called “Lemma of growth”:
there exist some €, € (0,1) such that,
for any ball B C M and for any v € F
that is non-negative and bounded in M

and superharmonic in B, if
aeENE <L) -
u(B)

then

essinf u > 7.
iB
2

For that observe that v = #a is subharmonic for any a > 0. For subharmonic functions,
we obtain from (PMV)) the following multiplicative form of the mean value inequality
(by choosing ¢):
1-6
HUHLOO(%B) S CAH max (A7 T) ) (12)

1/2
A= (f o) T = Pollmgor,

and 6 =0 (a,3) € (0,1).

where
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Let us estimate A as follows:

JL—— ( / n / ) _dn
1(B) Bnu<1} Br{u>1y/ (u+ a)2

2

p(BN{u<i}) 1 1 8 1
= WB) @ (Qtaf @ (ta)

for a = {_:_1/;2_1 Estimating also trivially

max (A,7T) <

Q|

Y

we obtain from (12)

C

(14 a)®’

1 9 0/2 71\ 170
essup <C 5 — = 5 ,
ip u-+a (1—|—a) a (1_|_a) al—f

whence

1
§B

where 1 > 0 if a is small enough, that is, when ¢ is small enough.

24

essinffu > C ' (14a)a™® —a=a <C_1 (1+ 1)(9 — 1) =,



Step 4. For any open set {2 C M and any x € €) set
B°@) = [ Padt= [ [ ol gdutat
0 0o Ja

It has the probabilistic meaning of the mean exit

time from €2 of the jump process X, associated
with (€, F), that starts at z:  E%(x) = E, (%), X
where 7% is the first exit time from €. Q

In this step we prove that, under (FK), for any ball B of radius r,

essup B < Cr”. (13)
B

Step 5. We prove the opposite inequality: the Lemma of growth and (cap) imply that

essinf EF > crf. (14)
iB

It is known that (13) and (14) imply (C).
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Step 6. Using the upper and lower estimates of E?, we deduce the survival inequality:
there exist € > 0 such that, for any ball B of radius r and for any ¢ > 0,

Ct
PPlp > e~ — in 3B (S)
r

In probabilistic terms,
PtB]_B(Q?> =P, (TB > t)

that is the probability of survival of the process in B up to time ¢ assuming the killing
condition in B¢,

Step 7. For any p > 0 consider a truncated Dirichlet form
.= [ (@) - )Py,
{d(z,y)<p}

Denote by (); the heat semigroup of (5 ) F ) and by ¢(x,y) its heat kernel. We prove
that, under all the above hypotheses, the heat kernel of (8 ) F ) exists and satisfies the
following diagonal upper bound

C Ct
Qt(xay) < WeXp (,0_5> . (15)

26



Step 8. We deduce from (S) a similar condition for the truncated semigroup @Q:
Qllp>e—Ct(r’+p?) iniB

where B = B (x,r). A certain iteration procedure allows to self-improve this estimate
and to obtain that, for any k£ € N, if r > 8kp then

B t )
@t1321—0<k>(p—5) |

which implies that

/BC(””’” #(2,y)duly) < CF) (ptﬂ>k.

Combining this with (15), we obtain that, in the case ¢ < oo,

C(k Ct\ ([t
|t (, )Hqu(BC) = ta/gq ;) Xp <pﬁ> (ﬁ) - 16

In the case ¢ = oo we improve (15) in a different way and obtain that if > 4kp then

C(k) Ct PN e \E
oo Mumiory < g ew (55 ) (145) (5) (17)

27
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Step 9. We prove that, under all the above conditions, including (7'J,), we have, for any
t > 0 and for any ball B = B(z,r),

Ct Ct
e, Msscoy < e, Mscoe) + s exp (ﬁ) . (18)

Step 10. In the case ¢ < oo, combining (16) and (18), we obtain that if » > 8kp then

< O o\ (t\71, ot Ct
e, Yoo = oy P\ g )\ 35) ¥ peres P\ 35 )

Assuming that 7% > t and setting p = r/ (8k), we obtain

C(k) (t\™* Clk)t
b, e < S (r_ﬁ) e
t

< [E—
—_— Ta/q/+/87

provided k is chosen so that



that is,

|

> 2 41
A
This finishes the proof of (T'P,) if ¢ < oc.

In the case ¢ = oo we obtain from (17) and (18), assuming that 7° > ¢ and setting
p =/ (4k) that

Ck) (t\"77  Clh)t
e Moseo < i (55) + o

t

provided k is chosen so that

that is,
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Step 11. We prove now consequences of (T'F,). Let us first prove Lemma 1, that is, if
q € [2,00] then

(TFy) = (UE,) |

Setting r = +d (z,y), we obtain by the semigroup property

@) = /M pr (2, 2) pe (2, y) dpt (2)

< (L +f Jr@anenae

It suffices to estimate the first integral. By the Holder inequality, we have
L ( )pt (.1', Z) Pt (Z, y) d:u (Z) < Hpt (x7 ')HLQ(BC(m,r)) ||pt ('7 y)”Lq’(M) :

Since ¢ > 2 and, hence, ¢’ < ¢, we have not only (T'F,) but also (T'P,/). Hence,

C r —(a/q'+P)
lpe (@ N zagse@ay < tarn (1 + W)

and

C
||pt ('7y>HLq/(M) = ta/(aB)”
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Since ﬁ -+ % — %, we obtain
C r \ —(a/d+B)
< — _
Lo @ CwmE < g (1)
Estimating in the same manner the second integral, we obtain

- C ] r \ —(a/d+p)
pat (x,y) < B ( +m>

Y

that is, (UE,).
Step 12. Since (UE,) = (DUFE) = (FK), we obtain that

(TP,) = (FK)|

The implication

(TF) = (TJ,)

was already mentioned in (5).
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Step 13. Finally, the implication

(T'Fy) + (C) = (Geap)

is proved as follows. By (T'F,) we have also (T'P;), that is,

r\N—68 Ot
/BC(W) pe(z,y)du(y) < C <1 =+ W) < v

This and (C') imply that
Ct

B(x,r) e
P, 1(x) > € e

that is, (5), and it is known that (S) = (Gcap).
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