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28.03.25 Lecture 1

0 Setup

Let M be a Riemannian manifold that is geodesically complete and non-compact. Let
d (z,y) denote the geodesic distance on M and p be the Riemannian measure. Consider
geodesic balls

B(z,r)={ye M :d(z,y) <r},

that are necessarily precompact, and their volumes:
V(z,r)=pu(B(z,1)).

In this survey we collect some results relating the rate growth of V (z,7) as r — 0o to
the properties of elliptic and parabolic PDEs on M.
Recall that the Laplace-Beltrami operator A on M is given in the local coordinates

xi, ..., T, as follows:
1 0 0
A= Vdet gg¥ —
Vdet g Oz; ( 99 (9xj>

where g = (g;;) is the Riemannian metric tensor and (¢%) = (g;;) " . Equivalently, we
have A = divoV where V is the Riemannian gradient and div — the corresponding
divergence.

The Laplace operator A satisfies the Green formula: for all functions u € C? (M)
and v € C} (M), we have

/MvAudu = —/M(Vva) du, (0.1)

where (,) denotes the g-inner product in tangent spaces.
The heat kernel p; (x,y) of M is the minimal positive fundamental solution of the
heat equation
= Au
on M x R, . It is known that the heat kernel exists on any manifold and is a smooth,
positive function of z,y € M and ¢t > 0 ([19]). For example, in R™ we have

pe(x,y) = ! —5 €Xp (— ] ) : (0.2)

(4mt)™/? 4t

The heat kernel on an arbitrary manifold satisfies the following conditions: the sym-
metry pi(z,y) = pi(y, x), the total mass condition:

/Mpt(x,y)du(y) <1,

and the semigroup identity

Pros (2,9) = /M pi (2 2) ps () it (2)
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Consequently, the heat kernel can be used as a transition density for constructing a
diffusion process {X;},5, on M (see [18]). This diffusion process is called Brownian
motion on M (see Fig. 1).

Figure 1:

More precisely, the relation between the heat kernel and Brownian motion is given
by the identity

P, (X, € A) = /Apt(fv,y)d/i(y)

for any Borel set A C M (see Fig. 1). Here P, denotes the probability measure in the
space €1, of all continuous paths starting at the point x € M. If M = R™ then one
obtains in this way the classical Brownian motion in R™ with the time scaled by the
factor 2.

1 Parabolicity and recurrence

A function u € C? (M) is called superharmonic if Au < 0.

Definition. A manifold M is called parabolic if any positive superharmonic function
on M 1is constant, and non-parabolic otherwise.

The motivation behind this definition is as follows. By the celebrated uniformization
theorem of Koebe-Poincaré, any simply connected Riemann surface M is conformally
equivalent to one of the following Riemannian manifolds:

1. S? (in this case one says that M is of elliptic type);
2. R? (in this case one says that M is of parabolic type);

3. H? (in this case one says that M is of hyperbolic type).
In the elliptic case, M is compact, while in the second and third cases M is non-
compact. In order to distinguish the parabolic and hyperbolic types intrinsically, one

can ask about existence of positive superharmonic functions on M. The point is that

e the superharmonicity is preserved by conformal transformations;



e H? has plenty of non-trivial positive (and bounded) superharmonic functions,
while in R? any positive superharmonic function is constant.

Hence, a Riemann surface of the parabolic type is also a parabolic manifold in
the sense of the above definition, and a Riemann surface of the hyperbolic type is a
non-parabolic! manifold.

For any compact set K C M define its capacity by

cap(K) = inf / Vol dp.
M

peCse (M), p|x=1
The following theorem gives equivalent characterizations of the parabolicity
Theorem 1.1 ([17, Thm. 5.1]) The following properties are equivalent:
1. M s parabolic.
2. Any bounded superharmonic function on M s constant.
3. There exists no positive fundamental solution of —A on M.
4

. For all/some x,y € M we have

/loopt (x,y)dt = oc. (1.1)

v

. For any compact set K C M, we have cap(K) = 0.
6. Brownian motion on M is recurrent.

The Green function of A is defined by

9(z,y) = /Ooopt (z,y) dt.

The condition (1.1) is equivalent to the fact that g (x,y) = oco. If M is non-parabolic
then g (z,y) < oo for all x # y and, moreover, g (x,y) is the minimal positive funda-
mental solution of —A.

A celebrated theorem of Polya (1921) says that Brownian motion in R™ is recurrent
if and only if n < 2. Indeed, one can see from the explicit formula (0.2) for the heat
kernel that the condition (1.1) holds if and only if n < 2.

Surprisingly enough, there exists a rather good sufficient condition for the recur-
rence of Brownian motion in terms of the volume function. Let us fix a reference point

o and set
V(r) =V (zo,7).

Theorem 1.2 ([9], [31], [40]) If

[ == (12)

'We use the adjective “non-parabolic” rather than “hyperbolic” because the notion of “hyperbolic
manifold” is used in Differential Geometry in a different sense.

then M s parabolic.
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For example, (1.2) is satisfied provided V(r) < Cr? for large r or V(r) < Cr?logr.
In particular, this theorem recovers and explains the aforementioned theorem of Polya.
Proof. Let u € C? (M) be a positive superharmonic function on M. Choose any
Lipschitz function f on M with compact support. Multiplying the inequality —Awu > 0
by %2 and integrating using the Green formula (0.1) and the product rule for V, we

obtain
0<— /  Auwdp
- /M <vf Yy
:
:/dem/ (Vo V) fod
:2/M (Vf,Vu) |v
whence

/M| de <2/ va“ WYY eqy,

( IVf|d> (/Mvufd)m.

|Vul|®
u2

It follows that

[ s (1.3)

Set p(x) = d(z, ) and choose f (z) in the form f(x) = ¢ (p(x)) where p(r) is a
function of r € [0, +00) yet to be defined (see Fig. 2).

to(r)

v

0 7o ' Tl Tk I 2

Figure 2: Function ¢(r)

Fix a finite sequence
O<ro<mrm<..<r, <oo

and define function ¢ by the conditions that it is continuous and piecewise linear on
0, 4+00),
e(r)=1i0<r<ry, @(r)=0 ifr>r,, (1.4)
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and, forany k =1,....n

Tk — Tk—1

) = —aE T 1.
@' (r) a Vi) ifr_1 <r<mr, (1.5)

where a is a positive constant that is chosen to be compatible with (1.5).
Indeed, we have

1= o) = o) = [ ¥

0

dr—Z/ dr——az k_rkl

whence we obtain the following value for a:

L ?\
Tk — Tk—1
a= — .
(%)
Clearly, ¢ (r) is a Lipschitz function, which implies that f = ¢ o p is Lipschitz on M.

Denote for simplicity B, = B (xg,r). By (1.4), supp f C B, and, since the balls
are relatively compact, f € Lipy (M). Obviously, V¢ = 0 in B,, and outside B,
Since Vf = ¢'Vp and |Vp| < 1 a.e. we have? for any k =1,....n

T —
’Vf' S CIW n Brk \Brk ; a.€., (16)
which implies
I 1[? da = / 1 di
/ Z Brk\Brk .
Tk - Tk:—1)2

k=1

On the other hand, using the monotonicity of V (r), we obtain
/T" rdr /T’“+1 rdr
n V() o V()

k=

—_

—_

2Strictly speaking, we can apply the chain rule Vo = ¢’ (p) Vp and, hence, obtain (1.6) only in
the open set By, \ B,,_,. Then (1.6) in B,, \ B,,_, follows from the fact that the boundary of any
geodesic ball has measure zero. However, the proof of this fact requires more Riemannian geometry
than we would like to use here. Without this fact, one can argue as follows. The volume function
V (r) is monotone and, hence, the set S of the points of discontinuity of V (r) is at most countable.
We can choose the sequence {ry} to avoid S, which implies that

w(0By,) = 6113(1) (V(rp+e)—=V(rg) =0.



n—1 2

1 i — T

Let us now specify {r;} to be a geometric sequence: r, = 2*r, that is, ry., = 2r,. We
obtain
2
Ti — T =3rp =12 (r, — 1),

which implies

-1 2
" ordr (rg —rp—1) 1
<6y ———— <6a .
/m V()= &= Vi)

Comparing with (1.7), we conclude that

frarso([755)

Returning to (1.3) and using the fact that f =1 on B,,, we obtain

|V /T” rdr \ !
duy < 24 — )
/BT e =L V)

0

We can still choose rq and n. By the hypothesis (1.2), for any 7 > 0 and & > 0, there

exists n so big that
/T" rdr /Qnm rdr 1
= >e !
r1 V (r) 2rg V (T)

2
/ [Vl dp < 24e.

which implies

u?
0

Since ry and ¢ are arbitrary, we conclude Vu = 0 and v = const, which was to be
proved. m
The condition (1.2) is sharp: if f (r) is a smooth convex function on (0, 4+o00) such
that f'(r) > 0 and
< rdr
1 (r)
then there is a non-parabolic manifold such that V' (r) = f(r) for large r. On the
other hand, the condition (1.2) is not necessary for parabolicity: there exist parabolic
manifolds with arbitrarily large volume function V' (r) as it follows from [17, Prop. 3.1].

< 00,

Theorem 1.3 (Cheng-Yau [5]) If there exists a sequence 1, — oo such that, for some
C >0 and all k
V (ry) < Crf, (1.8)

then M 1s parabolic.

Proof. It suffices to show that (1.8) implies (1.2) so that Theorem 1.3 follows from
Theorem 1.2. More precisely, let us prove that if f (r) is a positive increasing function
on (0,+00) and there exists a sequence {ry},-, such that r, — co and

f(ry) <Cr; forall k > 1,
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then
/OO rdr Cx
m f(r) '

Without loss of generality, we can assume that % — 00. We have

[l

1 Tk41
rdr
(Th11) /rk

[e.9]

T2 —'TQ
R (1.9)
1 k1

VoIV
8~ I

We are left to observe that the series
S Tk Tk g ( _ i)
2 = 2
k=1 k+1 k=1

diverges as - — (0. =
Tk+1

03.04.25 Lecture 2

2 Stochastic completeness

A manifold M is called stochastically complete if for all x € M and t > 0

/Mpt (z,y)du(y) = 1.

Here are some equivalent characterizations of the stochastic completeness.
Theorem 2.1 ([17, Thm. 6.2]) The following conditions are equivalent.

1. M s stochastically complete.

2. For some/any A > 0, any bounded solution v to Av — v =0 on M is identical
zero.

3. For some/any T € (0, 00], the Cauchy problem

du _ .
{ 5 =Au in M x (0,7) (2.1)

Ul =0
has the only bounded solution u = 0.

4. The lifetime of Brownian motion {X;} on M is equal to oo almost surely.



As above, we fix a reference point zy € M and denote for simplicity B, = B(zg, )
and V(r) = p(B,).The following theorem provides a volume test for stochastic com-
pleteness.

Theorem 2.2 ([10]) If for some 1o > 0

*  rdr
| v == (22)

then M 1s stochastically complete.

In particular, M is stochastically complete provided
V (r) < exp (Cr?) (2.3)

or even if

V (rr) < exp (C’Ti) (2.4)

for a sequence rp — oco. That (2.3) implies the stochastic completeness was also proved
by different methods also in [7], [32], [39].
The condition (2.2) is sharp: if f (r) is a smooth convex function such that f'(r) > 0

and
/‘”ﬂ«x}
W ()

then there exists a stochastically incomplete manifold with V (r) = exp (f(r)). On
there other hand, there are stochastically complete manifolds with arbitrarily large
volume function as it follows from [17, Prop. 3.2].

Theorem 2.2 follows from the following more general fact.

Theorem 2.3 ([10]) Let M be a geodesically complete manifold, and let u(t,z) be a
solution to the Cauchy problem (2.1) in M x (0,T). Assume that, for some xq € M
and for all R large enough,

/0 / W2(t,2) dyu() dt < exp (f(R)). (2.5)

where f(r) is a positive monotone increasing function on (0,+00) such that

> rdr
o 0. (2.6)

Thenu=0 i M x (0,T).

Theorem 2.3 provides the uniqueness class (2.5) for the Cauchy problem. The
condition (2.6) holds if, for example, f(r) = Cr?, but fails for f(r) = Cr?*** when
e>0.

Let us show how Theorem 2.3 implies Theorem 2.2. By Theorem 2.1, it suffices to

verify that the only bounded solution to the Cauchy problem (2.1) is u = 0. Indeed, if
u is a bounded solution of (2.1), then setting

S :=sup |u] < oo
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we obtain

/0 /B (¢, 2)du(z) < STV(R) = exp (f (R)).

where f(r) :=log (S*TV(r)). Tt follows from the hypothesis (2.2) that the function f
satisfies (2.6). Hence, we conclude by Theorem 2.3 that u = 0.

Before we embark on the proof of Theorem 2.3, let us mention the following
consequence of it for M = R™: if u (¢, z) is a solution to (2.1) in R™ x (0,7") satisfying
the condition

lu(t,z)| < Cexp (C |:13|2) , (2.7)

then u = 0. Moreover, the same is true if u satisfies instead of (2.7) a more general
condition

u(t, )] < Cexp (f (|z])), (2.8)

where f (r) is a convex increasing function on (0, +00) satisfying (2.6).
Indeed, it suffices to treat the condition (2.8). In R” set 2y = 0. Since V' (R) = cR",
(2.8) implies that

/0 /B W2(t,2) dp(x)dt < CRexp (f (R)) = Cexp(F (R)).

where f(r) = f (r) + nlogr. The convexity of f implies that logr < C'f (r) for large
enough r. Hence, f (r) < Cf (r) and function f also satisfies the condition (2.6). By
Theorem 2.3, we conclude u = 0.

The class of functions u satisfying (2.7) is called the Tikhonov class, and the
conditions (2.8) and (2.6) define the Tdacklind class. The uniqueness of the Cauchy
problem in R™ in each of these classes is a classical result.

Proof of Theorem 2.3. The main technical part of the proof is the following
claim.

Claim. Let u(t,z) solve the heat equation in M x (0,T'), and assume that u satisfies
(2.5) with a function f as in (2.6). Then, for any R > 0 and a,b € (0,T), satisfying

the condition )

0<b—a< 2.9
=P TS SFAR) (2:9)
the following inequality holds:
4
/ W2(b, ) g/ wHa, Ydp . (2.10)
Br Bur

Let us first show how this Claim allows to prove that any solution u to (2.1),
satisfying (2.5), is identical 0. Fix R > 0 and ¢ € (0,T). For any non-negative integer
k, set

R, =4"R
and, for any k > 1, choose (so far arbitrarily) a number 7 to satisfy the condition
2

0< 74 Scfggk), (2.11)

10



where ¢ = ﬁ. Then define a decreasing sequence of times {¢;} inductively by tq =t

and ty = t_1 — 71 (see Fig. 3).

Figure 3: The sequence of the balls Br, and the time moments ty.

If t;, > 0 then function u satisfies all the conditions of the Claim with a = t;, and
b = t;_1 because
R; 1 (4Ry)® 1 Rp,
f(Ry) 128 f(4Rk—1) 8 f(4Rp)

g1 —tpy =T < ¢

Hence, we obtain from (2.10)

J

which implies by induction that

u2(tk_1,-)du§/ u(ty, -)dp + (2.12)

Bg,

9
Rk—l

R

k
4
)< [t (2.13)
/B;R BRk i=1 Ri271

If it happens that ¢, = 0 for some k then, by the initial condition in (2.1),

/ u?(ty, -)dp = 0.

In this case, it follows from (2.13) that

= 4 C
20t du < = —
/BR“’”—;@_I <

which implies by letting R — oo that u(-,t) = 0.

Hence, to finish the proof, it suffices to construct, for any R > 0 and t € (0,7,
a sequence {{x} as above that vanishes at some finite k. The condition ¢, = 0 is
equivalent to

t:Tl+T2+...+Tk. (214)

11



The only restriction on 7y is the inequality (2.11). The hypothesis that f(r) is an
increasing function implies that

Ooﬂ [ rdr — R,
I SZ/R 707 = 2= TR

which together with (2.6) yields

[e.e]

Ry
Z f@Ry ~

Therefore, the sequence {74}, can be chosen to satisfy simultaneously (2.11) and
o0
Z T — OQ.
k=1

By reducing some of 7, we can achieve (2.14) for any finite ¢, which finishes the proof.

Proof of the above Claim. Let p(z) be a Lipschitz function on M (to be specified
below) with the Lipschitz constant 1, that is, |Vp| < 1. Fix a real s ¢ [a,b] (also to be
specified below) and consider the following the function

2
p~(z)
t =
é( 7‘T) 4({: _ 8)7
that is well defined on M x [a,b]. Since |Vp| < 1, we have, for all ¢t # s,
p(z)
t < —7
Since
o pile)
ot 4(t —s)*
we obtain
23 2
— + |V¢7 <0. 2.15
= +| Ve[ < (215)
For a given R > 0, define a continuous function ¢ (x) on M by
1, T e BQRa
¥ (l’) - 07 T ¢ B3R7

linear in d(x,x¢), x € Bsg\ Bagr

(see Fig. 4).

Figure 4: Function ¢ ()
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Since the function d (z, z) is Lipschitz with the Lipschitz constant 1, we obtain that
¢ is also Lipschitz and |Vy| < 1/R. Since all the balls in M are relatively compact
sets, we have ¢ € Lipg (M).

Consider the function up?e® as a function of z for any fixed ¢ € [a,b]. This function
also belongs to Lipy (M ). Multiplying the heat equation

ou
E—AU

by up?et and integrating it over M x [a,b], we obtain

// —up’etdudt = // (Auw) up®eSdudt. (2.16)

The time integral on the left hand side is equal to:

- . 2.1
2/@ o esdt = 2[ goe}a 5 atugoedt (2.17)

a

Using the Green formula to evaluate the spatial integral on the right hand side of
(2.16), we obtain

/M (Au) ugeSdy — — / (Vu, V(e dp.

M

Applying the product rule and the chain rule to compute V(ug?et), we obtain
_<vu7 V(Ug02€£)> == |VU‘2 90265 - <VU, v€>'u’902e§ - 2<VU’7 V(p)wpeg

1
< — |Vl %t + |Vul |VE] [u| e + (5 IVul® 9 + 2|Vl uz) et

1
(—§ \Vul® + [Vu| |VE] |u|> et + 2| Vo[> u?e.

Combining with (2.16), (2.17), and using (2.15) in the form % < —|V¢|' , we obtain

b b
{/ucpesdp] :// ugpegdudtJrQ//(Au up?etdpdt
M
a M

a

b

b
// ]Vf]Q 2 |Vul* + 2|Vu| |VE] lul) ¢° 5d,udt+4//\Vgpl2uze€dudt
M

a a M

b b

- / / (V€] ful — |Vul)? GPedpudt + 4 / / Vol et dudt,

a M a M

whence

b
/ u2(b,-)g02€5(b")du—/ u?(a, -)p?ef @) dy < 4//\V<p[2 u?eSdudt. (2.18)
M M

a M

13



Using ¢|p, =1, ¢ < 1p,, and |Vy| < £1p,,5,,, we obtain from (2.18)

b
: a- 4
/ u? (b, )es®)dy < / u*(a,-)ef @ dy + E/ / u?eSdpdt. (2.19)
Br Bugr
a Byr\B2r

Let us now specify p(x) and s. Set p(z) to be the distance function from the ball Bg,
that is,

p(x) = (d(wuxﬂ) - R)+
(see Fig. 5).

Figure 5: Function p ().

Set s = 2b — a so that, for all t € [a, b],
b—a<s—t<2(b—a),

whence 2(2) 2(2)
pe(x p*(x
ta) = — <_ <0. 2.20
Consequently, we can drop the factor € on the left hand side of (2.19) because € = 0 in
Bp, and drop the factor e® in the first integral on the right hand side of (2.19) because
¢ <0. Clearly, if « € Byg\Bag then p(z) > R, which together with (2.20) implies that

n B4R\BQR X [(1, b]

RQ
t <——-.
Hence, we obtain from (2.19)

b

4 R?
2 . < 2 . J— - 2
/BRu (b, )dp < /Bmu (a,-)dp + 2 exp( 3 (b—a)) / / u“dpdt.

a Bun
By (2.5) we have
b

/ / wdudt < exp (f(4R))

a Bur
whence

/ u? (b, )dp < / u?(a, -)du + iexp (—L2 + f(4R)) .
Br Ban R? 8 (b—a)

Finally, applying the hypothesis (2.9), we obtain (2.10). m

14



Remark 2.4 Using of the factor ¢ in the above proof is motivated by the following
observation that goes back to Aronson [1] in the case of R™: if u(¢,x) is a semigroup
solution to the heat equation, that is,

u(t,x):Apt(x,y)f(y)du(y)

with f € L?(M), and £(t,z) is a locally Lipschitz function on M x (0, 00) such that

o<

8t \Vf\ (2.21)

then the function

J(t) ::/Mu(t,x)Qeg(t’x)du(x)

is monotone decreasing. For the proof first observe that it suffices to prove a similar
statement when u(¢, ) is a semigroup solution in a precompact open set {2 C M, that
is,

u(t, z) = / P2, y) f () du(y)

where pi!(x,7) is the heat kernel in Q with the Dirichlet boundary condition. Indeed,
having proved that in 2, we can choose then an exhausting sequence of €2, and pass
to the limit as Q;, — M.

Since in Q the function ¢ is bounded and u(t,-) € Wy*(2), we can apply the Green
formula in the next computation. We have

0= [ o

<2

—~

u265) dp = / (2utue£ + u2£teé) du
Q

/N

Au ue ——u 2|ve)? 5) du
Q

(Vu,V (uet)) + Zu2 VeI ef> d

1
(Vul? ef + (Vu, VE) ue + ZuQ Ve ef) du

I

|
:a\@\:;\
7 N N N

2
Vu + uV&)

@

Whence < 0 follows. See [19, Thm 12.1] for more details and justification.
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3 Escape rate of Brownian motion

Fix a reference point zq € M and set |z| = d (x,z¢). Let {X,},., be Brownian motion
on M. An increasing positive function R(t) of t € R, is called an upper rate function
for Brownian motion if we have | X;| < R (t) for all ¢ large enough with probability 1,
that is,

P, (3T Vt>T |Xi| <R()) =1

Hence, for large enough ¢, X; is contained in the ball B (x¢, R (t)) almost surely, as on
Fig. 6.

~

~. _BGoR®) .*

- -

Figure 6: An upper radius R(t)

Note that an upper rate function may exist only if M is stochastically complete.
For example, in R™ the following function

R(t)=+/(4+¢)tlnlnt

is an upper rate function for any € > 0, which follows from Khinchin’s law of iterated
log that says

X
lim sup X4 =1 as.

t—woo VA4tlnlnt

Theorem 3.1 ([22], [16]) Assume that, for all r large enough,
Vr)<ory, (3.1)
with some N,C > 0. Then the following function is an upper rate function:

R(t) = /2Ntlogt. (3.2)

A similar result holds for simple random walks on graphs: it was proved by Hardy
and Littlewood in 1914 for Z and in [4] for arbitrary graphs.

16



Under assumption (3.1), the upper rate function (3.2) is almost optimal (cf. [23]),
in particular, log ¢t here cannot be replaced by loglog t.

In this example, M is a model manifold, that is, R™ with the following spherically
symmetric metric given in the polar coordinates (r,0):

ds? = dr® + h?(r)d§?

where df” is the standard metric on S"~' and h(r) is a smooth positive function on
(0, 00), such that h(r) = r for r < 1. In this case

V(r)=w, /OT R 1(s)ds.

The function h is chosen so that V(r) is as on Fig. T

T'(r)

;\—’\

| a exp(m(r-ar))

ag by Aje+ ] Di+1 r

Figure 7: Function V(r)

In particular, V(r) satisfies (3.1) with N = n but small inclusions of negative
curvature (red areas on the picture) speed up Brownian motion to make the rate
function (3.2) almost optimal. More precisely, on this manifold we have

R(t) > \/ctlog' " ¢. (3.3)

The next result is a generalization of Theorem 3.1 an for arbitrary volume function.

Theorem 3.2 ([21], [30]) Assume that M is geodesically complete and that

© rdr
- . 4
/ log V' (r) > (34)
Define a function o (t) by:
#(0) rdr
t= / . (3.5)
o logV (r)+loglogr

Then R (t) = Cp (Ct) is an upper rate function.

17



If V(r) > clogr for some ¢ > 0 then (3.5) can be replaced by

e®  rdr
t= _— .
/m gV (1) (3.6)

In other words, the rate of divergence of the integral (3.4) determines an upper rate
function!

Example. If V (r) = Cr" then we obtain from (3.6)
)
log ¢ (1)
whence R (t) ~ ¢ (t) ~ \/tlogt that matches (3.2).
Example. If V (r) = exp (r*) where 0 < a < 2 then

te~ )

whence R (t) = Ctzs.
Example. If V (r) = exp (r?) then
t~logy(t)
whence R (t) = exp (Ct).
Example. Let V (r) < C'logr. Then
L _ ¥
log log ¢ (t)

and we obtain an upper rate function

R (t) = C+/tloglogt.

4 Heat kernel lower bounds

Here we show some results on pointwise lower bounds of the heat kernel that use only
the volume function.

Theorem 4.1 ([6]) Assume that, for some x € M and all r > ro > 0,
V(z,r) < Crl, (4.1)

for some C; N > 0. Then, for all large enough t,
1/4

> 4.2
P, ) 2 V(x,/Ktlogt)’ (42)
where K = K (x,19,C, N) > 0. Consequently, for some ¢ >0,
c
ez, 2) > ———m—5. 4.3
(@ 7) (tlog t)N/2 (4:3)



If M has non-negative Ricci curvature then by the theorem of Li-Yau [34] the heat
kernel satisfies on the diagonal the following two-sided estimate

1
Vi, VD)

for all x € M and t > 0. Hence, the lower bound (4.3) differs from the best possible
estimate (4.4) by the log-factor. However, under the hypothesis (4.1) alone, the lower
bound (4.2) is optimal and cannot be essentially improved, which is the case for the
model manifold from Section 3 (cf. [23]).

Proof. For the fixed point z, set B, = B(z,r) and V(r) = V(z,r). Using the
semigroup identity and the Cauchy-Schwarz inequality, we obtain

pe (2, @) ~ (4.4)

mmwaamwme/ym»w

> VET) ( /B e -)du>2. (4.5)

Since M is complete and the condition (4.1) obviously implies (3.4), we obtain by
Theorem 2.2 that M is stochastically complete, that is

/Mpt(x, Jdp = 1.

Using also that pi(z,z) > pa(z, x) we obtain from (4.5)

(@, 7) > Vzr) (1 _ /M " pt(gj7-)du)2. (4.6)

Choose r = r(t) so that

N | —

/ pale, Ydu <
M\B,.(1)

Assuming that (4.7) holds, we obtain from (4.6)

To match (4.2), we need the following estimate of r (¢):

r(t) </ Ktlogt. (4.8)

Let us prove that (4.7) holds with a function r(¢) satisfying (4.8) with some K. Setting
p = d(z,-) and fixing some D > 2, we obtain by the Cauchy-Schwarz inequality

(] ) = [t () [ on(-55)o
M M\

T

= Ep(t) / exp (-%1) dy, (4.9)

M\B,
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e En(t)i= [ st ) e (%) ” (4.10)

It is known that if D > 2 then Ep(t) is finite and monotone decreasing in ¢ ([14], [19,
Thm. 12.1 and Cor. 15.9]). The latter follows from the fact that. for the function

E(t,) = g—i, we have
2
p p
V| < 2@ and  9,§ = D

whence )

Lo P> L p 2 L2/
- < - 2_> B I
K+ 5 IVl = Dt2+2<Dt ( * ) =0

as D > 2, which matches (2.21).
In particular, we have, for all ¢t > t,

Ep(t) < Ep(ty) < oo. (4.11)

Since x is fixed, we can consider Ep(ty) as a constant.
Let us now estimate the integral in (4.9) assuming that

r=r(t) > ro. (4.12)
By splitting the complement of B, into the union of the annuli
BQk+1T\BQkT, k :0,1,2,...,

and using the hypothesis (4.1), we obtain

[ e £)u-s :
exp (——) dp = / exp (——) du
M\Br Dt k=0 BQk+1r\BQkT Dt

o0 k.2
< Zexp (_TZ) V(2 r)
k=0
N - N(k+1) 4
<C 2 —_— . 4.1
o'y exp( Dt) (4.13)
k=0
Assuming
2
,
—2>1 4.14
" (1.14)

the sum in (4.13) is majorized by a geometric series whence

Pz N 2
—— |du < C -— . 4.15
Juw o2 () e (-3) 415

r(t) = +/Ktlogt, (4.16)

where the constant K will be chosen below; in any case, it will be larger than D. If so
then assuming that

Set

t >ty := max (rg, 3)
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we obtain that both conditions (4.12) and (4.14) are satisfied.
Substituting (4.16) into (4.15), we obtain

N
2

2 Klogt log ¢
/ eXp( & >d,u < C(Ktlogt)? exp (_ o8 > o log® g
M\B'r(r D ‘D 2

tB_2

If K is large enough then the function in the right hand side of (4.17) is monotone
decreasing in t > ty, whence by (4.9) and (4.11)

(/M\B Pl -)du> < KM “x—Ep(ty). (4.18)
r(t) 2

5
D
tO

Finally, choosing K even larger, we can make the right hand side arbitrarily small,
which finishes the proof. m

Theorem 4.2 ([6]) Fiz x € M and assume that the function V(z,r) is doubling, that

18, for all r > 0,
V(x,2r) < CV (z,r).

Assume also that, for all t > 0,

Then, for allt > 0,

5 Recurrence of subordinated process

For any « € (0,2), the operator (—A)a/ is the generator of a jump process {X } on
M that is called the a-process. It is a natural generalization of the symmetric stable
Levy process of index a in R”. By a general semigroup theory, the Green function
9@ (z,y) of (~A)*? is given by

o
9 (w,y) = / £ py(, y)dt,
0
and the recurrence of {X } is equivalent to ¢{®) = oo, that is, to

/ 1921 (1 2)dt = o0, (5.1)

Theorem 5.1 ([17, Thm. 16.2]) If, for some x € M and all large enough r
Vie,r) < Cre, 52)

then {Xt(a)} is recurrent.
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Proof. Indeed, by Theorem 4.1 we have

c

r,r) > ——.
pt( ) )— to‘/zlogo‘/Zt

Substituting into (5.1) we see that the integral diverges. m

Conjecture. The process {Xt(a)} is recurrent provided
/ > ro~ldy
= 00.
1 V(.Z', 7“)

The answer is positive under the hypotheses of Theorem 4.2. For example, this is
the case when M has non-negative Ricci curvature.

6 Bounded solutions of Schrodinger equations
Let @ (x) be a nonnegative continuous function on M, ¢ # 0. Consider the equation
Au—Qu=0 (6.1)

and ask if any bounded solution to (6.1) is identical zero. In this case we say that
the Liouwville property holds for (6.1). In fact, one can prove that (6.1) has a non-zero
bounded solution if and only if it has a positive solution.

By Theorem 2.1, if @) = const > 0 then the Liouville property for (6.1) is equivalent
to the stochastic completeness of M. If () is a compactly supported function then one
can show that the Liouville property for (6.1) is equivalent to the parabolicity of M.
Hence, it is interesting to find conditions for Liouville property also for a general
function Q.

Fix a reference point xy € M, set || = d (x,z() and denote

r/2
q(r)=inf Q(x) and F(r) :/0 Vq (t)dt.

|z|=r

Theorem 6.1 ([12]) If there is a sequence r — oo such that for some C' > 0 and all
k
V (ry) < Crjexp (CF (rk)Q) (6.2)

then the Liouville property is satisfied for (6.1).

Example. Let @) = 1.Then we have ¢ = 1, F (r) = r/2, and (6.2) becomes V (r;) <
exp (Cr}) , which coincides with the condition (2.4) for the stochastic completeness.

Example. Let @) have a compact support. Since ¢ (r) = 0 for large enough r, we
obtain that F' (r) = const for large r, and (6.2) becomes V (r;) < Cr?, which coincides
with the sufficient condition (1.8) for the parabolicity.

Example. Assume that, for all large |z| and some ¢ > 0,
c

Q(x) =

" |2 log |
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Then

r/2 c
F(r)> dt ~ /1
02 [ gt Viorr

so that (6.2) is satisfied provided
V(r)<ord

for some C; N > 0 and all large r. Hence, in this case (6.1) has no positive solution.
For example, this is the case for M = R".
On the other hand, if in R”

C

1+e |:L‘|

Q () <

~ Ja|*log

then (6.1) has a positive bounded solution in R"™.

Problem. Find conditions for the Liouville property for (6.1) without using pointwise
information about Q).

7 Semilinear PDEs

Consider on M the inequality
Au+u’ <0 (7.1)

and ask if it has a non-negative solution v on M except for u = 0. Here o > 1 is a given
parameter. Note that any non-negative solution of (7.1) is superharmonic. Hence, if M
is parabolic then u must be identical zero. In particular, this is the case if V (r) < Cr?.

Otherwise (7.1) may have positive solutions. For example, in R" with n > 2 the
inequality (7.1) has a positive solution if and only if o > 25 (cf. [35]). As above, fix
xo € M and set V (r) =V (zo, 7).

Theorem 7.1 ([26]) Assume that, for all large r,
V(r) < CrPlog?r, (7.2)

where 9 .
7 and qg=——7-. (7.3)
oc—1 o—1

Then any nonnegative solution of (7.1) is identical zero.

p:

The values of the exponents p and ¢ in (7.3) are sharp: if either p > JQT" or

1
% and g > ﬁ then there is a manifold satisfying (7.2) where the inequality

p =
(7.1) has a positive solution.
Theorem 7.1 can be equivalently reformulated as follows: if, for some o > 2

V(r) < Cr*log™s r, (7.4)

then, for any o < -%5, any nonnegative solution of (7.1) is identical zero. In this form
it contains the aforementioned result for R” as in R™ (7.4) is satisfied with a = n.
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Conjecture. ([27]) If

[ w9

then any nonnegative solution of (7.1) is identical zero.

In particular, the function (7.4) satisfies (7.5) with 0 = —%5.

Similar results for a more general inequality Au + Qu® < 0 with @ () > 0 were
obtained in [37]. In the view of results of Section 6, it may be interesting to investigate
the question of existence of positive solutions for a semilinear equation Au — Qu? = 0.

Analogous problems for semilinear heat equation were addressed in [38].

8 Biparabolic manifolds

A function u € C*(M) is called bi-superharmonic if Au < 0 and A?u > 0.
For example, let M be nonparabolic and consider the Green operator

sz/ooogu,y)f(y)du(y),

where -
g(z,y) = / pe(z,y)dt
0

is the Green function of A. If f is non-negative and superharmonic then the function
u = G f is bi-superharmonic (provided it is finite) because

Au=—f<0 and A%u=—-Af>0.

Here is another example of bi-superharmonic functions in a precompact domain
Q C M. Let 7o be the first exit time from €2 of Brownian motion X;. If f is a
non-negative continuous function on 02 then the function

solves the following boundary value problem

A?u =0 in Q
Aulpg = —f,
ulaq =0,

and, hence, is bi-superharmonic in Q.

Definition. A manifold M is called biparabolic, if any positive bi-superharmonic
function on M is harmonic, that is Au = 0.
Note that the notion of parabolicity also admits a similar equivalent definition: M
is parabolic if and only if any positive superharmonic function on M is harmonic.
Recall that the parabolicity of M is equivalent to g(x,,y) = oo. One can prove that
M is biparabolic if and only if ¢® (x,y) = oo where

9 (z,y) = /Mg(x,Z)g (z,y) dp(z).
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Using the Green function g(z,y) = ¢, |# —y[>™" in R” (n > 2), one can show that R"
is biparabolic if and only if n < 4. If n > 4 then u (z) = |z| ™™ is an example of a
(weakly) bi-superharmonic but not harmonic function.

Theorem 8.1 ([28]) If, for all large enough r,

T'4

V <C 8.1
then M 1s biparabolic.

The condition (8.1) is not far from optimal in the following sense: for any § > 1
there exists a manifold M with

V(r) < Crilog’r

that is not biparabolic.
Conjecture. If

V(r) < Crtlogr or even /

then M 1s biparabolic.
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