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ABSTRACT. We determine the critical exponent for certain semi-linear elliptic problem
on a Riemannian manifold assuming the volume regularity and Green function estimates.
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1. INTRODUCTION

Let (M,g) be a complete non-compact Riemannian manifold and A be the Laplace-
Beltrami operator on M. Consider the following differential inequality

Au+ ®(z)u’ <0, (1.1)

where ® is a given positive function, o > 1 is a given exponent, and u is an unknown
non-negative C2-function.

In this paper we discuss the problem of existence of a non-trivial solution u of (1.1) in
a connected exterior domain M \ K, where K is a compact subset of M. The minimum
principle for superharmonic functions implies that either v =0 or w > 0 in M \ K. The
existence or non-existence of a positive solution depend on the value of ¢ as well as on the
geometric properties of M.

The question of existence of a positive solution of (1.1) in R™ (n > 2) has a long history.
It originated from the work [7] of Gidas and Spruck who considered the equation

Au+u’ =0 in R", (1.2)
and proved that if
n+2
1<o< .
n—2
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then the only non-negative solution of (1.2) is zero. On the contrary, if o > Z—J_r% then

there exists a positive solution; for example, in the case o = ”—J_rz it is
c
u(r) = ————,
(1+ |zf?) >

with some ¢, > 0. Hence, the critical value of the exponent o for the problem (1.2) is ”+2

However, the critical value of o changes if we consider the equation in an exterlor
domain:

Au+u’ =0 inR"\ {0}. (1.3)

It was proved by Bidaut-Véron [2] that if
l<o< % (1.4)
then any non-negative solution of (1.3) is zero, while for o > —"5 a positive solution exists,

for example,
u(x) = cpolx| o1

with some ¢, , > 0. Hence, the critical value of the exponent ¢ for the problem (1.3) is
n

n—2"
Consider now the inequality (1.1) in R™ with ® = 1, that is

Au+u? <0 in R". (1.5)
Mitidieri and Pohozaev [26] proved that any non-negative solution to (1.5) is zero if and
only if o satisﬁes (1.4). Hence, the critical Value of o in this case is again 5. The
sharpness of "5 can be seen as follows: if 0 > -5 then the function

c
wz) =
(1 + laf2)

is a solution to (1.5) for small enough ¢ > 0. Mitidieri and Pohozaev investigated in [27]
the inequality (1.1) in R™ with ®(z) > C|z|™ for large enough |z|, and obtained that if

1<G§n+m

22, (1.6)

then any non-negative solution to (1.1) is zero. Later Bidaut-Véron [3] showed that, for
the inequality (1.1) with ®(z) = |z|™ (m > —2) in the exterior domain R™ \ {0}, the

critical value of o is equal to ’::”2”

A rich class of problems generalizing (1.1) in R™ was systematically studied by Mitidieri
and Pohozaev, who developed test function techniques (or nonlinear capacity approach).
Their approach can be systematically applied to many types of differential inequalities
especially in Euclidean space, such as quasilinear elliptic and even parabolic differential
inequalities. Let us refer the readers to [4, 5, 21, 26, 27, 28] for details.

Let us return to a Riemannian manifold M and define for a fixed K the critical value
o of the problem (1.1) as follows:

0" =sup{o > 1: (1.1) has no positive solution in M \ K}.
Let d(z,y) be the geodesic distance on M. Denote by B(x,r) geodesic balls, that is,
B(z,r)={ye M :d(z,y) <r}.
Let © be the Riemannian measure on M, and set
V(a,r) = u(B(, 7).
In [16], the authors investigated problem (1.1) on M with ®(z) = 1, that is
Au+u? <0 in M, (1.7)
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and proved that if, for some reference point o € M and a > 2,

Vio,r) < Cr® n“z r, for all large enough r, (1.8)
then, for any o < -%5, the inequality (1.7) has no positive solution. Consequently, we
have

o
* . 1.9
7 =a 2 (1.9)
In the paper [29], the second author investigated inequality (1.1) on M with
®(x) > Cd(x,0)™, for large d(z,0)
where m > —2, and proved that if, for some o > 2,

V(o,r) < Cr® Inwes r, for all large enough r, (1.10)

then
o a+m
T a—2

The idea of using upper bounds of the volume function of balls in order to restrict the
set of solutions to certain differential inequalities has been widely used in the literature.
It originated from the pioneering work of Cheng and Yau [6] who proved that if, on a
geodesically complete Riemannian manifold M,

V(o,7) < Cr?, for all large enough r, (1.11)

then any non-negative superharmonic function on M is identical constant. Since any non-
negative solution of the inequality (1.1) on M is superharmonic, it follows that under the
hypothesis (1.11) the inequality (1.7) has only trivial solution 0 for any o. Note also that
in the aforementioned hypotheses (1.8) and (1.10) the volume function may grow faster
than Cr2.

Further results of in this direction were obtained by Wang and Xiao [30] and Mastrolia,
Monticelli and Punzo [24]. For other related studies in this area we refer the readers to
[9, 12, 25, 23].

In this paper, we investigate the problem of existence of a positive solution to (1.1) using
apart from the volume growth condition also some bounds of the Green function G(x,y)
of the Laplacian. Although the latter is a stronger restriction on the class of manifolds in
question, it still allows us to obtain a better lower bound for the critical exponent o* and
even to compute o* exactly.

By definition, the Green function G (x,y) is the minimal positive fundamental solution
of the Laplace operator on M. The existence of G (z,y) is equivalent to the existence of
a non-constant positive superharmonic function on M. Hence, the existence of the Green
function is a necessary condition for the existence of a positive solution of (1.1).

Assume that, for some 0 € M and all large enough r,

V(o,r) ~r® (Vo)
and, for all z,y € M with large enough d (z,y),
G(z,y) ~d(z,y)", (@)

where «, are positive parameters and the sign ~ means that the relation of the both
sides is bounded from above and below by positive constants.

Our first main result (Theorem 2.1 and Corollary 2.3) says, in particular, that if (V})
and (@) and satisfied and o < <, then the inequality

Au+u® <0 in M\ K (1.12)
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has the only non-negative solution uw = 0. Consequently, the critical exponent for the
problem (1.12) admits the estimate

o* >

=2|e

Of course, if v < o — 2 (that can actually occur — see Section 3), then this lower bound of
o* is better than (1.9).
Replace now (V) by a stronger condition: for all large enough r and for all z € M,
V(x,r) ~re. (V)

Our second main result Theorem 2.6 says that if M satisfies (V) and (G) as well as has
bounded geometry then, for any o > %, the inequality (1.12) has a positive solution in
M\ K. Consequently, the critical exponent for the problem (1.12) in M \ K has the value

The aforementioned Corollary 2.3 is a particular case of Theorem 2.1 that says the
following: if M satisfies (V) and (G), while ® satisfies, for some m > v — «, the condition

O(x) > d(z,0)™™, for all x € M with d (z,0) > ro, ()

then, for any o < O‘J“Tm, the inequality (1.1) in M \ K has the only solution u = 0.
Consequently, the critical value of ¢ in this case admits the lower bound

a+m
0*2+.

v

The methods of proofs of Theorems 2.1 and 2.6 are based on some new ideas. Let u be
a positive solution of (1.1) with o < ‘H'Tm Assume without loss of generality that o € K.
For any precompact open set U D K and for all x € U¢, we obtain from (1.1) that

u(z) > . Gye (2,y)  (y) v’ (y) du(y) (1.13)

where Gge (2,y) is the Green function of A in U* with the Dirichlet boundary condition.
The superharmonicity of u implies that

u(y) > ¢G (y,0) (1.14)

for some ¢ > 0 and for all y € U®. On the other hand, by Lemma 4.1 we have, for any
precompact open set 2 C M,

sup(Au + A1 (2)u) >0,
Q

where A\; (€2) is the first Dirichlet eigenvalue of A in 2. It follows that
A (Q) > inf ® (x)u” ! (z).
e
Combining this with (1.13) and (1.14), we obtain for Q@ c U° that
1 . 1 o
A (Q)7T > cinf @71 | Gge (z,y) @ (y) G (y,0) du (y) -
€ Uc

Then we bring this inequality to contradiction by choosing €2 large enough and by applying
the hypotheses (V;), (G), (®) and o < < to estimate all the quantities involved.
To prove Theorem 2.6, we construct for any o > «/~ a positive solution to the equation

Au+u®+Xf7=0 in M,
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where f is a specifically chosen decreasing function and A > 0 is small enough (see Theorem
7.6). This differential equation amounts to the integral equation

u(r) = /M G(x,y) (v (y) + A7 f(y)7) du(y),

and the latter is solved in a certain closed subset of L> (M) by observing that the operator
in the right hand side is a contraction for small enough \. Next, we improve the regularity
properties of u in two steps: first show that u is Holder and then u € C?.

The paper is organized as follows: In Section 2, we state our results in the setting of a
weighted manifold M with an arbitrary distance function. In Section 3, we give examples
of manifolds, satisfying the conditions (V,), (V), (G). Section 4 contains some technical
preparation for the proof of the uniqueness Theorem 2.1, and the latter is then proved
in Section 5. In Section 6 we obtain some applications of Theorem 2.1 to the uniqueness
problem for some Schrodinger operators. In Section 7 we prove the existence Theorems
2.6, 7.6.

NoOTATION. The letters C,C’, Cy, C1, co, c1... denote positive constants whose values are
unimportant and may vary at different occurrences.

2. STATEMENTS

A weighted manifold is a couple (M, u), where M is a connected Riemannian manifold
and p is a measure on M with a smooth positive density with respect to the Riemannian
measure [iy. Assume that dy = wdp,, where w is a positive C*° function on M. The
weighted Laplacian A of (M, u) is defined by

Au = 1 div(wVu).
w

In particular, if w = 1 then A is the Laplace-Beltrami operator on M.

Fix a compact set K (may be empty) such that M \ K is connected. Given a non-
negative function ® on M \ K and a constant ¢ > 1, consider the following differential
inequality in M \ K

Au+ O(z)u’ <0, (2.1)
where v is an unknown non-negative C?-function in M \ K, and set
o = sup{o > 1: any non-negative solution of (2.1) in M \ K is identical zero}.

Let d be a distance function on M (not necessarily geodesic). We always assume that
the metric balls
B(z,r)={ye M, d(z,y) <r}.
are precompact open subsets of M. If d is the geodesic distance, then the latter assumption
is equivalent to the geodesic completeness of M. Set also

V(z,r) = w(B(z,r)). (2.2)

Let G (z,y) be the Green function of A, that is, the smallest positive fundamental
solution of A. We always assume that G exists.

Fix a reference point o € K (when K is empty, o can be any point on M), positive reals
a, v, Ro and introduce the following hypotheses.

(V,) There exist positive constants ¢ and C' such that, for all » > Ry,
cr® <V(o,r) < Cr®.
(G) There exist positive constants ¢ and C' such that, for all z,y € M with d(z,y) > Ro,
cd(z,y)” " < G(z,y) < Cd(z,y) . (2.3)
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(®) There exist reals m > v —« and ¢ > 0 such that, for all x € M with d (z,0) > Ry,
&(x) > cd(z,0)™. (2.4)
Our first main result is the following theorem.

Theorem 2.1. Assume that the hypotheses (V,) , (G) and (®) are satisfied. If

l<o< o+ m’
v
then any non-negative solution w of (2.1) in M \ K is identical zero. Consequently, we

have

O_*

a+m
5 .

Remark 2.2. As we will see from proof of Theorem 2.1 in Section 5, the condition (V})
here can be replaced by a weaker condition (V>) as follows.

(V>) There exist 7 € (0,1) and ¢ > 0, such that for all large enough r
V(o,7) — V(o,1r) > cr. (2.5)
Clearly, (V,) implies (V>).
If ®(z) = 1, then Theorem 2.1 implies the following.
Corollary 2.3. Assume that conditions (V) and (G) are satisfied with o > ~y. If

1<J§g,
~

then any non-negative solution u of
Au+u® <0 in M\ K,
1s identical zero. Consequently, we have
o«
o> —.
Y

Example 2.4. Let M = R" (n > 2), u be the Lebesgue measure and d(z,y) = |z — y|.
Then A is the classical Laplacian, and its Green function is given by

Cn
G(x,y) =

with ¢, > 0. It follows that (V) and (G) are satisfied with & = n and v =n — 2. If, for
some m > —2,

lx —y[=%

O(x) > clz|™ for large |z|,
then we conclude by Theorem 2.1, that

n+m
* > .
7 = n—2
Recall that, by a result of [27], if ®(z) = c|z|™ for large |x|, then
x nt+m
o= .
n—2
Example 2.5. Let M be a geodesic complete Riemannian manifold, u be the Riemannian
measure and d be the geodesic distance. Set ®(x) = 1. Then, by a result of [16], if

V(o,r) < Cr?, (2.6)

then
o

a—2

of >
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Although the assumption (Vp) and (G) are stronger than (2.6), the estimate o™ > £ may
be sharper than o* > %5

number of situations (see Section 3).

provided that v < a — 2. The latter can actually occur in a

Now we provide sufficient conditions for the existence of a positive solution w of
Au+u? <0 in M. (2.7)

For that, we need to slightly strengthen our assumptions on M. We restrict our setting
as follows: assume that M is a connected non-compact geodesically complete Riemannian
manifold, d is the geodesic distance on M, and p is the Riemannian measure of M.

Assume in addition that M has bounded geometry, that is, there exists ro > 0 such
that the geodesic balls B(z,79) on M are uniformly quasi-isometric to the Euclidean ball
B,,(0) in R™. Consider the following stronger version of the hypothesis (V}).

(V') There exist positive constants ¢ and C such that, for all x € M and r > Ry,
er® < V(x,r) < Cre.
Our existence result is stated in the following theorem.

Theorem 2.6. Assume that dim M > 2 and that M has bounded geometry. Assume also
that (V') and (G) are satisfied with o > . Then, for any

o
o> —,
Y

the inequality (2.7) admits a positive solution on M. Consequently, in this case we have

3. EXAMPLES IN THE CASE ®(z) =1

We present here some examples of application of Corollary 2.3 and Theorem 2.6.

Example 3.1. Let I' be an infinite, locally finite, connected graph. Let d(x,y) be the
graph distance on I" and u be the degree measure. Define the volume function V(z,7) on
I' by (2.2). Assume that the discrete Laplace operator on I' has a positive finite Green
function G (z,y). Barlow constructed in [1] a family of fractal graphs such that each graph
from this family satisfies the conditions (V') and (G) for some « and . Moreover, such a
graph exists for any pair (a,~) of reals satisfying the following restrictions:

O<yvy<a—2.

Now let us inflate I" into a 2-dim manifold M by replacing the edges of I' by 2-dim cylinders.
Then the Riemannian manifold M with the geodesic distance d and the Riemannian
measure p will satisfy conditions (V) and (G) with the same values of « and v as above
(which can be proved by using the techniques from Kanai’s papers [18, 19]). For example,
if we take I' = Z", n > 2, then we obtain a 2-dim manifold M satisfying (V') and (G)
with « =n and v =n — 2.

Since the manifold M obtained in this way from a graph I' has bounded geometry, we
obtain by Theorem 2.6 that on M

Hence, if v < a — 2 then 0* > —2%5, which improves the estimate of Example 2.5.
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Example 3.2. Assume that (M, g) is a 2-dim Riemannian manifold with the Riemannian

measure f and some distance function d. We refer to the triple (M, g,d) as a metric

manifold. Assume that (M, g,d) satisfies (V,) and (G) with some positive reals a,~. For

example, (M, g,d) could be one of the manifolds, constructed in the previous example.
Fix a smooth positive function ¢ on M and consider a conformal change of metric

g9 =®g.
Consider now the metric manifold (M, g, d) (with the same distance d as before, but with
the Riemannian measure fi of §). Denote by V and G the volume and Green functions on
(M, g,d), respectively.

It is well known that on 2-dim manifolds the Green function does not change after a
conformal transformation of the Riemannian metric, hence G = G. Assume in addition
that

o(x) ~ d(x,0)°, for large d(x,0),
with some real §. Since V (o, r) satisfies (V,) and dfi = ¢dp, a simple computation shows
that
‘7(0, ) o roto  for large r,
provided a4+ ¢ > 0. Thus, (M, g, d) satisfies (Vj) and (G) with parameters
a=a+d0 and 5 =1.
Obviously, & and 4 can be arbitrary positive numbers. Under the above hypotheses, we
obtain by Corollary 2.3 that the critical value ¢* on (M, g, d) satisfies

ot > a+9
Y
Example 3.3. Let (M, g) be a Riemannian manifold. Assume that the Green function
G(x,y) on M exists and satisfies the following 3G-inequality
min (G(z, 2), G(2,y)) < CG (z,y),
for all z,y,z € M and some C' > 1 (cf. [13, Sect. 4,5]). Then the function
1
p(z,y) =
e

is a quasi-metric on M. It is well-known that, for any quasi-metric p, there exist a distance
function d(z,y) and a real v > 0 such that

ple,y) = d(z,y)".
Hence, on the metric manifold (M, g,d), we have
G(x, d(z,y)” 7, forall z,y € M.

y) =
In particular, (M, g,d) satisfies (G).
Assume that (M, g) satisfies (V) in terms of the quasi-metric p, that is

wly:ploy) <r}= ,u{y :Glo,y)t < ’I“} ~ r* for large r. (3.1)
Then for metric balls B(o,r) with respect to d, we have

u(Blo,r)) = p({y:dloy) <r})
= ply:d(o,y)” <r'} =r®
Hence, (M, g,d) satisfies (V,) with & := a7y. Assuming in addition that all balls B(o, )
are precompact, we obtain by Corollary 2.3 that the critical value o* on (M, g, d) satisfies

e
o> — =oq.
Y
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Example 3.4. Fix an integer @ > 2, a compact Riemannian manifold N, and consider
the Riemannian manifold M = R® x N with the product metric. It is well known that on
M

V(z,r) ~r®, for large r.
and

G(z,y) ~d(x, y)_(a_Q), for large d(zx,y),

By Theorem 2.6, we obtain 0* = -%5.

Example 3.5. Assume that a Riemannian manifold M admits a discrete group of isome-
tries I' such that the fundamental domain M /T is compact. Assume also that the group I'
has a polynomial volume growth " for some n > 2 (with respect to some generating set).
In this case the volume growth function V(z,r) of M satisfies (V) with a = n, and the
Green function on M satisfies (G) with v =n —2 (cf. [17]). By Theorem 2.6, we conclude
that o* = 5.

4. PRELIMINARIES

We start the proof of Theorem 2.1 with some preliminary results. For any precompact
open domain € in M, denote by A1(Q2) the first Dirichlet eigenvalue for A in €, and by
Gq (z,y) — the Green function of A on § with the Dirichlet boundary condition.

Lemma 4.1. For any non-negative function f € C*(Q) N C () we have
sup(Af + A1 (Q)f) > 0. (4.1)
Q

Proof. Without loss of generality, we can assume that ) has smooth boundary (oth-
erwise consider approximation of Q from inside by an increasing sequence {,} >, of
domains with smooth boundaries using A; (2,) — A1 (©2)). Let v be the Dirichlet eigen-
function of A in Q with the eigenvalue A = A1 (2). Since v does not change sign in any
connected component of {2, we can assume that v > 0 in 2. Using the equation Av+Av =0
and the Green formula, we obtain

af ov
/(Af—i—)\f)vd,u = / (51)— %f) dS—i—/f(Av—i—)\v)du
Q o0 Q
ov
o0
where v is the outward normal unit vector field on 92 and S is the surface measure on

9. Since 32|, <0, it follows that

/(Af—i-/\f)vdu > 0.
Q

whence the claim follows. =

Lemma 4.2. Assume that M satisfies (G). Choose R > Ry and set Q@ = B(o, NR),
where N > 1 is a large enough constant depending on the constants in (G). Then, for all
x € B(o,R)\ B (o, Ry), we have

Ga(z,0) ~d(z,0)77. (4.2)
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Proof. We will prove that if N is large enough then, for all x € B (o, R),
1
§G($,O) < Gq(z,0) <G (z,0), (4.3)

which together with (2.3) will imply (4.2). The upper bound in (4.3) is trivially satisfied
for all x. It suffices to prove the lower bound for a smaller domain ). Let now €2 be a
domain with smooth boundary between B (0, 1 NR) and B (o, NR). Consider the function

h(z) = G(z,0) — Ga(z,0)

that is non-negative and harmonic in Q. Since 92 is smooth, Gq (z,0) vanishes at any
point z € 0. Hence, we obtain by (2.3)

hz)loa = G(z,0)lsn < C(FNR)77. (4.4)
The maximum principle implies then that
h(z) < C(3NR)™" for all z € €.
On the other hand, by the lower bound of G(z,0) in (2.3), we have, for all z € B(o, R),
G(z,0) > 85}&%13 G(x,0) > cR™.

If N is large enough, then this implies by (4.4) that, for all z € B(o, R),

h(z) < =G(z,0).

N |

It follows that in B (o, R)

Gq(z,0) = G(z,0) — h(z) > =G(z,0),

N |

which finishes the proof. =
Proposition 4.3. Assume that (V>) and (G) hold on M. Let
U= B(o,TR), Q= B(o,N?R),

where N is the constant from Lemma 4.2, and T is from (V>). Then, for large enough R,
we have

M(Q\T) < OR™ ),
where the constant C depends on the constants in the hypotheses.

For the proof we need the notion of capacity. For any open set  C M and any
precompact open set U € €2, the capacity of the pair (U, Q) defined by

U,Q)= inf Vol du. 4.5
cap(U.) = _inf [ Vol dy (4.5

plu=1

If  is precompact and if the both boundaries U and 9€) are smooth then it is known
that

can(,2) = [ vl

where u is the solution of the Dirichlet problem
{ Au=0 in Q\U
uloy =1, ulpg =0
(see [9, Prop. 1], [22, Thm. 4.1,4.2]).
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The capacity cap(U, ) is monotone increasing with respect to U and decreasing with
respect to €2. For any exhaustion 2 — M of M by increasing sequence of open sets €2, we
have

Qh_)% cap(U,Q) = cap(U, M) =: cap(U).

Proof of Proposition 4.3. Recall that, for a precompact open set £ C M,

2
d
A (E)=  inf M (4.6)
peCE (B0} [ 2du

Since for any function ¢ € C§°(E) with ¢|p = 1 we have

/ ©2du > p (D),
E

we obtain from comparison of (4.6) and (4.5) that
cap(D, F)
(D)
Let us introduce the following sets (see Fig. 1):
Uy := B(o,7NR), Us:=B(o,NR), D=U\U;, E=Q\U.

AL (E) <

. (4.7)

>
&
. 4

FIGURE 1. Sets D =U;\ U and E = Q\ U

By [15, Remark 2.4], we have
cap(D, E) < cap(U,U;) + cap(Us, Q). (4.8)
Applying [10, Proposition 4.1], we obtain

1
(.
cap(U,T)) < (;EnanGUl(x,@) ,

-1
cap(Us, ) < (inf Gg(x,o)> .
€Uy

Combining these estimates with (4.8), and applying Lemma 4.2 with a large enough R,
we obtain
cap(D,E) < CR". (4.9)
By the condition (V5), we have
w(D) = p(Usz) — w(Ur) =V(o,NR) — V(o,TNR) > cR*. (4.10)
Substituting (4.9) and (4.10) into (4.7), we obtain
M(E) < CR™%,

which finishes our proof. m
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Lemma 4.4. Let U and Q be two precompact open subsets of M with smooth boundaries
and such that U € ). Let n be a harmonic function in Q\ U satisfying n =0 on 02 and
n=1on 0U. Then we have

n(x) < Ccap(U,Q)d(z,U)"" for large enough d(z,U), (4.11)
where the constant C' depends on the constants in (G).

Proof. The harmonic function 1 admits at any 2 € Q\ U the following representation
via its boundary values and the Green function:

(2, e
= [ (Gt - Gate g ) ().

where v is the outward normal unit vector field to 0 (Q \U) Since n =0o0n 00, n =1
on OU, we have

/ _ 8ﬁ(ﬂ:,y)n(y)ds(y)= %(wmds(y):
(Q\D) 81/ oU 8V

where we have used that the function Gq (z,-) is harmonic in U. Since Gq (z, -) vanishes
on Jf), we obtain

nw)= [ Golwy)0ds )
ou v

By the maximum principle, we have g—:}l > 0, whence it follows that
0
77()<squxy/ ndS
yeoU 8U

Applying (G) and observing that

/%S [ Shwdst) = [ [Vl du = cap(U,),
ou 0 o(\7) v T

we obtain (4.11). m

5. PROOF OF UNIQUENESS OF SOLUTIONS

Proof of Theorem 2.1. Let u be a non-negative solution of (2.1) in M\ K that is not
identical zero. Since w is superharmonic outside K, it follows from the strong minimum
principle that u is strictly positive.

Let U be a fixed precompact neighborhood of K with smooth boundary. Thenu > p > 0
on AU for small enough constant p. Let w be the equilibrium potential of the capacitor
(U, M), that is the smallest positive harmonic function outside U such that w|sy = 1. By
the maximum principle we have

u(x) > pw(z) for all x € U°. (5.1)

Since —Awu > ®u and v > 0 on UC, we have

u(z) > . Gy, y)@(y)u’ (y)du(y)-

Substituting here (5.1), we obtain
D)2 | Gplo B (daty) for all € U (5.2)
Uc

On the other hand, we claim that there exists some 6 > 0 such that
w(zx) > 0G(x,0) for all x € U°. (5.3)
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Indeed, set .
0 := sup G(a0) > 0.
zedU
For any precompact open set {2 with smooth boundary containing U, the function G (-,0)
is bounded by 1 on QU and vanishes on 02, which implies by the maximum principle that
it is bounded by w in Q\ U. Exhausting M by a sequence of such sets €2, we obtain (5.3).

From (5.2) and (5.3) we obtain

u(x) > p?0° Gpe(z,y)®(y)G7 (y,0)du(y) for all x € U°. (5.4)
UC
Next, choose two precompact open sets Uy and  with smooth boundaries such that
UelU,e. (5.5)

By Lemma 4.1 we have

sup (Au + A(Q\ Uo)u) > 0,
zeQ\Ug

which together with (2.1) implies

inf (®u® — M\ (Q\ Uy <0
xelg\Uo( u 1(2\ Up)u) <

and, hence,

1 J— 1
inf &(x)o—T <A (Q\Up)o—1.
dnt 0()7Tu(@) < M@\ T))

From (5.4), we obtain

_1_ — 1
p?07 inf O(z)e-T | Gpe(z,y)P(y)G7 (y, 0)du(y) < Ai(2\ Ug)o-T.
zeQ\Uo Ue

A desired contradiction will be obtained if we show that, for any € > 0, there exist Uy and
Q2 as in (5.5) and such that

MO\TY) 7T <e inf ®@)71 [ Gpe(e.y)®WE (v o)duly).  (5.6)
zeQ\Uo Ue

Our next goal is to estimate Gge (z,y) from below away from dU. For any z € Q\ U
consider in  \ U the function

05 () = Galz, ) — Gge(x, ). (5.7)
Clearly, 7}(+) is harmonic in Q \ U and
ng(y”yeag - _GUC (‘fB? y)lyE@Q S 07
while

772 (y) ‘yeaU = Gﬂ(x’ y)’yeaU S yselg% G("'U7 y) S Cd ($7 U)i'y )

provided d (z,U) is large enough. By Lemma 4.4, we conclude that

0% (y) < Ceap(U, Q)d(z, U)d(y,U) 7, (5.8)
provided both d (z,U) and d (y,U) are large enough. Let
() = lim ni(y) = G(x,y) — Gge(,y). (5.9)
If follows from (5.8) that
15(y) < Ccap(U)d(z,U)d(y, U)"7, (5.10)

for large enough d (z,U) and d (y,U).
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Now we specify Uy and ) as follows. Using the constant N > 2 from Lemma 4.2 and
€ (0,1) from (2.5), set
Q = B(o,N*R) and Uy = B(o,7R),
where R is large enough and will tend to +o00 in what follows. Define also the balls
Q = B(0,2N*R) and U, = B (o,7),

where r is a fixed but large enough number to be specified below. At the moment we
assume that

r > 2diam U,
so that U € Uj. Also, let r be so large that (5.10) holds for all =,y outside B (o,7/2).

Later on we will impose one more restriction on r (see (5.14)). We always assume that
R > 771 so that Uy € Up (see Fig. 2).

Q1 = B(0,2N?R)

Uy = B(o,TR)

(&
=

d(OUL,U) > /2 d(0Uy, U) > TR/2

FIGURE 2. Points x and y

In order to estimate the integral in (5.6) from below, let us restrict the integration
domain to Q1 \ U;. Observe that, for all large enough R and for

xeQ\Uy and y e Q1 \ Uy, (5.11)

we have
r

d(z,U) > 7R — diam U > gR and d(y,U) >r — diamU > —

l\D

Hence, we obtain from (5.10)
Ne(y) < Cr(rR) 7, (5.12)
where cap(U) is absorbed into the constant C;. Next, for all
xeQ\ Uy and y € 9y,

we obtain
N%R < d(z,y) < 3N’R
whence
G(x,y) > cd(z,y)”7 > R,
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Since G(z, -) is superharmonic, the above inequality holds also for all y € 5. In particular,
for all z,y as in (5.11), we have

G(z,y) > aR™7. (5.13)
Therefore, for x,y as in (5.11), we obtain from (5.12) and (5.13) that
Gge(z,y) = G(w,y) —n,(y) > ctR77 = C1(TR) 177 > coaR77, (5.14)

where co = ¢1/2 and r is chosen to be large enough.
Hence, we obtain that, for all x € Q \ Up,

Gye(z,y)®(y)G? (y,0)du(y) > caR™7 (y)G (y, 0)du(y). (5.15)
Ue o\,

Next, we claim that, for some ¢ > 0,

ROT™m=97 " if o +m > o7y
d(y)G° d > T ’ 5.16
[, BE ot = o 1 e (5.16)
Assuming that R is large enough, let us choose a positive integer k such that
Pt > TS k42 (5.17)

Since

Q\ U1 > B (0,N*R) \ B (0, 7"*!N?R)
we obtain, using (G) and (V>), that
k

[ ewe w0 = B(y)G (y,0)dply)
QUL

i—0 /B(O,Ti N2R)\B(o,7*+1N2R)

k
ey [ oy ()
i—0 Y B(o,7"N2R)\B(0,7"+1N2R)
k

v

> C'Y (r'N*R)""u(B(o,7'N’R) \ B(o, 7" N’R))
=0
k .

> C"Y (r'N?R)*t, (5.18)
=0

If « +m > o7 then, using 7 € (0,1), (5.17) and assuming that R is large enough, we
obtain from (5.18)

B 2 oty | — TUEFD(@Fm=07)
L, B0 @ty = o0 e
> C'RYTMTo, (5.19)
If o+ m = oy then by (5.17)
k>chnR, (5.20)

where ¢ = ¢(N,r,7) > 0. We obtain from (5.18) and (5.20) that
/ ®(y)G? (y,0)du(y) > Ck > C'In R. (5.21)
O\U1

Clearly, (5.19) and (5.21) contain the claim (5.16).
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Combining (5.15), (5.16) and (®), we obtain, for large enough R,

D% ta—(o+1)y
in cpall/ G (2, V()G (0)dp > ¢4 T  adm>o0y g0
Q\Uo c Ro-1"7InR, if a +m = o7.
On the other hand, by Proposition 4.3, we have
AM(Q\Tp)7T < CR o1, (5.23)
Let us verify that, under the hypothesis,
<o M (5.24)
Y
the estimates (5.22) and (5.23) imply (5.6).
Indeed, consider first the case of equality in (5.24), that is,
a+m=ogy.
It follows that « — vy = (0 — 1)y — m and
a—7y m
o1 T o—1
Therefore, thanks to the factor In R in (5.22), we obtain, as R — oo,
N@\To)77 = OB +1)=o(R"T"mR)
1
= o inf ®o-1 Gre(z, )P(-)G(-,0)du | ,
(e @77 [ Gt 1200670
whence (5.6) follows.
Consider now the case of a strict inequality in (5.24), that is,
a+m > o7. (5.25)

Let us verify that in this case

a—7 mo
- — 1 .
e [0_1+a (o + )7}

Indeed, this inequality is equivalent to

m > [(U—l—l)fy—oz—a
= [(@*-1)7-(-Da-(a—7)]
= ov-a,

which is equivalent to (5.25). Hence, comparing (5.22) and (5.23), we obtain, as R — oo,
M@\T)7T = O(R™71) = o (RFTTo-o4)

. 1 o

which yields again (5.6) and thus finishes proof. m
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6. APPLICATION TO SCHRODINGER OPERATOR A — WU

As in Section 2, let (M, p) be a weighted manifold, d be a distance function on M with
precompact balls, and A be the weighted Laplace operator on (M, p). Let ¥, ® be smooth
non-negative functions on M.

We investigate the problem of uniqueness of a non-negative solution to the following
non-linear Schrédinger problem

Au—Y(z)u+®(x)u’” <0 in M\ K. (6.1)
Let us introduce the following conditions. As before, we assume that A has a finite positive
Green function G (x,y).
(¥) The function ¥ is Green bounded, that is,

sup [ G(x,y)¥(y)du(y) < oo.
zeM JM

(G+) The Green function satisfies the following estimates:
dey)" . d(zy) <1
G , ~ 9 _ Y Y Y
e ={ 4 st
for some v,~ > 0.
Clearly, (G1) = (G).
Our uniqueness result for (6.1) is as follows.
Theorem 6.1. Assume that conditions (V,), (G4), (®) and (V) are satisfied. If
l<o< ot m,
y
then any non-negative C? solution u of the inequality (6.1) is identically equal to zero.

Remark 6.2. In the case M = R"™ (n > 2) this result was obtained by Kondratiev,
Liskevich and Sobol [20].

Let us cite some previous results that we need for the proof.

Lemma 6.3. [11, Lemmas 10.1, 10.3] For any smooth non-negative function ¥ on M,
there exists a smooth positive function h such that

Ah =Yh on M. (6.2)
If in addition ¥ is Green bounded, then the equation (6.2) has a solution h ~1 on M.

Let us fixed h as in Lemma 6.3 for the rest of this section. Consider the weighted
manifold (M, fi), where i is a measure on M defined by dji = h%du. Let A be the
weighted Laplace operator of (M, fi). By [11, Lemma 4.3], the operators A and A — U are
related by the Doob transform

e 1
A=o(A=W)oh. (6.3)
Let V be the volume function on (M, fi), that is,
V(z,7) = u(B(z,7)) = / h2dp.
B(z,r)

If (¥) is satisfied, then we obtain by Lemma 6.3 that

V(z,r) =~ V(x,r). (6.4)
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Lemma 6.4. [11, Lemma 4.7] The Green function G¥(x,y) of the operator A — ¥ on
(M, 1) and the Green function G(x,y) of the operator A on (M, i) are related by the
identity .

G¥(x,y) = G(z,y)h(x)h(y).

Lemma 6.5. [13, Prop. 5.1] If (G4) is satisfied then there exists some constant C' > 0,
such that, for oll x,y,z € M,

min {G(z, 2),G(z,y)} < CG(z,y). (6.5)

In other words, function @ s a quasi-metric on M.

Lemma 6.6. [11, Remark 10.8] If conditions (¥) and (6.5) are satisfied, then, for all
x #y. v
G™(z,y) ~ G(x,y).
Combining Lemmas 6.3, 6.4, 6.5, 6.6, we obtain that, under (G4) and (V),

G(z,y) ~G(z,y). (6.6)

Proof of Theorem 6.1. Since ¥ is Green bounded, we obtain by Lemma 6.3, that
there exists a solution h of (6.2) that satisfies h ~ 1. Set

v=u/h,
so that v satisfies in M \ K the inequality
(A=) (hv) + ®h70v° < 0.
Multiplying the both sides by %, we obtain by means of (6.3) that
Av + ®h7 17 < 0.

Setting
c:=minh’ ! > 0.
zeM
we obtain
Av + e®(z)0” <0. (6.7)

Since (V,) and (G ) are satisfied on (M, p1), we see from (6.4) and (6.6) that the conditions
(Vo) and (G4) are satisfied also on (M, ). In particular, we have on (M, ) all the
hypotheses (V5), (G), (®). Applying Theorem 2.1 to the inequality (6.7), we obtain v =0
in M \ K, which implies u =hv=0. ®

7. PROOF OF EXISTENCE OF SOLUTIONS
In this section we prove Theorem 2.6. Let dim M = n > 2.

Lemma 7.1. If M has bounded geometry and (G) is satisfied, then
V(z,r) ~r", forr < Ry, (7.1)
and

G(z,y) ~d(x,y)*™, ford(z,y) < Ro. (7.2)

Proof. If r < rg, then V(z,r) ~ r™ by definition of bounded geometry. For any
ro < r < Ry, we have
V(z,r) > V(x,ro) ~ry ~ R > cr”,
and
V(z,r) <V(x,Rp) ~ Ry ~ry < Cr",
which yields (7.1).
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Let us fix + € M and set Q = B(x,rg). By [22], we have
Go(z,y) =~ d(z,y)*™", fory e B(z,3).
Since G > G, it follows that for any y € B(x, )
G(x,y) > cd (z,y)*". (7.3)
Let y € B(x,Ro) \ B(z,"). Then connect x to y by a shortest geodesic that intersects
0B(z,%) at a point z. Connecting z and y along the geodesic by a sequence of balls
of radii ’121 (the number of such balls is obviously uniformly bounded), and applying a
uniform Harnack inequality in such balls, we obtain
G(z,y) > Gz, 2) > cd(w,2)*" > ed(z,y)* " (7.4)
Thus, we have proved the lower bound in (7.2).
To prove the upper bound for G(z,y), observe that the function
G(z,:) — Ga(z, ")
is harmonic in  and, therefore, it is bounded in €2 by its maximum on 0f2. This maximum
is equal to G(z, z) for some z € 2. Hence, for any y € Q,

Connecting z to a point 2’ € dB(z, Ry) by a chain of balls of radii %ro and using again a
uniform Harnack inequality, we obtain
G(z,2z) < CG(z,2") ~ Ry,
whence it follows for y € B(xz, %)
G(z,y) < Cd(z,y)> "+ CRy” < C'd(z,y)* ™.
It remains to prove the same inequality also for y € B(z, Ry) \ B(z, 3). Connecting y to
a point 3 € 9B(x, %) by a chain of balls of radii of %7"0, and applying again a uniform
Harnack inequality, we obtain
G(z,y) < CG(z,y') < Cd(x,y)*> ™" < C'd(w,y)* ",

which finishes the proof. m

In the rest of this section we give the proof of Theorem 2.6. We always assume that the
hypotheses of this theorem are satisfied, that is, M is a manifold of bounded geometry
satisfying (V') and (G).

Without loss of generality, let us take Ry = 1. We introduce two functions

rt,or <1,
o ={ 2 157 (75)
and )
re= e <1,
o ={ 75 15T (76)
It follows easily from (V'), (G) and Lemma 7.1 that, for all z,y € M and r > 0,
Viz,r)=o(r), G(z,y)~g(d(z,y)). (7.7)
In what follows we use the notation
|z| := d(z,0).
Lemma 7.2. Set p =d(x,y). If p > |y|, then
T+ |y
B < < ot + b

3
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Proof. The upper bound is true by the triangle inequality. Since p > |y|, we have
p= ol =yl = || -
whence 2p > |z|. Since p > |y|, we obtain 3p > |z| + |y|, which was to be proved. m

Lemma 7.3. If F is a non-negative monotone decreasing function on (0,00). Then, for
any xg € M and 0 < a <b < 400,

b dr
/ Fa)dp@) < C [ Py,
B(w0.b)\B(x0.0) 14 r

where the constant C' depends only on the constant ¢ in V (x,r) < cv (r) as well as on «
and n.

Proof. This follows by a standard argument decomposing the integral over M into a
sum of the integrals over the annuli B (zo,2""!) \ B (z0,2") and then using V (z,r) <
cv (r) and the monotonicity of F. m

Consider the following function on Ry :

f@):ﬂmA1:{ig’:§? (7.8)

Proposition 7.4. If o > % then, for the function f from (7.8), we have

| Glanfurduty) < C1(a (7.9)

for all x € M, where the constant C' depends only on the constants in the hypotheses of
Theorem 2.6.

Proof. Fix x € M and write for simplicity
p=ply) =dy).

We split the domain of integration in (7.9) into two parts:

lyeM:|y[<p(y)} and {yeM:|yl>p(y)},

and estimate separately each of the two integrals.
Step 1. Let us prove that

/{ o G () < CF () (7.10)

By Lemma 7.2, we have in the domain of integration p ~ |z| + |y|. By (7.7), we have
G(z,y) ~ g(p) ~ g(|z[ + ly]),

whence from Lemma 7.3

/ Gz, y)f(ly))7duly) < C/ g(lz[ + [y) f(ly)7dp(y)
{lvl<p(y)}
< [ allal+nfe)un) T
It remains to verify that
/Ooog(|$|+7“)f(1") ()£<Cf(|$|) (7.11)

Consider further two cases: |z| <1 and |z| > 1.
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Case |z| < 1. We have

AR i A OV
0 0
1 dr h r"ﬂvrﬁ 00
< [ o)+ [T et un S <o (112

where the both integrals in (7.12) converge due to (7.6) and oy > «. Hence, we obtain
(7.11).
Case |z| > 1. We have

~ o ﬁ = 00—1 7""1)7”ﬁ
/0 gz] + ) Fr)un L = /0 : £ o(r)

r || + 7)Y r
T[>/ |z \” dr
< ol () s
< ﬁ 0 f(r)”v(r)% (7.13)
= Cf (=),

because the integral in (7.13) converges at co due to oy > «. Hence, we finish the proof
of (7.11) and (7.10).
Step 2. Let us prove that

/ Gz, y)f(ly))7duly) < Cf(lz)). (7.14)
{lyl>p(¥)}
By Lemma 7.2, we have |y| ~ |z| + p. Since G (z,y) =~ g (p), we obtain by Lemma 7.3 that
| GEanslrdnt) < € [ 91+ 07 dnty
{ly[>p(y)}
d
< [" el +r)ur) T

so that it remains to prove that

| at)sel + 7ein)F < 1. (715)

We also consider two cases: |z| <1 and |z| > 1.
Case |z| < 1. Since

| sral 07005 < [T g
0 0
the estimate (7.15) follows from (7.12).
Case |z| > 1. We have
b 7 dr_ b r _ v(r dr
| s0sel £ 0T = [
ee 1 1 dr
- )uxw) HEETIa v
o dr
< / f ’ | )0 1),774 ?

= Cr(=l),

where the last integral converges at co by ov > a.
Combining the two steps, we complete the proof. m
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Proposition 7.5. If o > %, then
sup [ Gl ()" duly) < oc.
zeM JM

Proof. Since

/ G,y f(ly)"duly) = / G,y f(ly))du(y)
M {ly|<2|=|}

4 / Gla,y) f(ly)7 dp(y).
{ly|>2]=[}

If |y| < 2|z| then we have by (7.8)

1 C
in S

FQyh = fQl)’

and Proposition 7.4 implies

[ cewsraw e [ ceytE
{lyl<2l=[} yl<2/z|

f(lz])
If |y| > 2|z| then by Lemma 7.2, we have d(z,y) ~ |y| and, hence,

G(z,y) ~ g(lyl).

du(y) < C' < oo, (7.16)

By Lemma 7.3, we obtain

/ Gz, ) f(ly))7 Hdu(y) < C/ gy f(y)7 duly)
{lyl>2Jal} A

o d
< [ oo T < ()
0
where the last integral converges due to (7.6) and oy > «. Combining (7.16) and (7.17),
we finish the proof. =
Theorem 2.6 is contained in the following theorem.

Theorem 7.6. Assume that M has bounded geometry, and assume also that (V) and (G)
are satisfied. If

«
o> —,
~
then, for small enough X > 0, there exists a positive solution u € C*(M) to the equation
Au+u’+X7f7=0 in M, (7.18)

where f is defined as in (7.8). In particular, u is also a solution to differential inequality
Au+u® <0 in M.

Proof. Define the operator

Tu(z) = /M Gl y) (u () + N F([])7) ducy), (7.19)
acting on the space
Sy = {u € L(M)[0 < u(x) < Af(Jz]).}

where X is a small enough constant.
It is easy to see that S) is a closed set of L>°(M). Let us show that

TS, C S).
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By Proposition 7.4, we have

Tu = / Gz, ) (u” + X £(y])7) dp(y)
M

IN

277 / Gz, 9) £ (|y])° dps(y)
M
20N f(J2]).

By choosing A small enough, we obtain Tu € S and hence T'Sy C S).
Let us show that T is a contraction map. For uq,us € Sy, we have

Ty — Tus| < /M Gz, y)[u§ — u3|du(y).

IN

Noting that
[uf —u3| < osupfuf ™ ug~ Hur — ual,

we obtain

Tur=Tual < 3o ur =l | Glaag)f(l) duly)

< Ol ur — e [ Gl f(al) dn),

Applying Proposition 7.5, we obtain
1Tur = Tus|| o < CX7 Vo [lur — ua oo -
Choosing A small enough we obtain that CA\° o < 1, and hence T is a contraction map.
By the Banach fixed point theorem, 71" has a fixed point wu.
In the rest of the proof, we verify that the fixed point u of 7' belongs to C?(M) and
satisfies (7.18). Denote
w:=u’ + A7 f7. (7.20)
so that by (7.19)
ue) = [ Glapuidnt).
Since u € Sy, we have
w < 2M\7 f9,
which implies
w(z) <CA+|z))"77. (7.21)
Let us first prove that wu is locally Holder, that is, there exists 6 € (0,1) (depending
on n,a,v and the bounded geometry constants) and C' > 0 (depending on the all the
hypotheses) such that
u(z) — u(@)| < Cd(w, '),
provided d (z,2') is small enough (depending on |z|). Set
e = d(z,z")'/V,

where N > 2 is a large enough positive real that will be specified below depending on the
constants in the hypotheses (see (7.26)). Assume that d (z,2’) is so small that

1
e<y min (1,7"0,7"0_1, |x]_1) .
It follows that d (z,2') = eV < 1 so that 2/ € B(z, 3¢). Set
R:=¢"1 > 2max (1,70, |z|) (7.22)
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and observe that

u(z) —u(2’)| < G(z,y) — G, y)lw(y)du(y) (7.23)
B(z,2¢)
s 16y - G u)dut) (7.24)
M\B(z,R)
+f Gle,y) - G plo@)duty).  (7.25)
B(z,R)\B(z,2¢)
For the integral in (7.23), we have by the boundedness of w and by (7.7),
| 16 - G et < C (G, ) + (&', )) duly)
B(z,2¢) B(z,2¢)
< Ce

In order to estimate the integral in (7.24), observe that, for y € M \ B (x, R), we have by
(7.7)

|G(J),y) - G($/)y)| < G($7y) + G($,7y) < CR™
and by (7.21) and (7.22)

W) < O™ < O~ o) < (3aen)

Using also that oy > «, we obtain by Lemma 7.3

/ Glz,y) — G, 9)|w(y)du(y)
M\B(z,R)

IN

CR™ / d(z,y)" " du(y)
M\B(z,R)

IN

(o]
CR™" / o gy
1
ZR

< CR V7" *<CR™Y =C¢".

B(.R) B(x.,2¢)

FiGuRre 3.

If y € B(z, R) \ B(x,2¢) then the function G(-,y) is harmonic in B(x,¢) (see Fig. 3).
Applying de Giorgi’s theorem in the ball B (x, () that is quasi-isometric to a Euclidean
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ball (cf. [8, Theorem 8.22]), we obtain

z, )\
Gla.y) - Gla',y)] <0<d(—’)) sup Glzy),

€ z€B(z¢)
where 1, C' > 0 depend on the bounded geometry constants and on n. Since d(z,y) > ¢,
by (7.7) we have

sup G (z,y) < Ce2™
zEB(z,€)

N

Using also d (z,2") = &, we obtain, for the integral in (7.25),

/ G(z,y) — G(@',y)|w(y)duly) < CR* WDtz
B(z,R)\B(x,2¢)

_ CE(N—l)TH‘Q—”—CV
Ce?,
where in the last step we choose N from the equation
(N-1)n=n+a. (7.26)
Combing all the above estimates, we obtain from (7.23)-(7.25) that
lu(z) —u(2)| < C (2 +e7 +¢%) < C'd (m,x/)e,

with 6 = min (2,7) /N.

Since f is also locally Holder continuous, we obtain from (7.20) that w is locally Hélder
on M. For any precompact domain £2 C M, we obtain by Lemma 8.1 in Appendix that
the function

ug () = /Q Ga (z,y) w(y) dp (y)

belongs to C2 (). Since the difference u —ugq is harmonic in € in the distributional sense,
it follows that u — ug has a smooth modification in Q. Therefore, u has a C?-modification
in . Since u is continuous, we conclude that v € C2 (). Since (Q is arbitrary, it follows
that u € C?(M). By [12, Lemma 13.1], the function u solves Au = —w, which is equivalent
to (7.18). m

8. APPENDIX

The following statement is well-know for domains in R"™, but we need it for an arbitrary
manifold. We use the notation

Goh (z) = /QGQ (@, y) h(y) du ().

Lemma 8.1. Let M be an arbitrary weighted manifold and let f be a locally Hélder
continuous function on M with some Hélder exponent @ € (0,1). Then, for any precompact
domain Q, the function u := Gqf belongs to C?(Q).

Proof. We use in the proof the fact that the Green function Gq (x,y) has a uniformly
bounded integral

/ Ga (2,) du (3),
Q

which implies that, for any bounded function h in €,

sup |Goh (z)| < Csup [h ()] (8.1)
ze FISY)
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Choose a sequence fi, € C§°(M) such that

i Y 5
and set
ug = G fr. (8.2)
By [12, Lemma 13.1], we have u; € C*°(Q2) and
—Aug = fr in Q.

Since fr = f in  as k — oo (where = means the uniform convergence), it follows from
(8.1) that
up = u in Q. (8.3)

In any small enough precompact chart U € €2, that is contained in a ball of radius 7o, we
can apply the Schauder estimates (cf. [8, Theorem 6.2]), to obtain

luellczo @y < Clllurllo) + [ fellcooqy) (8.4)

(where C' depends on U). Since the sequence of norms || x| (q) is uniformly bounded, we
obtain by (8.1) that also the sequence |[ug | (q) is uniformly bounded. By (8.4) we conclude
that the sequence [uk|| 20y is uniformly bounded. By the Arzela-Ascoli theorem, there

exists a subsequence {uy, } that converges in C? (U). By (8.3) we conclude that the limit
function is u and, hence, u € C? (U). It follows that u € C%(Q2), which finishes the proof.
]
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