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Abstract

We give an overview of heat kernels on ultra-metric spaces based on the results of [9] and
[11]. In particular, we present estimates of the heat kernel of the Vladimirov operator in Qp-
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1 Background

1.1 Heat kernels and Dirichlet forms in R"

The classical Laplace operator A = > 7" | % in R™ is associated with the Dirichlet integral

/ IV f|? da (1.1)
Rn
via the Green formula

(F=Af == [ FAfdo=- /IR IV F[2 da.

More precisely, the Dirichlet form (1.1) in the domain f € W12(R") has the generator £ = —A
that is a non-negative definite self-adjoint operator in L?(R™) with the domain W%2(R").

The associated heat equation
ou—Au=0

has a fundamental solution

(x,y) = o e |z~ y‘z
X —
P,y (47”:)”/2 p At )

that is also the transition density function of a diffusion process — Brownian motion in R™.
For any (8 € (0,2), the operator (—A)ﬁ /2 determines in a similar way the following non-local

Dirichlet form )
cnﬁ// —(f(x) — f(fg) dxdy (1.2)
RexRe |z —y|"

with the domain Bg /QQ(R”). The associated heat equation

B+ (—A)Pu=0

has a non-negative fundamental solution pgﬁ ) (z,y), that also serves as the transition density
function of a symmetric stable Levy process of index (3 (a Markov process of jump type).
It is known that, in the case 8 =1,
cpt

PV (z,y) = — (1.3)
(t2 + o — yl2) ’

(that is the Cauchy distribution), while for any 5 € (0,2) there is an estimate

—(n+p)
©) t 1 |z — 3/’)
o~ = 1+ . 14
P (7, y) (tl/ﬁ P y|)n+5 tn/B ( t1/8 (1.4)

The sign ~ means that the ratio of two sides is bounded between two positive constants.



1.2 Dirichlet forms of jump type in metric measure spaces

Let (X,d) be a locally compact separable metric space and p be a Radon measure on X with
full support. Consider in L?(X, 11) the following quadratic form

SN =5 [ @)= 1) Ta)dnte)dut) (1.5

where J(x,y) is a non-negative symmetric function on X x X that is called a jump kernel.
Assume that £ extends to a regular Dirichlet form with a domain F C L?(X,p), that is, F is
a dense subspace of L?, F is complete with respect to the norm Hf||%2 +E&(f, f), and FNCy is
dense both in F and Cj, where Cy is endowed with the sup-norm. The generator of the Dirichlet
form (1.5) is the operator

Cf(x) = /X (F(x) - 1)) T v)du(y),

that is a non-positive definite self-adjoint operator in L?(X, u). It determines the heat
semigroup {e " }i>0 in L2(X, 1) and a certain Hunt
process ({X;}i>0, {Pz}zex) that satisfies the identity

P.(X; € A) = e 1 4(),

for any Borel set A C X.

The heat kernel pi(x,y) of (£,F) is the integral density of the heat semigroup e~ %, if the
former exists. In this case pi(z,y) is also the transition density function of the Hunt process.
For the theory of Dirichlet forms we refer the reader to [15].

2 Ultra-metric spaces

2.1 Definition and main properties

Let (X,d) be a metric space. The metric d is called ultra-metric if it satisfies the ultra-metric
inequality
d(x,y) < max{d(z, z),d(z,y)}, (2.1)

that is obviously stronger than the usual triangle inequality. In this case (X, d) is called an
ultra-metric space.
A well-known example of an ultra-metric distance is given by a p-adic norm. Given a prime
p, the p-adic norm on Q is defined as follows: if z = p"¢, where a,b,n € Z and a,b are not
divisible by p, then
@]l :==p~".
If z = 0 then [|z[[, := 0. The p-adic norm on Q satisfies the ultra-metric inequality. Indeed, if

M C

y=p"5 and m < n then

m (P e c

Since the denominator bd is not divisible by p, it follows that

o+ yll, < 7" = max { |z, llyll, } -

Hence, Q with the metric ||z —y||, is an ultra-metric space, and so is its completion Q, — the
field of p-adic numbers.



The next example of an ultra-metric space is the product

n times

—~—
Q=Qpx...xQy
where the ultra-metric is given by the vector p-norm

@1l = max o,

Various constructions of Markov processes on @, and on more general locally compact
Abelian groups carrying an ultra-metric, were developed by Steven Evans [14], Albeverio and
Karwowski [1], [2], Kochubei [22], Del Muto and Figa-Talamanca [25], Zuniga-Galindo [31],
Rodriges-Vega and Zuniga-Galindo [26], and many others, mostly by means of Fourier trans-
form on such groups.

Analysis on @, was developed by Taibleson [27] , Vladimirov [28], Vladimirov and Volovich
[29], also using Fourier transform. A common achievement of the above works is that they
have introduced a class of pseudo-differential operators on Q, and on Qy, in particular, a p-adic
Laplacian.

Vladimirov, Volovich and Zelenov [30] studied the corresponding p-adic Schrédinger equa-
tion. Among other results, they explicitly computed (as series expansions) certain heat kernels
as well as the Green function of the p-adic Laplacian.

In this paper we present a construction from [10] and [11] of a natural class of random
walks on any ultra-metric space (X,d) that satisfies in addition the following conditions: it is
separable, proper (that is, all balls are compact), and non-compact.

This construction is very easy, takes full advantage of ultra-metric property and uses no
Fourier Analysis. In the case of Q, this class of processes coincides with the one constructed
by Albeverio and Karwowski, and their generators coincide with the operators of Taibleson and
Vladimirov.

Let us first discuss some properties of ultra-metric balls

Bi(z) ={y € X :d(z,y) <r},

where x € X and r > 0. The ultra-metric property (2.1) implies that any two metric balls of
the same radius are either disjoint or identical.
Indeed, let two balls B,.(z) and B,(y) have a non-empty intersection:

3z € By(z) N B,(y).

Then d(x,z) < r and d(y, z) < r whence it follows d(x,y) < r.

Consider an arbitrary point z € B,(z).
We have

d(xz,z) <r and d(z,y) <r
whence

d(y,z) <r and z € B,(y).
Hence, B,(x) C B,(y) and, similarly,
B, (y) C By(x) whence B,(z) = B,(y).

Consequently, a collection of all distinct balls of the same radius v forms a partition of X, which
is a key property for our construction.
Let us prove some other properties of ultra-metric spaces.



e Fvery point inside a ball is its center.

Indeed, if y € By(x) then the balls B,(y)
and B,(z) have a non-empty intersection
whence B,(z) = B, (y). o
Consequently, the distance from any point
y from B,(z) to the complement B, (z)° is
larger than 7.
o Fvery ball is open and closed as a set.

Indeed, any ball B, (x) is closed by definition, but it is also open because any y € B, (z) has
a neighborhood B, (y) C B,(x).
Consequently, the topological boundary 0B, (z) is empty.

o Any ultrametric space X 1is totally disconnected, that is, any non-empty connected subset
S of X is an one-point set.

Indeed, if S contains two distinct points,
say = and y, set r = %d(a:, y), and notices Bi(x)°
that set S is covered by disjoint open sets
Bi(x)
B, (z) and B,(x)¢ both having non-empty

intersection with S. m
Hence, S is disconnected. Consequently,

X cannot carry any non-trivial diffusion

process.

e Any two balls By, (z) and By,(y) of arbitrary radii r1,r2 > 0 are either disjoint or one of
them contains the other.

Indeed, let 7 > ro. If the balls B, (x) and B,,(y) are not disjoint then also the balls B,, (=)
and By, (y) are not disjoint, whence

By, (z) = By, (y) D Bry(y)-

e Any triangle {z,y,2z} C X is isosceles; moreover, the largest two sides of the triangle are
equal.

Indeed, if d(y, z) is smallest among all

three distances then we obtain "
d(z,y) < max (d(z,2),d(y, z)) = d(x, z)

and similarly d(z, z) < d(x,y), whence

d(z,y) = d(z, z). y z

e Forany x € X, a set M = {d(x,y) : y € X \ {x}} has no accumulation point in (0,400);
i particular, M is countable.

Let r € (0,00) be an accumulation point of M, i.e. 3 {r,} C M \ {r} such that r, — r.
Choose y, € X such that d(x,yy) = .



By compactness of balls, we can assume that Vi

{yn} converges, say y, — y. Then d(z,y) = r. r, 0
Since d(y,yn) — 0, it follows that r = rp,

which contradicts to the choice of {r,}. X r y

For example, in Q, we have M = {p™"} .

2.2 Averaging operators

Let p be a Radon measure with full support on an ultra-metric space X. Then p (B,(x)) is
finite and positive for all z € X and r > 0. Let us assume that pu (X) = oo.
Define a family {Q,},- of averaging operators acting on functions f € L*>(X):

1
Qrf(z) = m/&(@f dp|. (2.2)

Clearly, @, is a Markov operator.

Let o(r) be a cumulative probability
distribution function on (0,00) that
is strictly monotone increasing, left-
continuous, and

o (04+) =0, o(co—)=1.

0 ”

The following convex combination of @), is also a Markov operator:

Pf= /OOOQ,,f do(r) |, (2.3)

where the right hand side contains a Stieltjes integration.

Operator P determines a discrete time Markov chain {A},}, . on X with the following
transition rule: A, is p-uniformly distributed in B,(X,) where the radius » > 0 is chosen
at random according to the distribution o. We refer to P as an isotropic Markov operator
associated with (d, u, o).

Example. Consider X = Q, with the p-adic distance d(z,y) = [z — y||,,
Every x € Q, has the following presentation in the p-adic numeral system:

00
§ : k

r=...0a...020a100.0-10—-2...0_N = agp ,
k=—N

where N € N and each ay is a p-adic digit: ar € {0,1,...,p —1}. Then HZL‘Hp = p~! provided
a; # 0 and ar = 0 for all k£ < [.
Consider a ball B, (z) of radius r = p~™, where m € Z. For any

y:...bk...bgblbo.bflbfg...b_]\[GBT(JJ)

we have ||z — pr < p~™, that is, the first non-zero aj — by occurs for k > m; that is, by = ay
for k < m and by are arbitrary for k£ > m, so that

y=... bm+2 berl bmam,lam,gam,g e



Since by, can take p values, any ball B, (x) of radius » = p~" counsists of p disjoint balls of radii
p~(™+1) that are determined by the value of by,.
Let p be the Haar measure on Q, with the normalization condition

w(Bi(z)) = 1.
Then we obtain that
p (By-m(z)) =p~™.
If p~™ < r < p~(m=1 then B,(z) = By,~m (x) which implies

1w (By(2) = p~™ =,

The Markov chain {&,,} with the transition operator P has the following transition rule
from X, to X,4+1. One chooses at random r > 0 and, hence, m as above, then changes all the
digits ay, of X, with k > m to by, where all by are uniformly and independently distributed in

{0,1,...,p—1}:
Xp = . Om420m+10mAm—10m—20m—3 - - .

Xont1 = b2 b1 bam—1am—2am—3 ...

The averaging operator @), on an ultra-metric space X has some unique features arising from
ultra-metric properties. We have

1

Q@) = 5 /X 15, (o)t = /X e (2, 9) f (W) dpu(y),

1 1
qr(z,y) = ml&(z)(y) = ml&(y)(ﬂ?)

where the kernel

is symmetric in z,y because B,.(y) = B,(x) for any y € B,(x).

As a Markov operator with symmetric kernel, Q, extends to a bounded self-adjoint operator
in L2 (X, p).
Claim. Q, is an orthoprojector in L* (X, 1) and spec @, C [0, 1].

Proof. For any ball B of radius » > 0, any point € B is a center of B. The value @, f(x) is
the average of f in B and, hence, is the same for all x € B; that is, Q, f = const on B. A second
application of Q, to @, f does not change this constant, whence we obtain Q? = Q,.. Therefore,
@, is an orthoprojector. It follows that spec @, C [0,1]. m
Note that general symmetric Markov operators have spectrum in [—1, 1] and the negative
part of the spectrum may be non-empty. For example, the stochastic symmetric matrix
l.

L 2
(11)
3 3
has eigenvalues 1 and —3
The averaging operator @, in R” is also Markov and symmetric, but it has a non-empty
negative part of the L2-spectrum (and, hence, is not an orthoprojector). For example, the
averaging operator in R

r+1
@f@ =5 [ 1w

has the Fourier transform _
sin 2w€ ~

ot 1 ©

so that its L2-spectrum consists of all values % (£ € R) and, hence, it has a negative part.

In fact, minspec Q1 ~ —0.217.

Q1f (€)=



2.3 Isotropic heat semigroup

It follows from (2.3) that P is a self-adjoint operator and spec P € [0, 1]. In particular, the powers
P! are well-defined for all real ¢+ > 0 and are bounded self-adjoint operators in L?(X, ). The

family {Pt} ¢~ 1s obviously a semigroup that we refer to as the isotropic heat semigroup.

Proposition 2.1 The operator P! is for any t > 0 an integral operator, that is,

Ptf(x) = /X P, ) F(@)du(y),

for all f € L?, where the heat kernel pi(z,y) is a continuous function given by

B < dot(r)
piley) = /du,y) w(By () | (24)

Proof. It follows from (2.3) by integration-by-parts that

P=- /0 o (r)dQ,. (2.5)

Since {Q,} are orthoprojectors, it follows that (2.5) is a spectral decomposition of P, up to a
change of variables A = o(r) in the integral. Hence, we obtain that, for any ¢ > 0,

pt—_ /OO o (r)dO,.
0

which implies by integration-by-parts that

pt— /OO Qr do'(r).
0

Since @, has the kernel
(2,9) L 1w
Qr\T,Y) = —F 7 1B (2)\Y)s
p (B (z)) 7@

it follows that P! has the kernel

pe(w,y) = /OOO gr(z,y) do'(r) = /Ooo

B / o dot(r)
d(z,y) M (BT(x)) 7
which was to be proved. m
As it is well known, any symmetric strongly continuous Markov semigroup in L? (X) is

associated with a Dirichlet form. In particular, the Dirichlet form (&, F) associated with the
isotropic semigroup {Pt is given by

ml&(x)@)dat(ﬂ

}tZO

EU ) =l (7= P'S, e
—tim e [ ]G = 10 e p)duta)duty) (2.6

where the limit always exists in [0, +00], and the domain F consists of functions f € L? (X)
where the limit is finite.



Proposition 2.2 The Dirichlet form (£, F) associated with {Pt} 18 a jump type Dirichlet form

=5 [ ] @)= 1) T pdntaydnty 2.7
with the jump kernel
& 1
J(x,y) = /d(x’y)mdlna(r) . (2.8)

Besides, (€, F) is regular.

We refer to this Dirichlet form (&€, F) as an isotropic Dirichlet form.
Proof. Indeed, comparing (2.6) and (2.7), as well as using (2.4), we obtain

1
J(@,y) = lim =py(2.y) (2.9)

B /°° o~ tdo(r)
d(z,y) 1 (BT(x» '
The regularity of (£, F) follows from the fact that, for any ball B, the indicator function 1p is
continuous in X (because 0B = )) and 15 € F. Indeed, let B = B,(z). For f = 15 we have by

(2.7) and (2.8)
- / / J (2, y)dp(x)dp(y)
By(2) J BS(2)
1
= ///{JJGBP(Z)’ZJGBC(Z) r>d(x,y)}mdln J(T)dﬂ(iﬁ)du(y)

_dulz) no(r
yEB,(z)\B, (2 (LGBp(Z)N(Br(z))>d‘u(y)dl (r)
W
) H

oo

[ (Bp(z)) oo
- / (Br(z))du(y)dl (r)
. > 5 ,U(Bp(z ) nolr

2.4 Laplacian and Green function

Let £ be the generator of (£, F) that is a positive definite self-adjoint operator in L? (X). We
refer to £ as an isotropic Laplacian.

Since the heat semigroup of (£, F) is given by {e*w}»o, it follows that e %4 = P! and,
hence, a

L=—-—InP= /OO Ino(r)dQ,. (2.10)
0

Denote by C the space of functions f € L? (X) satisfying the following condition: there exists
r > 0 (depending on f) such that f = const on any ball of radius r.



Theorem 2.3 The space C is dense in L? (X), is contained in the domain dom(L) of the Lapla-
cian L, and, for any f € C, we have

ﬁf(w)=/X(f(w)—f(y))rf(%y)du(y)- (2.11)

The spectrum of L is given by

spec £ — {mﬁ :reA}U{O}, (2.12)

where A = {d(z,y) : x,y € X, x© # y}. Furthermore, L has a complete system of eigenfunctions
of the form

where B is any ball in X and B’ is any mazimal ball such that B' C B. The eigenvalue of f is
A=In ﬁ where r is the largest radius of B.

The identity (2.11) follows from (2.10) by integration by parts, where one should watch the
singularity of Ino (r) near » = 0. By (2.10), the spectrum of £ is determined by the values of
Ino (r) at those r where d@, does not vanish, which occurs exactly at r € A.

Observe that, for any = € B, there exists the maximal ball B’ containing x and such that
B’ C B: in fact, B’ = B,.(x) where 7’ is the largest value in (0,r) of d (z,-).

The Green function g(z,y) on X x X is defined by

g(w,y) = /Ooo pi(z,y)dt.

It is known that if ¢ finite (which means g(z,y) < oo for all x # y) then g determines an operator
that is in some sense inverse to £: the minimal non-negative solution to Lu = f (where f > 0)
is given by

u() = /Mgm,y)f(y)du(y).

Also, it is known that the associated Markov process {A;}, is transient of and only if g is
finite. -

Proposition 2.4 We have

o 1 1
o)== B 219

Proof. Using (2.4), we obtain

e = [ [ imayiet
N /d(ac,y) </0 to' (1) dt) 5(11212%))'
/OOO te~ % dt = %

oo " _ 1
/0 to" (r)dt —(lna(r))2

Since for any a > 0

it follows that

10



and

o) = o dlno(r)
s /d@:,y) (B, (2)) (o (1)’

B /°° Lot
d(z,y) :U(BT (l‘)) IHU(T) ’
which completes the proof. m

Example. Assume that the ultra-space (X, d, p) is a-regular, that is, for all x € X and r > 0,

p(Br(z)) =7,
for some a > 0 (in fact, a has to be the Hausdorff dimension of (X, d)).

Choose function o as follows:

o (r) = exp ( (;)5)

where ¢, 5 > 0.
The distribution of ¢ is called a Fréchet distribution. By (2.4) we obtain

[ to'(r)dlno (r)
pmy) = /du,y) (B, (@)

~ t/ exp <—%) rP=1gy
d(z,y) r

00 B
~ t_o‘/ﬁ/ exp (—C—ﬂ> s~ B 1gs
d(x,y) /1P s

—(a+06)
to/B t1/8

so that
t

(tl/ﬁ + d(z, y))a+ﬁ.
Applying (2.9), we obtain the following estimate of the jump kernel:

p(z,y) ~ (2.14)

T(a9) = fimg P2 o )00

For the Green function, we have by (2.13)

g(xy):—/oo —dﬁ :/OO dLﬁ—{OO’ o asp
’ dey) M(Br())  Jaay) ™ d(z,y)~ ), a>p.
Recall for comparison that the symmetric stable process in R™ of the index 5 € (0,2) (generated
by (—A)?/?) has the heat kernel
t

(t5 + ||z — y|)" 7

pt(xa y) =

while
J(@y) = eng llz —y| 7"
and (in the case n > ()

g(x,y) = &y gllw —y| .

11



. . n
3 Analysis in Q)
3.1 Isotropic heat semigroup in Q,

Set X = Qj with the p-adic distance d(z,y) = ||z — y||,, and with the Haar measure x normalized
so that u (Bi(z)) = 1. We already know that

p (B (x)) = p™ if p" <r<p"th (3.1)

where n € Z. Fix some > 0 and set

o () = exp (— (g)ﬁ> . (3.2)

Knowing exactly p (B;(x)) enables us to make a precise computation of J(z,y) as follows. By

(2.8) we have
T,y) = R no(r)=p° - —ﬁriﬁildr
o= [ mmine p‘/%wpuu%m»'

Let ||z —yll, = p¥ for some k € Z. Using (3.1), we obtain

/p:omﬁldr Z/" ﬁrﬂld)r

n+1

/ —dr=B 1 < 1 1 )
=> =2 5 5w~ s
n>k nzkpn p” p(n )
N )
+p — p—(1+8
nzkspn( ) 1 —p~(1+5)
B 1—p P 1
R e
Hence, we obtain the identity
S 1 1
p
J(x,y) = . 3.3
) = T i (33

It is remarkable that the jump kernel (3.3) arises also from the following completely different
consideration. As a locally compact abelian group, @, has the dual group, that is again Q,,
which allows to define Fourier transform. The Fourier transform f — f of a function f on Q,

is defined by
fo = [ @9 f@duto)

p

where ¢ € Q, and {z¢} is the fractional part of the p-adic number z, that is, {z{} € Q. It is
known that f +— .]/C\iS a linear isomorphism of the space Cq of locally constant functions on Q,
with compact support.

Using the Fourier transform, Taibleson [27] defined the following class of fractional derivatives
D7 on functions on Qp.

Definition. For any 3 > 0, the operator ®7 is defined on functions f € Co(Qp) by
DOFE) = li€lly FE), €€ (34)

12



Vladimirov and Volovich [29] showed that ©7 can be written as singular integral operator

-1 f(z) = fy)
C1—p (48 Q, Hx—y”}g*ﬁ p(y)-

D° f(x) (3.5)

Comparison with (3.3) shows that ®” coincides with the isotropic Laplacian £ with the distribu-
tion function (3.2). More precisely, we have D% = £ in Cy so that D is essentially self-adjoint

in L*(Qp).

Corollary 3.1 The operator ©F generates a heat semigroup in LQ(@p) that admits a continuous
heat kernel pi(z,y) satisfying the estimate

t
x,Yy) . 3.6
The Green function of P is finite if and only if 8 < 1, and in this case it is given by
N e ~(1-p)
9(z,y) = =) = yll,™ (3.7)

Proof. Since ®% = £, we can apply all the previous results. The heat kernel estimate (3.6)
follows from (2.14) because Q) is a-regular with o = 1. The identity (3.7) for the Green function
follows by exact integration in (2.13) similarly to the computation of J(z,y). m

Let us emphasize the following. Without the theory of isotropic heat semigroup, the question
of estimating the heat kernel of ©° was very difficult and it remained open for a number of
years. In fact, the full estimate (3.6) was obtained for the first time in [11] by using the isotropic
Laplacian.

In contrast to that, the identity (3.7) for the Green function was derived by Vladimirov and
Volovich [29] directly from (3.4).

3.2 Isotropic heat semigroup in Qj

Let {(Xj;,d;)}!_, be a finite sequence of ultra-metric spaces. Define their wultra-metric product
(X,d) by X = X1 x ... x X, and

d(z,y) = ax. di (i, yi)-
where z = (z1,...,2,) € X and y = (y1,...yn) € Y. Then (X, d) is again an ultra-metric space,
and balls in X are products of balls in X;:

n

B, (z) = 131 BY (z;).

If there is a Radon measure p; on each (X;,d;), then we consider on (X, d) the product measure
=@ k-

Given a probability distribution o on (0,00) as above, we obtain an isotropic semigroup P?
on the product space X.

For example, consider Q; that is the ultra-metric product of n copies of Q,, with the p-adic
metric

d(z,y) = |~ yll, = max [z - vl

13



The product of the normalized Haar measures p on Q, is the normalized Haar measure p,,
on Q.
P

Hence, if p~™ < r < p~ (™= where m € Z then, for any z € Qp,
n . _
o (By(@) = T i (BY (@) = p7 =1,
i=1
Fix any 8 > 0 and consider again the distribution function

o () = exp (- (é)ﬁ> .

As in the one-dimensional case, computing J(z,y) from (2.8) and using the exact values of
i (By(z)), one obtains

51
P _
J(z,y) = T p-d |z — y|, 7). (3.8)
Similarly, (2.13) yields, in the case n > 3, that
I el ~(n-9)
g(@,y) = =) = —yll, :

and (2.4) implies

t 1 eyl T
pi(x,y) ~ (tl/ﬂ + e — pr>n+B T /B <1 + t1/8 ) .

Hence, the jump kernel, Green function and the heat kernel for the isotropic Markov process in
Qp match the same quantities for the symmetric stable process of index 3 in R™ (apart from
the values of constants and the range of 3 because § € (0,2) in R" and 3 € (0,00) in Q).

On the other hand, the Taibleson operator D? can be defined also in Qp by means of the
Fourier transform in Q). The latter is defined by

Fler= [ e ja)duta),

P

where £ € Q) and (x,&) = > {zx&,} -
Definition. For any 3 > 0 the operator D? is defined on functions f € Co(Qp) by

o~

DAf(e) = |I€)18 Fle), €eqy.

As in the case n = 1, one can show that D? coincides on CO(QZ) with the isotropic Laplacian

L associated with the distribution function o(r) = exp(— (p/r)”), which implies the following
result.

Corollary 3.2 The operator D is essentially self-adjoint, it generates a heat semigroup in
LQ(QZ) that admits a continuous heat kernel p.(z,y) satisfying the estimate

1 =y, "
p(@,y) = g <1 + W) : (3.9)
The Green function of DP is finite if and only if § < n, and in this case it satisfies the identity
9(z,y) = cnpllz — y”;(n_ﬁ) :

14



3.3 Vladimirov operator

Let {(Xi,di, p1;)}i—; be a sequence of ultra-metric measure spaces such that X; is a;-regular,
where a1, ..., ay, is a prescribed sequence of positive reals. For example, we can take X; = Q,
and
di(w,y) = [|lz = y]l,/*".
Since Q, with [z —y||, is 1-regular, it follows that (X;,d;) is a;-regular.
Fix f > 0 and consider on each X; the isotropic Dirichlet form (&;, F;) associated with
o (r) = exp(—(c/r)?), so that its jump kernel J; satisfies

Ji(x7 y) = dz(ZL', y)_(aﬁ_ﬂ)

(2) satisfies

; 1 d'i z, — (i +B)
P (a,y) = <1+ ( ”) . (3.10)

and its heat kernel p;

tai/B t1/8
Consider now the product space X = X7 x ... x X,, with the ultra-metric

and the product measure = pq X ... X g,,. Then X is a-regular with
a=o1+ ...+ Q.

Let £; be the generator of &. We apply £; to functions f = f (z1,...,2,) on X by considering
f as a function of z; only (like partial derivatives in R™). Consider the operator

L=L1+...+ L, (3.11)
acting on functions on X.

Proposition 3.3 The operator L is essentially self-adjoint, it generates a heat semigroup {e*t‘:}po
in L? (X), and its heat kernel satisfies the estimate

— (i +03)
xl’yl)
(z,y) 75WH< Y ) . (3.12)

Proof. Since the operators £; commute, we have

—tL — e—t[,1 €_t£2 . —t[:n.

(& ..€

This implies that e *£ has the heat kernel
1 (0
pe(z,y) = Tl oy (i i) -
i=1

Substituting the estimates (3.10) for pgl), we obtain (3.12). m

Let now all the spaces X; be Q, with the p-adic metric d;(z,y) = |z — y[,. In particular,
we have o; = 1 for all 7.

Fix some 8 > 0 and consider the fractional derivative CDZ.B acting in X;. On the product space
@g = X; X ... X X, we have the operator

Vo = i@f
=1

15



that is called the Viadimirov operator.

The operator VP was introduced by Vladimirov and Volovich [29] where it was considered
as a free Hamiltonian in p-adic Quantum Mechanics.

Since @iﬁ coincides with the isotropic Laplacian £; on X; = Q,, we obtain from Proposition
3.3 the following.

Corollary 3.4 The operator V? is essentially self-adjoint in L?, and the heat semigroup exp (—tVﬁ)
has the heat kernel pi(x,y) that satisfies for allt > 0 and x,y € Q) the estimate

1L =l "
pi(@y) = o5 11 (1 + Tp> : (3.13)
=1

Corollary 3.5 If (n — 1)/2 < 3 < n then the Green function of VP exists and satisfies the
estimate
9(z,y) = |z =y, " (3.14)

The estimates (3.13) and (3.14) were first obtained in [11]. The estimate (3.14) was known
before only for a very special case n = 3, 8 = 2 and when all the components x; — y; are the
same.

Comparing (3.13) with (3.9), we see that the heat kernels for the Vladimirov operator V?
and the Taibleson operator D? behave essentially differently if n > 1.

4 Heat kernels on metric spaces and walk dimension

Let (X, d) be a a separable, proper metric space (not necessarily ultra-metric) and p be a Radon
measure on X with full support. Let (£, F) be a regular Dirichlet form in L? (X, i) and {P:},~0
is the associated heat semigroup.

One of the most discussed problems is obtaining estimates of the corresponding heat kernel
pe(x,y) (as well as its existence).

4.1 Examples of heat kernels

There are very few situations when the heat kernel can be computed exactly and explicitly. In
R™ with the Lebesgue measure, the classical Dirichlet form

e.n= [ vt

has the generator £ = —A and the Gauss-Weierstrass heat kernel

((L‘ )_;GX 7|1"_y|2
pi\T,Yy) = (47rt)n/2 p At )

that is the normal distribution at any time .
For the symmetric stable process of index 1, generated by +/—A, the heat kernel is the
Cauchy distribution with the parameter ¢, that is,

cpt
pt(x,y) = z EFSRE

(t2 + |z — y|2> 2

with some ¢, > 0.

16



In R™ with measure dy = e|x|2daz, the Dirichlet form

&)= [ VI

has the generator £ = —A — 2z - V and the Mehler heat kernel

1 2:L‘-ye*2t—a:2—y2
pt(ivay):—WeXP( 2 v —nt].

(27 sinh 2¢ L—e ¥

In the hyperbolic space H?, the Laplace-Beltrami operator has the heat kernel

1 r 2
pe(z,y) = W@ exp (—— - t> where r = d(z,y).

For many application quantitate properties of the heat kernels are important, so it becomes
essential to have at least good estimates. Let us recall some results about heat kernel bounds
assuming that the space (X, d, p) is a-regular, that is,

p(Bp(x)) ~ 1,

where necessarily o = dimg X.

4.2 Heat kernel estimates on Riemannian manifolds

Let first X be a Riemannian manifold with the geodesic distance d and Riemannian measure pu.
For the heat kernel of the local Dirichlet form

E(F.f) = /X IV 12 du

the following is known: it satisfies the two-sides Gaussian estimates

- C1 dz(x7y)
pt(:v,y) = WGXP <—C2T

(where ¢1,co > 0) if and only if the following Poincaré inequality holds: for any ball B = B, (xg)
and any f € C!(B),

-\ 2
/ (f = F) dp < C’rz/ IV £1? dps, (4.1)
eB B
where f = fe g fdu and the constants C' and ¢ € (0, 1] are the same for all balls and functions.

For example, (4.1) holds in R™ and, moreover, on all manifolds of non-negative Ricci curva-
ture.

However, (4.1) fails on the following

manifold:

It is a connected sum of two copies
of R™, and the reason for failure of

(4.1) is a “bottleneck” between two

sheets.
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4.3 Heat kernel estimates for diffusions on fractals

Development of Analysis on fractal spaces has brought into life sub-Gaussian estimates of heat
kernels of local Dirichlet forms. This is the estimate of the form

5 e
pe(x,y) < ;ﬁ exp | —c2 <M) , (4.2)
where % is a new parameter that is called the walk dimension of the corresponding diffusion
process.

For example, the walk dimension of a diffusion process on a manifold, satisfying the Gaussian
estimate, is clearly 3" = 2. One can show that (4.2) implies 5* > 2 (see [17]).

It was proved in a series of works [3], [5], [6], [7], [8], [24], [19], [20], [21] [23] etc., that on
a large class of fractals including unbounded Sierpinski gasket and carpet, there is a diffusion
process whose heat kernel satisfies the sub-Gaussian estimate (4.2) with * > 2. In fact, as
M.Barlow [4] showed, any §* > 2 can be realized in (4.2) on some fractal space.

Sierpinski gasket (SG)

Sierpinski carpet (SC) Vicsek snowflake (VS)
o =83 gx_logd 9 39 log8 35910 log5 o__ logls
9 . = ~ Z. g = ~
log 2 log 3 « log 3" ﬁ 6% Tog 3’ ﬁ 10g3~2'46

4.4 'Walk dimension

Let us discuss a possibility of the heat kernel estimates (4.2) on a general metric measure space
X. If (4.2) is true for some diffusion on X then X has to be a-regular and p has to be comparable
to the Hausdorff measure H,, of dimension « (see [17]). In particular, « = dimy X so that « is
an invariant of the metric space (X, d).

To describe the nature of 3*, consider for any 3 > 0 the following quadratic form in L? (X, u1):

B 2
et =3 [ =L i,

By a result of [17], the walk dimension §* admits the following characterization:

Br=sup {8 > 0:3F5 C L*(X,p) s.t. (€3, Fp) is a regular Dirichlet form in L*(X,u)}| (4.3)

Consequently, 5* is also an invariant of the metric structure (X, d) alone!

The identity (4.3) holds under the hypothesis that a diffusion on X satisfies the sub-Gaussian
estimate. However, the right hand side makes sense on an arbitrary a-regular metric space, so
we can take now (4.3) as a new definition of the walk dimension *. It is valid for any a-regular
metric space independently of the presence of Dirichlet forms or heat kernels.

It is easy to see that with increase of 3 the set of functions f with £3(f, f) < oo shrinks and
may become non-dense in L. It is easy to show if 3 < 2 then Es(f, f) < oo for all f € Lip(X),
which implies that §* > 2.

18



If X is a Riemannian manifold then one can deduce from (4.3) that 8" = 2. On fractals, as
we know, typically 8% > 2.

Let us ask what is the walk dimension 3* of an ultra-metric space. As we know, on an a-
regular ultra-metric space, the isotropic Dirichlet form £ with the distribution function o (1) =
exp(—(c/r)?) with arbitrary 8 > 0 has the jump kernel

T(w,y) = d(w,y)~ ).
Since this jump kernel is comparable with the jump kernel of &, 3, we have

ga,ﬁ(fvf) = g(f?f)

Since & is a regular Dirichlet form (Proposition 2.2), it follows that &, g is also a regular Dirichlet
form for any # > 0, which implies §* = oo!

Hence, in the family of all a-regular metric spaces, manifolds and ultra-metric spaces are
extremal cases: for the manifolds (including R™) we have §* = 2, while for the ultra-metric
spaces 3% = oo.

On the diagram below, we represent graphically a classification of regular metric spaces
according to the value of the walk dimension 3*. The Euclidean spaces R™ and p-adic spaces Qp
lie at the opposite boundaries of this scale, while the entire interior is filled with fractal spaces.

ultra-metric spaces
including Q)

manifolds including fractal spaces
Euclidean spaces R”

Vicsek snowflake
B*=logl5/log3 =2.46

Sierpinski gasket
B*=log5/log2 =~=2.32

Sierpinski carpet
B*=2.10

Parameter « is responsible for integration on X as it determines measure u = H,, while 8*
is responsible for differentiation on X as in many cases it determines the generator L of a local
Dirichlet form on X that is a natural Laplacian on X.

4.5 Test functions

The two extremal classes of metric spaces - manifolds and ultra-metric spaces, have something
in common: they both possess a priori rich classes of test functions with controlled energy:
on manifolds these are usual bump or tent functions, while on ultra-metric spaces these are
indicators of balls.

a»

A bump function in R" Indicator of ball in ultra-metric space
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The presence of such test functions is very essential for the proofs of heat kernel estimates as
all known techniques for obtaining off-diagonal upper bounds make use of such test functions.

In the setting of general metric spaces, one has to make an additional assumption about
existence of “good” test functions.

4.6 Heat kernel estimates for jump processes

To conclude the discussion about general metric spaces, let us mention the following result of
[18]: if the heat kernel of a conservative Dirichlet form (&, F) satisfies the estimate of the form

c d(z,y
pi(z,y) < ta}ﬁcp (02 551/5 )>

for some positive o and § then either £ is strongly local or

D (s) ~ (14 )~ @)

Since on ultra-metric spaces strongly local Dirichlet forms do not exist, we obtain that the only
possible estimate of the above type is a stable-like estimate

1 d(w,y)\
pe(z,y) ~ s (1 + 1B > : (4.4)

Our next purpose is to characterize those ultra-metric space and Dirichlet forms (not necessarily
isotropic) when this estimate holds.

The following necessary conditions for (4.4) are known:

e the a-regularity: for any metric ball B,(z), we have

p(Br(x)) =" V)

(consequently, o = dimy X and pu ~ H,).
e the jump kernel estimate: for all x,y € X,

J(@,y) = d(z,y) @), (J)

Z.-Q.Chen and T.Kumagai proved in [13] that, on general metric spaces (with a certain mild
restriction on the metric), if 0 < § < 2 then

(V)+(J) & (4.4).

However, if the walk dimension 5* of the space in question is larger than 2, then the value
of 8 in (J) can be > 2. In this case, on top of (V') and (J) we need one more condition that
ensures the existence of “good” test functions.

Such a condition was established independently by

e 7Z.-Q. Chen, T. Kumagai, Jian Wang [12]: condition C'SJ (cutoff Sobolev inequality for
jumps);

e AG, Jiaxin Hu, Eryan Hu [16]: condition Geap (generalized capacity condition).

A common result of these works:

(V) + (J) + (Geap) < (4.4).

We will show that, in the setting of ultra-metric spaces, the third condition is not needed.
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5 Heat kernels on a-regular ultra-metric spaces

Let (X, d) be a separable, proper ultra-metric space and let u be an a-regular Radon measure
on X. Suppose now that (£, F) is a general (not isotropic) regular Dirichlet form of jump type
on L?(X,u). We give here a characterization of the jump kernel that ensures the heat kernel
stable-like estimate (4.4). Even in Q} this question is highly non-trivial. The results of this
Section were proved in [9].

5.1 Main results

Theorem 5.1 Let J be a symmetric non-negative function on X x X such that
J(x,y) = d(w,y)~ ) (J)

for some B > 0. Then the quadratic form
=5[] U@ 1) I dudn)
’ 2 XxX ’

determines a reqular Dirichlet form in L* (X, ). Its heat kernel pi(z,y) ewists, is continuous in
(t,z,y), Holder continuous in (x,y) and satisfies the stable-like estimate

1 d(z,y)\

forallxz,y € X and t > 0. Consequently,

(V)+(J) & (5.1).

Next, let us relax pointwise upper and lower estimates of J(z,y) in (J). We slightly change
a setup and assume that we are given a symmetric Radon measure j on X x X of the form
dj = J(z,dy)du(x). Both j and J are referred to as jump measures.

Definition. We say that J satisfies the 8-Poincaré inequality if, for any ball B = B, (xg) and
any function f € L? (B),

[ Nr-TPansor [ (@) - 1) s dyauta) (PI)
eB BxB

where f = faB fdu and C and ¢ € (0, 1] are constants.

Definition. We say that J satisfies the (§-tail condition if, for any ball B,(z),

/ J(z,dy) < Cr=P, (TJ)
By (x)°

If dj = J(z,y)du(x)du(y) and X is a-regular then the following implications hold:

J(z,y) > cd(z,y)~ P = (PI)
J(z,y) < cd(z,y)~ @+ = (1)

Theorem 5.2 (Main Theorem) Let (X,d, 1) be a-regular ultra-metric space and let J(x, dy)
be a jump measure on X x X that satisfies (T'J). Then the quadratic form

e.n =3[ @) e
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extends to a regular Dirichlet form (€, F) in L? (X, u). If in addition J satisfies (PI) then the
heat kernel pi(x,y) of (€,F) ewists, is continuous in (t,z,y), Holder continuous in (x,y) and
satisfies for all x,y € X and t > 0 the following “weak upper estimate”

C d(x,y —b
and the “near-diagonal lower estimate”
¢ ; 1/8
pe(x,y) > /B provided d(x,y) < §t*/P. (NLE)

Moreover, under the standing assumption (T'J), we have
(PI) < (WUE) + (NLE). (5.2)

Equivalence (5.2) is analogous to the aforementioned result that, on a-regular manifolds, the
Poincaré inequality for the Dirichlet integral is equivalent to the two-sided Gaussian estimates
of the heat kernel. An analogue of the condition (7"J) is in this case the locality of the Dirichlet
form.

Note that the exponent —3 in (WU E) does not match the exponent — (o + 3) in the optimal
heat kernel bound (5.1). There are examples showing that, under (7"J) and (PI), one cannot
guarantee any estimate of the form

c d(z,y)\ ™"
pe(z,y) < B (1 + /5 )

with v > .
In the same way, the lower bound (NLE) cannot be improved to any estimate of the form

¢ d(z,y)\ ™’

with any, even very large, 7.

5.2 Example: jump measure on products

Here we give an example showing that the estimates (WUE) and (N LE) of Theorem 5.2 cannot
be improved assuming only (7'J) and (PI).

As in Section 3.3, Let {(X;,di,p;)}i; be a sequence of ultra-metric measure spaces such
that X; is a;-regular, where oy, ..., a,, is a prescribed sequence of positive reals. Fix some § > 0
and consider the operator £ defined by (3.11) so that its heat kernel p;(x,y) satisfies (3.12).

Let us verify that pi(x,y) satisfies both (WUE) and (NLE). Indeed, for any pair z,y,
choosing i so that d(x,y) = d (x;, y;), we obtain from (3.12)

C d —(a+0)
pe(z,y) < (1 + <$’y)>

= to/B t1/8
c d(z,y)\ "
= to/B (1 + t1/8 ) ’

If d(x,y) < t'/8 then also d; (z;,1;) < t'/? for all i whence



The Dirichlet form (€, F) generated by £ has the form

n

E 1) = (LF Fray = D (Lifs D2y

i=1

= (f (&) P9 ) dison)e ¥ ()

I I
=14
=

DR

; /X E(F, ) dpy (1) oy, (20)

where \Z( means omission of the i-th term and
61(f7 f) = /)( [f(xh ey Yis "‘7xn) - f(xla vy Ly "‘7"1:71)]2 Jz(%yyz)dﬂz(%)dﬂz(%)

It follows that (£, F) is a jump type Dirichlet form with the following jump measure (not jump
kernel!)

J(.%', dy) = Z 5$1 (dyl) cee 5zi_1 (dyi—l) Ji(xia yi)dui(yi)dcci-;-l (dyi-i-l) s 6(1771 (dyn)a
=1

where d,, (dyj) is a unit measure on Xy, sitting at xj.
It is easy to check that J satisfies (7'J):

55 dy / :cz,yz d i \Yi <CT
/,«(m) Z 50 o0 ) dp; (yi)

Since the heat kernel on X satisfies (WUE) and (NLE), we conclude by Theorem 5.2, that the
Poincaré inequality (PI) is also satisfied on X.
Consider the range of x,y,t such that

dy (z1,11) > /8 and d; (zi,y;) < /8 for § = 2,...,m

Then (3.12) yields

1 dy (z1,y1) )
pe(z,y) =~ s (1 t—am

—(a1+0)
_ 1 (1 ey .
T /B /B

Since o can be chosen arbitrarily small, we see that (WUFE) is optimal.
Similarly, consider the range of x,y such that

di (z4,y;) ~ dj (x5,y;) for all i, 7.

Then d(z,y) ~ d; (x;,y;) and
1 r 1317 yl) ~(ei+h)
Pl y) = 7 H1 (1 + =57 )

—(a+np)

= te/B t1/8

23



Since n can be chosen arbitrarily large, while o and 3 are fixed, we see that one cannot ensure
any lower bound of the form

¢ d(z,y)\ 7"

In this sense, (NLE) is optimal.

5.3 Semi-bounded jump kernels

Let (X,d, p) be a-regular ultra-metric space and (&€, F) be a regular Dirichlet form with a jump
kernel J(z,y). Consider two conditions:

J(z,y) < Cd(x,y)~ > (J<)

and
J(x,y) > ed(x,y)~ @0, (J>)

Theorem 5.3 If (J<) and (PI) are satisfied then the heat kernel satisfies for all x,y € X and
t > 0 the optimal upper bound

C d(z,y —(at+p)
mie) < o (1+ 552 wn)

and the near-diagonal lower bound
_c ; 1/8
pe(z,y) > 2B provided d(x,y) < 6t/7. (NLE)

In fact, we have
(J<)+ (PI) < (UE)+ (NLE).

Theorem 5.4 If (J>) and (TJ) are satisfied then the heat kernel satisfies for all z,y € X and
t > 0 the optimal lower bound

¢ d(w,y)\
and the weak upper bound
c d(z,y)\ "
mew) < o5 (14 552) WUE)

Moreover, under the standing assumption (T'J ), we have
(J>) e (WUE) + (LE).
Clearly, Theorems 5.3 and 5.4 imply that
(J<) + (J2) & (UE) + (LE),

which is equivalent to Theorem 5.1.

24



5.4 Example: degenerated jump kernel

Here we construct an example of a jump kernel J(z,y) on X = Q, that satisfies (J<) and (PI)
but not (J>). In fact, J vanishes on large subsets.

Let J be a symmetric kernel on X x X and let ® be an increasing positive function on (0, 00).
We say that J satisfies ®-Poincaré inequality if, for any ball B C X of radius r and for any
feL*(B),

/ () — F)? dp(@)d(y) < (1) / (@) — F)? (&, y)dp()duy).
BxB

BxB

Lemma 5.5 The above inequality is equivalent to

/ (f=F) du < 20 / (@) — F)? T, y)du(z)du(y), (5.3)
B BxB

where f = JﬁB fdpu.

Note that if y (B) ~ r® and ® (r) = 7**P then (5.3) coincides with the 3-Poincaré inequality.
Proof. We have

| [ @ - s au / / )2~ 2£(@)f () + F)) dp(z)dp(y)
o ([ 0]
=2u(B) (/Bdeu—T M(B)>

[ =P = [ Pau=2F [ san+ Pup)= [ fau-Fuim).

Hence, we obtain

and

/ (f() = f(v) du(z)dp(y) = 2p (B)/ (f =7)% du,
BxB B

whence the claim follows. m
Set @ (r) = r®*# with a = 1. We need to construct on Q, a jump kernel that satisfies
const ®-Poincaré inequality, vanishes on large subsets and such that

< 1
® (d(z,y))’

For simplicity, we construct J not on Q, but on a discrete subset of Q.

Let M C Qp be the set of p-adic fractions .xixs..., that is, M is the set of sequences
z = {x;};°,, where z; € F, and x; = 0 for large enough 4. The set M has the additive group
structure as follows:

J(z,y) <

r+y={z;+y} o,

where the sum z; + y; is understood in F,,.
Recall that ||z[[, = p" if 2, # 0 and z; = 0 for all i > n. The distance function on M is
d(z,y) = |lz —yl,, and balls are defined by

By (z)={ye M :d(z,y) <r}.
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Define a function S on M by
o0
S(:E) = Z.’L‘Z S Fp,
i=1

and consider the following subset N of M x M:

N ={(z,y) e M x M :S(z)=0and S(y) =1or S(z) =1 and S(y) =0}.

Proposition 5.6 Let p > 3. For the jump kernel

1NC(J:> y)
@ (d(z,y))’

the following inequality holds for any ball B of radius v and any function f on B:

Yo (@ - fw)?<5e(r) Y (f@) - fw) ()

(z,y)€BxB (z,y)eBxB

J(l‘,y) -

Proof. We have

S U@-iw?is Y (f(a:)—f(y)f%
(z,y)e(BxB)NN*® (z,y)€(Bx B)NN¢ Y
=e(r) Y, (fl@)-f)* (@)
(z,y)eBxB

We will prove that

(z,y)e(BxB)NN (z,y)e(BxB)NN¢

which will then imply (5.4).

(5.5)

For simplicity, let p = 3. Observe first the following: any two points x,y € M form with the

point

z=—(x+y)
an equilateral triangle. Indeed, we have z — 2 = —2z —y = 2 — y (since —2 = 1 mod 3), whence
|z =[5 = [[z — yll3 and in the same way ||z —yl[3 = [lz —yll5.

Consequently, if =,y € B then also z € B since x is a center of B.

The second observation is that if (z,y) € N then both (z, z) and (y, z) belong to N€¢. Indeed,

by the definition of z we have

S(z) = = (5(x) +5(y)) -

Since (z,y) € N, we have S(z) + S(y) = 1 whence S(z) = —1 = 2. Consequently, any pair (-, z)

belongs to N°€.
Combining the above observations, we conclude that

if (z,y) € (Bx B)NN then (z,z) € (B x B)NN¢,

and the same is true for (y, z).
Next, we have

(f(z) = fW)* <2(f(z) — f(2)° +2(f(y) — f(2))°
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and

(z,y)e(BxB)NN (z,y)e(BxB)NN

+2 Y (fly) - f2)*.

(z,y)e(BxB)NN

Observe that the mapping
(xvy) = (l‘,Z) = (x7 - (Jj + y)) )

is injective because the pair (z, z) allows to recover the pair (x,y) uniquely by y = — (z + 2).
Therefore,

Y (fl) - f(2)? < > (f(z) — f(2))?,

(z,y)e(BxB)NN (z,2)e(BxB)NN¢

The same applies to the sum of (f(y) — f(2))?, and we obtain

Yo (f@)—fw)P<a Y (fla) - f(2),

(z,y)e(BxB)NN (z,2)e(BXxB)NN¢

thus proving (5.5). m

6 Approach to the proof

We outline most essential parts of the proofs from [9] of Theorems 5.1, 5.2, 5.3, 5.4. Let (X, d, u)
be an a-regular ultra-metric space and (&£, F) be a jump type Dirichlet form with the jump kernel
J(x,y). We write

dj = J(z,y)dp(z)du(y) = J(z, dy)du(x).
Assuming that J satisfies the §-tail condition

/ J(x,dy) < Cr=P (TJ)
By (x)°
and the §-Poincaré inequality

—_2 TB XT) — 2 X X
/Br‘f FPau<c /BT/T(f() )2 I (x, dy)du(z), (PI)

we need to prove the weak upper estimate

c d(w,y)\ "
pi(z,y) < Y <1+t17 (WUE)
and the near-diagonal lower estimate
_c ; 5t1/8 NLE
pe(x,y) > 1B provided d(z,y) < 6t*/7, ( )
for some ¢ > 0. If in addition J satisfies
J(z,y) < Cd(w,y)" (J<)

then heat kernel should satisfy the optimal upper estimate

d(z,y)\ "
pt(“’”’y)gth(H /8 > ;
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and if in addition
J(x,y) > cd(z,y)~ @) (J>)

then heat kernel should satisfy the optimal lower estimate

c d(z,y)\ """
pe(x,y) > T (1 + W) ) (LE)

There are also issues with the existence of the heat kernel and its Holder continuity, as well as
the opposite implications.

6.1 Sequence of steps

The proof is very long and consists of many steps. We outline the structure of the proof and
some most essential moments.

Overall, the proof uses the same techniques as in general metric spaces but the presence of
an ultra-metric brings some simplifications.

For any open set 2 C X, consider the function space F (£2) that is the closure of F N Cp ()
in 7. Then (&, F (£2)) is a regular Dirichlet form in L? () that corresponds to a Markov process
killed outside 2.

It is important, that in ultra-metric space satistying (7'J), for any ball B = B,.(z),

1p € F(B)

because 15 € Co (B) and & (1p,1p) < Cu (B)r=P.
Denote by Pf? the heat semigroup of (£, F(2)) and by

GQ:/ P dt
0

the Green operator. It is known that P{? and G are increasing in Q.

We say that a function u € F is superharmonic in Q if € (u,p) > 0 for any non-negative
v € F (). A function u is subharmonic if —u is superharmonic. Finally, u is harmonic if u is
super- and subharmonic.

Step 1. (PI) implies the Nash inequality: for any f € F N L' (X),

A9 < ce(r, HIFIZA, (6.1)

where v = [/a. The latter implies the existence of the heat kernel and the diagonal upper
estimate, for all ¢ > 0 and almost all z,y € X,

pt(x7 y) S Ct_a/ﬁ' (DUE)

One of the consequences of (DUE) is the following estimate of the meat exit time from balls:
for any ball B of radius r,
GP1 < orf. (6.2)

In the case a > f3 it is simple (while the case a < 3 requires more care):

GP1<G1p _/ Plpdt

/ Ptldt+/ /ptxyd,u )dt
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grﬂ+c/ </ ta/ﬁdt> du
B rB

<P 4 Cre (rﬁ)l_a/ﬂ =CrP.

One more consequence of the Nash inequality (6.1) is the Faber-Krahn inequality: for any
measurable set F C X of finite measure and any f € F such that f = 0 a.e. outside F, we have

E(fof) = e (BE) " [I£32 - (6.3)

Indeed, by Cauchy-Schwarz inequality,

1F13: < u(E) |1 f]13e

so by (6.1) »
E L) = el PRSI = el fl2e e (B) ™

Step 2. This is the largest and most technical part of the proof. One obtains a weak Harnack
inequality for harmonic functions of (£, F), where the main ingredient of the proof is Lemma of
growth. We give some details below in Sections 6.2 and 6.3 (see Lemmas 6.2 and 6.6). The weak
Harnack inequality implies an oscillation inequality for harmonic functions and, consequently,
the Holder continuity of harmonic functions.

The mean exit time estimate (6.2) implies |GPf||, . < CrP |||l 10, which allows to extends
oscillation inequality to solutions u of Lu = f with bounded functions f.

Considering a function u (t,-) = Py as solution to Lu = —0yu and estimating ||Oyul| ;- by
means of (DUEFE), we obtain the oscillation inequality and the Hélder continuity for P, f and,
hence, also for the heat kernel.

Step 3. Here one obtains the lower bound for mean exit time:
GP1>e? in B (6.4)

that is, in fact, a consequence of the Lemma of growth. The function v = GP1 is superharmonic
in B; hence, by a corollary of a Lemma of growth, it satisfies

1 -1
infu>c <][ —d,u> .
B B U

On the other hand, using ¢ = 15 € F (B), we obtain

¢2

2
— u,¢_
u

2
[ = 0.5 = e(6%0.%5) = £w. %)

Next one uses the following general inequality (Lemma 6.4 below):

Since by (TJ) & (¢,¢) < Cr*=P, we obtain
fum=cr?
—dp < Cr™7,
B U
whence (6.4) follows.
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The estimates (6.2) and (6.4) yield
GP1~ % in B.

This implies the following survival estimate:

PP1>¢ in B, provided t'/8 < ér, (S)

with some €, > 0. Indeed, (S) follows from a general inequality

GB1—¢
pB1> 1 —
TGP e

Step 4. Here we prove (NLE). For any ball B = B,(z), assuming t'/# < §r, we have, using
the semigroup identity and (5),

pzt(x,x)=/xpt(:v>y)2du(y)

> /B P, )2 dp(y)

2
> ( / pt<x,y>du<y>)
> (PtB1)2 > g2 ~ e
= uB) “u®B

Choosing r = 6~ 'r/# we obtain
pel@,z) > ct=/P,

By the oscillation inequality from the second step,

o d(x,y o
Ipe(z,2) = pi(,y)| < Ct ”( il/g)> ~

Hence, if d(x,y) < 0t'/# with small enough &, then

cC _
[pe(, 2) = pe(,y)| < St a/f,

whence (NLE) follows.

Step 5. Here we prove (WUFE). The main difficulty is in obtaining the following estimate: for
any ball B of radius r and any ¢t > 0,

t
Pilpe < 05| (TP)

If this is already known then we have, by setting r = d(z,y)/2,

P, ) = /X pr (2, 2) pr (2,9) diu(2)

¢ (z,2)p (2,y) du(z
é(/r(x)ch/T(y)C)p( ) v (2,y) dpu(2)
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< (suppt) Plp, (o) + (suppt) Pilp, (e
t
< CtP—

Since by (DUE) also py(z,y) < Ct=*/P it follows

t r o\
—a/B . L ~ /B -
par(x,y) < Ct=*/% min (1’ rﬁ) =1 (1 + t1/5> ’

However, the main difficulty here lies in proving (7'P) which itself a multi-step procedure that
is based on reiterating of the survival estimate (S). Indeed, (S) implies, for t'/# < &7, that

Plp.<1-Plp<1-PP1<1—¢,
which gives (T'P) provided t1/8 = §r. A certain bootstrapping argument allows to extend this
to all t.

Step 6. In the case when J satisfies (J<), one can extend the argument of Step 5 to prove
the optimal upper estimate (U E), which requires additional techniques. One uses the truncated
jump kernel

J®) = min (J,p),

the heat kernel qu ) (z,y) associated with J(), and the following general estimate

pi(a,y) < ¢ (z,y) + 2t sup J (2, y).
{z’ y'eX:d(z',y") >p}

For the truncated heat kernel one obtains the estimate

() ~a/8 By A y) p
4y (CU,y) SCt exp< 4/7 t CIIlll’l( P ’tl/ﬁ) )

which together with (J<) allows to obtain (UFE).

Step 7. In the case when J satisfies (J>), one uses the following general result: assuming that
conditions (S) and (NLE) are satisfied, the following estimate holds for all t > 0, z,y € X:

c . .
pe(z,y) > i min(1, {tu(Bu/s(y)) essinf J(2',y)}). (6.5)
t T EBtl/B(m)

y'€B,1.5(y)

Hence, if 7 := d(z,y) > 6t'/P then d (z/,y') < Cr and, hence, J (2',1') > er~(@+#) which implies
o [y gito/s L (1, 7\ @
p,y) 2 o min | L7555 | = 1575 ( * W) '

6.2 Lemma of growth

For any measurable function v on X and for any ball B on X, define the tail of v outside B by

Tp(w)i=sup [ fo(w)l(z,dy).

zeBJB

Lemma 6.1 Let B be a ball. For any u € F N L* that non-negative and subharmonic in B,
and for ¢ = 1g, we have

E(up,up) < 2TB(U)/Bud,u. (6.6)

31



Proof. Since ¢ € F (B), both u¢ and u¢? belong to F (B). We have:

 (u, ud) = &(u, ud?) + / u(@)uly) (B(z) — 6w)) di.

XxX

By subharmonicity of u, we have &(u, u¢?) < 0.
It follows that

cws) < ([ 4 wf wf V) 6 - ow)*a
=2 [ u@uly) (9(e) = 60)* i (by symmetrization)

<2 [ @) -sup [ fulo)l (e dy),

zeBJB

which is equivalent to (6.6).

Lemma 6.2 (Lemma of growth) Ifu € FNL>™ is superharmonic and non-negative in a ball
B of radius R and if, for some a > 0,

—a/B
u(BN{u<a}) ( RBTB<’U,_)>
<g |14 ——= , 6.7
u(B) a 0D
then
i a
essinf u > —,
B 2
where €q s a positive constant depending on the main hypotheses.
Proof. For any s > 0, set
uw(BN{u < s}) -
s = and ms=u(BN{u<s
In the first part of the proof, we show that, for all b > a > 0,
b\’ 1+p/
mg < CL (m) my, y (68)
where 3
RPT
Li=1+ i(“ ) (6.9)
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Set v = (b—u)4+ and ¢ = 1. Then we have

>1 on {u<a}

Note that ¢v = 0 outside the set E = BN {u < b} = BN {v >0} because either ¢ = 0 or
v =0.
By the Faber-Krahn inequality (6.3), we obtain

/ (6v)dy = / (6v)2dps < CE (v, dv)u (B)” = CE(bv, o)l
B E

Combining this inequality with (6.10), we obtain

1 ov, ov) _,
o < o [ (o0 < 5 By, (6.11)

Since u is superharmonic in Eg’ the fung’mon v=(b— uS 4 is subharmonic in B, and we obtain
by Lemma 6.1 and (7"J) that

E(pv, pv) < 2TB(’L))/ vdp

B
< 2T'5(v) /B bl iu<pydp
< 2(Tp(b) + T (u-)) brny,
<C (bR*ﬁ T (u_)) bit
< CLV’R Py,

Combining this with (6.11) yields

2R-—B
g < OV iew
(b—a)

Lb?

)2 mll)—HjR_ﬁ (Ra)l—l-ﬁ/a

Dividing by R* and using m,/R“ ~ m,, we obtain (6.8).
In the second part of the proof, consider the following sequence

1
ap ‘= 5(1 + 2_k)a7 k=0,1,2,..,

so that ag ™\, %a as k — oo. Set also

u(B N {u < a})
1(B) '

Applying the inequality (6.8) with a = a; and b = aj_1, we obtain, for any k > 1,

R°Tg(u_ _ 2
mk§0<1+ aB(u )>( 2ol > mi_y
k—1 ap—1 ag
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where ¢ = 1 + (3/a. Since ag_1 > %a and

ag-1 L+ 2~ (b1 < ok+1
ap—1—ap 2~k _2-k = ’

it follows that
mp < CL-4%-m{_|, (6.12)

where 5
RPTR(u_
+%'

L=1

Iterating (6.12), we obtain
mp < (CL)Ho+a ! ettt |t

k

< ((C’L)Fll 4T -mo)q : (6.13)

where in the second line we have used that

k_lzqk+1_(k+1)q+k< q -
(q—1)2 T (g—1)277

and C' > 1. It follows from (6.13) and ¢ > 1 that if

k+qk—1)+---+¢q

[ U A 1
(CL)qil c4@DZ oy < 3 (6.14)
then
kli)ngo myg = 0. (6.15)

Clearly, (6.14) is equivalent to

-2 __1
mo <2 (a-1) -(CL) a1,

Since qul = 5, we see that this condition is equivalent to the hypothesis (6.7) with

—2%2¢__ 1 1
o =2 N (O a1,

Assuming that g is defined so, we see that (6.14) is satisfied and, hence, we have (6.15). It
follows that a
w(BN{u< ) =0,

which implies essinfgu > a/2. ®m

Lemma 6.3 Let a non-negative function u € F N L be superharmonic in a ball B. Then

1 -1
essinf u > 0 <][ —d,u) ,
B 2 B U

where g is the same as in Lemma 6.2.
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Proof. We will apply Lemma 6.2 with a suitable value of a. Indeed, for any a > 0, we have
1 1 1 1
p(BN{u<a})=pBNn{->-})<a | —dp=au(B)f —dpu.
u a B U B U

Since u is non-negative on X, we have that R°Tg(u_) = 0. Setting

1 -1
a:= g <][ —du) ,
BU

u(B N {u < a}) < eou(B).

we obtain that

Hence, by Lemma 6.2, we conclude that

1 -1
essinfu > 2 =0 ][ —du ,
B -2 2 B U

which was to be proved. m

6.3 Weak Harnack inequality

Lemma 6.4 Letu € FNL> and assume that essinfgu > 0 for some ball B. Then, for ¢ = 15,

Z/

l‘

djxy)<38¢¢—2//36uidjxy)

Lemma 6.5 Let u € F N L™ be superharmonic in a ball B of radius R and let u > X > 0 in
B. Fiz positive numbers a,b and consider in B the function:

vi= (ln%)Jr A Db.

][ ][ 2dp(z)duly) < C (1 + %) . (6.16)

Proof. Note first that

Then

(o) = ol < [ 22

By (PI) as in Lemma 5.5 and by Lemma 6.4, we obtain

][][ ) — v(y))dp(z)du(y) < CR°™ O‘// ))2dj(x,y)
< CRP~ O‘//

< CRP° (65 b, b) +4// ( (fv)J(:v,dy)>

< CRP <Ra5 + R* sup/ % (w,dy))

zeB

co(14 T,

1 J:ry)
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Lemma 6.6 (Weak Harnack inequality) Let B be a ball of radius R and let u € F N L> be
superharmonic and non-negative in B. Then, for any a > 0, such that

p(BN{uza}) 1

> = 6.17
1(B) — 2 (617)
and
RPTs(u_) < ea, (6.18)
we have
essénfu > ea, (6.19)

where € > 0 s a constant that depends only on the main hypotheses.

If w> 0 on X then the condition (6.18) is trivially satisfied. A (strong) Harnack inequality
for non-negative harmonic functions would say that

essinf u > € esssup u.
B B

In particular, for any a < esssupp u, we would have (6.19). That is, the hypothesis (6.17) could
be relaxed in this case to p(BN{u>a}) > 0. Hence, Lemma 6.6 is a weak version of the
Harnack inequality.

Proof. Let A, b be two positive parameters to be determined later. Consider the functions
uy = u+ A and

A
v=0 < at <1 S u>a
Ux
A
v="> ot > o uy<(a+Nel=1q
(OY

We will apply Lemma 6.2 to u) instead of u. Set

_pBN{uza}) wBN{v=0})

YETTuB) B (6:20)
and
_uBN{uy<q})  pBN{v=>})
m = ) - B . (6.21)

By Lemma 6.2, if

R’BT _ —a/B
m < &g (1 + M) , (6.22)
then q
inf uy > =. 6.23
essinfuy > o (6.23)
Since v > 0 in B, we have
L:=RTp(u_) > R°Tg ((u\)_)-
Hence, in order to have (6.22), it suffices to ensure that
—a/B
m < gg <1 + —> . (6.24)
q
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Let us estimate m from above using the definition (6.20) and (6.21) of w and m, as well as
Lemma 6.5.
We obtain

5 sy St
b*dp(z)du(y
1(B)? ) agu=0} J Bnv=b} (#)duly)

_; vxr) —7v 2 i
—MuﬂQAm@ﬂyém@ﬁ;< ) — o) 2dpu(x)d(y)

géémmﬂwwwmww
gc@+§ﬁﬂ&ﬁl)gcQ+§)

b’mw =

A

SRy PR W O
™= N =2 A

where we have used that w > 1/2, which is true by (6.17). Hence, the condition (6.24) will be

satisfied provided
2¢ 1+ L <e |1+ L -
b2 X)) = q ’

/B
v > ¢ <1 + £> (1 + 5) . (6.25)
€0 A q

Fix € > 0 to be determined later, and specify the parameters A, b as follows:

It follows that

which is equivalent to

1+e¢

A= b:=1
ca, n "

Then we have
qg=(a+ Ne ™ = 4ea,

and the inequality (6.25) is equivalent to

1+e\?_ 2 L L\""
mitE) S (LY (e B (6.26)
4e €0 ca dea
Since by (6.18) we have L < ea, the inequality (6.26) will follow from
2 a/B
b))
4e €0 4

The latter can be achieved by choosing € small enough. With this choice of € we conclude that
(6.23) holds, which implies

essinf u > g—AzQsa—sazsa,
B 2

thus finishing the proof. m
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