Complex Analysis: Exercise 6

1. Let X be a topological space, xo € X some element, and con-
sider the set of all continuous closed paths vy : [0,1] — X with
v(0) =v(1) = xo. Two such paths are equivalent if they are homo-
topic. The equivalance classes are considered to be the elements
of a group, namely the fundamental group (X, x¢). Multiplication
within this group is defined using the following rule. Let y and ¢
be two such closed paths. Then the product of the closed paths is
the path given by

[y, t<12
y'C(t){c(zt—n, t>1/2.

The product of the two equivalence classes in the fundamental
group is then the equivalance class of this product.
(@) Show that this product operation in 7t; (X, xo) is well defined.

(b) Show that there exists an identity element, and each element
has an inverse.

(c) Finally, show that the associative law holds in 7t (X, xo).

2. Let G ={ze€ C:1/2 < |z] < 2}. Show that 7;(G,1) = Z. That is
to say, the fundamental group of G is isomorphic to the integers,
considered as a group with the addition operation.

3. Is the sum

convergent, for all z ¢ Z?



