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Introduction

This book is devoted to representations of associative algebras and their homo-
logical theory. There are two basic approaches. The passage from representa-
tions to chain complexes of representations leads to the study of derived cate-
gories. The other approach identifies representations with appropriate functors;
this leads to the study of functor categories. We offer an introduction to both
approaches and present results which illustrate their beauty and importance.

History. The appearance of the book Homological Algebra by Cartan and
Eilenberg in 1956 established the subject [46]. In the following year Grothen-
dieck published his seminal paper Sur quelques points d’algébre homologique
which inspired a whole generation [94]. Two students from the circle around
Grothendieck then developed the foundations for the subject of this book. There
is the thesis Des catégories abéliennes from 1960 by Peter Gabriel [79] and the
thesis Des catégories dérivées des catégories abéliennes from 1967 by Jean-
Louis Verdier [199]. Substantial parts of this book are devoted to explaining
their work so that it can be applied to the study of representations.

Topics. We focus on representation theoretic results, most of which originate
from the 1980s and early 1990s. A major part of the book is devoted to derived
categories, and the notion of tilting plays an important role. Orthogonal de-
compositions provide another organisational principle for several results. The
final part is about purity and involves the use of functor categories. The context
for most results is the category of modules over a ring. When appropriate we
work more generally with abelian categories, or we restrict to certain classes

The front page illustration combines Goethe’s Farbkreis [J. W. von Goethe, Zur Farbenlehre,
Erster Band, Nebst einem Hefte mit sechzehn Kupfertafeln, Tiibingen, 1810] with the
Auslander—Reiten quiver of a Gorenstein algebra of dimension one (Figure 6.1).

Vi
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of modules or rings. For instance, of particular interest from the representation
theory perspective are modules of finite length over Artin algebras.

The following is a list of topics and results which are treated in this book,
beyond the foundational material discussed further below.

— Gorenstein algebras. The module category of a Gorenstein algebra admits
an orthogonal decomposition into the subcategory of modules of finite pro-
jective dimension and the subcategory of Gorenstein projective modules.
For Artin algebras the corresponding bounded derived category of mod-
ules of finite projective dimension and the stable category of Gorenstein
projective modules admit Serre functors.

— Tilting modules. For Artin algebras there is a bijective correspondence
between equivalence classes of tilting modules and covariantly finite co-
resolving subcategories.

— Characteristic tilting modules. For every quasi-hereditary algebra there is
a canonical tilting module; its indecomposable direct summands are pre-
cisely the indecomposable modules which have a standard and a costandard
filtration.

— Schur algebras. Polynomial representations of general linear groups iden-
tify with modules over Schur algebras. Every Schur algebra is quasi-
hereditary and the characteristic tilting modules are given by tensor prod-
ucts of exterior powers.

— Happel’s theorem. A tilting object of an exact category induces a triangle
equivalence between its bounded derived category and the category of
perfect complexes over the endomorphism algebra of the tilting object.

— Happel’s functor. The bounded derived category of modules over an Artin
algebra embeds into the stable category of graded modules over the cor-
responding trivial extension algebra, and equality holds if and only if the
algebra has finite global dimension.

— Rickard’s theorem. Two algebras have equivalent derived categories if and
only if one admits a tilting complex with endomorphism algebra isomorphic
to the other algebra.

— Global dimension. Tilting preserves finite global dimension. If the bounded
derived category of an abelian category of finite global dimension admits
a tilting object, then its endomorphism ring is of finite global dimension.

— Grobner categories. Representations of the category of finite sets in some
locally noetherian Grothendieck category form again a locally noetherian
Grothendieck category. This is a vast generalisation of Hilbert’s basis the-
orem and has several applications.

— Definable subcategories. The definable subcategories of a module category
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(that is, subcategories closed under filtered colimits, products and pure
submodules) are in bijective correspondence to Ziegler closed subsets of
indecomposable pure-injective modules.

Injective cohomology representations. For a finite group, every injective
module over its cohomology ring can be realised as the cohomology of
a representation. Such a representation is essentially unique and Z-pure-
injective; therefore it decomposes uniquely into indecomposable represen-
tations corresponding to homogeneous prime ideals of the cohomology
ring.

Endofinite modules. Modules of finite length over their endomorphism ring
decompose uniquely into indecomposables, and the isomorphism classes of
indecomposables are in bijective correspondence to irreducible subadditive
functions on finitely presented modules.

Finite representation type. A ring is of finite representation type if and only
if every module is endofinite.

Krull-Gabriel filtrations. Pure-injective objects are classified via Krull-
Gabriel filtrations. Examples include modules over Dedekind domains,
quasi-coherent sheaves on the projective line, and representations of the
Kronecker quiver.

Foundations. Several chapters of this book are devoted to basic concepts and
foundational results. Let us mention some of these topics.

Localisation. Localisation is a process of adding formal inverses to an
algebraic structure; it is used throughout the book. The localisation of
additive categories amounts to annihilating appropriate subcategories. For
abelian and triangulated categories the morphisms of a localised category
can be described via a calculus of fractions.

Abelian categories. Abelian categories generalise module categories. Of
particular interest are Grothendieck categories, which are precisely the lo-
calisations of module categories. Objects in these categories admit injective
envelopes; so one can do homological algebra.

Triangulated and derived categories. The derived category of an abelian
category provides the proper context for studying derived functors. An
important ingredient is the construction of resolutions. Triangulated cat-
egories form the appropriate categorical framework. Useful tools include
Verdier localisation and Brown representability for cohomological func-
tors.

Locally finitely presented categories. These are cocomplete additive cat-
egories such that every object is a filtered colimit of finitely presented
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objects; in fact they are determined by their full subcategories of finitely
presented objects. For locally finitely presented Grothendieck categories
there is a well-developed theory of injective objects. Pure-injective objects
are studied via an embedding into a Grothendieck category that is locally
finitely presented.

There are further fundamental concepts that appear throughout this work.
We mention the notion of a finitely presented (or coherent) functor. In fact,
functor categories play an important role, not only because each representation
(of an algebra, a quiver, or a group) may be viewed as a functor. The basic
idea is to identify an object X of an additive category with the corresponding
representable functor Hom(—, X), often restricted to some appropriate gener-
ating subcategory. In this way categories of representations are presented as
categories of functors. This idea goes back to Gabriel [79] and Auslander [7],
but continues to be useful, also in the study of triangulated categories [150].

Another key concept that pervades this book is the notion of a spectrum.
Indecomposable representations are often viewed as points of some space. The
analogue in commutative algebra is the Zariski spectrum, but the spectrum
of indecomposable injective objects of a Grothendieck category is the more
general concept which is used throughout.

Prerequisites. The exposition is demanding in terms of the background and
mathematical experience expected of the reader. We assume a basic knowledge
of representation theory and homological algebra, including the appropriate
categorical language.

Basic concepts and facts that are used throughout the book are arranged in a
glossary which also serves to fix notation. Some topics from the glossary are
explained in more detail in later chapters.

For unexplained terminology and further details, the following books are
recommended: Cartan and Eilenberg [46], Mac Lane [141] (homological alge-
bra), Schubert [183] (categories), Lam [136] and Stenstrém [197] (rings and
modules).

Organisation. This book does not attempt to give a complete and systematic
introduction to the homological theory of representations. It is rather motivated
by a series of representation theoretic results (cf. the above list) for which we
provide proper foundations and complete proofs. The choice of these results is
based on personal taste and is by no means systematic.

The material is organised into 14 chapters and each is devoted to a particular
topic. We have tried to keep the chapters as independent of each other as
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possible. This causes some repetition, but it will help the reader who is only
interested in a particular topic.

Each chapter ends with notes and historical comments. This compensates for
the fact that the body of the text gives no credits for definitions and theorems.
‘We make no attempt to discuss the early history of the subject. For instance, the
development of ‘modern algebra’ by Emmy Noether and her school inspired
many concepts and results which are presented in this volume; for a detailed
account we refer to Corry [55].

A final warning seems appropriate. We try to present concepts and results
in their natural generality, even though readers may only be interested in some
special cases. For instance, we treat derived categories of exact categories, and
it is obvious that these are abelian in most applications. Or we study purity
for locally finitely presented categories, despite the fact that module categories
are the most interesting examples. Our motivation for generality is twofold.
Concepts and arguments often become more transparent by identifying the
ingredients that are essential. And we believe in potential applications beyond
those which are obvious and well known.

Acknowledgements. I have been fortunate to meet several excellent teachers:
Herbert Kupisch and Josef Waschbiisch (Berlin), Sheila Brenner and Michael
Butler (Liverpool), Dieter Happel and Claus Michael Ringel (Bielefeld). Later
on, Maurice Auslander, Bill Crawley-Boevey, and Helmut Lenzing provided
much inspiration. I am very grateful to all of them; their style and taste has
guided me throughout the work on this book. Also, I learned a lot from my
coauthors. It is a special pleasure to thank Dave Benson and Srikanth Iyengar
for great fun through collaboration.

Many students as well as colleagues contributed specifically to this book with
numerous suggestions and friendly criticism. I would like to record my thanks to
those people. In particular, the combinatorially most challenging exposition of
Schur algebras benefited greatly from comments by Darij Grinberg, and Sondre
Kvamme provided thoughtful comments on many chapters. The discussions
with Andrew Hubery and the advice from Dieter Vossieck on all aspects of this
work are very much appreciated.

It remains to thank the staff at Cambridge University Press for their efficient
work, and in particular Tom Harris for his enthusiastic support.



Conventions and Notations

Categories

We follow the von Neumann—Bernays—Godel set theory and distinguish be-
tween sets and classes. All categories are assumed to be locally small in the
sense that the objects form a class and for each pair of objects the morphisms
between them form a set. When a category is abelian or exact, we assume in
addition that for each pair of objects the extensions (in the sense of Yoneda)
form a set.

We denote by Set the category of sets and by Ab the category of abelian groups.
The cardinality of a set X is denoted by card X.

Morphisms are composed from right to left. For the composite X 5y E) Z
we write Sa.

Functors ¢ — D are by convention covariant. Replacing one of the categories
by its opposite category identifies contravariant functors ¢ — D with covariant
functors CP? — D or € — DP.

Rings and Modules
All rings are associative and have a unit.

For a ring A we consider the category Mod A of right A-modules but drop the
adjective ‘right’. Left A-modules are identified with modules over the opposite
ring A°P. The full subcategory of finitely presented A-modules is denoted by
mod A, and proj A denotes the full subcategory of finitely generated projective
A-modules.

When A and I" are k-algebras over a commutative ring k, then I'-A-bimodules
My are identified with modules over the algebra I'P ®; A.

X1



Xii Conventions and Notations

Numbers
We denote by Z the set of integers and write
N={0,1,2,3,...}

for the set of non-negative integers.



Glossary

Category. A category C is given by a class of objects Ob C and a class of
morphisms Mor C, together with an associative unital composition. For objects
X,Y € Clet Home (X, Y) denote the set of morphisms X — Y, and idx: X —
X the identity morphism. We write Ende (X) for the set of endomorphisms of
X. Sometimes we simplify the notation and write Hom(X,Y) or C(X,Y). The
composition is given by a map

Home(Z,Y) x Home(X,Y) — Home (X, Z), (¢, ¢) — ¥

for each triple of objects X,Y,Z € C.

The category C is small if ObC is a set, and C is essentially small if the
isomorphism classes of objects in € form a set. The opposite category of C is
denoted by C°P.

Morphisms. A morphism X — Y in a category C is a monomorphism if the
induced map Hom(C, X) — Hom(C,Y) is injective for all C € C (notation:
X » Y), an epimorphism if the map Hom(Y, C) — Hom(X, C) is injective for
all C € C (notation: X —» Y), and an isomorphism if the map Hom(C, X) —
Hom(C,Y) is bijective for all C € € (notation: X = Y).

The morphisms in € form the category of morphisms C2; this identifies with
the category of functors 2 — € where 2 denotes the category given by two
objects which are connected by one morphism.

Functor. A functor F: ¢ — D is given by a map on objects ObC — Ob D,
together with maps on morphisms

Fxy: Home(X,Y) — Homq (FX, FY)
for all objects X, Y € C, preserving the composition of morphisms. The identity

functor is denoted by ide: € — C.

Xxiii
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The functor F is faithful if all Fx y are injective and full if all Fx y are
surjective. The notation € »> D is used when F is fully faithful.

We write Hom(C, D) or Fun(C, D) for the ‘category’ of functors ¢ — D.
The morphisms between two functors are the natural transformations, but we
do not require that they form a set.

Essential image. The essential image of a functor F: € — D is the full
subcategory of D givenby ImF = {Y € D | Y = F(X) for some X € C}. The
functor F is essentially surjective if In F = D.

Quotient functor. A quotient functor is a functor F: ¢ — D such that for
some class S € Mor € of morphisms the functor F inverts all morphisms in
S (so F¢ is invertible for all ¢ € S) and every functor F’: € — D’ factors
uniquely through F provided that F” inverts all morphisms in S. In this case we
set C[S™'] = D and the notation € - D is used for F.

Equivalence. A functor F: ¢ — D is an equivalence if there is a functor
G: D — C, together with natural isomorphisms ide = GF and FG = idp.
An equivalent condition is that F is fully faithful and every object Y € D is
isomorphic to FX for some object X € C.! Notation: € = D.

Adjoint. A pair (F,G) of functors F: € — D and G: D — C is adjoint if
there are natural bijections:
Homq (FX,Y) = Home (X, GY) (X eCYeD).

Then the notation C 2 D is used and there are two natural morphisms:

nx: X — GF(X) (unit) ey: FG(Y) — Y (counit).
The composite

Home (X, X) —— Homp (F(X'), F(X)) == Home(X', GF(X))
is given by composition with the unit r7x, and the composite

Homop (Y, Y") ~2 Home (G(Y), G(Y')) = Homa (FG(Y),Y")

is given by composition with the counit ey. Moreover, the following conditions
are equivalent.”

(1) The functor G is fully faithful.

1 [197, Proposition IV.1.1]
2 Proposition 1.1.3
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(2) The counit gy is an isomorphism for every object Y € D.
(3) The functor F is the composite € - C[S~!] = D of a quotient functor for
some class S € Mor € and an equivalence.

This is expressed by the following diagram.

(G ——))
G

Sometimes we denote by F, the left adjoint of F, and by F,, the right adjoint
of F.

Localisation functor. A functor L: € — C is called a localisation functor if
there exists a morphism 77: ide — L such that L: L — L? is an isomorphism
and Ly = nL.

Any localisation functor gives a pair (F, G) of adjoint functors such that F
is (up to an equivalence) a quotient functor and G is fully faithful (by taking
the inclusion G: D — € for D = {X € C | nx is invertible} and FX = LX for
every object X € ©). Conversely, any pair (F, G) of adjoint functors such that
F is a quotient functor or G is fully faithful gives a localisation functor (L, 17)
(by taking L = GF and for 7 the unit).>

Limit and colimit. Let C be a category. A diagram of type Jis a functorJ — C
where the category J is essentially small. Let @7 denote the category of such
diagrams. The diagonal functor A: € — €7 takes an object to the constant
functor. For F € C7 the limit lim F (also written lim;¢q F(i)) is given by a
natural bijection

Home (X, lim F) = Homes (AX, F) (Xe©

provided it exists in C. Thus the limit is the right adjoint of the diagonal functor
and the counit provides canonical morphisms lim F — F(i) for all i € J.
Analogously, the colimit colim F is given by

Home (colim F, X) = Homes (F, AX) (X €0

and comes with canonical morphisms F (i) — colim F for all i € J.

Filtered category. A category J is filtered if

(Fill) the category is non-empty,
(Fil2) given objects i,i’ there is an object j with morphisms i — j « i’, and

3 Proposition 1.1.5
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(Fil3) given morphisms a,a’: i — j there is a morphism 3: j — k such that

Ba = Ba’.

A partially ordered set (I, <) can be viewed as a category: the objects are
the elements of I and there is a unique morphism i — j whenever i < j. This
category is filtered if and only if (1, <) is non-empty and directed, that is, for
each pair of elements 7, i’ there is an element j such thati,i’ < j.

Filtered colimit. A filtered colimit is the colimit of a functor F: J — € such
that the category J is filtered. When J is given by a directed partially ordered
set, this colimit is also called the directed colimit (or confusingly direct limit).

Let J be an essentially small filtered category. A fully faithful functor ¢: § —
J is cofinal if for every object i € J there exists a morphism i — ¢(j) for
some j € J. In that case J is filtered and any functor F: J — C induces an
isomorphism colim(F o ¢) = colim F.*

For each essentially small filtered category J there exists a functor ¢: J — J
such that J is the category corresponding to a directed partially ordered set and
any functor F: J — € induces an isomorphism colim(F o ¢) = colim F.’

Additive category. A category A is additive if

(Ad1) for every finite family of objects Xi, ..., X, in A there exists a product
X; X---xX,in A,

(Ad2) each morphism set Hom 4 (X, Y) is an abelian group, and

(Ad3) the composition maps Hom4 (Y, Z) X Hom4 (X,Y) — Homy (X, Z)
are biadditive.

If A is an additive category, then finite coproducts also exist. Moreover,
finite products and coproducts in A coincide. For objects X, Y in A the group
structure on Hom 4 (X, Y) is determined by the following commuting diagram
for any pair ¢, € Hom4 (X, Y):

XxX 2% yxy

TA lv
XLY

4 Lemma 11.1.5
3 [98, Proposition 8.1.6]
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Direct sum. Given a finite number of objects X1, ..., X, of an additive cat-
egory A, there exists a direct sum X| @ --- & X,, which is by definition an
object X together with morphisms ¢;: X; —» Xand7m;: X — X;for1 <i <r
such that 3}, ;7; = idx, m;4; = idx,, and 7;¢; = O for all 7 # j. Note that the
morphisms ¢; and 7; induce isomorphisms

l:[Xi = @X, = lL[Xl
i=1 i=1 i=1

An object X’ is a direct summand of X if X = X’ @ X"’ for some object X”'.
For a class of objects X C A, let add X denote the smallest full subcategory
of A containing X and closed under finite direct sums and direct summands.

Decomposition. Let A be an additive category and (A;);c; a family of full
additive subcategories. We have an orthogonal decomposition
A=A
iel
of Aif A = )}; A; (so each object in A can be written as a coproduct [ |; X; with
X; € A; forall i), and Homy (X;, X;) =0 forall X; € A;, X; € Aj, andi # j.
The additive category A is connected if it admits no proper decomposition
A=A OA;.
A direct decomposition
A=\ A
iel

means that A = 3; A; and A; N 3, A; = 0 for all j.

Ideal. Let A be an additive category. An ideal J in A is given by subgroups

3(X,Y) CHomy(X.,Y)  (X,Y € A)

such that any composite X 2, Y Y, Z of morphisms in A belongs to J if ¢ or
¥ belongs to J.

Additive functor. A functor F: A — B between additive categories is addi-
tive if it preserves finite products. An equivalent condition is that the induced
map Hom 4 (X,Y) — Homsg (FX, FY) is additive for all objects X,Y € A.

Let F: A — B be an additive functor. Then the morphisms that are anni-
hilated by F form an ideal in A. The kernel of F is the full subcategory of A
givenby Ker F = {X € A | F(X) = 0}.
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Kernel and cokernel. Let ¢: X — Y be a morphism in an additive category.
The kernel of ¢ consists of an object Ker ¢ and a morphism ¢’: Ker¢ — X
such that ¢¢’ = 0 and every morphism a: X’ — X satisfying ¢a = 0 factors
uniquely through ¢’. If the kernel exists, then Ker ¢ and ¢’ are unique up to
isomorphism and ¢’ is a monomorphism. The cokernel Y — Coker ¢ of ¢ is
defined dually.

Abelian category. An additive category A is abelian if for every morphism
¢: X — Y there is a kernel and a cokernel, and if the canonical factorisation

Ker ¢ ¢ X ¢ Y ¢ Coker ¢

Lo

Coker ¢’ —? ., Ker o

of ¢ induces an isomorphism ¢.

Image. Let ¢: X — Y be a morphism in an abelian category. The image of
¢ is the kernel of the canonical morphism ¢”’: Y — Coker ¢ and we write
Im¢ = Ker¢”.

Subobject. Let A be any category. We say that two monomorphisms X; » X
and X, > X are equivalent, if there exists an isomorphism X; — X, making
the following diagram commutative.

X ———— X»
%

An equivalence class of monomorphisms into X is called a subobject of X.
Given subobjects X; > X and X, > X, we write X; C X, if there is a
morphism X; — X, making the above diagram commutative; this yields a
partial order.

A morphism ¢: X — Y in an abelian category yields subobjects Ker ¢ C X
and Im¢ C Y. The quotient of X with respect to a subobject X’ C X is
X /X’ = Coker(X’ — X). For a family of subobjects (X;);e; of an object X
one has

ZXiZIm

iel

Uxi—>x ,

iel

and ﬂ X; = Ker

i€l

X — nx/xi

iel

assuming that these (co)products exist.
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Cocomplete category. A category A is cocomplete if every functor I — A
from an essentially small category J admits a colimit. When A is additive, an
equivalent condition is that for every family (X;);<; of objects indexed by a set
there is a coproduct [ [;; X; in A, and every morphism in A admits a cokernel.

For an object X € A, we write XD or X[I] for [[;; X; when X; = X for all
i. For a class of objects XX C A, let Add X denote the smallest full subcategory
of A containing X and closed under all coproducts and direct summands.

Locally finitely presented category. Let A be a cocomplete additive category.
Anobject X € Aisfinitely presented if the functor Hom (X, —) preserves filtered
colimits. Thus for every filtered colimit colim; ¥; in A the canonical map

colim Hom4 (X, Y;) — Hom 4 (X, colim ;)
12 12

is bijective. Let fp A denote the full subcategory of finitely presented objects;
it is an additive category and closed under cokernels. The category A is called
locally finitely presented if fp A is essentially small and every object in A is a
filtered colimit of finitely presented objects.

Grothendieck category. A category A is a Grothendieck category if

(Grl) the category A is abelian,

(Gr2) for every set of objects (X;);e; there is a coproduct [ [;¢; X; in A,

(Gr3) thereis a generator G, that is, for every object X the canonical morphism
¢ etiom 4 (G,x) G — X is an epimorphism, and

(Grd) for every directed set of subobjects (X;);c; of an object X and ¥ C X

one has
>

iel

ny = Z(Xi ny). (ABS)

iel

A condition equivalent to (AB5) says that every filtered colimit of exact se-
quences is exact.

In a Grothendieck category the subobjects X’ € X of any given object X
form a set.

The category Ab of abelian groups is the prototype of a Grothendieck cate-

gory.®

Simple object. An object X in an abelian category is simple if X # 0 and
if X’ C X implies X’ = 0 or X’ = X. An object is semisimple if it admits a
decomposition as a coproduct of simple objects.

6 Corollary 2.5.3
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Finite length. Let A be an abelian category. An object X has finite length if it
has a finite composition series

0=XpCcX;C---CX,=X,

that is, each X;/X;_ is simple. In this case the length n of a composition series
is an invariant of X (Jordan—-Holder theorem); it is called the length of X and
is denoted by £(X). When X is a vector space over a field we write rank(X)
for its length. For example, X is simple if and only if £(X) = 1. Note that X
has finite length if and only if X is both artinian (i.e. satisfies the descending
chain condition on subobjects) and noetherian (i.e. satisfies the ascending chain
condition on subobjects).

Length category. An abelian category is called a length category if all objects
have finite length and the isomorphism classes of objects form a set.

Indecomposable object. An object X is called indecomposable if X # 0 and
if X = X; @ X, implies X; =0 or X, =0.

A ring is called local if all non-invertible elements form a proper ideal. Thus
an object is indecomposable if its endomorphism ring is local.

A finite length object admits a decomposition into a finite direct sum of inde-
composable objects having local endomorphism rings. Such a decomposition
is unique up to isomorphism (Krull-Remak—Schmidt theorem).

Socle. Let X be an object of an abelian category. The socle soc(X) is the sum
of all simple subobjects of X. We set soc’(X) = 0 and soc"*!(X) is given by
soc™1(X)/soc™(X) = soc(X/soc (X)) for all n > 0. The height ht(X) is the
smallest n > 0 such that soc”” (X) = X.

Radical. Let X be an object of an abelian category. The radical rad(X) of X
is the intersection of all maximal subobjects of X. We set rad®(X) = X and
rad™*! (X) = rad(rad" X) for all n > 0. The Loewy length of X is the smallest
n > 0 such that rad” (X) = 0. The top of X is the quotient top(X) = X /rad(X).
For a ring A let J(A) = rad A denote the Jacobson radical, that is, the
intersection of all maximal right ideals. Note that J(A) = J(A°P). For a A-
module X we have XJ(A) C rad X and equality when A/J(A) is semisimple.
Let A be an additive category A. Then Rad 4 denotes the ideal satisfying

RadA(X, X) = J(EndA(X))

for every object X € A. The morphisms belonging to Rad 4 are called radical.
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Exact sequence. Given an abelian category A, a finite or infinite sequence of
morphisms

bn2 Pn-1 bn P+l
Xn-1 Xn X .

in A is exact if Im¢; = Ker ¢4 for all i. An exact sequence of the form
0— X - Y — Z — 0is called short exact.

An additive functor A — B between abelian categories is exact if it sends
each exact sequence in A to an exact sequence in B.

Extension group. Let A be an abelian category, or more generally an exact
category. For a pair of objects X,Y and n > 1, let Ext’) (X,Y) denote the
group of n-extensions in the sense of Yoneda, i.e. equivalence classes of exact
sequences

0—Y—E,— - —E—E —X—0,

assuming they form a set. Set Extgl (X,Y) =Homy (X,Y) and Ext’) (X,Y) =0
for n < 0. Splicing together exact sequences yields the composition maps

Ext” (Y, Z) X Ext", (X,Y) — Ext"*"(X, Z)

for all m,n € Z.
For each exact sequence ¢: 0 - X’ - X —» X” - O0OinAandn > 0,
composition with & yields a connecting morphism

Ext, (X",Y) — Bxt7' (X", Y)

and these fit into a long exact sequence:’

0 — Homyg (X”,—) — Homyg(X,—-) — Homy (X, -) j

(—> Ext;l(X",—) —_— EXth(X, -) — Exth(X’,_) ...

Idempotent complete category. Let A be an additive category. Then A is
idempotent complete if every idempotent endomorphism in A admits a kernel.
Note that X = Ker e ® Ker(idy —e) for e? = e € End 4 (X).

Let A be idempotent complete and let € C A be a full additive subcategory.
Then C is idempotent complete if and only if € is closed under direct summands.
For any object X in A, the functor Hom 4 (X, —) induces an equivalence

add X = projEnd 4 (X).

7 Corollary 4.2.12
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Krull-Schmidt category. Let A be an additive category. Then A is Krull-
Schmidt if every object decomposes into a finite direct sum of objects having
local endomorphism rings. Such a decomposition is essentially unique. An
equivalent condition is that A is idempotent complete and every object has a
semiperfect endomorphism ring.?

A ring A with Jacobson radical J(A) is semiperfect if A/J(A) is semisimple
and idempotents can be lifted modulo J(A).

Extension closed subcategory. Let A be an abelian category, or more gener-
ally an exact category. A full additive subcategory C C A is extension closed
if for every exact sequence 0 — X’ — X — X" — 0in A the object X isin C
when X’ and X"’ are in C.

Given a class of objects X C A, we write Filt(X) for the smallest extension
closed subcategory of A that contains X. Note that an object X € A belongs to
Filt(X) if and only if there exists a finite chain

0=XcX c---CcX,=X

such that X;/X;_jisin X for 1 <i < n.

Exact category. Let A be an additive category. A sequence

0—x5v2tz0

of morphisms in A is exact if « is a kernel of 8 and S is a cokernel of a.
An exact category is a pair (A, £) consisting of an additive category A and a
class € of exact sequences in A (called admissible and given by an admissible
monomorphism followed by an admissible epimorphism) which is closed under
isomorphisms and satisfies the following axioms.

(Ex1) The identity morphism of each object is an admissible monomorphism
and an admissible epimorphism.

(Ex2) The composite of two admissible monomorphisms is an admissible
monomorphism, and the composite of two admissible epimorphisms is
an admissible epimorphism.

(Ex3) Each pair of morphisms X’ hd X 5 Y with @ an admissible monomor-
phism can be completed to a pushout diagram

X 25y

o

X/L)Y/

8 [131, Corollary 4.4]
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such that @’ is an admissible monomorphism. And each pair of mor-
phisms Y LA z Al Z’ with B8 an admissible epimorphism can be com-
pleted to a pullback diagram

P

Y — 7'

Ll

B

Y — Z
such that B8’ is an admissible epimorphism.

For example, an abelian category endowed with all short exact sequences is
an exact category. Any extension closed subcategory A of an abelian category
B is exact by taking for £ all short exact sequences from B. Conversely, any
essentially small exact category arises as an extension closed subcategory of
an abelian category.’

Thick subcategory. Let A be an exact category. A full additive subcategory
C € A is thick if it is closed under direct summands and satisfies the following
two out of three property: an exact sequence 0 - X - Y — Z — Oliesin C
if two of X,Y, Z are in C.

Given a class of objects X C A, we write Thick(X) for the smallest thick
subcategory of A that contains X.

Serre subcategory. Let A be an abelian category. A full additive subcategory
C € AisaSerre subcategory provided that C is closed under taking subobjects,
quotients and extensions. This means that for every exact sequence 0 — X’ —
X — X" — 01in A, the object X is in € if and only if X’ and X" are in C.

If A is a length category, then a Serre subcategory C C A is determined by
the simple objects of A that are contained in C.

Torsion pair. Let A be an exact category. A pair (T, F) of full additive sub-
categories is a torsion pair for A, if

T={XeA|Hom(X,Y)=0forallY € F},

F={Y e A|Hom(X,Y)=0forall X € T},
and each object X € A fits into an exact sequence éx: 0 > X' — X —» X" —
0 with X’ € T and X"’ € F. In that case X +— X’ provides a right adjoint for

the inclusion T — A, and X +— X’ provides a left adjoint for the inclusion
J— A

9 Proposition 2.3.7
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A torsion pair (T, F) is split if the sequence &y is split exact for all X € A.
An equivalent condition is that A = T Vv J.

Projective object. Let A be an exact category. An object P in A is projec-
tive if every admissible epimorphism X — Y in A induces a surjective map
Hom 4 (P, X) — Homy (P, Y). The full subcategory of projective objects in A
is denoted by Proj A.

The category A has enough projective objects if for every object X € A there
is an admissible epimorphism P — X such that P is projective. A projective
object P is a projective generator if Hom 4 (P, X) = 0 implies X = O for every
object X € A.

Suppose Proj A = add P for some object P and set A = End 4 (P). If A has
enough projectives, then the functor

Homy (P,—): A — mod A

is fully faithful and exact. This functor is an equivalence if A is abelian.'®

Injective object. Let A be an exact category. An object [ in A is injec-
tive if every admissible monomorphism X — Y induces a surjective map
Hom 4 (Y, I) — Hom4 (X, I). The full subcategory of injective objects in A is
denoted by Inj A.

The category A has enough injective objects if for every object X € A there
is an admissible monomorphism X — [ such that [ is injective. An injective
object [ is an injective cogenerator if Hom 4 (X, I) = 0 implies X = O for every
object X € A.

Injective envelope. Let A be an abelian category. A monomorphism ¢: X —
Y is essential if any morphisma : Y — Y’ is amonomorphism provided that the
composite a¢ is a monomorphism. This condition can be rephrased as follows:
if U C Y is a subobject with U NIm¢ = 0, then U = 0. A monomorphism
¢: X — [ is an injective envelope of X if I is injective and ¢ is essential. The
injective object given by an injective envelope of X is denoted by E (X).
Every object in a Grothendieck category admits an injective envelope.!!

Homological dimension. Let.A be an exact category. The projective dimension
of an object X is by definition

proj.dim X = inf{n > 0 | Extﬁfl(X, -) =0}

10 Lemma2.1.14
1" Corollary 2.5.4
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Set proj.dim X = oo if such a number n does not exist. An application of the
long exact sequence for Ext*(—, —) shows that Extﬁfr1 (X,-) =0if and only if
Ext, (X, —) is right exact.

The category A has enough projective objects if every object X fits into an
exact sequence

0—Q—>P—5X—0

such that P is projective. Then Q is called a syzygy of X. We set Q°X = X and
Q"X = Q(Q"X) for n > 0. Also, proj.dim X < n if and only if there exists
an exact sequence

0—P,—-+—P  —Ph—X—0

such that all P; are projective objects.
The injective dimension of X is by definition

inj.dim X = inf{n > 0 | Ext’;"' (-, X) = 0}.

The global dimension gl.dim A of A is defined as the smallest integer n > 0
such that Extﬁl”(—, —) = 0. Note that the global dimension of A is equal to
sup{proj.dim X | X € A} and sup{inj.dimX | X € A}.

Diagram lemmas. For any abelian category there are several statements about
commutative diagrams with exactness properties which are known as diagram

lemmas: the five lemma'?, the snake lemma'?, and the horseshoe lemma'*.

Split exact category. An exact category A is called split exact provided that
Exth(—, —) = 0. This means that every admissible exact sequence splits.

A ring A is semisimple if its module category Mod A is split exact. An
equivalent condition is that every module is semisimple. Another equivalent
condition is that A is isomorphic to a finite product of matrix rings [; M, (K;)
where the n; are natural numbers and the K; are division rings (Wedderburn—
Artin theorem).

Hereditary category. An exact category A is called hereditary provided that
Extil(—, -)=0.
A ring A is right hereditary if its module category Mod A is hereditary.

12 1141, Lemma 1.3.3]
13 141, Lemma 11.5.2)
14146, Proposition 1.2.5]
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Frobenius category. An exact category A is called Frobenius provided that
there are enough projective and enough injective objects, and if projective and
injective objects coincide.

A ring A is quasi-Frobenius if its module category Mod A is Frobenius.

Grothendieck group. Let A be an essentially small abelian category, or more
generally an exact category. Denote by F (A) the free abelian group generated by
the isomorphism classes of objects in A. Let Fy(A) be the subgroup generated
by [X] - [Y] + [Z] for all exact sequences 0 » X —» Y — Z — 0in A. The
Grothendieck group Ky(A) of A is by definition the factor group F(A)/Fy(A).

If A is a length category, then K((A) is a free abelian group and the isomor-
phism classes of simple objects in A form a basis (Jordan—Ho6lder theorem).

For a ring A, the Grothendieck group Kyo(A) = Ky(proj A) is the quotient
of the free abelian group generated by the isomorphism classes of finitely
generated projective A-modules, modulo the relations given by split short exact
sequences.

For A semiperfect, Ko(A) is a free abelian group and the isomorphism classes
of indecomposable projective A-modules form a basis (Krull-Remak—Schmidt
theorem).

For A right coherent, mod A is abelian and the embedding proj A — mod A
induces a homomorphism Ky (proj A) — Ko(mod A). This is an isomorphism
when the global dimension is finite, since every A-module has a finite projective
resolution.

Centre. Let A be an additive category. The centre Z(A) is given as the ring
of all natural transformations id 4 — id 4. This ring is commutative; it acts on
Hom 4 (X, Y) for all objects X, Y and the composition maps are bilinear. Given
a commutative ring k, the category A is k-linear if k acts on all morphisms in
A via a ring homomorphism k£ — Z(A).

Let A be a ring. Then the centre of its module category identifies with the
centre Z(A) = {x € A | xy = yx for all y € A}. The structure of a k-algebra is
given by a ring homomorphism k — Z(A).

Let A be a k-algebra over a commutative ring k. Then A is a noetherian
algebra if A is noetherian as a k-module, and A is an Artin algebra if A is of
finite length as a k-module. Clearly, a noetherian algebra is a noetherian ring,
and an Artin algebra is an artinian ring.

Matlis duality. Let £ be a commutative ring. An injective envelope E =
E(I1s S) of the coproduct of a representative set of simple k-modules provides
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a minimal injective cogenerator. The Matlis duality for k-modules is given by
the assignment X — DX := Homy (X, E). There is a natural isomorphism

Homy (X, DY) = Homy (X ®; Y, E) = Homg (Y, DX)

for all k-modules X,Y. Matlis duality is faithful and exact; it maps finite
length modules to finite length modules. The natural map X — D?X is an
isomorphism when X has finite length.

For the ring Z of integers, Matlis duality is given by D = Homz(—, Q/Z).

Lattice. Let L = (L, <) be a partially ordered set. Then L is a lattice provided
that

(L1) for each pair x,y € L the supremum x V y := sup(x, y) and the infimum
x Ay :=inf(x, y) exist in L, and
(L2) the supremum 1 := sup L and the infimum O := inf L exist in L.

A lattice L is modular if a < b implies for each x € L
aV((xAb)y=(aVx)Ab.

The subobjects of an object X in an abelian category form a modular lat-
tice which is denoted by L(X). For any pair of subobjects U,V the Noether
isomorphisms

u/unv)y= U+V)/V and Vi UNV) = (U+V)/U
yield a commutative diagram with exact rows and columns.

0

|

u/(iunv)y —20

!

X)V—0

|

0 — V/(UNV) — XJU — X/(U+V) — 0

| | l

0 0 0

—
— X — J— O

Quiver. A quiver is a quadruple I' = (I'y,I'1, s,¢) consisting of a set [y of
vertices, a set I'1 of arrows, and two maps s,¢: I'y — Ip. An arrow a € I’
starts at s(«) and terminates at t(«a). A path @ = ay - - - @, of lengthnin Q is a



XXviii Glossary

sequence of arrows o NN satisfying s(a;) = t(a;41) for all i. We set
s(a) = s(ay) and t(a@) = t(ay).
A representation of T in a category C is a collection

(Xi7 Xa)iel“o,ael“l

of objects X; and morphisms X, : Xs(o) — X;(o) in €. Thus a quiver is a
representation of the Kronecker quiver - —= - in the category of sets.



Standard Functors and Isomorphisms

Tensor functors. Fix a pair of rings A, I". A bimodule , Mr yields an adjoint
pair of functors

- @A M: ModA — ModT' and Homr(M,-): ModI' — Mod A.

An additive functor F: Mod A — ModT is of the form F = — ®, M for some
bimodule A Mt if and only if F preserves all coproducts and cokernels. In that
case M = F(A) with A acting via A = Ends (A) — Endp(F(A)).

Tensor-hom adjunction. Fix a pair of rings A, I" and modules (X, Y1, AMr).
Then there is a natural isomorphism
Homy (X, Homr(M,Y)) = Hompr(X ® M,Y)

given by

¢ — (x@m - ¢(x)(m)).
Modules over algebras. Fix an algebra A over a commutative ring k and
modules (X, oY, Zi). Then there are natural isomorphisms

Homp (X, Homg (Y, Z)) = Homg (X ®4 Y, Z) = Homy (Y, Homg (X, Z)).
Finitely generated projective modules. Fix a pair of rings A, I" and modules
(XA, Yr, AMr). Then there is a natural homomorphism
X ®x Homp (Y, M) — Homrp(Y, X ®x M)

given by

x®¢ = (y = x@6(y)),

which is invertible if X or Y is finitely generated projective.

XX1X



XXX Standard Functors and Isomorphisms

Duality. Fix a pair of rings A, I" and modules (Xa, rY,rMy). Then there is a
natural homomorphism

X ®x Homp(M,Y) — Homp(Homy (X, M), Y)
given by
x®¢— (¥ - ¢y (x)),

which is invertible if X is finitely generated projective or if X is finitely presented
and Y is injective.

Change of rings. Let ¢: A — I be a ring homomorphism, which yields
canonical bimodules AI'r and rI's. Then the functor ModI" — Mod A given
by restriction of scalars

¢* :=Homp(I',-) = —@r ' =: ¢'
admits a left adjoint ¢, (extension of scalars) and a right adjoint ¢,

&
- "
ModI' —— ¢*=¢' —— Mod A
PR k.
&

which are given by

dri=—\ T and ¢, := Homy (T, -).

Change of categories. Let f: C — D be an additive functor between additive
categories. Then the functor f*: Mod D — Mod € givenby Y + Y o f admits
a left adjoint f and a right adjoint f

Si
-— -
ModD —— f=f' —— Mod C
PR
fe

which for X € Mod € with presentation

]_[Home(—,Cj) — UHome(—,Ci) — X —0
Jj i

are given by the presentation

[ [Homa (=, £(C¢j)) — [ [Homp (=, £(C:) — fi(X) — 0
J i

and
f(X)(D) = Hom(Homp ( f—, D), X) (D € D).
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A localisation of a category is obtained by formally inverting a specific class of
morphisms. Forming localisations is one of the standard techniques in algebra;
it is used throughout this book. The calculus of fractions helps to describe the
morphisms of a localised category.

1.1 Localisation

We introduce the concept of localisation for categories. A localisation is ob-
tained by formally inverting a specific class of morphisms.

Localisation of Categories

Let C be a category and let S C Mor C be a class of morphisms in €. The
localisation of @ with respect to S is a category C[S~!] together with a functor
Q: € — C[S'] satisfying the following.
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(L1) For every o € §, the morphism Qo is invertible.
(L2) For every functor F: € — D such that Fo is invertible for all o € S,
there exists a unique functor F: C[S™'] — D such that F = F 0 Q.

The localisation solves a universal problem and is therefore unique, up to a
unique isomorphism. We sketch the construction of Q: € — C[S~!]. At this
stage, we ignore set-theoretic issues, that is, the morphisms between two objects
of C[S~!] need not form a set. However, later on we pay attention and formulate
criteria such that C[S~!] is locally small. We put Ob C[S~!] = Ob C. To define
the morphisms of C[S~!], consider the quiver with class of vertices Ob € and
class of arrows the disjoint union (Mor €) LI §~, where

S ={c7:Y>X|S>0: XY}

Let P be the category of paths in this quiver, that is, finite sequences of com-
posable arrows, together with the obvious composition given by concatenation
and denoted by op. We define Mor C[S™!] as the quotient of P modulo the
following relations:

(1) Bop a =B o «a for all composable morphisms «, 8 € Mor C,
(2) idp X =ide X forall X € Ob C,
B) o opo=idpXandoopo~ =idpY forallo: X — Y in S.

The composition of morphisms in P induces the composition in C[S~!]. The
functor Q is the identity on objects and on Mor C the composite

inc

Mor € 225 (Mor€) U S~ 2 P = Mor €[$™'].

The following is a more precise formulation of the properties of the canonical
functor Q: € — C[S™!].

Lemma 1.1.1. For any category D, the functor
Hom(C[S™'], D) — Hom(C, D), F > FoQ,

is fully faithful and identifies Hom(C[S™'], D) with the full subcategory of
functors in Hom(C, D) that make all morphisms in S invertible. O

Local Objects

Let C be a category and S € Mor C. An object Y in C is called S-local (or
S-closed, or S-orthogonal) if the map Home (o,Y) is bijective for all o € S.
We denote by S* the full subcategory of S-local objects in C.
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Lemma 1.1.2. An object Y in C is S-local if and only if the canonical map
px.y: Home(X,Y) — Homes-11(X,Y)
is bijective for all X € C.

Proof 1If Y is S-local, then Home(—,Y): C°° — Set induces a functor
Home(—,Y): C[S™!]°P — Set. Yoneda’s lemma yields a morphism

Homgg-11(=,Y) — Home(-,Y)

corresponding to idy, and it is straightforward to check that this is an inverse
for the canonical morphism Home(—,Y) — Home[g-17(=,Y).

Now assume that pxy is bijective for all X € C. Then Home(o,Y) is
bijective for all o € § since Home[g-11(0, Y) is bijective. O

Adjoint Functors

Let F: € — D and G: D — C be a pair of functors and assume that F is left
adjoint to G. We set

S =S8(F)={0 € MorC | Fo is invertible}

and obtain the following diagram

C[S™] Fl|G with F=FoQ.

Proposition 1.1.3. The following statements are equivalent.

(1) The functor G is fully faithful.
(2) The counit FG(X) — X is invertible for every object X € D.
(3) The functor F induces an equivalence F: C[S™'] = D.

Moreover, in that case G induces an equivalence D = S* with quasi-inverse

stsel o

Proof We denote by n: ide — GF the unit and by £: FG — idp the counit
F :

of the adjunction. Note that the composite F S FGF iR F equals idr, and

G
G L5 GFG Ge, G equals idg; this characterises the fact that (F, G) is an
adjoint pair.
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(1) © (2): The counit ex: FG(X) — X induces for all Y € D a natural map
Homq (X,Y) — Home (G X, GY) = Homp (FG(X),Y),

which is a bijection if and only if £y is an isomorphism, by Yoneda’s lemma.

(2) = (3): We claim that QG is a quasi-inverse of F. Clearly, F(QG) =
FG = idp. On the other hand, Fn is invertible, since &F is invertible. Thus
0n: Q — QGF isinvertible, and therefore

(QG)FQ = QGF = Q = ide[s—l] Q

Then the defining property of Q implies (QG)F = ideps-1-

(3) = (2): If F is an equivalence, then composition with F induces a
fully faithful functor Hom(D,X) — Hom(C,X) for any category X, by
Lemma 1.1.1. For X = D, this implies that there is n’: idp — FG such
that Fp = n’F. We claim that (idp, FG) is an adjoint pair with unit n” and
counit €. Clearly, then F'G is an equivalence and & is an isomorphism.

From the fact that F Lk FGF I F equals id it follows that (e on’)F =
eF on'F = idF, and therefore £n’ = idjq,,. On the other hand, the fact that
G ﬁ GFG G, G equals idg implies by applying F' that FGe o n’FG =
FGe o FnG =idpg. Thus (idp, FG) is an adjoint pair.

Now suppose that the equivalent conditions hold. In order to show that G
induces an equivalence D = S+, we need to show that the essential image of
G equals S*. The inclusion Im G C S* is clear. If X € S, then Home (17x, X)
is bijective since 77x € S. This gives an inverse of 77x, so X = GF(X). O

Example 1.1.4. Let C be an additive category and consider the category mod €
of functors F': C°? — Ab that fit into an exact sequence

Home (-, X) — Home(-,Y) — F — 0.
Then the Yoneda functor
€ —modC, X+ hyx:=Home(—,X)

admits a left adjoint if and only if every morphism in € admits a cokernel. The
left adjoint sends F' = Coker hy in mod € (given by a morphism ¢ in C) to
Coker ¢.

Proof Suppose that € has cokernels. For C € € we have
Hom(Coker hy, he) = KerHom(hg, he)
= Ker Home (¢, C)
=~ Home (Coker ¢, C).
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This follows from Yoneda’s lemma and yields the adjointness. The converse
follows from the fact that a left adjoint preserves cokernels. O

We introduce the following terminology. A diagram of additive functors
E F

¢’ ¢ c”
E, F,

is called a localisation sequence if

(LS1) (E,E,) and (F, F,) are adjoint pairs,
(LS2) E and F, are fully faithful,
(LS3) Im E = Ker F (equivalently, EE,(X) = X if and only if F(X) = 0).

The dual notion is called a colocalisation sequence and is given by a diagram
of additive functors
E, F)
¢’ ¢ c”
E F

satisfying the dual properties.
The above Example 1.1.4 gives rise to a localisation sequence

F
Ker F ’ > mod C - ? @

P

provided that C is abelian. In that case the functor F is exact and the right
adjoint of the inclusion Ker ¥ — mod € sends an object X to the kernel of the
unit X — F,F(X).

Localisation Functors

Suppose that the canonical functor € — C[S~!] corresponding to a class of
morphisms S € Mor € admits a right adjoint. Then the above Proposition 1.1.3
suggests we think of localisation as an endofunctor € — €. The following
definition makes this idea precise. Moreover, we see that both ways of thinking
about localisation are equivalent.

Afunctor L: € — Cis called alocalisation functor if there exists a morphism
n: ide — L such that Ly: L — L? is an isomorphism and Ly = 5L. Note
that we only require the existence of 7; the actual morphism is not part of the
definition of L. However, we will see that 7 is determined by L, up to a unique
isomorphism L — L.

Proposition 1.1.5. Let L: C — C be a functor and . ide — L a morphism.
Then the following are equivalent.
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(1) Ln: L — L? is an isomorphism and Ly = L.
(2) There exists afunctor F: C — D and a fully faithful right adjoint G : D —
Csuchthat L =G o F andn: ide — G o F is the unit of the adjunction.

Proof (1) = (2): Let D denote the essential image of L, that is, the full
subcategory of € consisting of objects isomorphic to LX for some X € C. Note
that X € D if and only if nx is invertible. In this case let 6x: LX — X denote
the inverse of n7x. Define F: € — Dby FX = LX and let G: D — C be the
inclusion. We claim that F and G form an adjoint pair. To this end, one checks
that the maps

Homqp (FX,Y) — Home(X,GY), a+— Gaony,
and
Home(X,GY) — Homop (FX,Y), B+ 0yo FB,

are mutually inverse bijections. Consider a pair of morphisms a: FX — Y and
B: X — GY. This yields a pair of commutative squares

B

FX —<% vy X —— 5 GY
l’lFX l’]Y JUX l’]GY
GF(a) GF(p)
GF(FX) —= GF(Y) GF(X) —= GF(GY)

giving the desired identities
@=0yonyoa=~6yoGF(a)onrx =0yoFG(a)o Fnx
and
B=0gy ongy o B =0gy o GF(B) onx = GOy o GF(B) o nx.

(2) = (1): Let e: FG — idp denote the counit. Then it is well known that
the composites

F G
F rGF 25 F and 6 2% G6FG S5 6

are identity morphisms. We know from Proposition 1.1.3 that ¢ is invertible
because G is fully faithful. Therefore Ly = G Fn is invertible. Moreover, we
have

Ly =GFn=(GeF)™ =nGF =qL. O



1.1 Localisation 9

Localisation of Adjoints

Localising a pair of adjoint functors yields an adjoint pair of functors between
the localised categories.

Lemma 1.1.6. Let (F, G) be an adjoint pair of functors C 2 D. If S € Mor C
and T C Mor D are classes of morphisms such that F(S) C T and G(T) C S,
then (F, G) induces an adjoint pair of functors (F, G) such that the following
diagram commutes.

CIS™ ) ——— DT

—
G

Proof The functors F and G induce a pair of functors F: C[S™'] — D[T']
and G: D[T~'] — C[S~']. We have by definition a natural isomorphism

a: Homqp (F—,-) = Home(—, G-)

of functors C°P? x D — Set. These functors invert morphisms in S and 7. Thus
a induces a natural isomorphism

Hom@ [T-1] (F—, —) _- HOIII@[S—I] (—, G_—)

of functors CP[S~'] x D[T~'] — Set. It follows that (F,G) is an adjoint
pair. O

There is a useful consequence which is obtained by setting T = @.

Lemma 1.1.7. Consider a composite @ - C[S™'] — D of functors and
suppose there exists a right adjoint. Then C[S™'] — D admits a right adjoint.
[m]

Localisation and Coproducts

Let C be a category and S C Mor C. We provide a criterion for the canonical
functor € — C[S~!] to preserve coproducts.

Lemma 1.1.8. Let C be a category which admits coproducts and let S C Mor C
be a class of morphisms. If | |; o; belongs to S for every family (07)ier in S, then
the category C[S™'] admits coproducts and the canonical functor @ — C[S™']
preserves coproducts.
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Proof Let (X;)ic; be a family of objects in C[S~']. Then the coproduct is
obtained by applying the left adjoint of the diagonal functor A: C — [];¢; C.
The assumption on S means that we can apply Lemma 1.1.6. Thus the diagonal
functor A: C[S™!'] — [1;c; C[S™'] admits a left adjoint which provides the
coproduct [ [;¢; X; in C[S7!]. o

1.2 Calculus of Fractions

We introduce the calculus of fractions; this helps to describe explicitly the
morphisms of a localised category.

Calculus of Fractions

Let C be a category and S € Mor C. There is an explicit description of the
localisation G[S~!] provided that the class S admits a calculus of left fractions,
that is, the following conditions are satisfied.

(LF1) The identity morphism of each object is in S. The composite of two
morphisms in § is again in S.

(LF2) Each pair of morphisms X’ & X > Y witho € S canbe completed to
a commutative diagram

such that 7 € §S.

(LF3) Leta,B: X — Y be morphisms in C. If there is c: X’ — X in S such
that wo = Bo, then there is 7: ¥ — Y’ in S such that ta = 78.

The class S admits a calculus of right fractions if it admits a calculus of left
fractions in the opposite category C°P.

Now assume that S admits a calculus of left fractions. Then one obtains a
new category S™! € as follows. The objects are those of C. Given objects X and
Y, we call a pair (@, o) of morphisms

X 2y << vy

in C with o in S a left fraction. The morphisms X — Y in S~! € are equivalence
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classes [, o] of such left fractions, where (a1, o) and (a3, o) are equivalent
if there exists a commutative diagram

with o3 in S. The composite of [a, o] and [B, 7] is by definition [’a@, o’'7]
where o’ and B8’ are obtained from condition (LF2) as in the following com-
mutative diagram.

Z/I
27N
Y’ Al
27N TN
X Y 7z

The canonical functor P: @ — S~!@ is the identity on objects and sends a
morphisma: X — Y to [a,idy].

Lemma 1.2.1. Let S admit a calculus of left fractions. The functor F: §71€ —
C[S~"] which is the identity on objects and takes a morphism [a, o] to (Qo) "' o
Qua is an isomorphism.

Proof The functor P inverts all morphisms in S and factors therefore through
Q: € — @[S via a functor G: C[S™'] — S7!C. It is straightforward to
check that F o G =idand G o F =id. [

From now on, we identify S~'C with @[S~!] whenever S admits a calculus
of left fractions.

A category J is called filtered if it is non-empty, for each pair of objects 7, i’
there is an object j with morphismsi — j « i’, and for each pair of morphisms
a,a’: i — jthere is a morphism 8: j — k such that Sa = Sa’.

Lemma 1.2.2. Let S admit a calculus of left fractions and fix objects X,Y in
C. The morphisms o: Y — Y’ in S form a filtered category, and taking o to
Home (X,Y’) gives a bijection

colim Home(X,Y’) = Homegs-1;(X,Y).
oYY

This map sends a morphism « in Home (X,Y’) to [a, o].
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Proof  Straightforward. O

Examples for classes of morphisms with a calculus of fractions arise from
pairs of adjoint functors (F, G) by taking left fractions of the form

X —% GF(Y) <X y.

Example 1.2.3. Let F': C — D be a functor with a fully faithful right adjoint.
Then S = {0 € Mor C | Fo is invertible} admits a calculus of left fractions.

Another class of examples arises from localising a ring. A ring may be
viewed as a category with one object, by viewing the elements as morphisms.

Example 1.2.4. Let A be a ring. Then a subset S C A admits a calculus of
right fractions if the following holds.

(1) If s,t € S, then st € S. Also 14 € S.
(2) Fora € A and s € Sthere are b € A and t € S such that ar = sb.
(3) If sa =0fora € A and s € S, then there is ¢ € S such that ar = 0.

In this case AS™' = A[S™'] is a ring and A — A[S™'] is the universal
homomorphism that makes all elements in S invertible.

Calculus of Fractions for Subcategories

Let C be a category and S € Mor C. A full subcategory D of C is left cofinal
with respect to S if for every morphism o: X — Y in S with X in D there is a
morphism7: Y — Z withtooinSND.

Lemma 1.2.5. Let S admit a calculus of left fractions and D C C be left cofinal
with respect to S. Then SN'D admits a calculus of left fractions and the induced
functor D[(S N D)~ — C[S'] is fully faithful.

Proof Tt is straightforward to check (LF1)—(LF3) for S N D. Now let X, Y be
objects in D. We need to show that the induced map

f: Homgp[(snp)-11(X,Y) — Homeg-17(X,Y)

is bijective. The map sends the equivalence class of a fraction to the equivalence
class of the same fraction. If [a, o] belongs to Homeg-11(X, Y) and 7 is a mor-
phism with 7o in SND, then [T o, T o o] belongs to Homp (gnpy-11(X, Y)
and f sends itto [a, o"]. Thus f is surjective. A similar argument shows that f
is injective.

For an alternative proof using filtered colimits, combine Lemma 1.2.2 and
Lemma 11.1.5. O
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Notes

The standard reference for localisation and the calculus of fractions is the book
of Gabriel and Zisman [85]. The localisation of a category generalises the
concept for rings. For instance, rings of functions are localised in order to study
the local properties of a geometric object. The localisation of non-commutative
rings was pioneered by Ore in 1931, who introduced the ‘Ore condition’ [151].
For a survey about localisation in algebra and topology, see [166].
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this book. The main theme is the theory of localisation for additive and abelian
categories. We begin with a brief introduction into additive and exact categories.
Then we describe specific constructions for localising additive and abelian
categories. We provide many examples. For instance, we study localisations of
module categories, and it is shown that Grothendieck categories are precisely
the abelian categories arising from localising a module category. Also, for
the category of modules over a commutative noetherian ring the localising
subcategories are classified in terms of support.

2.1 Exact Categories

We introduce the notion of an exact category and begin with the more fun-
damental notions of additive and abelian categories. An exact category is by
definition an additive category together with an extra structure given by a dis-
tinguished class of short exact sequences. Extreme cases arise either from ad-
ditive categories by taking all split exact sequences as distinguished sequences,
or from abelian categories by taking any possible short exact sequence as a
distinguished sequence. Categories of finitely presented functors are a useful
tool.

Additive and Abelian Categories

A category A is additive if it admits finite products, including the product
indexed over the empty set, for each pair of objects X, Y the set Hom 4 (X,Y)
is an abelian group, and the composition maps

Hom 4 (Y,Z) x Hom 4 (X,Y) — Hom (X, Z)
sending a pair (¢, ¢) to the composite i o ¢ are biadditive.

Lemma 2.1.1. In an additive category finite coproducts also exist. Moreover,
finite products and coproducts coincide.

Proof Forapair of objects X, Y the product X XY together with the morphisms
(idx,0): X —» X xY and (0,idy): ¥ — X X Y represents the coproduct of
X and Y, since any pair of morphisms ¢: X — A and y: ¥ — A induces the
morphism

XxY 2 Axa YA

where V denotes the sum of both projections A X A — A. O
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We write X @ Y for the (co)product of objects X,Y in A and note that the
group structure on Hom 4 (X,Y) is determined by the following commuting
diagram for any pair ¢, € Homy4 (X,Y):

xox 2% vov

T A lv (2.1.2)
x " Ly
A functor F: A — B between additive categories is additive if it preserves
finite products. An equivalent condition is that the induced map

Homyg (X,Y) — Homg (FX, FY)

is additive for every pair of objects X, Y in A.

The kernel Ker F of an additive functor F: A — B is the full subcategory
of objects X in A such that F(X) = 0.

An additive category A is abelian if every morphism ¢: X — Y has a kernel
and a cokernel, and if the canonical factorisation

Ker ¢ ¢ X ¢ Y ¢ Coker ¢

Lo

Coker ¢’ —? ., Ker o

of ¢ induces an isomorphism ¢.

Remark 2.1.3. An additive category may be characterised as follows. It is a
category with finite products and coproducts (including the (co)product indexed
over the empty set) such that products and coproducts coincide, and the monoid
structure on Hom(X,Y) given by (2.1.2) yields a group structure for all objects
X, Y.

Example 2.1.4. (1) Let A be an additive category and X an object. Set A =

End 4 (X). Then Homy4 (X, —): A — Mod A induces a fully faithful functor

add X — proj A. This functor is an equivalence if A is idempotent complete.
(2) The category of modules over an associative ring is an abelian category.

Finitely Presented Functors

Let C be an additive category. We consider additive functors C°°? — Ab.
Morphisms between such functors are the natural transformations. This gives
a category which is denoted by Mod C. For F and G in Mod C, we write
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Home (F, G) for the class of morphisms F — G. Note that Home (F, G) is a
set when C is essentially small.
For each object X in C there is the representable functor

hx = Home(—, X): C°° — Ab.
An important tool is Yoneda’s lemma.
Lemma 2.1.5 (Yoneda). For objects F in Mod C and X in C, the map
Home(hx, F) — F(X), ¢+ ¢x(idx)
is an isomorphism of abelian groups.

Proof The inverse map sends x € F(X) to ¢ : hx — F given by Yc(a) =
F(a)(x) for C € Cand @ € Home(C, X). |

It follows from this lemma that the Yoneda functor
C— ModC, X hy

is fully faithful. Also, one sees for F, G € Mod € that Home (F, G) is a set
when there is an epimorphism 2y — F for some object X € C.

(Co)kernels and (co)products in Mod € are computed pointwise, and it fol-
lows that Mod C is an abelian category which has set-indexed products and
coproducts. A sequence F' — G — H of morphisms in Mod C is exact if and
only if the sequence F(X) — G(X) — H(X) is exact for all X in C.

Let mod € denote the category of finitely presented functors F: C°P — Ab,
where a functor F is finitely presented if it fits into an exact sequence

Home (-, X) — Home(-,Y) — F — 0.

The morphisms in mod € are given by the natural transformations.
A morphism X — Y in C is a weak kernel of a morphism ¥ — Z if the
induced sequence

Home (-, X) — Home(-,Y) — Home(—, Z)

is exact. Let D be an abelian category. Then an additive functor F: C — D is
weakly left exact if it sends each weak kernel sequence X — Y — Z in C to an
exact sequence F(X) —» F(Y) » F(Z)inD.

Lemma 2.1.6. The category mod C is additive and all morphisms in mod C
have cokernels. The category is abelian if and only if all morphisms in C have
weak kernels.
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Proof We fix a pair of functors with finite presentations
Hom(-, X;) — Hom(-,Y;) — F; — 0 (i=1,2).
A morphism ¢: F| — F> gives rise to a commutative diagram

Hom(-, X;) —— Hom(-,Y;) —— F; —— 0

l l J»

Hom(—, X;) —— Hom(-,Y,) —— F, —— 0
in mod C. We obtain presentations
Hom(—, X; @ X,) — Hom(-,Y; @ Y,) — Fi & F, — 0

and

Hom(—, X; & Y;) — Hom(-, Y,) — Coker ¢ — 0.

It follows that mod C is an additive category with cokernels.
Now suppose that € has weak kernels. Choose weak kernel sequences

Yo — Xo0Y — 1 and Xo— X180Yy — Y.

This gives rise to a commutative diagram

Hom(—-, X9) —— Hom(-,Yp) Ker ¢ 0
Hom(-, X;) —— Hom(—,Y;) F 0

in mod €. Thus mod € has kernels and it follows that mod C is abelian.
Finally, suppose mod € is abelian and fix a morphism ¥ — Z in C. Let
F denote the kernel of the induced morphism Hom(-,Y) — Hom(-, Z) in
mod C. Then there is an epimorphism Hom(—,X) — F, and the compos-
ite Hom(—, X) — F — Hom(-,Y) induces a weak kernel X — Y for the
morphismY — Z. O

If D is an additive category with cokernels, then every additive functor
F: C — D extends essentially uniquely to a right exact functor F: mod € — D
such that F(hyx) = F(X) for all X € €. To be precise, set F(Cokerhy) =
Coker F(¢) for an object Coker &4 in mod € given by a morphism ¢ in €. This
universal property of the Yoneda functor #: € — mod € can be reformulated
as follows.
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Lemma 2.1.7. For any additive category D with cokernels, composition with
the Yoneda functor induces a functor

Hom(mod G, D) — Hom(C, D), Fr— Foh

that yields an equivalence when restricted to the full subcategory of right exact
Sfunctors in Hom(mod C, D) and the full subcategory of additive functors in
Hom(C, D). O

The above lemma has an analogue for functors mod ¢ — D that are exact.
Thus we suppose that all morphisms in € have weak kernels so that mod € is
abelian.

Lemma 2.1.8. For any abelian category D, composition with the Yoneda
functor induces a functor

Hom(mod €, D) — Hom(C, D), F— Foh

that yields an equivalence when restricted to the full subcategory of exact
Sfunctors in Hom(mod C, D) and the full subcategory of additive functors in
Hom(C, D) that are weakly left exact.

Proof Fix an additive functor F: € — D and its right exact extension
F: modC — D satisfying F(hyx) = F(X) for all X € C. We claim that F
is exact if and only if F is weakly left exact. One direction is clear. So suppose
that F' is weakly left exact. Choose an exact sequence 0 — X; — X, — X3 — 0
in mod C. Then we may choose presentations

hx,, — hx,, — hx, — X; — 0 (i=1,2,3)

that induce a commutative diagram

0 hx 12 thz thz 0
l l |

0 hx 1 hX21 hX31 0
l l |

0 hx,, hx,, hxs, 0
| | |

0 X X3 X3 0
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such that each sequence
0 — hx,;, — hx,; — hx;; — 0 (7=0,1,2)
is split exact. It follows that each sequence
F(Xp2) — F(Xi1) — F(Xi) — F(X;)) — 0 (i=1,2,3)

is exact since F is weakly left exact and F is right exact. Thus the snake lemma
implies that 0 — F(X;) — F(X,) — F(X3) — 0 is exact. ]

Remark 2.1.9. Let C be an additive category with kernels. Then left exact
functors and weakly left exact functors F: € — D agree.

We end our discussion of finitely presented functors with an equivalent
description. Let € be an additive category and denote by € the category of
morphisms in C. The objects are morphisms x: X; — X in €, and for an object
y: Y] — Yy the morphisms ¢: x — y are given by pairs of morphisms (¢g, ¢1)
making the following square commutative.

XIL)XO

o |

Y1 L’ YO

Such a morphism ¢ is called null-homotopic if there is a morphism p: Xy — Y
satisfying y o p = ¢g. Let us denote by C2/htp the category which is obtained
from C2 by identifying parallel morphisms ¢ and y if ¢ — y is null-homotopic.

Lemma 2.1.10. Taking an object x: X, — Xq in C? to the functor Fy with
presentation

Home (-, X;) — Home(—, Xo) — Fx — 0
yields an equivalence C? /htp = mod C. O

We give an application. Let f: € — D be an additive functor between
additive categories. We write fi: mod € — mod D for the right exact functor
sending hx to hy(x) for each X € C.

Lemma 2.1.11. f;: mod C — mod D is fully faithful if and only if f: C — D
is fully faithful.

Proof Clearly, f is fully faithful if and only if the induced functor €?/htp —
D2 /htp is fully faithful. O
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Exact Categories

Let A be an additive category. A sequence
0—x-%y Ltz o

of morphisms in A is exact if « is a kernel of 8 and S is a cokernel of a.
An exact category is a pair (A, €) consisting of an additive category A and a
class € of exact sequences in A (called admissible and given by an admissible
monomorphism followed by an admissible epimorphism) which is closed under
isomorphisms and satisfies the following axioms.

(Ex1) The identity morphism of each object is an admissible monomorphism
and an admissible epimorphism.

(Ex2) The composite of two admissible monomorphisms is an admissible
monomorphism, and the composite of two admissible epimorphisms is
an admissible epimorphism.

(Ex3) Each pair of morphisms X’ <i X 3 Y with @ an admissible monomor-

phism can be completed to a pushout diagram
X ——vY
o
X 25y
such that @’ is an admissible monomorphism. And each pair of mor-

phisms Y LA z Al Z’ with B8 an admissible epimorphism can be com-
pleted to a pullback diagram

B

Y — 7'

Ll

B

Y — Z
such that B8’ is an admissible epimorphism.

Observe that in (Ex3) the morphism ¢ induces an isomorphism Coker o =
Coker @', while ¢ induces an isomorphism Ker 8 = Ker .

A pair of admissible exact sequences & and ¢’ is called equivalent if there is
a commutative diagram of the following form.
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In this case ¢ is an isomorphism. We write Exth (Z, X) for the set of equivalence
classes of such extensions and note that it is an abelian group via the Baer sum,
which is given by the following diagram.

108 00— XX — Y00 ZoZ 0
H I o

0 — XoX Y’ Z 0
I 1 H

&i+&: 0 X Y Z 0

‘We obtain a functor
Extl (=, -): A® x A — Ab

which is given on morphisms by taking pullbacks (in the first argument) and
pushouts (in the second argument).

Given exact categories A and B, a functor A — B is exact if it is additive
and takes admissible exact sequences in A to admissible exact sequences in B.
A full exact subcategory of an exact category A is a full additive subcategory
B C A that is extension closed, which means that for an admissible exact
sequence in A with end terms in B the middle term is also in B.

Example 2.1.12. (1) An additive category endowed with all split exact se-
quences is an exact category.

(2) An abelian category endowed with all short exact sequences is an exact
category. Conversely, an exact category is an abelian category, if each morphism
¢ admits a factorisation ¢ = ¢”’¢” such that ¢’ is an admissible epimorphism
and ¢”’ is an admissible monomorphism.

(3) Let B be an exact category and let A C B be a full exact subcategory.
Then A becomes an exact category by taking as admissible exact sequences
those which are admissible in B.

(4) Any essentially small exact category A can be embedded into an abelian
category B such that it identifies with a full extension closed subcategory.
For instance, take for B the category of left exact functors F: A°° — Ab;
see Proposition 2.3.7. This yields an alternative definition for essentially small
categories: an exact category is a full extension closed subcategory A C B of
an abelian category B, endowed with all sequences which are short exact in B.

(5) Let € be an additive category. Then mod C is an exact category, if one
chooses as admissible exact sequences the sequences that are pointwise exact.
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Projective and Injective Objects

Let A be an exact category. An object P in A is projective if every admissible
epimorphism X — Y induces a surjective map Hom 4 (P, X) — Hom4 (P,Y).
Dually, an object [ is injective if every admissible monomorphism X — Y
induces a surjective map Hom4 (Y, ) — Homyg (X, I).

An exact category A has enough projective objects if every object X in
A admits an admissible epimorphism P — X such that P is projective, and
A has enough injective objects if every object X in A admits an admissible
monomorphism X — [ such that / is injective.

Example 2.1.13. (1) The category of modules over a ring A has enough
projective objects, because every free module is projective. We write Proj A for
the full subcategory of projective A-modules.

(2) The category of modules over a ring A has enough injective objects, and
we write Inj A for the full subcategory of injective A-modules. More generally,
any Grothendieck category has enough injective objects; cf. Corollary 2.5.4.

(3) Let C be an additive category and view mod € as an exact category, with
exact structure given by all pointwise exact sequences. Then each representable
functor Home (—, X) is a projective object in mod € by Yoneda’s lemma.

Let A be an exact category and write C := Proj A for the full subcategory
of projective objects in A. Suppose that A has enough projective objects. Then
every object X € A admits a projective presentation

P — Pp— X —0,

that is, an exact sequence such that each P; is projective. This yields an exact
sequence

Home (-, P) — Home(—, Pg) — Hom 4 (—, X)|e — 0
and therefore the functor
F: A— modC, Xt Homy(—,X)|e
is well defined.

Lemma 2.1.14. The functor F is fully faithful; it is an equivalence when A is
abelian.

Proof For the first assertion fix objects X,Y in A and choose projective
presentations

P1£>PO—>X—>O and ngQo—>Y—>O.
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Then the morphisms X — Y in A correspond to equivalence classes of com-
mutative squares in C

PlL)PO

[

01— 0

which in turn correspond to morphisms Hom 4 (—, X)|e — Homy4(—,Y)|e, by
Lemma 2.1.10.

Now suppose that A is abelian. Then the inclusion € — A extends to a
quasi-inverse mod € — A for F. O

We obtain the following correspondence; it provides a useful principle when
dealing with abelian categories having enough projectives.

Proposition 2.1.15. The assignments C — mod € and A — Proj A induce (up
to equivalence) mutually inverse bijections between

— additive categories that are idempotent complete such that each morphism
admits a weak kernel, and

— abelian categories with enough projective objects. O
An application of this correspondence is the following criterion.

Corollary 2.1.16. Let A be an abelian category with enough projective objects.
Then a right exact functor F: A — B between abelian categories is exact if
and only if for each exact sequence X, — X| — Xg in A with each X; € Proj A
the sequence FX, — FX; — FX is exact.

Proof Set C = Proj A and identify A = mod €. Then apply Lemma 2.1.8. O

There is a dual version of the above proposition for abelian categories with
enough injective objects.

Proposition 2.1.17. The assignments C +— (mod(C°?))°? and A + InjA
induce (up to equivalence) mutually inverse bijections between

— additive categories that are idempotent complete such that each morphism
admits a weak cokernel, and

— abelian categories with enough injective objects. O

We end our discussion of projectives and injectives with a basic fact that will
be used throughout without further reference.
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Lemma 2.1.18. The left adjoint of an exact functor takes projective objects to
projective objects. Dually, the right adjoint of an exact functor takes injective
objects to injective objects. |

Projective Covers and Injective Envelopes

Let A be an abelian category. An epimorphism ¢: X — Y is essential if any
morphism @: X’ — X is an epimorphism provided that the composite ¢a is
an epimorphism. This condition can be rephrased as follows: if U C X is a
subobject with U + Ker ¢ = X, then U = X. An epimorphism ¢: P — X is a
projective cover of X if P is projective and ¢ is essential.

There are the following dual notions. A monomorphism ¢: X — Y is es-
sential if any morphism @: Y — Y’ is a monomorphism provided that the
composite a¢ is a monomorphism. This condition can be rephrased as follows:
if U C Y is a subobject with U N Im ¢ = 0, then U = 0. A monomorphism
¢: X — [ is an injective envelope of X if I is injective and ¢ is essential.

We collect some basic properties of projective covers and injective envelopes.
In most cases we provide only one formulation (say, about injective envelopes)
and leave the dual result (about projective covers) to the reader.

Lemma 2.1.19. Let I be an injective object. Then the following are equivalent
for a monomorphism ¢: X — 1.

(1) The morphism ¢ is an injective envelope of X.

(2) Every endomorphism a: I — [ satisfying a¢ = ¢ is an isomorphism.

Proof (1) = (2): Let @: I — I be an endomorphism satisfying a¢ = ¢.
Then @ is a monomorphism since ¢ is essential. Thus there exists a’: I — [
satisfying a’a = id; since [ is injective. It follows that a’¢ = ¢ and therefore
a’ is a monomorphism. On the other hand, @’ is an epimorphism. Thus @’ and
a are isomorphisms.

(2) = (1): Let a: I — I’ be a morphism such that a¢ is a monomorphism.
Then ¢ factors through @¢ via a morphism @’: I’ — I since [ is injective. The
composite a’a is an isomorphism and therefore @ is a monomorphism. Thus ¢
is essential. O

We write E(X) = I when X — [ is an injective envelope. The following
statement justifies this notation.

Lemma 2.1.20. Let ¢: X — [ and ¢': X — I’ be injective envelopes of an
object X. Then there is an isomorphism «: 1 — I’ such that ¢’ = a¢. O
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There is a close relation between projective covers and radical morphisms.
We establish this in two steps: first for modules, and then for general abelian
categories.

Lemma 2.1.21. Let A be a ring and P 2, Py LA X — 0 an exact sequence of
A-modules such that each P; is finitely generated projective. Then the following
are equivalent.

(1) ¢ is essential.
(2) Im ¢ C rad Py.
(3) ¢ S Rad(Pl,P()).

Proof (1) = (2): Set U = Im ¢. Suppose that ¢ is essential and let V C Py
be a maximal subobject not containing U. Then U +V = Pj and therefore
V = Py. This is a contradiction and therefore U is contained in every maximal
subobject. Thus U C rad Py.

(2) = (1): Suppose that U C rad Py and let V C Py be a subobject with
U+V = Py. If V £ Py, then there is a maximal subobject V' C P containing
V since P is finitely generated. Thus Py = U +V C V’. This is a contradiction
and therefore V = Py. It follows that i is essential.

(2) © (3): When P; = A we have the identification Rad(A, Py) = rad Py via
A+ A(1). In particular, for 1: A — Py we have A € Rad(A, Py) if and only if
ImA C rad Py. More generally, for 1: A" — Py we have 4 € Rad(A", Py) if
and only if Im A C rad Py.

For the implication (3) = (2) choose an epimorphism 7: A" — Pj. Then
¢ is a radical morphism and therefore Im ¢ = Im ¢ C rad Py.

For the implication (2) = (3) choose an epimorphism A" — U. Then
A: A" — U » Py is aradical morphism, and therefore ¢ € Rad (P, Py) since
¢ factors through A. O

Proposition 2.1.22. Let P i> Py i X — 0 be an exact sequence in an

abelian category such that each P; is projective. Then  is a projective cover
if and only if ¢ € Rad(Py, Pyp).

Proof Let A denote the abelian category and € the smallest full additive
subcategory which is closed under cokernels and contains P = Py & P;. Set
A = End(P). The functor H = Hom(P,-): A — ModA restricts to an
equivalence ¢ = mod A. It follows from the dual of Lemma 2.1.19 that ¢
is a projective cover if and only if Hy is a projective cover. On the other
hand, Rad(P;, Py) = Rad(HP;, HPy) via H. Thus the assertion follows from
Lemma 2.1.21. O
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We record the dual characterisation of injective envelopes via the radical.

Proposition 2.1.23. Ler 0 — X 2, 1° Y, I' be an exact sequence in an
abelian category such that each I is injective. Then ¢ is an injective envelope
if and only if y € Rad(1°, I'). O

We say that a morphism ¢: X — Y in an additive category admits a minimal

decomposition if ¢ can be written as a direct sum
e
Xx=xXeox" 22 vy ey =y

such that ¢’ is an isomorphism and ¢’ is a radical morphism.

An abelian category has injective envelopes if every object admits an injective
envelope. Dually, an abelian category has projective covers if every object
admits a projective cover.

Corollary 2.1.24. Let A be an abelian category with enough injective objects.
Then A has injective envelopes if and only if all morphisms in Inj A admit
minimal decompositions.

Proof Suppose first that A has injective envelopes. Let ¢: X — Y be a
morphism in InjA. Choose a decomposition X = X’ @ X"’ such that X" =
E(Ker¢).Let¢’: X’ = Y’ = ¢(X’) be the restriction ¢|x-. Then ¢’ is a direct
summand of ¢. Thus we get a decomposition ¢ = ¢’ @ ¢’” and ¢’ is radical by
Proposition 2.1.23.

For the converse let A € A and choose an exact sequence 0 - A — X 2, Y
with ¢ € Inj A. Decomposing ¢ = ¢'®¢"’ yields aninjective envelope A — X"/,
again by Proposition 2.1.23. O

Example 2.1.25. Let A be a Krull-Schmidt category. Then every morphism
¢: X — Y in A admits a minimal decomposition.

To see this, choose decompositions X = @5, X; and Y = EBJ. Y; into in-
decomposables. Then ¢ = (¢;;) belongs to Rad(X,Y) if and only if ¢;; €
Rad(X;,Y;) for all i, j. Suppose ¢;,j, is not radical. Then ¢;,;, is an iso-
morphism and we may decompose X = X;, @ X and Y = Y;, & ¥ such that
¢ = iyj, ® ¢. Removing successively summands ¢;; that are not radical we
obtain the decomposition ¢ = ¢’ & ¢’ as required.

Stable Categories

Let A be an exact category and suppose that A has enough injective objects.
Thus for each object X € A we can choose an exact sequence 0 —» X — Iy —
X’ — 0 such that Ix is injective.
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The injectively stable category St A has by definition the same objects as A
while the morphisms for objects X, Y are given by the quotient

Homg; 4 (X,Y) = Homg4 (X, Y)/{¢ | ¢ factors through an injective object}.

Lemma 2.1.26. The assignment X +— Ext'(—, X) induces a fully faithful
functor St A — mod A.

Proof For each object X € A the sequence 0 — X — Ix — X’ — 0 induces
a presentation

0 — Hom(—, X) — Hom(-, Ix) — Hom(—, X’) — Ext' (-, X) — 0.

Given a morphism ¢: X — Y in A, we have Ext' (-, ¢) = 0 if and only if ¢
factors through X — Ix. On the other hand, given a morphism of functors,
W Ext'(-,X) — Ext'(-,Y), we use Yoneda’s lemma and obtain from the
above presentation a morphism Hom(—, X) — Hom(—,Y) which corresponds
to a morphism ¢ : X — Y in A. Clearly, Ext! (-, /) = ¢. m|

We call a pair of objects X, Y in A stably equivalent if the equivalent condi-
tions in the following lemma are satisfied.

Lemma 2.1.27. For objects X,Y € A the following are equivalent.

(1) Ext' (-, X) = Ext'(-,Y) in mod A.
2) X =Y inStA.
B) Xo@lI =Y ®Jin A for some injective objects I,J € A.

Proof (1) & (2): See Lemma 2.1.26.

(2)=(3):Let¢: X — Y be amorphism in A that becomes invertible in St A.
Adding X — Ix yields a split monomorphism X — Y®Ix,so X®I =Y &Iy
for some object 1. We have I = 0 in St A, so [ is injective.

(3) = (2): Clear. O

2.2 Localisation of Additive and Abelian Categories

There are specific constructions for localising additive and abelian categories.
In both cases the localisation amounts to annihilating a class of objects. Also,
the additional categorical structure is preserved. This means the localisation
provides an additive functor A — A[S~!] when A is additive and an exact
functor when A is abelian.



2.2 Localisation of Additive and Abelian Categories 29

Additive Categories

Let A be an additive category. When F: A — B is an additive functor, then the
class § = {o- € Mor A | Fo is invertible} contains the identities and is closed
under finite direct sums. The following criterion shows that this is sufficient for
A[S7!] to be an additive category.

Lemma 2.2.1. Let A be an additive category and S € Mor A a class of
morphisms. Suppose that S contains the identity morphism of each object and
that o, 7 € S implies o ® T € S. Then A[S™'] is an additive category and the
canonical functor A — A[S™'] is additive.

Proof We use the characterisation of an additive category from Remark 2.1.3.
Also, we make a number of additional observations.
(1) Finite coproducts in a category C are given by a left adjoint of the diagonal
A: € — C" for any n > 0. Dually, finite products are given by a right adjoint.
(2) If C; and S; € Mor C; are categories with classes of morphisms, then

(1_[ ) [(HS)I] — l_[ e[S

(3) Let (F,G) be an adjoint pair of functors € 2 D. If § € Mor € and
T C Mor D are classes of morphisms such that F(S) C T and G(T) C S, then
(F, G) induces an adjoint pair of functors C[S™!] 2 D[T~!] (Lemma 1.1.6).

Now it follows that A[S~!] is a category with finite products and coproducts,
and the canonical functor A — A[S~!] preserves these (co)products. Moreover,
in A[S™!'] the monoid structure on Hom(X, Y) given by (2.1.2) yields a group
structure for all objects X, Y. O

Let A be an additive category and let C € A be a full additive subcategory.
The additive quotient category A/C of A with respect to € has the same objects
as A while the morphisms for objects X, Y are defined by the quotient

Hom g ,e(X,Y) = Homu (X,Y)/{¢ | ¢ factors through an object in C}.
For a morphism ¢ in A we write ¢ for the corresponding morphism in A /€.

Lemma 2.2.2. Let A be an additive category and let C C A be a full additive
subcategory. Set

S =8(C) ={o € Mor A | & is invertible in A/C}.

Then the canonical functor A — A/C induces an isomorphism A[S™'] =

AJC.
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Proof Consider the canonical functors P: A — A/Cand Q: A — A[S7!].
Clearly, P factors through Q via a functor P. Now observe for morphisms a, 8
in A that @ = 8 implies Qa = O3, since Q is additive by Lemma 2.2.1. Thus Q
factors through P via a functor Q. It follows that PQ = id and QP = id, since
P and Q provide solutions of some universal problems. O

Abelian Categories

Let A be an abelian category. A full additive subcategory C C A is a Serre
subcategory provided that € is closed under taking subobjects, quotients and
extensions. This means that for every exact sequence 0 —» X’ —» X — X" — 0
in A, the object X is in C if and only if X” and X" are in C.

Example 2.2.3. The kernel of an exact functor A — B between abelian
categories is a Serre subcategory of A.

Fix a Serre subcategory C of A. We set
S(C) = {o € Mor A | Kero, Coker o € C}
and
Ct={Y e A|Homyu(X,Y) =0=Ext, (X,Y) forall X € C}.

The abelian quotient category A/C of A with respect to € has the same ob-
jects while the morphisms for objects X,Y are defined as follows. There is for
each pair of subobjects X’ € X and Y’ C Y an induced map Hom4 (X,Y) —
Hom 4 (X’,Y/Y’). The pairs (X’,Y”’) such that both X/X’ and Y’ lie in C
form a directed set, and one obtains a directed system of abelian groups
Hom 4 (X’,Y/Y’). Then one defines

Homy e (X,Y) = E:olirr; Hom 4 (X', Y/Y").
XY’

The composition of morphisms in A induces the composition in A/C.

Lemma 2.2.4. For a Serre subcategory € C A the following holds.

(1) S(C) admits a calculus of left and right fractions.

(2) An objectin A is S(C)-local if and only if it is in C*.

(3) The canonical functor A — A/C induces an isomorphism A[S(C)™'] =
AJC.
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Proof (1) and (2) are straightforward. For (3) we apply Lemma 1.2.2. Given
objects X,Y in A we have

Homy e (X,Y) = (colirr;HomA(X’,Y/Y')
XY’
= colimHomy (X,7)

(o,7)
= HomA[SqJ(X, Y)

where o: X — X and 7: Y — Y run through all morphisms in S(C). i

A consequence is the following useful observation describing the morphisms
in A/C. For each morphism ¢: X — Y in A/C we have a commutative square

X —— Y)Y

Lo,

¢

X —Y

such that the other three morphisms are in the image of A — A/C and the
vertical morphisms are isomorphisms in A/C, since X /X’ and Y’ lie in C. There
is an analogue for exact sequences in A/C; see Lemma 14.1.9.

The following provides another useful fact about the morphisms in A/C.

Lemma 2.2.5. Let C C A be a Serre subcategory and Y € A. Then the
canonical map

Hom4 (X,Y) — Homyg,e(X,Y)
is a bijection for all X € A if and only if Y € C*.
Proof This follows from Lemma 1.1.2 and Lemma 2.2.4. O

Proposition 2.2.6. Let A be an abelian category and C C A a Serre subcate-
gory. Then the following holds.

(1) The category A/C is abelian and the canonical functor Q: A — A/C is
an exact functor that annihilates C.
(2) If B is an abelian category and F: A — B is an exact functor that

annihilates C, then there exists a unique exact functor F: A€ — B such
that F = F o Q.

Proof (1) We apply Lemma 2.2.4. Thus A/C = A[S™!] for S = S(€), and §
admits a calculus of left and right fractions. The category A/C is additive by
Lemma2.2.1. A morphism X — Y in A/C is up to an isomorphism of the form
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Q¢ for some ¢: X — Y in A. Choosing a cokernel ¢ : ¥ — Z yields for each
A € A an exact sequence

0 - Homy4(Z,A) - Homy4(Y,A) —» Homy4 (X, A)
and therefore an exact sequence
0 lim H Z,A lim H Y, A’ lim H X, A’
Sl Homa (2,47 = cplip Homa (Y, A7 = cplip Homa (X, 47
where A — A’ runs through all morphisms in § starting at A. Thus the sequence
0— HOIIIA/@(Z,A) — Homﬂ/@(Y, A) 4 Homﬂ/e(X, A)

is exact by Lemma 1.2.2, and it follows that Q¢ is a cokernel of Q¢. The
dual argument shows that each morphism in A/C admits a kernel. Clearly, O
preserves kernels and cokernels; so the property of A to be abelian carries over
to A/C.

@) If F: A — B is an exact functor and F|e = 0, then F inverts all
morphisms in §. Thus F factors through Q: A — A/C via a unique functor
F: A/C — B. The functor F is exact, because any exact sequence in A/ is
up to isomorphism the image of an exact sequence in A. O

Remark 2.2.77. (1) The properties (1)—(2) in Proposition 2.2.6 provide a univer-
sal property that determines the canonical functor A — A/C up to a unique
isomorphism.

(2) The canonical functor A — A/C preserves all coproducts in A if and
only if € is closed under coproducts; see Lemma 1.1.8.

Next we describe all Serre subcategories of a quotient A/C.
Proposition 2.2.8. Let C € B C A be Serre subcategories of an abelian
category A. Then B/C identifies with a Serre subcategory of A/C, and every

Serre subcategory of A/C is of this form. Moreover, the canonical functor

A — A/Cinduces an isomorphism A|/B = (A/C)/(B/C).

We capture the situation in the following commutative diagram.

e B B/C
H I I
e A AJC

l |

AB — (A/€)/(B/C)
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Proof The inclusion B — A induces a fully faithful functor B/C — A/C
since B is left and right cofinal with respect to S(C); see Lemma 1.2.5. It is
easily checked that B/C yields a Serre subcategory of A/C.If D C A/Cis a
Serre subcategory, set B := Q~'(D). Then B/C = D. The final assertion is
clear, since the kernel of the composite A — A/C — (A/C)/(B/C) equals
B. |

Remark 2.2.9. The above correspondence B +— B/C between Serre subcate-
gories is inclusion preserving, and B/B’ = (B/C)/(B’/C) for B’ C B.

Localisation and Adjoints

Let A be an abelian category. We consider the situation that the canonical
functor A — A/C given by a Serre subcategory € admits a right adjoint.

Lemma 2.2.10. Let A be an abelian category and C C A a Serre subcat-
egory. Suppose the canonical functor Q: A — A/C admits a right adjoint
Qp: AJC — A. Then the following holds.

(1) The functor Q,, is fully faithful and induces an equivalence
AJC = et with quasi-inverse et a2, AJC.
(2) The adjunction yields for X in A a natural exact sequence
0— X' — X -5 0,0(X) — X" — 0

with X" and X" in C.
(3) The assignment X w— X' gives a right adjoint of the inclusion C — A.

Proof (1) This follows from Proposition 1.1.3 and Lemma 2.2.4.
(2) This follows from the fact that Q(n) is invertible.
(3) The map Hom4 (C, X’) — Hom (C, X) is bijective for C € € since

0,0(X) isin C*. O
We capture the situation in the following diagram
1 o
¢ A A/C
Ip Qp

which is a localisation sequence. Each object X € A fits into a functorial exact
sequence

0— I1,(X) — X — 0,0(X).

A Serre subcategory € C A is called localising if the canonical functor
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Q: A — A/C admits a right adjoint. Note that in this case C is closed under
all coproducts which exist in A, since Q preserves coproducts.

Proposition 2.2.11. Ler (F, G) be an adjoint pair of functors

F
AL = > B
between abelian categories such that F is exact and set C = Ker F. Then G is
Sfully faithful if and only if F induces an equivalence A/C = B.

Proof Let S = {0 € MorA | Fo isinvertible}. Then G is fully faithful if
and only if F induces an equivalence A[S~'] = B, by Proposition 1.1.3. It
remains to observe that A[S™!'] = A/C, by Lemma 2.2.4.

Let us give a more direct proof for one implication. So suppose that G is
fully faithful. Then it is easily checked that the counit ex: FG(X) — X is an
isomorphism for all X € B; see Proposition 1.1.3. We show that F satisfies, up
to an isomorphism, the universal property of the canonical functor A — A/C;
see Remark 2.2.7. Clearly, F is exact and annihilates C. Now let H: A — A’ be
an exact functor between abelian categories that annihilates €. Set H = Ho G.
We claim that H is exact, that H = H o F, and that A is unique with these
properties. For the exactness, choose an exact sequence) - X - Y - Z — 0
in B which yields an exact sequence

0-GX—>GY—>GZ—->X =0

in A since G is left exact. We have FX’ = O since F o G = id, so X’ € C,
and therefore HX’ = 0. Thus H is exact. Let X € A. Then F maps the unit
nx: X — GF(X) to an isomorphism, since the counit ery is an inverse.
Thus Kernx and Coker n7x are in C. It follows that Hn yields an isomorphism
H = HoF.If H: B — A’ is another functor such that H = H o F, then one
composes this isomorphism with G. Thus H=HoG=HoFoG=H. O

Remark?2.2.12. There are dual versions of Lemma 2.2.10 and Proposition2.2.11
for abelian categories where the canonical functor A — A/C admits a left ad-
joint.

Example 2.2.13. Let A be an abelian category and i,.: A’ — A the inclusion
of a Serre subcategory. Set A”” = A/A’ and suppose that the canonical functor
j*: A — A” admits both adjoints. Then one obtains a recollement of abelian
categories.

i* Ji
A —i=i — A — = —» A"

!

i Jx
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For an object X in A, there are natural exact sequences relating the left and the
right halves of the diagram.

JINX) X — T (X) — 00— i (X) — X — . (X)

Each recollement of abelian categories is, up to equivalence, of the above
form. A prototypical example arises from the category Sh(X) of sheaves on a
topological space X and the inclusion i: V — X of a closed subset plus the
inclusion j: U —» X forU=X\V.

i Jt
Sh(V) =—i.=iy — Sh(X) — j'=j* —» Sh(U)

i J=

which involves the following functors:

. . . . .l . .
i*, j* = restriction i’ = sections with support

i, J« = direct image J1 = extension by zero.

This example explains the notation.

Categories with Injective Envelopes

Recall that an abelian category has injective envelopes if every object admits
an injective envelope.

Proposition 2.2.14. Let A be an abelian category with injective envelopes and
let C C A be a Serre subcategory. Then the inclusion C — A admits a right
adjoint if and only if the canonical functor A — A/C admits a right adjoint.
In that case C and A/ C are categories with injective envelopes. Moreover, both
right adjoints induce a sequence of functors

Inj(A/€C) —— InjA — InjC
that induces an equivalence
(Inj A) /Inj(A/C) — Inj C.

Proof 1If the functor A — A/C admits a right adjoint, then the inclusion
€ — A admits a right adjoint, by Lemma 2.2.10. For the other implication,
suppose that € — A admits a right adjoint, sending X € A to the maximal
subobject X C X that belongs to €. Choose an injective envelope X /tX — I.
Then I belongs to C* because there are no non-zero subobjects in €. We form
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the following pullback
0 —— X/tX X' tC 0
0 — X/tX 1 C 0

and also X’ belongs to C*. Then X + X’ yields a right adjoint of the canonical
functor A — A/C, since the kernel and cokernel of the morphism X — X’
belong to € by construction.

Now suppose that both adjoints exist. It is convenient to identify €+ = A/C.
If X — I is an injective envelope in A, then it is easily checked that tX — ¢1
is an injective envelope in C. In particular, ¢ induces a functor Inj A — InjC
that is surjective on isoclasses of objects and full. In fact, for X € Inj C we have
X = tE(X). Also, any morphism ¢: tX — tY can be extended to a morphism
$: X — Y since Y is injective, and t$ = ¢. We claim that

Kert NInjA = C* NInj A = Inj(C*h).

The first equality is clear. Also, an object in €+ N Inj A is injective in C*, since
the inclusion €+ — A is left exact. Given an object X € C*, then its injective
envelope E(X) is also in C*, since tE(X) = 0. This yields the second equality
and shows that A/C has injective envelopes. Morover, it follows that ¢ induces
an equivalence between the additive quotient (Inj.A)/Inj(C*) and Inj C. O

Corollary 2.2.15. Let A be an abelian category with injective envelopes and
let © C A be a localising subcategory. Then we have C*+ NInj A = Inj(Ct) and
Ct C A is closed under injective envelopes. O

Grothendieck categories form an important class of abelian categories with
injective envelopes. Thus we can apply the above proposition.

Proposition 2.2.16. Let A be a Grothendieck category and C C A a Serre
subcategory that is closed under coproducts. Then C and the quotient AJC
are Grothendieck categories. Moreover, the canonical functors ¢ — A and
A — A/C admit right adjoints.

Proof Let G € A be a generator of A. The right adjoints are constructed as
follows. Fix an object X € A. Observe that the subobjects of X form a set which
has its cardinality bounded by 2¢, where @ = card Hom(G, X). The subobjects
C C X with C € @ form a directed subset and we set tX := colimccx C;
this is the largest subobject of X belonging to C. Then X + X yields a right
adjoint of the inclusion € — A. The right adjoint of A — A/C then exists by
Proposition 2.2.14.
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The object G is also a generator of A/C, and the coproduct of all quotients
of G that belong to C is a generator for C. It is straightforward to check that the
condition (AB5) holds for € and A/C. ]

Corollary 2.2.17. A Serre subcategory of a Grothendieck category is localising
if and only if it is closed under coproducts. O

Let A be a Grothendieck category. We denote by Sp.A a representative
set of the isomorphism classes of indecomposable injective objects in A (the
spectrum of A). Note that Sp A is a set, because A has a generator G and each
object in Sp A is the injective envelope of G /U for some subobject U C G.

Corollary 2.2.18. Let A be a Grothendieck category and C C A a localising
subcategory. Every injective object X € A admits a canonical decomposition
X = X’ & X" satisfying tX' = tX and X" € C*. In particular, there is a
canonical bijection

SpCuUSpA/C = SpA.

Proof Let X € A be injective. Then the injective envelope X’ = E(¢X) is
a direct summand of X and X” = X/X’ belongs to C*. The map Sp € LI
SpA/C — SpAsends X € SpCto E(X) and X € SpA/C to its image under
AIC = C— A O

Example 2.2.19. (1) Let A be a length category and denote by S(A) a repre-
sentative set of the isomorphism classes of simple objects. Then the maps

AD2C+—CNSA) and S(A) 2 8 > Filt(8) Cc A

give mutually inverse and inclusion preserving bijections between the Serre
subcategories of A and the subsets of S(A).

(2) Let A be a semiprimary ring. Thus the Jacobson radical J(A) is nilpotent
and A/J(A) is semisimple. Denote by S(A) a representative set of the isomor-
phism classes of simple A-modules. Every A-module has a finite filtration with
semisimple factors. It follows that the map

ModA 2 C+— CN S(A)

gives an inclusion preserving bijection between the localising subcategories of
Mod A and the subsets of S(A).

(3) Let A be a Grothendieck category that is locally noetherian. This means
that every object is the directed union of its noetherian subobjects. Let noeth A
denote the full subcategory of noetherian objects in A. Then the map

A D€+ CNnoethA
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gives an inclusion preserving bijection between the localising subcategories of
A and the Serre subcategories of noeth A.

Categories with Enough Projectives or Injectives

Recall that an abelian category A has enough projective objects if and only
if the inclusion € := Proj A — A induces an equivalence mod € = A; see
Proposition 2.1.15. In this case the localisation theory for A is determined by
certain subcategories of C.

Let € be a category and XX C C a full subcategory. Given an object C € C,
a morphism X — C with X € X is called a right X-approximation of C if
the induced map Home (X’, X) — Home (X', C) is surjective for every object
X’ € X. The subcategory X is contravariantly finite if every object C € C
admits a right X-approximation.

Let € be an additive category. We denote by Mod € the category of additive
functors C°? — Ab. An additive functor f: ¢ — D induces an adjoint pair

(fi. f7)

C « mod € ¢ Mod €

lf lﬁ f!l Tf*

D —— modD «—— ModD
where f*is givenby Y + Yo f and f; is given by X + fi(X) via presentations
Hom(‘f(—, Cl) — Home(_, CO) — X —0

and

Homy (-, f(C1)) — Homp (-, f(Co)) — fi(X) — 0.

The following proposition describes the localisation of an abelian category
with enough projective objects.

Proposition 2.2.20. Let C be an additive category such that mod C is abelian.
If D C C is a contravariantly finite subcategory, then the sequence of additive
functors

Dr—tse—LyeD
induces a diagram of functors between abelian categories

p! i
mod(C/D) - modC T mod D

p ir
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which is a colocalisation sequence. The functors i* and p* are exact and induce
equivalences

mod(C/D) = Keri* and (modC)/(Keri*) = modD.

Proof For any additive functor f the assignment F' +— f*(F) is exact, but
we need to show that it maps finitely presented functors to finitely presented
functors when f is one of i or p. It suffices to show this when F is representable.
In the first case, let F = Home (—, C) and choose a presentation D — Dy — C
with D; € D, using that D is contravariantly finite and that € has weak kernels.
Thus Dy — C is a right D-approximation of C, and D — Dy is given by a
right D-approximation of a weak kernel of Dy — C. This yields a presentation

Homp (-, D1) — Homq (—, Dg) — Home(—,C)|p — 0
in mod D. Now let F' = Home;p (-, C). This yields in mod € a presentation
Home (-, Do) — Home (-, C) — Homep (=, C) — 0.

The equivalence mod(C/D) = Keri* is clear, since additive functors € —
Ab vanishing on D identify with additive functors /D — Ab. The second
equivalence follows from the fact that i*i, = id; see Proposition 2.2.11. O

Example 2.2.21. Let C be an exact category and (7, F) a torsion pair for C.
Then the subcategory T C C is contravariantly finite. If the torsion pair is split,
so € =T Vv F, then we have an equivalence & = C/7.

We have the following converse of Proposition 2.2.20, showing that any
colocalisation sequence of abelian categories

A’ A A

is of the above form, provided that every object in A admits a projective cover.

Proposition 2.2.22. Let A be an abelian category with projective covers and let
A’ C A be a Serre subcategory. Suppose that the canonical functors A" — A
and A — A" := AJA’ admit left adjoints. Set C := Proj A, €’ := Proj A’, and
C” := Proj A"”. Then the left adjoints restrict to functors

e >l_> e _p» e’

which induce the following commutative diagram.
A’ A A
| | |

mod €’ =2 mod € —"— mod "
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Proof We have an equivalence A = mod € by Proposition 2.1.15 since A
has enough projectives. Now apply the dual of Proposition 2.2.14 which shows
that A’ and A" have enough projectives. O

Example 2.2.23. Let A be aring and e = e? an idempotent in A. Multiplication
of A-modules by e identifies with Homy4 (€A, —) and yields an exact functor
Mod A — Mod eAe which has a fully faithful left adjoint given by — ®, 4. €A.

—QeAcCA
Mod A ModeAe
Homy (eA,-)

The kernel of Homy (eA, —) identifies with Mod A/AeA. On the other hand,
multiplication by e identifies with — ®4 Ae and the corresponding functor
Mod A — Mod eAe has a fully faithful right adjoint given by Hom, 4. (Ae, —).

—®aAe

Mod A ModeAe

Hom . (Ae,—)

Multiplication by an idempotent can be viewed as evaluation or restriction.
Thus the following example generalises the previous one.

Example 2.2.24. Let C be an essentially small additive category and fix an
object X € C. Set D = add X and leti: D — C denote the inclusion. Then the
evaluation F — F(X) induces a functor

i*: Mod C — Mod D = Mod End(X)

which gives rise to the following recollement

y 2 i)

Mod €C/D — p* — Mod € —— i* —» Mod End(X)
P+ Ty

where p: € — C/D denotes the canonical functor.

Remark 2.2.25. There are dual versions of Proposition 2.2.20 and Proposi-
tion 2.2.22 for abelian categories with enough injective objects. For instance,
let A be an abelian category with enough injective objects and let A’ C A be a
Serre subcategory that is localising. Set € = Inj.A and C”" = Inj(A/A’"). Then
A = (mod C°P)°P and C/C” = Inj A’.
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Pullbacks of Abelian Categories

Each diagram of abelian categories and exact functors

As

|
F

Al —1> A
can be completed to a commutative diagram

.A] XA .Az —)P2 .Az

m| |~

F
A ————

as follows. The objects of A; x4 A, are given by triples (X, X, i), where
X; € A; are objects, and u: Fi(X;) = F>(X>) is an isomorphism. A morphism
from (X1, X, u) to (Y1,Y>,v) is a pair (¢, ¢2) of morphisms ¢;: X; — Y;
such that vFi(¢1) = F2(¢2)u. The composition of morphisms is given by the
formula

W1,¥2) o (¢1,¢2) = (Y1 0 1,42 0 ¢2).

It is straightforward to check that A; X 4 A, is an abelian category and that the
canonical functors P;: A X4 Ay — A; given by P; (X1, Xp, u) = X; are exact.

Proposition 2.2.26. Let C be a category and E;: C — A; functors such
that F1E\ = F>E,. Then there exists, up to isomorphism, a unique functor
E: C— Ay xg Aj such that P;E = E; fori =1, 2.

Proof Let t: F1E; = F,E, be a natural isomorphism. Then one defines
E: C— A; xq Ay by E(X) = (E1(X), E2(X), x). ]

The proposition justifies the notation A; X 4 A, and we call the category a
pullback (strictly speaking, a 2-pullback); it is unique, up to equivalence.

The following lemma describes a property of pullbacks of abelian categories
which is the analogue of a property of a pullback in an abelian category.

Lemma 2.2.27. Let F;: A; — A be exact functors and suppose that F)
induces an equivalence A|/Ker F| = A. Then P restricts to an equivalence
Ker P, = Ker F| and P, induces an equivalence (A1 X 4 Az)/Ker Py = A,.
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The following diagram illustrates the assertion of the lemma.

Ker P, —— A X4 A> i» As

L

Ker F1 A] il A

Proof We provide for both functors a quasi-inverse. For Ker P, — Ker F
the quasi-inverse Ker F; — Ker P; is given by X — (X,0,0). Now choose a
quasi-inverse G| : A — A, /Ker F; for Fy: A;/Ker F| = A together with an
isomorphism 7: F;G| = id. Then the quasi-inverse A> — (A;x4A,)/Ker P,
is given be|—> (Gle(X),X,TFZ(X)). [m]

2.3 Module Categories and Their Localisations

For several classes of abelian categories we describe specific Serre subcate-
gories and the corresponding localisations. We begin with categories of functors
and the interplay between effaceable and left exact functors. Then we consider
module categories and see the connection with the localisation of a ring.

Effaceable and Left Exact Functors

Let A be an abelian category. Fix F' € mod A given by a presentation

0 — Hom4 (-, X2) — Homyg (-, X;) — Homy (-, Xo) — F — 0
2.3.1)
coming from an exact sequence 0 — X, — X; — Xp in A.

Lemma 2.3.2. For G € mod.A we have Ext' (F,G) = H'G(X) where G(X)
is the complex

L — 0 — G(Xg) — G(X) — G(Xo) — 00— -
Proof This is clear since (2.3.1) provides a projective resolution of F. O

The functor F is called effaceable if X; — X is an epimorphism. This defi-
nition does not depend on the presentation of F, since an equivalent condition
is that Hom(F, G) = 0 for each representable functor G = Hom 4 (—, X). Let
eff A denote the full subcategory of effaceable functors.

Proposition 2.3.3. Let A be an abelian category. The functor mod A — A that
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sends Coker Hom 4 (—, ¢) (given by a morphism ¢ in A) to Coker ¢ provides an
exact left adjoint of the Yoneda functor A — mod A and induces an equivalence

(mod A)/(eff A) = A.

Proof For the adjointness, see Example 1.1.4. The exactness of the left ad-
joint follows from Lemma 2.1.8. Now the equivalence is a consequence of
Proposition 2.2.11. O

Remark 2.3.4. (1) The inclusion eff A < mod.A admits a right adjoint that
sends F with presentation (2.3.1) to F’ with presentation

0 — Hom (-, X2) — Homy (-, X1) — Homy (-, X) — F' — 0

where X = Coker(X; — Xj).
(2) There is an equivalence (eff A)°P = eff (A°P) given by

Fr— FY  with  FY(X)=Ext’(F,Homg (-, X)).
When F is given by (2.3.1), then F"¥ has a presentation
0— HOmA(XO, _) — HOmA(Xl, _) — HomA(X23 _) — FV —0

and we have FVV = F.

We give an alternative description of the equivalence in Proposition 2.3.3
when A = mod A is the module category of a ring. Let mod A denote the
projectively stable category which is obtained from mod A by setting for A-
modules X and Y

Hom, (X,Y) = Homx (X,Y)/{¢ | ¢ factors through a projective module}.

Proposition 2.3.5. Let A be a right coherent ring so that mod A is abelian.
Then the sequence of additive functors proj A > mod A -» mod A induces a
sequence of exact functors

mod(mod A) = mod(mod A) —Z— mod(proj A) = mod A
and an equivalence
mod(mod A) = Kern = eff(mod A).

Proof The subcategory proj A € mod A is contravariantly finite. Now apply
Proposition 2.2.20. O

Now let A be an exact category and let Mod A denote the category of
additive functors A°® — Ab. A functor F' € Mod A is locally effaceable if
for each object C in A and x € F(C) there exists an admissible epimorphism
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¢: B — C such that F(¢)(x) = 0. We write Eff A for the full subcategory of
locally effaceable functors.

Lemma 2.3.6. When A is abelian we have eff A = Eff A N mod A.

Proof Let F € modA be given by a presentation (2.3.1). Suppose first that
F € eff A. An element x € F(C) is given by a morphism C — Xj, and
forming the pullback with X; — X, yields an epimorphism ¢: B — C such
that F(¢)(x) = 0. Thus F € Eff A.

Now let F € Eff A. Choose C = X and take for x € F(C) the element given
by id: Xo — Xp. This yields an epimorphism ¢: B — C that factors through
X; — Xp. Thus the morphism X; — Xj is an epimorphism and therefore
F e eff A. O

We denote by Lex A the category of additive functors F: A°P — Ab that are
left exact, that is, each exact sequence 0 » X — Y — Z — 0 in A induces an
exact sequence 0 —» FZ — FY — FX of abelian groups.

Proposition 2.3.7. Let A be an essentially small exact category.

(1) The inclusion Lex A — Mod A admits an exact left adjoint Mod A —
Lex A that induces an equivalence

(Mod A)/(Eff A) <= Lex A.

(2) The category Lex A is a Grothendieck category.
(3) The Yoneda functor A — Lex A that takes X to Hom 4 (—, X) is exact and
identifies A with a full extension closed subcategory of Lex A.

Proof Using (Ex1) and (Ex2) one shows that Eff A is a Serre subcate-
gory of Mod A and closed under coproducts. From (Ex3) it follows that
(Eff A)* = Lex A. Thus the canonical functor Mod A — hé‘f’fd f“lq admits a fully

faithful right adjoint, which identifies l\g‘f}dff with Lex A; see Lemma 2.2.10

and Proposition 2.2.16. In particular, Lex A is a Grothendieck category.

Now let £: 0 — Homg (-, X) 5 E LN Hom g (—,Z) — 0 be an exact
sequence in Lex A. Then Coker S is locally effaceable, and there exists an
admissible epimorphism V — Z inducing the following commutative diagram
with exact rows.

0 —— Homy(—,U) —— Homy(—,V) —— Homy(—,Z) —— 0

l | H

0 —— Homy (-, X) E Homy(—,Z) —— 0
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Apply condition (Ex3) by forming the following pushout.

0 U Vv z 0
0 X Y Zz 0

Then the bottom row identifies with £, and therefore the image of the Yoneda
functor A — Lex A is extension closed. ]

The injective objects in Lex A admit the following explicit description. The
functors Iy = Homz(Hom 4 (X, —), Q/Z) (with X € A) form a set of injective
cogenerators for the abelian category Mod A. Thus the direct summands of
products [ ], Ix, are precisely the injective objects in Mod A. Moreover,

Inj(Lex A) = {F € Inj(Mod A) | F is exact}.

Epimorphisms of Rings

A ring homomorphism ¢: A — B is by definition an epimorphism of rings if
for any pair of homomorphisms ¢, ': B — C we have that ¢ = y’'¢ implies
¥ = y’. An equivalent condition is that restriction of scalars ¢*: Mod B —
Mod A is fully faithful [197, Proposition XI.1.2]. In fact, we have an adjoint
pair (¢, ¢*) with counit X ®4 B — X given by scalar multiplication for any
B-module X. Then ¢* is fully faithful if and only if the counit is an isomorphism
for all X if and only if B ®4 B = B. It follows that the adjoint pair (¢, ¢*)
gives rise to a localisation functor ¢* o ¢;: Mod A — Mod A when ¢ is an
epimorphism, cf. Proposition 1.1.5.

Proposition 2.3.8. Let L: Mod A — Mod A be a localisation functor. Then
the following are equivalent.

(1) The functor L is, up to an equivalence, of the form ¢* o ¢, for some ring
epimorphism ¢: A — B.
(2) The subcategory Im L is closed under all coproducts and cokernels.

Proof (1) = (2): An epimorphism ¢: A — B yields an adjoint pair (¢, ¢*),
and we have Im¢* = Im L for L = ¢* o ¢,. Clearly, ¢* is right exact and
preserves coproducts.

(2) = (1): Recall from Proposition 1.1.5 that a localisation functor L can be
written as the composite L = G o F given by an adjoint pair (F, G) such that F is
a quotient functor and G is fully faithful. Let B = {X € Mod A | X &= L(X)}
be the localised category. It is of the form S+ for a class S of morphisms
in Mod A, so closed under all limits in Mod A; see Proposition 1.1.3. Also,
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B =Im L is closed under colimits and it follows that B is abelian. The inclusion
G: B — Mod A is exact, and therefore F takes projectives to projectives. It
follows that F'A is a projective generator of B. Also, Homg (F A, —) preserves
coproducts since G preserves coproducts. Set B = Endg (FA). It follows that
Homg (FA,-): B — Mod B is an equivalence. Let ¢: A — B denote the
homomorphism that is induced by F. Then the composite

Hom(FA,-)

Mod A £ B Mod B

is isomorphic to ¢, = — ®p B, and therefore L = ¢* o ¢,. O

Examples of ring epimorphisms arise from localising a ring by universally
inverting a set of fixed elements.

Universal Localisation

Let A be aring and X a set of morphisms between finitely generated projective
A-modules. The universal localisation of A with respect to X is a ring Ay
together with a ring homomorphism g: A — Ay satisfying the following:

(UL1) For every o € X, the morphism o ®4 Ay is invertible.

(UL2) For every ring homomorphism f: A — B such that o ®4 B is invertible
for all o € X, there exists a unique ring homomorphisms f: Ay — B
such that f = fgq.

The universal localisation solves a universal problem and is therefore unique.
In particular, a universal localisation is an epimorphism of rings.

Any element x € A can be viewed as a morphism A,: A — A (left mul-
tiplication by x). Thus the universal localisation generalises the localisation
of A with respect to a subset S C A, because we have A[S™'] = Ay for
Y ={A, | x € S}.

We sketch the construction of Ax. Set C = proj A so that £ C Mor C. We may
assume that X contains the identity morphism of each object and that o7, 7 € £
implies o @ 7 € . Then C[X7'] is an additive category and the canonical
functor € — C[X~'] is additive, by Lemma 2.2.1. Set Ay = Endepy-11(A). The
functor Homex-17(A, —) makes the following diagram commutative

—®aAx

e

proj As

can
A@mﬁ ] (A,-)

e[z

and identifies the idempotent completion of C[X~!] with proj As.
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There is an alternative construction of Ax. Set A = Mod A and consider the
full subcategory A’ C A of A-modules X such that Homy4 (o, X) is invertible
for all o € X. It is easily checked that A’ is closed under taking (co)kernels,
(co)products, and extensions. Moreover, the inclusion A" — A admits a left
adjoint F: A — A’ (for instance by [84, Satz 8.5] or [1, Theorem 1.39]) which
takes A to a projective generator of A’. Set Ay = Ends(FA). Then we obtain
an equivalence

Homy(FA,-): A” =5 Mod As.

The inverse is given by the canonical functor Mod Ay — Mod A, via restriction
of scalars along the morphism A — Ay induced by F. Now set & = {0 €
Mor A | o ®4 Ag is invertible}. Then it follows from Proposition 1.1.3 that the
following diagram commutes

T=—Q®AAyx

A Mod AZ

can AA[E_I](A,—)

A[E]

which equals the ‘completion’ of the above diagram for proj A. Note that
T =Hom 4 5-1)(A, -) is an equivalence.
In general, the universal localisation Ay is not a flat A-module.

Example 2.3.9. Let X be a set of morphisms between finitely generated pro-
jective A-modules such that proj.dim Coker o= < 1 for all o € X. Then Mod Ay,
identifies with C*+ where € = {Ker o, Cokero | o € £} and

G+ = {X e Mod A | Hom4(C, X) = 0 = Ext,(C, X) for all C € C}.

2.4 Commutative Noetherian Rings

We consider modules over commutative rings. There is a notion of support for
modules which yields a classification of Serre subcategories for the category of
noetherian modules. This extends to a classification of localising subcategories
for the category of all modules provided the ring is noetherian. Also, we discuss
injective and artinian modules.

Let A be a commutative ring. For the main results of this section we need to
assume that A is noetherian.
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Support of Modules
Let A be a commutative ring. The spectrum Spec A of A is the set of prime
ideals p C A. A subset of Spec A is Zariski closed if it is of the form
V(a) = {p € SpecA | a C p}

for some ideal a of A. A subset V of Spec A is specialisation closed if for any
pair p C q of prime ideals, p € V implies g € V. Forp € SpecAset S = A\ p
and denote by A, = A[S™!] the localisation. Note that X +— X, := X ®4 A,
yields an exact functor Mod A — Mod Ay. The support of an A-module X is
the subset

Supp X = {p € Spec A | X, # 0}.
Observe that this is a specialisation closed subset of Spec A.
Lemma 2.4.1. We have Supp A/a = V(a) for each ideal a of A.

Proof Fix p € Spec A and let S = A \ p. Recall that for any A-module X,
an element x/s in S~'X = X, is zero if and only if there exists € S such
that zx = 0. Thus we have (A/a), = 0 if and only if there exists t € S with
t(1+a)=r+a=0ifand onlyifa Z p. O

Lemma 24.2. Let 0 - X' — X — X” — 0 be an exact sequence of
A-modules. Then Supp X = Supp X’ U Supp X”'.

Proof The sequence 0 — X; — X, — X' — 0 is exact for each p in
Spec A. O

Lemma 2.4.3. Let X = }; X; be an A-module, written as a sum of submodules
X;. Then Supp X = |J; Supp X;.

Proof The assertion is clear if the sum }}; X; is direct, since

@(Xi)v = (@X)p

As X; € X for all i one gets |J; Supp X; € Supp X, from Lemma 2.4.2. On the
other hand, X = Y; X; is a factor of €, X;, so Supp X C [J; Supp X;. O

We write Ann X for the ideal of elements in A that annihilate X; it is the
kernel of the natural homomorphism A — End (X).

Lemma 2.4.4. We have SuppX C V(Ann X), with equality when X is in
mod A.
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Proof Write X = }; X; as a sum of cyclic modules X; = A/a;. Then
Supp X = U Supp X; = UV(ai) c V( ﬂ a,-) =V(Ann X),
i i i

and equality holds if the sum is finite. O

Lemma 2.4.5. Let X # 0 be an A-module. If p is maximal in the set of ideals
which annihilate a non-zero element of X, then p is prime.

Proof Suppose 0 # x € X and px =0. Leta,b € A withab € pand a ¢ p.
Then (p, b) annihilates ax # 0, so the maximality of p implies b € p. Thus p
is prime. O

Lemma 2.4.6. Let X # 0 be a noetherian A-module. There exists a submodule
of X which is isomorphic to A/p for some prime ideal p.

Proof Thering A = A/(Ann X) is noetherian. Thus the set of ideals of A an-
nihilating a non-zero element has a maximal element. Now apply Lemma 2.4.5.
O

Lemma 2.4.7. For each noetherian A-module X there exists a finite filtration
0=XpcX c---CX,=X

such that each factor X;/X;_ is isomorphic to A/p; for some prime ideal p;.
In that case we have Supp X = |J; V(p;).

Proof Repeated application of Lemma 2.4.6 yields a chain of submodules
0=Xo C X C X, C--- of X such that each X;/X;_; is isomorphic to A/p; for
some p;. This chain stabilises since X is noetherian, and therefore | J; X; = X.

The last assertion follows from Lemma 2.4.2 and Lemma 2.4.1. O

For a class € € Mod A we set

Supp € = U Supp X.
XeC
Proposition 2.4.8. Let A be a commutative noetherian ring. Then the assign-
ment C > Supp C induces a bijection between

— the set of Serre subcategories of mod A, and

— the set of specialisation closed subsets of Spec A.

Its inverse takes V C Spec A to {X e mod A | Supp X C V}.
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Proof Both maps are well defined by Lemma 2.4.2 and Lemma 2.4.4. If
'V C Spec A is a specialisation closed subset, let Cy denote the smallest Serre
subcategory containing {A/p | p € V}. Then we have SuppCy = V, by
Lemma 2.4.1 and Lemma 2.4.2. Now let C be a Serre subcategory of mod A.
Then

SuppC ={p e SpecA | A/p € C}

by Lemma 2.4.7. It follows that € = Cy for each Serre subcategory C, where
V = Supp C. Thus Supp C; = Supp €, implies C; = C; for each pair C;, C; of
Serre subcategories. O

Corollary 2.4.9. Let X and Y be in mod A. Then SuppY C Supp X if and only
if Y belongs to the smallest Serre subcategory containing X.

Proof With € denoting the smallest Serre subcategory containing X, there is
an equality Supp € = Supp X by Lemma 2.4.2. Now apply Proposition 2.4.8.
O

Corollary 2.4.10. The assignment C — Supp C induces a bijection between

— the set of localising subcategories of Mod A, and
— the set of specialisation closed subsets of Spec A.

Proof The proof is essentially the same as that of Proposition 2.4.8 if we
observe that any A-module X is the sum X = }}; X; of its finitely generated
submodules; see also Example 2.2.19. Note that X belongs to a localising
subcategory C if and only if all X; belong to C. In addition, we use that
Supp X = UJ; Supp X;; see Lemma 2.4.3. O

Injective Modules

Let A be a commutative noetherian ring. For an A-module X we say that
p € Spec A is associated to X if A/p is isomorphic to a submodule of X. The
set of associated primes is denoted by Ass X.

Lemma 2.4.11. We have Supp X = Upeass x V(P) for each A-module X.
Proof We have V(p) C SuppX when A/p C X, by Lemma 2.4.1 and

Lemma 2.4.2. For the other direction, let p € Supp X, and we need to show
that p € Ass X when p is minimal in Supp X. We may assume that X is finitely

generated, and as in Lemma 2.4.7 we have submodules
0=XoCX1C---CX,=X

such that each factor X;/X;_; is isomorphic to A/p; for some prime ideal p;.
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Choose p = p; to be minimal in {p;,...,P,}, and let i be minimal such that
p=7p;. Pickx € X;\ X;_1. Thenp;---p; C AnnAx C p. Alsop; € pforj <i
and therefore py - --p;_1 £ p. Picka € p;---p;_1 \ p. Then Ann Aax = p, and
therefore p € Ass X. [

Lemma 2.4.12. Letp € Spec A. Then Ass A/p = {p}.

Proof Wehave A/q = X C A/p if and only if q equals the ideal annihilating
a +p for some a € A. Then b € q if and only if ab € p if and only if b € p,
since p is prime. O

Recall that for an A-module X, E(X) denotes an injective envelope.
Lemma 2.4.13. We have Ass E(X) = Ass X for every A-module X.

Proof Clearly, AssX C AssE(X). If A/p = X’ C E(X) for some p €
Spec A, then X’ N X # 0, and we have A/q = X" C X’ N X for some
q € Spec A, by Lemma 2.4.6. This implies p = q, by Lemma 2.4.12. O

Corollary 2.4.14. Let X be an A-module. Then Supp X = Supp E(X). There-
fore localising subcategories of Mod A are closed under injective envelopes.

Proof Wehave Ass E(X) = Ass X by Lemma 2.4.13, and then Lemma 2.4.11
implies that Supp E(X) = Supp X. If ¢ € Mod A is localising and X € C, then
E(X) € C by Corollary 2.4.10. O

Corollary 2.4.15. The assignments p — E(A/p) and X — AssX yield
mutually inverse bijections between Spec A and Sp(Mod A).

Proof We have Ass(E(A/p)) = {p} by Lemma 2.4.12 and Lemma 2.4.13.
On the other hand, if X is indecomposable injective, then Ass X # @ by
Lemma 2.4.6. Clearly, X = E(A/p) when p € Ass X. O

For a subset U C Spec A we set
Injy  A={X eInjA|AssX C U}.

Corollary 2.4.16. Let V C Spec A be specialisation closed and set W =
Spec A\ V. Then we have for Inj A a split torsion pair (Injy, A, Injy A).

Proof Consider the localising subcategory
C={X eModA | SuppX € V};

see Corollary 2.4.10. Because C is closed under injective envelopes by Corol-
lary 2.4.14, we have

InjyA=CNInjA  and Injyy A = C* NInjA. i
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Localising subcategories of module categories over non-commutative rings
are usually not closed under injective envelopes.

Example 2.4.17. Let k be a field and A = [k ?]. Consider the simple A-
module S = eA where e = [(') 8]. The localising subcategory generated by S
consists of all direct sums of copies of S since Ext/l\(S, S) = 0; so it does not
contain E(S) = Homy (Ae, k).

Artinian Modules

Let A be a commutative ring and let a be an ideal. We set gr(A),, = a”*/a"*!
for n € Z, where a" = A for all n < 0. The associated graded ring

ar(A) = (P er(A),
nez

is Z-graded with multiplication induced by that in A.

Lemma 2.4.18. If the ideal a is finitely generated over A, then gr(A) is a
finitely generated A/a-algebra.

Proof Letxy,...,x, generate a. Then gr(A) = (A/a)[%;,...X,], where X; =

x; + a2, and gr(A) is a quotient of the polynomial ring (A/a)[X;,...X,] as a
graded ring. O

For an A-module X and m € Z let X,,, denote the submodule of elements
annihilated by a”. We set gr*(X),,, = X_;u+1/X-m and obtain a graded gr(A)-
module

e’ (X) = ) g (%)

nez

The assignment (x, a) — xa yields an A/a-bilinear map
g (X)m X gr(A)n — gr*(X)mns
which induces a homomorphism
px: gr'(X) — Homy/q(gr(A), Xp)

of graded gr(A)-modules since gr*(X)o = X;.

For each submodule U C X let ayy denote the graded ideal of gr(A) consisting
in degree n of elements a € gr(A), such that xa = 0 forallx € (U N X,,41) +
Xn)/Xn-

Lemma 2.4.19. Let A be a commutative noetherian ring and let m be a maximal
ideal. Then the injective envelope E(A/m) is artinian over A.
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Proof Set X = E(A/m). We consider gr(A) for a = m and gr™(X). First
observe that X = (J,-0X,. To see this, let U € X be a finitely generated
submodule. Then we have Supp U C Supp X = {m} by Corollary 2.4.14. Thus
U admits a finite filtration with factors isomorphic to A/m by Lemma 2.4.7.
This means U is annihilated by m” for some n > 0, so U C X,,.

Our first observation implies that px is an isomorphism. For submodules
U,V of X, it follows that my = my implies

(U N Xpr1) + X = (V0 Xi1) + X

for all n. Thus U N X,,4; = V N X4 for all n by induction, and therefore
U = V. Clearly, U C V implies my C my. Thus X is artinian, because gr(A)
is noetherian by Lemma 2.4.18. O

Proposition 2.4.20. For a module X over a commutative noetherian ring the
following are equivalent.

(1) The module X is artinian.

(2) The module X is a union of finite length submodules and the socle of X has
finite length.

(3) The socle of X has finite length and all prime ideals in Supp X are maximal.

Proof (1) = (2): The module X is a union of its finitely generated submod-
ules, which are both artinian and noetherian, and therefore of finite length. A
semisimple artinian module has finite length. Thus soc X has finite length.

(2) = (3): This follows from Lemma 2.4.3, since the support of a finite
length module consists of prime ideals which are maximal.

(3) = (1): We have Supp E(X) = Supp X by Corollary 2.4.14. Then
Lemma 2.4.19 implies that £ (X) is artinian. Thus X is artinian. O

Graded Rings and Modules

The preceding results about modules over commutative noetherian rings gen-
eralise to graded modules over graded rings. We sketch the appropriate setting.

Fix an abelian grading group G and let A be a G-graded ring. Thus A is a
ring together with a decomposition of the underlying abelian group

A= 4
geG

such that the multiplication satisfies AgA;, C Agyp forall g, h € G. An element
in A is called homogeneous of degree g if it belongs to A, for some g € G.
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We consider graded A-modules and homogeneous ideals of A. An A-module
M is G-graded if the underlying abelian group admits a decomposition

M= M,

geG

such that the multiplication satisfies Mg A, € Mg for all g, h € G. We write
GrMod A for the category of graded A-modules (with degree zero morphisms)
and grmod A for the full subcategory of finitely presented modules. Later on
we will consider the full subcategory grproj A of finitely generated projective
modules and the projectively stable category grmod A.

Now suppose that G is endowed with a symmetric bilinear form

(-,-):GxG—Z)2.

A typical example is G = Z with Z X Z — Z /2 the multiplication map modulo
two. We say that A is G-graded commutative when xy = (—1)(&" yx for all
homogeneous x € Ag, y € Ap. A homogeneous element in A is even if it
belongs to A for some g € G satisfying (g,h) =0forall h € G.

Let us fix such a G-graded commutative ring A. Note that all homogeneous
ideals are automatically two-sided. The graded localisation of A at a multi-
plicative set consisting of even (and therefore central) homogeneous elements
is the obvious one and enjoys the usual properties; in particular, it is again a
G-graded commutative ring. Similarly, one localises any graded A-module at
such a multiplicative set. For instance, when p is a homogeneous prime ideal of
A and M is a graded A-module, then M, is the localisation of M with respect
to the multiplicative set of even homogeneous elements in A \ p.

Suppose now that A is noetherian as a G-graded ring, that is, the ascending
chain condition holds for homogeneous ideals of A. Then all results of this
section carry over to the category of graded A-modules. However, itis necessary
to twist. For any graded A-module M and g € G, the twisted module M(g)
is the A-module M with the new grading defined by M(g), = Mg for each
h € G. For instance, in Lemma 2.4.6 one shows that each graded non-zero
module has a submodule of the form (A/p)(g) for some homogeneous prime
ideal p and some g € G. This affects all subsequent statements. The following
is then the analogue of Proposition 2.4.8.

Proposition 2.4.21. The assignment C +— Supp C induces a bijection between

— the set of Serre subcategories of grmod A that are closed under twists, and

— the set of specialisation closed sets of homogeneous prime ideals of A. O
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Example 2.4.22. Let k be a field and X = P}( the projective line with homoge-
neous coordinate ring § = k[xg,x;]. Then a theorem of Serre [188] provides
the following localisation sequence

GrModg S > GrMod § > Qcoh X

I.(X,-)

where GrMody S denotes the category of torsion modules. Note that GrModg S
is the localising subcategory corresponding to the category grmod,, S of finite
length modules. These are precisely the modules with support only containing
the unique maximal homogeneous ideal of positive degree elements. The fact
that the subcategory GrMody S is not closed under products leads to an example
showing that products in Qcoh X need not be exact.

For each n > 0, we have a canonical map

. O(-n) ® Homx (O (-n),0) — O
which is an epimorphism in Qcoh X. We claim that the product
T l_[(ﬁ(—n) & Homy (6(-n), 0)) — ]_[ o
n>0 n>0

is not an epimorphism. Taking graded global sections gives for each n > 0 the
multiplication map

I.(X,m,): S(-n) & S, — S

which is a morphism of graded S-modules with cokernel of finite length.
However, the cokernel of

(X, 7) = [_[ (X, 1)
n>0
is not a torsion module. The left adjoint of ', (X, —) is exact and takes I, (X, )
to mr. It follows that the cokernel of & is non-zero, because the left adjoint of
I'. (X, —) annihilates exactly those S-modules which are torsion.

2.5 Grothendieck Categories

We study the basic properties of Grothendieck categories. It is shown that an
abelian category is a Grothendieck category if and only if it is the localisation
of a module category. From this we deduce that objects in a Grothendieck
category admit injective envelopes. Also, it follows that any Grothendieck
category is a locally presentable category. This means that every object is an
a-filtered colimit of a-presentable objects for some regular cardinal «. Finally,
we characterise the coherent functors for any locally presentable category.
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The Embedding Theorem

Let A be an abelian category and suppose that A admits arbitrary coproducts.
We fix an object C € A and set A = End(C). Then the functor

H: A— ModA, X+ Hom(C,X)

admits a left adjoint 7: Mod A — A. We obtain this by first extending the
equivalence add A — add C to a functor T: AddA — AddC preserving
coproducts. Then extend 7 to a right exact functor Mod A — A.

Recall that C is a generator for A if for every object X € A the canonical
morphism [[ 4epom(c,x) € — X is an epimorphism.

Lemma 2.5.1. Suppose that filtered colimits in A are exact and that C is a
generator. If ¢: X — H(Y) is a monomorphism in Mod A, then the adjoint
morphism ¢ : T(X) — Y is a monomorphism.

Proof Suppose K = Kery # 0. Choose an epimorphism A) — X which
yields an epimorphism 7: T(A") — T(X). Write A = (J,;; A7 as filtered
colimit, where J C I runs through all finite subsets. This implies T(A)) =
Uscr T(AY) and therefore

U (7 '(K) nT(AY)) =27 (K) #0.
JcI
Thus we obtain a non-zero morphism
7: T(A) » 7 (K) NT(A) — T(A!) - T(X)
such that Y7 = 0, since C = T(A) is a generator. Note that 7 = T'(0") for some

o: A — X which yields the following commutative diagram.

A—T— X

l [ 5

BTN 2 5o Y B(y)

We have ¢o = 0 and this implies o = 0 since ¢ is a monomorphism. This is a
contradiction since T' (o) # 0, and therefore Kery = 0. O

The following is known as the Gabriel-Popescu theorem.

Theorem 2.5.2 (Gabriel-Popescu). Let A be a category such that filtered
colimits are exact. Given C, H, and T as above, the following are equivalent.

(1) C is a generator for A.
(2) H is fully faithful.
(3) T is exact and induces an equivalence (Mod A)/(KerT) = A.
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Proof (1) & (2): Clearly, C is a generator when H is faithful. For the converse
suppose that C is a generator. For X € A consider the couniteyx: TH(X) — X.
Then we need to show that this is invertible for all X € .A; see Proposition 1.1.3.
Each morphism C — X factors through &, since ec is invertible, and therefore
&x is an epimorphism. On the other hand, &, is adjoint to id: H(X) — H(X)
and therefore a monomorphism by Lemma 2.5.1.

(1) & (2) = (3): We show that T is exact. Then it follows from Proposi-
tion 2.2.11 that T induces an equivalence (Mod A)/(KerT) = A.

For the exactness of T we apply the criterion from Corollary 2.1.16. Thus
we need to show that for each exact sequence X — Y — Z of projective
A-modules, the sequence T(X) — T(Y) — T(Z) is exact. To show this, it
suffices to prove that for each exact sequence 0 - X — Y — Z — 0 of
A-modules, the sequence 0 — T(X) — T(Y) — T(Z) — 0 is exact provided
that Y is projective. Moreover, it suffices to show that T7(X) — T(Y) is a
monomorphism since 7 is right exact. We may assume that ¥ = A() is free and
write this as the filtered colimit Y = colim Y, where Y; = A’ and J C I runs
through all finite subsets. Then X — Y is the filtered colimit of monomorphisms
X; — Y;, where X; = XNY;. The morphism 7'(X;) — T(Y;) = C” is adjoint
to X; — Y; = H(C’) and therefore a monomorphism by Lemma 2.5.1. It
remains to note that 7' preserves colimits and that filtered colimits in A are
exact. Thus 7(X) — T(Y) is a monomorphism since it identifies with the
filtered colimit of monomorphisms 7(X;) — T(Y;).

(3) = (2): See Proposition 2.2.11. m]

Corollary 2.5.3. An abelian category is a Grothendieck category if and only if
it is the localisation of a module category, so of the form (Mod A)/C for some
ring A and a localising subcategory C C Mod A.

Proof Combine Theorem 2.5.2 with Proposition 2.2.16. O

Injective Envelopes

We are now able to establish injective envelopes in Grothendieck categories.

Corollary 2.5.4. A Grothendieck category admits arbitrary products, and
every object admits an injective envelope.

Proof Fix a Grothendieck category A. We apply the above Theorem 2.5.2 and
identify A with (Ker T)* € Mod A. The category Mod A has arbitrary products,
and (KerT)* is closed under products. From this the first assertion follows.
The existence of injective envelopes in A follows from Corollary 2.2.15, once
we have shown that Mod A has injective envelopes.
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We proceed in two steps. Set A = Mod A and fix an object X € A.

(1) The object X admits an embedding into an injective object. It suffices to
find an injective cogenerator, say E, because then X — []g4ehom(x,£) E 18 @
monomorphism.

If A =7Z, then

vzz || ze=2E( |] z0)

p prime p prime

is an injective cogenerator. This can be shown using the notion of a divisible
module. For an arbitrary ring A, we use restriction of scalars via the canonical
homomorphism Z — A. So Homgz (A, Q/Z) is an injective cogenerator since

Homy (-, Homz(A, Q/Z)) = Homgz(—, Q/Z)

by adjunction.

(2) The object X admits an essential embedding into an injective object. Let
¢: X — E be amonomorphism such that E is injective. Consider the partially
ordered set of subobjects {E’ C E | Im¢ < E’ essential}. Using the fact that
filtered colimits are exact, it follows that this has a maximal element by Zorn’s
lemma, say Ey. It is easily checked that X — Ej is an injective envelope.
In fact, choose a maximal subobject E” C E such that E” N Ey = 0, using
again Zorn’s lemma. Then the composite Eg — E —» E/E” is an essential
monomorphism and therefore an isomorphism by the maximality of Ey. Thus
the inclusion Ey — E is split and E is injective. O

Corollary 2.5.5. A Grothendieck category admits an injective cogenerator.

Proof Fix a generator C and choose E = [[c/cc E(C/C’) where C’ € C
runs through all subjects. It follows that any non-zero morphism C — X can
be extended to a non-zero morphism X — E. O

Decompositions into Indecomposables

We provide a brief discussion about decompositions of objects into indecom-
posable objects. In particular, we include a result about the uniqueness of such
decompositions into indecomposable objects with local endomorphism rings.

Recall that an object X is indecomposable if X # 0 and if X = X; & X»
implies X; =0 or X; = 0.

A non-zero object X is called uniform provided any two non-zero subobjects
intersect non-trivially. Clearly, X is uniform if and only if its injective envelope
E(X) is indecomposable. An object X is called super-decomposable if X has
no indecomposable direct summands. Note that E(X) is super-decomposable
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if and only if X has no uniform subobjects. This is clear since a direct summand
E of E(X) is the injective envelope of the intersection £ N X.

Example 2.5.6. Let A = k(x, y) be the free algebra on two generators. Then
the A-module E(A) is super-decomposable.

To see this, observe that if a € A, then axA N ayA = 0. Thus A has no
uniform right ideals, and hence E(A) is super-decomposable.

A ring is called local if all non-invertible elements form a proper ideal. Thus
an object is indecomposable if its endomorphism ring is local.

Lemma 2.5.7. If X is an indecomposable injective object in a Grothendieck
category, then End(X) is a local ring.

Proof We need to show that if ¢ and  in End(X) are non-invertible, then
¢ + ¢ is non-invertible. If ¢ or ¢ is a monomorphism, then it splits. Thus we
need to show that Ker ¢ # 0 and Kery # 0 implies Ker(¢ + ) # 0. But this is
clear, since X is the injective envelope of any non-zero subobject. Thus

0 # (Ker¢) N (Kery) C Ker(¢ + ). O
The following is known as Krull-Remak—Schmidt—Azumaya theorem.

Theorem 2.5.8 (Krull-Remak—Schmidt—-Azumaya). Let X be an object in a
Grothendieck category with decompositions X = [l;e; Xi and X = [1;¢;Y;
such that End(X;) is a local ring for all i and Y; is indecomposable for all j.
Then there is a bijection o: I = J such that X; = Y ;) for all i € 1.

Proof See for example [156, Section 4.8]. ]

The appropriate tool for studying decompositions of objects in a Grothen-
dieck category is its spectral category. Let A be a Grothendieck category and
denote by Ess the class of essential monomorphisms in A. This class admits
a calculus of right fractions and is closed under coproducts. We obtain the
canonical functor

P: A—> A[Ess™!]
and call A[Ess™!] the spectral category of A. It is not difficult to show that this

is again a Grothendieck category which is split exact [82, Satz 1.3].
We have the following explicit description of the spectral category.

Proposition 2.5.9. The canonical functor A — A[Ess™'] restricted to Inj A
induces an equivalence (Inj.A)/Rad(Inj A) = A[Ess™'].
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The assertion says that P induces for X, Y € Inj.A an isomorphism
Homy4 (X,Y)/Rad4(X,Y) = Hom 4 g1y (X,Y).

Proof The functor P identifies each object X with its injective envelope
E(X). Thus the restriction Pl .4 is essentially surjective. This restriction is
also surjective on morphisms, because each morphism in A[Ess™!] is given by a
right fraction X Ix Ly (Lemma 1.2.1). Indeed, a extends to a morphisms
a@: X — Y whenY is injective, and then the right fraction equals P(&). Finally,
we apply Proposition 2.1.23 and see that P annihilates a morphism ¢ in Inj A
if and only if ¢ is radical, since P is left exact. O

Locally Presentable Categories

A cardinal « is called regular if « is not the sum of fewer than @ cardinals, all
smaller than «. For example, N is regular because the sum of finitely many
finite cardinals is finite. Also, the successor k* of every infinite cardinal « is
regular. In particular, there are arbitrarily large regular cardinals.

Let a be a regular cardinal. A category J is called a-filtered if

(Fill) the category is non-empty,

(Fil2) for each family (x;);e; of fewer than a objects there is an object x with
morphisms x; — x for all i, and

(Fil3) for each family (¢;: x — y);er of fewer than @ morphisms there exists
amorphism ¢ : y — z such that y¢; = y¢; for all 7, j.

An a-filtered colimit is the colimit of a functor J — € such that the category
J is a-filtered. An @-small colimit is the colimit of a functor J — € such that
the category J has fewer than @ morphisms.

We record a characteristic property of a-filtered categories; it is well known
when @ = 8y and says that e-filtered colimits in the category of sets commute
with a-small limits.

Lemma 2.5.10. For a regular cardinal a let F: I X J — Set be a functor such
that J is a-filtered and J is a-small. Then the canonical map

colimlim F (i, j) — limcolim F (i, j)
i J J i
is bijective.
Proof Adapt the proof of the case @ = Ny; see [142, Section IX.2]. O

Now fix an additive category A and suppose that A is cocomplete. An object
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X € A s called a-presentable if Hom(X, —) preserves a-filtered colimits, that
is, for every a-filtered colimit colim;¢g ¥; in A the canonical map

colim Hom(X, ¥;) — Hom(X, colimY;)
1 1
is bijective. Let A® denote the full subcategory of a-presentable objects.

Lemma 2.5.11. The a-presentable objects are closed under taking a-small
colimits.

Proof Let colim;¢g X; be an a-small colimit of a-presentable objects X;. For
an a-filtered colimit colimeg Y; we compute

colim Hom(colim X;,Y;) = colimlim Hom(X;,Y;)
J 1 J i
= lim colim Hom(X;, Y;)
i
= Hom(colim X;, colim Y;)
i J

where the second isomorphism follows from the fact that a-small limits com-
mute with a-filtered colimits in the category of sets, by Lemma 2.5.10. m

Lemma 2.5.12. Let « < B be regular cardinals. Then any colimit of a-
presentable objects can be written canonically as a B-filtered colimit of B-
presentable objects, which are B-small colimits of a-presentable objects.

Proof Let X:J — A be a functor such that X (i) is a-presentable for each
i € J. Consider the set (g) of all subcategories J C J having fewer than
morphisms. This set is partially ordered by inclusion and can be viewed as a
category, which is B-filtered. For each J C J set X(J) = colim X|4; this induces
a functor Xg: (;J%) — A. Then it is straightforward to check that the morphisms
X(J) — colim X induce an isomorphism ¢: colim Xg = colim X. In fact, for
each i € J there is a canonical morphism X (i) — colim X. These morphisms
are compatible and induce the inverse of ¢. It remains to observe that each
X (J) is B-presentable by Lemma 2.5.11. O

A cocomplete category A is called locally a-presentable if the category A“
is essentially small and each object is an a-filtered colimit of a-presentable
objects. The category is locally presentable if it is locally a-presentable for
some regular cardinal «.

Lemma 2.5.13. Let A be a locally presentable category. Then

AzUA”
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where « runs through all regular cardinals.
If A is locally a-presentable, then A is locally B-presentable for all B > a.
Moreover, AP equals the closure of A® under B-small colimits.

Proof Let X € A be the a-filtered colimit of a-presentable objects, given by
a functor J — A. Choose a regular cardinal S > « such that J has fewer than 8
morphisms. Then X is S-presentable by Lemma 2.5.11.

Let A be locally a-presentable. Then every object is a S-filtered colimit of
[B-presentable objects, by Lemma 2.5.12. In fact, we can choose 3-presentable
objects that are S-small colimits of a-presentable objects. In particular, every
[B-presentable object is of this form. O

Next we consider more specifically the category A = Mod A for a ring A.

Lemma 2.5.14. Let A be a ring, a a regular cardinal, and n > 0 an integer. If
a A-module X admits a free presentation

Alan) g Alan) o S Ala0) _y x
with ap < a for 0 < p < n+ 1, then Ext} (X, —) preserves a-filtered colimits.
Proof We view the presentation of X as a complex and have
Ext (X,—) = H" Homy (A1), -).
For an a-filtered colimit colim;¢g ¥; of A-modules we compute
col_im Ext} (X,Y;) = co%_im H" Homy (A7) Y;)
= A" coljm Hompu (A%, Y;)
~ H" HomA(A((’P), co&im Y;)
= Ext{ (X, co%_im Yi).

The second isomorphism follows from the fact that taking a-filtered colimits
is exact, and the third isomorphism uses that A(?») is a-presentable for each
p <n+1,by Lemma2.5.11. O

Lemma 2.5.15. Let A be a ring. For every family of A-modules (X;);e; and
every n > 0 we have a canonical isomorphism

Bxty (| | x-) = [ ] Bxtix,-).
i i

Proof Choose a projective resolution p(X;) — X; for each i. Because taking



2.5 Grothendieck Categories 63

(co)products of modules is exact, we obtain for every A-module Y
Ext’! (]_[ X, Y) ~ H" Hom ( [ [pxo. Y)
i i
= H" ]_[ Hom(p(X;),Y)
i
> [_] Ext (X;,Y). o

Proposition 2.5.16. Any Grothendieck category is locally presentable.

Proof Fix a Grothendieck category A with generator C and set A = End(C).
We deduce the assertion from Theorem 2.5.2. Let T: Mod A — A be the
exact left adjoint of the full faithful functor Hom(C, —). Then Hom(C, —)
identifies A with (KerT)* by Lemma 2.2.10. Now choose a generator K of
KerT. It is not difficult to check that (Ker T)* = K+, since any exact sequence
0 — X’ — K@ — X — 0inMod A (@ any cardinal) yields an exact sequence

0 — Hom(X,-) — Hom(K(®,-) — Hom(X’, -) j

(—> Ext' (X, -) — Ext'(K(®),-) — Ext'(X’,-) — ---
and keeping in mind that
Ext'(K'®,-) = Ext'(K,-)* (i >0)
by Lemma 2.5.15. Now choose a free presentation
Al@) _y Ale) _ Ale0) g

and a regular cardinal @ such that @; < «a for all i. Then it follows from
Lemma 2.5.14 that Hom(K, —) and Ext! (K, -) preserve a-filtered colimits.
Thus the functor Hom(C, —) preserves a-filtered colimits, because it identifies
with the inclusion A < Mod A. Then the lemma below implies that T maps
a-presentable objects to a-presentable objects.

Any A-module is a filtered colimit of finitely presented modules (Proposi-
tion 11.1.9), and therefore an a-filtered colimit of a-presentable modules by
Lemma 2.5.12. Applying the functor 7 it follows that any object in A is an
a-filtered colimit of a-presentable objects. O

Lemma 2.5.17. Let (F,G) be an adjoint pair of functors and « a regular
cardinal. If G preserves a-filtered colimits, then F maps a-presentable objects
to a-presentable objects.
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Proof For an a-presentable object X and an a-filtered colimit colim;¢g ¥; we
have

colimHom(FX,Y;) = colimHom(X, GY;)
L L

I3

Hom(X, colim GY;)
13
= Hom(X, G(colimY;))
12

= Hom(FX, colimY}). O
1

Remark 2.5.18. Let C be an essentially small additive category and fix a regular
cardinal @. When C has a-small colimits we write

Ind,, C := Lex, (C°P, Ab)

for the category of left exact functors C°° — Ab preserving a-small products.
This category is locally a-presentable with

¢ = (Ind, ©)“.

Conversely, for any locally a-presentable additive category A the assignment
X +— Homy4 (-, X)| 4« induces an equivalence

A =5 Ind, (AY).

This generalises (with similar proofs) a correspondence for locally finitely
presented categories, which is the case @ = 8¢ (Theorem 11.1.15). A conse-
quence is the fact that a locally presentable category is complete, because the
subcategory Ind, € € Mod C is closed under limits.

Remark 2.5.19. Let A? denote the category of morphisms in .A. If A is locally
a-presentable, then A2 is locally a-presentable and (A%)* = (A2)?. This
means that each morphism in A can be written as an «-filtered colimit of
morphisms in A¢.

Localisation of Grothendieck Categories

In the following we sketch the localisation theory for Grothendieck categories,
using the fact that any Grothendieck category A admits a filtration A = |, A“.
In fact, we will see that A is abelian when « is sufficiently large.

Lemma 2.5.20. Let A be a locally a-presentable Grothendieck category. Then
A is abelian if and only if A? is closed under kernels. Moreover, in this case
the inclusion A* — A is exact and A% is an extension closed subcategory.
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Proof We use the fact that A is closed under cokernels. Thus when A is

closed under kernels, then A is abelian and the inclusion A% — A is exact.

. . . ¢
Conversely, suppose that A? is abelian. Given an exact sequence 0 — X —

Y i Z in A%, we need to show that it is also exact in A. Let colim X; be the
kernel of ¢ in A, written as a-filtered colimit of objects in A*. Each X; — Y
factors through ¢, so colim X; — Y factors through ¢. Thus ¢ is a kernel in A.

In order to show that A is extension closed,letn7: 0 - X - Y — Z — Obe
an exact sequence in A with X, Z € A%, Write Y = colim Y; as a-filtered colimit
of objects in A®. Then 7 is the colimit of exact sequences 0 — X; —» Y; — Z,
and for some index iy the induced morphisms ¢: X;; — X and ¥;, — Z are
epimorphisms. It follows that Y is isomorphic to the cokernel of Ker ¢ — Yj,
and therefore in A“. m]

Proposition 2.5.21. Let A be a Grothendieck category and « a regular car-
dinal. Suppose that A is locally a-presentable and that A% is abelian. For a
localising subcategory B C A such that B N AY generates B, the following
holds.

(1) B and A|B are locally a-presentable Grothendieck categories.
(2) B* = BN .A® and the quotient functor A — A /B induces an equivalence

ATJBY = (A)B)°.

(3) The inclusion B — A induces a localisation sequence.

Vil A A B
[ [ !
B A A)B

Proof The proof amounts to identifying the sequence B »—» A —-» A/B with
the sequence Ind, (B%) — Indy(A?Y) — Ind, (A% /B?) which is induced by
B »—» AY -» A%¥/B?. Proposition 11.1.31 gives the details when a = Ny,
and the general case is similar. |

Let C be an essentially small additive category and fix a regular cardinal .
We write

mod, € := (Mod C)* and proj,, € := Proj € N mod, C,

where Proj C denotes the full subcategory of projective objects in Mod C. It
is easily checked that X € Mod € belongs to mod,, € if and only if there is a
presentation

UHom@(—,Ci) — UHom@(—,DJ-) — X —0
iel jeJ
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satisfying card /, card J < a; see Lemma 2.5.12.
The next lemma shows that mod,, € is abelian when « is sufficiently large.

Lemma 2.5.22. The following conditions are equivalent.

(1) The kernel of each morphism in mod € belongs to mod,, C.
(2) The category proj, C has weak kernels.
(3) The category mod,, C is abelian.

Proof (1) = (2): We apply Lemma 2.5.11. The objects in proj, € are precisely
the direct summands of coproducts X = [[;c; Home(—, X;) with card I < «.
Clearly, X is the filtered colimit of subobjects [ [;c; Home (—, X;) withcard J <
No. This colimit is @-small, and it follows that any morphism X — Y in proj,, €
is an a-small filtered colimit of morphisms X; — Y, in proj € € mod €. Thus

Ker(X - Y) = co}lim Ker(X, — Y,)

belongs to mod, C. It remains to observe that each object in mod,, € is the
quotient of an object in proj,, C.

(2) = (3): That mod,, € is abelian follows from Lemma 2.1.6 since each
object in mod,, C is the cokernel of a morphism in proj, €, and therefore

mod, € = mod(proj, ).
(3) = (1): This is clear, since mod € C mod,, C. ]

Corollary 2.5.23. Let A be a Grothendieck category. There exists a regular
cardinal oy such that for all regular & > « the category A< is abelian and an
extension closed subcategory of A with exact inclusion AY — A.

Proof We apply Theorem 2.5.2 and write A as the quotient (Mod A)/C for
some ring A and a localising subcategory € € Mod A. Choose a such that
mod, A is abelian and CNmod,, A generates C. Then the assertion follows from
Proposition 2.5.21. More precisely, for @ > ¢ we have (mod, A)/C* = A,
Thus A is abelian and the inclusion A% — A is exact. Also, A% is extension

closed by Lemma 2.5.20. O

When € has a-small colimits, then the Yoneda functor € — mod,, € admits
a left adjoint; it is the a-small colimit preserving functor mod, € — C taking
each representable functor Home(—, X) to X. The special case @ = Ny is
Example 1.1.4. Let eff , C denote the full subcategory of mod, € consisting
of the objects annihilated by this left adjoint, and set Eff , C := Ind, (eff, C).
Then the following is an analogue of Proposition 2.3.3.
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Proposition 2.5.24. Let C be an essentially small abelian category with a-
small coproducts and suppose that Ind,, C is a Grothendieck category. Then
the inclusion Ind, € — Mod C induces a localisation sequence of abelian
categories

Eff, €% ModC " Ind, C

which restricts to the localisation sequence
eff, C 7 > mod, C | % C.

Proof The inclusion Ind, ¢ — Mod C has a left adjoint; it is the colimit
preserving functor which is the identity on the representable functors. This left
adjoint is exact by an analogue of Theorem 2.5.2, and it sends a-presentable
objects to a-presentable objects, since the right adjoint preserves a-filtered
colimits; see Lemma 2.5.17. This yields the left adjoint of the Yoneda functor
€ — mod, C. The rest then follows from Proposition 2.5.21. O

The following immediate consequence provides a canonical presentation of
a Grothendieck category as the quotient of a module category.

Corollary 2.5.25. Let A be a locally a-presentable Grothendieck category
such that C = A% is abelian. Then

(Mod @) /(Eff, C) =5 A. O

Coherent Functors

Let A be a cocomplete additive category. We call a functor F: A — Ab
coherent if there is an exact sequence

Homy (Y, -) — Homy (X, -) — F — 0.

More precisely, we say for a regular cardinal « that F is a-coherent if X and
Y are a-presentable objects. Note that every coherent functor is a-coherent for
some regular cardinal @ when A is locally presentable, thanks to Lemma 2.5.13.

Recall that a locally presentable category is complete and cocomplete; see
Remark 2.5.18.

Theorem 2.5.26. Let A be a locally a-presentable category. Then a functor
F: A — Ab is a-coherent if and only if F preserves products and a-filtered
colimits.

The proof requires some preparations. In particular, we need a characterisa-
tion of finitely presented functors in terms of a tensor product.
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Let C be an essentially small additive category. Recall that there exists a
tensor product

Mod(€) x Mod(C°?) — Ab, (X,Y)— X®eY,

where the tensor functors X ®e — and — ®c Y are determined by the fact that
they preserve colimits and that for C € C there are natural isomorphisms

X ®e Home(C,-) = X(C) and Home(—,C)®cY =Y(C).
Recall that Y € Mod(C°P) is finitely presented if there is a presentation
Home (D, —) — Home(C,-) — Y — 0.

Proposition 2.5.27. A functor Y € Mod(C®P) is finitely presented if and only
if the functor — ®¢ Y preserves all products.

Proof LetY € Mod(C°P). We choose a family of objects (X;);e; in Mod C
and consider the canonical map

ay: (nxi) ®cY — H(Xi ®cY).

When Y = Home ((C, —) for some C € C, then ay is a bijection. Now choose
an exact sequence Y1 — Yy — ¥ — 0 in Mod(C°P) and consider the following
commutative diagram with exact rows.

(I X)) ®c Y1 —— (I; Xi) ®c Yo —— ([]; Xi) ®Y —— 0

l @y, l ay, l ay

[1;(Xi®c Y1) —— [[;(Xi® o) —— [[;(Xi®cY) —— 0

When Y; = Home (Cy, —) for Cy, C; € C, then all vertical maps are bijective.
Thus — ®c Y preserves all products.
It is convenient to set

hc = Home (-, C) (Ce©

and for any family of objects (C;);cy in € we consider the canonical map
By - (]_[hc,.) @c¥ — [ | (he, @c ¥).

Suppose that By is surjective. We claim that Y is finitely generated. To this
end consider the product of representable functors

l_[ hé(C)

CeC
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so that the canonical map

g ([109) 8 v — [[the e 1)@ =[] ¥(c)"©
CeC CeC

CeC

is surjective. For any finite subset

1c| |
CeC
there is by Yoneda’s lemma an induced morphism [ [;¢; £c, — Y and we denote
by Y; its image. Then Y = colim Y; and therefore

colim( I h?c)) ®c Yr ( I h?c)) ®c Y.
I CeC CeC

It follows that for some finite set I there is an element

X € ( H hé(c)) ®c Yy,
CeC

such that 8(x) = idy, and therefore Y = Y7, is finitely generated.
Now choose an exact sequence 0 — ¥, — Yy — ¥ — 0 in Mod(C°P) and
consider the following commutative diagram with exact rows.

(I1; he)) ®e Y1 — (I1; he,) ®e Yo — (I1; he,) ®c Y — 0

lﬁy, lﬁyo lﬁy

0 — [I;(hc; ®e Y1) — [l;(hc; ®c Yo) — [l;i(hc; ®cY) — 0

Suppose that By is bijective. Then Y is finitely generated and we may choose
Yo = Home(C, —) for some C € €. Thus By, is bijective and it follows that Sy,
is surjective. Then Y is finitely generated, and we conclude that Y is finitely
presented. [

Proof of Theorem 2.5.26  Suppose first that F is @-coherent. A representable
functor Hom 4 (X, —) preserves products and a-filtered colimits provided that
X is a-presentable. Clearly, this property is preserved when one passes to the
cokernel of a morphism Homy4 (Y,—) — Homy (X, —) where X and Y are
a-presentable.

Now suppose that F preserves products and a-filtered colimits. Let C denote
the full subcategory of a-presentable objects in A. We set G = F|e and note
that

F(X) =Homu (-, X)le® G (X €A) (2.5.28)

since F preserves a-filtered colimits and every object in A is an a-filtered
colimit of objects in C.



70 Abelian Categories

The assumption on F to preserve products implies that any family of objects
(Cy)ier in € induces an isomorphism

(H Home(—,Xi)) ®ec G — H (Home (-, X;) ®¢ G).

We conclude from Proposition 2.5.27 that G has a presentation
Home (Y, -) — Home(X,-) — G — 0

with X,Y € C. Combining this presentation with the isomorphism (2.5.28)
gives a presentation

Homy4(Y,-) — Homy (Y,-) — F — 0

of F. Thus F is a-coherent. m]

Notes

We follow Gabriel [79] and recall that abelian categories were introduced by
Buchsbaum and Grothendieck in order to generalise the homological methods
of Cartan and Eilenberg [46]. The localisation theory for abelian categories
is developed in Gabriel’s thesis [79], following Grothendieck’s fundamental
work [94]. In particular, [79] contains the description of Serre and localising
subcategories for commutative noetherian rings. Also, the idea of presenting a
Grothendieck category as a category of left exact functors is from [79]. Exact
categories were introduced by Heller under the name ‘abelian category’ [107];
we follow expositions by Keller and Quillen [120, 165].

Projective and injective objects are important ingredients of homological
algebra. We focus on injective objects because Grothendieck categories always
have enough injectives, but not necessarily enough projectives. The study of
injective modules goes back to the work of Baer [21]; the notion of an injec-
tive envelope was introduced by Eckmann and Schopf [70]. In [71] Eilenberg
proposes an axiomatic description of minimal resolutions. Our treatment of
projective covers and injective envelopes in terms of minimal decompositions
of morphisms follows closely [131].

Finitely presented (or coherent) functors were studied in a famous article
by Auslander [7]. Closely related is the correspondence between additive cat-
egories with weak kernels and abelian categories having enough projective
objects, which is due to Freyd [75]. The notion of an effaceable functor goes
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back to Grothendieck [94]. The presentation of an abelian category as the quo-
tient of the category of finitely presented functors modulo the subcategory of
effaceable functors is also known as ‘Auslander’s formula’ [139].

The notion of a recollement was introduced by Beilinson, Bernstein and
Deligne [26] in their study of perverse sheaves; it describes a diagram of
six additive functors and makes sense equally for abelian as for triangulated
categories. Universal localisations of (not necessarily commutative) rings were
introduced by Cohn [54] and Schofield [182]; see also [33].

Grothendieck categories were introduced by Grothendieck in his Téhoku
paper [94] as an appropriate setting for homological algebra. While coproducts
and filtered colimits are exact in Grothendieck categories, taking products need
not be exact. The example of sheaves on the projective line over a field was
suggested by Keller. The embedding theorem for Grothendieck categories is due
to Popescu and Gabriel [159]. The Krull-Remak—Schmidt—Azumaya theorem is
Azumaya’s generalisation of the uniqueness result for decompositions of finite
length modules into indecomposables [19]. Gabriel and Oberst introduced the
spectral category of a Grothendieck category [82]; it provides a general context
for the study of direct sum decompositions.

Locally presentable categories were introduced and studied by Gabriel and
Ulmer [84]; for a modern account see [1]. The characterisation of coherent
functors on locally presentable categories is taken from [128]; it generalises
the characterisation of functors preserving products and filtered colimits for
module categories by Crawley-Boevey [59]. The crucial ingredient of its proof
is Lenzing’s theorem which characterises finitely presented modules via their
tensor functors [138].
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3.1 Triangulated Categories

Triangulated categories are defined via a set of four axioms. Then we discuss
some of the basic properties of triangulated categories.

The Axioms

A suspended category is a pair (T, X) consisting of an additive category T and
an equivalence X: T = T which we call a suspension or shift. A triangle in
(7, %) is a sequence (a, B8, y) of morphisms

B 4

X =Y z X

and a morphism between triangles (a, 8,y) and (a’, 8’,7’) is given by a triple
(@1, 2, ¢3) of morphisms in T making the following diagram commutative.

x—2,y_F .77  ~5x
l‘/’l l‘l’z l¢3 l&ﬁl
x 2Ly P Y sx

A triangulated category is a triple (T, X, €) consisting of a suspended category
(7,%) and a class € of distinguished triangles in (T, X) (called exact triangles)
satisfying the following conditions.

(Trl) A triangle isomorphic to an exact triangle is exact. For each object X,

. d . . .
the triangle 0 — X 5, X — 30 is exact. Each morphism « fits into an
exact triangle (a, B,7v).

(Tr2) A triangle (a, B, ) is exact if and only if (8, y, —Za) is exact.

(Tr3) Given two exact triangles («, 8,y) and (a’, 8’,y’), each pair of mor-
phisms ¢, and ¢; satisfying ¢, = a’¢| can be completed to a morphism

(e B Y

X Y z X
lﬂﬁl lﬂﬁz l(ﬁs JZ@
Xy B Y sx

of triangles.

(Tr4) Given exact triangles (a1, @2, @3), (B1,B2,63), and (y1,72,¥3) with
v1 = By, there exists an exact triangle (1, 02, §3) making the following
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diagram commutative.

&3]

X Y U X

I O U

x 2.z 2 ,y_2,5x
b Lo e
Ww—w 25y
b s
sy 22, sy

The axiom (Tr4) is also known as the octahedral axiom, because the objects
and morphisms of the diagram can be arranged to produce the skeleton of an
octahedron, four of whose faces are exact triangles, so of the form

corresponding to an exact triangle A - B — C — ZA.
Given a triangulated category (T, X, £), we simplify the notation and identify
T=(7,%¢8).

Exact Functors

An exact functor (or triangle functor) T — U between triangulated categories
is a pair (F,n) consisting of an additive functor F: T — U and a natural
isomorphism 7: F o £ = ¥y o F such that for every exact triangle X i

Y LA zZ YgX in T the triangle

Fa Fp nxoFy

FX FY FZ S (FX)

is exact in U. In the following we simplify the notation and identify F = (F, ).

An exact functor F': T — U is called a triangle equivalence if F is an equiv-
alence of categories. The terminology is justified by the following observation,
because then a quasi-inverse is again exact.

Lemma 3.1.1. Let (F, G) be an adjoint pair of functors between triangulated
categories. Then F is exact if and only if G is exact. O
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Cohomological Functors

Let T be a triangulated category. An additive functor F: T — A into an
abelian category A is called cohomological if it sends each exact triangle
X - Y — Z — XX in T to an exact sequence FX — FY — FZ in A.

Lemma 3.1.2. For each object X in T, the representable functors
Homg(X,-): T — Ab and Homg(—,X): T — Ab
into the category Ab of abelian groups are cohomological functors.

Proof We show that Hom+ (X, —) is cohomological. For Homg(—, X) the
proof is dual.

. . B Y
Fix an exact triangle U 5 v 5 WS SU. We need to show the exactness
of the induced sequence

Homg (X, U) — Homg(X,V) — Homg (X, W).
To this end fix a morphism ¢: X — V and consider the following diagram.

id

X X 0 X
ld)
v—s,v L .,.w_2,su

If ¢ factors through @, then (Tr3) implies the existence of a morphism 0 — W
making the diagram commutative. Thus 8 o ¢ = 0. Now assume S o ¢ = 0.
Applying (Tr2) and (Tr3), we find a morphism X — U making the diagram
commutative. Thus ¢ factors through a. m}

We discuss some consequences. For example, we see that in any exact triangle

xSy ﬂ Z R 2 X the morphism « is a weak kernel of 3. Also, the Yoneda

functor 7 — mod T is a universal cohomological functor.

Proposition 3.1.3. The category mod T is abelian and the Yoneda functor
T — modT is cohomological. Any cohomological functor T — A factors
uniquely (up to a unique isomorphism) through the Yoneda functor via an exact
Sfunctor mod T — A.

Proof Every morphism in J admits a weak kernel by Lemma 3.1.2. Therefore
the category mod 7 is abelian by Lemma 2.1.6. Moreover, Lemma 3.1.2 implies
that the Yoneda functor is cohomological. Given a cohomological functor
F: 7 — A, the functor mod7T — A takes Coker Homs(—, ¢) (given by a
morphism ¢ in T) to Coker F(¢). This functor is exact and essentially unique;
see Lemma 2.1.8. O
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Proposition 3.1.4. A functor T°° — Ab is cohomological if and only if it is a
filtered colimit of representable functors.

Proof One direction is clear, since filtered colimits in Ab are exact and repre-
sentable functors are cohomological. Now fix an additive functor F: T°° — Ab.
Let J/F denote the category consisting of pairs (X, f) with X € T and
f € F(X). Amorphism (X, f) — (X’, f’) is given by amorphisma: X — X’
in T such that F(a)(f’) = f. We write Add(T°P, Ab) for the category of addi-
tive functors 7°° — Ab. Then F equals the colimit of the functor

T/F — Add(T°,Ab), (X, f) — Homg (-, X)

(Lemma 11.1.8). It is easily checked that T/F is filtered when F is cohomo-
logical. O

Uniqueness of Exact Triangles

Let T be a triangulated category. Given a morphism @: X — Y in T and two
exact triangles A = (@,8,y) and A’ = (a,B’,y’) which complete «, there
exists a comparison morphism (idy,idy, ¢) between A and A’, by (Tr3). The
morphism ¢ is an isomorphism, by the following lemma, but it need not be
unique.

Lemma 3.1.5. Let (@1, ¢2, ¢3) be a morphism between exact triangles. If two
of ¢1, P2, ¢3 are isomorphisms, then the third is also an isomorphism.

Proof Use Lemma 3.1.2 and apply the five lemma. O

The third object Z in an exact triangle X %Y > Z — =X is called the
cone of @ and is denoted by Cone «, despite the fact that it is not unique. Later
on we will see specific constructions which justify this terminology.

Triangulated and Thick Subcategories

Let T be a triangulated category. A full subcategory 8 is a triangulated subcat-
egory if 8 is non-empty and the following conditions hold.

(TS1) X"X e Sforall X € Sand n € Z.
(TS2) Let X —» Y — Z — XX be an exact triangle in J. Then X,Y € §
implies Z € 8.

A triangulated subcategory 8 is thick if in addition the following condition
holds.
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(TS3) Every direct summand of an object in 8 belongs to S, that is, a decom-
position X = X’ & X" for X € 8 implies X’ € S.

Note that a triangulated subcategory & inherits a canonical triangulated
structure from 7.

Example 3.1.6. The kernel of an exact functor T — U between triangulated
categories is a thick subcategory of T.

Example 3.1.7. An object X in T is homologically finite if for every object
Y in 7 we have Homy (X, 2"Y) = 0 for almost all n € Z. The homologically
finite objects form a thick subcategory of T.

Dévissage

For a triangulated category T and a class of objects € C T let Thick(C) denote
the smallest thick subcategory of T that contains C.

Lemma 3.1.8. Let F: T — U be an exact functor between triangulated cate-
gories and let C C T be a class of objects in T. If the induced map

Hom+ (X, 2"Y) — Homy (FX,X"FY)

is bijective for all X,Y € C and n € Z, then F restricted to Thick(C) is fully
faithful.

Proof Use Lemma 3.1.2 and apply the five lemma. O

3.2 Localisation of Triangulated Categories

We introduce the localisation of a triangulated category with respect to a
triangulated subcategory. Localising amounts to annihilating a class of objects,
and the triangulated structure is preserved.

Verdier Localisation

Let 7 be a triangulated category and fix a triangulated subcategory 8. Set
S(8) = {0 € MorT | Cone o € 8}.
Also, we set

8t ={Y € T | Homg(X,Y) =0 forall X € 8§}
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and
+8 ={X € T|Homg(X,Y) =0 forall Y € 8}.

Lemma 3.2.1. For a triangulated subcategory 8 C T the following holds.

(1) S(8) admits a calculus of left and right fractions.
(2) An object in T is S(8)-local if and only if it is in 8*.

Proof Set S =S5(8).

(1) We check for S the conditions (LF1)—(LF3) to admit a calculus of left
fractions. The proof that S admits a calculus of right fractions is dual.

(LF1) The class S contains the identity morphisms by (Tr1) and the composite
of two morphisms in S by (Tr4).

(LF2) Fix a pair of morphisms X’ X 5YinTwitho €. Completing
the composite X! (Cone o) — X — Y to an exact triangle and applying (Tr3)
yields a commutative diagram

with Cone o = Cone 7. Thus 7 € S.

(LF3)Leta, B: X — Y be morphisms in J and suppose thereiso: X' — X

. . ¢
in S such that o = Bo. Complete o to an exact triangle X’ x5

Cone o — XX’. Then a—p factors through ¢ viaa morphismy : Coneo — Y.
Now complete i to an exact triangle Cone o Y, Y Sy - ¥ (Cone ). Then
Ta=1tBand T € S.

(2) Fix Y € T and suppose that Homs (X, Y) = 0 for all X € S. Then every
o € §induces a bijection Homg (o, Y) because Homg (—, Y) is cohomological.
Thus Y is S-local.

Now suppose that Y is S-local. If X belongs to 8, then the morphismo: X —
0 belongs to S and therefore induces a bijection Homg (-, Y). Thus Y belongs
to 8. m|

The Verdier localisation of T with respect to § is by definition the localisation

T/8=T[S(8)7']
together with the canonical functor T — T/8.

Proposition 3.2.2. Let T be a triangulated category and 8 a triangulated
subcategory. Then the following holds.
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(1) The category T|8 carries a unique triangulated structure such that the
canonical functor Q: T — T8 is exact and annihilates 8.
(2) If W is a triangulated category and F: T — U is an exact functor that

annihilates 8, then there exists a unique exact functor F: T/8 — U such
that F = F o Q.

Proof (1) We apply Lemma 3.2.1. Thus S(8) admits a calculus of left and
right fractions. The category T/8 is additive by Lemma 2.2.1. The class S(8) is
invariant under the suspension X. Thus X induces an equivalence T/8 = T/8.
A triangle in 7/8 is by definition exact if it is isomorphic to the image under Q of
an exact triangle in 7. It is straightforward to check the conditions (Tr1)—(Tr4),
and the functor Q is exact by construction. Clearly, Q|s = 0.

) If F: T — U is an exact functor and F|g = 0, then F inverts all
morphisms in S(8). Thus F factors through Q: T — T/§ via a unique functor
F: T/8 — U. The functor F is exact, because any exact triangle in T/8 is up
to isomorphism the image under Q of an exact triangle in 7. O

Remark 3.2.3. (1) The properties (1)—(2) in Proposition 3.2.2 provide a uni-
versal property that determines the canonical functor 7 — T/S up to a unique
isomorphism.

(2) The canonical functor Q: T — T/8 annihilates a morphism « in 7T if and
only if @ factors through an object in 8. In particular, QX = 0 for an object X in
T if and only if X is a direct summand of an object in 8. Thus Ker Q = Thick(8).

(3) A cohomological functor H: T — A factors through T — T/8 via a
unique cohomological functor T/8 — A if and only if H|g = 0.

(4) The canonical functor T — T/8 preserves all coproducts in T if and only
if 8 is closed under coproducts; see Lemma 1.1.8.

The following provides a useful fact about the morphisms in T/8.

Lemma 3.2.4. Let 8 C T be a triangulated subcategory and X € T. Then the
canonical map

Homgy (X', X) — Homg,s(X’, X)

is a bijection for all X’ € T if and only if X € 8*. Analogously,
Homgy (X, X') — Homg (X, X’)

is a bijection for all X’ € T if and only if X € 18.

Proof This follows from Lemma 1.1.2 and Lemma 3.2.1. O
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Localisation of Subcategories

We consider a Verdier localisation and its triangulated subcategories. The
following lemma provides a useful criterion.

Lemma 3.2.5. Let U,V C T be triangulated subcategories of a triangulated
category J. Suppose that one of the following conditions holds.

(1) Every morphismV 3V — U € U factors through an object in U N'V.
(2) Every morphism U > U — V €V factors through an object in U N V.

Then the induced functor W/ (U N V) — T/V is fully faithful.

We capture the situation in the following commutative diagram

unvy U u/(Unv)
I I 1
v T TV

and provide a criterion for the functor on the right to be fully faithful.

Proof Suppose (1) holds; the other case is dual. We claim that U is left cofinal
with respect to S(V). Then the inclusion U — T induces a fully faithful functor
U/ (UNV) — T/V by Lemma 1.2.5, since S(UN V) = S(V) nU.

To prove the claim choose a morphism U — Y in S(V) with U € U. This
yields an exacttriangleV — U — Y — XV. The first morphism factors through
an object X € U N V. Applying the octahedral axiom yields a commutative
diagram

27— 137
l
1% X } TV
| | H
1% U Y TV
|
)

with exact rows and columns. Then ¥ — Z is the desired morphism with
Z el =

Next we describe all triangulated subcategories of a Verdier localisation.

Proposition 3.2.6. Let V € U C T be triangulated subcategories of a trian-
gulated category T. Then U/V identifies with a triangulated subcategory of
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T/V, and every triangulated subcategory of T [V is of this form. Moreover, the
canonical functor T — T |V induces an isomorphism T /U = (T/V)/(U/V).

We capture the situation in the following commutative diagram.

Vv u u/v
| I [
Vv T TV

l l

T/ U ———— (T/V)/(U/V)

Proof The inclusion U — T induces a fully faithful functor U/V — T/V
by the above Lemma 3.2.5. It is easily checked that U/V yields a triangulated
subcategory of J/V. If W € T/V is a triangulated subcategory, set U :=
Q~!'(W). Then U/V = W. The final assertion is clear, since the kernel of the
composite T — T/V — (T/V)/(U/V) equals U. O

Localisation and Adjoints

Let T be a triangulated category and & C T a triangulated subcategory. Suppose
that the canonical functor Q: T — T/8 admits a right adjoint Q,: T/8 — 7.
Then Q,, is fully faithful and induces an equivalence

T/ = 8§* with quasi-inverse st T2, T/8.

This follows from Proposition 1.1.3 and Lemma 3.2.1. The unit of the adjunction
yields for X in 7 an exact triangle

X' — X -5 0,0(X) — =X’
with X’ a direct summand of an object in 8 since Q(7) is invertible.

Lemma 3.2.7. When 8§ C T is thick and Q admits a right adjoint, then the
assignment X — X' provides a right adjoint of the inclusion § — 7.

Proof The map Hom(—, X”) — Hom+(—, X) is bijective when restricted to
§ since 0,0(X) and 7'Q,Q(X) are in 8*. |

The following proposition expresses the symmetry which arises from local-
ising a triangulated category with respect to a thick subcategory.

Proposition 3.2.8. Let § C T be a thick subcategory. Then the following are
equivalent.
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(1) The inclusion 8 — T admits a right adjoint.

(2) Foreach X € T there exists an exact triangle X’ — X — X" — XX’ with
X' € 8and X" € 8*.

(3) The canonical functor T — T8 admits a right adjoint.

(4) The composite 8+ — T — T/8 is a triangle equivalence.

In that case the right adjoint T — 8 induces a triangle equivalence
T/(8Y) = 8 and L(8*t) =8.

Proof (1) = (2): Suppose that the inclusion 7: § — T admits a right adjoint
I,: T — &, and consider for X in T the exact triangle

X — I(X) — X — X"

given by the counit of the adjunction. Then we have 11,(X) € 8 and X"’ € 8.

(2) = (3): Suppose there is for X in T an exact triangle X’ — X — X" —
XX’ with X’ € 8 and X"’ € 8*. The assignment X +— X"’ provides a left adjoint
for the inclusion 8+ — T, say F: T — 8*. The kernel of F equals *(8+) = 8,
and F induces an equivalence T/8 = 8*. Composing this with the inclusion
8+ — T provides the desired right adjoint of T — T/8.

(3) = (4): Combine Proposition 1.1.3 and Lemma 3.2.1.

(4) = (1): A quasi-inverse of 8+ = T/8 composed with the inclusion
8t — T provides a right adjoint of 7 — T/8. Then the inclusion § — T
admits a right adjoint, by Lemma 3.2.7.

This completes the first part of the proof. We have already seen that a
right adjoint I,: T — 8 of the inclusion & — T arises from a localisation,
by Proposition 1.1.3, and its kernel equals 8*. Thus I, induces a triangle
equivalence T/(81) = 8. O

We capture the situation in the following diagram
1 Qo

8 T 7/8
I, Qp

which is a localisation sequence. The adjunctions yield for each object X € T
an exact triangle

I,(X) — X — 0,0(X) — XI1,(X).
The following proposition complements Proposition 3.2.8.
Proposition 3.2.9. Let (F, G) be an adjoint pair of functors

T U
G
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between triangulated categories such that F is exact and set 8 = Ker F. Then
G is fully faithful if and only if F induces a triangle equivalence T |8 = U.

Proof LetS = {0 € MorT | Fo is invertible}. Then G is fully faithful if and
only if F induces an equivalence T[S~'] = U, by Proposition 1.1.3. It remains
to observe that T[S™!] = T/8, since S = S(8). Here we use that F is exact. O

We note the symmetry for triangulated categories which differs from that for
abelian categories. For an abelian category A and a Serre subcategory C C A,
aright adjoint of A — A/C implies the existence of a right adjoint of € — A
(Lemma 2.2.10), but the converse is not true without further assumptions. Also,
a right adjoint of A — A/C need not be exact.

3.3 Frobenius Categories

Stable categories of Frobenius categories provide important examples of tri-
angulated categories. The exact structure of a Frobenius category induces a
canonical triangulated structure of the stable category. In particular, there are
canonical choices of exact triangles and morphisms between such triangles.
With these choices the formation of cones becomes functorial.

Stable Categories of Frobenius Categories

An exact category A is a Frobenius category if there are enough projective and
enough injective objects, and if projective and injective objects coincide. Let P
denote the full subcategory of projective objects. The stable category St A is
by definition the additive quotient A/P. For objects X, Y we set

Hom , (X,Y) = Homg 4 (X, Y).

Let A be a Frobenius category and fix for each object X an admissible
monomorphism X — IX such that /X is an injective object. The cone of a
morphism ¢: X — Y is obtained by forming the following pushout diagram

S

0 — Y — Cone¢p — XX —— 0

0 X IX X 0
u

and we call (¢, ¢’, ¢"’) a cone sequence induced by ¢. Note that this diagram
depends on the choice of X — IX, but it is unique up to an isomorphism when
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one passes to the stable category of A. In particular, a morphism in A has a
projective cone if and only if its image under A — St A is invertible in St.A.

Nowleté: 0 - X — Y — Z — 0 be an admissible exact sequence in A.
We consider the induced commutative diagram

B

0 X 2.y V4 0
I T
0 X IX X 0

and call (a, B, v) a standard triangle induced by £. Again, the triangle is unique
up to isomorphism in St.A.

Let us compare cone sequences and standard triangles by taking them into
the stable category St A.

Lemma 3.3.1. In StA, a triangle (a, 8,y) is isomorphic to a cone sequence
induced by a morphism in A if and only if («, B8, y) is isomorphic to a standard
triangle induced by an admissible exact sequence in A.

Proof Given a morphism ¢: X — Y in A, the pushout defining the cone
sequence (¢, ¢’, ¢’’) yields an admissible exact sequence 0 - X —» Y dIX —
Cone ¢ — 0. On the other hand, an admissible exact sequence) —» X - Y —
Z — 0 yields the following pushout diagram

0 0
|

0 X IX 22X 0
T

0 —— Y — Cone¢p — XX —— 0

I

Z _ Z
0 0
and it is clear that Cone ¢ — Z is an isomorphism in St.A. O

Proposition 3.3.2. Let A be a Frobenius category. Then the assignment X +—
> X induces an equivalence St A = St A, and the category St A together with
all triangles isomorphic to the image of a standard triangle in A is a triangulated
category.

A triangulated category that is triangle equivalent to the stable category
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of a Frobenius category is called algebraic. In fact, all specific triangulated
categories arising in this book are algebraic. Further descriptions are provided
in Proposition 9.1.5 and Proposition 9.1.15.

The proof of Proposition 3.3.2 requires some preparation. For each X € A
fix an exact sequence

wx: 00— X 51X 5 TX —0.
Lemma 3.3.3. Multiplication by wyx induces a natural isomorphism
Hom(—, £X) = Ext! (-, X).

A standard triangle (a, B,y) corresponding to an exact sequence ¢ : 0 — X N

Y E) Z — 0in A induces an exact sequence of functors
(@) (=.8) (=7)
Hom(-,X) —> Hom(-,Y) —— Hom(-,Z) —— Hom(-, XX)
which is functorial in X and Z. Moreover, we have wx -y = €.

Proof The cokernel of Hom(—,/X) — Hom(—,XX) equals Hom(—, £X)
which is therefore isomorphic to Ext! (-, X). Thus for Z € A the isomorphism

Hom(Z, 2X) = Ext!(Z, X)

maps ¢ to wy - ¢. The identity wx - y = & follows from the definition of a
standard triangle, and then the exact sequence of functors is clear. O

Proof of Proposition 3.3.2 The first assertion is easily checked. For the ver-
ification of the axioms of a triangulated category we use Lemma 3.3.1 and
standard properties of exact categories.

(Tr1) The class of exact triangles is closed under isomorphisms by definition.
The standard triangle given by the exact sequence 0 — 0 — X i, X -0
equals 0 — X x o 0. From the definition of a cone sequence (¢, ¢’, ¢”’)
it is clear that each morphism ¢ fits into an exact triangle.

(Tr2) Fix a standard triangle (a, 8,7y) given by the following commutative
diagram with exact rows.
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Then consider the following diagram with exact rows.

0 , el |7 5]
e IX TX 0
| el |
0 Y e Y Y Y 0

From the identity
(y-Ilaa)a =ya—Tax =0

we obtain §': Z — IY satisfying y — Iaa’ = B’f3; so the left hand square
commutes. For the commutativity of the other square we compute

BB =3y - ylaa' = -Laka’ = -Zayp.

Thus yB’ = —Zay since B is an epimorphism. Now the diagram yields a
standard triangle which is isomorphic to (8, y, —Xa).

(Tr3) Fix exact triangles (e, 8, y) and (e, 8’, y’) with a pair of morphisms ¢;
and ¢, satisfying ¢ra = a’¢;. We may assume them to be standard triangles
and that the equality ¢oa = a’¢; holds in A, by adding to @ an injective
summand if necessary. This yields the following commutative diagram with
exact rows.

&0

We need to show that ¢y = y’¢3. Clearly, this follows from a commutative
diagram of the following form.

Hom(-, X) —— Hom(-,Y) —— Hom(-,Z) —— Hom(—, £X)

l(—,«m j(—,m) l(—m) j(—,m)

Hom(—, X’) —— Hom(-,Y’) —— Hom(-,Z’) —— Hom(—, 2X")

We obtain this from Lemma 3.3.3, since the horizontal sequence is functorial,
and using that ¢ & = &’ ¢3.

(Tr4) Fix exact triangles @ = (ai,a2,@3), 8 = (B1,62,83), and y =
(v1,7v2,v3) with y; = Bia;. We may assume them to be standard and that
the equality y; = B1; holds in A. Then we obtain in A a commutative dia-



3.3 Frobenius Categories 87

gram with exact rows.

(31 a3

0 X Y U 0
| e s
0 x 2,z -2,y 0

From this we obtain a standard triangle (81, 62, 63) making the following dia-
gram commutative.

a3

X Y U X
I L
X 71 7 V2 v V3 )¢

lﬁz léz

W _ W

1,33 lés

Za’z
Y U

It remains to check the identity 836, = Xa7y3 in Hom(V, XY). This follows
from the following commutative diagram

(V.Zar) (62,ZY)
—_— —_—

Hom(V, XX) Hom(V,XY) Hom (W, XY)

| | |
Ext'(V,X) ———— Ext'(V,Y) «—— Ext'(W,Y)

and the description of the third morphism in a standard triangle given in
Lemma 3.3.1, since the maps in the bottom row send the extensions corre-
sponding to 8 and y to the same extension

(25} _
0 Y [5i] UeZ [~ 1% 0. O

Example 3.3.4. For a ring A the following conditions are equivalent (Theo-
rem 13.2.13).

(1) Projective and injective A-modules coincide.

(2) The category Mod A of A-modules is a Frobenius category.
(3) The ring A is right artinian and mod A is a Frobenius category.
(4) The ring A is right noetherian and the module A, is injective.

A ring satisfying these equivalent conditions is called quasi-Frobenius. This
notion is symmetric, so A is quasi-Frobenius if and only if A° is quasi-
Frobenius. A ring A is called right self-injective if the module A, is injective,
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and A is self-injective if it is both right and left self-injective. Thus for noetherian
rings the concepts ‘quasi-Frobenius’ and ‘self-injective’ coincide. For example,
the group algebra kG of a finite group G over a field k is quasi-Frobenius and
self-injective.

We write StMod A = St(Mod A) when A is quasi-Frobenius.

Frobenius Pairs

A Frobenius pair (A, Ap) is a Frobenius category A together with a full additive
subcategory Ay € A such that A( contains all projective objects of A and the
two out of three property holds: for an admissible exact sequence in A with two
terms in Ay, the third term is also in Ag.

We observe that for a fixed Frobenius category A the Frobenius pairs (A, Ag)
correspond bijectively to triangulated subcategories of St.A. The assignment
sends Ag to its stable category St.Ay, where Ag is viewed as a Frobenius
category having the same projective and injective objects as A.

Let (A, Ap) be a Frobenius pair and set

S ={¢ € MorA | Cone ¢ € Ap}.

The derived category D(A, Ag) of (A, Ap) is obtained by formally inverting
all morphisms in S. Thus one defines

D(A, Ag) = A[S7'].
For a morphism ¢ in A we write ¢ for the corresponding morphism in St.A.
Proposition 3.3.5. For a Frobenius pair (A, Ag) the following holds.

(1) The class S = {¢ | ¢ € S} C MorStA admits a calculus of left and
right fractions, and the canonical functor A — D(A, Ay) induces an
equivalence

(StA)[S7'] = StA/St Ay = D(A, Ay).

(2) The assignment X — XX induces an equivalence D(A, Ag) = D(A, Ap),
and the category D(A, Ag) together with all triangles isomorphic to the
localisation of a cone sequence (¢, ', ¢"") in A is a triangulated category.

Proof The stable category St.A is the localisation of A with respect to the
class of morphisms ¢ in A such that Cone ¢ is projective, by Lemma 2.2.2. Thus
(St.A)[S7!] identifies with A[S~!]. Next observe that St.A is a triangulated
subcategory of St.A. It follows from Lemma 3.2.1 that S admits a calculus
of left and right fractions, and the localisation (St.A)[S~!] equals the Verdier
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localisation St A/St Ag. Now the triangulated structure of D(A, Ap) is induced
by that of St.A, using Proposition 3.2.2 and Proposition 3.3.2. O

The class § € Mor A admits a calculus of left fractions if and only if
Ao = A. For instance, (LF3) fails for a pair @, 8: X — Y where @ = 0 and S is
an epimorphism with projective X and Y € A \ Ay.

The construction of the derived category D(A, Ag) yields the following
universal property.

Corollary 3.3.6. Let (A, Ag) be a Frobenius pair. If T is a triangulated cat-
egory and F: StA — T is an exact functor such that F| 4, = 0, then there
exists a unique exact functor F: D(A, Ao) — T making the following diagram
commutative:

A — D(A, Ao)

l le

stA —EF 7

Proof Combine Proposition 3.2.2 and Proposition 3.3.5. O

3.4 Brown Representability

In this section we study triangulated categories that admit arbitrary coproducts.
An important aspect in this context is the representability of cohomological
functors. We discuss two versions of Brown’s representability theorem. In each
case the category needs to be generated by objects satisfying certain finiteness
conditions. The most natural condition is ‘compactness’, which means that the
functor Hom (X, —) preserves all coproducts. The construction of representing
objects is fairly explicit and involves homotopy colimits.

Homotopy (Co)limits

Let 7 be a triangulated category and suppose that countable coproducts exist
in T. Let

Xo o) X, [ X, [o3)

be a sequence of morphisms in J. A homotopy colimit of this sequence is by
definition an object X that occurs in an exact triangle

_ id—¢ u
EX —— [0 Xn —— Hpso Xn —— X.
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Here, the nth component of the morphism id —¢ is the composite

id
Xn M’ XnGBXnH L L[nZOXw

We write hocolim,, X,, for X; this comes with canonical morphisms
ui: X; — hocolim X, (i=0).
n

Note that a homotopy colimit is unique up to a non-unique isomorphism. In
some cases the obstruction for uniqueness is controlled by phantom morphisms;
see Lemma 5.2.5.

Lemma 3.4.1. Let (a;,: X, — Y)n>0 be a sequence of morphisms in T such
that an, = ap1 ¢y for all n. Then there exists a (usually non-unique) morphism
a@: hocolim, X;, — Y such that a, = au, for all n.

Proof The «, yield a morphism a: [],5¢X,, — Y satisfying a(id —¢) = 0.
Thus a factors through Cone(id —¢) = hocolim,, X,,. O

The dual construction requires the existence of countable products in J and
yields the homotopy limit of a sequence

[4) X, [ X, o) X,

which is by definition an object X occurring in an exact triangle

e
X —— [Tpso Xn — [Tpso Xp — =X.

Again, this is unique up to a non-unique isomorphism and we write holim,, X;,.

Remark 3.4.2. Given sequences Xo —» X| - X —» - andYyp —» Y = ¥, —
- of morphisms in T, we have

(hocolim X,,) @ (hocolimY,,) = hocolim(X,, ® Yy,).
n n n

Let us compute the functor Homs (—, hocolim,, X;,). To this end observe that
a sequence

of maps between abelian groups induces an exact sequence
id-¢ .
0 — 04n — Il,»0An —— colim, A, —— 0

because it identifies with the colimit of the exact sequences

0 — 1" A 22 1"y Ay —— A, —— 0.
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Lemma 3.4.3. Let C be an object in T such that Homg(C, —) preserves all
coproducts. Then any sequence Xy — X; — Xo — --- in T induces an
isomorphism

colim Hom+(C, X,;) = Homgy(C, hocolim X;,).
Proof The above observation gives an exact sequence
0 -» [, Hom<(C, X,,) - 1], Homg(C, X,;) - colim, Hom«(C, X,,) - 0.

Now apply Homg (C, —) to the defining triangle for hocolim,, X,,. Comparing
both sequences yields the assertion, since

U Hom+(C, X;,) = Homg(C, U Xn)- O
n n

Example 3.4.4. Let ¢: X — X be an idempotent morphism in J. Consider
the following sequences:

Write X’ for a homotopy colimit of the first sequence and X’ for ahomotopy col-
imit of the second sequence. Then we have X = X’ @ X" with X’ = Ker(id —¢)
and X"’ = Ker ¢. In particular, a triangulated category with countable coprod-
ucts is idempotent complete.

Proof The object X’ @ X" is isomorphic to the homotopy colimit of the
sequence

.2 0.2 16.2,]
Xox — " xox < XeXx ¢

by Remark 3.4.2. Now consider the following commutative diagram

0.0 0.0 15 1%

Xox % xox Y L XeX ¢
l“ [10] l“ [10] l" [10]
Xox —2% xex —2% ,xex —2°

with @ given by [ lf’¢ 1;;1) ] Observe that « is an isomorphism, since o = id.

The homotopy colimit of the bottom row is X, again using Remark 3.4.2, and
therefore X = X’ & X"’. O
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A Brown Representability Theorem

Let T be a triangulated category with arbitrary coproducts. A triangulated
subcategory & C T is called localising if it is closed under all coproducts.
Given a class X C T of objects we denote by Loc(X) the smallest localising
subcategory of T that contains X.

A set 8 of objects in T is called perfectly generating if Loc(8) = T and the
following holds

(PG) Given a countable family of morphisms X; — Y; in 7 such that the
map Homg (S, X;) — Homs(S,Y;) is surjective for all i and S € 8, the

induced map
Homg (S, ]_[ Xl-) —> Homg (S, ]_[ Y,-)

1 1

is surjective.

The condition Loc(8) = T can be reformulated, saying that Homy (XS, X) =0
for all S € 8§ and n € Z implies X = 0; see Corollary 3.4.8. The triangulated
category 7 is called perfectly generated if T admits a perfectly generating set.

We have the following Brown representability theorem for a perfectly gener-
ated triangulated category.

Theorem 3.4.5 (Brown). Let T be a perfectly generated triangulated category.
Then a functor F: T°° — Ab is cohomological and sends all coproducts in T
to products if and only if F = Homs (-, X) for some object X in 7.

The proof employs the category mod J of finitely presented functors on 7.
The following lemma explains the basic facts which are needed; it is independent
of the triangulated structure of 7. In particular, the crucial condition (PG) is
explained.

Lemma 3.4.6. Let T be an additive category with arbitrary coproducts and
weak kernels. Let 8¢ be a set of objects in T, and denote by 8 the full subcategory
of all coproducts of objects in 8.

(1) The category mod T is abelian and has arbitrary coproducts. Moreover,
the Yoneda functor T — mod T preserves all coproducts.

(2) The category S has weak kernels and mod 8 is an abelian category.

(3) The assignment F +— F|g induces an exact functor mod T — mod 8.

(4) The functor T — mod 8 sending X to Homs (-, X)|s preserves countable
coproducts if and only if condition (PG) holds.
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Proof First observe that for every X in 7, there exists an approximation
X’ — X such that X’ € § and Homy (7, X’) — Homg (T, X) is surjective
forall T € 8. Take X" = [[ses, [l actomy (s.x) S @and the canonical morphism
X - X.

(1) The category mod T is abelian since every morphism in J has a weak
kernel; see Lemma 2.1.6.

Let (F;);es be a family of functors in mod T with presentations

Homg (-, X;) — Homg(-.,Y;) — F; — 0.

Then the coproduct [ [; F is given by the presentation

Homs (—, U X,-) —> Homg (—, U Yi) — U F;, — 0.

i i

To see this we need to check that
Hom ( U F;, G) = 1—[ Hom(F;, G)
i i

for each G € mod 7. This reduces to the case that G = Homg (-, Z) is repre-
sentable, and then it follows from Yoneda’s lemma. In particular, the coproduct
is not computed pointwise in Ab.

(2) To prove that mod § is abelian, it is sufficient to show that every morphism
in § has a weak kernel. In order to obtain a weak kernel of a morphism Y — Z
in 8, take the composite of a weak kernel X — Y in T and an approximation
X — X.

(3) It follows from Proposition 2.2.20 that restriction to § yields a functor
mod T — mod S. Clearly, restriction is exact.

(4) We denote by i: & — T the inclusion and write i*: modJ — mod§
for the restriction functor. Then i* induces an equivalence (mod 7T) / (Keri*) =
mod §; see again Proposition 2.2.20.

Thus the functor T — mod 8§ preserves countable coproducts if and only if
i* preserves countable coproducts, and this happens if and only if if Keri* is
closed under countable coproducts; see Remark 2.2.7.

Now observe that Keri* being closed under countable coproducts is a refor-
mulation of the condition (PG). m]

Proof of Theorem 3.4.5 Fix a perfectly generating set 8o and denote by S the
coproduct of all suspensions of objects in 8. It is easily checked that {S} is
perfectly generating. Taking coproducts and suspensions does not affect the
condition (PG). Also, Loc(S) = Loc(8g) because a triangulated subcategory
closed under countable coproducts is closed under direct summands; see Ex-
ample 3.4.4.
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We construct inductively a sequence

$o 1

Xo X, (4]

X3

of morphisms in 7T and elements 7; in FX; as follows. Set Xy = 0 and 7y = 0.
Let X; = SIS be the coproduct of copies of S indexed by the elements in FS,
and let 7y be the element corresponding to idrs in FX; = (FS)FS. Suppose
we have already constructed ¢;_; and 7; for some i > 0. Let

K; = {a € Homg(S, X;) | (Fa)r; = 0}
and complete the canonical morphism y;: SIXi1 — X; to an exact triangle

Sl Xy x P X TSIkl

Now choose an element ;.. in F X;,| such that (F¢;)m;+1 = x;. This is possible
since (F y;)m; = 0 and F is cohomological.

Let S denotes the full subcategory of all coproducts of copies of S in 7.
We identify each r; via Yoneda’s lemma with a morphism Homg (-, X;) — F
and obtain in mod § the following commutative diagram with split exact rows,
where ¢; = Homg (-, ¢;)|s.

0 —— Kern|s —— Homg(—, X;)|s —— F|s 0

Is | H

0 —— Kermiyi|s —— Homg (=, Xjs1)|s —=s Flg — 0

We wish to compute the colimit of the sequence (¥;);>0. Taking coproducts
yields the following commutative diagram with exact rows

0 — [lisoKermi|ls — [liso Homg (=, Xi)ls — [iso Fls — 0
Jid—o lid—w lid—id
0 — [isoKermils — [izo Homg (=, Xi)ls — [liso Fls — 0
and then the snake lemma yields the following exact sequence.
oy
0 — Ll Homg (=, X)|s "= L0 Homg (= Xp)ls — Fls — 0.

(3.4.7)
Next consider the exact triangle

SIX —— [0 X —5 [a0 X —— X

(m) € [ | Fx: = F( ]_[X,-)

i>0 i>0

and observe that
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induces a morphism

n: Homg (-, X) — F

by Yoneda’s lemma. We have an isomorphism

| |H0m‘I(_’Xi)|S = Homy (—| |Xl)‘
" . 8
i>0 i>0

because of the reformulation of condition (PG) in Lemma 3.4.6, and we obtain
in mod 8 the following exact sequence:

id—y
| [Homg (=, Xi)ls — | | Homg (=, Xi)|s — Homg (-, X)ls
i>0 i>0

id-X
— [ [ Homy (~.2x)1s =5 | [Homg (- =X)s.

i20 i20

A comparison with the exact sequence (3.4.7) shows that
m|s: Homg (=, X)[s — Fls

is an isomorphism since id —Zy is a monomorphism. Here one uses that S =
S.

Finally, observe that the objects Y in T such that 7y is an isomorphism form
a localising subcategory of J. We conclude that 7 is an isomorphism, since
LOC(S()) =7. O

We collect several consequences of the Brown representability theorem. For
instance, the following provides a useful reformulation of the definition of a
perfectly generating set.

Corollary 3.4.8. Let T be a triangulated category with arbitrary coproducts
and let 8y be a set of objects satisfying (PG). Then Loc(8g) = T if and only if
Homg (XS, X) = 0 forall S € 8¢ and n € Z implies X = 0 for each X € 7.

Proof Suppose that Loc(8g) = T holds. Let X € T satisfy Homg (2"S, X) =0
for all § € 8§y and n € Z. The objects U € T satisfying Homg (X"U, X) = 0 for
all n € Z form a localising subcategory of 7T containing Sg. Thus X = 0.

For the other implication fix an object X € J. The above proof yields for
F = Homg(—, X) an object X’ € Loc(8g) and a morphism 7: X’ — X which
restricts to an isomorphism

Homg (-, X’)|s = Homg (-, X)[s.

The condition on 8 implies Cone 7 = 0. Thus X’ = X, so Loc(8y) = 7. O
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Corollary 3.4.9. Let 8 be a perfectly generating set for T. Then every object
in T can be written as a homotopy colimit of a sequence

o 1 92

Xo

X X>

of morphisms in T such that Xy = 0 and the cone of each ¢; is a coproduct of
suspensions of objects in 8.

Proof Let X € T and consider the functor F = Homs (-, X). Then the con-
struction of the representing object in the above proof yields X as a homotopy
colimit of a sequence having the desired properties. O

Corollary 3.4.10. A perfectly generated triangulated category has arbitrary
products.

Proof Given a family of objects X;, the product []; X; is the object represent-
ing the functor []; Hom(-, X;). O

Corollary 3.4.11. Let T be a perfectly generated triangulated category. Then
an exact functor T — U between triangulated categories preserves all coprod-
ucts if and only if it has a right adjoint.

Proof Let F: T — U be an exact functor. If F preserves all coproducts, then
one defines the right adjoint G by sending an object X in U to the object in T
representing Homy (F—, X). Thus

Homy (F—, X) = Homg (-, GX).

Conversely, given a right adjoint of F, it is automatic that F' preserves all
coproducts. O

Remark 3.4.12. There is the dual concept of a perfectly cogenerating set for a
triangulated category. The dual Brown representability theorem for a perfectly
cogenerated triangulated category T characterises the representable functors
Homs (X, —) as the cohomological and product preserving functors 7 — Ab.

Compact Objects

Let T be a triangulated category. An object X in 7 is called compact (or small)
if for any morphism ¢: X — [[;¢; Y; in T there is a finite set J C [ such that
¢ factors through [[;; Y;. It is easily checked that X is compact if and only if
the canonical map

| [ Homy(x.¥;) — Homg (X 11 Y,-)

iel iel
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is bijective for all coproducts [];<; ¥; in T It follows that the compact objects
form a thick subcategory of 7.

We wish to describe all compact objects of a triangulated category. To this
end we make the following definition.

For classes U and V of objects in a triangulated category T we denote by UV
the class of objects X € 7 that fit into an exact triangle U —» X —» V — XU
such that U € U and V € V. The octahedral axiom implies that the operation
is associative. For a class X the objects of X = X « - - - = X (n factors) are called
extensions of length n of objects in X.

Let € € 7 be a class of objects and suppose that C is closed under all
suspensions. We write [ [ € for the class of all coproducts of objects in C.

Proposition 3.4.13. Let X € T be an object that is a direct summand of an
extension of objects in || C. If X and all objects in C are compact, then X is a
direct summand of an extension of objects in C.

Proof Let X — Y be a split monomorphism such that Y is an extension of
objects in [ €. Then the assertion follows from the lemma below by choosing
Y’ = 0. More precisely, complete the morphism X’ — X in this lemma to
an exact triangle X’ — X — X" — ZX’. The choice for Y’ implies that the
morphism X — Y factors through X — X”'. In particular, X — X"’ is a split
monomorphism, so X is a direct summand of an extension of objects in €. O

Lemma 3.4.14. Let X and all objects in C be compact. Also, let Y’ — Y be
a morphism such that its cone is an extension of objects in || C. Then each
morphism X — Y fits into a commutative square

X — X

L]

Y —— Y
such that the cone of X’ — X is an extension of objects in C.

Proof Complete : Y’ — Y to an exact triangle Y’ - Y - Y"” — ZY’. We
use induction on the length [ of Y. If [ = 1, then Y”” € [] € and the composite
X — Y — Y factors through a summand X"’ of Y that lies in C since X is
compact. We complete X — X"’ to an exact triangle X’ —» X — X" — XX’
and X’ — X factors through Y’ — Y by construction. Now let / > 1 and write
Y” as an extension Y’ — Y” — Y|" — XY’ of objects having smaller length
than /. Using the octahedral axiom we obtain the following morphism of exact



98 Triangulated Categories

triangles
y Ly, Y[ sy’
[ OO
y —2 oy Y” NG

where i admits a factorisation ¢ = 11 with Cone; = Y;”. By induction we
have a pair of commutative squares

¢

X’LX0—>X
Y

Y/
such that the cone of each ¢; is an extension of objects in C. Then the same
holds for the cone of ¢;¢@g by the octahedral axiom. O

1
Yo 141
— Yy —

Compact Generators

Let T be a triangulated category that admits arbitrary coproducts. A set C of
compact objects is called compactly generating if T has no proper localising
subcategory containing C. In this case T is called compactly generated.

Proposition 3.4.15. Let T be a compactly generated triangulated category and
C a generating set of compact objects. Then C is a perfectly generating set for
T and the full subcategory of compact objects equals Thick(C).

Proof The first assertion follows easily from the fact that for any family of
maps ¢;: A; — B; between abelian groups we have

l_[ ¢; is an epimorphism <= each ¢; is an epimorphism

13

— U ¢; is an epimorphism.
i

Clearly, the compact objects form a thick subcategory of 7. It follows from
Corollary 3.4.9 that each object X € T can be written as the homotopy colimit
hocolim X, of objects that are extensions of coproducts of suspension of objects
in C. If X is compact, then Lemma 3.4.3 implies that idy factors through the
canonical morphism X,, — X for some n. We conclude from Proposition 3.4.13
that X belongs to Thick(C). O

The following Brown representability theorem is an immediate consequence
of Theorem 3.4.5. In fact, all corollaries of Theorem 3.4.5 apply to compactly
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generated triangulated categories as well. In particular, the definition of ‘com-
pactly generated’ may be reformulated: a set C of compact objects generates if
Hom(Z"C, X) =0 forall C € Cand n € Z implies X = 0; see Corollary 3.4.8.

Theorem 3.4.16 (Brown). Let T be a compactly generated triangulated cate-
gory. Then a functor F: T°? — Ab is cohomological and sends all coproducts
in T to products if and only if F = Homs (-, X) for some object X in 7. O

There is also a version of Brown representability for functors preserving
products, keeping in mind that arbitrary products exist in a compactly generated
triangulated category, by Corollary 3.4.10.

Theorem 3.4.17. Let T be a compactly generated triangulated category. Then
a functor F: T — Ab is cohomological and preserves all products in T if and
only if F = Homg (X, —) for some object X in 7T.

Proof Let C be a set of compact generators for T. We claim that T is also
perfectly generated. Then the assertion follows from Theorem 3.4.5. For C € C
let C* denote the object in T that represents Homz (Homg (C, —), Q/Z). Then
it is straightforward to check that {C* | C € C} perfectly generates T°P, using
the equivalent description from Corollary 3.4.8. O

We end our discussion of compact objects with a lemma that addresses the
question when a right adjoint functor preserves coproducts.

Lemma 3.4.18. Let F: T — U be an exact functor between triangulated
categories that admit arbitrary coproducts, and suppose there exists a right
adjoint G. If G preserves all coproducts, then F preserves compactness. The
converse holds when T is compactly generated.

Proof Fix objects X € T and [[;¢;Y; € U, and suppose that X is compact.
We consider the following commutative diagram.

LI; Homy (FX,Y:) < Homy( (FX, [1; ¥:)

| L
LI; Homy (X, GY;) —— Homg (X, 11; G¥;) ~ Homq (X, G(LI; ¥))
Suppose that G preserves coproducts. Then 8 is an isomorphism, and therefore

a is an isomorphism. Thus FX is compact. The converse requires that the
compact objects of J are generating. O

An application of Brown representability provides a description of the local-
isation with respect to a localising subcategory generated by compact objects.
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Example 3.4.19. Let T be a triangulated category that admits arbitrary co-
products. Then a localising subcategory & C 7 generated by a set of compact
objects in T fits into a localisation sequence

8 T T/8

because the inclusion § — T admits a right adjoint; see Corollary 3.4.11 and
Proposition 3.2.8. In fact, the right adjoint 7 — 8 preserves all coproducts by
Lemma 3.4.18. Applying Brown representability once more (assuming that T
is perfectly generated) we obtain the following recollement.

8 T T/8

Notes

Triangulated categories and derived categories were introduced simultaneously
in 1963 by Verdier in his thesis, and most of the basic properties can be found
in his work [199]. For a modern exposition we refer to Neeman’s book [150].
A similar notion of a ‘stable category’ was defined by Puppe, but without the
octahedral axiom [164]. There is no example known of a ‘pre-triangulated
category’ (so all axioms except (Tr4) are required), which is not triangulated.

The study of Frobenius categories and their stable categories was initiated
by Heller [108]; for Frobenius pairs see [181]. The terminology reflects the
properties of modules for quasi-Frobenius and self-injective rings [40, 73].

In algebraic topology the Brown representability theorem for cohomology
theories is due to Brown [42]. An analogue for compactly generated triangulated
categories was established by Keller [121] and Neeman [148]. The method of
describing the compact objects in such categories as the direct summands of
extensions of compact generators goes back to Ravenel [167]. More general
representability theorems for cohomological functors are due to Franke [74]
and Neeman [150]; for the dual version see [149]. The formulation in terms of
perfect generators, which is presented here, uses categories of finitely presented
functors and is taken from [127].
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In this chapter we introduce the derived category of an abelian category, and
more generally the derived category of an exact category. For instance, we see
that derived categories provide a natural context for describing the functors
Ext" (-, —). Also, we discuss the existence of resolutions because they yield an

101
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efficient method of making computations in derived categories, including the
construction of derived functors. Important examples are module categories. In
fact, we establish the existence of homotopy injective resolutions for complexes
in any Grothendieck category. Then we analyse derived categories of exact
subcategories and quotient categories. There are two classes of exact categories
which deserve special attention: hereditary categories and Frobenius categories.

4.1 Derived Categories

Derived categories are introduced and their triangulated structure is explained.
The objects are cochain complexes. The morphisms are somewhat delicate
because the construction of a derived category involves the localisation with
respect to a class of morphisms. These are the quasi-isomorphisms which induce
an isomorphism when passing to the cohomology of a cochain complex.

Categories of Complexes

Let A be an additive category. A cochain complex (or simply a complex) in A
is a sequence of morphisms

c el A e Al
such that d" o d"~! = 0 for all n € Z. We think of a complex X as a graded
object with differential d and refer to n as the degree.

We denote by C(A) the category of complexes, where amorphism¢: X — Y
between complexes consists of morphisms ¢": X" — Y" with dy o ¢" =
¢ o d'y forall n € Z.

A morphism ¢: X — Y is null-homotopic if there are morphisms p" : X" —
Y™~ suchthat ¢" = dy ' op™+p™* ody foralln € Z. A complex is contractible
if its identity morphism is null-homotopic. For example a complex of the form

id

0 X X 0

is contractible.
The null-homotopic morphisms form an ideal J in C(A), that is, for each
pair X,Y of complexes there is a subgroup

3(X,Y) € Home4)(X,Y)

such that any composite ¥ o ¢ of morphisms in C(A) belongs to J if ¢ or
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¥ belongs to J. The homotopy category K(A) is the quotient of C(A) with
respect to this ideal. Thus

Homg (4)(X,Y) = Homc(x) (X, Y)/3(X,Y)

for every pair of complexes X, Y. One calls X and Y homotopy equivalent if
they are isomorphic in K(A).
Given a complex X in A, we denote by XX or X[1] the shifted complex with

1 1
EX)"=X""" and d¥y =-dy".

The category C(A) becomes an exact category if one takes as admissible
exact sequences 0 - X — Y — Z — 0 those where in each degree n the
sequence 0 — X" — Y" — Z" — 0 is split exact in A.

Lemma 4.1.1. The exact category C(A) is a Frobenius category. The projec-
tive and injective objects are precisely the contractible complexes, and K(A)
identifies with the stable category of C(A).

Proof We view [], 7 A as an exact category, with componentwise split exact
structure. Then the functor u: C(A) — [],,ez A that takes X to (X"),ez is
exact; it admits a left adjoint u, and right adjoint u,,. The object u,u(X) is the
direct sum of the complexes

id

0 X" X" 0

concentrated in degrees n — 1 and n. We have u,u(X) = uu(XX) and this
complex is projective, injective, and contractible. Here we use that each object
in [],ez A is projective and injective, and that adjoints of an exact functor
preserve projectivity and injectivity (Lemma 2.1.18). A morphism X — Y
is null-homotopic if and only if it factors through the unit X — u,u(X). It
remains to observe that the unit and counit yield an admissible exact sequence

0 — X — upu(X) — 2X —— 0 (4.1.2)

which in degree 7 is of the form

)

[—d" id]
A consequence is the useful fact that the homotopy category K(A) carries a
triangulated structure; see Proposition 3.3.2.
Note that an additive functor A — B induces exact functors C(A) — C(B)
and K(A) — K(B).

0 X" X" @ Xn+l Xn+l 0. O
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The Mapping Cone

Given a morphism ¢: X — Y of complexes in an additive category A, the

n n+l

mapping cone is the complex Z with Z" = Y*@®X"*! and differential [‘g’ —Z"“] .
X

The mapping cone fits into a mapping cone sequence

¢

X Y Z X

which is defined in degree n by the following sequence:

5] [o-id]
_—

This mapping cone sequence equals the cone sequence (¢, ¢’, ¢”’) in C(A)

with respect to the admissible monomorphism X — u,u(X); in particular, it
yields an exact triangle in K(A).

X" ?" y" Y"® Xn+l Xn+l.

Cohomology

Let A be an abelian category. Then one defines for a complex X and eachn € Z
the cohomology

H"X =Kerd" /Im d"™!

of degree n. Sometimes we write Z" X for Ker d" and call the elements cocycles
of degree n. Note that H"X = H°(2"X). Two morphisms ¢,y : X — Y induce
the same morphism H"¢ = H"y, if ¢ —  is null-homotopic.

Proposition 4.1.3. Let A be an abelian category. An exact triangle
a B Y
X—Y—>7Z—>2X
in K(A) induces the following long exact sequence:
n-1 n n n
s 2 Y gy B gy 2B gy B i

Proof We may assume that the triangle comes from an admissible exact
sequence 0 - X —» Y — Z — 0 in C(A). Then we obtain in C(A) a
commutative diagram with exact rows

0 X Y Z 0

[ | |z

0 X Y Xz 0
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which induces the following commutative diagram with exact rows.

Cokerdy-1y —— Cokerds-1iy —— Cokerdy-1;, —— 0

ldx ldy ldz

0 —— Kerdsx ———— Kerdyy ———— Kerdsz
Now observe that the differentials induce for each n € Z an exact sequence
0 — Kerd"/Imd"™' — Cokerd"™! — Kerd™! — Kerd™*' /Imd" — 0.
It remains to apply the snake lemma. O

A morphism ¢: X — Y between complexes induces in each degree n a
morphism H"¢: H'X — H"Y, and ¢ is a quasi-isomorphism if H" ¢ is an
isomorphism for all n € Z. A complex X is acyclic if H*X =0 for all n € Z.

Lemma 4.1.4. Let A be an abelian category. A morphism between complexes
is a quasi-isomorphism if and only if its mapping cone is acyclic.

Proof Apply Proposition 4.1.3. O

Example4.1.5. Let X, Y be complexes and suppose X is concentrated in degree
zero. Then Hom 4 (X, Y) may be considered as complex and

H"Hom4(X,Y) = Homg(x)(X,Z"Y)

because Ker d" identifies with Homc(4) (X, 2"Y) and Im d"! identifies with
the ideal of null-homotopic maps X — X"Y.

Example 4.1.6. A complex X is called split if there are morphisms p": X" —
X"~ such that d"* = d"p"*'d" for all n € Z. An equivalent condition is that
each d" is the composite X" - Imd" » X"*! of a split epimorphism and
a split monomorphism. In this case the morphisms d”~!p" + p™*1d" yield an
endomorphism ¢: X — X, which induces quasi-isomorphisms Ker¢ — X
and X — Coker ¢. Moreover, Ker ¢ and Coker ¢ identify with the complex

S Loy Soprrix O

Proof The morphisms p" provide decompositions X" = Kerd” & U" and
Kerd" = Imd"! @ V" for each n € Z. Then p**'d" is projecting onto U"
and d""'p" onto Imd"~!. It follows that Ker ¢ and Coker ¢" identify with
vVt H'X. O



106 Derived Categories

The Derived Category of an Exact Category

Let A be an exact category. A complex X in A is called acyclic if foreachn € Z
there is an admissible exact sequence

n - 0 zn 2, xn

Zn+1 0

in A such that d = a"*! o p". This definition generalises the definition for
abelian categories. In fact, there is no reasonable definition of H”(X) when A
is not abelian, but let us write H"(X) = 0 when d% admits a kernel and d;’(‘l
can be written as the composite

x> Kerdy — X"
of an admissible epimorphism and an admissible monomorphism in A.

Lemma 4.1.7. The mapping cone of a morphism between acyclic complexes
is acyclic.

Proof Thisis clear when A is abelian, thanks to Proposition 4.1.3. The general
case requires a calculation which is straightforward. O

Lemma 4.1.8. The following are equivalent for an exact category A.

(1) Each contractible complex in A is acyclic.
(2) The category A is idempotent complete.
(3) The class of acyclic complexes is closed under isomorphisms in K(A).

Proof (1) = (2): Each idempotent ¢ € End 4 (X) gives rise to a contractible
complex

1- 1-
x x 2, x 2 x . x

The fact that this complex is acyclic provides a kernel of ¢ in A.

(2) = (1): Consider a complex X that is contractible. Then the monomor-
phism X — wu,u(X) in (4.1.2) splits. Note that u,u(X) is acyclic. A small
calculation shows that acyclic complexes are closed under direct summands
since A is idempotent complete. Thus X is acyclic.

(1) = (3): Let X — Y be an isomorphism in K(A). Then the cone is
contractible and therefore acyclic. If one of X or Y is acyclic, then so also is the
other, since acyclic complexes form a triangulated subcategory by the above
lemma.

(3) = (1): A contractible complex X is isomorphic in K(A) to the zero
complex, which is acyclic. Thus X is acyclic. O
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We denote by Ac(A) the full subcategory of complexes in C(A) that are
isomorphic to an acyclic complex in K(A). A morphism of complexes is a
quasi-isomorphism if its cone is in Ac(A), and we write Qis for the class of all
quasi-isomorphisms in C(A).

Lemma 4.1.9. (C(A), Ac(A)) is a Frobenius pair.

Proof The category C(A) is a Frobenius category by Lemma 4.1.1. The
subcategory Ac(A) contains all contractible complexes and has the two out of
three property by Lemma 4.1.7. O

The derived category D(A) of A is obtained from C(A) by formally inverting
all quasi-isomorphisms. Thus one defines

D(A) = C(A)[Qis™']

and this is precisely the derived category of the Frobenius pair (C(A), Ac(A)).
Viewing Ac(A) as a full subcategory of K(.A), the canonical functor C(A) —
D(A) induces a triangle equivalence

K(A)/Ac(A) = D(A).

This follows from Proposition 3.3.5. In particular, we can apply the description
of morphisms for a Verdier quotient as follows.

For a pair of complexes X, Y, we denote by Qis/X the category of quasi-
isomorphisms X’ — X in K(A), and dually by Y/Qis the category of quasi-
isomorphisms ¥ — Y.

Lemma 4.1.10. The categories Qis/X and Y /Qis are filtered, and we have
natural isomorphisms

g{(/)lil;l(l Homg (4)(X’,Y) = Homp(4)(X,Y) & CYOHII}} Homg 4)(X,Y’),
where X — X runs through Qis/X, and Y — Y’ runs through Y /Qis.

Proof The quasi-isomorphisms are by definition the morphisms having their
cone in Ac(A), which is a triangulated subcategory of K(A). Thus the assertion
follows from Lemma 1.2.2, because the quasi-isomorphisms in K(A) admit a
calculus of left and right fractions by Lemma 3.2.1. O

There is a canonical functor A — D(A) that takes an object X in A to the
corresponding complex X concentrated in degree zero. On the other hand, there
is also the functor H*: D(A) — A when A is abelian. Clearly, H°X = X for
all X € A.
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Lemma 4.1.11. For X,Y in A the assignment ¢ — ¢ gives a bijection
Homy (X,Y) = Homp(4)(X,Y).

Proof We give the argument when A is abelian. We have already seen that
H°¢ = ¢. Thus the map is injective. A morphism ¢: X — Y is given by a
diagram X 5zE& Vi K(A) such that o is a quasi-isomorphism. Then for

0 HOo)! _
¢: X 20 g7 Py e have & = v, O

Lemma 4.1.12. Every admissible exact sequence 0 - X — Y — Z — 0in
A induces an exact triangle X — Y — Z — XX in D(A).

Proof The morphism a@: X — Y yields an exact triangle X — ¥ —
Cone¢ — XX in K(A). Now observe that ¥ — Z induces a morphism
Cone ¢ — Z which is a quasi-isomorphism. m]

Lemma 4.1.13. For an exact category A the following are equivalent.

(1) Every admissible exact sequence in A is split exact.
(2) Every acyclic complex is contractible.
(3) The canonical functor K(A) — D(A) is an equivalence.

Proof The implications (1) = (2) = (3) are clear.

3) = () Letn: 0 - X° - X! — X?> — 0 be an admissible exact
sequence. We view this as an acyclic complex and denote it by X. Then we
have X = 0in D(A), and therefore also X = 0 in K(A). Thus X is contractible,
and therefore 7 is split exact. O

Let F: A — B be an additive functor. Then F induces an exact functor
K(A) — K(B) by applying F componentwise. There is no obvious way to
obtain from this an exact functor D(A) — D(B), except when F is exact.

Lemma 4.1.14. An exact functor A — B induces an exact functor D(A) —
D(B).

Proof The composite K(A) — K(B) — D(B) annihilates Ac(A). Thus the
assertion follows from Proposition 3.2.2. O

Now suppose that the category A admits set-indexed products (or coprod-
ucts). Then we say that A has exact (co)products if any (co)product of exact
sequences is again exact.

Lemma 4.1.15. Let A be an exact category with exact (co)products. Then the
derived category D(A) admits (co)products, which are computed by taking
(co)products componentwise in A.



4.1 Derived Categories 109

Proof The category K(A) inherits set-indexed (co)products from A. The
assumption on A implies that the class of quasi-isomorphisms is closed under
(co)products. Now apply Lemma 1.1.8. O

Bounded Derived Categories

Let A be an additive category. Consider the following full subcategories of
C(A) consisting of bounded complexes:

C’(A) ={X € C(A) | X" =0 for |n| > 0} (bounded)
C'(A)={XeC(A) | X" =0forn < 0} (bounded below)
CA={XeCA)|X"=0forn> 0} (bounded above).

For « € {b, +, —}, let the homotopy category K*(A) be the quotient of C*(A)
modulo null-homotopic morphisms. When A is exact let the derived category
D*(A) be the localisation of C*(A) with respect to all quasi-isomorphisms.

Lemma 4.1.16. For each = € {b, +, -}, the inclusion C*(A) — C(A) induces
Sully faithful functors K*(A) — K(A) and D*(A) — D(A).

Proof The assertion for K*(A) — K(A) is obvious. Now observe that the
inclusion K*(A) — K(A) is cofinal with respect to the class of quasi-isomor-
phisms. For example, let ¢: X — Y be a quasi-isomorphism and X € K*(A)
with X" = 0 for n < 0. Consider the following truncation, which exists since
Cone ¢ is isomorphic to an acyclic complex.

Y cee 5 Y2 y-! YO — yl — ...
| | = fa s
T>_1Y coi — 0 — Cokerd™?> — Y9 — vyl — ...

ThenY — 75_1Y is a quasi-isomorphism; so the inclusion K*(A) — K(A) is
left cofinal. Thus the assertion for D*(A) — D(A) follows from Lemma 1.2.5.
O

Grothendieck Groups

Let A be an essentially small exact category. Its Grothendieck group Ky(A)
is defined as the factor group F(A)/Fy(A) given by the free abelian group
F(A) generated by the isomorphism classes [X] of objects X € A, modulo
the subgroup Fy(A) generated by [X] — [Y] + [Z] for all exact sequences
0-X—>Y—>Z—>0inA.
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For an essentially small triangulated category J we have the following
analogue. Denote by F(7) the free abelian group generated by the isomor-
phism classes [X] of objects X € T. Let Fy(7) be the subgroup generated
by [X] = [Y] + [Z] for all exact triangles X — ¥ — Z — XX in T. The
Grothendieck group Ky(7T) of T is by definition the factor group F(7T)/Fy (7).

The embedding A — DP(A) taking X € A to the complex X concentrated
in degree zero yields a homomorphism

na: Ko(A) — Ko(D”(A)),
which is well defined by Lemma 4.1.12.

Lemma 4.1.17. Let A be an essentially small exact category. Then the assign-
ment [X] = Y;c7(=1) [X"] induces an isomorphism

Ko(D(A)) = Ko(A).

Proof The assignment [X] — x(X) 1= ¥,;cz(=1)![X'] yields a well-defined
map Ko(K?(A)) — Ko(A) since exact triangles in K(A) come from de-
greewise split exact sequences of complexes. For an acyclic complex X an
induction on the number of integers i with X’ # 0 shows that y(X) = 0. Thus
x(X) = x(Y) for any pair X, Y of quasi-isomorphic complexes. It follows that
x is well defined on Ko(D?(A)). Clearly, the map 74 is a right inverse, so
X ©nx = id. Moreover, 17 4 is surjective since we can build any bounded com-
plex via truncations and shifts from complexes of the form X with X € A. O

We have the following analogue for abelian categories.

Lemma 4.1.18. Let A be an essentially small abelian category. Then the
assignment [X] +— Y;cz(=1)![H'X] induces an isomorphism

Ko(D”(A)) = Ko(A).
Proof The map is well defined, given that exact triangles in D(A) induce exact

sequences when taking cohomology, by Proposition 4.1.3. In fact, an induction
shows for any complex X that

DUEDHIX] = ) (-DIX.
i€Z i€Z
Thus the assertion follows from the previous lemma. O

4.2 Resolutions and Extensions

In this section we explain that derived categories provide a natural context for
describing the functors Ext"(—, —). In fact there are two possible approaches.



4.2 Resolutions and Extensions 111

One may use the group of extensions in the sense of Yoneda, or one views
Ext" (X, —) as a derived functor which is computed via injective resolutions. In
any case, resolutions provide a useful tool for working with derived categories.
‘We construct such resolutions using projective or injective objects. This requires
some machinery and we discuss the methods that are needed.

Truncations

Let A be an additive category. For a complex X and n € Z there are various
possible truncations. We begin with the following morphism

X e Xn—l X" — Xn+1 s Xn+2 s ..
l ool ]
T<nX coe— XL xn 0 0

and call this brutal truncation. There is also the following dual construction:

O’ZnX . 0 0 X" — Xn+1 ..
L bk
X e — Xn—2 — Xn—l — X" — Xn+1 _— ..

Now suppose that A is an abelian category. The morphism

T<nX s — X2 — X1 Kerd® — 0 — ---
X e — Xn—2 — Xn—l — X" — Xn+1 —_— ...

is called exact or soft truncation. This morphism induces isomorphisms
H'(t<nX) = H'(X) forall i<n.

The dual construction

X e — xn1 X" xntl Xn+2 s ..
l l lcan lid lid
Ton X cov —— 0 — Cokerd"™! — X"l — x™2 5 ...

induces isomorphisms
H'(X) = H'(1s,X) forall i>n.
Using the exact truncations we obtain equivalences

D (A) = {X eD(A) | H"X =0 forn > 0}
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and
D*(A) = {X e D(A) | H"X = 0 for n < 0}.

Lemma 4.2.1. Let A be an abelian category. Then each object X € DP(A)
belongs to the thick subcategory generated by the objects H"X, viewed as
complexes concentrated in degree zero.

Proof We may assume that H"X = 0 for n ¢ [0, d]. Then the truncations
induce a finite filtration

X=2150X » 11X » - » 70X » 1590 X =0

such that each subquotient has its cohomology concentrated in a single degree.
Thus there are exact triangles

ENH"X) — 120X — Topn X — T (H'X)
and from this the assertion follows. m]

Example4.2.2. Let A be an additive category and suppose that A has countable
(co)products. Any complex X induces a sequence

020X —— 0> X —— 002X —— -~

It follows that X is the homotopy colimit of its truncations 0>, X — X because
we have an induced exact triangle

E_IX E— UnSOO-ZHX — UI’!SO O-ZHX — X. (423)

In particular, a complex in K™ (A) can be built as a homotopy colimit from
complexes in K”(A). Analogously, the truncations X — o<, X yield the se-
quence

O'Szx 0'§1X—) O—SOX
and an exact triangle

X — [lhs00<nX — [lis00<nX — ZX. “4.2.4)

In particular, a complex in K*(A) can be built as a homotopy limit from
complexes in K?(A).

Resolutions

Let A be an exact category. We collect some basic facts about resolutions. For
an object X € A an injective resolution is a complex

iX: e 00— 1P
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of injective objects in A together with a quasi-isomorphism X — iX. A pro-
Jective resolution pX — X is defined dually.

Lemma 4.2.5. Let X,Y be complexes in A. Suppose that each Y" is injective
andY" =0 for n < 0. If X is acyclic, then Homg ) (X,Y) = 0. Therefore the
canonical map

Homg (4)(X,Y) — Homp4)(X,Y)
is bijective.

Proof Let X be acyclic and fix a morphism ¢: X — Y. We claim that ¢
is null-homotopic and construct morphisms p”: X" — Y"~! inductively as
follows. Suppose that Y = 0 for all n < ng. Then set p" = 0 for all n < ny. For
n > ng, suppose that p” has been constructed such that (¢" — d;’,_l p")dg‘(,_1 =0.
Then ¢" — d)’i‘l p' factors through X" — Ker d;“ since X is acyclic and can
be extended to a morphism p"*': X"™*! — Y" since Y" is injective. Then we
have ¢" = d%"'p" + p"*1d’% by construction, and (¢™*! — ditp™*!)d% = 0; so
we can proceed. Thus ¢ is null-homotopic. The second assertion of the lemma
then follows from Lemma 3.2.4. O

Lemma 4.2.6. Let Y be a complex in A such that each Y" is injective. Then an
injective resolution A — i A of an object A € A induces an isomorphism

Homg 4)(iA,Y) = Homg ) (A,Y).
Proof We complete the morphism A — iA to an exact triangle
aA — A — iA — Z(aA).
Then the truncation ¥ — o»_Y induces the first isomorphism below
Homg 4)(aA,Y) = Homg4)(aA,0>-1Y) =0

since aA is acyclic and concentrated in non-negative degrees, while the second
isomorphism follows from Lemma 4.2.5. It remains to apply Homg 4)(—,Y)
to the above triangle. O

Next we fix a subcategory B C A such that each object X € A admits an
admissible monomorphism X — Y with Y € B.

Lemma 4.2.7. Each object X € K*(A) admits a quasi-isomorphism X — Y
such that X™ — Y" is an admissible monomorphism with Y™ € B foralln € Z.

Proof We construct the morphisms X" — Y" inductively by giving a factori-

n+l
sation X" »» C"* — X" of dY such that the composite C" — xn+t X,

X"*2 is zero, and then choosing an admissible monomorphism C” > Y". To
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begin suppose that X" = 0 for all n < ng. Set C" =0 = Y" for all n < ng. For
n > ng, we form the pushout of the diagram X"*! « C" > Y" and obtain the
following diagram.

X" Xn+1 Xn+2
cr Cn+1 Cn+2
Yn—l / \ Vi / \ Yn+l /

n+l

d
The fact that C" — X"*! —=— X"*2 i3 zero yields a morphism C"*! — X"*2

dn+2
giving the factorisation of %! such that the composite C"*! — X"™*? —~—

X"*3 is zero; so we can proceed. The mapping cone of X — Y is acyclic since
for each n we have an admissible exact sequence

0—C"—Y"8Xx™ — ™ —o. o
Proposition 4.2.8. Let A be an exact category.
(1) The inclusion Inj A — A induces a fully faithful and exact functor
K*(Inj A) — D*(A).

If A has enough injective objects then this is a triangle equivalence.
(2) The inclusion Proj A — A induces a fully faithful and exact functor

K (Proj A) — D™ (A).
If A has enough projective objects then this is a triangle equivalence.

Proof We prove (1), and (2) is dual. The functor K*(Inj.A) — D*(A) is fully
faithful by Lemma 4.2.5. On the other hand, Lemma 4.2.7 implies that every
complex in D*(A) is isomorphic to a complex of injectives when A has enough
injective objects. O

For a full additive subcategory C C A we set
K™?(€) = {X e K*(C) | H"X = 0 for |n| > 0}
and
K>?(@) = {X e K (C) | H"X =0 for |n| > 0},
where the condition H" X = 0 means that d;‘(" can be written as the composite

X" Kerdy — X"
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of an admissible epimorphism and an admissible monomorphism in A. In
particular, the subcategories K*?(@) and K™”(C) depend on the ambient
category A, even though it is not part of the notation.

Corollary 4.2.9. Suppose that A has enough injective objects. Then the equiv-
alence K* (Inj A) = D*(A) restricts to an equivalence

K*?(Inj A) = DP(A).
This equivalence restricts to
K?(Inj A) = D?(A)
when every object in A has finite injective dimension.
When A has enough projective objects, we have an analogous equivalence
K~?(Proj A) = D”(A).
This equivalence restricts to
K” (Proj A) = D?(A)
when every object in A has finite projective dimension.

Proof Suppose X in K*(Inj.A) satisfies H"X = 0 for almost all n. Then
for n > 0 the differential d% admits a kernel and 7<,X — X is a quasi-
isomorphism. Clearly, <, X is mapped into D?(A). On the other hand, each
object in A is in the image of K*? (Inj.A) — D”(A), because it identifies with
an injective resolution. Thus each bounded complex is in the image. If every
object in A has finite injective dimension, then the objects of A are in the image
of KP(Inj A) — DP(A).

The arguments for D™ (A) are dual. O

Example 4.2.10. Let A be an abelian category. Then we have an equivalence
(mod A)/(eff A) = A

by Proposition 2.3.3. On the other hand, the Yoneda functor A — mod A
induces a triangle equivalence K”(A) = D?(mod.A) by Corollary 4.2.9,
since gl.dim(mod.A) < 2. This yields the following commutative diagram.

Ac’(A) ———— KP(A) ——» DP(A)

| S

Thick(eff A) — D?(mod A) — DP(A)
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In particular, the triangulated category Ac”(A) is generated by the acyclic
complexes of the form

'—>0_)Xn_l—)Xn—)Xn+]—>O—>"'

Extension Groups

Let A be an exact category. For a pair of objects X, Y andn > 1, let Ext’, (X, Y)
denote the abelian group of n-extensions in the sense of Yoneda, i.e. equivalence
classes of exact sequences

é: 0—Y —>E, — - —E —E — X —0,

where such sequences & and & are equivalent if there is an exact sequence &”’
that fits into the following commutative diagram.

é: 0—Y—E,— - —E —E —X—0
& O—»)H’—>Er’l’—>~--—»E£’—>EI’—>)H(—>O
& O—»Y—>E,’l—>~--—>Eé—>E{—>X—>O

Note that ¢ = 0 if and only if we can choose ¢’ such that Y — E; is a split
monomorphism or E{ — X is a split epimorphism.
From the definition it is not clear that one obtains an equivalence relation;
however this follows from the proposition below, using the calculus of fractions.
We identify objects in A with complexes concentrated in degree zero and
show the following.

Proposition 4.2.11. For all objects X,Y in A and n € Z, there is a natural
isomorphism

Ext’ (X,Y) = Homp(4)(X,2"Y), & ¢
which is compatible with the Yoneda composition.

Proof This is clear for n = 0 by Lemma 4.1.11. So it suffices to consider the
case n > 1. Given ¢ € Ext') (X,Y), we consider the complex

with X in degree zero. There is a canonical morphism &: X — E¢ (given
by idx in degree zero) and a quasi-isomorphism &;: Z"Y — E¢ (given by



4.2 Resolutions and Extensions 117

Y — E, in degree —n). Then we set & = fl’] o &, which identifies with the left
fraction (&, &1).

Now fix a pair of exact sequences & and &’ of length n, connecting X and Y.
If they are equivalent (as in the above definition) then we obtain a commutative
diagram

E¢
o 1N
"C” é:”
X —— Egr +—— XY
& T %
Eg

and therefore & = £’ by Lemma 1.2.1. Conversely, if € = £’ then one obtains a
commutative diagram

and we will see that £ and ¢’ are equivalent, because we can turn the left fraction
(@, o) into an extension.

Let us construct the inverse map, which sends amorphism ¢: X — XY toan
extension ¢. The morphism ¢ is given by a left fraction, so a pair of morphisms
X 5 E & SnY between complexes such that o is a quasi-isomorphism. We
consider the truncation T5_,T<0E

-—0—> Cokerd "' — E™! — ...

—E? S E!' SKerd —0— -
which is quasi-isomorphic to E. Then o yields an exact sequence

. 0—Y — Cokerd™ ! — E™! — ...

—E?2 S E!'" SKerd”—0

and « induces a morphism @: X — Kerd®. The pullback of & via @ is by
definition the element ¢ in Ext’y (X,Y).

It is straightforward to check the naturality of the bijection; also the Baer
sum is preserved. For the Yoneda composition, it suffices to consider a degree



118 Derived Categories

one element ¢ € Ext}q(X’, X) corresponding to & € Homp4)(X’, 2X). Then
the connecting morphism Ext’, (X,Y) — Ext’) '(X",Y) corresponds to the
morphism Homp4) (X, X"Y) — Homp4)(X’, 1Y) given by composition
with . This yields the compatibility. O

We give a second proof that uses injective resolutions.

Second proof of Proposition 4.2.11  Suppose that Y admits an injective reso-
Iution ¥ — iY. Then we obtain the following isomorphisms

Ext’y (X,Y) = H" Hom (X,iY)
= Homg4) (X, Z"iY)
= Homp4) (X, Z"iY)
= Homp4)(X,Z"Y)

where the first is based on the description of Ext" (X, —) as a derived functor,
the second is from Example 4.1.5, the third is from Lemma 4.2.5, and the last
is clear. O

Corollary 4.2.12. For each exact sequence é: 0 - A’ > A > A” - 0in A
and n > 0, composition with & yields a connecting morphism

Ext’, (A, B) — Ext’{' (A", B)
and these fit into a long exact sequence:

0 — Homy(A”,—) — Homyg(A,-) — Homyg (A’, -) j

[—> Extil(A”, -) — Exth(A,—) — Exth(A’, -) — -

Proof The exact sequence 0 - A’ - A — A” — 0 in A yields an exact
triangle A” — A — A” — XA’ in D(A); see Lemma 4.1.12. Now apply to
this triangle for any X € A the cohomological functor Homp4) (-, X) and use
Proposition 4.2.11. O

Exact Subcategories

Let A be an exact category and B C A a full exact subcategory. The inclusion
induces an exact functor D(B) — D(A) and we provide criteria for this to be
fully faithful.

Lemma 4.2.13. Let B C A be a full exact subcategory. Then the induced
functor D?(B) — DP(A) is fully faithful if and only if the map

Ext} (X,Y) — Ext; (X,Y)
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is bijective for all X,Y € B andn € Z.

Proof Identify Ext’, (X,Y) = Hompx)(X,Z"Y) using Proposition 4.2.11,
and then apply dévissage (Lemma 3.1.8). O

We call B left cofinal in A if for every admissible monomorphisma: X — Y
in A with X in B there exists an admissible monomorphism X — Y’ in B that
factors through «@. Dually, B is right cofinal in A if for every admissible epi-
morphism 8: Y — Z in A with Z in B there exists an admissible epimorphism
Y’ — Z in B that factors through g.

Remark 4.2.14. If B is left cofinal in A and idempotent complete, then for
every exact sequence 0 » X —» Y — Z — 0in A with X,Y € B, we have
Z e B.

Proof The property of B to be left cofinal yields a commutative diagram

0 X Y Z 0
I
0 X Y’ z’ 0

whith exact rows and the bottom one in B. This induces an exact sequence
0-Y—>Y ®Z — Z'— 0, and therefore Y’ & Z belongs to B. ]

Proposition 4.2.15. Let B C A be left or right cofinal. Then the induced
functor DP(B) — DP(A) is full and faithful.

Proof Suppose B C A is left cofinal; the other case is dual. We apply
Lemma 4.2.13 and need to show that the map

axy: Exty(X,Y) — Ext (X.Y)
is bijective for all X,Y € B and n € Z. For surjectivity, pick an extension
é: 0O—Y —A4,, — -+ — Ay — A — X — 0

with all A; in A. We use induction on n and write ¢ = & 0&,,_; as the composite
of extensions of degree 1 and n — 1 respectively, with &; given by the exact
sequence £1: 0 — Y — A, — A, — 0. The property of B to be left cofinal
yields a commutative diagram

& 0 Y An A, 0
[
&l 0 Y B, B, 0
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whith exact rows and the bottom one in B. Thus & = &] o ¢, and therefore
E=¢opoé withé | = ¢o&yin Ext (X, B,). Then &_, is in
the image of D?(B) — D”(A) by the induction hypothesis, and this yields
surjectivity.

To show injectivity, let ¢ € Exti, (X, Y) be an element such that ax,y (§) = 0.
This means there is a commutative diagram with exact rows in A

é: 0—Y—8B,— -+ — B — B — X — 0
& 0—Y — A, — -+ — Ay — A — X — 0

such that the morphism A; — X is a split epimorphism. We claim that we
can choose ¢ such that all A, are in B. This implies & = 0 in Exty (X,Y).
As before, we use induction on n and write " = &[ o £/ | as the composite
of extensions of degree 1 and n — 1 respectively. So we can replace £ by an
extension in such a way that the object A,, is replaced by an object in B. Thus
& =& o0& |, and the claim holds for &) | by the induction hypothesis. O

- 51 n-1°

Remark 4.2.16. The lemma can be strengthened as follows. Suppose B € A
is left cofinal. Then K*(B) € K*(A) is left cofinal with respect to the class
of quasi-isomorphisms. In particular, the induced functor D*(B) — D*(A)
is full and faithful. This assertion follows from [199, Proposition II1.2.3.1],
which discusses the dual result (when A is abelian), because the conditions
dual to (E1)-(E3) in [199, Section II1.2.2.1] are satisfied. The property of
D*(B) — D" (A) then follows from Lemma 1.2.5.

The following lemma provides for an exact category A a method to compute
the extension groups Ext’) (X, Y) for any pair of objects X, Y in A, since Lex A
has enough injective objects; see Proposition 2.3.7 and Proposition 4.2.11.

Lemma 4.2.17. Let A be an essentially small exact category. Then the Yoneda
functor A — Lex A induces a fully faithful exact functorDP (A) — DP(Lex A).

Proof The Yoneda functor A — Lex A identifies A with a full extension
closed subcategory of Lex A by Proposition 2.3.7. We claim that the inclusion
A — Lex A isright cofinal. Then the assertion follows from Proposition 4.2.15.
To show the cofinality, fix an epimorphism ¢: F — Hom4 (-, Z) in Lex A.
Then the cokernel C = Coker ¢ in Mod A is locally effaceable. Thus there exists
an admissible epimorphism ¥ — Z in A such that CZ — CY annihilates the
image of idz. This implies that Hom 4 (—,Y) — Hom4 (—, Z) factors through

¢ O
Example 4.2.18. Let A be a right coherent ring. Then mod A is a right cofinal
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subcategory of Mod A. In fact, the canonical functor D” (mod A) — D(Mod A)
induces a triangle equivalence

D’ (mod A) = {x eDModA) | | [H"X € modA}.
nez

More generally, the inclusion mod A — Mod A induces a fully faithful functor
D~ (mod A) — D(Mod A) by Proposition 4.2.8.

A Grothendieck category A is locally finitely presented if every object in A is
a filtered colimit of finitely presented objects. Here, X € A is finitely presented
if the functor Hom 4 (X, —) preserves filtered colimits. Let fp A denote the full
subcategory of finitely presented objects.

Proposition 4.2.19. Let A be a locally finitely presented Grothendieck category
and suppose tp A is abelian. Then fp A is an extension closed subcategory and
the inclusion fp A — A induces a fully faithful functor D? (fp A) — D (A).

Proof We begin with the following observation. If a finitely presented object
is written as a filtered colimit X = colim X; of objects in A, then for some index
io the canonical morphism X;, — X is a split epimorphism.

Now let n: 0 > X —» Y — Z — 0 be an exact sequence in A with
X,Z € fpA. Write Y = colimY; as a filtered colimit of finitely presented
objects. This yields exact sequences 17,: 0 — X; — Y; — Z and we have
colimn; =n. Thus @: X;, —» X and ¥,
ip. It follows that Y is isomorphic to the cokernel of Ker o — Y,
finitely presented.

The second assertion follows from Proposition 4.2.15 since fp.A is right
cofinal as a subcategory of A. To see this, fix an exact sequence 0 — X —
Y - Z — 0in A with Z € fp A. As before, we write this as a filtered colimit
of exact sequences 0 — X; — Y; — Zinfp A and ¥;, — Z is an epimorphism
for some index iy. Clearly, Y;, — Z is admissible in fp A and factors through
Y- Z O

— Z are epimorphisms for some index
and therefore

Example 4.2.20. Let A be a commutative noetherian ring and € € mod A a
Serre subcategory. Then the induced functor D?(C) — D”(mod A) is fully
faithful.

Proof We consider the localising subcategory of Mod A which is generated by
C. This is closed under injective envelopes by Corollary 2.4.14. Thus ¢ € mod A
is left cofinal, because a monomorphism @: X — Y inmod A with X € Cyields
a morphism Y — E(X) which factors through a finitely generated submodule
Y’ C E(X). Wehave Y’ € Cand X — Y’ factors through . Now the assertion
follows from Proposition 4.2.15. O
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4.3 Resolutions and Derived Functors

In this section we introduce homotopy injective and projective resolutions
of complexes. The construction of such resolutions requires some work. Of
particular interest are complexes of modules and we obtain a more explicit
description of the derived category of a module category. The construction of
resolutions for Grothendieck categories is rather involved, but it can be reduced
to the case of a module category. In the second part of this section we use these
resolutions to construct derived functors.

Homotopy Injective and Projective Resolutions

Let A be an exact category. We explain how to construct resolutions for com-
plexes in A and begin with the relevant definitions.

A complex [ in A is called K-injective (or homotopy injective) if we have
Homg 4)(X,I) = 0 for each acyclic complex X. An equivalent condition is
that the canonical map

Homg ) (X, I) — Homp) (X, 1)

is bijective for each complex X; see Lemma 3.2.4. A K-injective resolution
of a complex X is a quasi-isomorphism X — [ such that / is K-injective.
Analogously, a complex P is called K-projective (or homotopy projective) if
Homk (4) (P, X) = 0 for each acyclic complex X. A K-projective resolution of
a complex X is a quasi-isomorphism P — X such that P is K-projective.

The K-injective complexes form a thick subcategory of K(A) which we de-
note by Kj;(A); the category of K-projective complexes is denoted by Kproj(A).

The following proposition collects the basic properties of K-injective reso-
lutions.

Proposition 4.3.1. For an exact category A the following are equivalent.

(1) Every object X € K(A) admits a K-injective resolution X — i(X).
(2) The canonical functor K(A) — D(A) admits a right adjoint.

In this case, the assignment X +— i(X) induces a left adjoint for the inclusion
Kiyj(A) — K(A) and the resolution X — i(X) equals the unit. This yields the
following localisation sequence of exact functors

i

Ac(A) . K(A) T Kipj(A)

mnc

and therefore the canonical functor K(A) — D(A) restricts to a triangle
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equivalence Kiyj(A) = D(A). Moreover, the assignment X w i(X) induces a
quasi-inverse D(A) = Kiy;(A) and this yields the following diagram.
ca

K(A) ———— D(A)

1

Proof Suppose first that each X € K(A) admits a K-injective resolution
X — i(X). We complete this to an exact triangle

a(X) — X —i(X) — Za(X).

Clearly, a(X) is acyclic, and therefore Homg4)(a(X),Y) = O for all ¥ €
Kinj(A). Thus X — i(X) induces for all Y € Kj,;(A) a bijection

HomK(A) (i(X),Y) = HomK(A)(X, Y).

This means that X — i(X) provides a left adjoint for the inclusion Ki;j(A) —
K(A). Also, we have Ac(A)* = Kjyj(A) by definition. Now we apply the
general theory from Proposition 3.2.8. Thus K(A) — D(A) restricts to a
triangle equivalence Kjyj(A) = D(A). Moreover, the functor i annihilates
Ac(A) and induces therefore an equivalence D(A) = Kjy(A). Then the
composite with the inclusion Kjy;(A) — K(A) provides a right adjoint for the
canonical functor Q: K(A) — D(A).

Now suppose that Q admits a right adjoint Q,,: D(A) — K(A). Then the
unit X — Q,0(X) is a K-injective resolution since Kiyj(A) = Ac(A)*, again
by Proposition 3.2.8. O

The above proposition suggests the notation X — i(X) for a K-injective
resolution and p(X) — X for a K-projective resolution of a complex X.

Corollary 4.3.2. Suppose all complexes in K(A) admit a K-injective resolution.
Then the morphisms between two objects in D(A) form a set. [

Our aim is to construct K-injective resolutions via homotopy limits. We begin
with a remark about limits of abelian groups. For any sequence

@3 ¢ 1

Ay Aq

Ap
of maps between abelian groups, the limit and its first derived functor are given
by the exact sequence

0 — limy Ay — [Tz An —5 [TpsoAn — lim} A, — 0.

Note that lim}, A, = 0 when A,,,; = A, forn > 0.
We say that an abelian category has exact products if any product of exact
sequences is again exact. For example, products in Ab are exact. Therefore
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any module category has exact products. However, there are many examples
showing that products in Grothendieck categories need not be exact (Exam-
ple 2.4.22).

Lemma 4.3.3. Let A be an abelian category with countable products that are
exact and consider in K(A) a sequence of morphisms --- — X, — X| —
Xo. Then a compatible sequence of morphisms X — X, induces a quasi-
isomorphism X = holim,, X,, provided that H (X) = H(X,,) for n > 0 and
each integer i.

Proof For each i € Z the maps H (X,,1) — H'(X,) eventually become
invertible and therefore induce an exact sequence

0 — lim, H(X,) — [Tns0 H (Xn) — [0 H (X)) — 0.
Because products in A are exact, this sequence identifies with the exact sequence
0 — H'(X) — H'(ITp>0 Xn) — H'(ITy20Xn) — 0,

and applying H' to the triangle defining holim,, X,, yields an isomorphism
Hi(holim X,,) = lim H' (X,,).
n n

The morphisms X — X, induce a morphism X — holim,, X,,, and it follows
that this is a quasi-isomorphism. O

Proposition 4.3.4. Let A be an abelian category with enough injective objects,
and suppose that A has countable products that are exact. Then every object
in K(A) admits a K-injective resolution.

Proof  First observe that Ki,;(A) contains K*(Inj.A), by Lemma 4.2.5. Also
Kiyj(A) is closed under homotopy limits.

Let X € K(A). For each integer n < 0 let X — 75,X denote the trunca-
tion inducing an isomorphism H'(X) = H'(1s,X) for all i > n. Choose
a quasi-isomorphism 75,X — Y, with ¥, € K*"(InjA), which exists by
Lemma 4.2.7. The composite 75,-1X — 7>, X — Y}, extends to a morphism
Y,_1 = Y,, since Homgx)(a,Y,) is a bijection for every quasi-isomorphism
a by Lemma 4.2.5. Now set Y = holim,, ¥,,. It follows from Lemma 4.3.3 that
the sequence of morphisms X — Y,, induces a quasi-isomorphism X — Y. It

remains to note that ¥ € Kj;j(A) by our first observation. O

Remark 4.3.5. The proof of Proposition 4.3.4 shows that Kj,;(A) equals the
smallest triangulated subcategory of K(.A) that is closed under countable prod-
ucts and contains K? (Inj A).
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There are dual versions of Proposition 4.3.1 and Proposition 4.3.4 for abelian
categories with enough projective objects. In particular, for any ring A we have
K-injective and K-projective resolutions for complexes of A-modules.

Corollary 4.3.6. For a ring A every complex in K(Mod A) has a K-injective
and a K-projective resolution. Thus we have triangle equivalences

Kinj(Mod A) = D(Mod A) and Kproj(Mod A) = D(Mod A).

In particular, the morphisms between two objects in D(Mod A) form a set. 0O

Grothendieck Categories

Let A be a Grothendieck category. Then there is an analogue of Propo-
sition 4.3.4, and its proof amounts to showing that the canonical functor
K(A) — D(A) admits a right adjoint, using Brown’s representability the-
orem. In order to be able to apply this theorem, we need to show that the
morphisms between any two objects in D(A) form a set. This fact uses the
property of A to be locally presentable; see Proposition 2.5.16.

Lemma 4.3.7. Let a > N be a regular cardinal and A a locally a-presentable
Grothendieck category such that A% is abelian. Then a morphism X — Y in
C(A) with X € C(A%) and Y € Ac(A) factors through an object in Ac(A%).

Proof The assumption a > Ny is used so that A% is closed under countable
colimits. First we consider the case that X belongs to C™(A%). Set X = X and
assume H” X = 0 for p > 0. We construct inductively a sequence

X=X0—>X_1—>X_2—>--'—>Y

of factorisations of X — Y such that H”X,, = 0 for p > n. This yields
a factorisation X — colim,<o X;, — Y such that colim, <y X, belongs to
Ac™ (A?). The morphism ¢: X — X_; giving the factorisation in each step is
constructed as follows. Set ¢” = id for all p # —1. Now form the pullback

Vv —— Z0(X)

| l

y!' —— 7%y)

and write V = colimV; as a-filtered colimit of objects in A“. Since Y is
acyclic, the morphism V — Z°(X) is an epimorphism. Using that X~ and
Z%(X) belong to A, there is an index j such that X! — V factors through
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the canonical morphism V; — V and the composite V; — V — Z%(X) is an
epimorphism. We set X_’ll = V; and have constructed the desired factorisation.

Now consider an arbitrary X € C(A%) and observe that X = colim;; >0 T<, X.
The first part of the proof yields a factorisation 7<oX — Xp — Y with X, €
Ac™ (A?). Then form the pushout

Ts()X —_— Tle

l l

Xo — X<«

and continue with a factorisation X<; — X; — Y. This yields a compatible
sequence of factorisations 7<,X — X, — Y and we take its colimit with
colim,; 9 X,, in Ac(A%). O

Let A be a Grothendieck category. We recall from Corollary 2.5.23 that there
exists a regular cardinal @ > N such that for all regular @ > @ the category
A? is abelian.

Proposition 4.3.8. For every regular cardinal @ > g the inclusion A* — A
induces a fully faithful functor D(A%) — D(A). Therefore

D(A) = U D(AY)

azaqp

and the morphisms between two objects in D(A) form a set.

Proof We apply Lemma 4.3.7. Then it follows from Lemma 3.2.5 that the
inclusion K(A%) — K(A) induces a fully faithful functor D(A%) — D(A).
It remains to observe that each complex belongs to A? for some @ > ag by
Lemma 2.5.13. O

From the fact that morphisms in D(A) form a set we can deduce the existence
of K-injective resolutions.

Theorem 4.3.9. Let A be a Grothendieck category. Then every complex in
K(A) admits a K-injective resolution.

Proof Choose a generator C € A and set A = End(C). Then the functor
Hom(C,-): A — Mod A is fully faithful and admits an exact left adjoint by
Theorem 2.5.2. The left adjoint induces an exact and coproduct preserving
functor D(Mod A) — D(A). This functor admits a right adjoint by Brown
representability (Corollary 3.4.11 and Proposition 3.4.15) since D(Mod A) is
compactly generated. In fact, the ring A viewed as a complex concentrated in
degree zero is a compact generator since Hom(A, X) = H°(X) for each complex
X. Also, we used that morphisms in D(A) form a set, by Proposition 4.3.8.
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Now consider the following commutative square of canonical and exact
functors.

K(Mod A) —— D(Mod A)

| |

K(A) —— 5 D(A)

The functor K(ModA) — D(ModA) admits a right adjoint by Proposi-
tion 4.3.1, since complexes in K(Mod A) admit K-injective resolutions by
Corollary 4.3.6. Thus the composite K(Mod A) — D(A) admits a right ad-
joint, and then it follows from Lemma 1.1.7 that K(A) — D(A) admits a right
adjoint. Applying Proposition 4.3.1 once more the assertion follows. O

Derived Functors

Homotopy injective and projective resolutions are used to construct derived
functors. We begin with a general definition of right derived functors, following
Deligne. Left derived functors are defined dually.

Let A be an exact category and F: K(A) — T an exact functor into a triangu-
lated category T. Recall that for an object X € K(A) the quasi-isomorphisms
X — X’ in K(A) form a filtered category, which we denote by X/Qis; see
Lemma 4.1.10. Now consider the functor T°° — Ab given by the filtered
colimit

lim H -, FX’
colim Homy (—, FX")

where X — X’ runs through the objects in X /Qis. Suppose that this functor
is representable for each object X, and denote by RF(X) a representing object
corresponding to X. This assignment extends to morphisms in K(A), since any
morphism X — Y in K(A) induces a morphism of functors

colim Homg (-, FX’) — colim Homg (-, FY”).
XoX' Yy’

Thus we obtain a functor K(A) — 7, and it is straightforward to check that
this is exact, because F is exact. Also, a quasi-isomorphism o: X — Y induces
an isomorphism RF(X) = RF(Y), since precomposition with o yields a
cofinal functor Y /Qis — X/Qis. Then the universal property of the canonical
functor Q: K(A) — D(A) yields an exact functor RF: D(A) — T, which is
by definition the right derived functor of F. In fact, the functor RF together
with the canonical morphism 77: F — RF o Q enjoys the following universal

property.
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Proposition 4.3.10. Let A be an exact category and F: K(A) — T an exact
Sfunctor into a triangulated category T. For any exact functor F': D(A) — T
together with a morphism n’: F — F’ o Q, there exists a unique morphism
0: RF — F’ such that 1y, = 6x o nx for all X € K(A).

Proof For an object X € K(A) the morphism 0x: RF(X) — F’X is the
unique one making the following square commutative

Homg (-, RF (X)) —— g{oli}r{r}Homq(—,FX’)

| |

Homg(—, F'X) — (}:(oli)r(r,l Homg(—, (F' 0o 0)X’)

where one uses that X = QX = QX' for each X — X’ in X/Qis. O

In general, the right derived functor RF does not exist, because the above
functor T°° — Ab need not be representable for each object X in K(A).
However, we have an explicit description in terms of K-injective resolutions.

Proposition 4.3.11. Let A be an exact category and suppose that every object
in K(A) admits a K-injective resolution X — iX. Then for any exact functor
F: K(A) — T the right derived functor is given by

RF:D(A) — T, X F(iX).

Proof Fix a K-injective resolution £: X — iX. Then every o: X — X’ in
X /Qis admits a morphism o — &, and therefore

g{oli}r{r}Hom‘y(—,FX') = Homg (-, F(iX)). O

Now let F: A — B be an additive functor between exact categories. Then F
induces a functor K(A) — K(B) by applying F in each degree; we denote this
functor again by F'. The above proposition justifies the following definition. The
right derived functor RF: D(A) — D(B) of F sends a complex X to F(iX),
and the left derived functor LF : D(A) — D(B) sends a complex X to F(pX),
provided such resolutions exist.

Example 4.3.12. Let A be a Grothendieck category. Then D(A) admits co-
products, which are computed componentwise, cf. Lemma 4.1.15. On the other
hand, for a family of complexes (X;);es its product in D(A) is computed in
K(A) via K-injective resolutions and is represented by

]_[ iX;.

iel
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One may think of this as the right derived functor of
Al — A, (Xi)ier o HXi~

iel

Derived Functors Between Module Categories

We illustrate the construction of derived functors by taking functors between
chain complexes of modules.

Let A and I" be a pair of rings and let M be a complex of A-I"-bimodules.
There are two functors of complexes associated with M. Given a complex X of
A-modules, the complex X ®, M of I'-modules is defined by

(X @\ M)" = @ XP @\ MY  (neZ)
p+q=n
with differential given by
d"(x®@m) =dx(x) ®m+ (—1)’x ® dps(m) (x € XP, me M?).

Given a complex Y of I'-modules, the complex Homp (M, Y) of A-modules is
defined by

Homp(M,Y)" = ]_[ Homp(MP,Y9)  (neZ)
—-p+q=n

with differential given by
d"(¢p)=dyop—(-1)"¢pody (¢ € Homr(M,Y)").
Lemma 4.3.13. We have a natural isomorphism of complexes
Homp (X ®, M,Y) = Homy (X, Homp (M, Y)).
Proof For n € Z we have

Homp (X @, M,Y)"

IR

1_[ Homp(X? ®y M?,Y")
—-p—q+r=n

1_[ Homy (X”, Homp(M?,Y"))
—-p—q+r=n

= Homy (X, Homr (M, Y))".

R

The second isomorphism is given by the usual tensor-hom adjunction; it pro-
vides a morphism of complexes thanks to the sign rules for the differentials on
each side. m

Lemma 4.3.14. Let X,Y be complexes of A-modules. Then for n € Z we have
H" Homy (X,Y) = Homgs) (X, Z"Y).
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Proof For Homa (X,Y) the group Ker d" identifies with Homca) (X, 2"Y)
and Im "' identifies with the ideal of null-homotopic morphisms X — X"'Y.
O

We set
X®M=pX® M and  RHomp(M,Y)=Homr(M,iY).

Proposition 4.3.15. Let A and T be a pair of rings and let M be a complex of
A-T"-bimodules. Then we have a pair of adjoint functors

—QAM
K(ModA) —————— K(ModT)
Homr (M ,-)

which induces a pair of adjoint functors

-®kM
DModA) " D(ModI).

“—_
RHomr (M ,-)

Proof SetT = — @y M and H = Homp (M, —). Combining Lemma 4.3.13
and Lemma 4.3.14 it follows that (7, H) yields an adjoint pair of functors
K(ModA) 2 K(ModT').

The derived functors LT = — ®k M and RH = RHomr (M, —) are composed
from three pairs

cal

p T
D(ModA) = K(ModA) = K(ModT') = D(ModT)
can H i

of adjoint functors; see Proposition 4.3.1. Thus (LT, RH) is an adjoint pair. O
Example 4.3.16. Let A and I" be a pair of rings and let A M be a bimodule.
Then the pair of adjoint functors

-AM

Mod A ModT

Homp(M,-)
induces a pair of adjoint functors
-®kM

D(ModA) ———— " D(ModD).

- 0
RHomr (M ,-)

For a A-module X choose a projective resolution pX — X. Then we have
forn >0

Ext} (X, -) = H" RHomu (X, —) = H" Homu (pX, —)
and
Torj (X, -) = H"(X ®) —) = H"(pX ®) -).
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Lemma 4.3.17. Let X, AYr, and It be modules. Suppose that It is injective.
Then we have for n > 0 a natural isomorphism

Ext} (X, Homr (Y, I)) = Homp(Tor (X, Y), I).
Proof Using tensor-hom adjunction we compute

Ext} (X,Homr (Y, 1)) = H" Homa (pX, Homr (Y, I))
= H"Homr(pX ®, Y, 1)
= Homp(H" (pX @7 Y), 1)
= Homr(Torﬁ(X, Y),I). O

Homotopically Minimal Complexes

For any object X in a Frobenius category it is natural to ask for a subobject
X’ that is maximal among all injective subobjects, giving a decomposition
X = X’ @ X” such that X" is ‘injective-free’. Moreover, one may ask in which
sense such a decomposition is unique.

We provide a positive answer for the category C(A) of complexes when A is
an additive category such that its morphisms admit minimal decompositions.
Recall that ¢ = ¢’ ® ¢” is a minimal decomposition if ¢’ is an isomorphism and
¢”’ is a radical morphism. Examples of additive categories with this property
are full subcategories of injective objects of abelian categories with injective
envelopes (Corollary 2.1.24) or Krull-Schmidt categories (Example 2.1.25).

Let A be an additive category. We call a complex X € C(A) homotopically
minimal, if the canonical functor C(A) — K(A) sends each non-invertible
endomorphism of X to a non-invertible endomorphism. Our aim is to establish
decompositions X = X’ @ X"’ such that X" is contractible and X"’ is homotopi-
cally minimal.

Let A be an additive category and suppose that its morphisms admit minimal
decompositions. Given a complex X € C(A), we construct for each n € Z
a new complex X(n) as follows. For i = n,n+11let X' = U' @ V' be a
decomposition such that the differential decomposes as dy = d’ ® d” with
d’: U" — U™! anisomorphism and d”’: V" — V"*! a radical morphism. We
set UP = 0 otherwise and obtain a contractible subcomplex U C X. This gives
a decomposition X = U @ V and we put X(n) = U.

Proposition 4.3.18. Let A be an additive category and suppose that morphisms
in A admit minimal decompositions. Then the following are equivalent for a
complex X € C(A).

(1) The complex X is homotopically minimal.
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(2) The complex X has no non-zero direct summand which is contractible.
(3) The differential X" — X"*! is a radical morphism for all n € Z.

Proof (1) = (2): Let X = X’ & X” and suppose X’ is contractible. The
idempotent morphism £: X — X with Kere = X’ = Coker¢ induces an
isomorphism in K(A). Thus (1) implies X’ = 0.

(2) = (3): Fix n € Z. Then we have a decomposition X = X(n) @ V such
that X (n) is contractible. Our assumption implies X (n) = 0, and we conclude
that the morphism X" — X"*! is a radical morphism.

(3) = (1): We may assume that A identifies with the category of injective
objects of an additive category A with kernels such that each object X € A
admits an injective copresentation 0 — X LA U by taking A =
(mod(A°P))°P_ In that case ¢ is essential if and only if ¢ € Rad(1°,1'), cf.
Proposition 2.1.23.

Now let ¢,: X — X be a pair of morphisms such that ¥y o ¢ and ¢ o
are chain homotopic to the identity idx. Thus we have a family of morphisms
p": X" — X" such that

idyn = (w o¢)n+5n71 opn+pn+l o o".

We claim that Ker¢ = 0. In fact, we show that K = Ker(y o ¢) = 0. Let
L" = K" N Z"X. Then the restriction (6"~ o p™)|z» is a monomorphism, and
therefore p" (L") N Z"~' X = 0. The inclusion Z"~'X — X"~! is essential, and
it follows that L™ = 0. The same assumption on Z"X — X" implies K" = 0.
Thus ¢ is a monomorphism, and in fact a split monomorphism in each degree.
Dually, ¢ is an epimorphism, and it follows that ¢ is an isomorphism. O

Corollary 4.3.19. Let A be an additive category and suppose that morphisms
in A admit minimal decompositions. Then every complex X € C(A) admits
a decomposition X = X’ ® X" such that X’ is contractible and X"’ is homo-
topically minimal. Given a second decomposition X =Y’ @ Y" such that Y’ is
contractible and Y"' is homotopically minimal, then the canonical morphism
X" » X » Y” is an isomorphism.

Proof Take X’ = |1,,ez X (n). This complex is contractible and the canonical
morphism¢: [],,ez X(n) — X is a split monomorphism in each degree. Thus ¢
has a left inverse and we obtain a decomposition X = X’@® X"’. The construction
of each X (n) shows that the differentials of X"’ are radical morphisms. Thus
X" is homotopically minimal, by Proposition 4.3.18.

Now let X =Y’ @ Y” be a second decomposition such that Y’ is contractible
and Y is homotopically minimal. The canonical morphism ¢: X" »» X —» Y
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induces an isomorphism in K(A) since X’ and Y’ are contractible. Thus ¢ is
an isomorphism in C(A), since X"” and Y"” are homotopically minimal. O

We provide an application. Let A be a Grothendieck category and suppose
that every injective object is discrete, that is, the injective envelope of a co-
product of indecomposable injective objects. For example, a locally noetherian
Grothendieck category has this property.

We consider the canonical functor

P: A—> A[Ess™'] = 1—[ Mod Ag
EecSp A

into the spectral category of A, which identifies with a product of categories of
vector spaces given by divison rings Ag = End(E)/J(End(E)) for each inde-
composable injective object E, since the restriction Py 4 induces an equiv-
alence (Inj.A)/Rad(Inj.A) = A[Ess™'] (cf. Proposition 2.5.9). The derived
functor
RP: D(A) — ]—[ D(Mod Ag)
EecSp A

provides a notion of support by defining for X € D(A)
Supp(X) ={E € SpA | RP(X)g # 0}.
Lemma 4.3.20. Let X € D(A). Then X # 0 implies Supp(X) # @.

Proof Wehave RP(X) = P(iX), and we may assume that iX is homotopically
minimal. Then P annihilates each differential of iX by Proposition 4.3.18. It
follows that E € Supp(X) if and only if E arises as a direct summand of (iX)"
for some n € Z. m

4.4 Examples of Derived Categories

We consider examples of derived categories and provide explicit descriptions.
For instance, for an abelian category we study the passage to Serre subcategories
and their quotient categories. There are two classes of exact categories which
deserve special attention: hereditary categories and Frobenius categories.

Quotient Categories

Let A be an abelian category and € C A a Serre subcategory. We set

De(A) = {X e D(A) | H'(X) € Cforall n € Z} C D(A)
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and obtain a thick subcategory; it is the kernel of the functor D(A) — D(A/C).
Lemma 4.4.1. The quotient functor A — A/C induces a triangle equivalence.
D(A)/De(A) = D(A/C).

Proof The functor C(A) — C(A/C) induces an equivalence
C(A)/C(C) = C(A/C),
and a quasi-inverse yields a triangle equivalence
F:D(A/C) => C(A)/C(O)[Qis™"].
The composite C(A) -» D(A) » D(A)/De(A) factors through the composite
C(A) » C(A)/C(€) » C(A)/C(O)[Qis™],

and this yields a functor C(A)/C(€)[Qis™'] — D(A)/De(A). Composing
this with F is a quasi-inverse for D(A)/De(A) — D(A/C). O

Serre Subcategories

Let A be an abelian category and C C A a Serre subcategory. The inclusion
€ — A induces a functor D*(€C) — D*(A), and we provide a criterion for this
to be fully faithful when there are enough injective objects.

Proposition 4.4.2. Let C C A be a Serre subcategory and suppose that A has
enough injective objects. Suppose also that the canonical functor Q: A — A/C
preserves injectivity and admits a right adjoint Q,: A/C — A. Then the
following are equivalent.

(1) The unit X — Q,Q(X) is an epimorphism for every injective X € A.
(2) The functor D*(C) — D*(A) is fully faithful.

Proof 1t is convenient to use the following notation

C=A —— 4 A" = AJe (4.43)

it Js

with Q = j* and Q,, = j..

(1) = (2): Let J denote the full subcategory of injective objects in A; the
categories J’ and J” are defined analogously. We view A’ and A" as full
subcategories of A via i) and j., respectively, and write Filt(J’,J”") for the
smallest extension closed subcategory of A containing J’ and J”’. This contains
J since each injective object X fits into an exact sequence

0—s ii'(X) — X — j,.j"(X) — 0.
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Note that the diagram (4.4.3) restricts to

iy J’
J; > File(J’,9”) > g7 (4.4.4)
;! Jx
and all functors in this diagram are exact. The only functor for which this is
not obvious is 7'. In that case exactness follows from the snake lemma because
the unit X — j,j*(X) is an epimorphism for every X in Filt(J’,J’’). Thus the

diagram (4.4.4) induces the following diagram.

iy J
D+(j/) >—I) D+(Fi1t(j,,j")) —» D+(j”)
i Jx

We claim that this diagram is equivalent to

D*(A') —> D*(A) % D*(A”) (4.4.5)

U Jx
via triangle equivalences induced by the inclusions
[ -A [y - A" f: Fil(7,3") - A.

This is clear for f’ and f”, since A’ and A” have enough injective objects.
For f it suffices to note that the inclusion J — Filt(J’,J") yields a triangle
equivalence D*(J) = D*(Filt(J’,J")), since J equals the full subcategory of
injective objects of the exact category Filt(J’,J”); see Proposition 4.2.8.

(2) = (1): Suppose the functor D*(A’) — D*(A) is fully faithful. Then we
have a diagram of the form (4.4.5). Given an injective object X in A, there is
an exact triangle

ii'(X) — X — .5 (X) — Zii'(X)

in D*(A). This uses the fact that for complexes of injectives the derived func-
tors of i* and j, are defined degreewise via i' and j., respectively. Taking
cohomology, we obtain an exact sequence

=0 — i (X) — X — (X)) — 00— -
in A. It follows that the unit X — j,j*(X) is an epimorphism. [

Example 4.4.6. Let A be an abelian category with enough injective objects
and suppose that every object X € € admits a monomorphism X — Y in C
such that Y is injective in A. This implies easily that Q: A — A/C preserves
injectivity and that the unit X — Q,0(X) is a split epimorphism when X is
injective. Note that € C A is left cofinal in this case; cf. Proposition 4.2.15.
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Example 4.4.7. There is a dual version of Proposition 4.4.2 for categories
with enough projective objects. Let A be a ring and A = Mod A the cate-
gory of A-modules. The assumptions in Proposition 4.4.2 are satisfied when
C equals the category of A-modules that are annihilated by an idempotent
€2 = ¢ € A such that eAe is semisimple, since A/C identifies with Mod eAe;
see Example 2.2.23. Note that in this case O0: Mod A — Mod eAe is given
by X — Xe = Homy(eA, X) and the counit equals the multiplication map
Xe ®.4c ¢A — X. This counit is a monomorphism for every projective A-
module X if and only if the multiplication map Ae ®.4., €A — AeA is bijec-
tive. It is not difficult to check that this holds if and only if AeA is a projective
A-module.

Given a ring A and an ideal I C A, it is easily seen that Mod A/ identifies
with a Serre subcategory of Mod A when [ is idempotent. The following pro-
vides a criterion for when the induced functor D? (Mod A/I) — D”(Mod A)
is fully faithful.

Lemma 4.4.8. Let A be a ring and I C A an idempotent ideal such that I is
a projective A-module. Then Exti/I(X, Y) = Ext{ (X, Y) for all A/I-modules
X,Yandp > 0.

Proof Set A = A/I. We use induction on p > 0. The assertion is clear for
p = 0,1 since Mod A identifies with a Serre subcategory of Mod A. Now let
p > 1 and fix a pair of A-modules X, Y. Choose an exact sequence 0 — X’ —
P — X — 0 of A-modules such that P is projective. This induces the following
commutative diagram with exact rows.

Ext? ™ (P,Y) - Ext?™ (X", Y) — Ext? (X,¥) —— Ext}(P,Y)

| |- |- l

Ext?™'(P,Y) —— Ext?"'(X',Y) — Ext}(X,Y) —— Ext’(P,Y)

Observe that proj.dim, P < 1 since [ is projective. Thus the last term in
each row is zero. Also, the first term in each row is zero by the induction
hypothesis. It follows that « is invertible, since @’ is invertible by the induction

hypothesis. O
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Homological Epimorphisms

Let ¢: A — T" be a ring homomorphism. Then the bimodule oI gives rise to
an adjoint pair of functors:
kT
DModA) " D(ModT).
RHomp (T",-)
The homomorphism ¢ is called a homological epimorphism provided the equiv-
alent conditions of the following proposition are satisfied.

Proposition 4.4.9. For a ring homomorphism ¢: A — T the following are
equivalent.

(1) Restriction via ¢ induces a fully faithful functor D(ModI") — D(Mod A).
(2) Ext?(X,Y) = Ext} (X,Y) for all T-modules X,Y and p > 0.
(3) T @y I' = I and Torh(I',T) = 0 for all p > 0.

Proof (1) = (2): Clear.

(2) = (3): We write D = Homz(—, Q/Z) for the Matlis duality between left
and right A-modules. Deriving the adjunction Homu (I', DX) = D(I" @z X)
for any left A-module X yields an isomorphism

Ext? (', DX) = DTory (I, X)  forall p > 0;
see Lemma 4.3.17. Then the isomorphism
DI" = Homp (T, DT') = Homu (T, D)

identifies with the Matlis dual of the multiplication map I'®x I’ — I', which is
therefore an isomorphism. Analogously,

Ext?(T', DT) = Ext} (T, DT) = D Tory(I",T)

implies Torg(F, I')=0forall p > 0.

(3) = (1): The functor D(ModI") — D(Mod A) is fully faithful if and only
if the counit ex: X ®k I' — X is an isomorphism for all X € D(ModT).
The condition (3) says that er is an isomorphism. In fact, the objects X such
that ex»x is an isomorphism for all n € Z form a triangulated subcategory of
D(ModT) that is closed under all coproducts. It remains to note that D(Mod I')
is generated by I, so there is no proper triangulated subcategory that is closed
under coproducts and contains I', by Corollary 4.3.6. m}

Corollary 4.4.10. Let I C A be an idempotent ideal such that I is projective
when viewed as a left or right A-module. Then A - A/I is a homological
epimorphism.
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Proof Because I is idempotent we have I ®4 A/I = I/I*> = 0. Using that
I, is projective it follows that Tor(I, A/I) = 0. Then the exact sequence
0 — I — A — A/I — Oinduces an isomorphism Tor® (A/I,A/I) = A/I. O

Thick Subcategories

Let A be an exact category. A full additive subcategory C C A is thick if it
is closed under direct summands and satisfies the following two out of three
property: an exact sequence 0 - X — Y — Z — Oliesin Cif two of X,Y,Z
are in C. Note that this is different from a Serre subcategory of an abelian
category.

Example 4.4.11. For each X € A the full subcategories
{A e A|Ext"(X,A) =0foralln > 0}
and
{A e A|Ext"(A,X)=0forall n > 0}

are thick. This follows from the long exact sequences given by Ext" (X, —) and
Ext" (-, X) (Corollary 4.2.12).

Example 4.4.12. An object X in A is homologically finite if for every object
Y in A we have Ext"(X,Y) = 0 for almost all n > 0. The homologically finite
objects form a thick subcategory of A.

We consider the canonical embedding d: A — D?(A). The assignment
Cr—d'(e)
induces a map
{thick subcategories of D?(A)} — {thick subcategories of A}
which in some interesting cases is a bijection.

Example 4.4.13. Let A be a Frobenius category and denote by P the full
subcategory of projective (and injective) objects in A.

(1) The canonical functor s: A — St.A induces via € — s~ (€) a bijection
between the thick subcategories of St.A and the thick subcategories of A
containing P.

(2) The canonical functor d: A — DP(A) induces via € — d~'(C) a
bijection between the thick subcategories of D?(A) containing D? () and the
thick subcategories of A containing P.
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Hereditary Categories

An abelian category A is hereditary provided that the functor Extil (=, —) van-
ishes. In this case, there is an explicit description of all objects and morphisms
in D(A). We say that a complex X is quasi-isomorphic to its cohomology if
there is a quasi-isomorphism between X and

0 _ 0 0 0
s — H"'X — H'X — H™'X — ...
This means there are isomorphisms

]_[ Y(H'X) = X = ]_[ T(H"X) (4.4.14)

nez nez

in D(A).

Proposition 4.4.15. An abelian category A is hereditary if and only if every
object in the derived category D(A) is quasi-isomorphic to its cohomology.

Proof We first note that a morphism 6 in C(A) of the form

f

0 A B 0
x L, x0 &y _d oy

yields the following morphism between four-term exact sequences in A:

0 Ker f A / B Coker f —— 0
0 H° X%/Imd~! —— Kerd! H! 0

In particular, if 6 is a quasi-isomorphism, then these two exact sequences
represent the same element of Extil (H', HY).

Assume first that every object in D(A) is quasi-isomorphic to its cohomology,
and take any morphism f: A — B in A, say with kernel A” and cokernel B’.
Then the assumption yields quasi-isomorphisms in C(A) of the form

f

0 A B 0
x-1 L, x0 b xn _d o

| A

0 A2 p 0
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and hence the induced four-term exact sequences all yield the same element in
Extil(B’, A’), necessarily the zero element. It follows that Extil(B, A) =0 for
all objects A, B in A, so that A is hereditary.

Conversely, let A be hereditary and take a complex X in C(A). Note that the
vanishing of Extil (H" X, —) implies the existence of a commutative diagram

0 xn-1 E" H"X 0
0 —— Imd"! —— Kerd" H"X 0

with exact rows. We obtain the following commutative diagram

0 0 H"X 0
W T I Y
0 xn! E" 0
l | |
Xn—Z anl X" Xn+1

and the vertical morphisms induce cohomology isomorphism in degree n. Thus
we have in D(A) the required isomorphisms (4.4.14). O

Remark 4.4.16. There is another useful characterisation. An abelian category
is hereditary if and only if, for every morphism ¢: X — Y, there exists a
commuting square

Im¢p ——
which is a pullback and pushout. In particular, this yields a short exact sequence
0—X—>Im¢®E —Y —0.

Moreover, every thick subcategory of an hereditary category is closed under
kernels and cokernels of morphisms.

Proof Suppose that A is hereditary. A morphism ¢: X — Y induces an exact
sequence 0 —» Im¢ — Y — Z — 0. The vanishing of ExtiL (Z,-) implies
that X - Im ¢ induces a surjective map

Exth(Z, X) — Exth(Z, Im ¢).
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This yields a commutative diagram

0 X E Z 0
0 —— Im¢ Y Z 0

with exact rows, giving the desired pullback and pushout. The argument can be
reversed; so the proof of the other direction is similar. O

For an additive category C and a family of full additive subcategories (C;);es

we write
e=\/¢
iel
if € = }}; €; (so each object in € can be written as [ [; X; with X; € C; for all i)
and C; N 3;,; C; = 0 for all j. Thus we have

D(A) = \/ S"A where X"A={X eD(A)|H (X)=0fori# -n}

nez

when A is hereditary. The bijection Ext’; (A, B) = Hompx)(X™A, Z"B)
for any pair of objects A, B in A yields a description of all morphisms in
D(A). Each morphism X — Y in D(A) corresponds to a family of elements
in Hom 4 (H"X, H"Y) and a family of elements in Exth(H"X, H""Y), with
n € Z. Thus we have non-zero maps X' A — X/ A only if j —i € {0, 1}.

For an hereditary category A there is a close connection between thick
subcategories of A and D? (A). This is a consequence of Proposition 4.4.15.

Proposition 4.4.17. Let A be an hereditary abelian category. The canonical
functor d: A — DP(A) induces via D — d~'(D) a bijection between the
thick subcategories of DP(A) and the thick subcategories of A. The inverse
map sends a thick subcategory C C A to DP(C).

Proof 1If C C A is thick, then the inclusion induces a fully faithful functor
D?(@) — D”(A) by Lemma 4.2.13, and its essential image is a thick subcat-
egory of D?(A). The subcategory C is closed under kernels and cokernels of
morphisms; see Remark 4.4.16. Thus

H(D”(@)) =C=d'(D"(©)).

Now let D C D?(A) be thick and set C = H(D) = d~'(D). This is a thick
subcategory of A, and we have D?(C) = D by Proposition 4.4.15. O
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Frobenius Categories

Let A be a Frobenius category and denote by P the full subcategory of projective
(and injective) objects in A. We provide two useful descriptions of the stable
category St A.

Recall thata complex X in A is acyclic if for each n € Z there is an admissible
exact sequence

0 zn @, xn _F

zn+ 1 0

in A such that d’ = &™*! o B". We set
7"(X) = Ker(x" L5 xm+)

and denote K(P) N Ac(A) by Ky (P).
For any object A in A there is a complete resolution, which is by definition
an acyclic complex X of projectives such that Z(X) = A.

Proposition 4.4.18. For a Frobenius category A the composite
F: A —— DP(A) — DP(A)/D>(P)
induces a triangle equivalence
StA = D?(A)/D?(P).
Moreover, we have a triangle equivalence
7% Koo (P) =5 StA.

Proof The functor F is exact: it takes an exact sequence 0 —» X’ — X —
X” — 0in A to an exact triangle F(X’) — F(X) — F(X”) —» F(X)[1].
Also, F annihilates all projective objects and therefore yields an exact functor
F: StA — D?(A)/DP(P). The suspension in St.A takes X to XX, and

F(EX) = F(X)[1].

We construct a quasi-inverse for F as follows.
Consider the category K(P) and identify the subcategories

K’ (P) = D’(P) and K ?(P) = D(A).
For a complex X and n € Z we use the following truncation:

X .“_)Xn—léxn_)xrwl_)erZ_).“

| oo ]

o<nX e X X 0 0
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Now fix a complex X in K—?(P) and choose n € Z such that H (X) = 0 for
alli < n. Note that the cone of X — o<, X belongs to K?(P). Thus X = o<, X
in D?(A)/D?(P) and the assignment

X +— 7" Coker(X"! — X™")

yields a functor G : D?(A)/D?(P) — St.A which does not depend on n. It is
not difficult to check that G o F = id and F o G = id.
For the second equivalence observe that Z° induces for a pair X, Y in K,.(P)
a bijection
Homg ) (X,Y) = Homs 4 (Z°(X), Z°(Y)).

For instance, when  : Z°(X) — Z°(Y) is a morphism in A, then this is easily
extended to a morphism ¢: X — Y such that Z°(¢) = v, using the projectivity
of the components X" for negative degrees and the injectivity of the components
Y" for non-negative degrees. On the other hand, if ¢: X — Y is a morphism
such that Z°(¢) factors through a projective object, then this yields inductively
morphisms X — Y"~! showing that ¢ is null-homotopic. For any object A in
A there is a complete resolution X such that Z°(X) = A. It remains to observe
that the functor Z° is exact. Thus Z° is a triangle equivalence. O

For an object X € A we choose a projective resolution pX — X and an
injective resolution X — iX. Completing the canonical morphism pX — iX
to an exact triangle

pX —iX — X — X(pX)

yields a complete resolution rX satisfying Z°(tX) = X. One defines the Tate
cohomology for X,Y € A by

Ext", (X,Y) := H"Homu (X,1Y)  (n€Z).

Also we set

Hom , (X,Y) := Homg 4 (X, Y).

The following lemma shows some symmetry of the Tate cohomology. In
particular, it could be defined equally well via a complete resolution in the first
argument.

Lemma 4.4.19. For X,Y € A and n € Z there are natural isomorphisms
Ext", (X,Y) = Homga) (X, 2" (1Y)) = Hom , (X, Z"Y).
Moreover, there is a natural homomorphism

Ext" (X,Y) — Ext, (X, Y)
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which is an isomorphism for n > 0 and identifies for n = 0 with the canonical
map Hom 4 (X,Y) - Hom , (X,Y).

Proof We have

H"Hom 4 (X,tY) = Homg ) (X, Z"(1Y))
= Homg 4)(iX,Z"(1Y))
= Homg ) (tX, X" (1))
= Hom , (X, ="Y).

The first isomorphism is by Example 4.1.5, the second by Lemma 4.2.6, the
third follows from the triangle defining #X since Homg4)(pX,X"(¢Y)) = 0
by Lemma 4.2.5, and the last is induced by Z° as in the above proposition.
The morphism 7: i¥Y — tY induces the map Ext, (X,Y) — E;t"A (X,Y),
and it is an isomorphism for n > 0 since 77 equals the identity for p > 0. O

A Proper Class of Extensions

We give an example of an abelian category A and an object X in A such that
Ext!, (X, X) = Homp4)(X,2X)

is not a set but a proper class. In particular, we see that the construction of the
derived category D(A) yields a ‘category’ where morphisms between given
objects do not always form a set.

Fix a category C and a class /. We define a new category C(I). The objects
are families (X, ¢;);¢; consisting of an object X € € and a family of endomor-
phisms ¢;: X — X. A morphism (X, ¢;) — (Y, ;) is given by a morphism
a: X — Y in C such that a¢; = y;a for all i € I.

Now suppose that € is abelian. Then A = C(I) is an abelian category. For
0 # X € @ we consider the ‘trivial object’ X = (X, ¢;)ic; With ¢; = 0 for all
i € I. Define for each i € I an object X; = (X & X, ¢;)jer by ¢; = [ § 9] for
J =i,and ¢; = 0 for j # i. The object X; fits into the following short exact
sequence:

' IOidJ %

& 0 X X; 0.

Lemma 4.4.20. The map I — Extlﬂ(}_( , X) given by i — &; is injective.

Proof This is clear since X; ¢ X fori # j. o
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Notes

Derived categories were introduced 1963 by Verdier in his thesis [199], fol-
lowing ideas of Grothendieck which he developed in the context of his duality
theory outlined in [95]. The basic facts and properties of derived categories
can be found in Verdier’s work. The study of resolutions and extension has a
much longer history. For pioneering work on Ext', see for instance Baer [20] or
Eilenberg and Mac Lane [72]. The definition of Ext" via long exact sequences
is due to Yoneda [201], while the definition via resolutions is from Cartan and
Eilenberg [46].

Abelian categories provided the original context for derived categories when
they were introduced. We follow Neeman who generalised the definition to
exact categories [147].

The construction of a derived category raises set-theoretic problems, but
these can be safely ignored in most situations by reducing to a case where reso-
lutions exist. For unbounded complexes, a first systematic study of resolutions
was carried out by Spaltenstein [194]. The construction of K-injective resolu-
tions via homotopy limits is due to Bokstedt and Neeman [37]. For Grothendieck
categories the existence of K-injective resolutions can be deduced from reso-
lutions of complexes of modules over a ring via the Gabriel-Popescu theorem
[4]. There are various approaches towards defining derived functors. For our
applications Deligne’s definition seems to be most useful [62]. The discus-
sion of homotopically minimal complexes follows [129]; see also Eilenberg’s
axiomatic treatment of minimal resolutions [71].

Grothendieck groups are among the basic invariants that are preserved when
passing from an exact to its derived category; they were introduced for trian-
gulated categories in the study of perfect complexes by Grothendieck [96].

For the derived category of an abelian category, it is a natural problem to
identify the subcategory of complexes with cohomology in some fixed Serre
subcategory. For instance, this arises in the study of derived categories of
quasi-hereditary algebras [158]. Closely related is the concept of a homological
epimorphism studied by Geigle and Lenzing [89].

Hereditary rings appear in Cartan—Eilenberg’s book [46]. The term reflects
the property that projectivity is inherited under passage to submodules. Hered-
itary abelian categories were introduced by Lenzing in his thesis [137]; for a
comprehensive study see work of Reiten and Van den Bergh [168]. An important
example of a Frobenius category is the category of maximal Cohen—Macaulay
modules over a Gorenstein algebra. In this context the stable category and Tate
cohomology have been studied extensively by Buchweitz [44].
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In this chapter we focus on derived categories of representations of Artin
algebras. We begin with three examples that are related to the projective line:
coherent sheaves on the projective line, representations of the Kronecker quiver,
and representations of the Klein four group. The connection between these
examples is best explained via triangulated methods. Then we move on and
give further descriptions of derived categories. For Artin algebras we provide
a description of the derived category via modules over the trivial extension
algebra. For a right coherent ring the bounded derived category of finitely
presented modules is interpreted as a completion of the category of perfect
complexes.

5.1 Examples Related to the Projective Line

We consider derived categories of finite dimensional algebras and discuss three
examples in detail: coherent sheaves on the projective line, representations of

146
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the Kronecker quiver, and representations of the Klein four group. All three ex-
amples are closely related. The relation between the first two is via tilting. More
precisely, we have a derived equivalence which is induced by a tilting object,
and we explain this process in the general context of hereditary categories.

Tilting Hereditary Categories

‘Tilting’ can be described as a process of relating two abelian categories via
a triangle equivalence between their derived categories. Here we consider the
special case of an hereditary abelian category.

Let k be a commutative ring and fix a k-linear hereditary abelian category
A such that Hom 4 (X,Y) and Ext;l(X ,Y) are finite length k-modules for all
objects X, Y.

We fix a tilting object T € A, thatis, Ext', (T, T) = 0 and Thick(T) = A. Set
A :=End 4 (T) and consider the following full subcategories:

T:={X e A|ExtY(T,X) =0}, F:={XeA|Homyu(T,X) =0},
and
B := {X € D’(A) | Homp()(T,X"X) = 0 for all n # 0}.

Given a pair (7, F) of subcategories of any exact category A, one calls (T, F)
a torsion pair for A if

T={XeA|Homy(X,Y)=0forallY € F},
F={Y e A|Homy(X,Y)=0forall X € T},

and each object X € A fits into an exact sequence 0 —» X’ - X —» X" — 0
with X’ € Tand X" € &.

Lemma 5.1.1. The objects in T are precisely the quotients of objects in add T,
and (T, F) is a torsion pair for A.

Proof  Firstobserve that TNF = 0, because X € TNF implies Ext’; (A, X) =0
for all A € Thick(T); see Example 4.4.11.

Now fix an object X € A and choose generators ¢y, . .., ¢, of Hom4 (T, X).
Let X denote the image of ¢: T" — X. Clearly, tX € T since Ext% (T, -) =0,
and the inclusion X — X induces an isomorphism

Hom 4 (T, tX) = Hom (7, X).

It follows that X /tX € F. We have Hom 4 (X,Y) =0 for X € Tand Y € &,
since the image of any morphism X — Y liesin TNJF = 0. Thus tX = X if and
onlyif X € T,andtX =0ifand only if X € J. O
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A tilting object provides a close relation between two abelian categories via
a triangle equivalence between their derived categories. The following theorem
makes this precise.

Theorem 5.1.2. Let A be a k-linear hereditary abelian category with all Ext-
groups of finite length over k. Suppose that T € A is a tilting object. Then the
following holds for

B := {X € D’ (A) | Homp ) (T, 2"X) = 0 for all n # 0}.

(1) The category B is abelian and the inclusion B — DP(A) extends to a
triangle equivalence D? (B) = DP(A).

(2) The algebra A = End4(T) has finite global dimension and the functor
Homp ) (T, —) induces an equivalence B = mod A.

(3) B=TVXIFand (£5,7) is a split torsion pair for B.

Proof The functor Hom 4 (T, —) induces an equivalence add T = proj A and
extends to a triangle equivalence K”(addT) = K’ (proj A). We obtain the
following commutative square

K’ (addT) HomalT7) | gen (proj A)

l l

D?(A) ——— DP(projA)

because the vertical functors are triangle equivalences. In fact, a dévissage
argument (Lemma 3.1.8) shows that both vertical functors are fully faithful.
Also, Thick(T) = D?(A) since T is tilting.

Next observe that A has finite global dimension. This either follows from
Theorem 9.3.14, with bound gl.dim A < 2, or one checks that A is a triangular
ring. More precisely, let T = @f:] T; be a decomposition into indecomposable
objects. Then each morphism ¢: T; — T; is either a monomorphism or an
epimorphism since A is hereditary. This follows from the fact that the mor-
phism ¢ fits into a split exact sequence 0 — T; —» Im¢ ® E — T; — 0 by
Remark 4.4.16. Thus End 4 (7;) is a division ring for each i, and we may assume
that the 7; are ordered in such a way that Hom 4 (7;,7;) = O for all i > j. It
follows that for each A-module the length of a minimal projective resolution is
bounded by r. This yields a triangle equivalence

D’ (A) = D?(proj A) = D’ (mod A)

which maps T to A; so it identifies B with mod A.
It remains to show that B = T v £J and that (£F, T) is a split torsion pair
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for B. First observe that T = BN A and ZF = B N X A. Choose X € XF and
Y € T.If X = XX’, then we have

Homg (X,Y) = Homp(a)(EX',Y) = Ext}} (X', Y) = 0.

Thus it suffices to show that each indecomposable X € B belongs either to T
or to XJ; so we need to show that X lies in A or ZA. Suppose X = X"Y for
some Y € Aand n # 0, 1. Then Homy4(7,Y) = 0 and Exth(T, Y) = 0. Thus
Y = 0 since Thick(7T') = A; see Example 4.4.11. |

Corollary 5.1.3. The triangle equivalence D?(A) = D?(mod A) restricts to
a pair of equivalences

H T,-
A2DT —m Homp4)(T,T) € mod A,

Ext (T,-)
A F —— HomD(A) (T, Z?) C mod A.

Moreover, if B is hereditary, then A =F Vv 7.

Proof The first assertion is clear. When B is hereditary, we have
Ang(A):\/Z"Bz(\/Z"T)v(\/z"?). O
nez nez nez

The following diagram illustrates the tilting process from A to B.

B

A A

Later on we will discuss concrete examples of hereditary abelian categories
with specific tilting objects; see Proposition 5.1.17 and Proposition 7.2.24.

The Projective Line

Let k be a field and P}( the projective line over k. We view P}( as a scheme and
consider the category coh P}( of coherent sheaves on P}(. This is an example
of an hereditary abelian category. So we describe this category and its derived
category. This is meant as an illustration; so we do not give all details and refer
to the literature when appropriate.

We begin with a description of the underlying set of points of P}(. Let
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k[x0,x1] be the polynomial ring in two variables with the usual Z-grading by
total degree. Denote by Proj k[xg, x;] the set of homogeneous prime ideals of
k [x0,x1] that are different from the unique maximal ideal consisting of positive
degree elements. Note that k[xg,x;] is a two-dimensional graded factorial
domain. Thus homogeneous irreducible polynomials correspond to non-zero
homogeneous prime ideals by taking a polynomial p to the ideal (p) generated
by p, and (p’) = (p) if and only if p’ = ap for some a € k \ {0}.

The elements of Proj k [xo, x1 ] form the points of P} . A point p € P} is closed
if p # 0, and p is generic if p = 0. Using homogeneous coordinates, a rational
point of P}( is a pair [Ag : A1] of elements of k which are not both zero, subject
to the relation [Ag : A1] = [adp : ad;] for all @ € k, @ # 0. We identify each
rational point [Ag : 4] with the prime ideal (d;xg — Agx) of k[xg,x1]. If k is
algebraically closed then all closed points are rational.

Using the identification y = x| /xg, we cover P}( by two copies U’ = Spec k[y]
and U"” = Spec k[y~!] of the affine line, with U’ N U"’ = Spec k[y, y~']. More
precisely, the evaluation map k[xg,x;] — k[y] sending f to f(1,y) induces
an isomorphism k[xg,x1]/(xo — 1) = k[y] and yields a bijection

Proj k[xo,x1]1\ {(x0)} = Speck[y].

Analogously, the map k[xg,x;] — k[y~!] sending f to f(y~!,1) induces a
bijection
Proj k [xo, x1] \ {(x1)} = Spec k[y~'].

Based on the covering ]P’,lc = U’UU"”, the category coh P}{ of coherent sheaves
admits a description in terms of the following pullback of abelian categories

coh IP’}( —— cohU’

1 |

cohU” —— cohU' NnU”

where each functor is given by restricting a sheaf to the appropriate open subset;
see [79, Proposition VI.2]. More concretely, this pullback diagram has, up to
equivalence, the form

A ——— mod k[y]

| |

mod k[y~'] —— mod k[y,y™!]

where the category A is defined as follows. The objects of A are given by
triples (M’', M", u), where M’ is a finitely generated k[y]-module, M"" is
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a finitely generated k[y~']-module, and u: My = M;’_l is an isomorphism
of k[y,y~']-modules. Here, we use for any R-module M the notation M,
to denote the localisation with respect to an element x € R. A morphism
from (M’,M"”, u) to (N’,N”,v) in A is a pair (¢’, ¢"’) of morphisms, where
¢’ M’ — N’ is k[y]-linear and ¢"": M"” — N"' is k[y~']-linear such that
T

Given a sheaf .# on P,l{, we denote for any open subset U C P}( by I'(U, %)
the sections over U.

Lemma 5.1.4. The assignment
g\ — (F(U/7 ‘gz)’ F(U”’ y)? idF(U'mU”,ﬂ))
gives an equivalence coh P}( = A.

Proof The description of a sheaf .% on P /l< = U’UU" in terms of its restrictions
Flu, Fluy», and F|yny» is standard; see [79, Proposition VI.2]. Thus it
remains to observe that taking global sections identifies coh U’ = mod k[y],
cohU” =mod k[y~!], and cohU’ N U” = mod k[y, y~!]. m}

From now on we identify the categories coh P}( and A via the above equiva-
lence.

Let grmod & [xg, x1 ] denote the category of finitely generated Z-graded mod-
ules over k[xg,x1] and write grmod,, k[x¢, x1] for the Serre subcategory con-
sisting of all finite length modules. The property of a pullback yields an exact
functor

F: grmod k [xg,x1] — (:ohIP’,l< (5.1.5)
that fits into the following commutative diagram.

mod k[y]

"

grmod k[xq, x1] N cohP}( mod k[y, y~!]

T,

mod k[y~']

We give an explicit description of F; it takes a graded & [xg, x| ]-module M to
the triple
M = ((MX())O’ (Mx1 )09 O—M)’

where the variable y acts on the degree zero part of M,, via the identifica-
tion y = x/xo, the variable y~! acts on the degree zero part of M,, via the
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identification y~! = xo/x;, and the isomorphism o, equals the obvious iden-
tification [(Mx,)o]lx,/x, = [(Mx,)0]x,/x,- Note that F annihilates precisely the
finite length modules.

The following result is due to Serre [188].

Proposition 5.1.6. The functor (5.1.5) induces an equivalence

grmod k [xg, x1]

= > - = hP!. O
grmod, k[xo, x1] T Co bk

Forany n € Zand .% = (M’, M”, i) in coh P!, denote by .% (n) the twisted
sheaf (M’',M", u™), where u™ is the map u followed by multiplication by
y™". Given a graded k[xo, x1|-module M, the twisted module M (n) is obtained
by shifting the grading, thatis, M (n); = M., fori € Z. Note that ]\71(71) = M(n).

The structure sheaf is the sheaf & = (k[y],k[y"],idk[y’yqj); it is the
image of the free k[xo, x;]-module of rank one under the functor (5.1.5). For
any pair m, n € Z, we have a natural bijection

k[x0,x1]p—m = Hom(O(m), O(n)). 5.1.7)

The map sends a homogeneous polynomial p of degree n — m to the mor-
phism (@', ¢""), where ¢’: k[y] — k[y] is multiplication by p(1,y) and
¢ k[y~'] — k[y~'] is multiplication by p(y~!, 1).

From the above formula one can deduce the following [24, Corollary 6]:

Ext!(0(m), 0(n)) =0 forall m<n+1. (5.1.8)

Each coherent sheaf .# admits an essentially unique decomposition .# =
.., Z: into indecomposable sheaves. The indecomposable sheaves come in
two types:

(1) for each n € Z, the sheaf &'(n), and
(2) for each closed point p € P}( and r > 1, a sheaf O)r.

Let p be a closed point and choose a homogeneous irreducible polynomial p
of degree d that generates p. The bijection (5.1.7) gives for each power p” a
monomorphism & — &(rd) whose cokernel we denote by &,-. Thus there is
an exact sequence

0—0— O(rd) — Oy — 0.

Note that for r,s > 1 the composite & — O(rd) — O(rd + sd) yields an
exact sequence

00— ﬁpr —_—> ﬁprts e ﬁps — 0.
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Direct sums of sheaves of the form &'(n) are called vector bundles or locally
free sheaves; direct sums of sheaves of the form &) are called torsion sheaves.
Let cohg P}( denote the full subcategory of finite length objects of coh IP}(.

Lemma 5.1.9. For a torsion sheaf Oy and a locally free sheaf O(n) we
have Hom(Oyr, 0 (n)) = 0. The full subcategory of torsion sheaves equals the
category cohg P}( of finite length objects. The objects Uy, (p a closed point) form
a representative set of simple objects.

Proof The first assertion follows from (5.1.7) by applying Hom(—, &'(n)) to
the sequence defining O)r.
For a closed point p and r > 1, it is not difficult to show that

Ogﬁplgﬁng"'gﬁr
is a composition series. O
Given a sheaf .% on ]P’II( and a point p € P}(, the stalk of .7 at p is the colimit

Fp = colim.F (U
» = colim  (U)
where U runs through all open subsets of P}(. The support of F is by definition

Supp F = {p E}P’,lC | Fp #0}.

The functor (5.1.5) provides an alternative description of the support. In
fact, for each graded k|[xg,x;]-module M and p € P}(, the functor induces an
isomorphism

(My)o = (M)y.
Composing the natural homomorphism

k[x0,x1] — End*(M) = @ Hom(M, M(n))

nez

with the induced homomorphism End*(M) — End*(M) yields for each .Z in
coh P,lc a homomorphism

Xz kl[xo,x;] — End"(F)
and
SuppZ ={p € P}( | Ker yo C p}.

It is not difficult to compute the support of each object.
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Proposition 5.1.10. Letp € P}{ be a closed point and n € Z. Then we have
Supp O(n) =P},  and  Supp Opn = {p}. o

Let us mention an immediate consequence. For each pair of closed points
p#qin ]P’,l( we have

Hom(Oym, Oqn) =0 forall m,n>1,
since the image of any morphism has support contained in {p} N {q}.
Proposition 5.1.11. The assignment

1
cohP, 2 €+ SuppC = U Supp X
XeC
induces an inclusion preserving bijection between the Serre subcategories of
coh ]PJIIC that are closed under twists, and the specialisation closed subsets of P}(.

Proof We combine the description of Serre subcategories of grmod k [x¢, x1 ]
from Proposition 2.4.21 with Proposition 5.1.6, keeping in mind that the mini-
mal Serre subcategory grmod,, k [x¢, x1] corresponds to {m} C Spec k [xo, x1],
where m denotes the unique maximal ideal of positive degree elements. O

We extend this to a description of all thick subcategories of coh IP’,I( and begin
with the following observation.

Lemma 5.1.12. Let C C coh ]P’,l< be a thick subcategory closed under twists.
Then C is a Serre subcategory.

Proof 1If C contains a non-zero vector bundle, then € = coh P}(. Thus we
assume C C cohg ]P’}c. A thick subcategory € of a length category is a Serre
subcategory if for each object in C its socle (sum of simple subobjects) is in
C. Thus it suffices to show that &, € € implies &, € C; see Lemma 5.1.9.
But this is clear, because there is an endomorphism ¢: Oy — Oy with
Im¢ = O,. A thick subcategory of an hereditary category is closed under
images of morphisms; see Remark 4.4.16. O

Thus we can reformulate Proposition 5.1.11 as follows. The assignment
C +— Supp € induces a lattice isomorphism

{thick subcategories of coh ]P,lc closed under twists} — {spc subsets of P,lc}

where ‘spc’ is an abbreviation for ‘specialisation closed’.
For each i € Z there is a thick subcategory

Thick(€(i)) = add 6(i),
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and these are the only proper non-trivial thick subcategories which are generated
by vector bundles. Thus we have a lattice isomorphism

{thick subcategories of coh IP’}{ generated by vector bundles} = Z

where Z denotes the lattice given by the following Hasse diagram:

)
\+/

One can combine these classifications, where for a pair of lattices L’, L" with
smallest elements 0’,0” and greatest elements 1’, 1", we denote by L’ 11 L”
the new lattice which is obtained from the disjoint union L’ LI L” (viewed as a
sum of posets) by identifying 0’ =0” and 1’ = 1".

Proposition 5.1.13. We have a lattice isomorphism
{thick subcategories of coh P,l(} — {spc subsets of]P,t} az.

Proof The verification that the evident map is indeed a lattice isomorphism as
claimed is elementary: the line bundles &(i) are supported everywhere so are
not contained in any proper thick subcategory closed under twists, and any line
bundle and a torsion sheaf, or any pair of line bundles, generate the category.
For any set 'V of points set

cohy P, = {F € cohP, | Supp.Z C V}.
Thus for i # j and V proper non-empty and specialisation closed in IP}{ we have
cohy P}( V Thick (£ (i)) = coh ]P’,l< = Thick(£(i)) v Thick(O(j))
and
cohy P,lc A Thick(&'(i)) = 0 = Thick(&'(i)) A Thick(O(j)). O
Corollary 5.1.14. We have a lattice isomorphism

{thick subcategories of D” (cohP})} = {spc subsets of P} } 1 Z.
k k

Proof Combine Proposition 4.4.17 and Proposition 5.1.13. O

The Kronecker Quiver
We consider the following Kronecker quiver

P
o) $ o
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and fix a field k. A k-linear representation (V,W, ¢, ) consists of a pair of
vector spaces together with a pair of linear maps between them
VW

—

v

The finite dimensional representations of the Kronecker quiver form an hered-
itary abelian category. We describe this category and its relation with the
category coh P,lc of coherent sheaves on the projective line. In particular, the in-
decomposable regular representations of the Kronecker quiver are parametrised
by points of the projective line P}c over k. We recall briefly some definitions.

Let k[x, y] be the polynomial ring in two variables with the usual Z-grading
by total degree. Denote by Proj k[x, y] the set of homogeneous prime ideals
of k[x,y] that are different from the unique maximal ideal consisting of pos-
itive degree elements. The ring k[x, y] is a two-dimensional graded factorial
domain. Thus homogeneous irreducible polynomials correspond to non-zero
homogeneous prime ideals by taking a polynomial p to the ideal generated
by p. A closed point of P}{ is by definition an element in Proj k[x, y] that is
different from the zero ideal.

We begin by listing the indecomposable representations. For each integer
n > 0letV, denote the (n+ 1)-dimensional space of homogeneous polynomials
of degree n in two variables x and y of degree one, and for n < 0 set V;, = 0.

Thus
k[x,y] = @ V.

n>0

For a vector space X let X* = Homg (X, k) denote the dual space.
There are the indecomposable preprojective representations

Pui Vao ==V, (n > 0)
and the indecomposable postinjective representations
L V==V, (n>0).
y
Each 0 # f €V, gives rise to a regular representation

Rp: Voo == Val()

where (f) is the k-linear subspace generated by f. Often we identify f with
the ideal ( f) generated by f and set set R(s) := Ry.
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This yields a complete list of the indecomposable Kronecker representations;
see for example [18, Theorem 7.5].

Proposition 5.1.15. The representations P,, I,, (n > 0), and Ryn (n > 1
and p € IP’,I( a closed point) form, up to isomorphism, a complete list of finite
dimensional indecomposable representations of the Kronecker quiver. m]

Let us compare the category of Kronecker representations with the category
coh P}C of coherent sheaves on the projective line. We consider the sheaf

T =0 0(1)

and observe that its endomorphism algebra A = End(.7") identifies with the
Kronecker algebra (path algebra of the Kronecker quiver), because of (5.1.7).

Lemma 5.1.16. The sheaf 7 is a tilting object of coh IP’}(.

Proof The formula (5.1.8) implies that Ext! (.7, .7) = 0. The formula (5.1.7)
provides for each n € Z a canonical monomorphism & (n) — '(n + 1)? with
cokernel &'(n + 2). Thus Thick(.7) contains &'(n) for all n € Z, and then also
each torsion sheaf Oyn O

Next we apply Theorem 5.1.2 and the functor Hom (.7, —) induces a triangle
equivalence

D” (coh ]P,lc) —5 D”(mod A).

We illustrate this by some explicit calculations.
For each n > 0 we have

Hom(.7, 0'(n)) = P,
since

P, Hom(&(1), 6(n)) #; Hom(&, 0(n)).

For each homogeneous polynomial 0 # f € k[x, y] of degree n we define
the sheaf &y via the exact sequence

0— 6L 6(n) — 65 — 0.
A product fg € k[x, y] of homogeneous polynomials yields an exact sequence
00— 0(p) — Oyg) — Og) — 0
which is split exact when f and g are coprime. We have

Hom(ﬂ, ﬁ(f)) = Rf
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since

Ry : Hom(6(1), 6 )) # Hom(&, 6 5)).

In fact, applying Hom(.7, —) to the defining sequence for &y) yields the
following exact sequence of Kronecker representations.

0 — Hom(&(1), &) -5 Hom(6(1), 6(n)) — Hom(0'(1),0y)) — 0

[ | oJ)

0 — Hom(02, 0) 7, Hom(0, 6(n)) —— Hom(&, O(y)) — 0O

A representation is called regular if there are no indecomposable preprojec-
tive or postinjective direct summands. The regular representations form a thick
subcategory of mod A which we denote by reg A.

Proposition 5.1.17. The tilting object 7 = O & O(1) induces a triangle
equivalence D? (coh P}() = D?(mod A) which restricts to equivalences

1 Hom(Z7,-)
_

cohy P, reg A,

H T,—
add{O(n) | n = 0} 270, d4d(p, | n > O},

1 ‘7,_
add{O(n) | n < 0} 272, aqdqr, | n > 0},

Proof Tt follows from Lemma 5.1.2 that the tilting object .7 induces a torsion
pair (T, F) for coh P!, and we compute

T = (cohgP}) V (add{@(n) [n > 0})  and  F=add{O(n)|n <O0}.

Now the assertion follows from Theorem 5.1.2 and Corollary 5.1.3, combined
with the above computations. O

The following is an immediate consequence of Corollary 5.1.14.
Corollary 5.1.18. We have lattice isomorphisms
{thick subcategories of D” (mod A)} = {spc subsets of P}c} oz
and

{thick subcategories of mod A} — {spc subsets of P,t} az. O
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The Klein Four Group

‘We consider the group
G =(81,82) =Z/2XZ]2

and let k be a field of characteristic two. Let kG denote the group algebra of G
over k, and set x| := gj — 1, x5 := g2 — | as elements of kG. Then x? = x3 =0,
and we have

kG = k[x1,x2]/(x3,x3).

This is an exterior algebra on a two-dimensional space. The algebra is self-
injective, so mod kG is a Frobenius category; see Example 3.3.4. It is not
difficult to describe all finite dimensional kG-modules in this case. There
is a notion of cohomological support for each kG-module, and using this
we are able to classify all thick subcategories of the stable module category
mod kG = St(mod kG) and the bounded derived category D” (mod kG).

We describe kG-modules by diagrams in which the vertices represent basis
elements as a k-vector space, and an edge

a
[ ]
Xi
[ ]
b
indicates that ax; = b. If there is no edge labelled x; in the downwards direction

from a vertex then x; sends the corresponding basis vector to zero. For example,
the group algebra kG has the following diagram:

.X/ | Yzo
N

As a vector space, kG = k1 @ kx| @ kx, @ ky, where y 1= x1xp = xpx;. We
have rad kG = soc? kG = kx; @ kx» @ ky and rad® kG = soc kG = ky.
Here are the diagrams for the syzygies of the trivial module:

- N wws NN
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Q= N RE = N Se N S e

Observe that in each diagram for Q" (k), the vertices of the bottom row corre-
spond to a basis of rad Q" (k) = soc Q" (k).
For each integer n > 0 we have an isomorphism

Hom, ., (k,Q7"(k)) — Ext}(k, k) (5.1.19)
by Lemma 4.4.19, and so ranky EthG(k, k) =n+1, since
Hom, ; (k,Q7"(k)) = soc Q™" (k).
In fact, the full cohomology algebra is the Z-graded algebra
H'(G, k) = Exti g (k, k) = k[{1, 2]

with deg({;) = deg(&) = 1. The ring H* (G, k) is a two-dimensional graded
factorial domain. Thus homogeneous irreducible elements correspond to non-
zero homogeneous prime ideals by taking an element p to the ideal generated
by p. We write m = H*(G, k) for the unique maximal ideal consisting of
positive degree elements. Let Spec H*(G, k) denote the set of homogeneous
prime ideals of H*(G, k).

Let p € Spec H*(G, k) \ {0,m} and choose a homogeneous irreducible
element p of degree d that generates p. The bijection (5.1.19) gives for each
power p" a monomorphism k — Q"¢ (k) whose cokernel we denote by Ly».
Thus there is an exact sequence

0— k — Q" (k) — Ly — 0.

Proposition 5.1.20. The kG-modules kG, Q" (k) (n € Z), and Lyn (n > 1 and
p € Spec H*(G, k) \ {0, m}) form, up to isomorphism, a complete list of finite
dimensional indecomposable kG-modules.

The proof requires some preparations. We consider the category Rep(T’, k)
of k-linear representations of the Kronecker quiver I': o —= o. The rad-
ical rad X (intersection of all maximal subobjects) of a representation X =

@

(X’ _,—l’ X’") identifies with (0 —= }}; Im ¢; ). We call X separated if
[25)

(rad X)” = X".

Lemma 5.1.21. Each Kronecker representation X admits a decomposition
X = X5 ® X; such that X is separated and X, is a direct sum of copies of

(0 —= k).
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¢
Proof Set Xy, = (X’ ?] Yilmg;) and X, = (0 —= X"/Y; Im¢;).
2

]

There is a similar decomposition for kG-modules. Call a kG-module X
stable if X is annihilated by x1x, = xpx7.

Lemma 5.1.22. Each kG-module X admits a decomposition X = X ® X; such
that X is stable and X; is a direct sum of copies of kG.

Proof Set Xy = {x € X | xx;x; = 0} and X; = X/X;. Each element x € X;
such that xx;x, # 0 yields a monomorphism ¢: kG — X; such that ¢(1) = x.
Clearly, ¢ splits since kG is injective. Thus X; is a direct sum of copies of
kG. O

We define a pair of functors

(xixj) = (xlz,xg)

S
Rep(T, k) ——— " Mod X222l  Vjog Alxinl (5.1.23)
T

P
as follows. For a representation X = (X’ —= X"’) set
(%)

S(X) - X’ 69X// with ()CI +X”)Xi — ¢i(x/),

and for a k[x1,x2]/(x;x;)-module Y set
2} .
T(Y)=(Y/radY —= radY) with Yi(y+radY) = yx;.
7%}

For example, we use the description of the indecomposable Kronecker rep-
resentations (Proposition 5.1.15) and compute for n > 0 and a homogeneous
prime ideal p # 0

S(Pp) =Q7"(k),  S(,) =Q"(k),  S(Rpn)=Ly.

Proof of Proposition 5.1.20 1t is easily checked that 7§(X) = X when X
is separated, and ST(Y) = Y when Y is stable. Now the assertion follows
from the classification of the indecomposable Kronecker representations; see
Proposition 5.1.15. O

Given a finite dimensional kG-module X, consider the homomorphism
xx: H (G, k) — Ext; (X, X), n— X®n.

Here, we use the tensor product X ®; Y for kG-modules X,Y where G acts
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diagonally, so (x ® y)g =xg® ygforx € X,y €Y, g € G. The support of X
is by definition the set

Supp X = {p € Spec H*(G, k) | Ker yx C p}.

Alternatively, Supp X can be computed as the support of the H*(G, k)-module
EthG(k, X). For instance, this shows for each exact sequence 0 —» X — Y —
Z — 0 that SuppY C Supp X U Supp Z.

It is not difficult to compute the support of each object.

Proposition 5.1.24. Let p € Spec H*(G, k) \ {0, m} and n € Z. Then we have
Supp kG = {m}, SuppQ"(k)=Spec H*(G,k), SuppLy: ={p,m}. O

The definition of the homomorphism yx extends without any changes to
objects X € D?(mod kG) if we set

Ext} (X, Y) = Homy, . (X, Y) = @ Hom}y ;. (X, Z"Y).
nez
For example, we have
X e D’ (proj kG) &=  SuppX C {m}.
Now fix a pair of objects X, Y either in mod kG or in D”(mod kG). Then we
have
Thick(X) € Thick(Y) <<=  SuppX C Supp?.
This is a consequence of the following classification result.

A subset V of Spec H*(G, k) is specialisation closed if for any pair p C g of
prime ideals, p € V implies q € V

Proposition 5.1.25. The assignment

mod kG 2 € +— Supp € = U Supp X
XeC

induces an inclusion preserving bijection between the thick subcategories of
mod kG and the specialisation closed subsets of Spec H* (G, k).

Proof First observe that every thick subcategory 0 # C € mod kG contains
proj kG. Indeed, for each kG-module X we have that X ®; kG is isomorphic
to ranky X copies of kG. Thus kG € Thick(k) implies that

X ® kG € Thick(X ® k) = Thick(X).

In particular, Supp C is specialisation closed since Supp kG = {m}.
Let A denote the Kronecker algebra. We use the exact functor S: mod A —
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mod kG from (5.1.23). So we can apply the classification of thick subcategories
of mod A from Corollary 5.1.18. For example, we have for X,Y € mod A

X € Thick(Y) =  S(X) € Thick(S(Y)).
Thus Ly» € Thick(Ly») for all m,n > 1, and this calculation implies
C={X € mod kG | Supp X C Supp C}

for every thick € € mod kG. A similar calculation shows that every speciali-
sation closed subset V C Spec H* (G, k) is of the form Supp C for some thick
subcategory €. More precisely, V # Spec H*(G, k) corresponds to a thick
subcategory € C reg A (given by V \ {m} C P,L), and then Supp S(C) =V. O

We now obtain a classification of all thick subcategories for the triangulated
categories mod kG and D?(mod kG) since mod kG is a Frobenius category;
see Example 4.4.13 and keeping in mind the triangle equivalence

b
mod kG — —D (moc.l kG)
- D? (proj kG)

from Proposition 4.4.18.
Corollary 5.1.26. The assignment

mod kG 2 € —> Supp € = U Supp X
XeC
induces an inclusion preserving bijection between the thick subcategories of
mod kG and the specialisation closed subsets of Spec H* (G, k) containing m.

Proof Thick subcategories of mod kG containing proj kG correspond bijec-
tively to thick subcategories of mod kG; see Example 4.4.13. O

Corollary 5.1.27. The assignment

D’ (mod kG) 2 € — Supp € = U Supp X
XeC
induces an inclusion preserving bijection between the thick subcategories of
D? (mod kG) and the specialisation closed subsets of Spec H*(G, k).

Proof First observe that every thick subcategory 0 # C C D”(mod kG)
contains D? (proj kG). To see this we copy the argument from the proof of
Proposition 5.1.25. Thus for X € @ we have X ®; kG € D”(proj kG), and

X ® kG € Thick(X ® k) = Thick(X).

Moreover, the complex X ®; kG is split, so H"(X ®; kG) = H"(X) ®
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kG belongs to Thick(X); see Example 4.1.6. Thus € contains Thick(kG) =
D? (proj kG).

To complete the proof one notes that thick subcategories of mod kG con-
taining proj kG correspond bijectively to thick subcategories of D? (mod kG)
containing D? (proj kG); see Example 4.4.13. O

5.2 Derived Categories of Finitely Presented Modules

For a right coherent ring we provide descriptions of the bounded derived
category of finitely presented modules. When the ring is an Artin algebra,
then we use the module category of the trivial extension algebra. Another
approach describes the derived category as a completion of the category of
perfect complexes.

The Trivial Extension Algebra

Let k be a commutative artinian ring and A an Artin k-algebra. We write
D = Homg (-, E) for the Matlis duality over k, given by an injective k-module
E, and consider the bimodule 4 D (A) 4. This yields the Nakayama functor

v: ModA — Mod A, X+ X®4D(A).

Also, let
T(A)=AxD(A)

be the trivial extension algebra. Thus T(A) = A @ D(A) with multiplication
given by the formula

(x.y) - (', y") = (xx’, xy" + yx').

The algebra T(A) is Z-graded with T(A)° = A and T(A)! = D(A). We
consider Z-graded T(A)-modules X = P, ., X" with degree zero morphisms
and denote this category by GrMod 7' (A). An object is given by a family X =
(X", x")pez of A-modules X" and A-linear maps x": vX" — xn+l satisfying

X1 o yx" = 0. A morphism X — Y is given by a family (X" 2, Y™")ez of

A-linear maps such that y" o v¢" = ¢"*! o x for all n. We write
ey xn-l )ﬁxn X_n>Xn+1 ...

and keep in mind that the arrows represent the degree one morphism vX — X.
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Lemma 5.2.1. The category GrtMod T (A) is a Frobenius category. The pro-
Jective and injective objects are the direct sums of objects of the form

where P is any projective A-module.
Proof Adapt the proof of Lemma 4.1.1. O

We consider the full subcategory grmod 7'(A) of finitely generated modules;
it is also a Frobenius category. It follows from Proposition 4.4.18 that the
composite

D> dT (A
grmod T(A) —— DP(grmod T'(A)) Db(érrr;r(;j T((A))))
induces a triangle equivalence
. ~ D? (grmod T'(A))
f: grmod T(A) DF (arpro T(A)) *

Let f~ denote a quasi-inverse of f.

Let p: T(A) — A denote the canonical epimorphism; it induces via restric-
tion of scalars an exact and fully faithful functor p*: mod A — grmod T'(A).
The functor p* identifies mod A with the full subcategory of modules X in
grmod T (A) such that X' = O foralli # 0. We use the left adjoint p; = —®7(a) A
of p*, which satisfies p)p* = id and preserves projectivity.

Lemma 5.2.2. For X,Y in mod A and n € Z we have natural isomorphisms

Ext} (X.Y) > Bxt}, (X.Y) EAN Hom,. , (X, Z"Y).
Proof Choose a projective resolution
pP. ---—P,—P —Ph—X—>0

of X in grmod T'(A). We may assume that (P;)/ = 0 foralli > 0 > j. Applying
p1 yields a projective resolution in mod A that identifies with

o= (P)? — (P)? — (P)’ — X — 0.
Thus we have
Ext’/‘\(X, Y) = H*Homu(p,P,Y) = H" HomT(A)(P,p*Y) = Ext%A)(X, Y).

A direct calculation shows that HomT( A) (X,2"Y) = 0 for all n < 0. Next
observe that Homy(4) (X, P) = O for every projective 7(A)-module P. It is
easily checked that we may reduce to the case P = T(A). Then we have



166 Derived Categories of Representations

for ¢: X — T(A) that v¢? = ¢' 0 x = 0, since X’ = 0 for all i # 0.
But v = DHomyu(—,A), and therefore ¢ = 0. This yields Homus(X,Y) =
Hom,,. (A) (X,Y), and then the second isomorphism follows from Lemma 4.4.19.

O

Theorem 5.2.3. The composite

) Db d7(A) S~
D’(mod A) 2= DP(grmod T(A)) —» % —— grmod T (A)

is fully faithful and exact. The functor makes the following square commutative

modA — grmod T(A)

I l

D?(mod A) —— grmod T'(A)

(up to a natural isomorphism) and is an equivalence if and only if A has finite
global dimension.

Proof We denote by F the functor D?(mod A) — grmod T'(A). Combining
the above lemma with Lemma 3.1.8 shows that F is fully faithful. From the
construction it is clear that the square commutes.

Now suppose that A has finite global dimension. We claim that the ob-
jects of mod A generate grmod T'(A) as a triangulated category. Choose X in
grmod T'(A). We use induction on

re=min{i € Z| X" #0} and s:=max{ie€Z]|X" #0}.

We are done when r = 0 = 5. If r < 0, then we use an induction on proj.dim X”.
Choose a projective cover P* — X" and extend this to a morphism ¢: P — X
with P given by
0 P h 0

For Y = Ker ¢ we have that Y = 0 or proj.dimY” < proj.dim X". There is
an exact sequence 0 —» X’ —» X — X” — O with X’ = Im¢ = XY and
(X”)" = 0. Thus X is generated by Y and X"/, and we proceed until » = 0. A
similar induction reduces to the case s = 0 when s > 0. Having shown that
mod A generates, it follows that the essential image of F is grmod 7T'(A).

If the global dimension of A is infinite, then D?(mod A) admits no Serre
functor (Theorem 6.4.13), while grmod 7 (A) admits a Serre functor (Proposi-
tion 6.4.2). Thus there is no triangle equivalence D” (mod A) = grmod T'(A).

O
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Let us extract from the above proof a general result; it provides a concep-
tual explanation for the above functor D? (mod A) — grmod T'(A) to be fully
faithful.

Proposition 5.2.4. Let A be a Frobenius category and C C A a full exact
subcategory such that

(1) Extg(X,Y) = Exty (X,Y) forall X,Y € Candn > 0, and
(2) Homy (X,Y) =0 forall X € C and projective Y € A.

Then € < A extends to a fully faithful exact functor D?(C) — St A.

Proof From (1) it follows that € — A induces a fully faithful and exact
functor D?(C) — D?(A), by Lemma 4.2.13.

Let P C A denote the full subcategory of projective (and injective) ob-
jects. Then (2) implies € C +P and therefore D?(C) C +D?(P) in D?(A).
Thus the composite D?(€) — DP(A) - D?(A)/D?(P) is fully faithful, by
Lemma 3.2.4. It remains to recall from Proposition 4.4.18 the triangle equiva-
lence D? (A)/D?(P) = St A. o

Completing Perfect Complexes

Let A be a ring and consider the derived category D(Mod A). A complex X
is called perfect if it is quasi-isomorphic to a bounded complex of finitely
generated projective A-modules. An equivalent condition is that X belongs to
the thick subcategory generated by A, viewed as a complex concentrated in
degree zero. We write DP"(A) for the full subcategory of perfect complexes.
The inclusion proj A — Mod A induces a triangle equivalence

D? (proj A) = DPT(A)

and it is convenient to view this as an identification.

The ring A is by definition right coherent if mod A is an abelian category. In
this case we wish to understand how its derived category D”(mod A) is built
from perfect complexes. We begin this analysis with a discussion of phantom
morphisms.

Let 7 be a triangulated category and suppose that countable coproducts exist
in 7. An object C in T is called compact if Hom(C, —) preserves all coproducts.
A morphism X — Y is phantom if any composite C — X — Y with C compact
is zero. The phantom morphisms form an ideal and we write Ph(X,Y) for the
subgroup of all phantoms in Hom(X, Y).
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Lemma 5.2.5. Let X = hocolim, X,, be a homotopy colimit in T and let
¢: X — Y be a morphism. If ¢ factors through the canonical morphism
X — 502Xy, then ¢ is phantom. The converse holds when each X, is a
coproduct of compact objects.

Proof Consider the defining triangle
B
UnZO Xn E— HnZO Xn — X — ano ZXn

of X = hocolim,, X,,. The proof of Lemma 3.4.3 shows that Hom(C, @) is
surjective for each compact C € TJ. Thus g is phantom. Conversely, if each X,
is a coproduct of compact objects and ¢ is phantom, then ¢a = 0 and ¢ factors
through 3. O

2 ¢ .
For any sequence - - - — Ay 245 Agof maps between abelian groups
the limit and its first derived functor are given by the exact sequence

0 — limy Ay — [T20 An =% 1,20 An — lim! A, — 0.

Note that limil A, =0when A,;; = A, forn > 0.

Lemma 5.2.6. Let X = hocolim,, X;, be a homotopy colimit in T such that each
X, is a coproduct of compact objects. Then we have for any Y in T a natural
exact sequence

0 — Ph(X,Y) — Hom(X,Y) — limHom(X,,,Y) — 0
and an isomorphism
Ph(X,XY) = lim' Hom(X,,Y).
n

Proof Apply Hom(—,Y) to the exact triangle defining hocolim,, X,, and use
the description of Ph(X,Y) in Lemma 5.2.5. O

Let € C T be a full additive subcategory consisting of compact objects and
consider the restricted Yoneda functor

T — Add(C°®’, Ab), X — hyx := Hom(—, X)|e.
This functor induces for each pair of objects X,Y € T a map
Hom(X,Y) — Hom(hy, hy).

Clearly, this map is bijective when X is in C, and it remains bijective when X
is a coproduct of objects in €.
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Lemma 5.2.7. Let X = hocolim, X,, be a homotopy colimit in T such that
each Xy, is a coproduct of objects in C. Then we have for any Y in T a natural
isomorphism

Hom(X,Y)/Ph(X,Y) = Hom(hy, hy).
Proof We have
Hom(X,Y)/Ph(X,Y) = lirrln Hom(X,,,Y)
~ lirllnHom(th,hy)
= Hom(collim hx,, hy)
= Hom(hy, hy).

The first isomorphism follows from Lemma 5.2.6, the second follows from the
observation about the restricted Yoneda functor, the third is clear, and the last
follows from Lemma 3.4.3. O

Let us apply the theory of phantoms to the study of D(Mod A). Recall that we
have a triangle equivalence Koj(Mod A) = D(Mod A) (Corollary 4.3.6). It is
easily checked that each perfect complex is compact, because the compact ob-
jects form a thick subcategory containing A, viewed as a complex concentrated
in degree zero.

Proposition 5.2.8. Let A be a ring and set P = proj A. Then the functor
K™?(P) — Add(K”(P)?,Ab), X + hx := Hom(—, X)|g» ().

is fully faithful.

Proof We view K™?(?P) as a subcategory of D(Mod A), and the objects in

K’ (P) are compact by the above remark. Let X, Y be objects in K™?(P) and

write X as homotopy colimit of its truncations X,, = o">_,, X which lie in K? (P);

see Example 4.2.2. Let C,, denote the cone of X;, — X,;;. This complex is

concentrated in degree —n—1; so Hom(C,,,Y) = 0 forn > 0. Thus X;, — Xj+1
induces a bijection

Hom(X,,41,Y) = Hom(X,,Y) for n> 0.
This implies
Hom(X,Y) = limHom(X,,,Y)
n

and therefore Ph(X,Y) = 0 by Lemma 5.2.6. From Lemma 5.2.7 we conclude
that

Hom(X,Y) = Hom(hy, hy). O
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Let D be a triangulated category and € C D an essentially small triangulated
subcategory such that the functor

D — Add(C®’,Ab), X b hx := Hom(-, X)|e

is fully faithful.

For any X € D let C/X denote the slice category consisting of pairs (C, ¢)
given by amorphism ¢: C — X with C € C. A morphism (C, ¢) — (C’, ¢’) is
given by a morphism @: C — C’ in € such that ¢’@ = ¢. Then C/X is filtered.

Lemma 5.2.9. Every object in D can be written canonically as a filtered colimit

X= colim C
(C,p)eC/X

of the forgetful functor C/X — D that takes (C, ¢) to C.
Given objects in D that are written as filtered colimits of objects (X,) and
(Yp) in C, then

Hom(colim X, colimYg) = lim co}))im Hom(X,,Y3).
a

Proof Fix an object X € D. The functor hy is cohomological, so the mor-
phisms C — X with C € C form a filtered category. Thus Ay is the filtered
colimit of representable functors i¢ given by objects (C, ¢) € €/X; see Propo-
sition 3.1.4. It follows that X = colimc ¢)ee/x C since D — Add(CP, Ab) is
fully faithful.
For X = colim, X, and Y = colimg Yg we obtain
Hom(colim X, colimYg) = Hom(colim hx,,, colim Ayy)

= lim Hom(hx,, , colim Ay, )
a
= li(ryn co/lgim Hom(hx,, , hy,)

=i lim Hom(X,, Yg).
1Crlncoﬁlm om(Xg,Yg) O

Now suppose that A is right coherent. We study the derived category
D? (mod A) using the following identifications (Corollary 4.2.9):

K’ (proj A) ——— K" (proj A)

I I

D? (proj A) ——— D”(mod A)

The following result describes the derived category D?(mod A) as a com-
pletion of the category of perfect complexes.
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Theorem 5.2.10. Let A be a right coherent ring. Then each object in D? (mod A)
can be written (canonically) as a filtered colimit of objects in D? (proj A). Given
objects in DP (mod A) that are written as filtered colimits of objects (Xo) and
(Yg) in DP (proj A), then

Hom(colim X4, colim Yg) = lim cogm Hom(X,,Ys).
a

Moreover, the inclusion mod A — Mod A induces a fully faithful triangle
functor DP(mod A) — D(Mod A) that identifies the objects in D?(mod A)
with colimits of sequences Xo — X; — Xo — - -+ in D?(proj A) such that

(1) foralln € Z we have H"(X;) = H"(X;+1) fori > 0, and
(2) for almost all n € Z we have H"(X;) = 0 fori > 0.

Proof The first assertion follows from Proposition 5.2.8 and Lemma 5.2.9.
We know already that D (mod A) — D(Mod A) is fully faithful; see for in-
stance Example 4.2.18. Now let X be a complex in K= (proj A) and write this
as homotopy colimit of its truncations s, X which lie in K?(proj A); see Ex-
ample 4.2.2. Using again Proposition 5.2.8 and combining it with Lemma 3.4.3,
it follows that this homotopy colimit is actually a (filtered) colimit. Also, it is
clear that the sequence 050X — o0>_1X — --- satisfies the conditions (1)
and (2). On the other hand, if X equals the colimit of such a sequence, then
H"X is finitely presented for all » and H"X = O for |n| > 0, so X lies in
D?(mod A). O

The above theorem remains true when the assumption on the ring A to be
coherent is removed, but we need to replace mod A by the category of pseudo-
coherent A-modules.

A A-module X is pseudo-coherent if it admits a projective resolution

+— P —Py— X—0

such that each P; is finitely generated. We denote by pcoh A the full subcategory
of pseudo-coherent A-modules; it is an extension closed subcategory of the
category of all A-modules, thanks to the horseshoe lemma. In fact, it is the
smallest full exact subcategory of Mod A containing proj A and having enough
projective objects.

The category pcoh A is the appropriate generalisation of mod A, and pcoh A
equals mod A when A is right coherent. The following simple lemma provides
the connection with the above theorem.

Lemma 5.2.11. For a ring A the inclusion proj A — pcoh A induces a triangle
equivalence

K™? (proj A) =5 D?(pcoh A).
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Proof This follows from Corollary 4.2.9 since pcoh A is an exact category
with enough projective objects. O

Notes

The derived equivalence between coherent sheaves on P! and representations
of the Kronecker quiver is a special case of a theorem of Beilinson [25] for the
category of coherent sheaves on the projective n-space. A systematic treatment
of derived equivalences via torsion pairs was later developed by Happel, Reiten,
and Smalg [105]. The Klein four group is an example of an elementary abelian
p-group, and there is in fact an elaborated theory connecting representations
of elementary abelian p-groups with sheaves on projective spaces [30].

The description of the derived category of an Artin algebra via the stable
category of the trivial extension algebra is due to Happel [101]; see also [123].
The equivalent notion of a repetitive algebra was introduced by Hughes and
Waschbiisch [114]. The description of the derived category as a completion of
the category of perfect complexes is taken from [132]. This uses the notion of
a ‘phantom’ from homotopy theory, and the observation that the first derived
functor of the inverse limit functor describes the phantom maps goes back to
Milnor [144].
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This chapter discusses the homological theory of modules over Gorenstein
rings. A characteristic feature is the decomposition of the module category into
two orthogonal subcategories: the Gorenstein projective (or maximal Cohen—
Macaulay) modules and the modules of finite projective dimension. These
subcategories are glued together via certain approximation sequences. The
orthogonality refers to Ext"(—, —) for n > 0 and this leads to the notion of a
cotorsion pair. The stable category of Gorenstein projective modules admits
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a natural triangulated structure and is triangle equivalent to the singularity
category, which is obtained from the derived category by forming the quotient
modulo the subcategory of perfect complexes.

In the second part we focus on Artin algebras and study Serre functors for the
stable category of Gorenstein projective modules and the category of perfect
complexes.

6.1 Approximations

We establish the existence of approximations in exact categories. To formulate
these results we use the concept of a cotorsion pair. Later on we will take up
cotorsion pairs in the context of tilting.

Cotorsion Pairs

Let A be an exact category and C C A a class of objects. The right and left
perpendicular categories are the full subcategories

Lte={XeA|Bxt"(X,Y)=0forallY € C, n > 0}

and
Ct={Y e A|Ext"(X,Y)=0forall X € C, n > 0}.

Let A be an exact category and X, Y full subcategories of A. Then (X, Y) is
a (hereditary and complete) cotorsion pair for A if

Xt=Y and X ==Y
and every object A € A fits into admissible exact sequences

0—Yy—>X4—A—0 and 0—A—>Y*—5X4—50
(6.1.1)
with X4, X4 € X and Y4, Y% € Y.

The sequences (6.1.1) are called approximation sequences, because every
morphism X — A with X € X factors through X4 — A and every morphism
A — Y with Y € Y factors through A — Y. One may think of a cotorsion pair
as a decomposition of the ambient category.

Remark 6.1.2. Let (X, Y) be a cotorsion pair for A and set € = X N'Y. We write
A/C for the additive quotient category which is obtained from A by annihilating
all morphisms that factor through an object in C.

(1) Wehave X4 e Cif A e Y,and Y2 € Cif A € X. In particular, any
morphism from X to Y factors through an object in C.
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(2) The exact sequencesin (6.1.1) are uniquely determined up to isomorphism
in the quotient category A/C. In fact, the assignment A — X4 gives a right
adjoint of the inclusion /€ — A/C, while the assignment A +— Y4 gives a
left adjoint of the inclusion Y/C — A/C.

A Decomposition via Resolutions

Let A be an exact category and C C A a full additive subcategory. A finite
C-resolution of an object A in A is an admissible exact sequence (that is, an
acyclic complex)

0—X, — - —D X —>Xg—A—0

such that X; € C for all i. We write Res(C) for the full subcategory of objects
in A that admit a finite C-resolution.

The following theorem establishes a decomposition for exact categories; it
yields a procedure for constructing cotorsion pairs and is the basis for the
existence of approximations.

Theorem 6.1.3. Let A be an exact category and C C A a full additive subcat-
egory. Set X = +C and let Y be the closure under direct summands of Res(C).
Suppose that A = Res(X) and that C cogenerates X, that is, every object X € X
fits into an admissible exact sequence 0 - X - Y — Z — 0withY € C and
Z € X. Then (X,Y) is a cotorsion pair for A.

Proof Let A € A and choose an admissible exact sequence

0—X, —--—X —Xp—A—0

with X; € X for all i. We need to construct the sequences (6.1.1) and use
induction on r. The case r = 0 is clear. Now suppose r > 0 and let B denote
the image of X; — Xy given by an admissible monomorphism B — Xj. By
the inductive hypothesis there is an exact sequence 0 — B — Y8 — X8 — 0
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with X8 € X and Y8 € Y. We form the pushout diagram

0 11: )l) A 0
R

0 YlB 1 A 0
1

and obtain an exact sequence 0 — Y — X — A — 0 with X € X and
Y8 € Y. This gives the first approximation sequence. Now take this sequence
and complete the admissible monomorphism Y? — X — C. This yields the
following diagram

0

0 Y8 )l( 0
]
0 Y8 C

~

O — P —
Ce—Ne—~Ne—— 20O
o

and the sequence 0 - A - Y — X’ —> Ohas X’ € X and Y € Y. Thus we
have constructed the second approximation sequence.
It remains to show that X = +Y and X* = Y . The first equality is clear since

X =1C="Res(C).

Also, the inclusion X+ 2 Y is clear, since X+ 2 C. For the other inclusion, let
A € X* and consider the sequence 0 — A — Y4 — X4 — 0 which splits.
Thus A € Y. O
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6.2 Gorenstein Rings

Let A be aring and suppose that A is two-sided noetherian. The ring A is called
Gorenstein (or sometimes Iwanaga-Gorenstein) if the injective dimension of
A is finite as a left and as a right module over itself. In that case one can show
that both dimensions coincide. We denote this dimension by d and say A is
Gorenstein of dimension d.

Gorenstein Projective Modules

We begin our discussion with the lemma that justifies the definition of the
dimension of a Gorenstein ring. In fact, this numerical invariant admits other
descriptions involving weak dimensions.

The weak dimension (or flat dimension) of a A-module X is by definition

w.dim X = inf{n > 0 | Tor®

n+l

(X,-) = 0}.

Lemma 6.2.1. Let A be a two-sided noetherian ring. If inj.dim(A,) and
inj.dim(aA) are both finite, then they coincide.

Proof Given a finitely generated A-module X and an injective A°P-module /,
we have a natural isomorphism

Homy (Ext) (X, A), ) = Tor}(X, I) (i>0).
Thus
inj.dim(Ap) = sup{w.dim(a1) | A/ injective}.

Given a A-module X of finite weak dimension, one can test the vanishing of

Tor’,}ﬂ (X, —) on injective modules, since any module embeds into an injective

module. Thus
sup{w.dim(Xy) | w.dim(Xp) < oo} < inj.dim(Ap)
and
inj.dim(Ap) < sup{w.dim(pY) | w.dim(pY) < oo}.
This symmetry implies inj.dim(A,) = inj.dim(xA). O

Now suppose that the ring A is Gorenstein. A A-module X is called Goren-
stein projective (or maximal Cohen—Macaulay) if Exti\(X ,A)=0foralli #0.
We set

Gproj A = {X € mod A | X is Gorenstein projective}.
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Fix a finitely presented A-module X and a projective resolution

d» d
~—>P2—>P1—)P0—>X—>O

with all P; finitely generated. We set X* = Homa (X, A) and for n > 1 let
Q"X =Imd" denote the nth syzygy of X.

Lemma 6.2.2. Let A be a Gorenstein ring of dimension d and X a finitely
presented A-module. Then the following holds.

(1) The module Q"X is Gorenstein projective for all n > d. In particular,
projdimX < oo =  projdimX <d.

(2) If X is Gorenstein projective, then Q"X is Gorenstein projective for all
n> 1
(3) If X is Gorenstein projective, then the sequence

0— X" —Py— P — P, —---

is exact and X* is Gorenstein projective. Moreover, X = X**.
(4) The functor Homp (—, A) induces an exact duality

(Gproj A)°® = Gproj(A°P).
Proof We apply the dimension shift formula
Ext} (Q7X, -) = Ext{™ (X, -) (p.g=1).
Then (1) and (2) are clear. From this we obtain the exactness of
0— X" — Py— P —---
and therefore X™ is a syzygy of arbitrarily high order. Thus X* is Gorenstein
projective by (1). Applying Homp (-, A) to this coresolution of X* gives a

resolution of X**, and we have X = X** since P; = P;* for all i. This
completes (3) and the assertion in (4) is then a consequence. O

We are now able to give another description of Gorenstein projective mod-
ules, which is usually taken as the definition.

Call acomplex X in some additive category A totally acyclic if the complexes
of abelian groups Hom 4 (A, X) and Hom4 (A, X) are both acyclic for each
object A € A.

Lemma 6.2.3. Let A be a Gorenstein ring of dimension d. Then a finitely
presented A-module X is Gorenstein projective if and only if

X = Coker(P; — Pyp)
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for some totally acyclic complex P of finitely generated projective A-modules.
Proof Fix a complex of projective A-modules
P: i— Pp— P — Py— P — -
and set
C,, = Coker(P 41 — Pp) (nez).
We claim that P is totally acyclic when P is acyclic. This is clear since
H" Homy (P, A) = Ext) (Co, A) (n>0)
implies
H"Homy (P, A) = Exti* (Cygm1,A) =0 (n€2).

If X is Gorenstein projective, then we choose a projective resolution P of X
and a projective resolution Q of X*. Applying Lemma 6.2.2, we have X** =~ X
and can splice together P and Q* giving an acyclic complex

o— Py — P —Py)—Q;— 0] — 05— -

with cokernel of P; — Py isomorphic to X. Conversely, if X = Coker(P; —
Py) for some totally acyclic complex P in proj A, then

Exty (X,A) = H" Homa(P,A) =0 (n>0)

and it follows that X is Gorenstein projective. O

Gorenstein Approximations

For Gorenstein rings there is a good approximation theory. The category
of finitely presented modules decomposes into two orthogonal subcategories
which are glued together via approximation sequences.

Theorem 6.2.4. Let A be a Gorenstein ring. Set X = Gproj A and write Y
for the category of finitely presented A-modules of finite projective dimension.
Then (X,Y) is a cotorsion pair for mod A with X N'Y = proj A.

Proof We apply Theorem 6.1.3. Thus we set A = mod A and € = proj A. This
gives X = +C and Y = Res(C). The assumption on A implies that A = Res(X)
and that C cogenerates X; this follows from Lemma 6.2.2. More precisely, if A
is Gorenstein of dimension d, then any A-module X admits a resolution

0—QIX —Py | —-—P —Pj—X—0

such that Py, ..., P4-; are projective A-modules. Thus X € Res(X), since
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Q9X is Gorenstein projective. If X is Gorenstein projective, choose an exact
sequence 0 —» ¥ — P — X* — 0 in mod A°P such that P is projective. This
yields an exact sequence 0 — X — P* — Y* — 01in Gproj A, since X = X**.

It remains to show that X’ N'Y = proj A. One inclusion is obvious. Thus
consider a module X that is Gorenstein projective and of finite projective
dimension. Then an induction on the projective dimension of X shows that X is
projective, keeping in mind that Q" X is Gorenstein projective foralln > 1. O

The Stable Category

For a noetherian ring A we consider the derived category D”(mod A) and
obtain the singularity category (or stabilised derived category) by forming the
triangulated quotient

D?(mod A)

Do) = D5 (oroi )

Also, we consider the triangulated category K, (proj A) of complexes of finitely
generated projective A-modules that are acyclic.

An exact category A is a Frobenius category if A has enough projective
objects and enough injective objects, and if projective and injective objects in
A coincide. The stable category of A is obtained by annihilating all morphisms
that factor through a projective object. The exact structure of A induces a
triangulated structure for the stable category.

Theorem 6.2.5. Let A be Gorenstein. Then the Gorenstein projective A-
modules form a Frobenius category. Writing Gproj A for its stable category,
we have a triangle equivalence

AR Ky (projA) = MA.
Also, the composite
F: Gproj A —— D?(modA) — Dy (A)
induces a triangle equivalence
Gproj A = Dgg(A).

Proof 1t follows from Lemma 6.2.2 that Gproj A is a Frobenius category. The
projective A-modules form the subcategory of objects that are projective and
injective. Thus the first triangle equivalence follows from Proposition 4.4.18.
The functor F is exact: it takes an exact sequence ) - X - Y —- Z — 0
in Gproj A to an exact triangle F(X) — F(Y) —» F(Z) — F(X)[1]. Also,
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F annihilates all projective A-modules and yields therefore an exact functor
F: GprojA — Dgs(A). The suspension in Gproj A takes X to Q7 'X, and

F(Q'X) = F(X)[1].

We construct a quasi-inverse for F as follows.
Consider the category of complexes K(proj A) of finitely generated projec-
tive A-modules up to homotopy. We identify the subcategories

K? (proj A) = D?(projA) and K™?(proj A) = D”(mod A).

For a complex X and n € Z we use the following truncation:

X e — Xn—l X" — Xn+l SN Xn+2 —_ ...
l O
o<nX e X X 0 0

Now fix a complex X in K=?(proj A) and choose n € Z such that H (X) = 0
for all i < n + d. Then Coker(X""! — X") is Gorenstein projective, by

Lemma 6.2.2. Note that the cone of X — o<, X belongs to K?(proj A). Thus
X = 0<,X in Dg(A) and the assignment

X — Q" Coker(X"! — X™)

yields a functor G : D (A) — Gproj A which does not depend on . It is not
difficult to check that G o F = id and F o G = id. m]

We observe that the stable category GprojA and the equivalent singular-
ity category Dy, (A) are idempotent compl?when the Gorenstein projective
modules form a Krull-Schmidt category. For instance, this holds when A is an
Artin algebra. For an example when Gproj A is not idempotent complete, see
Lemma 6.2.12. -

Examples of Gorenstein Rings

Gorenstein rings are ubiquitous and we provide several examples.

Commutative Rings
Let A be acommutative noetherian ring. In that context one uses a local property
and calls A Gorenstein if for each prime ideal p the localisation A, has finite
injective dimension as a module over A,. Clearly, this definition coincides with
our original definition when A is local. Important examples are hypersurface
rings and more generally complete intersection rings.
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Non-commutative Rings
Let A be a (not necessarily commutative) two-sided noetherian ring. We begin
with two extreme cases, where Gproj A is either all or nothing.

The ring A is Gorenstein of dimension zero if and only if it is a quasi-
Frobenius ring. Then A is a two-sided artinian ring and projective and injective
A-modules coincide. Clearly, in that case all A-modules are Gorenstein projec-
tive.

If A has finite global dimension, say d, then A is Gorenstein of dimension d.
In that case only the projective A-modules are Gorenstein projective.

Let G be a finite group. Then the integral group algebra ZG is Gorenstein
of dimension one. A ZG-module is Gorenstein projective if and only if the
underlying Z-module is Gorenstein projective if and only if the underlying
Z-module is projective.

Further interesting examples of Gorenstein rings arise from the study of
graded rings.

Artin Algebras
We fix a field k and discuss two specific constructions of Artin k-algebras that
are Gorenstein.
For a Gorenstein ring A let Gor.dim A denote its dimension. Note that
Gor.dim A equals the global dimension of A when both dimensions are fi-
nite.

Proposition 6.2.6. Let I" and A be finite dimensional k-algebras. If T" and A
are Gorenstein, then the tensor product I" ® A is Gorenstein and

Gor.dimI" ®, A = Gor.dimI" + Gor.dim A.

We need some preparation. Given chain complexes of k-modules X and Y,
we consider the tensor product X ®; Y given by (X ®; Y),, = ®i+j:" X;®Y;
with differential d(x ® y) = dx ® y + (=1)*Ix ® dy, where x and y are any
homogeneous elements in X and Y respectively, and |x| denotes the degree of
X.

Lemma 6.2.7. Let I" and A be finite dimensional k-algebras. If P and Q are
minimal projective resolutions of modules v M and N, then the tensor product
P ®. Q is a minimal projective resolution of the I' ®x A-module M ®; N.

Proof The Kiinneth formula implies that P ® Q is a projective resolution of
M ®; N; see [46, Theorem VI1.3.1]. Next observe that J(I') ® A+T"®x J(A) is
a nilpotent two-sided ideal in I ®; A, and therefore it is contained in J(I" ®x A).
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For any modules rX and Y, we have rad(X) = J(I') X and rad(Y) = YJ(A).
Thus

rad(X) @ Y + X @ rad(¥Y) C rad(X ®; Y)

as I' ® A-module. The lemma now follows from the fact that a projective
resolution is minimal if and only if the image of each differential lands in the
radical of the next module (Lemma 2.1.21). ]

Proof of Proposition 6.2.6 Set ¢ = Gor.dimI" and d = Gor.dim A. We have
proj.dim(,D(A)) = inj.dim(A,) and proj.dim(D(T")r) = inj.dim(rI").
Thus the assumptions yield minimal projective resolutions
+—0—D Py — - — P — Py —> AD(A) — 0
and
0> Q0 — - — 01 — Qo — D(I)r — 0.

The tensor product Py Q yields a minimal projective resolution of D (I'®x A) =
D(A) ® D(I") over A ®; I' by the above lemma. This gives

inj.dim(p(I" ®; A)p) = proj.dim(,D(I" ®; A)r) = c +d.

The same computation for (I" ® A)°P then shows that I" ®; A has dimension
c+d. O

Of particular interest is the case when I" is the algebra k [£] of dual numbers.
We have k[e] @ A = Aleg], and the A[e]-modules identify with differential
modules over A, that is, pairs (X,d) consisting of a A-module X with an
endomorphism d: X — X satisfying d> = 0.

Gentle Algebras
Let k be a field. A k-algebra is called gentle if it is Morita equivalent to an
algebra of the form kQ /I where Q = (Qq, Q1, s, t) is a finite quiver and 7 is an
ideal generated by paths of length two, subject to the following conditions.

(Gel) For each x € Qy, there are at most two arrows starting at x.

(Ge2) For each x € Qy, there are at most two arrows ending at x.

(Ge3) Foreach a € Qj, there is at most one arrow S such that s(8) = #(a) and
Ba € I, and there is at most one arrow S’ such that s(8’) = (@) and
Bad¢l

(Ge4) Foreach B € Qy, there is at most one arrow « such that #(«) = s(8) and
Ba € I, and there is at most one arrow @’ such that 7(a’) = s(8) and
pa’ ¢ 1.
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The following diagram shows the local shape of (Q, I) when kQ/I is gentle:

Now fix a pair (Q, I) such that the algebra A = kQ/I satisfies the above
conditions (Gel)—(Ge4). A non-trivial path @ in Q is a primitive cycle if s(@) =
t(a), @ ¢ I for all r > 0, and « is not a power of a cycle of smaller length.
For x € Qg let ¢, € A denote the sum of all primitive cycles a with #(@) = x.
Note that there are at most two primitive cycles ending at x. If @ # S are such
cycles, then a8 = 0 = Ba in A. Moreover, for any arrow a: x — y we have
Cy@ = @Cy.

Let k[c] denote the polynomial ring in one indeterminate c¢. Then the as-
signment ¢ — 3, co, Cx Yields a k[c]-algebra structure for A.

Lemma 6.2.8. The gentle algebra A = kQ/I is a noetherian k|[c]-algebra.

Proof For each pair x,y € Qp we consider the non-trivial paths in Q that
generate e Ae,, where e, and e, denote the idempotents corresponding to x
and y respectively. The conditions for a gentle algebra imply that all are of the
form o B for some non-trivial paths «, § and some r > 0. If there are infinitely
many such paths, then « is a primitive cycle, so a" = ¢'.f in A. Thus the
k[c]-module e Ae, is finitely generated. O

Proposition 6.2.9. A gentle algebra is Gorenstein.

We fix a gentle algebra A = kQ/I. A possibly infinite path ajaza3 - -+ in Q
is called differential if a;a;41 € I for alli > 1. Such a path is maximal if it has
finite length, say n, and cannot be extended to a differential path of length n+ 1.
Note that there are only finitely many maximal differential paths in Q.

The proof of the proposition uses the following reduction argument.

Lemma 6.2.10. Let A be a noetherian k[c]-algebra andY a finitely generated
A-module. Then inj.dimY < d if Ext)\ (S,Y) = 0 for every simple A-module S
and n > d.

Proof Baer’s criterion implies that it suffices to show Ext} (X,Y) = 0 for
every finitely generated A-module X and n > d. Let X be finitely generated
and set #(X) = {x € X | xc? =0 for p > 0}. Then ¢(X) has finite length, and
therefore it suffices to show that Ext} (X,Y) = 0 for X = X/#(X) and every

n > d. The exact sequence 0 — X — X — X/X¢ — 0 induces a bijection
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Ext’ (X,Y) = Ext’(X,Y) for n > d. It follows that Ext" (X, Y) = 0 since Y is
finitely generated. O

Proof of Proposition 6.2.9 We wish to apply Lemma 6.2.10 and consider a
simple A-module S. Then Homy (P,,S) # O for some x € Qp, where P,
denotes the indecomposable projective A-module corresponding to x € Qy,
with k-basis given by all paths in Q ending at x and not contained in /. There
are two possible cases. Either Sa = 0 for every non-trivial path @, and then
we write S = S,. Otherwise, there is a primitive cycle ¢ ending at x and an
irreducible polynomial f € k[z,77!] such that S fits into an exact sequence
f(a)
0O—P,  — P, —S§—0;

cf. [60, Theorem 1.2]. In this case we have proj.dim S = 1.

For § = Sy we show that Ext}; (Sx, A) # 0 and n > 0 imply the existence of a
maximal differential path of length n ending at x. There are at most two arrows
ending at x

ai B
Uy —™ X «— Vi

and then a projective resolution of S has the following form
-—P,0P, — P, &P, — P, — S, — 0.

The differentials are given by differential paths

a3 [e%) [e3] /BS /82 /81
c— U3 —> Uy —up —x and - —> V33—V — V] —>X
which may be infinite. Let y € Qo and Ext){ (S, Py) # 0 with n > 0. A non-
zero cocycle is given by a morphism P,,, @ P,, — P, and we may assume
that the first component is non-zero. If P,, — P, is invertible, then a; - - - @,

is maximal differential, because a composite P,,,, — P,, — P, would be

zero. A radical morphism yields a path u,, RANRRNIN y with y; # a,. This
implies that a1 - - - @, is maximal differential, since a,a,+1 € I and Y141 € 1
is impossible. Here we use that the ideal 1 of kQ is generated by paths of length
two, because a cocycle means that the composite P,,,,, — P, — Py is zero,
and therefore necessarily yj@,4+1 € I since y, - --y1 ¢ I.

Now we apply Lemma 6.2.10 and conclude that inj.dim A equals the maximal
length of a maximal differential path in Q. An exception is the case that this
equals zero and there exists a primitive cycle; then inj.dim A = 1. O

Corollary 6.2.11. Let A be a gentle algebra. Then its dimension as a Gorenstein
algebra equals the maximal length of a maximal differential path in its quiver.
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An exception is the case that this equals zero and there is a primitive cycle;
then the dimension equals one. O

A Complete Intersection
Let us consider the complete intersection ring

A =Ry where R =(C[x,y]/(x2—y2(y+1)).

The ring A is Gorenstein. Moreover, A is an integral domain with non-local
integral closure. We use these facts to exhibit some phenomena of the stable
category mod A.

Let I" denote the integral closure of A. Since I is in the field of fractions
of A, we know that I" contains no proper direct summands. On the other hand
the completion T is the direct sum of two local rings fl and T° 5, one for each
maximal ideal. Now observe that for each X € mod A the module Ext/l\(l", X)
is of finite length. This yields a decomposition of the functor Ext/l\(F ,—), since

Exty (T, X) = Extk (T, X) = Extk (T, X) @ Extk (T, X).
Next observe that X — Ext/l\(X , —) provides a fully faithful functor
mod A — Fp(mod A, Ab)
into the category of finitely presented functors mod A — Ab by Lemma 2.1.26.

Lemma 6.2.12. There is a proper idempotent in End , (') reflecting the decom-
position of Ext/l\(F , —). This idempotent has no kernel in mod A. In particular,
there is a direct summand of Ext/lx(I“ , —) which is not isomorphic to Extll\(X , =)
Jfor some A-module X.

Proof Suppose there is a decomposition I' = U @ V in mod A, and therefore
I'e P =U@a®V ® Q for some projective A-modules P, Q by Lemma 2.1.27.
The ring A is local, so all projective modules are free. Thus we may remove the
indecomposable summands corresponding to P from the right-hand side, since
these summands have local endomorphism rings. This yields a decomposition
I'=zU' eV’ inmodA. Thus U’ =0 or V' =0, and therefore U =0 orV =01in
mod A. The assertion about Ext}\(X , —) now follows, since any decomposition

Ext} (T', -) = Ext} (X, -) & Ext\ (¥, -)
is equivalent to a decomposition I' = X @ Y in mod A. O

Finally, observe that the A-module I" is Gorenstein projective. It follows that
the stable category Gproj A and the equivalent singularity category Dy, (A) are
not idempotent complete.
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6.3 Serre Duality

A special feature of Gorenstein algebras is Serre duality. In fact, there are
several results and we formulate them in the context of Artin algebras.

Let k be a commutative artinian ring and A an Artin k-algebra. We write
D = Homyg (-, E) for the Matlis duality over k, which is given by a minimal
injective cogenerator E. Thus X = D?X for every k-module X of finite length.

The derived category D” (mod A) of a Gorenstein algebra A ‘decomposes’
into the category of perfect complexes

D' (A) = D" (proj A)
and the singularity category
Gproj A = Dy (A).

This reflects the decomposition of the module category mod A from Theo-
rem 6.2.4. We establish Serre duality for both categories. In fact, we derive
Serre duality for the stable category of Gorenstein projective modules from
Auslander—Reiten duality. The following section then discusses Serre duality
for perfect complexes in terms of the derived Nakayama functor.

Serre Functors

Let C be a k-linear and Hom-finite additive category. Thus Hom(X,Y) is a
k-module of finite length for all X,Y € C. A Serre functor is an equivalence
F: C — C together with natural isomorphisms

nx.y: Hom(X,Y) = D Hom(Y, FX)

for all objects X, Y in C. Note that a Serre functor is determined by the natural
isomorphisms nx y since F'X represents the functor D Hom(X, —).
A Serre functor yields for each object X a morphism

nx =1nx,x(dx): Hom(X,FX) — E.

Lemma 6.3.1. The morphisms (nx)xece have the following properties for all
objects X,Y in C.

(1) Forall¢p: X - Y andy: Y — FX we have
nx (@) = nx,y (#)(¥) =ny (F($)y).
(2) The map Fxy equals the composite

7y, Fx)”!

D
Hom(X,¥) =" D Hom(Y, FX) —2") | tfom(FX, FY).
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(3) The composite
Hom(Y, FX) x Hom(X,Y) — Hom(X, FX) —= E
is a non-degenerate pairing.

Moreover, any bijection X +— FX on the isomorphism classes of objects in C
together with a choice of k-linear maps (nx)xee satisfying (3) yield a Serre
functor.

Proof The calculations are straightforward. (1) uses the naturality of the 7x y.
(2) follows from the identity in (1). The non-degeneracy in (3) follows from
the fact that the x y are isomorphisms. For the last assertion, observe that the
nx,y and Fx y are obtained via the identities in (1) and (2). Also, (3) implies
that the nx y are isomorphisms. In particular, F is fully faithful and therefore
an equivalence. o

The following remark collects some useful properties of Serre functors.

Remark 6.3.2. Let F: ¢ — C be a Serre functor with maps (nx,y)x.vee-

(1) For any Serre functor F’: € — C, there is a canonical isomorphism
F = F’ which is compatible with the nx y. This follows from Yoneda’s lemma
since for any object X we have the isomorphism

n (D )7

D X —
Hom (-, FX) — 2~ D Hom(X, =) ———— Hom(—, F'X).

(2) Let X: € = C be an autoequivalence. Then £~ FX is a Serre functor, so
>~ FY = F, and therefore FX = XF.

(3) When C is a triangulated category with suspension X, then F is exact.
Thus there is a canonical isomorphism FX = XF and F maps exact triangles
to exact triangles.

(4) Given an abelian category A and a Serre functor F: D?(A) — D?(A),
we may choose (7x)xce such that nyx (X¢) = nx(¢) forall ¢: X — FX.

Auslander—Reiten Duality

Given A-modules X and Y, we set
Hom, (X,Y) = Homu (X,Y)/{¢ | ¢ factors through a projective module}
and

Homp (X,Y) = Homu (X, Y)/{¢ | ¢ factors through an injective module}.
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In this way we obtain the projectively stable category mod A as additive quo-
tient (mod A)/(proj A). Analogously, the injectively stable category mod A is
defined.

For a finitely presented A-module X choose a projective presentation
P — P() — X —0

such that the P; are finitely generated. The franspose Tr X is defined by the
exactness of the following sequence of A°P’-modules

Py— P —TrX —0
where P* = Homy (P, A).
Lemma 6.3.3. The transpose induces mutually inverse equivalences
(mod A)? <> mod(A®)  and  mod(A®) <> (mod A)°”.

Proof The transpose depends on the choice of a projective presentation and
is therefore unique up to morphisms that factor through a projective module.
For a finitely generated projective A-module P, we have a natural isomorphism
P = P*. Thus TrTr X = X in mod A. O

From this it follows that the functors D Tr and Tr D induce mutually inverse
equivalences:

Tr D -
mod A > mod(A°P) > mod A.
Tr D

Lemma 6.3.4. We have a natural isomorphism
Hom, (X, -) = Tor’l\(—, Tr X).

Proof A projective presentation Py — Py — X — 0 induces for any A-
module A the following commutative diagram with exact rows.

A®APS —— AP} — A\TrX » 0
b L
0 » Homp (X, A) » Homp (P, A) » Homy (P, A)

Therefore an exact sequence

0—)Ai>BL>C—>0
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induces the following commutative diagram with exact rows and colums.

0 0 0

l l l

0 » Homp (X, A) » Homp (P, A) » Homp (P, A) > A®,TrX - 0

l l l

0 » Homp (X, B) » Homp (Py, B) » Homp(P;,B) » ByTrX - 0

l l l

0 » Homp (X, C) » Homy (Pg,C) » Homp (P1,C) » C®,TrX - 0

l l

0 0 0

Now suppose that B is projective. Using the snake lemma we get
Hom, (X, C) = Coker Homx (X, )
= Ker(¢ @ Tr X)
= Tor?(C,TrX). O
We obtain the following Auslander—Reiten formulas.

Proposition 6.3.5 (Auslander—Reiten). For all X € mod A there are natural
isomorphisms

D Hom, (X,-) = Ext/l\(—, DTrX)
and
D Exth (X, -) = Homp(—, D Tr X).

Proof The first isomorphism follows from the above lemma together with
Lemma 4.3.17. The second isomorphism follows from the first via Matlis
duality. O

Gorenstein Projective and Injective Modules

Let A be Gorenstein. We recall that a A-module X is Gorenstein projective if
Extf\(X ,A\) = 0 for all i # 0. Dually, the module X is Gorenstein injective if
Ext, (D(A), X) = 0 for all i # 0. We set

Ginj A = {X € mod A | X is Gorenstein injective}.
The duality D induces an equivalence

(Gproj A)°P = Ginj(A°P).
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Observe that a A-module has finite projective dimension if and only if it has
finite injective dimension, because A is Gorenstein. Then Theorem 6.2.4 yields
two cotorsion pairs

(Gproj A, Y) and (Y,Ginj A)

for mod A, where Y denotes the subcategory of modules having finite projective
and finite injective dimension.
We consider the full subcategories

Gproj A =— mod A and Ginj A =— mod A.
The following lemma yields adjoints
GP: mod A — Gproj A and GI: mod A — GinjA.

Lemma 6.3.6. The inclusion Gproj A — mod A admits a right adjoint and the

inclusion Ginj A — mod A admits a left adjoint.

Proof The existence of the right adjoint follows from Theorem 6.2.4, using
also Remark 6.1.2. Applying Matlis duality, we obtain the left adjoint. With
the notation of the approximation sequence (6.1.1), we get GP(A) = X4 and
GI(A) = Y for a A-module A. O

We collect further properties of Gorenstein projective and injective modules.

Lemma 6.3.7. Let X € mod A be Gorenstein projective and Y € mod A be
Gorenstein injective. Then the following holds.

(1) DTr X is Gorenstein injective and Tr DY is Gorenstein projective.
(2) GP(GI(X)) = X inmod A and GI(GP(Y)) = Y in mod A.
(3) Hom, (X,Y) = Homu (X, Y).

Proof (1) If X is Gorenstein projective, then Tr X is a Gorenstein projec-
tive A°°-module by Lemma 6.2.2. Thus D Tr X is Gorenstein injective. The
argument for Y is dual.

(2) Consider the approximation sequence 0 —» X — GI(X) —» Y — 0,
where Y is of finite injective dimension and therefore of finite projective di-
mension. Let P — Y be a projective cover and form the following pullback.

0 X XoP P 0
0 X GI(X) Y 0

The morphism X @ P — GI(X) is a Gorenstein projective approximation,
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since its kernel has finite projective dimension. Thus we have GP(GI(X)) = X
stably. The argument for Y is dual.

(3) Fix amorphism ¢: X — Y that factors through an injective module. Let
X — P denote the approximation with P of finite projective dimension, which
exists by Theorem 6.2.4. Then P is projective, by Remark 6.1.2, and ¢ factors
through P, since any injective module has finite projective dimension. The dual
argument shows that ¢ factors through an injective module when one assumes
that it factors through a projective module. O

Serre Duality for the Stable Category

Auslander—Reiten duality translates into Serre duality for the stable category of
Gorenstein projective A-modules. Recall that Gproj A is a Frobenius category,
and we denote by Q7 !: GprojA = Gproj A the suspension of the stable
category, which takes a module X to the cokernel of a monomorphism X — P
into a projective module P.

Proposition 6.3.8. Let A be Gorenstein. For Gorenstein projective A-modules
X, Y there are natural isomorphisms

Hom, (Tr D(GIQY), X) = D Hom, (X,Y) = Hom, (Y, Q 'GP(D TrX)).
Proof We have

D Hom, (X,Y) = DExt} (X,QY)
=~ Homy (QY, D Tr X)
=~ Homy (GIQY, D Tr X)
= Hom, (Tr D(GIQY), X).

The first isomorphism is obtained by applying Homy (X, —) to an exact sequence
0—QY —-P—Y—0

with P projective. The second isomorphism is Auslander—Reiten duality; see
Proposition 6.3.5. The third isomorphism is induced by QY — GI(QY); see
Lemma 6.3.7. The last isomorphism is obtained by applying Tr D.
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A similar sequence of arguments yields
D Hom, (X,Y) = D Ext) (X, QY)
=~ Homy (QY, D Tr X)
= Hom, (QY, D Tr X)
= Hom, (Y, GP(D Tr X))
= Hom, (Y, Q™' GP(D Tr X)). O
Corollary 6.3.9. Let A be Gorenstein. The assignments

X Q'GP(DTrX) and Y — TrD(GIQY)

vield mutually inverse equivalences Gproj A = Gproj A. In particular, the

composite Q' o GP oD Tr is a Serre functor for Gproj A.

Proof We have Q' 0 Q = id = Q o Q7! since GprojA is a Frobenius
category; see Theorem 6.2.5. Also, D TroTrD = idand TrD o DTr = id.
Finally, GP o GI = id and Gl o GP = id by Lemma 6.3.7. The isomorphism in
Proposition 6.3.8 then shows that Q! o GP oD Tr is a Serre functor. O

6.4 The Derived Nakayama Functor

In this section we introduce the derived Nakayama functor and use this to
establish Serre duality for the category of perfect complexes. We keep the setting
from the previous section and consider an Artin algebra A over a commutative
ring k. Also, we show that D? (mod A) admits a Serre functor if and only if A
has finite global dimension.

The Nakayama Functor
The Nakayama functor mod A — mod A is given by
vX := X ®x D(A) = DHomy (X, A).

It restricts to an equivalence proj A = inj A, where inj A denotes the category
of finitely generated injective A-modules.
A projective presentation P| — Py — X — 0 induces an exact sequence

0—DTrX —vPL — vP)—vX —0 6.4.1)

and therefore
Q2(DTrX) = vX.
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Of particular interest is the following case.
Proposition 6.4.2. Let A be self-injective. Then the functor
mod A — mod A, X — QvX = vQX,
is a Serre functor, and therefore
D Hom, (X, -) = Hom, (-, QvX).
Proof  This follows from Corollary 6.3.9 since mod A = Gproj A. O

Suppose the algebra A is symmetric so that DA = A as A-A-bimodules.
Then we have v = id. An example is the group algebra of a finite group, and in
that case the above Serre duality is known as Tate duality.

Let us identify K™ (projA) = D~ (mod A). Then the derived Nakayama
functor

X — X ®% D(A)

is by definition the composite

- A
D™ (mod A) = K™ (proj A) M K™ (mod A) D (mod A).

Serre Duality for Perfect Complexes

‘We show that the category of perfect complexes
DP(A) = DP (proj A)

admits a Serre functor if and only if the algebra A is Gorenstein. In fact, the
derived Nakayama functor restricts to a Serre functor for DP'f(A) when A is
Gorenstein.

We recall the following standard isomorphisms and extend them to isomor-
phisms of complexes.

Lemma 6.4.3. Let (Ar,rBa,rC) be modules and suppose that Ay is finitely
generated projective. Then there are natural isomorphisms

B ®, Homp (A, A) = Homy (A, B)
and
A ®, Homp (B, C) = Hompr(Homy (A, B), C). O

A complex X is called bounded if X" = 0 for almost all n € Z. A pair of
complexes (X,Y) is bounded if for each n € Z we have for almost all pairs of
integers (p, g) with —p + g = nthat X? =0or Y4 = 0.
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Lemma 6.4.4. Let (Xa, Y, rZ) be complexes of modules with each X" finitely
generated projective. Suppose that (X,Y) and Z are bounded. Then there are
natural isomorphisms

Y ®, Homp (X, A) = Homp (X,Y)

and

X ®p Homp (Y, Z) = Homp(Homy (X,Y), Z).

Proof We may apply Lemma 6.4.3 degreewise, thanks to the boundedness
assumptions. O

It is convenient to set K(A) = K(Mod A) and D(A) = D(Mod A).

Lemma 6.4.5. Let X,Y be complexes of A-modules and suppose that X is
perfect. Then we have natural isomorphisms

D Homg ) (X,Y) = Homga) (Y, X ®5 D(A))

and

DHOII]])(A) (X, Y) = HOIIlD(A)(Y,X A D(A)).

Proof Let X be a bounded complex of finitely generated projective modules.
Then we have the following sequence of isomorphisms:

D Homg ) (X,Y) = Homg (H° Hom, (X, Y), E) 4.3.14
= H° Homy (Homy (X,Y), E)
=~ HHomy (Y ®4 Homa (X, A), E) 6.4.4
= H°Homa (Y, Homy (Homu (X, A), E))  4.3.13
=~ HOHomy (Y, X ®x Homg (A, E)) 6.4.4
= Homg ) (Y, X ®\ D(A)). 4.3.14

The above isomorphism for a perfect complex X carries over to D(A) since
Homg a) (X, —) = Hompa) (X, -)
and
Homg p) (=, X ®x D(A)) = Hompa) (=, X ®x D(A)). O

Theorem 6.4.6. An Artin algebra A is Gorenstein if and only if the category
of perfect complexes D™ (A) admits a Serre functor. In this case, the Serre
functor is given by the derived Nakayama functor.
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Proof Set P = Thick(proj A) and J = Thick(inj A). We have equivalences
K" (proj A) = D (proj A) = D*(P)
and analogously
K’ (inj A) = D?(inj A) = D’ (7).
The Nakayama functor — ®5 D(A) and its adjoint Homp (D(A), —) induce
mutually inverse equivalences:

—@AD(A)

D?(P) & KP(projA) " KP(injA) = D?(J).
Homp (D (A),—)

If A is Gorenstein, then we have P = J. Thus the Nakayama functor gives an
equivalence DPT(A) = DPT(A), and this is a Serre functor by the isomor-
phism from Lemma 6.4.5.

Now suppose that F: DP*(A) — DPef(A) is a Serre functor. Then we have
isomorphisms

HOI’I]D(A)(—, F/\) =) HomD(A)(A, —) = HomD(A)(—, D(A))

of functors on DP(A). The first isomorphism is clear from the definition of
a Serre functor, and the second by Lemma 6.4.5. The isomorphism of functors
is induced by a morphism FA — D(A) and this is a quasi-isomorphism since

Hn(FA) = HomD(A)(Z_"A, FA) = HOII’ID(A)(Z_"A, D(A)) = Hn(D(A))

It follows that D (A) has finite projective dimension. The functor Homp (—, A)
induces a triangle equivalence

Dperf(A)op = Dperf(Aop)’

and it follows that DP*f (A°P) admits a Serre functor. Thus 5D (A) has finite
projective dimension. Using Matlis duality, it follows that Ay and AA have
finite injective dimension. We conclude that A is Gorenstein. O

Serre Duality for the Singularity Category

We get back to the stable category of a Gorenstein algebra and provide another
description of the Serre functor which uses the derived Nakayama functor.

Proposition 6.4.7. Let A be Gorenstein. Then the derived Nakayama functor
vields an equivalence

9: D?(mod A) = D?(mod A)
satisfying ¥(DP (A)) = DPeT(A).
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Proof The category D? (mod A) identifies with the full subcategory of objects
X € K™ (proj A) such that the cohomology of X is concentrated in finitely many
degrees. Suppose first that H" X = 0 for all n # 0. Then we have

H' (X ®5 D(A)) = Tor™,(H X, D(A)).

Thus X ®k D(A) belongs to D?(mod A) since D(A) has finite projective
dimension. From the exactness of the derived Nakayama functor it follows
that we get a functor D”(mod A) — D?(mod A), because the objects with
cohomology concentrated in degree zero generate D” (mod A). A quasi-inverse
is given by RHomy (D(A), —), and that v identifies perfect complexes with
perfect complexes follows from Theorem 6.4.6. [

There is a converse of the above proposition for which we refer to Proposi-
tion 9.2.17.

Example 6.4.8. Let A be hereditary and X a A-module, viewed as a complex
concentrated in degree zero. Then we have

X ®X D(A) =vX e (DTrX)[1].
This follows from the sequence (6.4.1).

The above proposition implies that the derived Nakayama functor induces an
equivalence ¥: Dy (A) = Dgg(A) making the following diagram commutative.

D’ (proj A) = D?(mod A) —» Dys(A)

l | \

D? (proj A) —— D?(mod A) — Dys(A)
Moreover, the equivalence v makes the following square commutative

Gproj A —— Dy (A)

/| l

GinjA —— Dy(A)

where the horizontal equivalence p is from Theorem 6.2.5 and q is its analogue
for Gorenstein injectives.

Lemma 6.4.9. The Gorenstein projective approximation GP induces a triangle
equivalence Ginj A = Gproj A. Moreover, we have

qg =poGP and Vop2gov=qgoQoDTr.
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Proof For any A-module X there is an exact sequence 0 — X’ — GP(X) —
X — 0 such that X’ has finite projective dimension, by Theorem 6.2.4. Thus
q = poGP. It follows that GP induces a triangle equivalence Gi_njA = Gproj A
since p and g are triangle equivalences. The isomorphism vop = go v is clear
and the last one follows from (6.4.1). O

In Corollary 6.3.9 we have already seen that the stable category of Gorenstein
projectives admits a Serre functor and now we have an alternative description.

Corollary 6.4.10. Let A be Gorenstein. Then
> loy: Dy (A) = Dy (A) and QoGPov: GprojA = Gproj A

are Serre functors.

Proof We apply Proposition 6.3.8 and Lemma 6.4.9. Thus for Gorenstein
projective A-modules X, Y we compute in Dgg(A)
D Hom(pX, pY) = Hom(pY, pQ~' GP(D Tr X))
=~ Hom(pY,X 'p GPQ2(D TrX))
= Hom(pY,X '¢Q2(D Tr X))
=~ Hom(pY, X 'vpX).

Thus 7! o ¥ is a Serre functor for Do (A). We have ¥ o p = p o GPo v, and it
follows that Q o GP o v is a Serre functor for Gproj A. O

Finite Global Dimension

We show that an Artin algebra A has finite global dimension if and only
if D?(mod A) admits a Serre functor. This requires various computations in
K(A) := K(Mod A). We begin with a statement about complexes of injective
modules.

Lemma 6.4.11. Let A be a right noetherian ring and X an object in K(Inj A).
For a A-module A an injective resolution A — iA induces an isomorphism

HOIIIK(A) (iA, X)) > HOII’IK(A) (A, X).
Moreover, if Homg ) (A, X"X) =0 forall A € mod A and n € Z, then X = 0.

Proof For the first assertion see Lemma 4.2.6.

Now suppose Homga) (A, 2" X) = 0 for all A € mod A and n € Z. Suppose
first H"X # 0 for some n. Choose A € mod A and a morphism A — Z"X
inducing a non-zero morphism A — H"X. We obtain a morphism A — X"X
which induces a non-zero element in Homg ) (4, 2" X).
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Now suppose H"X = 0 for all n. We can choose n such that Z"X is
non-injective. Applying Baer’s criterion, there exists A € mod A such that
Extl (A, Z"X) is non-zero. Observe that

Homg ) (A, £"*PX) = Ext} (A, Z"X)
for all p > 1. Thus Homg ) (A, Z"*1X) # 0. O
We consider the triangle equivalence
K*?(InjA) = D?(Mod A) = K™?(Proj A), X — pX

from Corollary 4.2.9, which takes a complex to a homotopy projective resolu-
tion. This restricts to an equivalence

€ = DP(mod A) = K™?(proj A)

where € C K*? (Inj A) denotes the thick subcategory generated by all injective
resolutions of finitely generated A-modules.

Lemma 6.4.12. For X,Y € K(Inj A) with X € C we have a natural isomor-
phism

D Homgp)(X,Y) = Homga) (Y, pX ®r D(A)).

Proof We may assume that Y = 0 for n < 0 since Y can be written as a
homotopy colimit of objects in K* (Inj A) (using (4.2.3)). In fact, one checks that
D Homg ) (X, —) and Homg () (—, pX ®, D (A)) preserve homotopy colimits.
This is clear in the second case. In the first case we may reduce to the case
that X is the injective resolution of a finitely generated module A, so there is a
quasi-isomorphism A — X in K(A). Then

Homg p) (X, —) = Homg,) (A, -)

by Lemma 6.4.11, and this preserves coproducts since A is finitely generated.
Keeping in mind that Y is in K*(Inj A), we have the following sequence of
isomorphisms:

D Homgp)(X,Y) = Homy (Homg a) (pX,Y), E) 4.2.5
=~ Homy (H° Homy (pX,Y), E) 4.3.14
=~ H° Homy (Homy (pX,Y), E)
=~ H° Homy (Y ®4 Homy (pX, A), E) 6.4.4
=~ H° Homy (Y, Homg (Homa (pX, A), E))  4.3.13
=~ HOHompu (Y, pX ®) Homg (A, E)) 6.4.4

= Homga) (Y, pX ®5 D(A)). 4.3.14
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With our first observation the isomorphism follows for an arbitrary complex Y
in K(Inj A). O

Theorem 6.4.13. For an Artin algebra A the following are equivalent.

(1) The algebra A has finite global dimension.

(2) The canonical functor D? (proj A) — D (mod A) is an equivalence.

(3) The category DP (mod A) admits a Serre functor.

(4) The algebra A is Gorenstein and each acyclic complex of finitely generated
injective A-modules is contractible.

(5) The algebra A is Gorenstein and each acyclic complex of finitely generated
projective A-modules is contractible.

Proof (1) & (2): The canonical functor D? (proj A) — D?(mod A) is fully
faithful, and it is an equivalence if and only if every object in mod A has finite
projective dimension. It remains to observe that the global dimension of A
equals the maximum of the projective dimensions of the simple A-modules.

(1) = (3): When A has finite global dimension, then we have Dperf(A) =
D?(mod A), and it follows from Theorem 6.4.6 that D? (mod A) admits a Serre
functor.

(3) = (4): Suppose that F: D’ (mod A) =5 D?(mod A) is a Serre functor
and set S := A/rad A. Then

D Ext} (S,A) = DHompa)(X7"S, A) = Hompa) (A, Z7"F(S)) = H"F(S)
and therefore
inj.dim, A = sup{n > 0 | Ext} (S, A) # 0}
=sup{n = 0| H"(FS) # 0}

which s finite. It follows that A is Gorenstein, keeping in mind that D? (mod A°P)
admits a Serre functor as well.

Let us identify T := K*?(inj A) = D?(mod A). Then Lemma 6.4.12 implies
for each X € 7 a natural isomorphism

Homg ) (=, F(X)) = D Homg ) (X, —) = Homga) (=, pX ®x D(A))

of functors on 7. This is induced by a morphism ¢: F(X) — pX ®x D(A),
which is an isomorphism by Lemma 6.4.11, since Homg ) (—, Cone ¢)|5 = 0.
Thus pX ®, D(A) belongs to T. Now choose a complex V in K(inj A) which
is acyclic. Then

D Homg p) (X, V) = Homg ) (V, pX ®p D(A)) =0.
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The first isomorphism is by Lemma 6.4.12 and the second by Lemma 4.2.5.
Thus V = 0 by Lemma 6.4.11.

(4) & (5): The Nakayama functor yields an equivalence K(projA) =
K(inj A) that identifies the acyclic complexes in both categories. This follows
from Lemma 6.2.2.

(5) = (1): Each Gorenstein projective module admits a complete resolution,
so is of the form Z°X for some acyclic complex X of projective A-modules,
by Theorem 6.2.5. If X is contractible, then Z°X is projective. Thus every
A-module has finite projective dimension by Theorem 6.2.4. O

6.5 Examples

We discuss two examples. The first one gives an application of Serre dual-
ity for hereditary abelian categories. The second example provides explicit
computations for a Gorenstein algebra of dimension one.

Hereditary Categories

We give an application of Serre duality for hereditary abelian categories. Fix
a commutative ring k and a k-linear hereditary abelian category A such that
Hom 4 (X,Y) and Ext]A(X ,Y) are finite length k-modules for all objects X, Y.
Let D = Homy (—E) denote Matlis duality given by an injective k-module E.

Proposition 6.5.1. Suppose that A admits a tilting object and that A has no
non-zero projective or injective objects. Then there is an equivalence F: A =
A together with natural isomorphisms

D Extl (X,Y) = Homyu (Y, FX) (X,Y € A). (6.5.2)

Proof LetT € Abe atilting object and set A = End 4 (7). Then it follows from
Theorem 5.1.2 that RHom 4 (T, ) induces a triangle equivalence D (A) =
D? (mod A). Moreover, the algebra A has finite global dimension. Next we apply
Theorem 6.4.13. Thus there is a triangle equivalence F: D?(A) = D?(A)
together with natural isomorphisms

D Homp4)(X,Y) = Homp4)(Y,FX)  (X,Y € D"(A)).

We identify A with the full subcategory of complexes in D? (A) that are con-
centrated in degree zero and claim that F(A) C Z(A). Fix an indecomposable
object X € A. Then we find Y € A such that FX = £"Y for some n € Z since
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A is hereditary (Proposition 4.4.15). We compute
D Homp4)(X,X"Y) = Homp4)(X"Y,Z"Y) # 0,
and therefore n € {0, 1}. Suppose n = 0 and let Z € A. Then we have
DExt!, (X, Z) = D Hompa)(X,XZ) = Homp4)(ZY,Y) =0

which means that X is projective. This is a contradiction, and therefore n = 1.
The dual result shows for a quasi-inverse F~ of F that F~(A) € 7' (A). Thus
F’ = 270 F yields an equivalence A => A together with natural isomorphisms

DExt' (X,Y) > Homu (Y, F'X) (XY € A). o

Remark 6.5.3. Let A be an abelian category with an equivalence F: A = A
and a natural isomorphism (6.5.2). Then A is hereditary and A has no non-zero
projective or injective objects.

We obtain a version of Serre duality for the projective line over a field.

Example 6.5.4. The category coh P}( of coherent sheaves on the projective
line over a field k admits a tilting object (Lemma 5.1.16) and therefore an
equivalence coh P}{ = coh P}( providing a natural isomorphism

DExt'(X,Y) = Hom(Y, X ® Q1) (X,Y € cohP))
where QP;( = ('(-2) denotes the sheaf of differential forms.

A Gorenstein Algebra of Dimension One

We discuss a small example of an Artin algebra that is Gorenstein, but neither
of finite global dimension nor self-injective.

Fix a field k and consider the finite dimensional algebra A = k[e] ® [ '5 ﬁ ] ,
which is Gorenstein of dimension one and isomorphic to the path algebra of
the quiver

G2 D
modulo the relations
s% =0= s% and ae] = &a.

There are two simple modules corresponding to the vertices 1 and 2. The
indecomposable projective modules are given by idempotents e¢; and e, as
follows:

eiAN=kei®ke; and exA=key ®ker ® ka ® kera.
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Figure 6.1 Auslander-Reiten quiver of A

The algebra A is representation finite and has precisely nine indecomposable
modules. The Auslander—Reiten quiver of A is shown in Figure 6.1. The vertices
represent the indecomposables via their composition series. There is a solid
arrow X — Y if there is an irreducible morphism, and a dashed arrow X --> ¥
when ¥ = D Tr X. The modules of finite projective and injective dimension
have bold dimension vectors. The indecomposable Gorenstein projectives and
Gorenstein injectives are given by

. 2 .. 2
Gproﬂ\:{l,},%,llz,llz} and GIHJAZ{Z,%,%,IZZ,IIZ}.

A module belongs to all three classes if and only if it is projective and injective;
there is a unique indecomposable with this property.

Notes

The ubiquity of Gorenstein rings was pointed out in a seminal article by Bass
[22]. The terminology goes back to Grothendieck who studied duality phe-
nomena for Gorenstein schemes, as explained in notes by Hartshorne [106].
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For non-commutative rings it was Iwanaga who proposed to call a ring Goren-
stein when it is of finite self-injective dimension on both sides [116]. The lemma
that justifies the dimension of a Gorenstein ring is due to Zaks [202].

The decomposition theorem and the existence of approximations for modules
over Gorenstein rings were established by Auslander and Buchweitz [13, 44].
The notion of a cotorsion pair provides a convenient language; it was intro-
duced by Salce [179] in the context of abelian groups and we refer to work of
Beligiannis and Reiten [28] for a comprehensive study in more general contexts.

For a Gorenstein ring the stable category of Gorenstein projective modules
is discussed extensively in notes by Buchweitz [44]. In this work he introduced
the singularity category (under the name ‘stabilised derived category’) that was
later rediscovered by Orlov in the geometric context [152]. The example of a
module M such that Ext' (M, —) has a direct summand not given by a direct
summand of M is due to Auslander [8]. This example shows that the singularity
category need not be idempotent complete; see [153] for a geometric analysis
of this phenomenon.

Serre duality for the derived category of a finite dimensional algebra of finite
global dimension appears implicitly in Happel’s work [101], while the notion of
a Serre functor was introduced by Bondal and Kapranov [38] formalising Serre’s
duality for algebraic varieties [189]. In fact, Happel showed that the derived
category of a finite dimensional algebra has Auslander—Reiten triangles if and
only if the algebra has finite global dimension [103], while Reiten and Van den
Bergh showed for any triangulated category that the existence of Auslander—
Reiten triangles is equivalent to the existence of a Serre functor [168]. The
Nakayama functor was introduced by Gabriel [80]; it is the categorical analogue
of the Nakayama automorphism that permutes the isomorphism classes of
simple modules over a self-injective algebra.

Auslander—Reiten duality based on the dual of transpose D Tr was initiated
for Artin algebras in [15] by Auslander and Reiten and then extended to more
general settings in [11]. For Gorenstein projective modules the Auslander—
Reiten theory was developed in [17]. In the context of modular representations
of finite groups a classical version of Serre duality is due to Tate [46].

Gentle algebras were introduced by Assem and Skowroniski [6]. The fact
that gentle algebras are Gorenstein is due to Geifl and Reiten [90]; the proof
given here was suggested by Plamondon, with a modification by Briggs and
Bennett-Tennenhaus. For the noetherianness of gentle algebras, see [60].
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We discuss tilting objects in exact categories. An object T' of an exact category
A is a tilting object if it has no self-extensions and generates A as a thick
subcategory. There is an analogous notion of a tilting object in a triangulated
category and we see that 7 is tilting in A if and only if it is tilting when viewed
as an object of the derived category D’ (A).

Any tilting object in A gives rise to a cotorsion pair for A, and we characterise
such cotorsion pairs. In fact, a cotorsion pair (X, Y) is determined either by X
or by Y. The subcategory X is resolving and contravariantly finite, while Y
is coresolving and covariantly finite. This yields a correspondence between
equivalence classes of tilting objects and appropriate subcategories.

207
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7.1 Cotorsion Pairs

We introduce cotorsion pairs for exact categories and study their basic prop-
erties. A cotorsion pair is given by a pair of subcategories, and of particular
interest are subcategories whose objects are defined via resolutions or coreso-
lutions.

Thick Subcategories and Resolutions

Let A be an exact category. A full additive subcategory € C A is thick if it
is closed under direct summands and satisfies the following two out of three
property: an admissible exact sequence 0 - X — Y — Z — 0 lies in C if two
of X,Y, Z are in C. Given a class of objects C C A, we write Thick(C) for the
smallest thick subcategory of A that contains C.

Let C C A be a full additive subcategory. A finite C-resolution of an object
A in A is an admissible exact sequence (that is, an acyclic complex)

0—X, — - —X —Xo—A—0

such that X; € C for all i. We write Res(C) for the full subcategory of objects in
A that admit a finite C-resolution. A finite C-coresolution is defined dually, and
we write Cores(C) for the full subcategory of objects in A that admit a finite
C-coresolution.

Self-Orthogonal Subcategories

Let A be an exact category. A full additive subcategory € C A is self-orthogonal
if it is closed under direct summands and Ext"(X,Y) = 0 for all X,Y in € and
n#0.

We wish to resolve objects in A via objects from a self-orthogonal subcate-
gory C. A basic tool is the derived category D(A). In fact, the inclusion € — A
is exact and induces an exact functor D(C) — D(A).

Lemma 7.1.1. Let A be an exact category and C C A a self-orthogonal
subcategory. Then the canonical functor

K’ (@) = D?(€) — D(A)
is fully faithful and identifies K? (C) with a thick subcategory of D(A).

Proof The functor K?(C) — D?(C) is an equivalence since € is split exact,
and D? (@) — D(A) is fully faithful by a dévissage argument (Lemma 3.1.8).
Thus the composite identifies K”(€) with a triangulated subcategory of D(A);
it is thick because C is closed under direct summands. O
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Thick subcategories have been defined for exact and for triangulated cate-
gories. The next lemma shows that these two notions are compatible.
Let us write

O: A— D(A)

for the inclusion that identifies A with the complexes concentrated in degree
zero. We call a complex X in A bounded if X" = 0 for |n| > 0.

Lemma 7.1.2. Let A be an exact category and C C A a self-orthogonal
subcategory. For an object A € A the following are equivalent.

(1) A € Thick(C).
(2) ®(A) € Thick(®(C)).
(3) There is a bounded complex X in C that admits acyclic truncations

— X3 X? 5 X' — Cokerd? — 00— ---

and

o— 00— Kerd® - X' - x!' - x*? — ...
which induce an admissible exact sequence
0 — Cokerd? — Kerd’ — A — 0. (7.1.3)
(4) There is a bounded complex X in C that admits acyclic truncations
w— 00— Kerd' - X' 5 x> x> — ...
and
— X —x!'— x%— Cokerd™' —0— ---
which induce an admissible exact sequence
0 — A —> Cokerd™' — Kerd' — 0. (7.1.4)

Proof (1) = (2): This is clear, since any admissible exact sequence in A
induces an exact triangle in D(A).

(2) = (3): Anobject X in Thick(®(C)) is abounded complex with X" € C for
all n € Z, by Lemma 7.1.1. The truncations exist when X is quasi-isomorphic
to ®(A).

(3) © (4): Reverse arrows and signs of the degrees.

(3) = (1): Clear. m|

We have the following immediate consequence.
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Proposition 7.1.5. For a self-orthogonal subcategory C C A we have
@~ (Thick(®(€))) = Thick(C). O
For a class of objects C C A we set
Lte={XeA|Bxt"(X,Y)=0forallY € G, n > 0}

and

Ct={r e A|Ext"(X,Y)=0forall X € C, n > 0}.

Lemma 7.1.6. Let A be an exact category and € C A a self-orthogonal
subcategory. Then we have the following equalities:

+CNRes(C) = € = Cores(C) N C*+

L€ N Thick(C) = Cores(C) and C* N Thick(C) = Res(C).

Proof We show the first equality. Then the second follows by duality. The
inclusion +C€ N Res(C) 2 € is clear. Thus we fix A € +€ N Res(C). An
induction on the length n of a C-resolution shows that A isin €. The case n = 0
is clear. If n > 0, consider an exact sequence 7: 0 > A’ - C — A — 0 with
C € C. Then A’ € €N Res(C), and A’ € € by the inductive hypothesis. Thus
the sequence 7 splits, and A is in € since C is closed under direct summands.

Next we verify the third equality. Then the last follows by duality. We have
L€ 2 Cores(C) since ~€ contains € and is closed under kernels of admissible
epimorphisms. The inclusion Thick(€C) 2 Cores(C) is clear. Now fix A in
+€ N Thick(€). We apply Lemma 7.1.2 and choose a bounded complex X in C
that is quasi-isomorphic to ®(A). We have Kerd! € @, and then the sequence
(7.1.4) implies Cokerd~' € *C since +C is extension closed. From the first
equality it follows that Coker d~!' € C. Then

0— A —> Cokerd! — X! — x> — ...
yields a finite C-coresolution of A. O

The category Proj A of projective objects in A is a particular example of a
self-orthogonal subcategory.

Proposition 7.1.7. Let A be an exact category and P C Proj A a full additive
subcategory closed under direct summands. Then Thick(P) = Res(P).

Proof The inclusion Res(P) C Thick(?P) is clear. Thus we may assume that
A = Thick(?P). Clearly, P+ = A. Then A = Res(P) by Lemma 7.1.6. O
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Corollary 7.1.8. Let A be a ring. Then a A-module X viewed as a complex
concentrated in degree zero belongs to D™ (A) if and only if X admits a finite
length projective resolution

0—P,—>-+— P — Py— X —0
such that each P; is finitely generated.

Proof Combine Proposition 7.1.5 and Proposition 7.1.7. O

Cotorsion Pairs

Let A be an exact category and let X, Y be full subcategories of A. Then (X, Y)
is a (hereditary and complete) cotorsion pair for A if

Xt=Y and X ==Y
and every object A € A fits into admissible exact sequences
0—Yy—>X4—A—0 and 0—A—>Y*—5X4—50

with X4, X4 € X and Y4, YA € Y.
Remark 7.1.9. Let (X, Y) be a cotorsion pair for A and set C =X N Y.

(1) Wehave X4 € Cif AcY,and Y2 € Cif A € X.

(2) The above exact sequences are uniquely determined up to isomorphism
in the quotient category A/C (that is obtained from A by annihilating all
morphisms that factor through an object in C). In fact, the assignment A — X4
gives a right adjoint of the inclusion X/€ — A/C, while the assignment
A — Y4 gives a left adjoint of the inclusion Y/C — A/C.

Proposition 7.1.10. Let A be an exact category and let € C A be a self-
orthogonal subcategory such that Thick(C) = A. Then

(+€,C1) = (Cores(€), Res(C))
is a cotorsion pair for A and +C N G+ = C.

Proof Combine Lemma 7.1.2 and Lemma 7.1.6. m]

Resolving and Coresolving Subcategories

Let A be an exact category and let X,Y be full subcategories of A. The
subcategory X is resolving if X is closed under extensions, direct summands,
kernels of admissible epimorphisms, and for each object A € A there is an
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admissible epimorphism X — A with X € X. Dually, the subcategory Y is
coresolving if Y is resolving when viewed as a full subcategory of A°P.

Given an object A € A, a morphism X — A with X € X is called a right
X-approximation of A if the induced map Hom(X’,X) — Hom(X’, A) is
surjective for every object X’ € X. The subcategory X is contravariantly finite
if every object A € A admits a right X-approximation. Dually, a morphism
A — Y with Y € Y is called a left Y-approximation of A if the induced
map Hom(Y,Y’) — Hom(A,Y’) is surjective for every object Y’ € Y. The
subcategory Y is covariantly finite if every object A € A admits a left Y-
approximation.

Example 7.1.11. A full subcategory X C A is contravariantly finite if the
inclusion admits a right adjoint p: A — X. In that case the counit p(A) — A
yields a right X-approximation for each object A € A. Dually, Y C A is
covariantly finite if the inclusion admits a left adjoint ¢: A — X, and then the
unit A — g(A) yields a left Y-approximation for A € A.

Lemma 7.1.12. Let (X,Y) be a cotorsion pair for A.

(1) The subcategory X C A is resolving and contravariantly finite.
(2) The subcategory} C A is coresolving and covariantly finite.

Proof Clear. m}

A morphism «@: X — Y is called right minimal if every endomorphism
¢: X — X with a¢ = « is invertible. Dually, « is left minimal if every
endomorphism ¢ : Y — Y with ya = « is invertible. Note that any morphism
¢: X — Y in a Krull-Schmidt category admits a decomposition X = X’ & X"
such that ¢|x- is right minimal and ¢|x» = 0. There is an analogue for left
minimal morphisms.

The following is known as Wakamatsu’s lemma.

Lemma 7.1.13 (Wakamatsu). Let X and Y be extension closed subcategories
of Aand A € A.

(1) Let0 - Y - X 2, A — 0 be an exact sequence in A such that ¢ is a
right minimal X-approximation. Then Ext' (X’,Y) = 0 for all X’ € X.

(2) Let0 — A i> Y — X — 0 be an exact sequence in A such that ¢ is a left
minimal Y-approximation. Then Ext! (X,Y')=0forallY €Y.

Proof We prove (1), and (2) is dual. An exact sequence 0 — ¥ — E —
X’ — 0 gives rise to the following commutative diagram with exact rows and
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columns.

X’ 0

X’ 0

<

o
C— B — M e——<R+—— O
Ce— D —p¢e—Mme——o

We have X € X since X is extension closed, and ¢ factors through ¢ since ¢ is a
right X-approximation. Then the minimality of ¢ implies that X — X is a split
monomorphism. The approximation ¢ induces the following exact sequence

0 —— Hom(X’,Y) —— Hom(X’,X) —— Hom(X’, A) j
a

G Ext' (X, Y) —2— Ext' (X', X) —— Ext'(X’,A) — -

and we have shown that 8 = 0. On the other hand, @ = 0 since Hom(X’, ¢) is
surjective. Thus Ext! (X’,Y) = 0. O

Lemma 7.1.14. Let A be an exact category and Y C A a full additive sub-
category. Then (*Y,Y) is a cotorsion pair for A if and only if the following
holds.

(1) Each object A € A fits into an admissible exact sequence
0—A—>Y"—5Xx4—0

with XA e YY and Y2 € Y.

(2) For each object A € A there is an admissible epimorphism X — A with
X ety

(3) The subcategory ) C A is closed under direct summands.

Proof Foran object A € A we need to construct an admissible exact sequence
0 = Ys — X4 — A — 0. To this end choose an admissible epimorphism
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X — A with X € Y and form the following pushout diagram.

0 U X A 0
0 YY X’ A 0

Then the bottom row is the desired exact sequence. It is easily checked that
(*Y)+ =Y, since Y is closed under direct summands. O

In order to apply the above lemma, we make the following observation. Let
A be an exact category with enough projective objects and X C A a resolving
subcategory. Then a dimension shift argument shows for ¥ € A that

YeXt e Ext!(X,Y)=0forall X eX
since Ext?*4(X,Y) = Ext? (Q1X,Y) for p,q > 1.

Corollary 7.1.15. Let A be an exact category with enough projective objects
and suppose that A is a Krull-Schmidt category. Then the assignment

Y (*Y,9)

induces a bijection between the covariantly finite coresolving subcategories of
A and the cotorsion pairs for A.

Proof Any cotorsion pair yields a covariantly finite coresolving subcategory
by Lemma 7.1.12. Conversely, if Y € A is covariantly finite and coresolving,
then the assumptions in Lemma 7.1.14 are satisfied, thanks to Lemma 7.1.13
and the fact that A is a Krull-Schmidt category. Thus (+Y,Y) is a cotorsion
pair for A. O

Corollary 7.1.16. Let A be an exact category with enough projective and
enough injective objects. Suppose also that A is a Krull-Schmidt category.
Then the assignments

X+— X+ and *Y«—Y

induce mutually inverse bijections between the contravariantly finite resolving
subcategories of A and the covariantly finite coresolving subcategories of A.

Proof Apply Corollary 7.1.15 and the dual assertion. O

Example 7.1.17. (1) Let A be an Artin algebra. Then mod A is an abelian
Krull-Schmidt category with enough projective and enough injective objects.

(2) Let A be an Artin algebra and suppose that A is Gorenstein. Then the
category of finitely generated A-modules of finite projective dimension is an
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exact Krull-Schmidt category with enough projective and enough injective
objects.

7.2 Tilting in Exact Categories

We introduce tilting objects in exact categories and discuss the connection
with cotorsion pairs. Also, we show that each tilting object gives rise to a
derived equivalence. The correspondence between tilting objects and cotorsion
pairs is very explicit: a tilting object T corresponds to the pair (+7,7+). The
correspondence is of particular interest for modules over Artin algebras. Also,
we characterise the subcategories which are of the form 17 or T+.

Tilting Objects

Before giving the definition of a tilting object, let us point out that there is a
plethora of different definitions in the literature. Each definition depends on
its context. There are definitions for module categories, abelian categories,
triangulated categories etc. Also, a definition may require the existence of
set-indexed coproducts.

Let A be an exact category. An object T is a tilting object if Ext*(T,T) =0
for all n # 0 and Thick(T) = A.

For an object X in A we denote by add X the full subcategory consisting of
the direct summands of finite direct sums of copies of X.

Proposition 7.2.1. Let A be an exact category and C = add T for an object
T € A. Then T is tilting if and only if (Cores(C),Res(C)) is a cotorsion pair
for A. In that case we have

LT = Cores(C), T+ =Res(C), TNTH=¢C.
Proof Apply Proposition 7.1.10. O

The definition of a tilting object in an exact category is compatible with
the definition of a tilting object in a triangulated category. Let J be a triangu-
lated category with suspension £: T = J. An object T is a tilting object if
Hom(T,X"T) = 0 for all n # 0 and Thick(T) = 7.

Proposition 7.2.2. Let A be an exact category. An object T in A is a tilting
object if and only if it is a tilting object of D?(A) when viewed as a complex
concentrated in degree zero.

Proof Set C =addT and apply Proposition 7.1.5. O
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A tilting object gives rise to a derived equivalence.

Theorem 7.2.3. Let A be an exact and idempotent complete category. For an
object T with A = End(T), the following are equivalent.

(1) The object T is a tilting object in A.
(2) The functor Hom(T, —) induces a triangle equivalence DP (A) = DPT(A)
that makes the following square commutative.

K’ (add T) —2"T0 Kb (proj A)

| I

D’ (A) ——=—— DPeri(A)
(3) There is a triangle equivalence D (A) = DPT(A) that maps T to A.

Proof (1) = (2): Suppose T is tilting. The functor Hom(7', —) induces an
equivalence

addT — proj A

while the vertical functors are fully faithful by Lemma 7.1.1. The functor on
the right is surjective on objects by definition, and the functor on the left by
Proposition 7.2.2.

(2) = (3): Clear.

(3) = (1): The object A is a tilting object in DP*(A). This property is
preserved under a triangle equivalence, but also under the embedding A —
D?(A) by Proposition 7.2.2. O

We will see another proof of the equivalence D?(A) = DPT(A) when we
discuss tilting objects in D? (A); see Proposition 9.1.20.

Next we consider Grothendieck groups and derive a consequence from the
fact that a triangle equivalence preserves Grothendieck groups. Recall that
Ko (A) denotes the Grothendieck group of an exact category, and that Ky(A) =
Ko(proj A) for any ring A.

Corollary 7.2.4. Let A be an exact and idempotent complete category. Given
a tilting object T with A = End(T), then Hom(T, —) induces an isomorphism

Ko(A) = Kp(A).
Proof We have isomorphisms
Ko(A) = Ko(D”(A)) = Ko(DP(A)) = Ko(A),

where the first and the third follow from Lemma 4.1.17 and the middle one
from Theorem 7.2.3. O
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Of particular interest are module categories. Let A be a right coherent ring
and consider the abelian category mod A of finitely presented A-modules. If
T € modA is a tilting object and I' = End(T), then Hom(7, —) induces a
triangle equivalence

D? (mod A) = DP*(T)

by the above theorem. For example, A, is a tilting object in mod A if and only if
every finitely presented A-module has finite projective dimension. This reflects
the fact that the inclusion projA — mod A induces a triangle equivalence
DP(A) = DP(mod A) if and only if every finitely presented A-module has
finite projective dimension (Corollary 4.2.9).

The existence of a tilting object imposes some immediate constraints on
objects and morphisms in A and D? (A).

Lemma 7.2.5. Let A be an exact category and suppose there is a tilting object
in A or in D?(A). Then for each pair of objects X,Y € D (A) we have

Hom(X,2"Y)=0 for |n|> 0.
In particular, for all X,Y € A we have Ext"(X,Y) =0 forn > 0.

Proof Suppose there is a tilting object 7 in D?(A). This includes the case
that there is a tilting object in A, by Proposition 7.2.2. It follows from the
definition of a tilting object that T is homologically finite, so for all ¥ € D”(A)
we have Hom(7', £"Y) = 0 for |n| > 0. The homologically finite objects form
a thick subcategory (Example 3.1.7) and therefore all objects in D?(A) are
homologically finite. O

We have further consequences when A is a length category.

Lemma 7.2.6. Let A be a length category and T € D?(A) a tilting object.
Then A has only finitely many isomorphism classes of simple objects and

gl.dim A = ;nsg {i e N | Ext*!(S,8") =0} < 0.

simple

Proof The length of H = P, H"T gives a bound for the number of isomor-
phism classes of simple objects in A. More precisely, let B € A denote the
Serre subcategory generated by the composition factors of H. Then T belongs
to the thick subcategory of objects X € D?(A) with H"X € B for all n. Thus
B=A.

Having only finitely many simple objects in A, the bound for gl.dim A follows
from the previous lemma. O

Let us consider another class of exact categories.
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Lemma 7.2.7. Let A be a Frobenius category and T € A a tilting object. Then
Proj A C addT.

Proof Every projective (and injective) object belongs to *TNT* = addT. O

Tilting Modules

We consider an exact category A and study its tilting objects. A useful assump-
tion is that A contains a projective tilting object. For example, this holds for a
ring A when A equals the category of A-modules X having a resolution

0—P — - —P —P)—X—0
such that each P; is finitely generated projective. We set
P(A) :=Res(proj A)

and note that P(A) = Thick(A) by Proposition 7.1.7. Let us give a criterion for
when P(A) is trivial.

Lemma 7.2.8. We have P(A) = proj A if and only if Hom(X, A) # 0 for every
finitely presented A°P-module X # 0.

Proof Write P* = Hom(P, A) for P € proj A. We have P(A) = proj A if and
only if every monomorphism P — Q in proj A splits. Such a monomorphism
P — Q splits if and only if Q* — P* is an epimorphism. It remains to observe
that Hom(X, A) = 0 for X = Coker(Q* — P*). O

We continue with an elementary characterisation of projective tilting objects;
so all objects need to have finite projective dimension.

Lemma 7.2.9. Let A be an exact category. Then a projective object P is a
tilting object if and only if every object A € A admits a finite resolution

O_>Pr—)"'_>P1_)P0_>A_>O (P,Gaddp).

Proof 1If P is a tilting object, then P+ = Res(add P), by Proposition 7.1.10.
Now use that P+ = A since P is projective. The other direction is clear since
Res(add P) C Thick(P). O

Proposition 7.2.10. Let A be an exact category and P € A a projective tilting
object. Then an object T € A is a tilting object if and only if

(1) Ext*™(T,T) =0foralln # 0, and
(2) there is an exact sequence

0—P—5T' 5T — ... ST " —0 (T'€add?).
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Proof If T is a tilting object, then P € *T = Cores(addT), by Proposi-
tion 7.1.10. Conversely, if P € Cores(add T'), then A = Thick(P) C Thick(T) C
A. O

When A is aring, then a A-module T is called a tilting module (of finite pro-
jective dimension) if it is a tilting object of the exact category P(A). This means
Ext"(T,T) = 0 for all n # 0, and Thick(7T) = Thick(A). More concretely, it
follows from the above proposition that a A-module 7 is a tilting module if and
only if

(T1) there is an exact sequence
0—P —-+—P —Py—T—0 (P; € projA),

(T2) Ext"™(T,T) =0 for all n # 0, and
(T3) there is an exact sequence

0—A—>T'" 5T — ... 5T°—0 (T' € addT).

Now let A be an Artin k-algebra, and write D = Homy (—, E) for the Matlis
duality given by an injective k-module E.

Example 7.2.11. The algebra A is Gorenstein if and only if D(A), is a tilting
module. In fact, the finite injective dimension of A, corresponds to (T3), while
the finite injective dimension of 5 A corresponds to (T1).

Example 7.2.12. Let A be an algebra such that every module of finite pro-
jective dimension is projective, so P(A) = proj A. This holds if and only if
Hom(S,A) # 0 for every simple A°°-module S, so for example when A is
self-injective or local; see Lemma 7.2.8. Then a A-module T is tilting if and
only if add T = proj A.

Any tilting object gives rise to a derived equivalence by Theorem 7.2.3, and
the following result makes this more precise for modules over Artin algebras.
For a generalisation involving tilting complexes, see Theorem 9.2.4.

Proposition 7.2.13. Let A and T be Artin algebras of finite global dimension.
Suppose that T is a tilting module and I = End (T'). Then we have an adjoint
pair of triangle equivalences
-QLT
D?(mod A) * D’ (modT).
RHomy (T',-)
Proof The pair of adjoint functors is taken from Proposition 4.3.15 and
provides equivalences by Theorem 7.2.3, keeping in mind that DP(I") =
D’ (modT). o
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Remark 7.2.14. 1t suffices to assume that A has finite global dimension. Then
for any tilting module 7 the algebra End, (7') has finite global dimension, by
Theorem 9.3.11.

Tilting Objects and Cotorsion Pairs

In Proposition 7.2.1 we have seen that each tilting object T yields a cotorsion
pair (*7,T+). Now we wish to characterise the cotorsion pairs of an exact
category that are induced by tilting objects. Let us keep the assumption that the
category admits a projective tilting object.

Lemma 7.2.15. Let A be an exact category and suppose P € A is a projective
tilting object. For a cotorsion pair (X, Y) the following are equivalent.

(1) There is an exact sequence
0—P—>Y' Sy ...y —0 (YeVYy).

(2) gl.dimX < oo.
(3) There exists a tilting object T in A such that (X,Y) = (*T,T+).

Proof (1) = (2): Set Z' := Ker(Y! — Y™*!). Then we have for any X € X
Ext' (X, Z") = Ext’*' (X, P)

and therefore Ext’ (X, P) = 0 for all i > r. This implies Ext' (X, —) = 0 for all

i > r since every object in A has a finite projective resolution; see Lemma 7.2.9.

(2) = (3): Suppose that gl.dim X = r. We apply successively Remark 7.1.9
and obtain an exact sequence

0—P—5T" 5T — ... 5T —0 (T'eXnY)

that terminates since Ext"*'(X,P) = 0. Thus 7 = T° @ --- @ T" is a tilting
object by Proposition 7.2.10. We have

r=*(THcty=xc'r
where the first equality holds by Proposition 7.2.1. Therefore T = X. Analo-

gously, T+ =Y.
(3) = (1): Apply Proposition 7.2.10. O

We call tilting objects T" and T’ equivalent if addT = add T".

Proposition 7.2.16. Let A be an exact category and P a projective tilting
object. Then the assignment T +— T+ = Res(addT) gives a bijection between
the equivalence classes of tilting objects of A and full additive subcategories
Y C A satisfying the following.
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(1) Each object A € A fits into an admissible exact sequence
0—A—>YP—5Xx4—0

with X4 € 1Y and YA € Y.
(2) There is an exact sequence

0—P—Y >y —... S5Y —0 (Yey.
(3) The subcategoryy C A is closed under direct summands.

Proof We have a correspondence between tilting objects and cotorsion pairs
by Proposition 7.2.1. Combining this with Lemma 7.2.15 the assertion follows,
once we observe that a subcategory Y C A satisfying (1)—(3) gives rise to a
cotorsion pair (+Y,Y) by Lemma 7.1.14. m]

Let us consider the case A = mod A when A is right coherent.

Proposition 7.2.17. Let A be a right coherent ring of finite global dimension.
Then the asssignment T +— (+T,T™) gives a bijection between the equivalence
classes of tilting objects of mod A and the cotorsion pairs for mod A.

Proof The assertion follows from Proposition 7.2.1 and Lemma 7.2.15. The
inverse maps sends (X,Y)to X NY =addT. O

Finite Global Dimension
We consider an exact category A and make some additional assumptions:

(1) A is a Krull-Schmidt category, and
(2) A admits a projective tilting object.

Then the correspondence in Proposition 7.2.16 can be reformulated as follows.

Theorem 7.2.18. The assignment T +— T+ = Res(addT) gives a bijec-
tion between the equivalence classes of tilting objects of A and full addi-
tive subcategories Y C A that are covariantly finite and coresolving with
gl.dim*Y < oo. The inverse map sends a subcategory Y C A o an object T
satisfying addT =+Y nY.

Clearly, the condition gl.dim +Y < oo is obsolete when gl.dim A < oo.

Proof We apply the correspondence of Corollary 7.1.15 between cotorsion
pairs and covariantly finite and coresolving subcategories. The cotorsion pairs
corresponding to tilting objects are characterised in Lemma 7.2.15. Given a
tilting cotorsion pair (X, Y), the tilting object T is determined by the equality
addT = X' Nn'Y; see Proposition 7.2.1. O
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For a ring A we consider the category P(A) of modules having a finite pro-
jective resolution via finitely generated projective modules. Then gl.dim P(A)
is called the finitistic dimension of A; it is conjectured to be finite when A is an
Artin algebra, and this has been established for many classes of algebras.

Corollary 7.2.19. Let A be an Artin algebra and suppose that A\ is Gorenstein.

(1) The assignment T — T+ = Res(add T) gives a bijection between the equiv-
alence classes of tilting objects of P(\) and full additive subcategories
Y € P(A) that are covariantly finite and coresolving.

(2) The assignment T — T = Cores(addT) gives a bijection between the
equivalence classes of tilting objects of P(A) and full additive subcate-
gories X C P(A) that are contravariantly finite and resolving.

Proof Let A be Gorenstein of dimension d. This means that the injective
dimensions of Ay and AA equal d. Then the projective dimension of every
injective A-module is bounded by d. Thus gl.dim P(A) = d < oo (Lemma 6.2.2)
and P(A) has enough injective objects. Then (1) follows from Theorem 7.2.18,
and (2) follows from (1) with Corollary 7.1.16. ]

There are examples of rings such that the finitistic dimension is infinite. That
means an exact category with a projective tilting object need not be of finite
global dimension.

Example 7.2.20. Let k be a field and fix a partition N = | J, I; into finite sets of
unbounded cardinality. Consider the ring A which is obtained from localising
the polynomial ring A = k[xp, X, X2, ...] at the complement of the union of
the infinite set of prime ideals | J; p;, where p; denotes the ideal generated by
{xn | n € I;}. Then this is an example of a commutative noetherian ring of
infinite Krull dimension [146, Appendix, Example 1]. In fact, the height of p; in
A is card [;; so there is no bound for the height of a prime ideal in A. Moreover,
there is no bound on the length of a regular sequence in A. It remains to note
that for any commutative noetherian ring the supremum of the lengths of the
regular sequences equals the finitistic dimension [12, Theorem 1.6].

APR Tilting Modules

Let A be an Artin algebra. We exhibit a particular class of tilting modules which
have projective dimension one.

Proposition 7.2.21. Let ¢ € A be an idempotent such that no direct summand
of (1 — e)A is isomorphic to e . Suppose that e\ is a simple and non-injective
A-module. Then T = (1 — e)A & Tr D(eA) is a tilting module.
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Proof Set S = eA and denote by Py, ..., P, arepresentative set of indecom-
posable projective A-modules which are not isomorphic to S. We need to check
conditions (T1)—(T3) for 7. The almost split sequence starting at S is of the
form

0— 8§ —> @ P% —TrDS — 0 (7.2.22)

L
for some d; > 0. This follows from the fact that for each indecomposable
summand X of the middle term, the morphism ¢: X — Tr DS yields a mor-
phism DTr¢: DTr X — S, which is non-zero when D Tr X # 0. Thus X
is projective since S is simple projective. This sequence gives immediately
(T1) and (T3). Condition (T2) is deduced from the Auslander-Reiten formula,

so DExt!(T,T) = Hom(T,D TrT) = 0, since D TrT = S is simple projec-
tive. O

Let us consider some specific algebras over a field k.

Example 7.2.23. Denote by A the k-algebra given by the following quiver with
a commutativity relation:

with Ba = oy

2
a B
N
1 4
NS
3
Let P; = e; A denote the indecomposable projective module corresponding to
the vertex i. Then P is simple, so
T=TrDPi,®P,®P3® Py

is a tilting module with I' = End(7T") isomorphic to the path algebra of the
quiver of Dynkin type Dy:

We may also get back from I" to A, because the I'-module
T"=P,&TrDP,®TrDP; & TrDP,

is tilting and End(T") = A.
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Now let A = kQ be the path algebra given by a finite quiver Q without
oriented cycles. Suppose the vertex i € Qg is a source, so no arrow ends in i,
but at least one arrow starts at i. Denote by Q(i) the quiver which is obtained
from Q by reversing the orientation of each arrow starting at 7.

Observe that the algebra A is hereditary. Thus the following illustrates the
tilting process for hereditary abelian categories discussed in Theorem 5.1.2.

Proposition 7.2.24. Let i € Q¢ be a source of Q. Then the indecomposable
projective module P; is simple, and therefore

() =TeoP o ( (D P
i#j€Qo
is a tilting module with End(T (i)) = kQ(i).
Proof The module T (i) is tilting by Proposition 7.2.21. To compute its endo-

morphism algebra, we note that the almost split sequence (7.2.22) starting at
P; is of the form

0—>Pi—>@Pj—>TrDPi—>O
i—j

where i — j runs through all arrows in Q starting at . O

We denote by |Q| the underlying diagram of Q which is obtained by forgetting
the orientation of each arrow.

Corollary 7.2.25. Let Q and Q' be acyclic quivers such that |Q| = |Q’|. Then
there is a triangle equivalence D? (mod kQ) = D (mod kQ").

Proof For asequence iy, ...,i, of vertices in Q one defines recursively

Q(it, ..o in) = QU1s - . oy Tn-1) (in).-

Because the quivers are acyclic, it is not difficult to construct from the assump-
tion |Q| = |Q’| a sequence iy, ..., I, of vertices such that Q" = Q(iy,...,i,).
Then we obtain a sequence of » tilting modules from Proposition 7.2.24. These
yield triangle equivalences connecting D? (mod kQ) and D? (mod kQ"), by ap-
plying Theorem 5.1.2 or Proposition 7.2.13, and keeping in mind that a path
algebra is hereditary. O

Tilting Objects for Quivers of Type A,

We describe the lattice of tilting objects for the category of representations of
a quiver of type A,; it is isomorphic to the Tamari lattice of order 7.
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The Tamari Lattice
Fix an integer n > 1. The Tamari lattice of order n is a partially ordered set and
is denoted by 7},. The elements consist of the meaningful bracketings of a string
of n + 1 letters. The partial order is given by applying the rule (xy)z — x(yz)
from left to right. For example, when n = 3, we have

((ab)c)d = (a(bc))d = a((be)d) = a(b(cd)).
Here is the Hasse diagram of the lattice 73:

((ab)c)d
(a(bc))d
(ab)(cd) ‘
a((be)d)

a(b(cd))
And here is the Hasse diagram of the lattice 7j:
((ab)e)d)e

/((a(hc»d)e ((ab)e)(de)

((ab)(cd))e (a((be)d))e

T~ —
‘ (a(bled))e /\/ (a(be)) (de)

(ab)((cd)e) \ a(((be)d))e) ‘
/ — —~—

a((b(cd))e) a((bc)(de))

=
(ab)(c(de)) a(b((cd)e))/

a(b(c(de)))

\

\

The cardinality of the Tamari lattice 7,, equals the Catalan number

1 (2
Cp = ( ”)
n+l\n
Let J(n) denote the set of intervals [i, j] = {i,i+1,...,j}inZwith0 <i <
J < n. For a pair of intervals I, J we set

I11J L= ICJ or JCI or INJ=0.

Let T(n) denote the set of all subsets X C J(n) of cardinality n such that I L J
foralll,J € X.

Lemma 7.2.26. Sending an interval [i, j] to the bracketing
X0 (X xj) . Xp

of the string xq . . . x,, induces a bijection T(n) = T,,. O
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Representations of Type A,
Fix aninteger n > 1 and a field k. We consider the quiver of type A,, with linear
orientation

1 2 3 n

and denote by A, its path algebra over k. Foreach j € {1, ...,n} let P; denote
the indecomposable projective A,-module having as a k-basis all paths ending
in the vertex j, and for each interval I = [i, j] in Z with 0 < i < j < n we set
M[ = Pj/radj_i Pj.

Lemma 7.2.27. The following holds for the modules Mj.

(1) The set {M; | I € I(n)} is a complete set of isomorphism classes of
indecomposable A,-modules.

(2) Ext'(M;, My) =0 =Ext! (M;, My) if and only if I L J.

(3) There is an epimorphism My — My if and only if J C I and supJ =
sup I. m]

A A,-module T is a basic tilting module if T has precisely n pairwise non-
isomorphic indecomposable direct summands and Ext!(7,T) = 0. Observe
that the isomorphism classes of basic tilting modules correspond bijectively to
the equivalence classes of tilting objects in mod A,;, since T = T if and only if
add7T = add7”.

Write T > T’ if there is an epimorphism 7" — 7" for some positive integer r.
This induces a partial order on the isomorphism classes of basic tilting modules,
and we have

T>T & T+27+"

since an object M is in T+ if and only if there is an epimorphism 7" — M for
some positive integer r.

Proposition 7.2.28. The assignment X — P, M| induces a bijection be-
tween T (n) and the set of isomorphism classes of basic tilting modules over A,,.
Composition with the bijection T,, = T(n) yields a lattice isomorphism. O

Notes

Tilting theory has a rich history [5]. The notion of a tilting module over a
finite dimensional algebra was introduced by Brenner and Butler [41], using
the conditions of Proposition 7.2.10 and assuming projective dimension at most
one. A generalisation of the Coxeter functors arising in the work of Bernstein,
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Gel’fand and Ponomarev [36] motivated the study of tilting modules; see also
the contribution of Auslander, Platzeck and Reiten leading to the notion of APR
tilting [14]. The original definition of a tilting module was later generalised in
various directions.

According to Brenner and Butler, the term ‘tilting’ was chosen for the fol-
lowing reasons. Given a tilting object T € A, the functor RHom(7', —) swaps
the components of the torsion pair (7, F) for A (Theorem 5.1.2). Inside the
Grothendieck group Ko (A) = Z", the functor RHom(7', —) tilts the axes given
by the standard basis vectors (Corollary 7.2.4). Moreover, the word ‘tilting’
inflicts well.

For representations of finite dimensional algebras, the link between tilting
and derived categories was first established by Happel [101]. He proved that
any tilting module induces a derived equivalence. A predecessor is a theorem
of Beilinson that identifies a tilting object in the category of coherent sheaves
on the projective n-space [25].

For modules over Artin algebras, the correspondence T +— T+ between tilting
objects and covariantly finite and coresolving subcategories (Theorem 7.2.18)
is due to Auslander and Reiten [16].

Gabriel noticed that the Catalan number C,, counts the tilting modules of the
equioriented quiver of type A, [81]. The connection with the Tamari lattice
was pointed out in [43].



8

Contents

Polynomial Representations

8.1

8.2

8.3

8.4

8.5

Quasi-hereditary Algebras

Standard Modules and Quasi-hereditary Algebras
Approximations and Universal Extensions
Canonical Cotorsion Pairs

Characteristic Tilting Modules

Symmetric Tensors

Partitions and Young Tableaux

Finitely Generated Projective Modules
Symmetric Tensors and Symmetric Powers
The Category of Symmetric Tensors
Exterior Powers

The Algebra of Symmetric Tensors
Polynomial Maps

Polynomial Representations

Strict Polynomial Functors

Tensor Products

Decomposing Symmetric Tensors
Representations of Schur Algebras
Representations of Symmetric Groups
Weight Space Decompositions

Standard Morphisms

Base Change

Cauchy Decompositions

Standard Objects

Straightening

The Cauchy Decomposition of Symmetric Tensors
The Cauchy Decomposition of Symmetric Powers
Schur and Weyl Modules and Functors
Characteristic Zero

Symmetric Tensors versus Exterior Powers
A Square Root of the Nakayama Functor
A Shuffling Morphism

Schur and Weyl Modules

Schur and Weyl Functors

228

231
231
236
238
240
241
241
243
244
244
246
246
249
250
251
252
254
256
257
258
261
263
264
264
264
266
271
272
272
273
275
279
279
280



Polynomial Representations 229

Reduced Presentations 281
The Cauchy Decomposition of Exterior Powers 282
8.6 Schur Algebras 284
Split Quasi-hereditary Algebras 285
Finite Global Dimension 288
Characteristic Tilting Modules 288
Notes 291

This chapter is devoted to polynomial representations of general linear groups,
and we present this material in the context of quasi-hereditary algebras. These
are associative algebras with an extra structure that provides a stratification of
their module categories. The additional structure is encoded in a sequence of
distinguished standard modules. There is also a distinguished class of tilting
modules; these are modules that admit filtrations via standard modules and via
costandard modules simultaneously. Important examples are Schur algebras
which arise from the study of polynomial representations of general linear
groups.

The first part of this chapter discusses representations of Artin algebras
that are quasi-hereditary. The rest of the chapter is devoted to the study of
polynomial representations, using the language of strict polynomial functors.
In the following we provide a brief outline, explaining basic concepts and main
results.

We wish to study the polynomial representations of the general linear group
GL,, (k) with coefficients in a commutative ring k. To this end fix a degree
d and a free k-module V = k" of rank n. The symmetric group S, acts on
V®4 via place permutation, and this action commutes with the natural action
of GL,, (k). We obtain a k-algebra homomorphism

k GL,, (k) —> Endgs, (V®) =: Si(n, d)

into the corresponding Schur algebra, and modules over the Schur algebra
identify via restriction of scalars with degree d polynomial representations of
GL,, (k). This idea goes back to Schur. Note that any polynomial represen-
tation decomposes into homogeneous parts of different degrees d > 0, and
representations in different degrees do not interact.

We extend this approach by taking representations of GL, (k) for all n € N
simultaneously. This means we combine all Schur algebras (keeping d and k
fixed) in one category, which we call the category of symmetric tensors. Objects
are the finitely generated projective k-modules, and End(k") = S (n,d) for
each n by definition. This category is denoted by I'P;.. A k-linear functor

F: T4P, — Mod k
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is called strict polynomial of degree d and provides by construction for each
n a degree d polynomial GL,, (k)-representation by evaluation at k" (via the
action of Endragp, (k") on F(k™)).

A natural choice of projective generators in the category of strict polynomial
functors is parametrised by partitions A + d and given by

M Vi ThWe, TRV e - @ TV

where I'V denotes the symmetric tensors of degree A;. The dominance order
on the set of partitions provides standard objects A* « I'*. The fact that
each Schur algebra is quasi-hereditary amounts to the existence of a standard
filtration of each projective I'#. The associated graded object equals

= (P ahk

A>p

where K, denotes the Kostka number; this is also known as Cauchy decom-
position. We prove this by reducing via base change to the characteristic zero
case, using that this decomposition corresponds (via counting dimensions) to
a classical identity for symmetric functions.

There is a duality which maps the standard projective I'* to the standard
injective object S*, given by the functor

SV SUV @, SRV ) -+ @ STV

where S4V denotes the symmetric powers of degree A,. The costandard object
V4 > §4 identifies with the Schur functor, which is by definition the image
of a canonical morphism A?Y — S%. Here, A' denotes the exterior power
corresponding to the conjugate partition A’ and given by

AV — AV @ ALV @ - @ AV

The following diagram combines the morphisms defining standard and costan-

dard objects.
At vt
—— A/l/

l—vl R S/l
¥
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There is a functorial assignment I'* > A which yields an equivalence
Q: add{T"' | A+ d} => add{A* | A+ d}

and extends to a functor on all strict polynomial functors; this is induced by the
twist of the action of G4 on V® via the involution o > sgn(o)o. We have
Q(AY) = VY and therefore the Cauchy decomposition of I'* yields a filtration
of A* with associated graded object

A = v,

A=

Because A* is self-dual, we also have a filtration with associated graded object

A = DAY,

A>p

The fact that A* admits filtrations via standard objects and via costandard
objects simultaneously implies that u N is a characteristic tilting object,
which yields via evaluation at k™ characteristic tilting modules for each Schur
algebra Sy (n, d).

8.1 Quasi-hereditary Algebras

This section provides an introduction to representations of quasi-hereditary
algebras. We show that the module category of a quasi-hereditary algebra ad-
mits a canonical cotorsion pair, which then determines a tilting object (the
characteristic tilting module). The cotorsion pair requires the existence of ap-
proximation sequences, and we discuss a general method for constructing such
approximations via universal extensions.

A characteristic feature of the representation theory of quasi-hereditary alge-
bras is the choice of a partial order on the set of isomorphism classes of simple
modules. A consequence is the fact that essentially all arguments are based on
an induction.

Standard Modules and Quasi-hereditary Algebras

Let A be an Artin algebra. We introduce the notion of a quasi-hereditary algebra,
which depends on the choice of a partial order on the set of isomorphism classes
of simple A-modules. Let us label a representative set of simple modules (S;);e;
using the poset (I, <). We denote by (A, <) the pair consisting of the algebra
and the partial order.
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For each i € I, choose a projective cover P; — S; and an injective envelope
S; — Q;. We define the standard module A; to be the maximal quotient
of P; belonging to Filt{S; | j < i}, and the costandard module V; is the

maximal submodule of Q; belonging to Filt{S; | j < i}. Then (A, <) is a
quasi-hereditary algebra if

(QH1) Enda(A;) is a division ring for all i € 1,
(QH2) Ext}(A;,A;) # 0impliesi < j, and
(QH3) P; € Filt{A; | j € I} foralli e I.

Let us fix a quasi-hereditary algebra (A, <). Note that the standard modules
(Ap)ier determine the simple modules since S; = top A;.

Fix a maximal element ip € [ and set Ip = I \ {ip}. Let I' = Enda(A;,) and
for each X € mod A we consider the natural exact sequence

Homy (Ajy, X) ®r Ajy —— X — X — 0.
In particular, the map A — A is an algebra homomorphism.

Lemma 8.1.1. The object A, is projective and the counit £x is a monomor-
phism for X in Filt{A; | i € I} which induces a functorial exact sequence

0— A - X—X—0

with X inFilt{A; | i € Io}. Moreover, the assignment X — X provides an exact
left adjoint of the inclusion

Filt{A; | i € Iy} — Filt{A; | i € I}.

Proof There is an exact sequence 0 — U — P;; — A; — 0 for some j € |
with U € Filt{A; | i € I}, since P;, is in Filt{A; | i € I}. Clearly, j = iy since
topA; = top Pj,. Then U € Filt{A; | i > iy}, and therefore U = 0. Thus A;, is
projective.

An induction on the length of a filtration of an object in Filt{A; | i € I}
yields some r > 0 and an exact sequence 0 — A} — X — X " — 0 with X’
in Filt{A; | i € Ip}. Then we have Homa (A, X) ®r A;, = AZ} and X = X'.
The exactness of the assignment X +— X follows from the snake lemma since
Homp (A, —) ®r A, is exact. O

The above lemma means that we have the following colocalisation sequence
Filt{A; | i € Ip} § Filt{A; | i € I} ¢ ¢ Filt(A;,)

where all functors are exact.



8.1 Quasi-hereditary Algebras 233

Lemma 8.1.2. Restriction via A - A induces an equivalence
mod A = {X € mod A | Homa (A;,, X) = 0}

and A is a quasi-hereditary algebra with standard modules (A;);e1,- Moreover,
we have for all A-modules X,Y and p > 0 an isomorphism

Ext/’{(X, Y) = Ext} (X.Y).

Proof The quasi-inverse is given by — ®4 A. The P; form a representative set
of indecomposable projective A-modules, and from the above lemma it is clear
that P; € Filt{A; | i € Iy} for all i € Iy. Thus A with standard modules (Adier
is quasi-hereditary. The last assertion follows from Lemma 4.4.8. O

We continue with a characterisation of quasi-hereditary algebras which has
the advantage that it is transferable to other settings.

Proposition 8.1.3. An Artin algebra A together with a partially ordered set
of objects (E;)ier in mod A is quasi-hereditary if and only if there are exact
sequences

0—U;—P,—E,—0 (iel

in mod A satisfying the following:

(1) Endp(E;) is a division ring for all i.

(2) Homp(E;, E;) # 0 impliesi < j.

(3) U, belongs to Fit{E; | j > i} for alli.

(4) P, Pi is a projective generator of mod A.

In this case (top E;);c1 equals the partially ordered set of simple A-modules
and A; = E; for alli.

Proof We prove one direction; the other direction is similar. Let (A, <) be
quasi-hereditary. We take the canonical exact sequences

0— U, — P,— A —0 (iel

and need to show that U; € Filt{A; | j > i}. The other conditions (1), (2), and
(4) are clear. We use induction on card / and choose a maximal element iy € /
as before. We have U;, = 0 by Lemma 8.1.1. For i # iy consider the following

0
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commutative diagram with exact rows and columns

2 — O
—

AW io
[
0 U; P; A; 0
b
0 U; P; A; 0
|
0

which is obtained from Lemma 8.1.1 by applying it to P;. The algebra A is
quasi-hereditary with standard modules (A;);cz, by Lemma 8.1.2. Thus U; €
Filt{A; | j > i, j # io}, and therefore U; € Filt{A; | j > i}. O

Next observe that there is a canonical bijection between the isomorphism
classes of simple right and left A-modules; this takes for any primitive idem-
potent e € A the module S = e(A/J) to §” = (A/J)e, where J denotes the
Jacobson radical of A. This induces bijections P; — P} and A; — A/ between
the indecomposable projectives and the standard modules over A and A°P.

Lemma 8.1.4. The pair (A, <) is quasi-hereditary if and only if (AP, <) is
quasi-hereditary.

Proof We assume that (A, <) is quasi-hereditary and show by induction on the
number of simple modules that (A°P, <) is quasi-hereditary, using Lemma 8.1.2.
Thus the algebra A° is quasi-hereditary with standard modules (A])ier, by the
induction hypothesis.

There is a primitive idempotent e € A such that A;; = eA. We have

Enda (A;,) = Enda(eA) = eAe = Enda(Ae)® = Enda(A]).

Thus EndA(AIfO) is a division ring. The fact that A belongs to Filt{A; | i € I}
implies that the counit £, is a monomorphism, by Lemma 8.1.1. An equivalent
condition is that the multiplication map Ae ®.p. eA — AeA is bijective.
But this is a symmetric condition. Thus each counit £p; is a monomorphism.
From the induction hypothesis we know that P; belongs to Filt{A] | i € Iy}
for all i € Iy. Thus P; € Filt{A] | i € I} for all i, and therefore (AP, <) is
quasi-hereditary. O
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Lemma 8.1.5. The pair (A, <) is quasi-hereditary if and only if we have the
following.

(1) Enda(V;) is a division ring for all i € I,
(2) Ext)(V;, V) # 0 implies i > j, and
(3) Qi eFil{V; | jel}foralliel

Proof We use Matlis duality, which identifies standard modules over A°P with
costandard modules over A. Thus the assertion follows from Lemma 8.1.4. O

We are now able to establish finite global dimension; it is an important
property of quasi-hereditary algebras.

Proposition 8.1.6. A quasi-hereditary algebra (A, <) with n isomorphism
classes of simple modules has global dimension at most 2(n — 1).

Proof We use induction on n. Fix a maximal element ig € I and identify the
full subcategory of A-modules X such that Homy (A;,, X) = 0 with mod A; see
Lemma 8.1.1. We claim that for each A-module X we have

proj.dim, X < proj.dimz X + 1.

This is clear when proj.dimz X = 0, since every projective A-module is a direct
summand of an object of the form P for some projective A-module P and the
counit €p is a monomorphism, by Lemma 8.1.1. So suppose proj.dimz X > 0
and consider the following commutative diagram with exact rows and columns
given by a projective cover P — X in mod A.

[

0 QlX —£ X 0
[

0 SlX Z X 0

Note that P is a projective A-module and that P’ is a projective A-module.
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Therefore by induction

proj.dim, X = proj.dim, QX + 1
< proj.dim, QX + 1
< proj.dim; QX +2
= proj.dimz; X + 1.

Now fix a A-module X. We use induction on 7 to show that proj.dim, X <
2n — 2. For n = 1 the assertion is clear. So assume n > 1. Consider the
counit ex: Homa(A;), X) ®r A;j; — X. Then Kerex and X = Cokerex
belong to mod A. The algebra A is quasi-hereditary with n — 1 standard mod-
ules, by Lemma 8.1.2. Thus proj.dimz A < 2n — 4 for every A € mod A, so

proj.dim, A < 2n — 3 by our first observation. This implies for the image X’
of ex that proj.dim, X’ < 2n — 2. Thus proj.dim, X < 2n —2. O

Remark 8.1.7. Let (A, <) be a quasi-hereditary algebra and choose a bijection
a: 1 — {1,...,n} such that i < j implies @(i) < a(j) for all i, j € I. Then
A is quasi-hereditary with respect to the totally ordered sequence of simples
S1s-..,8n, where S, ;) = §; fori € I. This follows from successive application
of Lemma 8.1.2. Moreover, A, ;) = A; forall i € 1.

The above remark yields a chain of surjective algebra homomorphisms
A=Ay > Ay > Ay
such that for each i restriction via A -» A; identifies
mod A; = {X € mod A | Homp (A}, X) = 0 for j > i} = Thick(A1,...,A;)

and A; is quasi-hereditary with standard modules Ay, ..., A;. Moreover, we
obtain recollements

D’ (mod A;_;) m——— D?(mod A;) — Hom(a;,-) — D?(mod I7)

where I'; = Enda (A;); see Lemma 4.2.13.

Approximations and Universal Extensions

For exact categories we discuss a method of constructing approximations which
uses universal extensions. Fix an exact category A. For a pair of objects A, E
in A, a universal extension of A by E is an exact sequence

0—wE —wB—A—0
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for which the connecting homomorphism Hom(E", E) — Ext! (A, E) is sur-
jective. If Ext! (A, E) is finitely generated as a left End(E)-module, say by
M,...,n, then the extension n := (1,...,1,) € Ext'(A, E") is universal.
For, the corresponding connecting homomorphism is

Hom(E",E) — Ext'(A,E), (01,...,6,) — Z 0:m;.

We now fix a sequence of objects Eq, ..., E, in A satisfying

(1) Ext'(E;,E;) =0foralli > j, and
() Ext'(X,E ;) is finitely generated over End(E ;) for all X € A and all ;.

Proposition 8.1.8. Suppose A € A satisfies Ext' (A, E 1) =0forall j <t Then
there is an exact sequence 0 - Y — X — A — OwithY € Filt(E,, ..., E,)
such that Ext' (X, E;)=0forall j.

Proof We use descending induction on #. We first form a universal extension
0— E' — A’ — A — 0. Applying Hom(—, E;) shows that Ext' (A", E;) = 0
for all j < ¢, and from the induction hypothesis there is an exact sequence 0 —
Y > X —> A" - 0withY’ € Filt(Esy1,...,Ey) suchthatExtl(X,Ej) = 0 for
all j. Forming the pullback yields the following exact commutative diagram.

0

|

Y ——=Y

|

0 Y X

|

|
1

:

0 Er ' A 0

|

0
Then Y € Filt(E;, ..., E,) as required. O
Of particular interest is the case t = 1.

Corollary 8.1.9. Given A € A there is an exact sequence 0 —» Y — X —
A — OwithY € Filt(E,, ..., E,) such that Ext' (X, E;)=0forall j. o

Example 8.1.10. Let (A, <) be a quasi-hereditary algebra with standard mod-
ules Ay, ..., A,. Then Proposition 8.1.8 yields exact sequences in mod A

0—U —Pi— A —0 (1<i<gn)
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such that P; is projective and U; belongs to Filt(A1,...,A,) for all #; cf.
Proposition 8.1.3.

Canonical Cotorsion Pairs

We fix a quasi-hereditary algebra (A, <) and we may assume that the simple
modules are totally ordered; see Remark 8.1.7. Let Ayq,...,A, denote the
standard modules. To simplify the notation we set

Filt(A) = Filt(A1,...,A,)  and  Filt(V) = Filt(Vy, ..., V,).

The functors mod A > mod A and Homa (A, —): mod A — modI" with
I' = Endy (A,,) induce the following recollement.

i )

L —_—
mod A ——i.=ii — mod A — j'=j* —» mod I (8.1.11)
— —
i Jx

Note that j;(T") = A, and j.(I') = V,,.

Lemma 8.1.12. For X € Filt(A) and Y € Filt(V) we have Extﬁ(X, Y) =0 for
all p > 0. More precisely, for 1 < s,t < nand p > 0 we have

EXt/I:(AS9 VI) =

Enda(Ay) ifs=tandp =0,
otherwise.

Proof We use induction on n. For s,¢ < n the assertion follows by induction,
because Ay, V, € mod A and the inclusion mod A — mod A preserves exten-
sion groups; see Lemma 8.1.2. If s = n or t = n, then we use the fact that A,
is projective and V,, is injective. This gives the assertion for p > 0. For p = 0
we use the recollement (8.1.11). In fact, A, = j;(I') and V,, = j,(I"). Thus
Homp (A, V) = I by adjointness. O

Proposition 8.1.13. Let (A, <) be a quasi-hereditary algebra. For A-modules
X, Y we have the following.

(1) X € Filt(A) if and only if Ext) (X,V,) =0for 1 <t < n.
(2) Y € Fil(V) if and only if Ext) (A, Y) =0for 1 <t < n.

Proof We prove (1). The proof of (2) is dual. One direction is clear by the
above lemma. Thus assume that Ext/l\(X , V¢) = 0 for all t. We use induction on
n and consider the recollement (8.1.11).

We claim that the counit X’ := j,j'(X) — X is a monomorphism. To
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see this, fix an injective cogenerator O of mod A. Note that O belongs to
Filt(Vy,...,V,), by Lemma 8.1.5. Thus we have an exact sequence

0— ii'(Q) — Q0 — j.j (Q) — 0

by the dual of Lemma 8.1.1 which induces the following commutative diagram
with exact rows.

0 — Homy(X,ii'(Q)) — Homa(X,Q) — Homa (X, j.j*(Q)) — 0

l | l

0 - Homy (X", 71i*(Q)) » Homa (X', Q) » Homy (X', j.j*(Q)) = 0
We have Homy (X”,iyi'(Q)) = 0, and the map
Hom (X, j.j"(Q)) — Homy (X, j.j"(Q))
is a bijection by adjointness. Thus the map
Homy (X, Q) — Homy (X', Q)
is surjective. It follows that the sequence
0— jij'(X) — X — i,i"(X) — 0

given by the unit and counit for X is exact.

The object X := i.i*(X) belongs to mod A and satisfies Ext/l\(X”, V) =0
forallz. Thus X" isin Filt(Ay, . . ., A,—1) by induction. It follows that X belongs
to Filt(Aq, ..., Ap). O

Corollary 8.1.14. For a A-module X the following are equivalent.

(1) X is a projective object of Filt(V).
(2) X is an injective object of Filt(A).
(3) X belongs to Filt(A) N Filt(V).

Proof We apply Proposition 8.1.13. So any projective object of Filt(V) be-
longs to Filt(A), and it is injective in Filt(A) because it belongs to Filt(V).
Conversely, if X is in Filt(A) N Filt(V), then X is a projective object in Filt(V)
and an injective object in Filt(A). O

The following is our main result because it provides a canonical tilting
module for any quasi-hereditary algebra.

Theorem 8.1.15. Let (A, <) be a quasi-hereditary algebra. Then the pair
(Filt(A), Filt(V)) is a cotorsion pair.
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Proof The equalities Filt(A)* = Filt(V) and Filt(A) = + Filt(V) follow from
Proposition 8.1.13. It remains to construct approximation sequences for each
A-module. For this we apply Corollary 8.1.9, using that the standard and costan-
dard modules satisfy Ext/l\(Al-, Aj) =0and Ext/l\(Vj, Vi)=0foralli > ;. O

Characteristic Tilting Modules

Fix a quasi-hereditary algebra (A, <) with standard modules Ay, ..., A,. Let
us apply the correspondence between cotorsion pairs and tilting objects from
Proposition 7.2.17. Then the cotorsion pair (Filt(A), Filt(V)) yields the char-
acteristic tilting module T which is given by add T = Filt(A) N Filt(V).

Theorem 8.1.16. A quasi-hereditary algebra (A, <) determines, up to equiv-
alence, a tilting module T via the equality add T = Filt(A) N Filt(V).

Proof The cotorsion pair (Filt(A), Filt(V)) is given by Theorem 8.1.15, and
then we use that A has finite global dimension, by Proposition 8.1.6. Thus
Proposition 7.2.17 applies. O

A tilting module T has n pairwise non-isomorphic indecomposable direct
summands, where n equals the number of simple A-modules. This follows from
the fact that we have an isomorphism of Grothendieck groups Ko(Enda (7)) =
Ko(A); see Corollary 7.2.4. For an arbitrary tilting module 7, there is no
canonical bijection between the indecomposable summands of 7" and the simple
A-modules. This is different for a characteristic tilting module.

Proposition 8.1.17. Let (A, <) be a quasi-hereditary algebra. Then there are
exact sequences

0—U —T;,—V;—0 (1<i<n)

such that U; € Filt(Vy,..., V1) and T = @?:1 T; is a characteristic tilting
module. Moreover, i = inf{t > 1 | T; € Filt(S,...,S)}.

Proof We use that Ext}\(Vi, V;) =0foralli < j and apply Proposition 8.1.8
to the pair A = V; and ¢ =i — 1 so that Ext}\(A, V;) for j > t. This yields a short
exact sequence 0 —» U; —» T; —» V; — 0 with U; € Filt(Vy,...,V;_) and
Ext/l\(T, V;) = 0for all j. Thus T; € Filt(A) N Filt(V) by Proposition 8.1.13.
There is an admissible epimorphism 7; — V;, and therefore T = €p), T; is a pro-
jective generator for Filt(V), so add T = Filt(A) N Filt(V) by Corollary 8.1.14.
Finally, T; € Filt(Sy,...,S;) since U; and V; belong to Filt(Sy,...,S;), but
T; ¢ Filt(Sy,...,S;_1) since soc V; = S;. O
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The explicit description of the characteristic tilting module 7' in Proposi-
tion 8.1.17 can be used to show that A’ = End, (T) is quasi-hereditary with
standard modules A} = Homy (7, V;), since Homx (T, —) yields an exact equiv-
alence Filt(V) = Filt(A’). The quasi-hereditary algebra A’ is called the Ringel
dual of A, and A” is then Morita equivalent to A. In fact we have equivalences
of exact categories

Filty~ (A) = Filtp (V) & Filt(/\/)np (A)OP = FiltAOp(V)Op = Filty (A).

Note that the first and third equivalences reverse the factors, while the second
and fourth keep the order.

8.2 Symmetric Tensors

Important examples of quasi-hereditary algebras are Schur algebras. They arise
from the study of polynomial representations of general linear groups. In fact,
we use the language of strict polynomial functors. This requires a substantial
discussion of symmetric tensors. So we begin with basic definitions and explain
the connection between symmetric tensors and polynomial maps.

Throughout we keep fixed a commutative ring k.

Partitions and Young Tableaux

The following glossary collects basic definitions and facts that are used through-
out.

Composition. Fix an integer d > 0. A composition of d into n parts is a
sequence A = (41,4p,...,4,) of integers A4; > 0 such that )} 1; = d. The set
of such compositions is denoted by A(n, d).

We say that two compositions A and u are equivalent up to permutation if
there is a permutation o~ € &, such that u; = A,(;) for all i.

Partition. Fix aninteger d > 0. A partition of d is asequence A = (11, 43,...)
of integers A; > O satisfying 41 > A, > ... and >, A; = d. In this case one
writes A + d. The conjugate partition A’ is the partition where 1] equals the
number of terms of A that are greater than or equal to i.
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Young diagram. Fix a partition A of an integer d. The Young diagram corre-
sponding to A is given by d boxes which are arranged in rows and columns. Each
integer r € {1,...,d} can be written uniquely asasumr =A;+---+A;—1 + J
with 1 < j < A;. The pair (i, j) describes the position (ith row and jth column)
of the box corresponding to r.

Filling. A filling of a Young diagram is a map 7" which assigns to each pair (i, j)
in the Young diagram corresponding to A a positive integer 7 (7, j). The fillings
of a fixed Young diagram are ordered lexicographically via the lexicographic
order on pairs of integers: S < T if for every pair (i, j) we have S(i, j) < T(i, j)
whenever S(e, f) =T(e, f) for all (e, f) < (i, j).

Young tableau. A Young tableau is a filling T that is weakly increasing along
each row (T(i,j) < T(i,j + 1) for all i, j) and strictly increasing along each
column (T(i, j) < T(i+1,j) for all i, j).

Content. Let A be a partition and 7 a filling of the corresponding Young
diagram. The content of T is by definition the sequence y = (1, 2, . ..) such
that u; equals the number of times the integer i occurs in 7.

Dominance order. The set of partitions of an integer d is partially ordered
via the following dominance order: u < Aif 3\7_, u; < X, A; for all integers
r>1.

Lemma 8.2.1. Let A and u be partitions. Then there exists a Young tableau of
shape A with content equivalent up to permutation to u if and only if u < A.

Proof See [78, Section 2.2]. O

Lexicographic order. The set of partitions of an integer d is totally ordered
via the following lexicographic order: u < A if for every integer r > 1 we
have u, < A, whenever u; = A; for all i < r. For a partition A let 1* denote
its immediate successor and set (d)* = +co. Analogously, A~ denotes the

immediate predecessor of 2 and (1,...,1)” = —co.
Lemma 8.2.2. Let A and u be partitions. Then u < A implies u < A. O
Kostka number. Let A and u be partitions. The Kostka number K,,, denotes

the number of Young tableaux of shape A and content u. Note that K, # 0 if
and only if 4 < 4, and K, = 1 for u = A.
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Symmetric function. For a partition A let s, denote the Schur function and h,
the complete symmetric function. Evaluating at 1" for an integer n > 0 gives

s2(1") = number of Young tableaux of shape A with entries in {1, ..., n},
and the following result is a consequence of the Cauchy identity.

Proposition 8.2.3. Let u be a partition of an integer d. Then
hy = Z K,ly Sa
2
where A runs through all partitions of d.

Proof See (5.15) in Part I of [140] or Corollary 7.12.5 in [195]. O

Finitely Generated Projective Modules

Let Py denote the category of finitely generated projective k-modules. Given
V, W in Py, we write V ® W for their tensor product over k£ and Hom(V, W) for
the k-module of k-linear maps V — W. This provides two bifunctors

- Q—: P xPr — Py
Hom(—, =): (Pr)P X Pr — Py.

For any k-module V the assignment
V +— VY = Hom(V, k)
yields a duality Mod k& — Mod k. In particular, we have natural isomorphisms
Hom(V,W") = Hom(V ® W, k) = Hom(W, V"). (8.2.4)
For functors F, G : Py — Mod k we define the dual F°: P — Mod k by
F(V)=F(V")"  (Ve®Py

and write Hom(F, G) for the group of natural transformations F — G. Then
(8.2.4) yields a natural isomorphism

Hom(F, G°) = Hom(G, F°). (8.2.5)
For V, V', W, W’ in P, there is a canonical isomorphism
Hom(V, W) ® Hom(V’,W’) = Hom(V ® V', W ® W’),

which is natural in all variables.
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Symmetric Tensors and Symmetric Powers

Let G be a group acting on a k-module V. For each g € G the assignment
v > vg — v yields a map V — V. One defines the invariants V as the kernel
of the natural morphism V' — [[4c V and the coinvariants Vg as the cokernel
of the natural morphism [[,cq V — V.

Now fix an integer d > 0 and denote by S, the symmetric group permuting
d elements. For each k-module V, the group S acts on V®¢ by permuting the
factors of the tensor product:

(v1®~-®vd)0'=v(r(1)®'~®vg(d).

Denote by I’V the submodule (V®%)®¢ of V&< consisting of the elements

which are invariant under the action of Sy; this is called the module of sym-

metric tensors of degree d.' The largest quotient (V®9)g, of V®? on which

G4 acts trivially is denoted by S?V and this module of coinvariants is called

the symmetric power of degree d. For the image of x; ® --- ® x4 under the

canonical map ved _; §4V we write x| - - - xg. Set %V = k and S°V = k.
Now assume V € Py. From the definition, it follows that

rvY) = (s7v)".

Note that SV is a free k-module provided that V is free. If (v;);¢; is a basis of
V, then a basis of SV with respect to a total ordering < on I is given by the
products v;, - -+ v;, withi; < ... < iyz. Thus T9V and SV belong to Py for all
V € Py, and we obtain functors T'¢, §¢: Py — Py satisfying ¢ = (T'9)°.

The Category of Symmetric Tensors

We consider for d > 0 the category of symmetric tensors T¢P;. which is defined
as follows. The objects are the finitely generated projective k-modules and for
two objects V, W set

Hompagp, (V,W) = 'Y Hom(V, W).
This identifies with Hom(V®4, W®4)Sd since
HOm(V, W)®d ~ (W ® VV)@(I ~ W®d ® (V®d)\/ ~ Hom(V®d, W®d)

with &, acting on Hom(V®4, W®4) via (fo)(v) = f(va~ Yo for f: V¥ —
W®d and o € &4. Using this identification one defines the composition of

! The notation I'¥V is common practice but also misleading, because originally it referred to
the module of divided powers, which actually is isomorphic to the module of symmetric
tensors when V is a free k-module; see [39, IV.5, Exercise 8].
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morphisms in [¢P;.. The assignment V ~— V" induces a duality
(T9Pp)P = T9P.

We denote by k&, the group algebra of S,. For each V € P, we view V&4
as a module over k&, via the action of S .

Lemma 8.2.6. The assignment V +— V® induces a natural isomorphism
Homragp, (V,W) = Homyg, (ved wed)
and therefore an equivalence
e, = {(v® |V e P} € Mod kG,.

Proof For f € Hom(V®4, W) we have fo = f for all o € G, if and only
if f(vo) = (fv)o forallo € S and v € V&4, o

Let n > 0 be an integer and set V = k™. Then the k-algebra
Sk(n,d) := Endragp, (V)

is called a Schur algebra. Note that the isomorphism End(V)®? = End(V®9)
induces an isomorphism of k-algebras

Endpagp, (V) = Endig, (V®9).

Now consider V®4 as an S, (n, d)-kS4-bimodule. Then each element in kS,
induces an endomorphism V&4 — V&4 which is given by right multiplication.

Proposition 8.2.7. For n > d the canonical homomorphism
(kS4)*®* — Ends, (n.a) (V)
is an isomorphism of k-algebras.

Proof Fix a k-basis vy,...,v, of Vandsetv =v; ® --- ® v4. The elements
vor with o € S, form a k-basis of a kS4-submodule of V®4, which is in fact a
direct summand isomorphic to kS,. Thus kS, = Ker & for some idempotent
& € Endgg, (V®9), and the assertion follows from Lemma 8.2.8 below. O

Lemma 8.2.8. Let A be a ring and M a A-module with T = Endp (M). If for
some integer r > 1 there is an idempotent € € Endy(M") with Kere = A, then
the canonical homomorphism A°® — Endr(M) is an isomorphism.

Proof We consider for each A-module X the natural morphism

¢x: X — H(X) := Homp(Homy (X, M), M)
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which is given by evaluation. The idempotent £: M” — M" induces an exact
sequence

0—A— M S M
of A-modules, and applying H gives an exact sequence
0— H(A) — HM") — H(M").

Then ¢pr is an isomorphism, and therefore ¢, is an isomorphism, which
identifies with the canonical homomorphism A°? — Endr(M). O

Exterior Powers

For a k-module V let T*V = B d0 V®4 denote the tensor algebra. From this
one obtains the exterior algebra A*V = (H a0 A4V by taking the quotient with
respect to the ideal generated by the elements v ® v, v € V. The canonical map
Vved 5 AdV takes v ® - @V tovi A- - Avg, and A4V is called the exterior
power of degree d.

For each d > 0, the k-module A?V is free provided that V is free. Thus A4V
belongs to Py for all V € Py, and this gives a functor P — Pi. There is a
natural isomorphism

AWVY) = (AV)Y

induced by (fi A--- A fa)(vi A--- Avg) =det(f;(v;)). Thus (A4)° = A4,

13

The Algebra of Symmetric Tensors

Let V be a k-module. We set "V = @dzo r4v. For integers d,e > 0 the
inclusion S X S, C Sy, induces the multiplication map

r‘y @ rev — rd+ey (8.2.9)

which sends x ® y € TV ® 'V to

xy = Z (x®y)g

8€CixC.\Byse

where (x ® y)g = (x ® y)o for a coset g = (S X S,)o . This multiplication is
also known as the shuffle product; it is associative and gives I'*V the structure
of a commutative k-algebra.

Fix a set / and a total ordering < on /. We write N!) for the set of sequences
A = (4;)ier of non-negative integers with A4; = 0 for almost all i and set
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|| = ;s Ai- Now fixd > 0andlet I9 = {i = (iy,...,iq) | i € I}. The group
Sy acts on 14 via
(i1sevsia)o = (i) s lo(a))

and let 19 /S, denote the set of orbits. Consider the map 14 — NU) sending
i toi" given by i"(i) = card{/ | i; = i} fori € I. Then i = i} if and only if
ip =1ij0 for some o € S;. Thus the assignment i — i* induces a bijection

/6, = {1 e ND | 4] = d}.

Let 1 € NU) with |A| = d and write
{1""7d}=UX/U with X,z,iZ{Z/lj+1,...,Zﬂj}.
iel j<i i<i

We denote by S, = [[;¢; Sy, the Young subgroup of S, consisting of all
o € G4 such that o(X,,;) € X,; for all i € I. Let &* denote the subset of all
o € G4 such that o|x, ; is increasing for all 7 € 1. Then there are bijections

Glx G, = Sy, (o,7) > o1,
and
G x Gt = &y, (o,7) > ot L.
Now suppose that V is a free k-module with basis (v;);es, and for 1 € N
with || = d set
Va = ]_[ V;@/li.
iel

Given elements x; € 'V, we have in "V

[Tx= > (®xl~)0'= > (®xi)a', (8.2.10)

iel CL0eG\8y i€l ole@t el

where the first equality is by the definition of the multiplication in I'*V and
the second equality follows from the bijection &* = &,\&, given by o
S o -1

Lemma 8.2.11. The elements v, with A € N and |A| = d form a k-basis of
r.

Proof The elements

Vi=V; ®Vv;, ® --®v;, for ierd
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form a k-basis of V®4, and we claim that the elements

v(w) = Zvi‘ ®v;, ®---®v;, for we 14/3,
icw
form a basis of [V = (V®4)®a_ The elements v(w) are invariant under Sy
and therefore belong to I'“V. They are linearly independent, since any equality
Y w @uv(w) = 0in T4V also holds in V&9, so a,, = 0 for all w. Finally, if
3; @ivi is any element in TV, then a; = @j, for all o € S4. Thus the v(w)
generate IV,
Now observe that i — i* induces a bijection I¢/S; = {1 € N | |A| = d}.
If w = i8S, corresponds to i* = A, then the identity (8.2.10) yields

Vi = Zvi‘ Vi, ® - ®vi, =v(w).
=1

Thus the elements v, form a k-basis of [¢V. O

Next we consider the comultiplication for I'*V, assuming that V is a flat
k-module. We need the following lemma.

Lemma 8.2.12. For integers d, e > 0 the inclusion Sy X S, C Sg4. induces
an isomorphism

(V®d)6d ® (V®e)6(, ~ (V®d+e)6d><@g.

Proof First observe that for any finite group G acting on k-modules X and Y
we have an isomorphism

XCoy==(X®Y)°

provided that Y is flat and satisfying Y© = Y. Also, for any filtered colimit
colim; X; of k-modules with a G-action we have

colim(X¥) = (colim X;)¢

since XY is by definition the kernel of the natural morphism X — [] gec X It
follows from Lemma 8.2.11 that (V®?)®¢ is flat and we obtain

(V®d)‘Sd ® (V®e)Ge ~ ((V®d)Gd ® V®e)6e
~ ((V®d ® V®e)6d)6e

~ (V®d+e)6d><66' o

Applying the above lemma, we obtain for integers d, e > 0 the diagonal or
comultiplication map

ré+ey — rdy @ rev (8.2.13)
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as composite

(V®d+e)6d+e C (V®d+e)6d><6e ~ (V®d)6d ® (V®e)6€,'

When V is a free k-module of finite rank, fix a basis {v{,...,v,} and let
{v{,...,v,} denote the dual basis of V. Then the elements
vi= v?’l‘vf”lz v for A e An,d)

form a k-basis of TV If {v} } 1ea(n,a) denotes the dual basis of (I'V)V, then

the canonical isomorphism (I'¥V)" = $9(V¥) maps each v to [T/, (v})*.

i

The diagonal map I'**V — T'?V ® T'°V is given on basis elements by

Vi —s Z Vi ®Viu (8.2.14)
pueA(n,d)
A-pelA(n,e)
and the multiplication map T4V ® TV — I'“*¢V is given by

Vu ®Vy = CVyyy  With ¢ =S4, /S, X G, |. (8.2.15)

Polynomial Maps

There is a close relation between symmetric tensors and polynomial maps
which can be explained by the following lemma.

For a k-module M and x € M set y(x) = x®<. For a set I, and elements
v e N and (;) € kD, we write @ = [];¢; )"

Lemma 8.2.16. Let M, N be k-modules such that M is free. Then the following
are equivalent foramap f: M — N.

(1) There exists a basis (x;)ier of M and a family (yy),enm) | |y|=q Of elements
in N such that for all (a;) € kD

f(za’ixi) = Z a’yy.
iel veN) | |y|=d

(2) There exists a k-linear map h: TYM — N such that f(x) = h(yq(x)) for
allx e M.

Proof The proof uses the multiplication in I'*M. Given elements xi, ..., x,
in M, an induction on n shows that

Ya(x1+ -+ +x,) = Z Ya, (x1) -+ va, (xn).
dy+--+dp=d
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From this we obtain for elements (x;);c; in M and (;) € k!
7d( Z aix;) = Z a’x,.
iel e |v|=d

(1) = (2): Let (x;) and (y, ) be elements satisfying the condition in (1). We
note that (x, )|, |=q is a basis of M and let h: TYM — N be the homomor-
phism defined by A(x,) = y,. Then for x = };<; @;x; in M we have

fO=f(Daw)= Y @w=h( Y, a'x)=hGa).
i€l veNWD | |v|=d veN) | |y|=d
(2) = (1): Let h be a map satisfying the condition in (2). When (x;);¢s is a
basis of M, then

f(zaixi)=h( D a"’xv)= > athx). o

i€l veND | |v|=d veNO | |v|=d

Amap f: M — N satisfying the equivalent conditions of the above lemma is
called homogeneous polynomial of degree d. If M has a finite basis {x, ..., x, },
then f is polynomial if and only if there is a polynomial F in n indeterminates
with coefficients in N such that

f(Zaixi):F(a/) for a=(a,...,a,) € k"

This property does not depend on the basis chosen for M and justifies the term
‘polynomial map’.

Remark 8.2.17. The lemma says that composition withy,: M — T' M induces
a surjection

{h:T¢M — N | h k-linear} — {f: M — N | f polynomial of deg d},

and we note that it is a bijection when k is an infinite field (see [39, IV.5,
Proposition 16]).

8.3 Polynomial Representations

In this section we study polynomial representations of the general linear group
GL,, (k) given by the invertible n X n matrices over k, simultaneously for all
integers n > 0. We use the language of strict polynomial functors, because
a functor F: P — P induces maps End(k") — End(F (k™)) that yield
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representations GL, (k) — GL(F (k™)) for all n > 0. These representations
are polynomial if the induced maps

Hom(V,W) — Hom(FV, FW)

are polynomial for all free modules V, W € P.

Polynomial representations of general linear groups can be identified with
modules over Schur algebras. Moreover, there is a canonical functor connect-
ing polynomial representations of degree d with linear representations of the
symmetric group S, .

Throughout we keep fixed a commutative ring k.

Strict Polynomial Functors

Fix an integer d > 0. Let y4: Px — I'“P; denote the functor which is the
identity on objects and sends a morphism f to f&<.

A strict polynomial functor P — Mod k of degree d is by definition a
k-linear functor I'“P;, — Mod k. We denote by Pol? Py the category of degree
d strict polynomial functors P — Modk, and write pol? P; for the full
subcategory of strict polynomial functors Py — Py.

Our aim is to develop a structure theory of the small category pol? Py, but
for some constructions the full category Pol Py is needed.

It is often convenient to identify a k-linear functor I'“P; — Mod k with the
composite F: Py X, '“P, — Mod k. The fact that F is strict polynomial of
degree d means that the induced map

Hom(V,W) — Hom(FV,FW)

is polynomial of degree d for all free modules V, W € Py; see Lemma 8.2.16.
The following diagram illustrates this correspondence.

Pi 2 rp,
polynom A’lear
Mod k

The strict polynomial functors form an exact category, where a sequence
0> F —-F—>F” —>0isexact when0 — F'V — FV — F”V — Ois an
exact sequence for all V € P.

The functor

4P, — pol? Py, Vi T4 =19 Hom(V, -)

is contravariant and fully faithful by definition. We identify %% = ¢,
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For X € Pol? Py there is the Yoneda isomorphism
Hom(I'*Y, X) = X(V) (8.3.1)

and it follows that I'%" is a projective object in Pol¢ Py.

Some of the constructions for strict polynomial functors require V € P to
be free. This is not a serious obstruction since an arbitrary V € Py is the colimit

& & . .

of a sequence k" — k"™ — --- for some idempotent morphism &. Then one
sets F (V) = colim F (k™) for any functor F given on free k-modules.

Using the Yoneda isomorphism it follows that each object X in Pol¢ P} can
be written canonically as a colimit of representable functors

colim ¥V = x (8.3.2)

rd.vx

where the colimit is taken over the category of morphisms 'Y — X and V
runs through the objects of I'*P;, (Lemma 11.1.8).

Tensor Products
For integers d, e > 0 there is a tensor product
- ®—: Pol? Py x Pol® Py —> Pol®*¢ Py
Let X € Pol? Py and Y € Pol® P;. The functor X ® Y acts on objects via
Xe)(V)=X(V)Y(V) (Ve Py
and on morphisms via the diagonal map (8.2.13)
¢ Hom(V, W) — I' Hom(V, W) ® I'* Hom(V, W)
by composing with
'Y Hom(V, W) ® I'* Hom(V, W)

—> Hom(X(V), X(W)) ® Hom(Y (V),Y(W))
— Hom(X (V) @ Y(V), X(W) @ Y(W)).

Main examples of strict polynomial functors of degree d are the following:
VT VTV Vs SV Vi AV,
We have seen this already for I'Y. Given any A € A(n, d) it follows that
M=rtg..In

is strict polynomial of degree d. In particular, 7¢ = I'1--~1 is strict polynomial.
For §¢ and A“ this property can be deduced from the lemma below, since any
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cokernel of a morphism between strict polynomial functors is again strict
polynomial.
Lemma 8.3.3. Givend > 0andV € Py, there are exact sequences

d-1
Dol oy @ ved-icl 282, yed Ay g

i=1

d-1

P el oAV e vediTt 20, yed  gdy

i=1
where A: T2V — V ® V is the inclusion and A: N>V — V ® V is given by
AVAW)=v@w-—wQv.
Proof This is clear from the definitions of A4V and S4V respectively. O

Also, the duality F — F° maps strict polynomial functors to strict polyno-
mial functors. In particular, we have for X, Y € pol¢ P, a natural isomorphism

(X®Y)° = X°®Y°. (8.3.4)

Now fix a free k-module V with basis {vy,...,v,} and a partition 1 =
(41, ...,4,). Each filling T with entries in {1, ..., r} yields an element

vreTY Ve ..oV

by replacing each i in a box by v;. Here is an example of a Young tableau

1=(5,3,3,2) 3131

2
5
6

[ &]e

1
2
7
5]
and here is the corresponding element

vr = (V1 (12 ®12) (V3 @ 13)) ® (V2v3vs) ® ((va ® va)ve) ® (Vsve).

More precisely, let T (i, j) denote the entry of the box (i, j) and define o €
A(r, A;) by setting a‘} =card{r | T(i,t) = j}. Then we set

VI =Vl @ Q@ Vgn.

Lemma 8.3.5. The elements vy form a k-basis of TV as T runs through all
fillings that are weakly increasing along each row.

Proof Observe that o' only depends on the entries of the ith row of 7 and
not on their order. Thus the fillings T that are weakly increasing along each
row correspond bijectively to sequences of compositions @' € A(r, ;) (i =
1,...,n). The elements v, form a basis of ry by Lemma 8.2.11. Taking
their tensor products then yields a basis of TV . O
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We keep a free k-module V with basis {v{,...,v,} and a partition y =
(u1,...,un). Each filling T with entries in {1, ..., r} yields an element

Ve ANV Q- @ AHY

as follows. For a subset J = {ji,...,js} C{l,...,r}setvy =v; A--- AV
and

vT=v11®--~®an

where J; = {T'(i,j) | 1 < j < w;}.
Lemma 8.3.6. The elements v! form a k-basis of A"V as T runs through all

fillings that are strictly increasing along each row.

Proof The elements v; form a basis of A*V, where J runs through all s-
element subsets of {1, ..., r}. Taking their tensor products then yields a basis
of AHV . O

Decomposing Symmetric Tensors

We study decompositions of symmetric tensors and employ the structure of a
graded algebra which one obtains by combining all degrees.

A graded functor X = (X°, X', X2, ...) is given by a sequence of functors
X': Pr — Pyx. The tensor product X ® Y of graded functors X, Y is defined in
degree d by

(XeY)d= @X’@)Yﬁ

i+j=d
For a composition A € A(n, d) we set
Xt=x"® @XM

Given V € Py, we write SV = ;. S9V for the symmetric algebra. For
objects V, W € Py, there is an isomorphism of k-algebras

SVRSW S (Vaw)
which takes an element (x{ - - - x;)®(y1 - - - y;j) indegreei+j toxy - - - x;y1 - - - ;.
Now consider the composite

rvel'v —-r"(Vew)eI''(Ve w) — I'* (Ve W)

where the first map is given by the inclusions V - Ve Wand W - Ve W
and the second is the multiplication map (8.2.9). This yields an isomorphism
of k-algebras

Ve W = (Ve W) (8.3.7)
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because it maps basis elements to basis elements. Note that this isomorphism
is dual to the one for symmetric algebras.
From (8.3.7) one obtains for each integer n > 0 in degree d an isomorphism

d
k" ~ @(Fd—i,k"’l ® Fi,k)
i=0

and using induction plus the identification I'** = I'¥ a canonical isomorphism

k" =~ @ . (8.3.8)
AeA(n,d)

We have already seen that the functors of the form 'Y with V € Py yield
a set of projective generators for pold P, thanks to the Yoneda isomorphism
(8.3.1). Thus the decomposition of symmetric tensors implies that the projective
objects in pold Py are precisely the direct summands of finite direct sums of
functors 'Y, where 1 = (A1,...,4,) is any sequence of integers A; > 0
satisfying 3 1; = d and n is any positive integer. Note that "' = TI'* if
the compositions A and u yield the same partition of d after reordering. In
particular, given A € A(n, d), we have ' = T'* for some u € A(d, d).

Lemma 8.3.9. Fach X € pold Pr admits a projective resolution
vV L pdVi _LpdV x50 (Vi € Pr).

Proof Tt suffices to construct an epimorphism I'"Y — X for some V € P
because the kernel is again in pol¢ P and we can iterate this.

For each partition A of d the k-module Hom(I'%, X) is finitely generated, say
by 1, elements. Taking their sum yields a morphism (I'*)"** — X and then

b @(F’l)’“ — X
A

is an epimorphism, where A runs through all partitions of d. This follows from
the Yoneda isomorphism (8.3.1), since each morphism I'*"Y — X factors
through 7 by construction. Now choose V = k" sufficiently big such that for
each partition A there are at least n, compositions in A(n, d) that are equivalent
to A up to a permutation. This yields an epimorphism I'*"Y — X because of
the decomposition (8.3.8). ]

There is an analogue of the decomposition (8.3.8) for the exterior powers.
For objects V, W € Py, there is an isomorphism

NVIANW S A (VoW
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given by multiplication. This yields a canonical decomposition

At = ADK" = AYHom(k™, -). (8.3.10)
AeA(n,d)

Representations of Schur Algebras

Strict polynomial functors and modules over Schur algebras are closely related,
since for X € Pol? P; and an integer n > 1 the Schur algebra Sy (n,d) acts
on X (k™). The action is from the left since we consider covariant functors
:Pk — Mod k.

Proposition 8.3.11. Evaluation at k™ gives a functor
Pol P, —> Mod Sk (n, d)°P, X - X (k")
which has a fully faithful left adjoint
%K @ —: Mod Sk (n, d)*®® —> Pol¢ Py.

This left adjoint identifies Mod Sy (n, d)°P with the full subcategory of functors
X that admit a projective presentation

Pl — Py— X — 0 with P; e Add{I" | 1€ A(n,d)}.
Thus evaluation at k" is an equivalence if and only if n > d.

Proof Set P = T'“" Then evaluation at k" identifies with Hom(P, —) by the
Yoneda isomorphism (8.3.1). This functor admits a left adjoint P ® — which is
right exact, preserves all coproducts, and takes Sk (n, d) to P. Thus it takes an
Sk (n,d)-module M to the functor

V +— I Hom(k",V) @5, (n.ay M~ (V € T9Py).
The functor P ® — is fully faithful since the counit
Hom(P,P® M) — M
is an isomorphism (cf. Example 2.2.24). We observe that
Add P = Add{T"" | A € A(n,d)}

because of the decomposition (8.3.8).

Now let n > d. Then each projective object ' occurs in Add P, and therefore
%V e AddP for all V € Py. It follows that each X € Pol? P admits a
projective presentation Py — Py — X — 0 with P; € Add P, and therefore
evaluation at k™ is an equivalence. For n < d one checks that A?(k") =0. O
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Representations of Symmetric Groups

Schur—Weyl duality yields a relation between representations of the general
linear groups and representations of the symmetric groups. In our context this
takes the following form. Let w = (1, ..., 1) be a sequence of length d. Then
' is the functor taking V to V&9,

Lemma 8.3.12. Permuting the tensors via
Vi®-®vg) — (Vo) ® - ®Vi(a)) (o€ By)
induces an isomorphism of k-algebras (kS;)°? = End(T"%).
Proof LetV = k™ for some n > d. Evaluation at V yields a homomorphism
(k&4)°" — End(I') — Ends, (4,a)(V®)

which is an isomorphism by Proposition 8.2.7. Then the assertion follows since
the second map is an isomorphism by Proposition 8.3.11. O

This observation gives rise to a functor into the category of left kS4z-modules
Hom(I'“, -): Pol¢ P; — Mod(kS;)°P

which is also called the Schur functor (and not to be confused with the Schur
functors parametrised by partitions). The functor admits a fully faithful left
adjoint

I“®—: Mod(kS;)®® — Pol Py

which can be described as follows. The functor is right exact, preserves all
coproducts, and takes kS, to I'“. Thus it takes M € Mod kS, to the functor

Vis V¥ e, M (VeliP)
where G, acts on V® via
(V1® - ®Vi)T =Vve1)® - ®Vy(a)-
Lemma 8.3.13. The functor T @ —: Mod(kS;)°P — Pol? Py is fully faithful.
Proof For every kS;-module M the counit
Hom(T'“, T @ M) — M
is an isomorphism, and therefore I' ® — is fully faithful. O
The functor F = Hom(I'®, —) also admits a fully faithful right adjoint
G: Mod(kGz)® — Pol? Py,

which is given by the formula (8.3.15) below.
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Proposition 8.3.14. The adjoint pair (F,G) restricts to a pair of mutually
quasi-inverse equivalences

T4V VePy ——— {v® | VeP
identifying T4V and (VV)®? for any V € Py.
Proof We consider the following pair of equivalences

ModkGy 2 {V® |V € Pi} < T4P, = {T4V |V € Pi} C Pol Py

kS, I P re
given by Yoneda’s lemma and Lemma 8.2.6. The distinguished object P of
the idempotent completion of I'P; corresponds to ' and kS, respectively.
Now we compute for V € Py
Hom(I'“, T*V) = Hompagp, (V, P*)
= Homyg, (V®9, kSy)
=~ Homy (V®9, k)

~ (VV)®d.
Next we compute G (M) for a left kS, -module M and have for V € Py,
(GM)(V) = Hom(I'""Y, GM)) = Homyg, ((V¥)®4, M). (8.3.15)

Specialising M = W4 we get G(W®9) = T'4W" gince
Homyg, (V¥)®4, W®?) = Hompagp, (V¥, W) = Hompap, (W", V).

For another formal argument computing the right adjoint G, see Lemma 8.5.8.
O

It follows from the proposition that Schur’s functor Hom(I"*’, —) extends the
equivalence from Lemma 8.2.6, making the following square commutative.

Fdf])k _ {V®d | Ve Tk}

[

BT, Mod(kGy)°P

Pol? P,

Weight Space Decompositions

Symmetric tensors admit canonical decompositions that are indexed by se-
quences of non-negative integers. These integer sequences are called weights,
and there are induced decompositions for any strict polynomial functor.
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Fix a free k-module V with ordered basis {v1, . . ., v, }. Foreach X € pol? P
we describe a decomposition of X (V) into weight spaces.

Fori € {1,...,n} lete;: V — V denote the endomorphism that is given by
ei(vj) = 6;;v;. Thenidy = e; + --- + e, and the ¢; generate a k-subalgebra
E C End(V) that is isomorphic to k X - - - X k. Now set

I(n,d) :={i=C(i1,...,iq) | 1 <i; < n}.

Then the elements v; = v;, ® - - - ® v;, withi € I(n, d) form a basis of v®d and
we consider the endomorphism &;: V®¢ — V¢ given by &i(vj) = 0iv;j.

Lemma 8.3.16. We have an inclusion of k-algebras
I'"E ¢ I End(V) = Endragp, (V) = Sk(n, d).

The elements ey with A € A(n, d) form a basis of TE consisting of pairwise
orthogonal idempotents such that id = ) e .

Proof 1t follows from Lemma 8.2.11 that the elements e, with 2 € A(n, d)
form a basis of I'YE.

For i € I(n, d) the isomorphism End(V)®¢ = End(V®¢) identifies the ele-
ment e; = ¢;, ®- - -®e;, with &;, and the &; are pairwise orthogonal idempotents
such that idysa = 2; €i. The proof of Lemma 8.2.11 shows that e, identifies

with >;:_, &. Thus
idzz(ﬂ:i:ZZei:Ze,{
i =1 2

and it is clear that the elements e, are pairwise orthogonal idempotents. O

Let us consider the decomposition End(V) = @?:1 V; with V; = End(V)e;.
The isomorphism (8.3.7) given by multiplication yields the isomorphism

EB v, @ @ TV, = '’ End(V)
AeA(n,d)

which sends e?/l] ® - ® ef’l" to e,. Now identify V = V; for each i via
VS5Vey, VeV =End(V).

Then it follows that the canonical isomorphism (8.3.8)
@ =, v
AeA(n,d)

evaluated at V yields an isomorphism

r4(v) =14V (v)e, (8.3.17)
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that maps v?’l‘ ®---Q® v;@l”l” to ey, since V = V; identifies v; with e;.

Now fix X € pol? Py and view X (V) as a left Sx(n,d)-module. Then
Lemma 8.3.16 yields the weight space decomposition

X(V)= P X(a  with X (V)= eaX(V).
Aeh(n,d)

Lemma 8.3.18. There is a canonical isomorphism
Hom(I", X) = X (V),
that sends ¢ to oy (V" ® -+ @ V™).

Proof We restrict the Yoneda isomorphism Hom(I'*-Y, X) = X (V) by mul-
tiplying with e ;. So the isomorphism can be written as the composite of

Hom(I™, X) = Homg, (4,0 (T*(V), X(V)), ¢+ ¢v
and

Homg, (n,a) T'(V), X(V)) =5 X(V)a, ¢ =y (07" @ @vph).
Here we use that v?’l' ® - ® vf/l” generates [ (V) as an Sy (n, d)-module,
which follows from the isomorphism (8.3.17). O

Remark 8.3.19. The weight space decomposition depends on a choice, but the
weight spaces are unique up to an isomorphism, which reflects the choice. Let
V'’ be a free k-module with ordered basis {v;, ..., v, }. Then the isomorphism
V = V’ sending each v; to v/ induces an isomorphism e, X (V) = e/ X (V’).

The following says that the duality on pold Px preserves weight spaces.
Lemma 8.3.20. Let V be a k-module with ordered basis {vi,...,v,}. For

A € A(n,d) and X € pold Pr there is an isomorphism of weight spaces
X(V)y = X°(V)a

Proof Consider the isomorphism V = V" that maps each v; to v. This yields
an isomorphism

X(V)a=e,X(V) > e X(VY);

see Remark 8.3.19. The identity X (VY)Y = X°(V) then identifies the direct
summand (e 3 X(VY))" with e, X° (V). O
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Standard Morphisms
We compute the weight spaces forT'. Let A = (11, A, ...)and u = (u1, u2, . . .)

be sequences of non-negative integers satisfying > 4; = d = 3 u;. Given a
matrix A = (a;;); j>1 of non-negative integers with 4; = >}; a;; and p; =
2. a;j for all i, j, there is a standard morphism

e =@ = @) Q)R] - @ -+

J i i J i

where the first morphism is the tensor product of the diagonal maps I'*/ —
), T/ and the second morphism is the tensor product of the multiplication
maps (); [ — I, as given by (8.2.9).

Lemma 8.3.21. Let A = (A1,42,...) and u = (uy, 42, ...) be sequences of
non-negative integers with ), ; = d = ), u;. Then the standard morphisms y s
form a k-basis of Hom(I'*, T'Y).2

Proof We may assume that A, u € A(n,d) and apply Lemma 8.3.18. Fix a
free k-module V with basis {vy, ..., v,}. Then we have an isomorphism

Hom(T*,T'Y) = (T''V),,.

A standard morphism y 4 evaluated at V takes the element v‘?” '@ @vghn
tOVA =V ® - @ Von With o' € A(n, 2;) and 013. = a;;. Now the assertion
follows from the fact that the elements v 4 form a basis of 'V as u runs through
A(n,d); see Lemma 8.3.5 and cf. Lemma 8.3.22 below. O

For example, let A = (5,3,3,2) and p = (1,3,3,2,2,2). For
0 0

0

0

A= 1
1

S O = N
S O = N

1
0
0
0

[« S B )

1
0
1
the morphism y 4 evaluated at V = k° takes v?“ '®--® v?” % to the element

(Vi(v2®@v2)(v3 ®v3)) ® (v2v3v5) @ ((v4 ® v4)ve) ® (v5ve).

Lemma 8.3.22. Let A be a partition and set V = k™. For a filling T of the cor-
responding Young diagram with entries in {1, ...,n}, the element vy belongs
to (TAV) u Where y equals the content of T.

If u = A and T is a Young tableau, then it is the unique tableau such that all
boxes of the ith row have entry i.

2 This yields a basis of the Schur algebra Sy (n, d) = EB/I,,uGA(h,d) Hom (T, ).
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Proof The filling T yields integers a;; = card{t | T'(i,t) = j} fori,j > 1
and a standard morphism ya: I'* — I'! for A = (a;;). Evaluated at V this

. ® ®
morphism sends VI’” ®: - ® vn”" tovr. O

We have the following analogue for weight spaces of exterior powers.

Lemma 8.3.23. Let y be a partition and set V. = k™. For a filling T of
the corresponding Young diagram with entries in {1, ...,n}, the element v’
belongs to (A*V), where A equals the content of T. In particular, (A*V), #0
for a partition A implies A < u’, where p’ denotes the conjugate partition.

If A = (/, then T is the unique filling such that all boxes of the ith column
have entry i.

Proof The filling T yields integers a;; = card{s | T(i,t) = j} fori, j > 1 and
a canonical morphism

r”:(g)rﬂf >R (R1) = R (R 1) = Qar =

J i i J i

where the first morphism is the tensor product of the diagonal maps
v — ® %7 >y ® Ti

and the second morphism is the tensor product of the multiplication maps

X1 » (A% — Ak,

J J

Evaluated at V this morphism sends v?’l‘ ®- - @vet tovT . From the description
of the basis of A#V given in Lemma 8.3.6 it follows that the content of each
filling is bounded (with respect to the dominance order) by the content of the
unique filling such that all boxes of the ith column have entry i. O

The above lemma amounts to a description of a k-basis of Hom(I™, A¥) for
any pair of partitions A, i, and this yields an immediate consequence.

Lemma 8.3.24. Let A and u be partitions of an integer d. Then
Hom(I', A¥) #0 = 19y’

Proof This follows from Lemma 8.3.18 and the above lemma, since the ele-
ments v7 form a basis of A*V by Lemma 8.3.6. O

The following example provides another description of the isomorphism
(kS4)°P = End(I'®) from Lemma 8.3.12.
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Example 8.3.25. For o € S, we consider the d X d matrix A, = (a;;) given
by aijj = 65 (s0 a;; = 1if o(i) = j, and a;; = 0 otherwise). Then for
w=(1,...,1) the set {ya, | o € S4} is a k-basis of Hom(I'“’,I"*’). Note
that ya,ya, = va,.. Thus (kS4)°? = End(I'*’) as k-algebras.

Base Change

Let k — ¢ be a homomorphism of commutative rings. Then we have for each
integer d > 0 and V, W € P a natural isomorphism

' Hom(V, W) ®; £ = I' Hom(V & £, W & ¢).

Thus the functor — ® ¢ induces a functor I'¢P;, — P, which we denote
again by — ® . The functor I'P; — I'??P, extends to a right exact functor
pol? P, — pol? P, by sending I'%Y to I'%V®L keeping in mind that each
object in pol P, admits a projective presentation via the representable functors
%V Again, we denote this functor by — ®; £.

Let X; € pol? P; be an object or a morphism that is defined for every
commutative ring k. We say that X is stable under base change when the
following equivalent conditions are satisfied:

(D) Xe(V)@r € = Xp(Vr ) forallV e Prandk — ¢,
) X @t =X, forall k — ¢,
(3) Xz ®z k = X for all k.

For example, the symmetric tensors I'* are stable under base change for all
e ANn,d).

Base change allows the reduction of proofs to the case that k is a field of
characteristic zero. The following lemma gives a useful argument.

Lemma 8.3.26. Let ¢y : Xx — Yy be an epimorphism in Pol? Py that is stable
under base change. Suppose that Xz (V) is torsion free for all V € Pz and that
¢q is an isomorphism. Then ¢y is an isomorphism for all k.

Proof We have that Ker ¢z evaluated at V € Py is torsion since
(Ker ¢7) ®z Q = Ker(¢z ®z Q) = Ker ¢g = 0.

On the other hand, X7 (V) is torsion free. Thus Ker ¢z = 0. It remains to observe
that ¢y = ¢z ®z k for all k. O



264 Polynomial Representations
8.4 Cauchy Decompositions

In this section we introduce the standard objects in the category of strict poly-
nomial functors and describe a standard basis in terms of Young tableaux.
Standard objects are indexed by partitions, and we consider on the set of par-
titions the lexicographic order. Closely related is the Cauchy decomposition
of symmetric tensors, because the factors of this decomposition are given by
standard objects. This decomposition is an analogue of the Cauchy identity for
symmetric functions.
Throughout we keep fixed a commutative ring k.

Standard Objects

Let A be a partition of an integer d. The standard object corresponding to A is
defined via the following presentation

@ -5t At—0 (8.4.1)

ya: THTA
u>a

which is given by all standard morphisms I'* — T'! with y a partition satisfying
u > A (lexicographic order). Note that A? is stable under base change, since
the standard morphisms I'* — ' are stable under base change.

Straightening

We need a more explicit description of the standard objects. This is based on a
technique which is known as straightening.
Fix a k-module V with basis {v1,...,v,} and a partition A = (11,...,4,).

Lemma 8.4.2. Let T be a filling of shape A that is weakly increasing along
each row but not a Young tableau. Then there exist fillings T; < T of shape A
that are weakly increasing along each row and integers c; such that

v+ Z civy, € Im(ay).
1

Proof We consider two consecutive rows
T(@) = (x1,...,x3)
TA+1) =i, Y.)

of T such that the entries along columns do not strictly increase. Suppose
that y; > xj for 1 < j < r but y,4; < x,41. Let s be maximal such that
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Yr+l = Yr42 = -+ = ys. Now consider the composition g = (i1, ..., Up+1)
which is obtained from A by replacing A; and A;,; by the three entries y; = r,
Hiv1 = A; —r + s, and ppyo = ;41 — . The filling T is replaced by the filling T
of shape p with the following rows:

TG) = (x1,...,%)
T@A+1) = (V1o es Yoo Xrtls e -5 X2;)
T(i+2) = (ys+l, cee ay/li+1)'

Consider the standard morphism ¢: I'* — I'* of the form

(F/Jl R ® Fﬂifl) ® (r‘ﬂi ® rﬂi+] ® FMHZ) ® (r‘ﬂi+3 R ® FIJerI)
1®¢'®1
2 Mg @) @ (M @) @ (M= @ - @ )
with ¢’ given by [ 4" O],
Let vy = vg1 ® -+ ® vypn and write 2 v ® vgr for the image of v i
under the diagonal map

[Hist = DAY — TUTY @ TPV
see (8.2.14). Then

ov(vi) = Z Vol @ ®Vyict @V iV @ ViV yina @ Vyins @1+ @ Vsl
1

Each summand corresponds to a basis element vy, € TV that is given by a
filling 7; of shape A, and multiplicities arise when v, and vg: or vgr and v yiv2
have common factors; see (8.2.15). There is precisely one choice of [ such
that Vg, corresponds to (x,4+1,...,xy,). In that case 7; = T and there are no
repetitions, because v i and Vg, have no common factors (since x, < x,41), and
vgr and v i+ have no common factors (since y; < yg41). For any other choice
of [, the filling 7; is obtained from T by replacing entries from x,.1,...,xy,, in
the ith row by entries from y1,..., ys in the i + 1st row, and the latter ones are
smaller or equal by construction. Thus 7; < T.

It remains to observe that ¢(v#) € Im(ay) since g > A for the partition /i
which is equivalent to u up to permutation. O

The lemma has the following immediate consequence, since the elements of
the form vz form a basis of I''V by Lemma 8.3.5. For an improvement, see
Corollary 8.4.14.

For any set X we write span; X for the set of k-linear combinations of
elements from X.
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Proposition 8.4.3. We have
v = Im(ay) + span, {vr | T is a Young tableau}. O

The description of the standard objects via Young tableaux yields a criterion
for Hom vanishing.

Proposition 8.4.4. Let A and u be partitions of an integer d. Then
U>1 = u#1 = Hom(A*, AY) = Hom(I'¥, At) = 0.
Proof Consider the weight space decomposition

My = @ (TV),,.

pneA(n,d)

An element vy € TV given by a filling 7 belongs to (I'V) u» Where u
denotes the content of T'; see Lemma 8.3.22. If u & 4, then Lemma 8.2.1 and
Proposition 8.4.3 imply (A*V),, = 0. Thus Hom(T'#, A?) = 0 by Lemma 8.3.18,
and clearly then Hom(A¥, A) = 0.

The other implication follows from Lemma 8.2.2. O

The Cauchy Decomposition of Symmetric Tensors

We establish a filtration of the symmetric tensors and identify the factors of this
filtration in terms of the standard objects. There is an analogue for symmetric
powers which amounts to a filtration involving costandard objects.

Fix V, W € Pi. For every integer r > 0 there is a unique map

YT TVRDI'W — I (Ve W)
making the following square commutative.

rverw -2 ryvew)

| I

Ver @ WO —=— (V@ W)®r

Extend this map for a partition A = (11, ..., 4,) of an integer d to a map
yL: TV RI*'W — T4V e W)

which is given as a composite

rver'w = TAver'w)e--- @ (M*v e ' w)

plie eyt p] d
— T VIW)®: - I (VW) —TY(VeWw)
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with the last map given by multiplication. We call ¢ the comparison morphism.
The Cauchy filtration for symmetric tensors is by definition the chain

0=Fieo € Fla) € Fla-1,) €+ € Fai heTVew)

(8.4.5)

..........

where Fy = 3,5 Imy.
The following result describes the factors of the Cauchy filtration.

Theorem 8.4.6. Let V,W € Py. Then F(i 1) = 'YV ® W) and for every
partition A of an integer d the morphism y*: TV @ T'*W — F, induces an

.....

isomorphism
AV @ AW =5 Fy/Fa

which is functorial in V- and W. Therefore the associated graded object of the
filtration (Fp) is
@(A*V ® AMW) =T4(VaW).
A
The proof will be postponed until the proof of Theorem 8.4.11. The first step is
to show that the comparison morphism i induces a morphism AV ® A'W —
FalFp-.

Lemma 8.4.7. For a standard morphism y4: T* — T the following square
commutes.

ry e TAw —AY8 | ray o riw

lld ®’yA1rW lwd

mversw — 2 L rdvew)

Proof Straightforward calculation. O

We use the presentation (8.4.1) of A1 and write pv: T 1y — AV for the
canonical morphism. Also, we use the following fact. For any pair of exact

sequences of k-modules X; BN Y; E’—> Z; — 0 withi =1, 2, we have

Im(e; ® idy, +idy, ®a2) = Ker(8; ® B2).

Lemma 8.4.8. There is a morphism ¢ making the following square commu-
tative.

TV @ MW —2VEPY Ay @ AW
j«% JW
F, 4 F/I/F/l*

Moreover, y* is an epimorphism.
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Proof We have Ker(py ® pw) = Im(f + g) for

Veid
o P v e riw 22225 ry @ riw

YA r#—rd
u>a

and

¢ P rversw MonW, piy o riw.
ya: THTA
u>Aa
Then it follows from Lemma 8.4.7 that ¢! maps the kernel of py ® pw into
F+. This yields g
It is immediate from the definitions of F and F;+ that the composite g o y*
is surjective and, by the commutativity of the diagram, so is . O

Next we show that the Cauchy filtration exhausts all of I'¢(V ® W).

Lemma 8.4.9. We have F(;,__ 1) = r4vew).
Proof We may assume that V and W are free. Let {v{,..., v} be a basis of
V and {wi,...,v;} be a basis of W. Then the elements x;; = v; ® w; yield

. A .
a basis of V. ® W, and the elements x; = [[; ; x?} 7 with }} 4;; = d form a

basis of I'(V ® W). We fix A and by reordering the basis of V ® W we may
assume that A is a partition of d. Then it is easily checked that x, is the image

of (), vfM”) ® (X w?’lij) under the map . o

The Cauchy filtration (8.4.5) induces filtrations for finitely generated projec-
tive objects in pol? Py. More precisely, replacing in the filtration (8.4.5) the
object V by V¥ and using its functoriality in W gives the filtration

0=Xso € X(a) € Xa-1,1) €~ S X2,1,..,1) € Xq1,...,

Note that the comparison morphism ¢ induces an epimorphism
A V)Y@ A — X /X . (8.4.10)

The filtration of I'%-" induces a filtration for each direct summand of 4"
This follows from the functoriality of the filtration (8.4.5) in V via the canonical
isomorphism

Endpasp, (V) = End(I'*Y).
Theorem 8.4.11. Let u be a partition of an integer d. There is a filtration

0=Yio €Yq) SYa-1,1) S+ CYpr QY’L,:F”
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such that for each partition 1 > u
Y/I/Y/ﬁ = (AA)K’“‘.

Proof Let u € A(n,d). The functor I'* is a direct summand of I'**K" thanks
to the decomposition (8.3.8). Then the functoriality of the filtration (8.4.5) in
V yields the filtration of I'* by passing for each partition A from X,; € T'%¢"
to the direct summand Y, € I'* corresponding to . The epimorphism (8.4.10)
restricts for each partition A to an epimorphism

AYE™), @AY — Yy /Y
where A(k"™) w 18 the weight space corresponding to w. This induces an exact
sequence
AY K" ® At — TH Ve — TH Y3 — 0 (8.4.12)

which is stable under base change by construction. Note that Y, /Y,+ is stable
under flat base change, since it is the kernel of a morphism that is stable under
base change.

For 4 < u we have A’l(k")# = 0 by Proposition 8.4.4, since A”(k”)# =~
Hom(T'#, A') by Lemma 8.3.18. Thus ¥, = I'* by Lemma 8.4.9.

For V = k" we set

D'V = span, {vr | T Young tableau} C "'V

and recall from Proposition 8.4.3 that the canonical map D'V — A1V is an
epimorphism. This gives a pair of epimorphisms

DY (k™) ® DY(K™) — AY (k™) ® AN (K™) — Yo /Y (k") (8.4.13)
with
rank D(K™) = s(17) and ranky D/l(k"),, =K.
When k is a field, we have

hu(1") = rank, TH (k") = Zrankk Y /Y (k™) < Z Kausa(1").
2 2

The first equality is clear, since iy = []; ha, and hy, (1) equals the number

of monomials of degree A; in n variables. The second equality is obtained by

taking the sum of all the factors in the filtration of I'#(k"), and the inequality

follows from the epimorphism (8.4.13). The identity for symmetric functions

in Proposition 8.2.3 then implies equality. Thus

ranky Y, /Y (k™) = ranky DY (k™) - ranky D’l(k")ﬂ

for all 4. Using flat base change via Z — Q, it follows that the epimorphism
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(8.4.13) is an isomorphism for k = Z, since its kernel is torsion free. Thus we
obtain isomorphisms

1 = DK™ S A K" and  (AYSm S ¥ /v

for k = Z, because we can specialise 4 = A and have DY(k"),; = k. Also, we
may assume that n > d so that evaluation at k" yields the equivalence (8.3.11).
It follows that the sequence

0 — (AHKw S THY e — TH/Y, — 0

is exact. Evaluating at k" and starting with A = p, an induction on A shows that
the sequence splits. Thus Y, /Y,+ is stable under arbitrary base change, and we
obtain the isomorphism (AY)Kw =y, /¥« for all k. O

A consequence of Theorem 8.4.11 is Theorem 8.4.6.

Proof of Theorem 8.4.6  First observe that the decomposition (8.3.8) yields
for V = k" a decomposition

EB TH(W) =T (W) = T4V @ W).
ueA(n,d)

The identity F(q, 1) = I'¥(V ® W) has already been shown in Lemma 8.4.9.
The comparison morphism (8.4.10) is an isomorphism by Theorem 8.4.11, and
therefore the comparison morphism ¢ is an isomorphism. O

Another immediate consequence of the proof of Theorem 8.4.11 is the fol-
lowing standard basis theorem that improves Proposition 8.4.3.

Corollary 8.4.14. Let A be a partition of d and let V be a free k-module of
rank n. Then the canonical map TV — AV sends the elements vy with T a
Young tableau on A with entriesin {1, . . ., n} to a k-basis of A'V. In particular,
(A*V),, has rank K, for a partition p € A(n, d). O

Corollary 8.4.15. We have End(A%) = k.
Proof For A € A(n,d) and V = k™ we have an embedding
End(A%) € Hom(I™, AY) = (A'V), = k

by Lemma 8.3.18, and using that K, = 1. O



8.4 Cauchy Decompositions 271

The Cauchy Decomposition of Symmetric Powers
For V € P and d > 0, we consider the functor
SV P — P, Wi SEHV W)
and have a natural isomorphism (I'%-V)° = §¢V since
(' Hom(V,W"))¥ = (T4(Vv @ W)")" = S4(V @ W).

If follows for A € A(n,d) and $* = U @ --- ® S that (I')° = S4, using the
isomorphism (8.3.4). Thus

Hom(I'", T'*) = Hom(S*, $Y),

and we denote by y/,: S# — S the morphism corresponding to the standard
morphism y: 't — X,
For a partition A of an integer d, the costandard object is defined via the
following copresentation
0—-vVi—st— s

Yyt St SH
u>a

which is given by all standard morphisms S* — S¥ with y a partition satisfying
u > A. Applying the duality to the presentation (8.4.1) of A? yields a canonical
isomorphism

(AYy° = v,
Now fix V, W € P;. We have the Cauchy filtration (8.4.5) of I'Y(V ® W) and
apply the duality. This yields the Cauchy filtration of the symmetric powers

SIVeW)=Gq...1)» Gau... > »Gu-1,1) » Gy » G =0

with a canonical exact sequence
00— VWVeVW—G,— Gy — 0

for each partition A. Therefore the associated graded object of the filtration
(Ga)is
P vive viw) = st vew).
A

Analogously, we obtain from the filtration of I'# the filtration
SH = Zﬂ i Zﬂ+ A Z(d—],l) - Z(d) - Z+00 =0
with a canonical exact sequence

0— (VHEw — 7, — Z1v — 0
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for each partition 4 > pu.

8.5 Schur and Weyl Modules and Functors

We introduce Schur and Weyl modules because they provide a useful description
of the standard and costandard objects. We proceed in several steps and begin
with some preparations. The characteristic zero case is important because we
reduce to this via base change. Also, we need to connect symmetric tensors and
exterior powers via a canonical equivalence.

Throughout we keep fixed a commutative ring k.

Characteristic Zero

Let k be a field of characteristic zero and d > 0 an integer. Then the group
algebra kS, is semisimple by Maschke’s theorem. This has the following
consequence.

Proposition 8.5.1. The functor Hom(I'®, -): Pol? P; — Mod(kSy) is an
equivalence. Therefore the category Pol? Py is semisimple, and the standard
objects A* (A a partition of d) form a complete set of simple objects.

Proof The algebra kS, is semisimple. Thus each kS;-module of the form
yed given by V € Py, is in add(kS,). Then the functor Hom(I"®, —) induces
the following commutative square; see Proposition 8.3.14.

add(I") - add(kSy)

[ J

add{Fd’V | Ve ?k} m’ add{V®d | Ve :Pk}

It follows that all functors in this diagram are equivalences, and therefore
Hom(I"*, —) induces an equivalence

add{T'*Y |V € P} =5 add(kSy)

between the categories of finitely generated projective objects. This yields an
equivalence Pol? P = Mod(kSy)°P.

Each object A% has a local endomorphism ring by Corollary 8.4.15 and is
therefore simple. Also, the objects A* are pairwise non-isomorphic for different
partitions, by Proposition 8.4.4. We have I'* ¢ Filt{A! | A partition of d} for
each partition u by Theorem 8.4.11, and therefore each simple object is of the
form A* for some partition A. O
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Remark 8.5.2. The above proposition reflects the well-known fact that the irre-
ducible representations of the symmetric group correspond via their characters
to conjugacy classes which are parametrised by partitions.

Symmetric Tensors versus Exterior Powers

Fix an integer d > 0. For V € P} we consider the following canonical maps:

V: V®d—>FdV, X1®~'~®xdHZXU(1)®"'®XO—(4)
o

V. ve 5 Ady, XIQ - ®XgF>X| A+ AXg

A r¢v — V®d, canonical inclusion

A: Ay — Vo XIA-AXxg Z SgN(O)X (1) ® * ® X (d)-
o

These maps induce morphisms between the corresponding strict polynomial
functors. For n > 1 and A € A(n, d) we write

v.rd 28, rlig.. gt = T
and
A:F/1=F’11®--'®F’I”MTC[

for the n-fold tensor product of the above morphisms. Analogously, ¥V and A
are defined for A,

Permuting the tensors of T¢ induces an isomorphism (kS;)°° = End(7)
by Lemma 8.3.12, and o + sgn(o)o induces an involution

w: kSy = kS,.
Proposition 8.5.3. For A, u € A(n, d) there is a canonical isomorphism
Hom(I'', T*) = Hom(A%, A¥)
that makes the following diagram commutative.
Hom (I, T#) ——=—— Hom(A%, A¥)
PV’A) l(v,A)
Hom(T¢,T¢) ——~—— Hom(T%,T%)

Proof First observe that the labeled maps of the diagram are stable under base
change. This follows for (V,A) from Lemma 8.3.21, and for (V, A) one may
use Lemma 8.3.23. Thus it suffices to prove the assertion for k = Z and then it
follows for arbitrary k by base change.
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We may assume 12 > d and use the identification of Pol¢ P with the category
of modules over the Schur algebra A := Sy (n,d) via evaluation at E := k"
(Proposition 8.3.11). Thus we need to show that there is a commutative diagram
of the following form

Homy (TE, THE) ————— Homu (A'E, AHE)
l(v,A) l(%,&)
Homyu (E®4, E®d) — %, Homy(E®4, E®4)

and we proceed in several steps.

We consider the case k = Z and claim that the vertical maps are Z-split
monomorphisms. This is clear for (V,A) since A: AHE — E®4 is a Z-
split monomorphism and V:E® 5 AE is a Z-split epimorphism. Also
A: THE — E®9 is a Z-split monomorphism. It remains to oberserve that the
map V: E®? — I'ME induces a Z-split monomorphism

(V,id): Homu(I"ME, E®?) — Homu(E®?, E®Y).

To see this we use the identification (kGz)°? = Enda(E®9) from Proposi-

tion 8.2.7 and then a Z-basis of Homs (I'"E, E®?) is given by maps ['"E 4
E®d Z, E®d where o runs through a representative set of right cosets of the
Young subgroup &, C &,. The map (V,id) sends o 0 A to ¥ ;¢g, 70", Which
is just the sum of all permutations in the right coset of S, represented by o.
Thus (V, id) is a Z-split monomorphism.

Now we need to show that

Im(wo (V,A)) CIm(V,A) and  Im(wo (V,A)) CIm(V,A).

View E®? as an Sy (n, d)-kS4-bimodule. We consider the symmetriser e, and
the antisymmetriser é in the group algebra kS, by setting

ey = Z o and é)= Z sgn(o)o,
oel, TeS)

where S, denotes the Young subgroup of S, corresponding to A. Note that
the isomorphism Ends(E®?) = (kS,)°P from Proposition 8.2.7 identifies
e, =AoVandé, = AoV.Now let k = Q. Then we can identify T E = (E®9)e,
and A'E = (E®4)é,. Thus the isomorphism End (E®?) = (kSy)°P yields

Hom(IME,THE) = e (kSa)e,

and

Homa(AYE, APE) = 61(kGy)éy.
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It is clear that w identifies e, (kSg)e, with é,(kS4)é,. The case k = Z now
follows since

Homu (IME, THE) = (Homy (T E, T*E) ®; Q) N Homy (E®9, E®Y)
and
Homa(AYE, A*E) = (Homa(AYE, A*E) ®7 Q) N Homy (E®?, E®Y)

by our previous discussion of the maps (V, A) and (V, A). This yields the claim
for all k£ via base change. O

Corollary 8.5.4. The assignment T — A" extends to an equivalence
Q: add{I™ | A partition of d} —> add{A* | A partition of d}
which maps T4V to AV for each V € Py.

Proof The first part follows from Proposition 8.5.3 and the second part then
follows from a computation using the decompositions (8.3.8) and (8.3.10). Note
that the action on morphisms is determined by the map

End(r(l ,,,,, 1)) = (kGy)P BN (kGy)%P = End(A(' ,,,,, l)). O
We write ksgn for the one-dimensional sign representation of S,. Thus
w*(M) =M ®; ksgn

for every kS -module M. The following commutative diagram shows the
interaction of the functor Q with the Schur functor Hom (">~ —) into the
representations of the symmetric group S, (cf. Proposition 8.3.14).

add{T4V |V e Py} —2—— add{A%Y |V € Py}
add{V®d | V € Py} —<— add{w" (V®) | V € Py}

A Square Root of the Nakayama Functor

The assignment I'* +— A4 from Corollary 8.5.4 can be extended to a functor
which is right exact and preserves all coproducts. This yields an adjoint pair of
functors

Pol? Py —2— poid Pr.
—
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Each objectin Pol“ P, can be written canonically as a colimit of representable
functors via (8.3.2). Thus for an object X € Pol? Py the assignment

4V — A%Y = AYHom(V,-) (Ve Pp)
extends to a colimit preserving functor Q: Pol? P, — Pol? P, by setting

Q(X) = FcoliinXAd’V (X € Pol? Py)

d,V

where the colimit is taken over the category of morphisms I'*"Y — X and V
runs through the objects of Py.

The functor © admits a right adjoint Q~: Pol¢ P, — Pol P;. For an object
Y € Pol? Py this is given by

Q (Y)(V) = Hom(I'*Y,Q (Y)) = Hom(A%V,)Y) (Ve Pp).
We record some properties of the functors Q and Q™.
Lemma 8.5.5. For X,Y € Pol? P we have a natural isomorphism
Hom(X,Q(Y)°) = Hom(Y, Q™ (X°)).

Proof This is clear since (Q, Q7) is an adjoint pair, using the duality (8.2.5).
[m]

Next we collect some elementary facts about the duality X +— X°.ForV € Py
and a partition A of d we have the following natural isomorphisms:

(T4Vye = g4V (ADY)e = ADYT (THe =2 51 (AYD° = AL (8.5.6)
Lemma 8.5.7. For V,W € Py we have natural isomorphisms
QALYY =8V and Q@ (SDWV) = ALV,
For partitions A, u of d we have natural isomorphisms
QAY =8t and QT (SH) =AM
Proof We combine Lemma 8.5.5 with the identities in (8.5.6). This yields

Hom(I'"V, Q™ (s%%)) = Hom(I'"",Q(r*")°)
= Hom(I'*Y, (A%Y)%)
= AYHom(VY, W)
= A Hom(W", V)

= Hom(I4"Y, AW,
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Thus Q@ (§9W) = A4W"_ Similarly, we compute
Hom(I'"W, Q(A%Y)°) = Hom(A®Y, Q™ (54V))
=~ Hom(A%", Ad’WV)
= Hom(A%Y, Ad’vv)
= Hom(I'*V, Fd’vv).

The second isomorphism uses the first computation, and the third isomorphism
uses the duality (8.2.5). Thus Q(A%"Y) = §4-V" .
For the second assertion we compute

Hom(I'*Y, Q(AY°) = Hom(A, Q~(5%Y))
= Hom(A%, A*Y")
=~ Hom(A%Y, A%)
= Hom(I'*V,TY).
Thus Q(AY) = §%, and the computation for Q™ (S¥) is similar. ]
Recall that the Nakayama functor
v: Pol? P, —> Pol? Py
identifies projectives and injectives. More precisely, it is determined by
y(r4Vy = (Fd,VV)o — gd.v" (Ve P
and the fact that it preserves colimits, so

v(X) = colim sVY (X € Pol? Py)
r4.v-x
where the colimit is taken over the category of morphisms 'Y — X and V
runs through the objects of Py.
We need the following basic fact about adjoint functors.

Lemma 8.5.8. Let (F,G) be a pair of adjoint functors C 2 D such that F
restricts to an equivalence Co = Dy for a pair of full subcategories Cy C C and
Do € D. If Cy is generating in the sense that any morphism ¢ in C is invertible
provided that Home (C, ¢) is bijective for all C € Cy, then G restricts to a
quasi-inverse Dy = Cy.

Proof Let X, X' € €. The composite

Home (X, X) —— Homp (F(X'), F(X)) = Home(X', GF(X))
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is given by composition with the unit x: X — GF(X). Thus ny is invertible.
It follows for every Y € Dy that G(Y) belongs to Cy, up to an isomorphism. O

Theorem 8.5.9. The functor Q induces equivalences

add{T"! | A partition of d} = add{A* | A partition of d}
add{A* | A partition of d} = add{S* | A partition of d}

with quasi-inverses induced by Q™. In particular, we have a natural isomor-
phism

Qo =y,

Proof The first equivalence is from Corollary 8.5.4. Then Lemma 8.5.8 shows
that the right adjoint provides a quasi-inverse. The second equivalence follows
from Lemma 8.5.7. O

Remark 8.5.10. (1) The functor Q: Pol? Pr — Pol? Py is compatible with
base change. For X € Pol? P; and a homomorphism k — ¢ of commutative
rings we have a natural isomorphism

Qi (X) @k € = Qp(X & ).

For X = I'?-Y this is clear, and it follows for an arbitrary X € Pol¢ P because
the tensor functors preserve colimits.

(2) When £ is a Dedekind domain, then the pair (£, Q™) restricts to functors
pol? Pi 2 pol? Pi. For Q~ this follows from the fact that each X € pol® Py
admits a copresentation 0 — X — §%Y0 — §9-Vi 5o that Q™ (X) is a subfunctor
of A% . On the other hand, Q(X) = Q(X°)°. This holds for X = I'*" and
follows for an arbitrary X € pol? Py because there is a presentation I'-Y1 —
4% — x - 0.

The following diagram shows the equivalences given by Q and (-)°.

(-)°
add{T* | A+ d} add{S? | Ar d}

add{A | A + d}

(-)°

Wehave Qo Q = yvand Qo (-)° o Q = (-)°.
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A Shuffling Morphism

Fix a partition A of an integer d and denote by A’ its conjugate partition. Each
integer r € {1,...,d} can be written uniquely asasumr =A;+---+A;—1 + J
with 1 < j < A;. The pair (i, j) describes the position (ith row and jth column)
of r in the Young diagram corresponding to A. The partition A determines a
permutation 74 € Sg by T(r) = 4]+ + /l;._l +1i, where 1 <7 < A;. Note

that 7y = T/{l. Here is an example:
12345
1=(32) 023 X=(2.21 = ).
(3.2) [ @20 O m=()35,
For any k-module V the permutation 7, induces an automorphism

l‘,[lV®d;>V®d, VIi®: - ®Vg P V(1) ®: - ®Vry(a)

by exchanging rows and columns of the Young diagram corresponding to A.
For the above example this yields the following:

Ta

V®5 — V®2 ® V®2 ® V®1 N = SN V®3 ® V®2 — V®5

(vi®v)®(v3®1)®vs +—> (Vi ®Vv3iQ®vs)® (vy ®vy).

Schur and Weyl Modules
Fix a partition A of an integer d so that A +- - -+ 4, =d = 4| +---+ ;. We set
At=A"® - @A™ and S'=SV@-..-@5".
For V € Py one defines the Schur module Sch*V as the image of the map
AV - g Ay 22128, yed 1, yed YOO, qliy g g glny,
Here, for an integer 7, we denote by A: A"V — V®" the map given by

AW A Avy) = Z sg(T)Vo(1) ® - ®Vo(r)s

o CH

V: V® — §"V is the canonical projection, and ¢, : V®¢ — V®4 is the shuffling
morphism given by

HV®---®vy) =V ® - ®Vr(a)-

The Weyl module Weyl'V is by definition the image of the analogous map

A®---®A
—_—

rMyeg...@ My yed [, yed T8OV iy o g ALY,
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where A: IV — V® is the inclusion and V: V® — A"V is the canonical
projection. Note that both maps are related via the duality as follows:

TV - ATV = (AY(VY) = SYVY)).

Remark 8.5.11. In Lemma 8.3.23 we have already seen that there is a distin-
guished morphism 'Y — A%, Evaluated at V € Py this equals the morphism
which defines the Weyl module Weyl'V.

Schur and Weyl Functors

The definition of Schur and Weyl modules gives rise to the Schur functor
V + Sch?(V) and the Weyl functor V +— Weyl*(V) in Pol¢ P, for each
partition A of d. For example, we have

Schtl+=D = A9 Sch@ = g9 weyl(l++1) = A, Weyl@ =14,

Proposition 8.5.12. Let A be a partition. Then the canonical morphisms 't —
Weyl* and Sch' > S* induce isomorphisms

At S Weylt  and  Scht = VA4,

Proof First observe that for any morphism I'* — I' with u > A the com-
posite T* — T'* — Weyl" is zero. This follows from Lemma 8.3.24 since
Weyl! € A%, This observation yields an epimorphism A* — Weyl*. When k
is a field of characteristic zero, then this is an isomorphism since A is simple;
see Proposition 8.5.1. For k = Z it follows that the kernel is torsion. But A*
is torsion free. Thus A1 — Weyl" is an isomorphism when k = Z. Given any
free module V = Z" we have already seen in Corollary 8.4.14 a Z-basis of
A'V. The canonical map IV — AV takes its elements to basis elements
of ATV this follows from the discussion of weight spaces of exterior powers
in Lemma 8.3.23. Thus the inclusion Weyl'V — A1V is a Z-split monomor-
phism, and therefore the canonical morphism A* — Weyl is stable under base
change. From the case k = Z the isomorphism A = Weyl" follows.

The assertion about Sch' — V4 follows from the first part using the duality,
since

Scht = (Weyl!)® = (AY)° = V4, o

From now on we identify A* = Weyl* and V* = Sch” for each partition A.

Next we establish a presentation of V4" which is an analogue of the presenta-
tion (8.4.1) of A*. This requires the following definition. A standard morphism
A* — A%is a morphism corresponding to a standard morphism y 4 : T# — T'4
under the bijection from Proposition 8.5.3.
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Proposition 8.5.13. Let A be a partition. The functor V¥ admits a presentation

@ AP S A VY 50 (8.5.14)
AR SAL
u>a
which is given by all standard morphisms A¥ — A* with partition u > A. In
particular, we have

Q(AY = vV,

Proof First observe that each costandard object V* is stable under base change.
This follows from the presentation (8.4.1) of the standard object A* in which
the first map P psa T = It evaluated at any free module V = k" is the
composite of a k-split epimorphism followed by a k-split monomorphism; see
Corollary 8.4.14. Thus the dual of this presentation yields a copresentation of
V4 which is stable under base change.

The right exact functor Q identifies the morphism I'" — A% defining the
Weyl functor A* with the morphism A — S% defining the Schur functor
V*; see Theorem 8.5.9. On the other hand, applying Q to (8.4.1) yields a
presentation

P a —at—anh —o,

AH A

u>Aa
and we obtain an epimorphism ¢: Q(A') — V4" which is stable under base
change. This morphism is an isomorphism for k = Q since in this case Q is
an exact functor; see Proposition 8.5.1. Now observe that the values of Q are
torsion free for k = Z by Remark 8.5.10. Thus base change yields that ¢ is an
isomorphism for all k; see Lemma 8.3.26. O

The following diagram summarises our discussion. The commutative triangle
in the midle describes the standard object A? as the image of the distinguished
morphism 'Y — A?. The triangle on the left is its image under the functor Q,
while the triangle on the right is its image under the duality (—)°.

A/l S/l’ o 1—‘/1 A/l' (o) /l A/l’

\/‘—\/—’\/

v

Reduced Presentations

The presentations describing the standard and costandard objects can be re-
duced, using a particular sort of standard morphisms. For a triple (7, s,t) of
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non-negative integers we consider the standard morphisms
Y s : T el 22 rersert 2% 17 g ot
and
A5, t): A @ A 225 AT g AT @ AT 125 AT @ A,

where V and A denote multiplication and comultiplication for I'*V and A*V,
respectively. These standard morphisms serve as building blocks for the pre-
sentations of standard and costandard objects, generalising the presentations of
A = A1) and §¢ = V(@ from Lemma 8.3.3.

Proposition 8.5.15. Let A = (A4, ...,A4,) be a partition.

(1) The standard object A* admits a presentation

n—=1 Ay

PSP+ —rt—at—o

i=1 r=1

where
MH=T"g -t grt eI eg. ..o ') — I

is the standard morphism given by 1 ® y(d;,r,dix1 — 1) ® 1.
(2) The costandard object VY admits a presentation

é_ééél\“—)/\’l—)V/v—)O

i=1 r=1

where
A= (AN @ @A) @ (AT RAT T @ (A - @A) — A1
is the standard morphism given by 1 ® A(A;,r, ;41 — 1) ® 1.

Proof The proof for A* follows the straightening argument of Lemma 8.4.2,
because only a particular class of standard morphisms is used in the proof of
that lemma. For V' the assertion then follows by applying the functor Q; see
Proposition 8.5.13. We leave details to the interested reader since the reduced
presentations will not be used in the rest of this chapter. O

The Cauchy Decomposition of Exterior Powers

Fix V,W € P. For every integer r > O there is a unique map

AN (VeW) — SVeANW
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making the following square commutative.

(V ® W)@r =, yer ® wer

l l

A(VOW) — S’V AW

The map sends (vi @ wi) A+ A (v, @w,) to (vi---v,) @ (W A+ Awp).
Dualising this diagram yields a unique map

U TTVRAN W — AN (Ve W)
making the following square commutative.

Ve AW - AT(Ve W)

I I

VET@W® —— (Ve W)®"
Extend this map for a partition A = (1y,...,4,) of an integer d to a map
YL TW @ AW — A4V @ W)
which is given as the composite

IMVeA'W = (MMVeA'"W)® -+ & (T"V @ A™W)
vhie eyt 4 bl d
—— AN (VIW)® - - A"(VOW) — A (Ve W)
with the last map given by multiplication.
The Cauchy filtration for exterior powers is by definition the chain

0=Fioo CFg) S Fg1,1) S-S Fo 1) QAd(V®W)

(8.5.16)

,,,,,,,,,,

where Fp = 2,5 4 Imy#.
The following result describes the factors of this Cauchy filtration; it is an
analogue of Theorem 8.4.6.

Theorem 8.5.17. Let V,W € Py. Then F(1._ 1) = ALV ® W) and for every
partition A of an integer d the morphism y*: TV ® AW — F) induces an

.....

isomorphism
AV @ VYW =5 Fy/Fa
which is functorial in V and W. Therefore the associated graded object of the
filtration (Fp) is
@(A*V VW) =AYV e W).
A
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Proof Adapt the proof of Theorem 8.4.6, using the presentation (8.4.1) of A1
and the presentation (8.5.14) of V. O

For V € Py set A%V = AYHom(V, -). Replacing in the filtration (8.5.16)
the object V by V" and using its functoriality in W gives a filtration

0=Xio0 € Xa) € X(a-1.1) € - €S X21....1) € X(1,..., =AY

with an isomorphism
AV @ V¥ =5 X/ X4
for each partition A. The filtration of A%-Y induces a filtration for each direct
summand of A?-Y . This follows from the functoriality of the filtration (8.5.16)
inV.
Corollary 8.5.18. Let u be a partition of an integer d. There are filtrations
0=Y+o<, > Y(d) > Y(d—],l) = e YM+ > YM = A#
A* = Z,u - Zﬂ+ D e Z(d—l,l) - Z(d) i Z+D<, =0
with canonical exact sequences
0— Yy — ¥y — (VK — 0
00— (A’l/)KA“ —Zy— Zyp —0

for each partition 1 > pu.

Proof For the first filtration adapt the proof of Theorem 8.4.11. Applying the
duality yields the second filtration, since (A#)° = A* and (V1)° = AL, O

Remark 8.5.19. Let u be a partition of d. Then
A¥ € Filt{V* | 1 2 u} NFilt{A* | 1 < u}
since

Kypw#0 = p' 21 = A<pu.

8.6 Schur Algebras

In this section we consider Schur algebras and establish their quasi-hereditary
structure, using the Cauchy filtration for symmetric tensors. Then we iden-
tify the characteristic tilting modules, using the Cauchy filtration for exterior
powers.

Throughout we keep fixed a commutative ring k.
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Split Quasi-hereditary Algebras

Given a k-algebra A, we write rep(A, k) for the category of A-modules that
are finitely generated projective when restricted to k. This category is k-linear
and carries a natural exact structure. A sequence in rep(A, k) is exact if its
underlying sequence of k-modules is split exact.

For the Schur algebra Sk (n, d) given by parameters d, n let rep S (n, d) de-
note the category of left Sx (n, d)-modules that are finitely generated projective
over k.

A k-algebra A together with a partially ordered set of objects (A;);er in
rep(A, k) is called split quasi-hereditary if A is finitely generated projective
over k, and there are exact sequences

0— U —P,— A —0 (iel (8.6.1)
in rep(A, k) satisfying the following.

(SQ1) Enda(A;) = k for all i.

(SQ2) Homu(A;, Aj) # 0impliesi < j.

(SQ3) U; belongs to Filt{A; | j > i} for all i.

(SQ4) P, Pi is a projective generator of rep(A, k).

The A; are called standard modules and we set Filta(A) = Filt{A; | i € I}.
It follows immediately from the definition that

Extl(A,A) 20 =  i<].

The definition is consistent with that for a quasi-hereditary Artin algebra,
thanks to the characterisation given in Proposition 8.1.3. In order to see this, let
A be an Artin k-algebra over a commutative local ring &, together with a partial
order < on the set of isomorphism classes of simple A-modules. Suppose that
each standard module A; is finitely generated projective over k and satisfying
Enda(A;) = k. Then (A, <) is quasi-hereditary if and only if A together with
the sequence of standard modules is split quasi-hereditary.

Next we show that any split quasi-hereditary algebra A gives rise to families
of split quasi-hereditary algebras A ; and A7, where J runs through all coideals
of the poset I that parametrises the standard modules.

Let us fix a split quasi-hereditary algebra A given by exact sequences (8.6.1).
LetJ C I andsetJ = I\J. Then J is a coideal (soi < jandi € J imply j € J)
if and only if J is an ideal (soi < j and j € J imply i € J).

Now suppose that J C [ isacoideal. Set P; = @[H P;and Ay = Enda(Py).
For each A-module X we consider the natural exact sequence

Homu (P, X) ®4, PJE—X>X—>XJ_—>0
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and set X; = Homu (P, X) ®4, Py. In particular, the map A — A7 is an
algebra homomorphism.

Lemma8.6.2. Let X € Filt{A; | i € I}. Then the counit ex is a monomorphism
and we have Xy € Filt{A; | i € J} and X’ € Filt{A; | i € J}. The assignments
X — Xy and X — X’ yield a colocalisation sequence

Flt{A; |ieJy S Filt{A; |iel} &S Filt{A; |i € J}
where all functors are exact.

Proof The functor — ®,4, P; identifies Mod A; with the full subcategory of
A-modules X such that the counit ex is invertible. For each i € J we have a
presentation P, — P; — A; — 0 for some n > 0, and therefore the sequence
(8.6.1) lies in the image of —®4, Py when i € J. On the other hand, the functor
Homy (P, —) annihilates A; for all i € J. Thus &x; 1s a monomorphism for all
i € 1. Now an induction on the length of a filtration of X in Filt{A; | i € I}
shows that £x is a monomorphism, with X; € Filt{A; | i € J} and X/ e
Filt{A; | i € J}. Then each morphism X’ — X with X’ € Filt{A; | i € J}
factors uniquely through ex. Thus the assignment X — X provides a right
adjoint to the inclusion of Filt{A; | i € J}. In particular, the assignment is left
exact; it is right exact by construction. The analogous properties of X +— X J
easily follow. O

Recall that the functor — ®,4, P, induces an equivalence
ModA; = {X € Mod A | &, invertible}
while restriction along the homomorphism A —» A7 induces an equivalence
Mod A” =5 {X € Mod A | ex = 0}

(cf. Example 2.2.23). The following result says that both functors induce quasi-
hereditary structures.

Proposition 8.6.3. Let A be a split quasi-hereditary k-algebra with a partially
ordered set of standard modules (A;);cy. If J C 1 is a coideal, then Ay and Al
carry canonical split quasi-hereditary structures given by exact equivalences

Filta, (A) = Filt{A; | i € J} and Filt .7 (A) = Filt{A; | i € J}
which map standard modules to standard modules.

Proof Each sequence (8.6.1) lies in the image of — ®4, P; when i € J.
Thus Ay is split quasi-hereditary with partially ordered set of standard modules
(Homa(Py, Ai))ies-
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For the algebra A7 observe that the functor X — X’ maps each sequence
(8.6.1) with i € J to a sequence

0— (U) — (P)) — A —0

inrep(A”, k) where (U;)” isin Filt{A; | j € J, j > i} and (P;)” is projective.
Thus A” is split quasi-hereditary with partially ordered set of standard modules
(Ai)iej- o

Remark 8.6.4. There is an analogue of Proposition 8.6.3 for quasi-hereditary
Artin algebras with the same proof.

Example 8.6.5. Fori € I we have a pair of canonical algebra homomorphisms
A - A; » A; given by ideals of I as follows:

A; = Aliellj#i} and A; = AUElljti}
We are now ready to establish that Schur algebras are quasi-hereditary.

Theorem 8.6.6. For all parameters d,n the Schur algebra Si(n,d) is split
quasi-hereditary via the collection of canonical sequences

0 — UMNKk") — Tk — AN (k") — 0

where A = (A4, ..., A,) runs through the set of partitions of d (partially ordered
by dominance).

Proof We verify all properties in the category Pol? Py, keeping in mind that
rep Sk (n, d) identifies with a full subcategory of Pol? Py via evaluation at k™;
see Proposition 8.3.11.

(SQ1) follows from Corollary 8.4.15.

(5Q2) follows from Proposition 8.4.4.

(SQ3) follows from Theorem 8.4.11.

(SQ4) follows from the canonical decomposition (8.3.8) which gives

Si(n, d) = {B (k™). o
AeA(n,d)

Remark 8.6.7. For any integer n > 1 the partitions of d belonging to A(n, d)
form a coideal A*(n,d) C A*(d) of the set of all partitions of d (partially
ordered by dominance), with equality if and only if n > d. If A denotes a
‘full’ Schur algebra A satisfying pol? Py => rep(A, k), then Sy (n, d) identi-
fies (up to Morita equivalence) with the algebra Ap+(,, ). This follows from
Proposition 8.3.11 and its proof, since [¥-*" = P e Ama) T 4 identifies with a

projective generator of rep Sk (n, d).
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Finite Global Dimension

The Schur algebra Sy (n, d) has finite global dimension provided that & is a
field. This follows from Proposition 8.1.6 since the algebra Si(n, d) is quasi-
hereditary. Note that there is a bound depending only on d since the number of
isomorphism classes of simple modules equals the number of partitions of d.
We extend this result as follows.

Proposition 8.6.8. Suppose that k is a commutative noetherian ring. Then for
all parameters d, n the exact category rep Sy (n, d) has finite global dimension.

The proof is based on the following lemma. For a prime ideal p C k, let k(p)
denote the residue field &y /py.

Lemma 8.6.9. Let A be a noetherian k-algebra and M a finitely generated
A-module. Suppose that A and M are k-projective. Then M is projective over
A if and only if M ®; k(p) is projective over A ®; k(p) for all prime ideals
pCk

Proof One direction is clear. So suppose that M ® k(p) is projective over
A®y k(p) for all p. It suffices to prove the assertion when £ is local with maximal
ideal m, and we may assume that k is complete since k is noetherian. Thus A is
semi-perfect and a projective cover P — M ®; k(m) lifts to a projective cover
P — M, which is an isomorphism since P ®; k(m) — M ®; k(m) is one. It
follows that M is projective over A. O

Proof of Proposition 8.6.8 Fix a module X € rep Sk (n, d). We choose a pro-
jective resolution

+— P)p— P —Pp—X—0

and set Q,(X) = Coker(P,+; — P,) for r > 0. Base change yields for each
ring homomorphism & — ¢ an isomorphism

Sk(n,d) &, € = S¢(n,d),

and Q, (X ® €) = Q,(X) ® £ for all r > 0. Now the assertion follows from
Lemma 8.6.9 since the global dimension of Si ) (7, d) is bounded in terms of
d for all prime ideals p C k, by Proposition 8.1.6. m}

Characteristic Tilting Modules

Let A be a k-algebra and suppose it is split quasi-hereditary with partially
ordered set of standard modules (A;);c;. Set A = rep(A, k).
We show that there is canonically defined a set of costandard modules
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(V;)ier inrep(A, k). This corresponds to the fact that the opposite algebra A°P
is canonically a split quasi-hereditary with standard modules (A});e; given by
Az/ = Homk(V,-, k)

For i € I we consider the full subcategories

Ai={X € A|Homy(A;,X) =0for j > i} = rep(A;, k)
and
A; ={X € A|Homy (A;, X) = 0for j > i} = rep(A;, k);

see Example 8.6.5. Then there is an idempotent e; € A; and the module ¢; A;
identifies via A - A; with A;. Note that End 4 (A;) = e;A;e; = k. The functor
Homy (A;,—): A; — projEnd 4 (A;) = P induces a recollement of exact
categories
E;
A A P (8.6.10)
F;

with E; = — ®c; A,¢; €iA; and F; = Hom,, 4,¢, (Aje;, —) (cf. Example 2.2.23).
Then we have E; (k) = A; and set V; = F; (k).
To simplify notation we set

Filt(A) = Filt{A; | i € I} and Filt(V) = Filt{V; | i € I}.
Proposition 8.6.11. For an object X in A the following are equivalent.

(1) X is a projective object of Filt(V).
(2) X is an injective object of Filt(A).
(3) X belongs to Filt(A) N Filt(V).

Proof Adapt the proof of Corollary 8.1.14. O

A module satisfying the equivalent conditions of the following theorem is
called a characteristic tilting module.

Theorem 8.6.12. Let A be a split quasi-hereditary k-algebra. For an A-module
T the following are equivalent.

(1) T is a projective generator of Filt(V).
(2) T is an injective cogenerator of Filt(A).
(3) T € Filt(A) NFilt(V) C addT.

An object satisfying these equivalent conditions is a tilting object of rep(A, k),
provided that rep(A, k) has finite global dimension.
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Proof First observe that ExtL(Vi, V;) =0forall i < j since the V; identify
with standard modules over A°P. The argument from the proof of Proposi-
tion 8.1.17 shows that Filt(V) admits a projective generator. Then the equiv-
alence of (1) and (3) follows from Proposition 8.6.11. The equivalence of (2)
and (3) is dual.

Now set A = rep(A, k) and let T be an injective cogenerator of Filt(A). Then

Thick(T) = Thick(Filt(A)) = A

since Filt(A) contains a projective generator of A and the global dimension of
A is finite. Thus T is a tilting object of A. O

Corollary 8.6.13. Let A be a split quasi-hereditary k-algebra with partially
ordered set of standard modules (A;);ey. If J C I is a coideal, then the canonical
Sunctor Filt4 (A) — Filta, (A) maps a characteristic tilting module over A to a
characteristic tilting module over Aj.

Proof The functor is right adjoint to an exact functor by Lemma 8.6.2. Thus
it maps an injective cogenerator to an injective cogenerator. O

We wish to identify the characteristic tilting modules over Schur algebras.
Our first step is to identify the costandard modules. Set A = pol? P and write
D: A — A for the duality sending X to X°.

Lemma 8.6.14. For a partition A of d we have D(A,) = A,.
Proof We have

Ay={X € A|Hom(A*, X) =0 for u > A}

={X € A | Hom(T'*, X) = 0 for u > A}.

Now observe that Hom(I'#, X) identifies with a weight space X(V), when
u € A(n,d) and V = k"; see Lemma 8.3.18. Then X(V)I\J’ = X°(V)u by
Lemma 8.3.20, and the assertion follows. O

Lemma 8.6.15. In pol? Py the objects V = (AY)° (A partition of d) are the
costandard objects corresponding to the sequence of standard objects A*.

Proof Fix a partition A and consider the corresponding recollement (8.6.10)

E,
A Aa :Pk

Fa

with E (k) = A*. We claim that F (k) = (A%)°. This follows from the previous
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lemma. Because D (A,) = A, for all u, the duality D maps the above diagram
to another recollement

DoFyo(-)Y
Ap- Aa gjk
DoE,o(-)Y

where the functors from left to right do not change. From this we conclude that
Fa(k) = (D o E3) (k) = (AY)°. o

Theorem 8.6.16. Let k be a commutative noetherian ring. Then for all pa-
rameters d,n the module T = @”E/\(n’d) A¥ (k™) is a characteristic tilting
module over Si(n,d). For n > d the algebras End(T) and Si(n,d)°P are
Morita equivalent.

Proof As before, all properties are verified in the category Pol? Py, keeping
in mind that rep Sx(n, d) identifies with a full subcategory of Pol? Py via
evaluation at k"*; see Proposition 8.3.11.

We apply Theorem 8.6.12, using the fact that rep Sg (n, d) has finite global
dimension by Proposition 8.6.8. For each partition u we have A* € Filt(A) N
Filt(V) by Corollary 8.5.18. The same result yields exact sequences 0 — U* —
AH — VH — 0 in Filt(V). It follows from Proposition 8.6.11 that b u A¥ s
a projective generator of Filt(V) and therefore a characteristic tilting object for
pol? Py It remains to apply Corollary 8.6.13 in combination with Remark 8.6.7.
Taking only summands of the tilting object corresponding to the coideal of all
partitions in A(n, d), we set T = D cam.a) A¥ . In fact, AW (k") = 0 for
u ¢ A(n,d) by Lemma 8.3.23, since we have a weight space decomposition

AF (k™) = @ A¥ (k™).

AeA(n,d)

It follows that T = T (k™) is a characteristic tilting module over Sy (n, d).
For n > d we have isomorphisms

Sk(n,d)® = End(I'*") = End(A%*")
and
End(T) = End(T),

using Proposition 8.5.3 and Proposition 8.3.11. Moreover, these algebras are
Morita equivalent since all partitions of d arise in A(n, d) and keeping in mind
the decomposition (8.3.10). O
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Notes

Quasi-hereditary algebras were introduced by Scott [187] and then studied in
joint work with Cline and Parshall [52, 158]; see also the work of Dlab and
Ringel [64, 65]. There is a close connection between highest weight categories
and quasi-hereditary algebras [52]. A motivating example arises in the study of
representations of complex semisimple Lie algebras. In this context the BGG
category € was introduced in the early 1970s by Bernstein, Gel’fand, and
Gel’fand [34]; see [115] for an introduction. This category decomposes into
blocks. Each block is equivalent to the module category of a finite dimensional
algebra and naturally is a highest weight category.

The notion of a recollement is due to Beilinson, Bernstein and Deligne [26].
The use of recollements of abelian and triangulated categories in the context
of highest weight categories was first explained in [158].

Characteristic tilting modules for quasi-hereditary algebras were introduced
by Ringel [173], using the correspondence between tilting objects and covari-
antly finite and coresolving subcategories due to Auslander and Reiten [16].
Another essential ingredient is the construction of approximation sequences
via iterated universal extensions, which has been used in various contexts. In
commutative algebra the argument is known as ‘Serre’s trick’, which he used
in the study of projective modules [190].

The polynomial representations of the complex general linear group GL,, (C)
were determined by Schur in his thesis [184], and these ideas were extended to
infinite fields of arbitrary characteristic by Green [92]. A basic tool is the Schur
functor into the category of representations of the symmetric group. Another
important insight of Schur is the fact that polynomial representations of general
linear groups can be identified with modules over Schur algebras [92, 185].

Strict polynomial functors were introduced by Friedlander and Suslin in [76]
as a tool for studying functor cohomology. The original definition in terms of
polynomial maps uses an infinite field as a basis while the definition in terms of
symmetric tensors is more flexible. The precise connection between symmetric
tensors and polynomial maps goes back to work of Roby [176]. A tensor product
for strict polynomial functors of some fixed degree has been studied in [130].

A predecessor of the Cauchy decomposition for polynomial representations
appears under the name Cauchy identity in the theory of symmetric functions

as the expansion
[Ja=xy)™ =D sax)sa(y),

i,J a
where the sum runs over all partitions and s, denotes the Schur polynomial
corresponding to A. This is attributed to Cauchy. Although he does not state the
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formula explicitly, it is easily deduced from Cauchy’s work [48] which amounts
to the computation of a double version of a Vandermonde determinant.
Symmetric functions identify with characters of polynomial representations
of general linear groups, and this provides an alternative way to deduce the
Cauchy identity.
The characteristic-free Cauchy decomposition of symmetric powers is due to
Akin, Buchsbaum and Weyman [3]. This amounts to a direct sum decomposition

S(Ve W)= @ Sch(V) ® Sch!(W)
A

into irreducible GL(V) x GL(W)-modules when & is a field of characteristic
zero. Here, Sch? (V) denotes the Schur module corresponding to the partition
A, and the assignment V — Sch?(V) yields the corresponding Schur functor.
The analogue of this decomposition for symmetric tensors involves as factors
the Weyl modules. These were first defined by Carter and Lusztig [47]. In
particular, their work contains the result that any Weyl module over k admits
a k-basis. Similar decompositions were obtained independently by de Concini,
Eisenbud and Procesi [61], and also by Doubilet, Rota and Stein [69].

The fact that Schur algebras are quasi-hereditary follows from work of
Donkin [66, 67]. He considers an arbitrary commutative ring k& and defines
a k-algebra Sy (m) for each finite saturated set 7 of dominant weights of a
semisimple complex finite dimensional Lie algebra g, which is free of finite
rank over k. These algebras are all quasi-hereditary and for some particular
choices of 7 and g one obtains the Schur algebra. The filtration of S¢(V @ W)
amounts in this context to a good filtration of the injective Sy (7r)-modules. For
some further proofs of the fact that Schur algebras are quasi-hereditary, see
Parshall [157] and Green [93]. The characteristic tilting modules over Schur
algebras were identified by Donkin [68].

Finite global dimension is a well-known fact for quasi-hereditary algebras
[65]. For Schur algebras Akin and Buchsbaum [2] as well as Donkin [67] gave
independent proofs. Precise values are given in a beautiful paper of Totaro
[198].
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This chapter is devoted to a Morita theory for derived categories. We discuss
the question when derived categories are equivalent as triangulated categories.
It is convenient to work with differential graded algebras and their derived
categories; the notion of a tilting object also plays a crucial role. For the derived
category of a module category we need to look at various subcategories, asking
in each case for an intrinsic description. The final section is devoted to proving

that tilting preserves finite global dimension.
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9.1 Differential Graded Algebras

We introduce differential graded algebras and study their derived categories.
These are algebraic triangulated categories, and basically all algebraic triangu-
lated categories arise in this way. Then we discuss tilting objects in algebraic
triangulated categories and show that any tilting object 7' induces a triangle
equivalence that identifies the triangulated category with the derived category
of the endomorphism ring of 7. This yields a Morita theorem for derived
categories.

The construction of the derived category of a differential graded algebra is
analogous to the construction of the derived category of an abelian category.
This means that terminology, notation, and arguments are very similar. So we
keep the exposition short and refer to the previous chapter on derived categories
for more details.

Differential Graded Algebras and Modules

A differential graded algebra or dg algebra is a Z-graded associative algebra
A=Ppa

over some fixed commutative ring k, together with a differential d: A — A,
that is, a homogeneous k-linear map of degree +1 satisfying d> = 0 and the
Leibniz rule

d(xy) =d(x)y+(-1)"xd(y) forall xe€ A" and y € A.

A dg A-module is a Z-graded (right) A-module X, together with a differential
d: X — X, that is, a homogeneous k-linear map of degree one satisfying
d* = 0 and the Leibniz rule

d(xy) =d(x)y+(-1)"xd(y) forall xe X" and yeA.

A morphism of dg A-modules is an A-linear map which is homogeneous
of degree zero and commutes with the differential. We denote by C(A) the
category of dg A-modules.

Example 9.1.1. (1) An associative algebra A can be viewed as a dg algebra A
if one defines A? = A and A" = 0 otherwise. In this case C(A) = C(Mod A).

(2) Let X, Y be complexes in some additive category €. Define a new complex
Home (X, Y) as follows. The nth component is

l_[ Home (X, YP*")
PEZ
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and the differential is given by
d"(¢P) = dy o ¢7 — (=1)"¢"*! 0 dx.
Note that
H" Home(X,Y) = Homg e (X, Z"Y) 9.1.2)

because Ker d" identifies with Homc¢(e) (X, 2"Y) and Im d"" identifies with
the ideal of null-homotopic maps X — Z"Y. The composition of graded maps
yields a dg algebra structure for

&nde(X) = Home (X, X)
and Home (X, Y) is a dg module over Ende (X).

A morphism ¢: X — Y of dg A-modules is null-homotopic if there is a
morphism p: X — Y of graded A-modules which is homogeneous of degree
—1 such that ¢ = dy o p + p o dx. The null-homotopic morphisms form an
ideal and the homotopy category K(A) is the quotient of C(A) with respect
to this ideal. The homotopy category carries a triangulated structure which is
defined as before for the homotopy category K(A) of an additive category A;
see Lemma 4.1.1.

A morphism X — Y of dg A-modules is a quasi-isomorphism if it induces
isomorphisms H"X — H"Y for all n € Z. A dg A-module X is acyclic if
H"X =0 for all n € Z. As in the case of an abelian category, a morphism is a
quasi-isomorphism if and only if its cone is acyclic; see Lemma 4.1.4.

Let Qis denote the class of all quasi-isomorphisms in C(A) and denote by
Ac(A) the full subcategory of all acyclic dg A-modules. Then (C(A), Ac(A))
is a Frobenius pair; see Lemma 4.1.9. The derived category of the dg algebra
A is by definition the localisation

D(A) = C(A)[Qis™'].

This identifies with the derived category of the Frobenius pair (C(A), Ac(A))
and the canonical functor C(A) — D(A) induces a triangle equivalence

K(A)/Ac(A) = D(A).

Lemma 9.1.3. Let X be a dg A-module and n € 7Z. Then we have natural
isomorphisms

H'X = Homg (4) (A, 2"X) = Homp4) (A, Z"X).

Proof We identify X" with the A-linear maps A — X"X that are homo-
geneous of degree zero. Then the morphisms A — X" X that commute with the
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differential identify with Z"X = Kerd|x», and taking morphisms up to null-
homotopic maps gives H"X = Homga) (A, X"X). Thus Homg4)(A, X) =0
when X is acyclic, and the second isomorphism follows from Lemma 3.2.4. O

Remark 9.1.4. A differential graded category or dg category A is by definition
a dg algebra with several objects. More precisely, A is a Z-graded k-linear
category, that is,

Homy4 (A, B) = @ Hom (A, B)"

nez

is a Z-graded k-module for all A, B in A, and the composition maps
Hom 4 (B, C) x Hom 4 (A, B) — Hom (A, C)

are bilinear and homogeneous of degree zero. In addition, there are differentials
d: Homy (A, B) — Homy (A, B) for all A, B in A, that is, homogeneous k-
linear maps of degree one satisfying d> = 0 and the Leibniz rule.

A dg algebra can be viewed as a dg category with one object. Conversely, a
dg category A with one object A gives a dg algebra Hom 4 (A, A).

A dg A-module is the analogue of a dg module over a dg algebra, that is, a
graded functor X : A°® — GrMod k into the category of Z-graded k-modules,
together with a differential d: X — X given by homogeneous k-linear maps
of degree one satisfying d> = 0 and the Leibniz rule.

For an essentially small dg category A, the category of dg A-modules gives
rise to the derived category D(A) which is obtained by formally inverting the
class of quasi-isomorphisms. We omit details and refer instead to [121].

Perfect dg Modules

Let A be a dg algebra. A dg A-module is called perfect if it belongs to the
thick subcategory of D(A) that is generated by the dg module A. We denote
by DPf(A) the full subcategory of D(A) whose objects are the perfect dg
A-modules.

We wish to characterise the triangulated categories that are triangle equiv-
alent to DP*(A) for some dg algebra A. A triangulated category is called
algebraic if it is triangle equivalent to the stable category of a Frobenius cate-

gory.
Proposition 9.1.5. For a triangulated category T the following are equivalent.

(1) T is algebraic, idempotent complete, and T = Thick(X) for some X € 7.
(2) There is a triangle equivalence T => DP(A) for some dg algebra A.
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In that case there is an equivalence that takes X to A.

Proof 1t follows from the construction of D(A) that DP(A) is algebraic.
Clearly, K(A) is algebraic. The canonical functor K(A) — D(A) is fully faith-
ful when restricted to Thick(A), by Lemma 3.1.8 and Lemma 9.1.3. So it
remains to observe that any triangulated subcategory of an algebraic triangu-
lated category is again algebraic.

The other direction follows from the lemma below. O

Let A be a Frobenius category and denote by P the full subcategory of
projective (and injective) objects. We write K,c(P) for the full subcategory
of K(P) consisting of the complexes in P that are acyclic when viewed in A.
Taking a complex X to Z°X induces a triangle equivalence K,.(P) = StA
(Proposition 4.4.18). The quasi-inverse takes an object X of A to a complete
resolution which we denote by X.

An additive functor F: € — D is an equivalence up to direct summands if
F is fully faithful and every object in D is isomorphic to a direct summand of
an object in the image of F.

Lemma 9.1.6. Let T be an algebraic triangulated category and fix an object
X. Identifying T = St.A for some Frobenius category A, we set A = End 4(X).
Then the functor Hom 4 (X, —) : K(A) — D(A) induces up to direct summands
a triangle equivalence

Thick(X) = DPf(A).

Proof Set F = Homy (X, -). The functor takes X to A. Combining the
isomorphism (9.1.2) and Lemma 9.1.3 gives for alln € Z

HOIHK(A) (X, EnX) = H" J'ComA(X, X) = H'A = HOII’ID(A) (A,EnA)

Thus F is fully faithful on {E"X | n € Z}. Because F is exact, it follows by
dévissage that F is fully faithful on Thick(X); see Lemma 3.1.8. O

Example 9.1.7. Let A be a ring. Then the inclusion proj A — Mod A induces
a triangle equivalence D? (proj A) = DP*f(A). If A is right coherent and of
finite global dimension, then D? (mod A) = DPef(A).

Remark 9.1.8. There is an analogue of Proposition 9.1.5 for any essentially
small triangulated category 7, without the assumption that T = Thick(X) for a
single object X. Then T = DP"f (A) for some dg category A; see Remark 9.1.4.
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Filtering dg Modules

Let A be a dg algebra. We describe a method of “filtering’ a dg A-module such
that each subquotient is a direct sum of suspensions of A.

Lemma 9.1.9. Let X be a dg A-module. Then there exists a sequence of
morphisms . X, — X and ¢y, 2 X, — X (n > 0) in K(A) such that

(1) Xo = 0 and the cone of y1,, is a coproduct of objects ZEA with |i| < n+ 1,

(2) ¢n = bnr1n, and
(3) the ¢, induce a quasi-isomorphism hocolim,, X, — X.

Proof We construct inductively exact triangles
Pn
Uu, — X, — X — 2U,.

Set Xo = 0 and ¢ = 0. Each x € H(U,,) corresponds to a morphism A —
U, by Lemma 9.1.3. Composing with U,, — X,, yields for n > 0 exact triangles
making the following diagram commutative.

[l jij<n Z7°A Un Uit —— Z(1I jij<n Z7°A)
xeH (Uy) xeH (Uy)
I jij<n Z7°A X, 2 X —— (1 jijzn T7A)
xeH (Uy) xeH (Uy)

¢n ¢n+l

X=X

| l

zXjn I z‘4Un+l

Thus we obtain a morphism ¢: hocolim,, X;, — X. The construction of the ¢,
yields for |i| < n a commutative diagram

HU, —— H'X, H'X H™*'y,
C | H C
H'X

HiUn+1 — Han+1 Hi+]Un+1

with exact rows, and therefore an isomorphism colim,, H (X,) = H'X. On
the other hand, the defining exact triangle of hocolim,, X,, induces for each i an
isomorphism

colim H'(X,,) = H'(hocolim X,,)
n n
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by Lemma 3.4.3. It follows that ¢ induces an isomorphism
H'(hocolim X,,) = H'X. O
n

Let us write Kj(A) for the full subcategory of K(A) consisting of all K-
projective objects, where a dg module P is K-projective if Homg ) (P, X) =0
for each acyclic module X. A K-projective resolution of a dg module X is
a quasi-isomorphism P — X such that P is K-projective. For the formal
properties of K-projective resolutions, see the dual of Proposition 4.3.1.

We set p(X) = hocolim,, X;, for the object constructed in the above lemma
and observe that the morphism p(X) — X is a K-projective resolution, since
Koproj(A) is a thick subcategory containing A and closed under arbitrary co-
products. The following proposition provides an intrinsic description of this
resolution and a convenient description of the derived category D(A).

Proposition 9.1.10. Every dg A-module X admits a K-projective resolution
p(X) — X, and the assignment X +— p(X) induces a right adjoint for the
inclusion Kyoi(A) — K(A). The K-projective resolution equals the counit and
can be extended to a functorial exact triangle

p(X) — X — a(X) — Zp(X)

such that a(X) lies in Ac(A). This yields the following colocalisation sequence
of exact functors

Kproj(A) «p— K(A) ;( AC(A)

and therefore the canonical functor K(A) — D(A) restricts to a triangle
equivalence Ky (A) = D(A).
Proof We complete p(X) — X to an exact triangle

r1a(X) — p(X) — X — a(X).

Clearly, a(X) is acyclic, and therefore Homg 4)(X’,a(X)) = 0 for all X’ €
Koroi(A). Thus p(X) — X induces for all X" € K;(A) a bijection

HOHlK(A) (X/, p(X)) = HomK(A) (X’, X).
This means that X ~— p(X) provides a right adjoint. Also, we have K;,;(A) =
+ Ac(A), and then the rest of the assertion follows from Proposition 3.2.8. O

Corollary 9.1.11. The morphisms between two objects in D(A) form a set. O

Corollary 9.1.12. Let C C D(A) be a triangulated subcategory of D(A) that is
closed under all coproducts and contains A. Then C = D(A). If A is a ring, then
every object in D(A) is a homotopy colimit of objects from KP (Proj A). O
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Compact Objects and Dévissage

An object X in a triangulated category 7 is called compact if for any morphism
¢: X — [l;e; Yi in T there is a finite set J C I such that ¢ factors through
[1;cs Yi. An equivalent condition is that the canonical map

U Homy (X, Y;) — Homs (X, U Yi)

iel iel
is bijective for all coproducts [ [;c; Y; in 7.

Proposition 9.1.13. Let A be a dg algebra and X a dg A-module. Then X is a
compact object in D(A) if and only if X is perfect.

Proof We have DP'f(A) = Thick(A) by definition. The module A is compact
since Homp4)(A, X) = HOX for all X € D(A). Thus every perfect dg module
is compact, since the compact objects form a thick subcategory. Now suppose
that X € D(A) is compact. Then we combine the description of X = hocolim X,
as a homotopy colimit in Lemma 9.1.9 with Proposition 3.4.13. More precisely,
idx factors through X,, — X for some n by Lemma 3.4.3, and therefore
X € Thick(A) since X, is an extension of coproducts of suspensions of A. O

Let F: T — U be an exact functor between triangulated categories and
suppose that F' preserves coproducts. Let Ty € T be a full triangulated subcat-
egory that consists of compact objects and denote by T C T the smallest full
triangulated subcategory that contains Jy and is closed under coproducts.

For objects X, Y in T we set

Hom’; (X, Y) = 5 Hom (X, £"Y).

nez

Lemma 9.1.14. Suppose the restriction F |y, is fully faithful and F (To) consists
of compact objects. Then F|g, is fully faithful.

Proof Fix X € Jy. Then
JTx ={Y € T | Hom3(X,Y) = Homy (FX, FY)}

is a triangulated subcategory that contains Ty and is closed under coproducts;
thus it contains J;. Now fix Y € T7. Then

J¥ = {X € T | Hom}(X,Y) = Hom; (FX,FY)}

contains T by our first observation. Also, Y is a triangulated subcategory and
is closed under coproducts; thus it contains J7. O
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Compactly Generated Triangulated Categories

Let T be a triangulated category that admits arbitrary coproducts. Then T is
compactly generated if T = Loc(X) for a set X of compact objects.

We characterise the algebraic triangulated categories that are generated by a
compact object. This is an analogue of Proposition 9.1.5.

Proposition 9.1.15. For a triangulated category T which admits arbitrary
coproducts the following are equivalent.

(1) T is algebraic and T = Loc(X) for some compact object X € 7.
(2) There is a triangle equivalence T = D(A) for some dg algebra A.

In that case there is an equivalence that takes X to A.

Proof (1)= (2): Fix aFrobenius category A and suppose T = St A. In fact, we
identify each X € T with a complete resolution X in K(A) (Proposition 4.4.18).
Now fix a compact object X € T and set A = End4(X). We claim that the
functor F = Hom 4 (X, -): K(A) — D(A) induces a triangle equivalence

Loc(X) = D(A).

The functor takes X to A. Combining the isomorphism (9.1.2) and Lemma 9.1.3
gives foralln € Z

Homg 4 (X,2"X) = H" Homy (X, X) = H'A = Homp4)(A,X"A).

Thus F is fully faithful on {Z"X | n € Z}. The functor F is exact and preserves
all coproducts since X is compact. It follows by dévissage that F is fully faithful
on Loc(X); see Lemma 3.1.8 and Lemma 9.1.14. The functor F is essentially
surjective since D(A) = Loc(A) by Corollary 9.1.12.

(2) = (1): Let A be a dg algebra. Clearly, K(A) is algebraic. The canon-
ical functor K(A) — D(A) restricts to an equivalence Loc(A) = D(A) by
Corollary 9.1.12. Thus D(A) is algebraic, since any triangulated subcategory
of an algebraic triangulated category is again algebraic. It remains to observe
that A € D(A) is a compact object, since Hompa) (A, X) = HX for all
X e D(A). O

Remark 9.1.16. There is an analogue of Proposition 9.1.15 where the assump-
tion T = Loc(X) for a single object X is replaced by T = Loc(X) for a set X of
compact objects. Then T = D(A) for some dg category A; see Remark 9.1.4.



306 Derived Equivalences

Quasi-isomorphisms of dg Algebras

Let ¢: A — B be a morphism of dg algebras. Then ¢ induces via restriction
of scalars a functor ¢*: C(B) — C(A) because every dg B-module becomes a
dg A-module via ¢. This functor admits a left adjoint:

C(A) C(B).

Hompg (B,-)

For X € C(A), the (usual ungraded) tensor product X ®4 B admits a grading;
the degree n part is the quotient of (5 pig=n X P ® 40 B4 modulo the submodule
generated by x ® ay —xa ® y where x € XP,y € B4, and a € A" P74. The
differential is given by

dx®y)=dx)®y+ (—l)ix ® d(y)

for x € X' and y € B. Clearly, ¢* preserves quasi-isomorphisms and induces
therefore a functor

¢* = RHompg(B,-): D(B) — D(A).

The left adjoint is the composite

®aB n

(ﬁy = - ®ﬁ BZ D(A) — Kproj(A) _ K(B) = D(B)

A dg algebra morphism A — B is by definition a quasi-isomorphism if it
induces an isomorphism H"A = H"B for all n.

Lemma 9.1.17. For a morphism of dg algebras ¢: A — B the following are
equivalent.

(1) ¢ is a quasi-isomorphism.
(2) ¢ induces a triangle equivalence D (A) = DPe(B).
(3) ¢ induces a triangle equivalence D(A) = D(B).

Proof (1) & (2): The functor ¢, induces for all n a map
Hn(A) = HomD(A) (A,ZnA) —_— HOHID(B) (B, ZnB) =~ H"B (9.1.18)

where the isomorphisms at both ends are from Lemma 9.1.3. This is an iso-
morphism if and only if ¢ is a quasi-isomorphism. In that case ¢, identifies
DP(A) = Thick(A) with DP*(B) = Thick(B), by Lemma 3.1.8.

(1) = (3): Consider for each X € D(A) the unitnx: X — ¢*¢(X). The fact
that ¢ is a quasi-isomorphism means that 774 is an isomorphism. The functors
¢* and ¢, are exact and preserve coproducts. Thus the full subcategory

{X € D(A) | T"X = ¢*¢1(Z"X) for all n € Z}
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is a triangulated category that is closed under coproducts and contains A. It
follows from Corollary 9.1.12 thatidp(a) = ¢"¢:. Therefore ¢, is fully faithful.
The essential image of ¢ contains B = ¢ (A) and is a triangulated subcategory
of D(B) that is closed under coproducts. Thus ¢, is essentially surjective on
objects, again by Corollary 9.1.12, and therefore a triangle equivalence.

(3) = (1): Use the map (9.1.18). m]

Example 9.1.19. Let A be a dg algebra. We denote by H°A the dg algebra B
with B® = H°A and B" = 0 for n # 0. Also, let 7<oA denote the dg subalgebra
B C A obtained via truncation, so B" = A" forn < 0, B = Z%4, and B" = 0
for n > 0. We have canonical morphisms

A «— 1.0A » HA

and these are quasi-isomorphisms when H*A = H'A.

Tilting Objects

Let 7 be a triangulated category. We consider two settings for an object T € T
to be a tilting object, depending on whether the category T is essentially small
or not.

Suppose first that T is essentially small. Then T € T is called a tilting object
if Homg (7, 2"T) = 0 for all n # 0 and Thick(7) = 7.

Proposition 9.1.20. Let T be an essentially small algebraic triangulated cate-
gory. Then an object T in T is a tilting object if and only if there exists a ring
A and a triangle equivalence up to direct summands

J = Dperf(A)
that sends T to A.

Proof Suppose that T is a tilting object and set A = End+ (7). Lemma 9.1.6
yields a triangle equivalence T = DP''( E)) for some dg algebra E = End 4 (T),
and we have H*E = A. Now apply Lemma 9.1.17 with Example 9.1.19 to get
the equivalence T = DPeT(A).

For the other implication observe that A is a tilting object of DP*''(A). This
property is preserved under a triangle equivalence. O

Remark9.1.21. Let 7 be an essentially small triangulated category. Then T € T
is a tilting object if and only if T is a tilting object in T°P. For A = Endy(T') the
functor Homx (—, A) induces a triangle equivalence

Dperf(A)op IN Dperf(Aop)‘
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Now suppose that T admits arbitrary coproducts. Then T € T is called a
tilting object if T is a compact object, Homq (7, X"T) = 0 for all n # 0, and
Loc(T) =17.

Proposition 9.1.22. Let T be an algebraic triangulated category which admits
arbitrary coproducts. Then an object T in T is a tilting object if and only if
there exists a ring A and a triangle equivalence

T = D(A)
that sends T to A.

Proof Suppose that T is a tilting object and set A = Ends (7). Proposi-
tion 9.1.15 yields a triangle equivalence 7 = D(FE) for some dg algebra
E = &nd 4 (T), and we have H*E = A. Now apply Lemma 9.1.17 with Exam-
ple 9.1.19 to get the equivalence T = D(A).

For the other implication observe that A is a tilting object of D(A). This
property is preserved under a triangle equivalence. O

Remark 9.1.23. The two notions of a tilting object are related as follows. If T
admits arbitrary coproducts and T € 7 is tilting, then the full subcategory T¢
of compact objects in T is essentially small and 7 € T¢ is tilting. On the other
hand, if T € T¢ is tilting, then T is a tilting object in 7J.

The Stable Homotopy Category Is Not Algebraic

There are triangulated categories which are not algebraic. For instance, the
Spanier—Whitehead category of finite CW-complexes SW¢ is not algebraic.
Given any endomorphism ¢: X — X in a triangulated category 7, denote by
X /¢ its cone. If T is algebraic, then we can identify X with a complex and ¢
induces an endomorphism of the mapping cone X /¢ which is null-homotopic.
Thus for ¢ = 2 -idy we have 2 -idx;4 = 0in 7. On the other hand, let S denote
the sphere spectrum. Then it is well known (and can be shown using Steenrod
operations, cf. [186, Proposition 4]) that the identity map of the mod 2 Moore
spectrum M (2) = §/(2 - idg) has order different from 2. In fact, its order is 4.

Proposition 9.1.24. There is no faithful exact functor SWy — T into an
algebraic triangulated category 7J.

Proof Let F: SWy — T be an exact functor to an algebraic triangulated
category T and let X = F(S). Then we have F(M(2)) = X/(2 - idx) and
therefore F(2 - idM(z)) =2- idX/(2~idx) = 0. On the other hand, 2 - idM(z) # 0.
Thus F is not faithful. O
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9.2 Derived Equivalences

In this section we study the derived category of a module category and identify
various important subcategories. Then we establish a Morita theorem by giving
for any pair of rings a criterion for when these subcategories are triangle
equivalent.

Compact Objects

Recall that an object X in a triangulated category T is compact if the functor
Homq (X, —) preserves coproducts. We describe the compact objects for various
subcategories of the derived category D(A) of a ring A.

Lemma 9.2.1. Let A be a ring and let T be one of the categories D(A),
K~ (Proj A), or K?(Proj A). Then an object in T is compact if and only if it is
isomorphic to an object in K? (proj A).

Proof One direction is clear, since A is compact when viewed as a complex
concentrated in degree zero, and therefore any object in K? (proj A) = Thick(A)

is compact.
Now fix a compact object X in D(A) and write X as a homotopy colimit
of a sequence Xp — X; — Xp — --- as in Lemma 9.1.9. Then compactness

implies that the identity idy factors through the canonical morphism X,, — X
for some 1; see Lemma 3.4.3. Thus X belongs up to isomorphism to K? (Proj A).

A compact object X in K™ (Proj A) can be written as a homotopy colimit of
its truncations

050X — 051X — 05X — -+

via the exact triangle (4.2.3). As before, compactness implies that the identity
idx factors through the truncation 0»,X — X for some n, and therefore X
belongs up to isomorphism to K? (Proj A).

Now fix a compact object X in K” (Proj A). We consider the class € consisting
of complexes C € K”(Proj A) such that for some n € Z we have C" € proj A
and C? = 0 for all i # n. Then we can apply Proposition 3.4.13. The object X
is an extension of coproducts of objects in €, and it follows that X belongs to
Thick(C) = K’ (proj A). o

Homologically Finite Objects

Let J be a triangulated category. An object X in T is homologically finite if for
every object Y in T we have Homyg (X, X"Y) = 0 for almost all n € Z. Note that
the homologically finite objects form a thick subcategory of 7J.
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Example 9.2.2. Let A be an exact category. If X € A has finite projective
dimension, then X is homologically finite when viewed as an object in D? (A).
If all objects in A have finite projective dimension, then all objects in D?(A)
are homologically finite.

The following describes the homologically finite objects in D” (Mod A).

Lemma 9.2.3. Let A be a ring. For X in K?(ProjA) the following are
equivalent.

(1) X is isomorphic to an object in K? (Proj A).
(2) The truncation X — <, X is null-homotopic for n < 0.
(3) X is homologically finite.

Proof (1) = (2): Clear.

(2) = (1): For n € Z we have an exact triangle 0, X — X — 0<, X —
Y(0spX). If X — 0<, X is null-homotopic, then idy factors through o, X —
X and therefore X is a direct summand of o, X which belongs to K? (Proj A).

(1) = (3): Let P denote the subcategory consisting of all complexes con-
centrated in degree zero. Clearly, every object in P is homologically finite, and
therefore every object in K” (Proj A) = Thick(?P) is homologically finite.

(3) = (2): Suppose the truncation X — o<, X is not null-homotopic for
n < 0.Set X = [[,.0X "<, X and note that it belongs to K~?(Proj A).
Then Homg (X, £"X) # 0 for n < 0. Thus X is not homologically finite. O

A Morita Theorem for Derived Categories

For a ring A we consider the derived category D(A) = D(Mod A) and identify
the following subcategories:

K (projA) —— K™ (ProjA) —— K (ProjA) —— Kproj(A)
DT (A) ——— D?(ModA) —— D~ (ModA) —— D(Mod A)

Given a pair of rings, the following theorem describes the equivalences for each
of these subcategories.

Theorem 9.2.4. For rings A and I the following are equivalent.

(1) There is a triangle equivalence D(Mod A) = D(ModT).
(2) There is a triangle equivalence D~ (Mod A) = D~ (ModT).
(3) There is a triangle equivalence D (Mod A) = D?(ModT").
(4) There is a triangle equivalence DP*'f (A) = DPeT(ID),
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(5) There is a tilting object T € DP'I(A) with Endpp)(T) =T

The rings A and I' are called derived equivalent if the equivalent conditions
of the above theorem are satisfied.

The proof of the theorem shows that any of the above triangle equivalences
induces an equivalence when restricted to one of the subcategories.

The equivalence (4) < (5) is a direct consequence of Proposition 9.1.20. The
other implications require some further analysis, involving compact objects and
a dévissage argument. We begin with the following lemma.

Lemma 9.2.5. Let T be a bounded complex of finitely generated projective
A-modules and set E = Enda(T). Then Homa (T, —) induces an exact functor
D(A) — D(E) that preserves coproducts.

Proof The functor F = Homp (T, —) maps complexes of A-modules to dg
modules over E, and the formula (9.1.2) shows that F' preserves quasi-isomor-
phisms. Thus we obtain an exact functor D(A) — D(E). From the definition
of F it follows that F preserves coproducts, because Homy (T?, —) preserves
coproducts for all i € Z. O

Let T be a tilting object in DP'f(A) with End(7) = T. Set E = Enda (T) and
note that H*E = I'. Thus we have a quasi-isomorphism

¢: T« 170FE = E

and obtain an exact functor

Homp (T,-) @
_

Fr: D(A) DE) — 2 D)

where ¢* is given by restriction along 7<oE — E composed with the left
adjoint of restriction along 7<oE - T.

Lemma 9.2.6. The functor Fr is a triangle equivalence and restricts to an
equivalence DP (A) = DPeri(T).

Proof The functor preserves coproducts by Lemma9.2.5. Also, ¢* is a triangle
equivalence by Lemma 9.1.17, which identifies DP'{(E) with DP*(T"). The
functor Homp (T, —) maps T to E and for all n € Z induces an isomorphism

Homp ) (7, 3"T) = H" Homp(T,T) = H'E = Hompg) (E, >"E).

This follows by combining the isomorphisms in (9.1.2) and Lemma 9.1.3. Thus
we get an equivalence DP*" (A) = DP!( E), thanks to Lemma 3.1.8. It remains
to apply Lemma 9.1.14 and it follows that Fr is a triangle equivalence. Here,
we use the description of the compact objects from Lemma 9.2.1 and that every
object in D(A) is built from compact objects by Corollary 9.1.12. O
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Proof of Theorem 9.2.4 Each of (1)-(3) implies (4). We identify D(A) =
Koo (A), using Proposition 9.1.10, and observe that the full subcategory of
compact objects identifies with DP*f(A) by Lemma 9.2.1. Clearly, an equiva-
lence D(A) = D(I') restricts to an equivalence between the full subcategories
of compact objects. The argument for D~ (Mod A) is analogous. Now identify
D?(Mod A) = K™?(Proj A) and observe that the full subcategory of compact
and homologically finite objects identifies with DP*f (A) by Lemma 9.2.1 and
Lemma 9.2.3. Thus an equivalence D (Mod A) = D”(Mod ') restricts to an
equivalence DP'f (A) = DPerf(T),

(4) = (5): A triangle equivalence DP(I") = DPef(A) sends I to a tilting
object T in DP*f (A) with End(7) = T.

(5) implies each of (1)—(4). This follows from Lemma 9.2.6 by taking the
functor Fr that is given by a tilting object 7. It remains to observe that for any
object X in D(A) we have

H"X =0forn >0 < Homp) (A, Z"X) =0forn >0
&= Homp)(T,Z"X) =0forn >0
& Hompq)(I,X"FrX) =0forn >0
< H"(FrX)=0forn> 0.
Thus Fr induces a triangle equivalence D™ (Mod A) = D~ (ModTI'). Also, we

have H"X = 0 for |n| > 0 if and only if H"(FrX) = O for |n| > 0. Thus Fr
induces a triangle equivalence D (Mod A) = D?(ModT"). O

Remark 9.2.77. Two rings A and I" are derived equivalent if and only if A°? and
I"°P are derived equivalent; see Remark 9.1.21.

Homologically Perfect Objects

Let A be aring. We call a complex X € D(A) homologically perfect if X can be
written as homotopy colimit of a sequence Xo — X; — X, — --- in DPT(A)
such that

(HP1) H"X = 0 for almost all n € Z, and
(HP2) for every n € Z we have H" (X;) = H"(X;4) fori > 0.

Note that we can reformulate this as follows. For every P € DPf(A) we have

(HP1’) Hom(P,XZ"X) =0 for almost all n € Z, and
(HP2") Hom(P, X;) = Hom(P, X;,1) fori > 0.

It is not difficult to check that the homologically perfect objects form a thick
subcategory of D(A).
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Lemma 9.2.8. A triangle equivalence D(A) = D(I') restricts to an equiva-
lence between the full subcategories of homologically perfect objects.

Proof Fix a triangle equivalence F: D(A) = D(T'). Then F restricts to an
equivalence DP*(A) = DPe(T") by Lemma 9.2.1, and F preserves homotopy
colimits. From this the assertion follows, using the reformulation of the defini-
tion of a homologically perfect object via the conditions (HP1’) and (HP2"). O

Coherent Rings

Let A be a right coherent ring. Then by definition the category of finitely
presented A-modules is abelian. We study the derived category D”(mod A)
using the following identifications:

K’ (proj A) ——— K" (proj A)

I I

DPef(A) —— DP(mod A)

Note that DP'(A) = D?(mod A) if and only if every finitely presented A-
module has finite projective dimension.

We wish to analyse how the categories DP"'(A) and D? (mod A) determine
each other. We begin with the following intrinsic description of the objects
from D? (mod A).

Lemma 9.2.9. Let A be a right coherent ring. Then X in D(A) is homologically
perfect if and only if X belongs to D? (mod A).

Proof Let X be a complex in K—?(proj A) = D”(mod A) and write this as
the homotopy colimit of its truncations s, X which lie in K?(proj A). It is
clear that X is homologically perfect. On the other hand, if X is homologically
perfect, then H" X is finitely presented for all n and H" X = 0 for |n| > 0, so X
lies in D?(mod A). )

We are now able to show that D? (mod A) is a derived invariant.

Proposition 9.2.10. Let A and T be right coherent rings. Then a triangle equiv-
alence D(A) = D(T) restricts to an equivalence D? (mod A) = D? (modT').

Proof Combine Lemma 9.2.8 and Lemma 9.2.9. O

The converse of this proposition requires an intrinsic description of the
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objects from DP(A) inside D” (mod A). We begin with some notation. Set
T := K’ (proj A). For n € Z set

T .={XeT|H'X=0foralli <n}
and

T .={X e T|H'X =0foralli > n}.
For an object U € T and n € Z set

I, :={X € T| Hom(U,%'X) =0 for all i < n}
and
J5" ={X € T | Hom(X, T;") = 0}.

Note that Hom(X,Y) = O for all X € T<" and Y € T>". Also, we have
J7" = T3" since H'X = Hom(A, X'X) for all X € Tandi € Z.
Lemma 9.2.11. I[fU € T=", then 7" € T7".

Proof Clearly, U € T=<" implies X'U € T=" for all i > 0. This implies
Hom (U, %'X) =0 foralli < 0 and X € T>". Therefore T>" C ‘J';O. O

For objects U,V € T write U < V if there are p, g € Z such that TP € 7.
Call U € T initial if U <V for all V € T. The preceding lemma shows that A
is initial. Set

Ty :={X € 7| Hom(X, ‘.Té") =0 for all n <« 0}.
Lemma 9.2.12. IfU € T is initial, then K? (proj A) = Ty.

Proof When U and V are initial, then Ty = Ty. Thus we may assume U = A.
Then ‘If]” = T="_The inclusion ‘Ié” 2 T="is automatic; the other one uses that
A is right coherent, because then Hom(X, T7>") = 0 implies X € T=". Clearly,
Ty is a thick subcategory that contains A. Thus Ty contains K” (proj A). Now
fix an object X € T that is not in K”(proj A). Then the canonical morphism
X — o<, X is not null-homotopic for n < 0, by Lemma 9.2.3. Note that o<, X
lies in T=". Thus X ¢ Ty. O

Proposition 9.2.13. Let A and T be right coherent rings. Then a triangle
equivalence D? (mod A) = D? (mod ") restricts to an equivalence DP* (A) =
prerf (F)

Proof We fix a triangle equivalence F : D”(mod A) = D”(modT") and iden-
tify K=?(proj A) = D?(mod A). Clearly, F maps initial objects to initial ob-
jects. If U € D?(mod A) is initial, then Lemma 9.2.12 implies

D" (A) = Ty =5 F(Ty) = Ty = DP(DD). O
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The above Lemma 9.2.12 provides an intrinsic characterisation of perfect
complexes in D”(mod A). Another more practical criterion says that a A-
module X viewed as a complex concentrated in degree zero belongs to DP'f (A)
if and only if X admits a projective resolution

0—P,—-+—P —Ph—X—0
such that each P; is finitely generated (Corollary 7.1.8).

Proposition 9.2.14. Let A be a right coherent ring and consider for a complex
X € D?(mod A) the following conditions.

(1) H"X has finite projective dimension for all n € Z.
(2) X is perfect.
(3) X is a homologically finite object.

Then (1) = (2) = (3). Moreover, (2) < (3) when A is semiperfect.

Proof (1) = (2): A complex X belongs to the thick subcategory generated
by the cohomology objects H"X (Lemma 4.2.1). Now let P denote the thick
subcategory of modules M € mod A such that proj.dimM < oco. Then the
inclusion mod A — D?(mod A) maps P = Thick(A) into DP*(A). Thus
H"X € P for all n € Z implies that X is perfect.

(2) = (3): This is clear, since the homologically finite objects form a thick
subcategory containing A.

(3) = (2): Suppose A is semiperfect and set S = A/J(A), where J(A)
denotes the Jacobson radical. We use that M € mod A is projective if and only
if every morphism M — § factors through a projective module.

Let us identify K=? (proj A) = D?(mod A), and suppose X is an object not
isomorphic to an object from K (proj A). For n € Z let Y”* denote the cokernel
of X"~! — X", and observe that Y" is not projective for infinitely many n € Z.
Choose a projective resolution P — S of S. Then we have Homg a) (X, X" P) #
0 whenever Y" is not projective. Thus X is not homologically finite. O

Remark 9.2.15. The above implication (3) = (2) also holds when A is com-
mutative noetherian; then one reduces to the local case and uses the quasi-
compactness of the prime ideal spectrum Spec A, cf. [23, Lemma 4.5].

Example 9.2.16. Let k be a field and V an n-dimensional space with dual V.
Consider the categories of finitely generated Z-graded modules grmod S(V) and
grmod A(V") over the symmetric algebra and the exterior algebra, respectively.
Koszul duality (10.3.1) provides a triangle equivalence

D’ (grmod §(V)) = D’ (grmod A(VV))
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and therefore all objects are homologically finite, since S(V) has finite global
dimension; see Example 9.2.2. On the other hand, A(V") has infinite global
dimension when n > 0, so not all homologically finite objects are perfect in
D?(grmod A(V)).

Gorenstein Algebras

Let A be an Artin k-algebra with Matlis duality D = Homg (-, E) given by an
injective k-module E. The derived Nakayama functor is the left derived functor

-®LD (M)

D(Mod A) D(Mod A)

of the Nakayama functor v = — ® D(A): Mod A — Mod A.
Proposition 9.2.17. For an Artin algebra A the following are equivalent.

(1) The algebra A is Gorenstein.
(2) The module D(A) is a tilting object in D(Mod A).
(3) The derived Nakayama functor is a triangle equivalence.

Proof SetT = D(A) and view it as a complex concentrated in degree zero.

(1) & (2): The algebra A is Gorenstein by definition if Ay and oA have finite
injective dimension. An equivalent condition is that A has finite injective
dimension and D(A)A has finite projective dimension. It follows that A is
Gorenstein if and only if T belongs to DP*f(A) and is a tilting object, so
Thick(T) = DPT(A).

(2) = (3): If T is a tilting object, then the right adjoint RHomy (7', —) of the
derived Nakayama functor is a triangle equivalence, by Theorem 9.2.4 and its

proof.
(3) = (2): A triangle equivalence maps tilting objects to tilting objects. So
it suffices to observe that 7 = A ®% D(A). o

Serre Duality

Let us get back to Serre duality, but working in the unbounded derived category.
In fact, we consider two cases, namely the derived category D(Mod A) for an
algebra A and the derived category D(Qcoh X)) for a scheme X. In both cases
we describe a dualising complex and find an interesting parallel.

Letus fix acommutative ring k and a k-algebra A. We write D = Homy (—, E)
for Matlis duality given by an injective k-module E.

We begin with a simple observation. Recall from Corollary 9.1.12 that the tri-
angulated category D(Mod A) is compactly generated, and let X € D(Mod A)
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be a perfect complex. Then the functor D Homp ) (X, =) : D(Mod A)°? — Ab
is representable by Theorem 3.4.16 since X is compact. Thus we have a complex
X’ such that

D HomD(A) (X, —) = HomD(A) (—, X’).
Our aim is to give an explicit description of the representing object X’.

Fix complexes X and Y in D(A) = D(Mod A) and suppose that X is perfect.
Note that we have isomorphisms

RHom,(X,Y) =Y ®5 X* and X = X*

where X* = RHom, (X, A). Using the adjointness of ® and RHom, and
viewing the injective k-module E as a complex concentrated in degree zero,
we obtain the following isomorphism
D Hompa)(X,Y) = Homy (H°(RHomy (X, Y)),E)

= Homp ) (RHoma (X,Y), E)

= Homp k) (Y ®K X*, E)

= Homp,) (Y, RHomy (X*, E))

= Homp,) (Y, RHomg (A ®% X*, E))

= Homps) (Y, RHomn (X*, RHomg (A, E)))

= Homp ) (Y, X ®% Homy (A, E))

which is natural in X and Y. Thus the derived Nakayama functor
X — X ®% Homg (A, E)

provides an analogue of Serre duality where the dualising complex is the A°P-
module DA = Homy (A, E) concentrated in degree zero.

Now let k be a field and X a projective scheme over k, which is given by a
projective morphism

f: X — Y = Speck.

We consider the derived category D(Qcoh X)) of the category of quasi-coherent
sheaves on X. This is a compactly generated triangulated category, and the
subcategory of compact objects is equivalent to the bounded derived category
Db(vectX) of vector bundles on X; see [148, Example 1.10]. Note that the
inclusion vectX — cohX into the category of coherent sheaves induces a
triangle equivalence

D? (vect X) = D?(coh X)

provided that X is smooth.
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The derived direct image functor
Rf.: D(QcohX) — D(QcohY)

preserves coproducts (cf. [148, Lemma 1.4]) and then Brown representability
(Theorem 3.4.16) provides a right adjoint

f': D(Qcoh Y) — D(QcohX).

This yields Serre duality for X, as we now explain.
Fix complexes X and Y in D(X) = D(Qcoh X)) and suppose that X is perfect,
so isomorphic to an object in D? (vect X). Note that we have isomorphisms

RHomy (X.Y) =Y ®; X* and X =X*

where X* = RHomy (X, O). Using the adjointness of f' and Rf,, we obtain
the following isomorphism

D Hompx)(X,Y) = Hompy) (R f, RHomx (X, Y), k)
= Hompx) (RHomx (X, Y), k)
= Hompx) (Y ®gx X*, k)
= Hompx, (¥, RHomx (X*, f'k))
= Hompx) (Y, X ®é>x k)
which is natural in X and Y.
There is a notion for a scheme to be Gorenstein (cf. [106, p. 144]), which

means that the dualising complex f'k is isomorphic to an invertible sheaf and
therefore induces an equivalence

- ®%, f'k: D(QcohX) = D(Qcoh X).

For instance, if X is smooth of dimension #n, then this equivalence takes a
familiar form since f'k = A" Qx/k[n], where Qx/i denotes the sheaf of
differential forms.

9.3 Finite Global Dimension

In this section we show that tilting preserves finite global dimension. So given
a tilting object of the derived category of an abelian category of finite global
dimension, we give a bound for the global dimension of its endomorphism
ring. The proof involves the use of t-structures. In fact, the derived category of
an abelian category admits a canonical t-structure. A tilting object induces a
derived equivalence; so we need to compare different t-structures.
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We consider two settings. First we study a tilting object in the unbounded
derived category of a Grothendieck category. Then we consider a tilting object
in the bounded derived category of an essentially small category. Both settings
are related. In fact, in the second case we deduce the result about the global
dimension of the endomorphism ring from the first case.

T-Structures

Let T be a triangulated category with suspension X: T = T. A pair (U, V) of
full additive subcategories is called a t-structure provided the following holds.

(TS1) SUCUand =71V C V.

(TS2) Hom(X,Y)=0forall X e UandY € V.

(TS3) For each X € T there exists an exact triangle X’ — X — X" — XX’
such that X’ € Uand X" € V.

The following characterisation of a t-structure shows that this concept only
involves the suspension and not the choice of exact triangles.

Lemma 9.3.1. A pair (U, V) of full additive subcategories of 7T is a t-structure
if and only if the following holds.

(1) ZUCUand 7'V C V.

(2) Hom(X,Y) =0forallY €V ifand only if X € U, and Hom(X,Y) = 0 for
all X € Wifand only ifY € V.

(3) The inclusion U — T admits a right adjoint and V — T admits a left
adjoint.

Proof Suppose the pair (U, V) is a t-structure. Then the assignment X +— X’
given by the triangle X’ — X — X" — XX’ yields a right adjoint of the
inclusion U — 7, and analogously the assignment X +— X’ yields a left
adjoint of the inclusion V — T.If X € T satisfies Hom(X,Y) =0forallY € V,
then X’ = X and therefore X € U. Analogously, Hom(X,Y) =0forall X € U
implies Y € V.

Now suppose the pair (U, V) satisfies (1)—(3). Let X — Xy denote the right
adjoint of the inclusion U — T, and let X — X V denote the left adjoint of the
inclusion V — T. We claim that the counit Xy; — X and the unit X — XV fit
into an exact triangle Xy, — X — XV — X Xy,. To see this complete the counit
to an exact triangle Xyy — X — Y — X Xy. It is easily checked that Y € V.
Thus the property of the counit implies that X — Y factors through X — X V.
Also X — XV factors through X — Y since the composite Xy, — X — XV
is zero. The composite XV — ¥ — XV equals the identity, and we obtain a
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decomposition ¥ = XV @ Y’. The induced morphism ¥’ — XXy is then a split
monomorphism. Thus Y’ € U NV, and therefore Y’ = 0. This yields the claim
and it follows that (U, V) is a t-structure. O

We consider the following example. Let A be an abelian category and T =
D(A) its derived category. For n € Z set

T<" .= {X eT|H'X=0foralli > n},
and
T ={X eT|H'X=0foralli < n}.
Then we have T=" = X7"T<0 and 7> = £ 7*T>0 for all n € Z. Foreach X € T
the truncations in degree n provide an exact triangle
T<nX — X — 1o, X — Z(1<n X)
with 7<, X € 7" and 7., X € T>".

Lemma 9.3.2. The pair (T<°,7>0) is a t-structure on D(A); it restricts to a
t-structure on D (A). O

The t-structure (7<%, 7>%) on D(A) and its restriction to D”(A) are called
canonical t-structures.

Lemma 9.3.3. Let (D=0, D>%) denote the canonical t-structure on D?(A).
Then the global dimension of A is bounded by d if and only if Hom(X,Y) =0
forall X € D=0 andY € D<¢,

Proof Forobjects A, A’ € Aandi € Z we have Ext'(A, A’) = Hom(A,X/A’).
Thus the global dimension of A is bounded by d if and only if for all objects
X,Y € D?(A) with cohomology concentrated in a single degree we have
Hom(X,Y) = 0 when X € D= and ¥ € D<"¢. The assertion of the lemma
follows since for X € D20 and Y € D<"9, the truncations induce finite filtra-
tions

X=750X » 11X » 150X » ---
and
o Teg2¥Y o 1 g Y 1 4Y =Y
such that each subquotient has its cohomology concentrated in a single degree

i, with i > O for the subquotients of X and i < —d for the subquotients of Y. O

We wish to extend this lemma from D?(A) to D(A). To this end fix a
Grothendieck category A, and let us recall some basic facts about derived
limits and colimits in D(A).
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Let I denote a small category. The category C(A) of chain complexes may
be viewed as a subcategory of the functor category Fun(Z, A), where Z denotes
the category of integers (with a single morphism i — j if and only if i < j).
We have a canonical equivalence

Fun(/,Fun(Z, A)) = Fun(I X Z, A) = Fun(Z, Fun(/, A))
which restricts to an equivalence
Fun(Z, C(A)) = C(Fun(l, A)).
Thus we consider the derived category
D(A") := D(Fun(l, A))

for the study of (co)limits of chain complexes in A. Next we derive the functors
colim: Fun(l,A) — A and lim: Fun(/, A) — A. When [ is filtered, then
colim is exact. Thus only lim needs to be derived, and we obtain functors

colim: D(A’) — D(A) and Rlim: D(A’) — D(A).

For X € D(A’) we compute Rlim X = limiX using a K-injective (homo-
topy injective) resolution X — iX in K(A’) (cf. Theorem 4.3.9 and Proposi-
tion 4.3.11).

Lemma 9.3.4. For each complex X € D(A) its truncations induce exact
triangles

X —— ] TpX — [ 17pX — X
p=>0 p=>0

and

Rlim75,X —— [] 754X —— [ 754X —— Z(Rlim75,X).
q=<0 g<0 q<0 =0

Moreover, we have X = Rlim 754 X when the injective dimension of each H" X
admits a global bound not depending on n and H"X = 0 for n > 0.

Note that the products in the second triangle are computed in the derived
category, not the category of complexes (cf. Example 4.3.12).

Proof For the first triangle we observe that the colimit of the 7<, X in the cat-
egory of complexes can be computed degreewise. This gives an exact sequence

00— H1pX — HH1pX — X —— 0
p=0 p=0
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of complexes and therefore an exact triangle in D(A), as in the assertion of the
lemma.

For the second triangle we need to construct a K-injective resolution of
(724X) in the category of complexes of inverse systems. For each ¢ < 0,
choose an injective resolution HYX — J,. Then choose a K-injective resolution
70X — Iy and, for g < 0, recursively define morphisms &, : ;4 — Zq“Jq
such that we have morphisms of triangles in D(A)

TIHIX ToqX TognX —— ZHIX
N
4, 1 Ig41 e+,

where the vertical morphisms are quasi-isomorphisms and X/, is the cone
over a lift to a morphism of complexes of &,. The system (/) is then quasi-
isomorphic to (754 X) and K-injective in the homotopy category of complexes
of inverse systems. Thus, it may be used to compute the right derived limit of
(724 X). We obtain a degreewise split exact sequence of complexes

0 lim/, [Mlg — 11, — 0

and therefore an exact triangle in D(A), as in the assertion of the lemma, with
Rlim7,4,X = Rlim/, = lim/,.

Now suppose that the injective dimension of H? X admits a global bound, say
d, and we may assume that H7X = 0 for all g > 0. To show the isomorphism
X = Rlim 734X we modify the above construction of a K-injective resolution
of (7»4X) as follows. For each g < 0, choose an injective resolution HYX —
J4, where the components of J,, vanish in all degrees strictly greater than d. We
put Ip = Jo and, for ¢ < 0, recursively define morphisms &, : I441 — Zq”Jq
as before. Again, the system (/) yields the right derived limit of (7>, X). Since
the J, are uniformly right bounded, the system (/) becomes stationary in each
degree. This yields in D(A) the required isomorphism

X =limI, = Rlim(154X). O
We record an immediate consequence.

Proposition 9.3.5. Let A be a Grothendieck category and suppose the global
dimension of A is finite. Then the canonical functor K(InjA) — D(A) is a
triangle equivalence.
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Proof For any complex X in A the morphism X — Rlim 7., X is a K-injective
resolution, and we may assume that Rlim 7, X is a complex of injective objects.
Clearly, any acyclic complex of injectives is contractible. Thus K(Inj A) —
D(A) is essentially surjective and fully faithful. O

The following is the analogue of Lemma 9.3.3.

Lemma 9.3.6. Let (D=0, D>9) denote the canonical t-structure on D(A) and
suppose the global dimension of A is bounded by d. Then for X € D=° and
Y € D=2 ywe have Hom(X,Y) = 0.

Proof We apply Lemma 9.3.4. Thus X fits into an exact triangle given
by the truncations 7<,X, and it suffices to show that Hom(7<,X,Y) and
Hom(X7<,X,Y) vanish for all p. On the other hand, Y fits into an exact
triangle given by the truncations 75,Y, and therefore it suffices to show that
Hom(7<, X, 724Y), Hom(27<, X, 754Y), and Hom(27<, X, Z_ITZqY) vanish
for all p and ¢. This holds by Lemma 9.3.3 since both arguments belong to
D (A). O

Tilting for Unbounded Derived Categories

Let A be a Grothendieck category and D(A) its unbounded derived category.
Recall that the category D(A) has arbitrary (set-indexed) coproducts given by
coproducts in the category of complexes. Notice that the right derived product
functor yields arbitrary products in D(A). In particular, the product of a family
of left bounded complexes with injective components is also their product in
D(A).

Lemma 9.3.7. If C is a compact object of D(A), then the cohomology HP C
vanishes for all but finitely many integers p.

Proof For each p € Z, choose a monomorphism i,: H’C — I, into an
injective object. Using the identification

Homp4)(C,=77I) = Homy (H?C, I)

valid for each injective I of A, the i}, yield a morphism i from C to the product
(in the category of complexes and in the derived category) of the X7P1,.
Clearly, in the category of complexes (and hence in the derived category),
this product is canonically isomorphic to the corresponding coproduct. So we
obtain a morphism from C to the coproduct of the X~ I, which in cohomology
induces the i ,,. By the compactness of C, this morphism factors through a finite
subcoproduct of the X771, so that all but finitely many of the i, have to vanish.
Since they are monomorphisms, the same holds for the HP C. O
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Now let T be a tilting object of D(A). Thus T is compact, the group
Hom(T,XPT) vanishes for all p # 0, and D(A) equals its localising sub-
category generated by T'.

Let A be the endomorphism ring of 7. Then A is quasi-isomorphic to the
derived endomorphism algebra RHom(7',T) and so the functor RHom(T', —)
yields a triangle equivalence

D(A) = D(Mod A)

by Proposition 9.1.22. We use it to identify D(A) with D(Mod A). The canon-
ical t-structure on D(A) is denoted by (D=0, D>0), while the canonical t-
structure on D(Mod A) is denoted by (D(A)=0, D(A)>0).

Lemma 9.3.8. Suppose that A and Mod A have finite global dimension. Then
the functor RHom(T, —) restricts to an equivalence D?(A) = D”(Mod A).

Proof Given objects X,Y € D?(A) we have Hom(X, X'Y) = 0 for almost all
i since A has finite global dimension. This is easily shown by induction on the
number of integers n such that H*(X @ Y) # 0. It follows that RHom(T', —)
restricts to a functor F: D?(A) — D”(Mod A), since

H'RHom(T, X) = Hom(T, Z'X)

and T € D?(A) by Lemma 9.3.7. On the other hand, D?(Mod A) equals the
thick subcategory of D(Mod A) which is generated by the category Proj A of
projective A-modules, viewed as complexes concentrated in degree zero, since
A has finite global dimension. It follows that F' is essentially surjective since
F identifies the closure of T under arbitrary coproducts and direct summands
with Proj A. O

From now on suppose that the global dimension of A is bounded by d, and
fix ¢t > 0 such that HPT = 0 for all p ¢ [—t, 0], cf. Lemma 9.3.7.

Lemma 9.3.9. We have D(A)<0 ¢ D=0,

Proof For X € D> and i < 0 we have Hom(7T, X' X) = 0 since T € D=0, It
follows that X € D(A)>?, since D(A) = D(Mod A) identifies T with A and
H'X = Hom(A, X'X) in D(Mod A). Thus D(A)<0 ¢ D=0, O

Lemma 9.3.10. We have D(A)0 ¢ D=-4-1-2,

Proof LetX € D=0 Then H'T = 0 foralli ¢ [~1,0] implies Hom(7, YiX) =
0foralli > d+t+2by Lemma 9.3.6. It follows that D=0 € D(A)<4*+*2 and
therefore D(A)=0 ¢ D=-d-1-2, <
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Theorem 9.3.11. Let A be a Grothendieck category and T € D(A) a tilting
object. Then RHom(T, —) induces a triangle equivalence D(A) = D(Mod A)
Jor A = End(T), and the global dimension of A is at most 2d +t, where d is the
global dimension of A and t is the smallest integer such that H'T = 0 for all i
outside an interval of length t.

Proof LetX,Y e ModA andi > 2d +t + 4. Then
XeDN)Z cD942  and  TY € D(A) T2 ¢ p2di4
by Lemma 9.3.9 and Lemma 9.3.10. It follows from Lemma 9.3.6 that
Ext' (X,Y) = Hom(X,Z'Y) = 0.

Thus the global dimension of A is bounded by 2d + ¢ + 4. In order to improve
this bound, observe that RHom(7', —) restricts to an equivalence D?(A) =
D?(Mod A) by Lemma 9.3.8. Then we compare t-structures on D” (A) and use
Lemma 9.3.3 instead of Lemma 9.3.6. It follows that the global dimension of
A is bounded by 2d +¢. O

Locally Noetherian Grothendieck Categories

Let A be a Grothendieck category and suppose A is locally noetherian, that
is, A has a generating set of noetherian objects. Let us denote by noeth A the
full subcategory of noetherian objects. The full subcategory of injective objects
Inj A is closed under coproducts (Theorem 11.2.12) and therefore K(Inj.A) has
arbitrary coproducts.

Proposition 9.3.12. The triangulated category K(Inj . A) is compactly gener-
ated (so equals the localising subcategory generated by all compact objects)
and the inclusion noeth A — A induces a fully faithful functor D? (noeth A) —
K(Inj.A) that identifies D? (noeth A) with the full subcategory of compact ob-
jects.

Proof For an object A € A let A — iA denote an injective resolution. Then
HomK(A) (iA, X) > HomK(A) (A, X)

for all X € K(InjA) (Lemma 4.2.6). If A is noetherian, then Hom 4 (A, —)
preserves coproducts and it follows that iA is compact in K(Inj.A). There are
exact and fully faithful functors

D? (noeth A) — D?(A) = K*?(Inj A) — K(Inj.A)



326 Derived Equivalences

(Proposition 4.2.19 and Corollary 4.2.9), which map D?(noeth.A) into the
subcategory of compact objects by our previous observation, since

D? (noeth A) = Thick({iA | A € noeth A}).

Given an object X € K(Inj.A), we have that Homg4)(A,X"X) = 0 for
all A € noeth A and n € Z implies X = 0 (Lemma 6.4.11). This implies that
D? (noeth A) generates K(Inj.A) and that D? (noeth A) identifies with the full
subcategory of compact objects; see Lemma 9.3.13 below. O

Lemma 9.3.13. Ler T be a triangulated category with arbitrary coproducts
and let C C T be a set of compact objects. Suppose Hom(C,Z"X) = 0 for all
C € Candn € Z implies X = 0. Then T = Loc(C) and every compact object
in T belongs to Thick(C).

Proof Set T = Loc(C) and fix X € 7. Then the functor Hom(—, X)|5
is representable, say by X’ € TJ7; this follows from Brown’s representability
theorem (Theorem 3.4.16). We obtain a morphism X’ — X by Yoneda’s
lemma and complete this to an exact triangle X’ — X — X" — ZX’. Then
Hom(C,X"X"”) = 0 for all C € € and n € Z, and therefore X’ = X. If
X is compact, then the construction of the representing object implies that
X € Thick(C) (Proposition 3.4.15). O

Tilting for Bounded Derived Categories

Let A be an essentially small abelian category and let T € D?(A) be a tilting
object; recall this means Hom(7, XT) = 0 for all i # 0 and D?(A) equals
the thick subcategory generated by 7. Then we know from Theorem 7.2.3 that
for A = End(T') the composite proj A = add T < D?(A) induces a triangle
equivalence

D? (proj A) => K?(add T) = D”(A).

Theorem 9.3.14. Let A be an essentially small abelian category, and suppose
every object in A is noetherian. Let T € DP(A) be tilting. Then the global
dimension of A = End(T) is at most 2d + t, where d is the global dimension
of A and t is the smallest integer such that H'T = 0 for all i outside an
interval of length t. Moreover, RHom(T, —) induces a triangle equivalence
D?(A) = DP(mod A) when A is right coherent.

Proof Let A := Lex(A, Ab) denote the category of left exact functors
A% — Ab. Then A is a Grothendieck category and the Yoneda embedding
A — A which sends X € A to Hom(—, X) is fully faithful and exact (Corol-
lary 11.1.19). In fact, A is locally noetherian since A is noetherian, and the
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inclusion A — A identifies A with the full subcategory of noetherian objects
in A (Proposition 11.2.5). It follows from Baer’s criterion that an object /
of A is injective if and only if Ext'(—, I) vanishes on all noetherian objects
(Lemma 11.2.10). This implies that the global dimension of A equals that of
A. Thus we have an equivalence K(Inj.A) = D(A) by Proposition 9.3.5, and
we can apply Proposition 9.3.12. The functor D?(A) — D(A) identifies a
tilting object T of D? (A) with a tilting object of D(A). Let A = End(T'). Then
Theorem 9.3.11 provides the bound for the global dimension of A. When A is
right coherent, then the triangle equivalence D(A) = D(Mod A) restricts to
an equivalence

D’ (A) = D’ (proj A) = D (mod A)
on the full subcategory of compact objects m

We end our discussion of tilting objects with some remarks. Let us fix an

essentially small abelian category A with a tilting object T € D?(A), and set
A =End(T).
Remark 9.3.15. The assumption on A to be noetherian is needed for the global
dimension of A to be finite. Consider for A the category of vector spaces of
dimension at most X ,. Then a vector space of dimension N, is a tilting object
and its endomorphism ring has infinite global dimension [154].

Recall that pcoh A denotes the full subcategory of pseudo-coherent A-
modules; it is a full exact subcategory of the category of all A-modules. The
category pcoh A is the appropriate generalisation of mod A, and pcoh A equals
mod A when A is right coherent.

Remark 9.3.16. Suppose that A is noetherian and of finite global dimen-
sion. Then RHom(T', —) induces a triangle equivalence D? (A) = D’ (pcoh A)
(Lemma 5.2.11).

For each pair of objects X, X’ € A we have Exti(X, X’) =0fori > 0, since
each object in A is finitely built from 7. This provides some restriction on the
global dimension of A.

Remark 9.3.17. Let A be a length category. Then
gl.dim A = énsf/ {i € N | Ext*(S,8") =0} < o0
sirr’lple
since the length of P, H"T gives a bound for the number of isoclasses of
simple objects (Lemma 7.2.6).

Remark 9.3.18. The global dimension of A need not be finite when D?(A)
admits a tilting object. Let A be a right noetherian ring and set A = mod A.
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Then A € D?(A) is tilting if and only if each object in A has finite projective
dimension. In this case the global dimension of A equals the finitistic dimension
of A, which may be infinite even when A is commutative (Example 7.2.20).

Notes

For representations of algebras, the first link between tilting and derived cat-
egories was established by Happel [101]. The Morita theorem for derived
categories is due to Rickard [170]. The use of differential graded algebras
was then explained in Keller’s work [121], which inspired much of our ex-
position. For instance, the description of algebraic triangulated categories via
derived categories of differential graded algebras is taken from [121]. Differen-
tial graded algebras were introduced by Cartan in order to study the cohomology
of Eilenberg—MacLane spaces [45]. The argument for the stable homotopy cat-
egory of spectra to be not algebraic was suggested by Dwyer. The intrinsic
description of perfect complexes over coherent rings via initial objects (Propo-
sition 9.2.13) is due to Neeman.

Derived equivalences appear already in Grothendieck’s work on duality, as
explained in notes by Hartshorne [106]. Grothendieck duality extends Serre
duality for coherent sheaves on algebraic varieties [189]; a modern version
based on Brown representability is due to Neeman [148].

A derived equivalence between two algebras preserves various homological
invariants, for instance finiteness of global dimension [83, 102]. The more
general result for tilting from abelian to module categories is taken from work
with Keller [122]. The proof involves t-structures; these formalise truncations
of complexes and were introduced by Beilinson, Bern$tein and Deligne [26].
The study of the homotopy category of complexes of injective objects for locally
noetherian categories was initiated in [129].
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A derived equivalence provides a tool for transferring homological information
between two abelian categories that are not necessarily equivalent. We discuss
several important examples of such derived equivalences. This amounts to
identifying tilting objects. We do not give proofs but include references to the
literature for further details.

10.1 Coherent Sheaves on Projective Space

Let k be a field and fix an integer n > 0. A theorem of Beilinson [25] provides
a tilting object for the category cohP" of coherent sheaves on the projective
n-space over k.

More precisely, let A = k[xg,...,x,] be the polynomial ring on n + 1
variables, graded by degree, so that P" = Proj A (the projective variety or
scheme given by the set of homogeneous prime ideals). Let grmod A be the
category of finitely generated Z-graded modules. Then a theorem of Serre [188]
provides an equivalence of abelian categories

grmod A .\ cohP"
grmod, A

329



330 Examples of Derived Equivalences

where grmod,, A denotes the Serre subcategory of finite length objects.
Let & denote the structure sheaf on P", so the image of the graded projective
module A € grmod A. The object

T=0e0()®---®0(n)
is a tilting object of coh P" and we have
Hom(0'(i), 0(j)) = Aj-i  (0<i,j<n),

where A, C A denotes the subgroup of homogeneous degree p elements. Thus
the endomorphism ring of 7T is isomorphic to the Beilinson algebra B,, given
by the path algebra of the following quiver

X0 X0 X0 X0

Xn Xn Xn Xn
modulo all relations of the form x;x; — x ;x;. It follows from Theorem 7.2.3 that
the functor Hom(7', —) induces a triangle equivalence

D?(cohP") = D?(mod B,,),
and Proposition 9.1.22 extends this to a triangle equivalence

D(QcohP*) = D(Mod B,,).

10.2 Koszul Duality

Let k be a field and let A = €P),., A; be a graded k-algebra. Suppose that
Ao = k and that each 4; is finite dimensional over k. We consider the category
GrMod A of graded A-modules with morphisms of degree zero, and grmod A
denotes the full subcategory of finitely generated modules.

We collect the basic facts about Koszul algebras and Koszul duality [27]. The
algebra A is Koszul if there is a projective resolution - -+ — Py — Pp — k — 0
of the trivial A-module & such that each P; is generated in degree i. Let us write

E(A) = P Ext} (k. k)
n>0

for the Ext-algebra of the trivial A-module k.
The algebra A is quadratic if A =T (V)/{R), where

T(v)=Epven

n>0
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denotes the tensor algebra of a finite dimensional k-space V and (R) denotes
an ideal generated by a subspace R C V ® V. The quadratic dual of A is

A'=T(V")/(RY)
where V" denotes the dual space of V and
R ={pe(VaV)' |¢(R)=0}cV'aV".

Clearly, we have (A')' = A as graded k-algebras. Also, a Koszul algebra A
is quadratic. Indeed, the maximal ideal EBM) A; is generated in degree one
since the first step of a projective resolution -+ — Py — Py — k — 0 s
generated in degree one, and the second step gives the relations, which then
must be quadratic as P» is generated in degree two.

Consider for a quadratic algebra A = T(V)/(R) the Koszul complex

dn
K(A) - — (A& A (A )VerA— o —A—0— -

with differential d,, taking ¢ € Homy (A}, A) = (A},)Y ® A to

eV eV
A=A ek A eV e VD Ale v S A v A

where u denotes the multiplication. When the algebra A is Koszul, then K(A)
provides a projective resolution of the trivial A-module k.

Given chain complexes X € K(GrMod A) and ¥ € K(GrMod A") the as-
signments

X +— Homyu (K (A), X) and Y— Y ®4u K(A)

induce an adjoint pair of functors K(GrMod A) & K(GrMod A'). We write
D! (A) for the full subcategory of objects X € D(GrMod A) such that for some
integer n (depending on X)

Xij;to = j>-nand i+j<n

(with@, ., X, l’ the A-module in cohomological degree ). Analogously, DT(A")
denotes the full subcategory of objects ¥ € D(GrMod A') such that for some
integer n (depending on Y)

Yl.j;to = j<nandi+j>-n

If the algebra A is Koszul, then Hom4 (K (A), —) induces an isomorphism of
k-algebras

A' = H*Ends(K(A)) = E(A).
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Moreover, Hom4 (K (A), —) yields the derived functor
RHomy (k, —): D(GrMod A) — D(GrMod A')
which restricts to triangle equivalences
D!(A) = DT(AY and D’ (grmod A) = D’ (grmod A")

that identify Ay = k with A"

10.3 The BGG Correspondence

Let k be a field. Fix an integer n > 0 and an (n + 1)-dimensional space V over
k. We consider the symmetric algebra

SV)=T(V)/x®y-y®x|x,yeV)
and the exterior algebra
AV)=T(V)/[(x®x |xeV).

These algebras are graded via the canonical grading of the tensor algebra 7'(V).

Now let A = S(V) and let A' = A(VY) be its Koszul dual. Both algebras
are Z-graded and we consider the categories of finitely generated Z-graded
modules grmod A and grmod A'. The above Koszul duality [27, 35] provides a
triangle equivalence

D’ (grmod A) = D?(grmod A') (10.3.1)

which identifies Ay = k with A'. In particular Ext’, (Ao, Ag) = Al
Observe that the inclusion grmody A — grmod A of the category of finite
length modules induces a fully faithful functor

Db(grmodo A) — D?(grmod A);
see Example 4.2.20. A theorem of Serre [188] provides an equivalence
dA
grmo — coh P".

grmod, A

Thus D?(grmod, A) identifies with the kernel of the functor D (grmod A) —
D?(coh P") and this yields a triangle equivalence

D?(grmod A)

e~ Db h P" :
D?(grmod, A) — D7(coh P)
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see Lemma 4.4.1. On the other hand, grmod A' is a Frobenius category. It
follows from Proposition 4.4.18 that the inclusion

D? (grproj A") — D?(grmod A')
induces a triangle equivalence

D?(grmod A")
D” (grproj A')

— grmod A'.

The equivalence (10.3.1) identifies D (grmod,, A) with D?(grproj A') because
Koszul duality identifies simples with indecomposable projectives. This yields
the following triangle equivalence

D’ (coh P") = grmod A’

which is due to Bernstein, Gel’fand and Gel’fand [35].

10.4 Koszul Duality for the Beilinson Algebra

Let k be a field. Fix an integer n > 0 and an (n + 1)-dimensional space V over
k. We consider again the symmetric algebra and the exterior algebra

sSV)=EPs" and A(VY)=EPHA

i>0 i>0

The Beilinson algebra can be written as an algebra of (n+ 1) X (n+ 1)-matrices

S:n Sn'—l Sn'—2 . : SO
and we obtain a grading A = Ag® A @ - - ® A, by setting A; = J/J*!, where
J = J(A) denotes the Jacobson radical of A. The diagonal matrices provide the

degree zero component

Ag=S0® S ® &S,
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where S; equals the simple A-module given by projecting onto the (i + 1)-entry.
The Ext-algebra is given by the exterior powers

A0 AT A2 A
AO Al o An—l
B := Ext’,(Aq, Ag) = AO .. A2

and this computation shows that
T=%X"Sp®>"'S @ - &',

is a tilting object in D(Mod A) with Endpa)(T) = B. Thus Theorem 9.2.4
yields a triangle equivalence

RHomy (7, -): D(Mod A) = D(Mod B).

10.5 Weighted Projective Lines

Let k be an algebraically closed field, let P! denote the projective line over &,
let A = (1,...,4,) be a (possibly empty) collection of distinct closed points
of P!, and let p = (p1,...,pn) be a weight sequence, that is, a sequence of
positive integers. The triple X = (P!, A, p) is called a weighted projective line.
Geigle and Lenzing [88] have associated to each weighted projective line a
category coh X of coherent sheaves on X, which is the quotient category of the
category of finitely generated G (p)-graded S(p, 4)-modules, modulo the Serre
subcategory of finite length modules. Here G (p) is the rank one additive group

G(p) =X1,.... %0 C | p1X1 == ppX, = 0),
and
S(p, /l) = k[u,v,xl, e ,xn]/(xlp" + Aju —/li()v),

with grading degu = degv = ¢ and degx; = X;, where A; = [1;0 : A;1] in P'.
Note that coh X is an hereditary abelian category with finite dimensional Hom
and Ext spaces.

Consider the class of connected hereditary abelian categories (k-linear, with
finite dimensional Hom and Ext spaces) which admit a tilting object. A theorem
of Happel [104] shows that each derived equivalence class contains the module
category of an hereditary algebra or the category of coherent sheaves on a
weighted projective line.

Let us describe a specific tilting object for the category coh X. The free
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module S(p, 4) yields a structure sheaf &, and shifting the grading gives twists
E (X) for any sheaf E and X € G(p). Then

T= @ 0(3)
0<x<é
is a tilting object for coh X and its endomorphism algebra is isomorphic to
the canonical algebra C(p, A) in the sense of Ringel [172], which is the finite
dimensional associative algebra given by the quiver
X X1 2% X1 X1 (p1-1)%
@—>O@0——————> ¢ o o ———————»@

X1

X2 X2 2%, X2 X2 (p2—1)%>
@O——— > @0—————————> o 0o 0o ——————»@

x1
/ by

modulo the relations'
xP' = dioby — Anbo (i=1,...,n).
This yields a triangle equivalence
D? (cohX) = D?(mod S(p, 2)).

Every object in coh X is the direct sum of a torsion free sheaf and a finite
length sheaf. A torsion free sheaf has a finite filtration by line bundles, that
is, sheaves of the form &'(X). The finite length sheaves are easily described
as follows. There are simple sheaves Sy (x € P! \ Q) and Si; 1 <i<n,
1 < j < p;) satisfying for any r € Z that Hom(&'(rc), S;;) # 0 if and only if
j =1, and the only extensions between them are

Ext'(Sy,Sy) =k, Ext'(S;;,Si;) =k (j'=j—1(mod p;)).

For each simple sheaf S and p > 0 there is a unique sheaf S[P! of length p and
with top S, which is a uniserial object, so it has a unique composition series.
These are all the finite length indecomposable sheaves.

The category coh X admits the following tilting object

coo@esNe es e ..osNe. asim)

! Note that the relations do not generate an admissible ideal of the path algebra, except when the
collection A is empty. In that case C (p, 4) equals the Kronecker algebra.
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where S; = S;; as above. The endomorphism algebra is the squid algebra
Sq(p, A), in the sense of Brenner and Butler [41], which is the finite dimensional
associative algebra given by the quiver

Sl[prl] S[PrZ] Sl[l]

1
@O———————>0@0————————> ¢ 0o 0o — > @

[p2-11 [p2-21 1
S2 SZ SZ

@O——— > O@O—— > ¢ 6 6 —— > O

B ——
o boe@ .
Cn
o———>0———> o [y
[Pn-1] [Pn-2] [1]
Sn Sn Sn

modulo the relations
ci(dioby = Ai1bo) =0 (i=1,...,n).
This yields a triangle equivalence

D?(cohX) = D”(mod Sq(p, 1)).

10.6 Gentle Algebras

Let k be a field and Q = (Qo, 01, s, 1) a finite quiver. We denote by Q°P the
opposite quiver which is obtained by reversing the arrows, so

0P=00 and QP ={a |aeQi}

with s(a”) = t(a) and #(@”) = s(@). Let Q, denote the set of paths of length
2 and fix a partition Q, = P, Ll P_. It is not difficult to check that the algebra
kQ/(P-) (not necessarily finite dimensional) is gentle if and only if kQ°P /(P°P)
is gentle, where PP = {a~ | @ € P, }.

Now suppose that the algebra A = kQ/(P-) is gentle. Then A is graded
by path length and we have a decomposition Ay = @i 0o S; into simple
A-modules. Each arrow @: i — j corresponds to an extension &,: 0 —
Si & E4 — §; — 0. A theorem of Green and Zacharia [91] shows that the
algebra A is Koszul, and the algebra kQ°P/(P°P) identifies with the Koszul
dual A' = Ext’, (Ao, Ag) via the assignment @~ + &,. For example, consider
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the quiver

(o)

with P, = {xy, yx} and P_ = {x?, y?}. Then the algebra A = k(x, y)/(x%, y%)
is gentle with Koszul dual A' = k(x, y)/(xy, yx).
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We study additive categories that are locally finitely presented. This means that
every object is the filtered colimit of finitely presented objects. The categor-
ical notion of being finitely presented means for an object X that the functor
Hom(X, —) preserves filtered colimits. Of particular interest is the case of an
abelian category. Every locally finitely presented abelian category is a Grothen-
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342 Locally Finitely Presented Categories

dieck category; so it is a category with injective envelopes and we can study its
injective objects.

The theory of locally finitely presented categories applies in particular to
locally noetherian Grothendieck categories, that is, Grothendieck categories
having a generating set of noetherian objects. Then finitely presented and
noetherian objects coincide. Also, in that case every injective object decom-
poses into a direct sum of indecomposable objects. We include a discussion of
Grobner categories and provide criteria for when a functor category is locally
noetherian; this can be thought of as a generalisation of Hilbert’s basis theorem.

11.1 Locally Finitely Presented Categories

We introduce the concept of a locally finitely presented additive category.
Any locally finitely presented category A is completely determined by its
subcategory fp.A of finitely presented objects, because A identifies with the
category of left exact functors (fp A)°P — Ab.

Filtered Colimits
A category J is called filtered if

(Fill) the category is non-empty,
(Fil2) given objects i, i’ there is an object j with morphisms i — j « i’, and
(Fil3) given morphisms «, @’: i — j there is a morphism S8: j — k such that

Ba = Ba’.

For a functor F: J — C, we denote by colim F or colim; g F (i) its colimit,
provided it exists in C. The term filtered colimit is used for the colimit of a
functor F: J — C such that the category J is filtered.

Example 11.1.1. (1) A partially ordered set (/, <) can be viewed as a category.
The objects are the elements of / and there is a unique morphism i — j
whenever i < j. This category is filtered if and only if (/, <) is non-empty and
directed. A colimit colim;cg F (i) is called a directed colimit if J is given by a
directed set.

(2) The coproduct of a family of objects (X;);e; can be written as

[ [ = egtim ([ ] x,)
iel ieJ

where J denotes the filtered category of finite subsets J C I.
(3) Let A be an additive category and € C A a full additive subcategory that
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is essentially small. For any X € A let C/X denote the slice category consisting
of pairs (C, ¢) given by a morphism ¢: C — X with C € €. A morphism
(C,¢) — (C’, ¢’) is given by a morphism @: C — C’ in C such that ¢’a = ¢.
Then C/X is filtered, provided that each morphism in € admits a cokernel in A
that lies in €. In fact, having weak cokernels is sufficient.

Locally Finitely Presented Categories

Let A be an additive category and suppose that A is cocomplete. Thus each
functor F: J — A from an essentially small category J admits a colimit. Let us
recall the construction of the colimit because it is very explicit. For a morphism
a:i— jinJ weset s(a) =iandt(e) = j. For j € J we write ¢;: F(j) —
[ ;g F (i) for the canonical inclusion and set ¢o = ty(a) = ti(a) © F(@). Then
colim F is computed as the cokernel of ¢ = (¢4)aeg and fits into an exact
sequence

[ [Fs@) 5 | £ — colim F — 0.

ael i€l
Often we write F; = F (i) fori € Jand then colim; F; = colim F. A consequence
of this construction is the fact that an additive category is cocomplete if and
only if it has coproducts and every morphism admits a cokernel.

An object X € A is finitely presented if the functor Hom 4 (X, —) preserves

filtered colimits. This means that for every filtered colimit colim; ¥; in A the
canonical map

colim Hom4 (X, Y;) — Hom 4 (X, colim ¥;)
L L

is bijective. Let fp A denote the full subcategory of finitely presented objects.
We record the following elementary facts.

Lemma 11.1.2. The subcategory fp A is closed under finite coproducts, direct
summands, and cokernels. If X € fp A is written as a filtered colimit X =
colim X;, then for some index iy the canonical morphism X;, — X is a split
epimorphism. O

The category A is called locally finitely presented if fp A is essentially small
and every object in A is a filtered colimit of finitely presented objects. In that
case any object X € A can be written canonically as a filtered colimit

X= colim C
(C,p)efp A/X

of the forgetful functor fp A/X — A that takes (C, ¢) to C, as we will see in
Corollary 11.1.16.
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From now on the term ‘locally finitely presented’ for a category A includes
the properties that A is additive and cocomplete.

Remark 11.1.3. Let A? denote the category of morphisms in A. If A is locally
finitely presented, then A? is locally finitely presented and (fp.A)% = fp(A?).
This means that each morphism in A can be written canonically as a filtered
colimit of morphisms in fp A.

Example 11.1.4. (1) Let A be any ring. Then the category of A-modules
is locally finitely presented. The finitely presented objects are precisely the
modules M that admit a presentation A" — A® — M — 0 for some integers
r,s > 0.

(2) Let X be a scheme and suppose it is quasi-compact and quasi-separated.
Then the category QcohX of quasi-coherent Ox-modules is locally finitely
presented. The finitely presented objects are precisely the finitely presented
Ox-modules [97, 1.6.9.12]. When X is noetherian, then the category of finitely
presented objects identifies with the category coh X of coherent sheaves.

Cofinal Subcategories

For the computation of filtered colimits it is often useful to vary the index
category. We consider an essentially small filtered category J and a fully faithful
functor ¢: J — J. Then ¢ is called cofinal if it satisfies the equivalent conditions
of the following lemma. When ¢ is an inclusion we call J a cofinal subcategory
of J.

Lemma 11.1.5. Let J be an essentially small filtered category. For a fully
Saithful functor ¢: § — T the following are equivalent.

(1) For every objecti € J there exists j € J and a morphismi — ¢(J).

(2) Every functor F : I°° — Set induces an isomorphism lim F = lim(F o ¢).

(3) Forevery category Cwhich admits filtered colimits, every functor F: J — C
induces an isomorphism colim(F o ¢) = colim F.

Moreover, in this case the category J is filtered.

Proof (1) = (2): Limits in the category of sets can be calculated explicitly.
Thus the condition (1) implies that lim F — lim(F o ¢) is injective. Combined
with the fact that J is filtered, the map is also bijective.

(2) = (3): We have for each X € C a canonical bijection

Hom(colim F (i), X) = lim Hom(F (i), X).
1 1

Thus we can use the functor Fy : J°° — Set given by i — Hom(F (i), X). Then
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the isomorphism lim Fx = lim(Fx o ¢) for all X implies that colim(F o ¢) =
colim F.

(3) = (1): Consider the Yoneda functor F': J — Fun(J°P, Set). Colimits in
Fun(J°P, Set) are computed pointwise. Thus we have for each x € J a bijection

colim Hom(x, ¢(j)) = colim Hom(x, {).
jed i€J

Choosing x = i, we find j € J and a morphism i — ¢(j).
Using condition (1), the fact that J is filtered implies that J is filtered. O

Let A be a locally finitely presented category. For a full additive subcategory
C C fpA let C denote the full subcategory of A consisting of the filtered
colimits of objects in C.

Lemma 11.1.6. An object X € A belongs to ¢ if and only if every morphism
C — X with C € fp A factors through an object in C.

Proof Let X = colim X; be written as a filtered colimit of objects in C. Then
every morphism C — X with C € fp A factors through X; — X for some
i. Conversely, let X = colim(c, g)efp.a/x C and suppose that each ¢: C — X
factors through an object in C. This means that the inclusion €/ X — (fp.A)/X
is cofinal, so colim(c,4)ec/x C = X by Lemma 11.1.5. Thus X € e. |

Example 11.1.7. Let A be aring and set € = proj A. Then ¢ equals the category
of flat A-modules.

Categories of Additive Functors

Let C be an essentially small additive category and let Add(C°P, Ab) denote
the category of additive functors C°° — Ab. This functor category inherits
(co)kernels and (co)products from Ab, because these are computed ‘pointwise’.
In particular, Add(C°P, Ab) is an abelian category. Also, filtered colimits of
exact sequences are exact.

For an additive functor F: C°° — Ab let C/F denote the category consisting
of pairs (C, f) with C € Cand f € F(C). A morphism (C, f) — (C’, f') is
given by a morphism a: C — C’ in € such that F(a)(f’) = f.

Lemma 11.1.8. An additive functor F: C°P — Ab equals the colimit of the
functor

®e: C/F —> Add(C®, Ab), (C, f) — Home(—,C).
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Proof Each pair (C, f) in C/F yields a morphism Home(—,C) — F and
these induce a morphism

colim Home(—,C) — F.
(C.f)eC/F

We obtain an inverse by giving for each X € € a morphism
F(X li H X,C
(*) = Foip, Home(X, C)
as follows. An element x € F(X) is sent to the image of idy under the canonical
map

Home (X, X) —  colim  Home (X, C)
(C.f)eC/F

corresponding to (X, x) in C/F. O

We write Fp(C°P, Ab) for the category of functors F: C°P — Ab that admit
a presentation

Home (-, C) — Home(—, D) — F — 0.

It follows from Yoneda’s lemma that each representable functor is a finitely
presented object in Add(C°P, Ab). Thus a cokernel of a morphism between
representable functors is a finitely presented object.

We obtain another presentation of an additive functor F': C°° — Ab using
the slice category Fp(C°P, Ab)/F which is filtered; see Example 11.1.1.

Proposition 11.1.9. An additive functor F: C°° — Ab equals the filtered
colimit of the forgetful functor

¥: Fp(C, Ab)/F — Add(C?, Ab).
Therefore the additive category Add(C°P, Ab) is locally finitely presented and
fp Add(C°P, Ab) = Fp(C°P, Ab).

Proof We consider the Yoneda functor 2: € — D := Fp(C°P, Ab) and set
F = Hom(—, F)|p. Then F = colim®p by Lemma 11.1.8. We have ¥ =
h* o ®q and therefore

colim¥ = h*(colim®p) = h*(F) = F.
The second assertion is an immediate consequence of the first. O

Let us add another useful presentation of an additive functor as a colimit
which uses a directed set.
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Proposition 11.1.10. Every additive functor C°° — Ab is a directed colimit of
Sfunctors in Fp(C°P, Ab).

Proof An additive functor F': C°° — Ab admits a presentation

UHom@(—,Ci) — UHom@(—, D;)— F—0

i€l JeJ
because C is essentially small. Let U denote the set of pairs u = (I’,J’)
consisting of finite subsets I’ C I and J’ C J making the following square
commutative

U;er Home (-, Ci) —— [l e, Home(—, D)

[ [

;e; Home (=, C;) —— [l e, Home(—, D)

and denote by F,, — F the induced morphism between the cokernels of the
horizontal morphisms. The set U is partially ordered by inclusion, and we have
sup(uy,up) € U for uy,up € U. Thus U is directed and it is easily checked that
colim, ey F,, = F. m]

Linear Representations

A category C is preadditive if each morphism set Home (X, Y) is an abelian
group, and the composition maps

Home (Y, Z) X Home(X,Y) — Home (X, Z)

are biadditive. An additive category carries an intrinsic structure of a preadditive
category, but in general this is an additional structure. It is often convenient to
consider functor categories Add(C°P, Ab) when C is preadditive, and the above
results generalise with same proofs.

The centre Z(C) of a preadditive category € is the ring of all natural trans-
formations ide — ide of the identity functor on C. For a commutative ring
k the structure of a k-linear category on C is given by a ring homomorphism
k — Z(C).

Let C be a k-linear category C. Then for any additive functor F: C —
Ab there is a canonical k-module structure on FX for each X € C via the
homomorphism & — Ende(X) — Endz(FX). Thus we may view F as a
k-linear functor C — Mod k.

Example 11.1.11. A ring A may be viewed as a preadditive category with a sin-
gle object, and then Z(A) identifies with the usual centre given by all elements
x € A satisfying xy = yx for all y € A. Moreover, Z(A) = Z(Mod A).
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Let C be an essentially small category and k acommutative ring. The forgetful
functor Mod k — Set admits a left adjoint which sends a set S to a free k-
module k[S] with basis S. Thus there is a natural bijection

Homy (k[S], X) = Homse(S, X)

for any k-module X. The k-linearisation kC of C is the k-linear category
obtained by setting Ob k€ = Ob € and

Homye(X,Y) = k[Home(X,Y)]

for each pair of objects X, Y.
Consider the category Fun(C, Mod k) of all functors ¢ — Mod k. We think
of a functor € — Mod k as a k-linear representation of C.

Lemma 11.1.12. Restriction via the inclusioni: C — kC gives an equivalence
Add(kC, Ab) = Fun(C, Mod k).

Proof The quasi-inverse functor Fun(C, Mod k) — Add(kC, Ab) is obtained
by applying the left adjoint of the forgetful functor Mod & — Set. Thus any
functor F: € — Mod k extends uniquely to a k-linear functor F’: kC — Mod k
such that F' oi = F. O

Example 11.1.13. (1) Let A be a ring. Then evaluation at A yields an equiva-
lence

Add((proj A)°P, Ab) —=> Mod A.

Taking a A-module X to Hom(—, X)|prja gives a quasi-inverse.

(2) Let Q be a quiver, k a commutative ring, and Rep(Q, k) the category of
k-linear representations of Q. The path category is the k-linearisation kQ of
the category of paths in Q. Then restriction to Q yields an equivalence

Add(kQ, Ab) = Rep(0Q, k).

(3) Let G be a group, k a commutative ring, and Rep(G, k) the category of
k-linear representations of G. We view the group as a category with a single
object, and then its k-linearisation identifies with the group algebra kG. This
yields an equivalence

Mod(kG°?) = Rep(G, k).



11.1 Locally Finitely Presented Categories 349

Categories of Left Exact Functors

Let C be an essentially small additive category and suppose that C has cokernels.
We consider the functor category Add(C°P, Ab) and denote by Lex(C°P, Ab)
the full subcategory of additive functors F': C°° — Ab that are left exact,
so taking an exact sequence X — Y — Z — 0 in C to an exact sequence
0 > FZ —» FY — FX.! This category has filtered colimits, kernels, and
products, because left exact functors are closed under these operations. Note
that every representable functor is a finitely presented object in Lex(C°P, Ab).

Lemma 11.1.14. Let F: C°P — Ab be an additive functor. Then the category
C/F is filtered if and only if F is left exact.

Proof When C/F is filtered then F is a filtered colimit of left exact functors
since each representable functor is left exact; see Lemma 11.1.8. Thus F is left
exact.

Now suppose that F is left exact. We need to show that C/ F is filtered. Given
pairs (C, f) and (C’, f”), we have canonical morphisms

(C.[)—-(Cal . f+[f)—(C.[f)

since F is additive. Given morphisms ay, @y (C, f) — (C’, f’), we obtain a
morphism 3: (C’, f') — (C”, f”) by taking C"" = Coker(a; — a;). Because
F is left exact, there is f” € F(C”) which is sent to f’ € F(C’) since
F(a; —a2)(f’) = 0. Thus Ba; = Bas. O

The following correspondence provides a useful description of locally finitely
presented categories.

Theorem 11.1.15. We have a correspondence between locally finitely presented
categories and essentially small additive categories with cokernels.

(1) Let C be an essentially small additive category that admits cokernels and
set A = Lex(C°P, Ab). Then A is locally finitely presented with C = fp A.
(2) Let A be a locally finitely presented category and set C = fp A. Then

A — Lex(C?,Ab), X +— hy :=Homy (-, X)|¢
is an equivalence.

Proof (1) We consider the category A = Lex(C°P, Ab). Clearly, each repre-
sentable functor is a finitely presented object in A, by Yoneda’s lemma. Then
it follows from Lemma 11.1.8 and Lemma 11.1.14 that every object in A is

! When € is an exact category with cokernels, there are two notions of a left exact functor
C°P — Ab. In general, these are different.
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a filtered colimit of finitely presented objects. Any finitely presented object is
isomorphic to a representable functor by Lemma 11.1.2. Thus ¢ = fpA. A
simple calculation shows that the Yoneda embedding € — A is right exact, so
it takes cokernels to cokernels.

Any morphism ¢: X — Y in A can be written as a filtered colimit ¢ =
colim ¢; of morphisms in fp A. Then Coker ¢ = colim Coker ¢;. Thus A has
cokernels and is therefore cocomplete, since A has coproducts.

(2) We show that the assignment X +— hy is fully faithful and essentially
surjective. Let X,Y be objects in A and X = colim X; written as a filtered
colimit of objects in fp A. Then

Hom(coll_im Xi,Y) = lill_‘n Hom(X;,Y)
= lilmHom(hxi, hy)
= Hom(co%im hx;, hy)
=~ Hom(hy, hy),

where we use Yoneda’s lemma and the fact that X — hyx preserves filtered
colimits. Any object F € Lex(C°P, Ab) can be written as a filtered colimit

F= colim hc
(C.f)eC/F

by Lemma 11.1.8. Thus for X = colim(c, f)ee/r C in A we have hx = F.
We conclude that a quasi-inverse Lex(C°, Ab) — A sends F to colim F
where F: @/F — A is the functor that sends (C, f) to C. O

Let us collect some consequences.

Corollary 11.1.16. An object X in a locally finitely presented category can be
written canonically as a filtered colimit

X= colim C (11.1.17)
(C.¢)efp A/X
of the forgetful functor fp A/ X — A that takes (C, ¢) to C. O

Corollary 11.1.18. A locally finitely presented category is complete.
Proof A limit of left exact functors is again left exact. O
Corollary 11.1.19. Let A be a locally finitely presented category.

(1) If A is abelian, then filtered colimits in A are exact, and therefore A is a
Grothendieck category. In particular, A has injective envelopes.
(2) Iffp A is abelian, then A is abelian and the inclusion fp A — A is exact.
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Proof Set C = fp. A. We can identify A with Lex(C°, Ab) and can compute
filtered colimits in Add(C°P, Ab), where they are exact, keeping in mind that
filtered colimits of left exact functors are left exact.

Now suppose that € is abelian. Given a morphism ¢ = colim ¢;, written as
a filtered colimit of morphisms in fp A, we have Ker ¢ = colim Ker ¢;, since
kernels are computed in Add(C°P, Ab) and filtered colimits in Add(C°P, Ab)
are exact. Thus A has kernels. The Yoneda embedding ¢ — A is left exact
since the embedding ¢ — Add(C°P, Ab) is left exact. On the other hand, € is
closed under cokernels. Thus the inclusion € — A is exact. O

Remark 11.1.20. Let A be locally finitely presented and fp A abelian. Then
every exact sequence 7: 0 — X N i Z — 0in A can be written as a
filtered colimit of exact sequences in fp A. To see this, write @ = colim @; with
a;: X; > Y;infp A for all i. Let B;: Y; — Z; denote the cokernel of each «;,
and let @;: X] — Y; denote the kernel of §;. Then 7 is the filtered colimit of

@; Bi
the exact sequences 0 — X/ — Y; — Z; — 0.

Lemma 11.1.21. The inclusion Lex(C°P, Ab) < Add(C°P, Ab) admits a left
adjoint.

Proof The adjoint maps a finitely presented functor Coker Home (—, ¢) (given
by a morphism ¢ in €) to Home (—, Coker ¢); see Example 1.1.4. This extends
to

cqlijm Coker Home (-, ¢;) +— cqlijm Home (—, Coker ¢;).
1€ 1€

Alternatively, take F € Add(C°P, Ab) to
colim Hom C
Solim e(=0C)
in Lex(C°P, Ab); see Lemma 11.1.8. O

Corollary 11.1.22. In a locally finitely presented category every object can be
written as a directed colimit of finitely presented objects.

Proof Any locally finitely presented category is equivalent to one of the form
Lex(C°P, Ab). Write F € Lex(C°P, Ab) as a directed colimit F = colim F; of
objects F; € Fp(C°P, Ab); see Proposition 11.1.10. Let Q: Add(C°P, Ab) —
Lex(C°P, Ab) denote the left adjoint of the inclusion; see Lemma 11.1.21. Then
F = Q(F) = colim Q(F;) is a directed colimit of finitely presented objects. O

Example 11.1.23. Let A be a locally finitely presented category and € C fp A
a full additive subcategory. Suppose the category C admits cokernels (not
necessarily the same asin A). Then Cis locally finitely presented with C = fp C.
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Proof Clearly, Cisa category with filtered colimits and € C fp C. On the
other hand, when X € fp C is written as a filtered colimit X = colim X; of
objects in C, then idy factors through some X;, so X is a direct summand of
an object in C. Thus C = fp é, and X — Hom(—, X)|e yields an equivalence
€ = Lex(C°P, Ab). O

Recall that a full subcategory C C D of some category D is covariantly
finite if for every object X € D there is a morphism X — CX (called a left
C-approximation) such that CX € € and every morphism X — C with C € C
factors through X — CX. For example, € is covariantly finite if the inclusion
€ — D admits a left adjoint. Then a left approximation X — CX is given by
the unit of the adjunction..

Example 11.1.24. Let A be a locally finitely presented category and C C fp A
a full additive subcategory. Then C is closed under products in A if and only if
C is covariantly finite in fp A.

Proof We apply the criterion of Lemma 11.1.6. Suppose first that € is co-
variantly finite in fp A. If X := [];¢; X; is a product of objects in é then
every morphism F — X with F € fp A factors through a product [T C

of objects in G and this factors through F — C¥. Thus X € C. Conversely,
suppose that € is closed under products. Fix X € fp A and consider the prod-
uct Xe := [[x_,c C where X — C runs through all morphisms with C € C.
This product belongs to é, and therefore the canonical morphism X — Xe
factors through an object in € via a morphism X — CX. Clearly, this is a left
C-approximation. O

Example 11.1.25. Let A be a locally finitely presented category and suppose
that A is abelian. If (T, &) is a torsion pair for fp A, then (‘J’ 3) is a torsion pair
for A.

Proof Each object X € fp A fits into an exact sequence 0 —» X' — X —
X" — Owith X’ € Tand X"’ € F.If X = colim X; is written as a filtered colimit
of finitely presented objects, then 0 — colimX] — X — colimX;" — 0 is
the desired exact sequence in A, using that filtered colimits in A are exact. The
formula

Hom(colim X;, colimY;) = lim colim Hom(X;,Y;)
i J t J

then shows that Hom(X,Y) =0 for X € TandY € 7. O
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Categories of Exact Functors

Let C be an essentially small additive category and consider Add(C°P, Ab).
Suppose that C is abelian. Then we denote by Ex(C°P, Ab) the full subcategory
of additive functors F': C°° — Ab that are exact. This category has filtered
colimits and products, because exact functors are closed under these operations.

The following lemma identifies the exact functors in the category of left exact
functors C°P — Ab.

Lemma 11.1.26. Let C be an essentially small abelian category and consider
A = Lex(C°, Ab). Then X € A is exact if and only ifExtIA(C, X) =0 for all
CefpA.

Proof Using the identification C¢ = fp A, the functor X is exact if and only
if for every exact sequence 7: 0 - A — B — C — 0 in fp A the induced
sequence

Hom 4 (77, X): 0 = Hom4 (C, X) —» Homg (B, X) — Homy4 (A, X) — 0

1S exact.

Now suppose Ext]A(C, X) = 0. This implies the exactness of Hom 4 (17, X)
for any exacty: 0 > A - B — C — 0 in fp.A. Conversely, let u: 0 - X —
Y — C — Obeexactin A and write Y = colimY; as a filtered colimit of finitely
presented objects. This yields an exact sequence y;: 0 —» X; - Y; - C — 0
in fp A for some j. Now exactness of Hom 4 (1, X) implies that u splits. O

The next proposition provides an explicit construction that turns every left
exact functor into an exact functor.

Proposition 11.1.27. Let C be an essentially small abelian category. Then
Ex(C°P, Ab) is a covariantly finite subcategory of Lex(C°P, Ab).

Proof Let F: C°° — Ab be a left exact functor and choose a representative
set of monomorphisms @: A — B in C. We construct inductively a sequence

F=F—F —F—---

such that colim F,, is exact and F' — colim F}, is the left approximation of F.
Set

Ti= | | FA\ImFua.
a: A—>B

Then Yoneda’s lemma yields a morphism [[;cr, Hom(—, A;) — F, and we
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can form the pushout

i (= i)
U;er, Hom(=, A;)) ———— [l;cr, Hom(-, B:)

l l

Fn Fn+1

in Lex(C°P, Ab). It is clear from the construction that F’ = colim F,, is exact,
because for any monomorphism a: A — B each element in F’A = colim Fj,A
lies in the image of F,,A — F’A for some n, and therefore also in the image of
Fnt1B — F'B — F’A. Now let F — G be a morphism such that G is exact.
Then in each step F,, — G factors through F,, — F,.;. Thus F' — G factors
through F — F’. O

Corollary 11.1.28. Let C be an essentially small abelian category. Then
Ex(C°P, Ab) is a covariantly finite subcategory of Add(C°P, Ab).

Proof Observe that Lex(C°P, Ab) C Add(C°P, Ab) is covariantly finite, since
the inclusion admits a left adjoint by Lemma 11.1.21. Then for each F in
Add(C°P, Ab) the unit F — F“** yields a left approximation. This approxima-
tion one composes with a left approximation F-* — FEX from the preceding
proposition. O

Change of Categories

Let f: € — D be an additive functor between essentially small additive cate-
gories. Then

f*: Add(D°P, Ab) — Add(C°®,Ab), X+ Xof
admits a left adjoint f; that is defined by

H(X) = (Cfg)lierg/XHomaa(—,f(C))

for X € Add(C°P, Ab). In particular, for C € C one has
ﬁ (Home (_9 C)) = HOm@ (_, f(C))
When € and D admit cokernels and f: € — D is right exact, this yields an

adjoint pair

fi
Lex(C, Ab) =" Lex(D, Ab).

*

We collect some basic properties of f* and f;.
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Lemma 11.1.29. Let f: C — D be an additive functor that inverts universally
a class of morphisms in C. Then f* is fully faithful.

Proof The assertion follows from the definition of the quotient functor € —
C[S~!] with respect to a class of morphisms S in C; see also Lemma 1.1.1. O

We can be more specific when f: € — D is exact.

Lemma 11.1.30. Let f: C — D be an exact functor between abelian cate-
gories. Then fi: Lex(C°P, Ab) — Lex(D°P, Ab) is exact. Moreover, [* is fully
faithful if and only if f induces an equivalence C/(Ker f) = D.

Proof We embed C into A = Lex(C°P, Ab) via the Yoneda functor. Any exact
sequence in A can be written as a filtered colimit of exact sequences in C; see
Remark 11.1.20. Now use that f; preserves filtered colimits and that filtered
colimits in Lex(D°P, Ab) are exact.

We have already seen in Lemma 11.1.29 that f* is fully faithful when f
induces an equivalence C/(Ker f) = D. For the converse we apply Propo-
sition 2.2.11. Thus f; induces an equivalence A/(Ker f;) = Lex(D°P, Ab).
One checks that the subcategory € C A is right cofinal with respect to the
morphisms that are inverted by fi, using that each object in A is a filtered
colimit of objects in C. Then it follows from Lemma 1.2.5 that f; restricts to an
equivalence C/(Ker f) = D. O

Proposition 11.1.31. Let C be an essentially small abelian category and D =
C/B the quotient with respect to a Serre subcategory B C C. Then the diagram

Brtse—LyswoD

induces a localisation sequence of abelian categories

[ P!

Lex(B°P, Ab) Lex(C°P, Ab) » Lex(DCP, Ab).
s o
In particular, the functors iy and p) are exact and induce equivalences
Lex(B°P, Ab) = Ker p,
and
(Lex(C°?, Ab))/(Ker p;) = Lex(DP, Ab).

Proof We use the fact that every functor in Lex (C°P, Ab) is a filtered colimit of
representable functors, by Lemma 11.1.8 and Lemma 11.1.14. This is combined
with the fact that all functors i, i*, p), p* preserve colimits.

The functors i and p; are exact by Lemma 11.1.30. The functor p* is fully
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faithful by Lemma 11.1.29. On the other hand, id = i*i, since i*i, equals the
identity on all representable functors. Thus i, is fully faithful (Proposition 1.1.3).

It remains to show that Imi; = Ker p,. Then the rest follows from the
localisation theory of abelian categories (Proposition 2.2.11).

We have Imi, C Ker p, since pi = 0. For the other inclusion fix an object X
in Lex(C°, Ab) and consider the exact sequence 0 —» X’ — X — p*p(X).
We claim that X’ € Imi,. Then p;X = 0 implies X € Imi,. It suffices to show
this when X = h¢ is representable, given by C € C. For this we show that every
morphism k¢, — X’ with Cy € C factors through /i for some B € B; then
Lemma 11.1.6 implies that X" is a filtered colimit of representable functors in
the image of i;. Now observe that a morphism hc, — hc givenby ¢: Co — C
in C factors through X’ if and only if p¢ = 0, by the adjointness of p, and p*.
This happens if and only if Im ¢ € B. Thus hc, — X’ factors through hpg for
some B € B. O

Remark 11.1.32. The injective objects in Lex("D°P, Ab) identify via p* with
the injective objects in Lex(C°P, Ab) that vanish on B when viewed as functors
on C (Corollary 2.2.15).

Corollary 11.1.33. Let A be a locally finitely presented Grothendieck category
such that fp A is abelian. If 8 C fp A is a Serre subcategory, then Sisa
localising subcategory of A satisfying SN fp A = C. Moreover, the canonical
Sfunctor A » A/ 8 restricts to an equivalence 8+ = A/ 3

Proof This follows from Proposition 11.1.31, using the equivalence A =
Lex((fp.A)°P, Ab) which identifies the subcategory 8 with Lex(8°?, Ab). O

11.2 Grothendieck Categories

In this section we study a hierarchy of finiteness conditions for Grothendieck
categories. This involves the notion of a generating set of objects.

Given an additive category A, a set of objects C is generating if for any
non-zero morphism ¢: X — Y in A there is @: C — X with C € C such that
¢a # 0. If A has coproducts, then € is generating if and only if for every object
X € A there is an epimorphism [[;; C; — X such that C; € € for all i.

Now fix a Grothendieck category A. We have the following hierarchy of
finiteness conditions for an object X € A:

X of finite length = X noetherian

— X finitely generated <= X finitely presented.
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The Grothendieck category A is called

locally finitely generated, if A has a generating set of finitely generated
objects,

locally finitely presented, if A has a generating set of finitely presented
objects,?

locally noetherian, if A has a generating set of noetherian objects,

locally finite, if A has a generating set of finite length objects.

Suppose that A has a set C of generating objects such that for every pair of
objects C,C’ € € and every subobject D C C the direct sum C @ C’ and the
quotient C/D are isomorphic to objects in C. Then every object X € A can be
written as the directed union X = )}; X; of subobjects X; C X such that X; € C
for all 7.

Finitely Generated and Finitely Presented Objects

Let A be an abelian category, and suppose that filtered colimits in A are exact.
An object X is finitely generated whenever X = };.; X; for a directed family
of subobjects X; C X implies X = X, for some ip € /. We record the following
elementary fact.

Lemma 11.2.1. For an exact sequence 0 —» X’ — X — X" — 0 we have

X', X" finitely generated — X finiteley generated

= X" finitely generated. O

We wish to compare finitely generated and finitely presented objects. Observe
that ‘finitely generated’ is a local property, depending only on the lattice of
subobjects. The property of an object to be finitely presented is different; it
depends on the ambient category.

We have the following characterisation. In particular, we see that every
finitely presented object is finitely generated.

Lemma 11.2.2. For an object X the following are equivalent.

(1) X is finitely generated.
(2) The canonical map colim; Hom(X,Y;) — Hom(X, colim; Y;) is injective
for every filtered colimit colim; Y;.

2 This terminology is consistent: a Grothendieck category A has a generating set of finitely
presented objects if and only if fp A is essentially small and every object in A is a filtered
colimit of finitely presented objects.
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(3) The canonical map Y,; Hom(X,Y;) —» Hom(X, Y; Y;) is bijective for every
directed family of subobjects Y; C Y.

Proof (1)= (2): A morphism ¢ € colim; Hom(X, Y;) is given by a morphism
X — Y; for some index j. For all j — i consider the composite with ¥; — ¥;
which yields an exact sequence 0 — X; — X — Y;. The colimit 0 —
colim; X; —» X — colim;Y; is exact, and if X — colim;Y; is zero, then
X =3, X;. Thus X = X;, for some index ip, and therefore ¢ = 0.

(2) = (3): Consider the following commutative diagram with exact rows.

0 — colim; Hom(X,Y;) — Hom(X,Y) — colim; Hom(X,Y/Y;)

- o b

0 — Hom(X, colim; ¥;) — Hom(X,Y) — Hom(X, colim; Y /Y;)

Then « and vy are injective, and therefore « is bijective.
(3) = (1): Let X = X; X;. Then the identity X — }; X; factors through
Xi, — 2; X; for some index ig. Thus X = Xj,. m]

Let A be a Grothendieck category with a generating set of finitely generated
objects. This means that each object is a directed union of its finitely generated
subobjects. Also, if ¢: X — Y is an epimorphism such that Y is finitely
generated, then there exists a finitely generated subobject X’ C X such that
¢lx: X’ — Y is an epimorphism.

Lemma 11.2.3. Let A be a Grothendieck category with a generating set of
finitely generated objects. For an object X € A the following are equivalent.

(1) X is finitely presented.

(2) X is finitely generated and every epimorphism X' — X from a finitely
generated object X' has a finitely generated kernel.

Proof (1) = (2): We have already seen that X is finitely generated. Now fix
an epimorphism ¢: X’ — X and write Ker¢ = }; X; as a directed union
of finitely generated subobjects X; € X’. Then colim; X'/X; = X, so the
identity idy factors through X’/X;, — X for some index io. Thus the sequence
0 — Ker¢/X;, = X’/ X;, = X — 0is split exact. It follows that Ker ¢/ X, is
finitely generated, if X’ is finitely generated. Thus Ker ¢ is finitely generated.
(2) = (1): In view of Lemma 11.2.2, it suffices to show that the canonical map
colim; Hom(X, ¥;) — Hom(X, colim; Y;) is surjective for every filtered colimit
colim; ¥;. Given a morphism ¢: X — colim; Y¥;, we consider the following
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pullback.
Pp—X
| J¢
I_L- Yi ﬂ) colimi Y,

We find a finitely generated subobject P’ C P and an index iy such that the
pullback restricts to a commutative square

Pr—"— X
| l*
Y;, —— colim; Y;

and 7 is an epimorphism. Since Ker r is finitely generated, there is an index i}
such that the composite Kerm — P’ — Y;, — Y}, is zero, by Lemma 11.2.2.
It follows that ¢ factors through Y;, — colim; ¥;, and this yields an element in
colim; Hom(X, ¥;) which is mapped to ¢. |

Locally Noetherian Categories

Let A be an abelian category. An object in A is noetherian if it satisfies the
ascending chain condition on subobjects. We record the following elementary
facts.

Lemma 11.2.4. For an exact sequence 0 — X’ — X — X" — 0 we have
X', X" noetherian <= X noetherian.

If filtered colimits are exact, then an object is noetherian if and only if every
subobject is finitely generated. O

A Grothendieck category is called locally noetherian if there exists a gener-
ating set of noetherian objects. Locally noetherian categories form an important
class of locally finitely presented categories.

Proposition 11.2.5. For a Grothendieck category A the following are equiva-
lent.

(1) The category A is locally noetherian.
(2) The category A is locally finitely presented and for each X € A we have

X finitely presented —= X finitely generated <= X noetherian.

(3) The category A is locally finitely presented and fp A is an abelian category
consisting of noetherian objects.
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Proof (1) = (2): Suppose that A is locally noetherian. Then finitely generated
objects and noetherian objects coincide. In particular, finitely generated objects
are closed under subobjects. The characterisation of finitely presented objects in
Lemma 11.2.3 then implies that finitely generated objects and finitely presented
objects coincide. In particular, A is a locally finitely presented category since
every object is a directed union of its finitely generated subobjects, so a filtered
colimit of finitely presented objects.

(2) = (3): Clear.

(3) = (1): If A is locally finitely presented, then the finitely presented objects
generate A. If an object X € fp A satisfies the ascending chain condition on
subobjects in fp A, then each subobject U C X in A is finitely presented since
U = Uxcy X’ where X’ runs through all X’ € X in fp A. Thus X is noetherian
in A. O

Corollary 11.2.6. The assignments A +— fp A and C +— Lex(C°P, Ab) in-
duce, up to equivalence, a bijective correspondence between locally noetherian
Grothendieck categories and essentially small abelian categories such that
every object is noetherian.

Proof This correspondence is obtained by restricting the correspondence
from Theorem 11.1.15 and Corollary 11.1.19 between locally finitely pre-
sented Grothendieck categories and essentially small additive categories. Then
apply Proposition 11.2.5 to identify the locally noetherian categories. O

Locally Finite Categories

An object X of an abelian category has finite length if it has a finite composition
series

0=X)CX; C--CX,=X,

that is, each subquotient X;/X;_; is simple. Note that X has finite length if and
only if X satisfies both chain conditions on subobjects.

A Grothendieck category A is called locally finite if there exists a generating
set of finite length objects. When A is a locally finite category, then every
noetherian object has finite length, since any object is the directed union of
finite length subobjects. Thus for every object X € A we have

X finitely presented <= X noetherian <= X of finite length.

Let us discuss some further finiteness properties of locally finite categories.
To this end fix an object X of an abelian category. The composition length
of X is denoted by £(X). The height ht(X) is the smallest n > 0 such that
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soc”(X) = X. When €(X) < oo, then ht(X) < ¢(X), and ht(X) equals the
smallest n > 0 such that rad” (X) = 0.

Lemma 11.2.7. Let X, E be objects of an abelian category and suppose that
E is injective. The assignment

X2Uw+ H(U) :=Hom(X/U,E) C Hom(X, E)

gives a lattice anti-homomorphism into the lattice of End(E)-submodules of
Hom(X, E). Every finitely generated End(E)-submodule is in its image, and
the homomorphism is injective when E is a cogenerator.

Proof Given subobjects U, V of X, the Noether isomorphisms imply that
HUNV)=HU)+H() and HU+V)=HU)NH().

Clearly, U # V implies H(U) # H(V) when E is a cogenerator. Now let
¢: X — E be amorphism and set U = Ker ¢. Then a morphism X — E factors
through X - X /U if and only if it factors through ¢. Thus End(E)¢ = H(U). It
follows that every cyclic End( E)-submodule is in the image of H, and therefore
so is every finitely generated submodule by the first part of the proof. O

Proposition 11.2.8. Let A be a locally finite Grothendieck category and J
the Jacobson radical of the endomorphism ring of an injective object E. Then
NpsoJ" = 0. Moreover, for n > 0 we have

(1) ht(C) < nforall C € fp A implies J" =0, and
(2) J" =0implies ht(C) < n for all C € fp A when E cogenerates A.

Proof Let C € fpA. A radical morphism E — E annihilates all simple
objects in A, and therefore

J"Hom(C, E) € Hom(C/soc" C, E)

by induction on n. This implies (), J" = 0 and part (1).
To show (2), assume that E is a cogenerator. An induction on £(C) gives

Cena(e) (Hom(C, E)) = €(C).
Thus every submodule of Hom(C, E) is finitely generated. Then Lemma 11.2.7
implies
rad” Hom(C, E) = Hom(C/soc" C, E)
for all n > 0. Observe that JM = rad M for every End(E)-module M, since

End(E)/J is a product of division rings by Theorem 11.2.12 below. Thus J” = 0
implies soc” C = C. O
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Remark 11.2.9. For C € fp A we have
Cena(e)(Hom(C, E)) < £(C) and htgna(g) (Hom(C, E)) < ht(C)

with equalities when E is a cogenerator.

Injective Objects

In a locally noetherian Grothendieck category we have a very satisfactory
decomposition theory for injective objects.
We need some preparations and begin with a version of Baer’s criterion.

Lemma 11.2.10 (Baer). Let A be a Grothendieck category and let C be a class
of objects that is generating and closed under quotients. If X € A satisfies
Ext' (C,X) = 0 for all C € @, then X is injective.

Proof Choose an injective envelope a: X — E(X). If Cokera # 0, then
there exists a subobject 0 # C C Cokera with C € C. The pullback of
0 — X — E(X) — Cokera — 0 along the inclusion C — Coker « is a split
exact sequence. Thus « factors through a monomorphism X @ C — E(X),
contradicting the property of an injective envelope. It follows that « is an
isomorphism and X is injective. O

We continue with a technical lemma which is crucial for the decomposition
of injective objects into indecomposables; it is known as Chase’s lemma.

For a sequence of morphisms y = (C,, — Cp4+1)nen We denote by y,,: Cp —
C,, the composite of the first 7 morphisms. Recall that an object X is compact
if for any morphism ¢: X — [];c;Y; there is a finite set J C [ such that ¢
factors through [[;¢; Y.

Lemma 11.2.11 (Chase). Let (X,,)nen and (Y;)ieq be families of objects in an

additive category and let
o: [ [ % —]]¥
neN iel

be a morphism. If v = (C, — Cpyl)nen is a sequence of morphisms and
C = Cy is compact, then there exists m € N such that for almost all j € I each
composite

m 9
Cy—>cm—>ﬂx,,i>]_[n-»yj
neN iel

with 8, = 0 for n < m factors through y,,: C — C,, foralln € N.
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It is convenient to introduce further notation. For a morphism y: C — D
and an object X we denote by X,, the image of the map

Hom(D, X) -, Hom(C, X).
Then a sequence of morphismsy = (C,, = Cy41)nen yields a descending chain
- C X, CX,y CXy = Hom(Cy, X).

We can now rephrase the statement of the lemma as follows. Set X = [],,cy Xuns
Y =[];¢; Yi, and write

;- Hom(C, X) === Hom(C,Y) — Hom(C,Y;) (i € I).

There exists m € N such that for almost all i € I we have

ai(([1%), )< (1.

nxzm

Proof Assume the conclusion to be false. We construct inductively sequences
of elements n; € N, i; € I, and 6; € Hom(C, X) with j € N and satisfying

(1) njq > ny,

(2) 0, € (annj Xn)ynj’
(3) i,(6)) # (Vi) .-
(4) ¢:;(6r) =0fork < j.

We proceed as follows. Set ng = 0. Then there exists iy € I such that

Pig(Xy,) & ﬂ(YiO)yn,
n>0
and hence we may select 6y € Xy, and n; > 0 such that ¢;,(6o) ¢ (Y,)y,, -
Thus conditions (1)—(4) are satisfied for j = 0.

Proceeding by induction on j, assume that elements nxy; € N, iy € I and
0; € Hom(C, X) have been constructed for k < j such that conditions (1)—(4)
are satisfied. Using that C is compact, there exists a finite subset I’ C I such
that fori € I'\ I’ we have ¢;(6) = 0 for k < j. We may then selecti; € I\ I’

such that
ol([1%),, )& o

nznj

because otherwise the lemma would be true. Thus there exists an element
0; € (annj X,,)ynj and nj.; > nj such that ¢;;(6;) ¢ (Yl-j)ynjﬂ. It is then
clear that the elements nz,; € N, iy € I, and 6 € Hom(C, X) for k < j satisfy
the conditions (1)—(4).

Now let 6 = 3 ;e 6; € Hom(C, X), which is well defined since the sum
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for each component C — X, is finite. For each j € N we have ¢;;(6) =
$i;(0;) + ¢i;(Xk>; 0k) # 0, since the second summand lies in (Y,-j)ynm,
whereas the first does not. On the other hand, the morphism ¢8 factors through
a finite sum [[;.; ¥; for some J C I, since C is compact. This contradiction
finishes the proof. O

We have the following characterisation of local noetherianness.

Theorem 11.2.12. For a locally finitely generated Grothendieck category A
the following are equivalent.

(1) The category A is locally noetherian.

(2) The subcategory of injective objects in A is closed under filtered colimits.

(3) The subcategory of injective objects in A is closed under coproducts.

(4) Every injective object decomposes into a coproduct of indecomposable
objects with local endomorphism rings.

(5) Thereisanobject E such that every object in A is a subobject of a coproduct
of copies of E.

Proof (1)= (2): If Aislocally noetherian, then fp A is closed under quotients.
Thus the equivalence A = Lex((fp.A)°P, Ab) identifies the injective objects
with the exact functors (fp A)°? — Ab, by Lemma 11.1.26 and Lemma 11.2.10.
It remains to note that a filtered colimit of exact functors is exact.

(2) = (3): Clear.

(3) = (1): Fix an injective cogenerator £ and let C; € C, € C3 C ---
be an ascending chain of subobjects of a finitely generated object C. Choose
morphisms C/C; — E for all i such that the restriction to C;;;/C; is non-zero
provided that C;11/C; # 0, and consider for j < n the composite ¢,,;: C, —
C — C/C; — E.For eachn these yield amorphism ¢,,: C,, — [[}_, E and we
obtain a morphism ¢: ,.1 C, — [l;» E, since the ¢,, are compatible. The
morphism ¢ extends to a morphism C — [];- E, since we assume [[;-; E to
be injective, and this factors through a finite sum [ [}, E for some m, since C
is finitely generated. Thus C,, = C,,, for n > m, so C is noetherian.

(2) = (4): Let X # 0 be injective and fix a finitely generated subobject 0 #
C C X. Using Zorn’s lemma and the fact that injectives are closed under filtered
colimits, there exists a maximal injective subobject X’ C X not containing C.
Then X = X’®X”, and we claim that X”” is indecomposable. For, if X" = UV,
then (X' +U) N (X’ +V) = X’ implies that one of the objects X'+ U and X’ +V
does not contain C. Thus U = 0 or V = 0 by the maximality of X’.

Using again Zorn’s lemma, there exists a maximal family of indecomposable
injective subobjects (X;);es of X such that the sum X’ = }};; X; is direct. This
yields a decomposition X = X’ @ X"/, and X"’ = 0 by the previous observation.
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It remains to note that every indecomposable injective object has a local
endomorphism ring (Lemma 2.5.7).

(4) = (5): Let E be the coproduct of indecomposable injective objects, taking
one representative from each isomorphism class. Note that there is only a set
of such representatives, since each indecomposable injective is the injective
envelope of a quotient G/U when G is a generator of A. Then every object in
A is a subobject of a coproduct of copies of E, since every object embeds into
an injective object (Corollary 2.5.4).

(5) = (1): Let C € A be a finitely generated object. We wish to show that C
is noetherian. To this end fix a chain of finitely generated subobjects 0 = By C
By € B, C --- and set C,, = C/B,,. This yields a sequence of epimorphisms
v = (Cn > Cpt1)nen. For X € A we set X3, = Hom(By+1/Bn, X) and obtain
an exact sequence

0— X7n+l - X')’n - X’}_’n —0

provided that X is injective or a coproduct of injective objects.

Now consider a cogenerator E such that each object of A embeds into a
coproduct of copies of E. We may assume that E is injective by replacing E
with its injective envelope. Let k = max(Ny, card Hom(C, E)) and choose a

monomorphism
o: [ —]]E

neN iel
For each m € N we apply Hom(C,,;, —) and obtain a monomorphism
¢m: l_I(E'YM)K — UE'Ym
neN iel

since X — X, preserves products and coproducts. Then it follows from
Lemma 11.2.11 that for some m € N the map ¢,, restricts to an embedding

1_[ (Ey,)" — ( ]_[ E%a) | ( U Eym)
nxm ieJ finite

for some cofinite subset J C I, where E,_ = (1,50 Ey, . Comparing this with
¢m+1 and passing to the quotient yields a commutative diagram with exact rows

0 —— I (Ey,.)" [1 (Ey,)" —— Il (E3,)" =0

nzm nzm nzm

l l l

0- (L Ey)U(]l Ey,,) » (HE,)U(LI Ey,) — 1l Ey, — 0

ieJ finite ieJ finite finite

where we use the fact that E is injective. The vertical map on the right is
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a monomorphism because it is a restriction of Hom(Bj;+1/ B, ¢). From the
choice of « it follows that E5, = 0, cf. Lemma 11.2.13 below. Thus C;;, = Cpppq
since E cogenerates A. We conclude that C is noetherian. O

Lemma 11.2.13. Let A be an abelian group with « = card A and let k >
max (N, @). If there is a monomorphism A¥ — A" for somen € N, then A = 0.

Proof Suppose A # 0. Then we have
card(A¥) = " > 2" > k = k" > a" = card(A").
This contradicts the fact that there is an injective map A — A", O

Remark 11.2.14. The Krull-Remak—Schmidt—Azumaya theorem implies that
a decomposition into indecomposable objects with local endomorphism rings
is essentially unique (Theorem 2.5.8).

We formulate some consequences of Theorem 11.2.12 and its proof.

Corollary 11.2.15. Let C be an essentially small abelian category. Then all
exact functors in Lex(C°P, Ab) are injective if and only if all objects in C are
noetherian. o

A variation of the above theorem will be needed later.

Proposition 11.2.16. Let A be a locally finitely presented Grothendieck cat-
egory such that fp A is abelian. Suppose that X € A is an object satisfying
Ext! (C, X) = 0 for all C € fp A and that Hom(C, X) = 0 implies C = 0 for all
C € fp A. Then the following are equivalent.

(1) The category A is locally noetherian

(2) The canonical monomorphism X — X" splits.

(3) There exists a decomposition X™ = [ [;c; X; such that End(X;) is local for
alli el

(4) There exists an object Y such that every product of copies of X is a subobject
of a coproduct of copies of Y.

Moreover, in this case the object X is injective.

Proof (1) = (2) & (3) & (4): If A is locally noetherian, then fp A is closed
under quotients. It follows from Lemma 11.2.10 that X is injective. Now apply
Theorem 11.2.12.

(2) = (1): Choose a splitting ¢: X' — XM Let C = Cy be a finitely
presented object and let y = (C; - Cy41);en be a chain of epimorphisms. We
wish to show that C is noetherian and apply Lemma 11.2.11 to ¢ as above.



11.3 Grobner Categories 367

Thus X,,, € N,>0 Xy, forsome m € N, and C,, = Cy,p41 = - - - follows, since
X cogenerates fp A. We conclude that every object in fp A is noetherian.

(3) = (1): First observe that any indecomposable direct summand Y of X
occurs, up to isomorphism, an infinite number of times in the family (X;);¢s,
by the Krull-Remak-Schmidt—-Azumaya theorem (Theorem 2.5.8). Now let
v = (C; » Ciy1)ien be a chain of epimorphisms in fp A. Then it follows from
Lemma 11.2.11 that there exists m € N such that ¥, < (), Y,, for all
indecomposable direct summands Y of X. Therefore X,, < (\,en Xy, and
Cp = Cpuy1 = - - - follows, since X cogenerates fp A. Thus every object in fp A
is noetherian.

(4) = (1): Adapt the proof of Theorem 11.2.12, keeping in mind that X
cogenerates fp A. O

11.3 Grobner Categories

Given an essentially small category C, we study the problem when for any
locally noetherian Grothendieck category A the functor category Fun(C, A) is
again locally noetherian. This problem is motivated by Hilbert’s basis theorem
and leads to the notion of a Grobner category.

Hilbert’s Basis Theorem

Let A be a (not necessarily commutative) ring and denote by A[¢] the polyno-
mial ring in one variable. We can identify modules over A[¢] with pairs (X, ¢)
given by an A-module X and a morphism ¢: X — X that sends x € X to xt.

We view the set of non-negative integers as a category N with a single object ,
morphisms given by Hom(x, *) = N, and composition given by addition. Then
there is an obvious equivalence

Fun(N, Mod A) = Mod A[f]

which sends a functor F: N — Mod A to F(x).

Now consider the partially ordered set of non-negative integers as a category
N with set of objects N and a single morphism m — n if and only if m < n.
We view A[t] = €P,,.¢ Alt]ln as an N-graded ring where A[t], denotes the
set of homogeneous p(;lynomials of degree n. If we denote by GrMod A[¢] the
category of N-graded A[f]-modules (with degree zero morphisms), then there
is an obvious equivalence

Fun(N, Mod A) = GrMod A[¢]
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which sends a functor F: N — Mod A to B,.50 F(n).
The following is a reformulation of Hilbert’s basis theorem.

Theorem 11.3.1 (Hilbert). Let A be a right noetherian ring. Then the polyno-
mial ring A[t] is right noetherian, it is also right noetherian as a graded ring.
Therefore Mod A[t] and GrMod A[t] are both locally noetherian Grothendieck
categories. O

Noetherian Posets

Let € be a poset. A subset D C C is an ideal if the conditions x < y in € and
y € D imply x € D. The ideals in € are partially ordered by inclusion.
A poset C is noetherian if every ascending chain of elements in C stabilises,
and C is strongly noetherian if every ascending chain of ideals in C stabilises.
For a poset C and x € C, set C(x) = {t € C | t < x}. The assignment

x — C(x) yields an embedding of C into the poset of ideals in C.

Lemma 11.3.2. For a poset C the following are equivalent.

(1) The poset C is strongly noetherian.

(2) For every infinite sequence (x;);en of elements in C there exists i € N such
that x; < x; for infinitely many j € N.

(3) For every infinite sequence (x;);cn of elements in C there isamap a: N —
N such thati < j implies a(i) < a(j) and xq(j) < Xa(i)-

(4) For every infinite sequence (x;)ien of elements in C there are i < j in N
such that xj < x;.

Proof (1) = (2): Suppose that C is strongly noetherian and let (x;);en be
elements in €. For n € N set €, = |J;,, C(x;). The chain (C,),cn stabilises,
say €, = Cu for all n > N. Thus there exists i < N such that x; < x; for
infinitely many j € N.

(2) = (3): Define @: N — N recursively by taking for a(0) the smallest
i € N such that x; < x; for infinitely many j € N. For n > 0 set

a(n) =min{i > a(n - 1) | x; < x; < xq(n-1) for infinitely many j € N}.

(3) = (4): Clear.

(4) = (1): Suppose there is a properly ascending chain (C,),en of ideals
in €. Choose x, € C,41 \ €, for each n € N. There are i < j in N such that
x;j < x;. This implies x; € C;;; € C; which is a contradiction. O
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Functor Categories
Let C be an essentially small category. We simplify the notation by setting
C(x,y) := Home(x, y) for objects x, y € C.

For a Grothendieck category A we denote by Fun(C°,.A) the category of
functors C°P — A. The morphisms between two functors are the natural trans-
formations. Note that Fun(C°, A) is a Grothendieck category.

Given an object x € C, the evaluation functor

Fun(CP,A) — A, Fw— F(x)
admits a left adjoint
A — Fun(C®, A), M M[C(-,x)]

where for any set X we denote by M[X] a coproduct of copies of M indexed
by the elements of X. Thus we have for objects M € A and F € Fun(C°?, A) a
natural isomorphism

Hom(M[C(=,x)], F) = Hom(M, F(x)). (11.3.3)

Lemma 11.3.4. Let (M;);c; be a set of generators of A. Then the functors
M;[C(—,x)] withi € I and x € C generate Fun(C°P, A).

Proof Use the adjointness isomorphism (11.3.3). O

Recall that a Grothendieck category A is locally noetherian if A has a gen-
erating set of noetherian objects. In that case an object M € A is noetherian if
and only if M is finitely presented, that is, the representable functor Hom(M, —)
preserves filtered colimits; see Proposition 11.2.5

Lemma 11.3.5. Let A be locally noetherian. Then Fun(C°P, A) is locally
noetherian if and only if M[C(—, x)] is noetherian for every noetherian M € A
and x € C.

Proof First observe that M[C(—,x)] is finitely presented if M is finitely
presented. This follows from the isomorphism (11.3.3) since evaluation at
x € C preserves colimits. Now the assertion of the lemma is an immediate
consequence of Lemma 11.3.4. O

Noetherian Functors

Let C be a small category and fix an object x € C. Set

Cx) = U C(t, x).

teC



370 Locally Finitely Presented Categories

Given f,g € C(x), let (f) denote the set of morphisms in C(x) that factor
through f, and set f <, g if (f) C (g). We identify f and g when (f) = (g).
This yields a poset which we denote by C(x).

A functor is noetherian if every ascending chain of subfunctors stabilises.

Lemma 11.3.6. The functor C(—,x): C°° — Set is noetherian if and only if
the poset C(x) is strongly noetherian.

Proof Sending F C C(—,x) to |J,ee F(t) induces an inclusion preserving
bijection between the subfunctors of C(—, x) and the ideals in C(x). O

For a poset T let Set : T denote the category consisting of pairs (X, &) given
by a set X and a map £: X — T. A morphism (X,¢) — (X’,¢’) is a map
f: X — X’suchthat é(a) < &' f(a) foralla € X.

A functor C°? — Set T is given by a pair (F, ¢) consisting of a functor
F: C®° — Setand amap ¢: | |,ce F(t) — T such that ¢(a) < ¢(F(f)(a))
foreverya € F(t) and f: ¢ — tin C.

Lemma 11.3.7. Let T be a noetherian poset. If the functor C(—, x): C°P — Set
is noetherian, then every functor C°° — Set ! T whose composite with the
canonical functor Set ' T — Set equals C(—, x) is also noetherian.

Proof Fix a functor (F,¢): C°P — Set T, and let (F},, ¢, )nen be a strictly
ascending chain of subfunctors of (F, ¢). The chain (F}), <y stabilises since
C(—, x) is noetherian. Thus we may assume that F,, = F for all n € N, and we
find f,, € | |,ce F(¢) such that ¢,,(f,) < ¢ns1(f,). The poset C(x) is strongly
noetherian by Lemma 11.3.6. It follows from Lemma 11.3.2 that there is a map
«@: N — Nsuch that i < j implies /(i) < () and fo(j) <x fao(i)- Thus

¢(t(n)(fa/(n)) < ¢a(n)+l (fa(n)) < ¢af(n+1) (fa'(n)) < ¢(x(n+l)(fa/(n+l))-

This yields a strictly ascending chain in T, contradicting the assumption on T
to be noetherian. o

A partial order < on C(x) is admissible if the following holds.

(Ad1) The order < restricted to C(z, x) is total and noetherian for every t € C.

(Ad2) For f,f" € C(t,x) and e € C(s,1), the condition f < f’ implies
fe < f’e.

Assume there is given an admissible partial order < on C(x) and an object

M in a Grothendieck category A. Let Sub(M) denote the poset of subobjects
of M and consider the functor

C(—,x) ! M: C® — Set2Sub(M), ¢ (C(t,x), (M) freery)-
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For a subfunctor F € M[C(—,x)] define a subfunctor F C C(—,x) * M as
follows:

F: C%® — Set2Sub(M), t+— (G(t,x), (mp(M[C(1,x)¢] ﬂF(f)))fee(t,x>)

where C(¢,x)r = {g € C(t,x) | f < g} and mp: M[C(t,x)s] — M is the
projection onto the factor corresponding to f. For a morphisme: ' — 7in C,
the morphism F'(e) is induced by precomposition with e. Note that

mp(M[C(t,x)f ] N F (1)) C mpe(M[C(t,x) p] N F (1))
since < is compatible with the composition in C.

Lemma 11.3.8. Suppose there is an admissible partial order on C(x). Then the
assignment which sends a subfunctor F C M[C(—,x)] to F preserves proper
inclusions. Therefore M[C(—, x)] is noetherian provided that C(—,x) ' M is
noetherian.

Proof Let F C G C M[C(—,x)]. Then F C G. Now suppose that F #
G. Thus there exists ¢+ € C such that F(t) # G(t). We have C(t,x) =
Ufree.x) €(t,x) r, and this union is directed since < is total. Thus

F(t) = Z (M[C(t,x) 7] N F(1))
FeC(t,x)
since filtered colimits in A are exact. This yields f such that

MIC(t,x) ] N F(t) # M[€(t.x) ;] N G(1).

Choose f € C(t,x) maximal with respect to this property, using that < is
noetherian. Now observe that the projection 7 ¢ induces an exact sequence

0— Z (M[C(t,x),] N F(t)) — F(1) — 7p(M[C(t,x)5] N F(1)) — 0
f<g

since the kernel of ¢ equals the directed union s, M[C(#,x),]. For the
directedness one uses again that < is total. Thus

ﬂf(M[G(t,x)f] al F(t)) * nf(M[G(t,x)f] N G(t))
and therefore F # G. O

Proposition 11.3.9. Let x € C. Suppose that C(—,x) is noetherian and that
C(x) has an admissible partial order. If M € A is noetherian, then M[C(—, x)]
is noetherian.

Proof Combine Lemma 11.3.7 and Lemma 11.3.8. O
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Grobner Categories

A small category C is a Grobner category if the following holds.

(Grl) The functor C(—, x) is noetherian for every x € C.
(Gr2) There is an admissible partial order on C(x) for every x € C.

Theorem 11.3.10. Letr C be a Gréobner category and A a Grothendieck cate-
gory. If A is locally noetherian, then Fun(C°P, A) is locally noetherian.

Proof Combine Lemma 11.3.4 and Proposition 11.3.9. O

Example 11.3.11. A strongly noetherian poset (viewed as a category) is a
Grdobner category.

Example 11.3.12. Consider the additive monoid N of non-negative integers,
viewed as a category with a single object, and the poset N of non-negative
integers, again viewed as a category. Then N°P and NP are Grobner categories.
Let A be the module category of a right noetherian ring A. Then Fun(N, .A)
and Fun(N, A) identify with categories of modules over the polynomial ring in
one variable over A (ungraded and graded). Thus Theorem 11.3.10 generalises
Hilbert’s basis theorem (Theorem 11.3.1).

Base Change
Given functors F, G : C°P — Set, we write F' ~» G if there is a finite chain
FZFo—»Fl <—<F2—»~~—»Fn,1 (—(FnZG

of epimorphisms and monomorphisms of functors C°° — Set.
A functor ¢: C — D is contravariantly finite if the following holds.

(Conl) Every object y € D is isomorphic to ¢(x) for some x € C.
(Con2) For every object y € D there are objects xy, ..., x, in C such that

| ] C(=xi) ~ D(g-, 7).
i=1

The functor ¢ is covariantly finite if $°P: C°P — D°P is contravariantly finite.
Note that a composite of contravariantly finite functors is contravariantly
finite.

Lemma 11.3.13. Let f: C — D be a contravariantly finite functor and A a
Grothendieck category. Fix M € A and suppose that M[C(—, x)] is noetherian
forall x € C. Then M[D(-, y)] is noetherian for all y € D.
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Proof A finite chain

| |ex)=Fo» Fi < Fr > -+ > Fyoy < F, = D(¢-,)

i=1

of epimorphisms and monomorphisms induces a chain
[ [ MIC(-x)] = Fo > Fi B -+ > Foy < Fy = MID($=, )]
i=1

of epimorphisms and monomorphisms in Fun(C°,.A). Thus M[D(¢—,y)] is
noetherian. It follows that M[D(—, y)] is noetherian, since precomposition
with ¢ yields a faithful and exact functor Fun(D°P, A) — Fun(C°, A). O

Proposition 11.3.14. Let f: C — D be a contravariantly finite functor and
A a locally noetherian Grothendieck category. If the category Fun(C°P, A) is
locally noetherian, then Fun(D°P, A) is locally noetherian.

Proof Combine Lemma 11.3.5 and Lemma 11.3.13. O

Categories of Finite Sets

Let I' denote the category of finite sets; a skeleton is given by the sets
n = {1,2,...,n}. The subcategory of finite sets with surjective morphisms
is denoted by Igy. A surjection f: m — n is ordered if i < j implies
min £~1(i) < min f71(j). We write T',s for the subcategory of finite sets
whose morphisms are ordered surjections. Given a surjection f: m — n, let
f': m — m denote the map given by f'(i) = min f~'(i). Note that f f' = id,
and gf = f'g' provided that f and g are ordered surjections.

Lemma 11.3.15. The inclusions I'ys — sy and Ugyy — T are both contravari-
antly finite.

Proof For each integer n > 0 there is an isomorphism
[os(—n) X &, = Tgyr(—, )

which sends a pair (f, o) to o f. The inverse sends a surjective map g: m — n
to (t7'g, 7) where T € S,, is the unique permutation such that g'r is increasing.
For each integer n > 0 there is an isomorphism

|| Daur(=m) = T(=,m)

which is induced by the injective maps m — n. O
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Fix an integer n > 0. Given f,g € I'(n) we set f < g if there exists an
ordered surjection % such that f = gh.

Lemma 11.3.16. The poset (I'(n), <) is strongly noetherian.

Proof We fix some notation for each f € I'(m,n). Set A(f) = m. If f is not
injective, set

u(f) =m —max{i € m | there exists j < i such that f(i) = f(j)}

and 7(f) = f(m — u(f)). Define f € I'(m — 1,n) by setting (i) = f(i) for
i <m—pu(f)and f(i) = f(i + 1) otherwise.

Note that f < f. Moreover, u(f) = u(g), n(f) = n(g), and f < g imply
f<g.

Suppose that (I"(n), <) is not strongly noetherian. Then there exists an infinite
sequence (f)ren in I'(n) such that i < j implies f; £ f;; see Lemma 11.3.2.
Call such a sequence bad. Choose the sequence minimal in the sense that A( f;)
is minimal for all bad sequences (g,),en With g; = f; for all j < i. There is
an infinite subsequence (fy(r))ren (given by some increasing map @: N — N)
such that u and 7 agree on all f, (), since the values of u and 7 are bounded by
n. Now consider the sequence fy, f1,..., fa(0)-1> fa(o), fa(l), ... and denote
this by (g, )ren. This sequence is not bad, since ( f; ), e is minimal. Thus there
are i < j in N with g; < g;. Clearly, j < «(0) is impossible. If i < a(0), then

fa(j-a) < fa(j-a) = & < & = fis

which is a contradiction, since i < @(0) < a(j — @(0)). If i > «(0), then
Sfa(j-a0)) £ fa(i-a(0)); thisis a contradiction again. Thus (I'(n), <) is strongly
noetherian. O

Proposition 11.3.17. The category Ty is a Grobner category.

Proof Fix an integer n > 0. The poset [os(n) is strongly noetherian by
Lemma 11.3.16, and it follows from Lemma 11.3.6 that the functor I',s(—, n)
is noetherian.

The admissible partial order on I'ps(n) is given by the lexicographic order.
Thus for f, g € Tos(m, n), we have f < gifthereexists j € mwith f(j) < g(j)

and f(i) = g(i) foralli < j. O

Theorem 11.3.18. Let A be a locally noetherian Grothendieck category. Then
the category Fun(I'°°, A) is locally noetherian.

Proof The category I'y is a Grobner category by Proposition 11.3.17. It fol-
lows from Theorem 11.3.10 that Fun((I's)°P,.A) is locally noetherian. The in-



11.3 Grobner Categories 375

clusion I'os — I’ is contravariantly finite by Lemma 11.3.15. Thus Fun(I"°P, A)
is locally noetherian by Proposition 11.3.14. O

FI-Modules

Let I'iy; denote the category whose objects are finite sets and whose morphisms
are injective maps. When A is the category of modules over a ring, then a
functor I'iy; — A is called an FI-module (F = finite sets, I = injective maps).

Theorem 11.3.19. Let A be a locally noetherian Grothendieck category. Then
the category Fun(T'iyj, A) is locally noetherian.

Proof Consider the functor ¢: T'os — (T'jp;)°P which is the identity on objects
and takes amap f: m — nto f': n — m given by f'(i) = min £~ (). This
functor is contravariantly finite, since for each integer n > 0 the morphism

[os(=n) X &, — l—‘inj (n, ¢-)

which sends a pair (f, o) to f'o is an epimorphism.

It follows from Proposition 11.3.14 that the category Fun (I, .A) is locally
noetherian, since Fun((T'y5)°P, A) is locally noetherian by Proposition 11.3.17
and Theorem 11.3.10. O

Generic Representations

Let A be a ring. We denote by F(A) the category of finitely generated free
A-modules. Note that F(A)°P = F(A°P). Now fix the module category A =
Mod k of a commutative ring k. Then a functor F: F(A) — A yields a
family F'(A™) of k-linear representations of GL, (A) for n > 0 via evaluation;
so one calls F' a generic representation of A. In fact, F is equivalent to a
compatible family of k-linear representations of M,,(A), where M,,(A) denotes
the semigroup of all n X n matrices over A.

Suppose that A is finite, that is, the underlying set has finite cardinality. Then
the functor I' — F(A) sending X to A[X] is a left adjoint of the forgetful
functor F(A) —» T.

Lemma 11.3.20. Let A be finite. Then the functorI' — F(A) is contravariantly
finite.

Proof The assertion follows from the adjointness isomorphism

F(A)(A[X],P) =T'(X,P). O
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Theorem 11.3.21. Let A be a finite ring and A a locally noetherian Grothen-
dieck category. Then the category Fun(F(A), A) is locally noetherian.

Proof We reduce the assertion about F(A) to the category of finite sets, using
Lemma 11.3.20 and Proposition 11.3.14. Then one applies Theorem 11.3.18.
O

There is the following immediate consequence, also known as the artinian
conjecture, because it amounts to the fact that the standard injective objects are
artinian.

Corollary 11.3.22. For a finite field F the category of generic representations
Fun(mod F, Mod F) is locally noetherian. O

Notes

Locally finitely presented categories were introduced by Gabriel and Ulmer
[84]. For the special case of abelian categories and the properties of injective
objects, see Gabriel’s thesis [79]. In particular, that work contains the idea of
using categories of left exact functors. The decomposition theory of injective
objects in locally noetherian categories goes back to results for modules by
Matlis [143] and Papp [155]; see also the exposition of Roos [177, 178].

Chase’s lemma appears as an argument in [49] and is formulated explicitly
in [50].

In a seminal paper Mitchell pointed out the parallel between modules and
additive functors, introducing the term ring with several objects for a preadditive
category [145].

The concept of a Grobner category and the corresponding generalisation of
Hilbert’s basis theorem [112] is due to Richter [169] and was rediscovered by
Sam and Snowden [180]. In particular, [180] contains a proof of the artinian
conjecture. Lannes and Schwartz formulated this conjecture and were motivated
by their study of unstable modules over the Steeenrod algebra [109]. The fact
that FI-modules over a noetherian ring form a locally noetherian category is
due to Church, Ellenberg, Farb and Nagpal [S1]. Our exposition follows notes
of Djament [63] which are motivated by applications to generic representation
theory; see also the expository articles by Kuhn, Powell and Schwartz in [133].
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We study the notion of purity for additive categories that are locally finitely
presented. A typical example is the category of modules over a ring. We are
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mostly interested in pure-injective objects; they enjoy decomposition properties
that are analogous to those of injective objects in Grothendieck categories.

A basic idea is to assign to a locally finitely presented category A an essen-
tially small abelian category Ab(A) such that the objects in A identify with
exact functors Ab(A)°? — Ab. For instance, when A = Mod A is the category
of modules over a ring A, then Ab(A) equals the free abelian category Ab(A)
over A.

Viewing objects of A as exact functors leads naturally to the notion of a
definable subcategory of A if we consider all exact functors which vanish on a
specific Serre subcategory of Ab(A). In particular, we see that any such defin-
able subcategory is determined by its indecomposable pure-injective objects.

12.1 Purity

In this section we introduce for locally finitely presented categories the notion
of purity. This is based on the concept of a pure-exact sequence, and there
are several ways to define this. For example, a sequence is pure-exact if it is a
filtered colimit of split exact sequences. We can embed any locally finitely pre-
sented category A into a Grothendieck category P(A) such that pure-exactness
identifies with the usual notion of exactness in abelian categories. We call this
the purity category of A. From this embedding we deduce that every object
admits a pure-injective envelope.

From Left Exact to Exact Functors

Let A be a locally finitely presented category and set C = fp A. We introduce
the embedding A «— P(A) into a Grothendieck category, which is our main
tool.

A functor F: € — Ab is finitely presented if it admits a presentation

Home (D, —) — Home(C,—) — F —> 0. (12.1.1)

We denote by Fp(C, Ab) the category of finitely presented functors and observe
that Fp(C, Ab) is abelian since € admits cokernels.
A functor F in Fp(C, Ab) induces the functor

F:A— Ab, X+— colim F(C)
(C.p)eC/X

using the presentation (11.1.17) of X as a filtered colimit of finitely presented
objects. A presentation (12.1.1) of F' then yields the presentation

Homy (D, -) — Hom4(C,-) — F — 0. (12.1.2)
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Remark 12.1.3. A functor of the form F: A — Ab with F € Fp(C, Ab)
preserves filtered colimits and products. This is clear when F = Hom 4 (C, -)
for some C € fp A, and the general case follows from the presentation (12.1.2);
for a converse see Corollary 12.2.11.

For X € A we consider the evaluation
X: Fp(C,Ab) — Ab, F > F(X).

Clearly, the functor X is exact when X € €, and X = colim X; is exact when
X = colim X;, since taking filtered colimits is exact. This yields the functor

ev: A — P(A) := Lex(Fp(C, Ab), Ab), X > X.

The category P(A) is by definition the purity category of A. It is a locally
finitely presented Grothendieck category and the finitely presented objects
form an abelian category that is equivalent to Fp(C, Ab)°P.

Let us collect some basic properties of this evaluation functor. We write
Ex(Fp(C, Ab), Ab) for the category of exact functors Fp(C, Ab) — Ab.

Lemma 12.1.4. The functor ev: A — P(A) is fully faithful and induces an
equivalence

A = Ex(Fp(C, Ab), Ab).
Moreover, the functor preserves filtered colimits, products, and cokernels.

Proof First observe that X is an exact functor for any X € A, since evaluation
is exact. When we identify A = Lex(C°P, Ab), then the quasi-inverse functor

Ex(Fp(C, Ab), Ab) — A
sends F to F o h, where
h: C® — Fp(C,Ab), C  Home(C,-)

denotes the Yoneda functor.

For F € Fp(C, Ab) the corresponding functor F: A — Ab preserves filtered
colimits and products. Thus ev preserves filtered colimits and products, since
in P(A) these are computed pointwise. It remains to consider cokernels. For
C € @ wehave C = Hom(Home(C, —), —). Thus the restriction ev |¢ preserves
cokernels. It follows that ev preserves cokernels, since any cokernel sequence
in A can be written as a filtered colimit of cokernel sequences in C. [

Remark 12.1.5. The category A viewed as a subcategory of P(A) is covariantly
finite; this follows from Proposition 11.1.27.
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Pure-Exactness and Pure-Injectives

A sequence of morphisms 0 » X — Y — Z — 01in A is called pure-exact if
the induced sequence

0 — Hom (C, X) — Homy (C,Y) — Homy (C,Z) — 0

of abelian groups is exact for all finitely presented C € A. In that case the
morphism X — Y is called a pure monomorphism. An object Q € A is
pure-injective if every pure monomorphism X — Y induces a surjective map
Homy (Y, Q) — Hom4 (X, Q).

Lemma 12.1.6. For a sequence of morphismsn: 0 — X - Y — Z — 0in
A the following are equivalent.

(1) The sequence n is pure-exact.
(2) The sequence n is a filtered colimit of split exact sequences.
(3) The sequenceii: 0 —» X — Y — Z — 0 is exact in P(A).

Proof (1) = (2): Write Z = colim Z; as a filtered colimit of finitely presented
objects. Composing n with Z; — Z yields a split exact sequencen;: 0 —» X —
Y; = Z; — 0, and n = colim;.

(2) = (3): The assignment X — X preserves filtered colimits, and in P(A)
a filtered colimit of exact sequences is exact.

(3) = (1): For C € fp A the sequence

0 — Homp(4)(C, X) — Homp(4)(C,¥) — Homp(4)(C,Z) — 0
is exact by Lemma 11.1.26. Thus 7 is pure-exact. O

Lemma 12.1.7. A morphism X — Y in A is a pure monomorphism if and only
if X — Y is a monomorphism in P(A).

Proof Complete the morphism @: X — Y to an exact sequence X Ly o>
Z — 0in A. If « is a pure monomorphism, then @ is a monomorphism by
Lemma 12.1.6. Conversely, if @ is a monomorphism, then the sequence 0 —

X 5 ¥ - Z - 0inP(A) is exact, since ev is right exact by Lemma 12.1.4.
Thus « is a pure monomorphism by Lemma 12.1.6. O

Lemma 12.1.8. The functorev: A — P(A) identifies the pure-injective objects
in A with the injective objects in P(A).

Proof An injective object in P(A) is of the form X for some X € A by
Lemma 11.1.26 and Lemma 12.1.4. Clearly, X is pure-injective, since ev sends
any pure monomorphism in A to a monomorphism in P(A) by Lemma 12.1.7.

Now suppose that X € A is pure-injective and choose an injective envelope
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@: X — Y in P(A). Then a is a pure monomorphism by Lemma 12.1.7, and
therefore a split monomorphism. It follows that X is an injective object. O

A pure monomorphism ¢: X — Y in A is called a pure-injective envelope
of X, if Y is pure-injective and if every endomorphism @ : ¥ — Y satisfying
¢ = a¢ is invertible.

Theorem 12.1.9. Every object X € A admits a pure-injective envelope. More-
over, a morphism X — Y is a pure-injective envelope if and only if the induced
morphism X — Y is an injective envelope in P(A).

Proof Choose a morphism ¢: X — Y such that ¢: X — ¥ is an injec-
tive envelope in P(A) (Corollary 2.5.4). Then ¢ is a pure monomorphism
by Lemma 12.1.7 and Y is pure-injective by Lemma 12.1.8. The additional
minimality property for every endomorphism ¥ — Y follows from the cor-
responding characterisation of injective envelopes (Lemma 2.1.19). Clearly, a
pure-injective envelope is essentially unique, and this yields the second part of
the assertion. O

The pure-exact sequences provide an exact structure on A. We give an
application which is a variation of Example 11.1.25.

Example 12.1.10. Let (7, F) be a split torsion pair for fp.A. Then (‘}, f;") is
a torsion pair for A and each object X € A fits into a pure-exact sequence
05X »5X—>X"—>0withX’eTand X" € .

The Spectrum of Indecomposable Injectives

Let A be a Grothendieck category. We denote by Sp A a representative set of the
isomorphism classes of indecomposable injective objects in A (the spectrum
of indecomposable injectives). Note that Sp A is a set, because A has a set of
generators and each object in Sp A is the injective envelope of X /U for some
generating object X and some subobject U C X.

Lemma 12.1.11. Let A be a locally finitely presented Grothendieck category.
Then the objects in Sp A form a set of cogenerators for A.

Proof Let X € A be a non-zero object. Thus we find C € fp A and a non-
zero monomorphism C/U — X for some subobject U C C. Using Zorn’s
lemma, we choose a maximal subobject V C C containing U and an injective
envelope C/V — Q. This yields a non-zero morphism X — Q. Clearly, Q is
indecomposable. O
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Our next goal is the definition of a topology on the spectrum of A. We fix
a locally finitely presented Grothendieck category A such that fp A is abelian.
For classes C C fp.A and U C Sp A set

Ct={X eSpA|Homy(C,X)=0forall C € G} C SpA
*U={CefpA|Homy(C,X)=0forall X € U} C fpA.

Lemma 12.1.12. The assignment U +— U:= (W)t defines a closure operator
on Sp A. Thus the subsets U C Sp A satisfying U = U form the closed subsets
of a topology on Sp A.

Proof Following Kuratowski’s axiomatisation of a topological space we need
to verify that

(1) 2 =0,
(2) U c U for every subset U,

3) U =U for every subset U,
@ UuUlU, = u_1 U u_2 for every pair of subsets U; and U,.

The conditions (1)—(3) are easily checked; so it remains to show (4). From
L(U; UUy) € SUp N U, it follows that Uy U U, € Uy U Us. Now choose
X ¢ "L(_1 U u_z, and we claim this implies X ¢ U; U U,. Choose non-zero
morphisms ¢;: C; — X with C; € *U;. We have Im ¢; N Im ¢, # 0 since X
is indecomposable. Choosing a finitely generated subobject 0 # U C Im ¢ N
Im ¢,, there are finitely generated subobjects U; € C; such that ¢;(U;) = U.
‘We obtain the following commutative diagram with exact rows.

0— V25U elU, —U

N

0O—mW — Cio(C, — X

The morphisms @;: V — U; are epimorphisms. Thus there are finitely gen-
erated subobjects V; C V such that a;(V;) = U;. Now set C = (U; &
Up)/a(Vy + V). We have C € fp A since fpA is abelian, and one checks
that Hom 4 (C, X) # 0. On the other hand, C € +(U; UU;) since C is a
quotient of each U;. Therefore X ¢ U; U U, and the proof is complete. O

Proposition 12.1.13. Let A be a locally finitely presented Grothendieck cat-
egory and suppose that fp A is abelian. Then the assignments C +— C1 and
U — U provide mutually inverse and inclusion reversing bijections between
the Serre subcategories of fp A and the closed subsets of Sp A.
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Proof Clearly, both maps are well defined. Let U C Sp.A be closed. Then
(+U)* = U by definition. Now let € C fp A be a Serre subcategory. The inclu-
sion G C *+(C1) is clear. For the other inclusion we apply Corollary 11.1.33.
Thus € is a localising subcategory satlsfymg én fp A = C. Furthermore,
@+ = C* and C* identifies with Sp(A/C). The category A/ € is locally finitely
presented. Thus € = +(€+) by Lemma 12.1.11, since C = £ (). m|

We discuss briefly an alternative closure operation. Let A be a Grothendieck
category and fix U C Sp A. We denote by U the set of objects X € Sp A such
that X C [];c; ¥; for some set of objects ¥; € U. Now consider the localising
subcategory Ay = {X € A | Hom4 (X, U) = 0}. Then we have

U={X € Sp.A | Homy (Ay, X) = 0}
by Corollary 2.2.18.

Lemma 12.1.14. Let A be a locally noetherian Grothendieck category and
U € SpA. Then U = U.

Proof The inclusion U C U is automatic since *U C Aq(. On the other hand,
Ay is generated by +U since A is locally noetherian. Thus we have equality. O

Compactness

Let € be an abelian category and X a class of objects in C. We write S{X) for
the smallest Serre subcategory containing X.

Lemma 12.1.15. Ifan object X € C belongs to S{X), then X € S{(Xo) for some
finite set of objects Xy C X.

Proof The objects in S{X) are obtained by closing the objects in X under
forming subobjects, quotients, and extensions. For each X € S(X), finitely
many such operations suffice. O

Let us call C finitely generated if C = S(X) for some object X € C. An equiv-
alent condition is the following. For any family (C;);c; of Serre subcategories
Vier € = Cimplies V,;¢; €; = € for some finite subset J C 1.

Recall that a topological space T is quasi-compact if for any family (U;);¢s
of open subsets | J;c; U; = T implies | J;c; U; = T for some finite subset J C 1.

Lemma 12.1.16. Let A be a locally finitely presented Grothendieck category
and suppose that fp A is abelian. For a closed subset V C Sp A and U =
Sp A\ YV, we have

(1) U is quasi-compact if and only if 1V is finitely generated, and
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(2) V is quasi-compact if and only if (fp A)/(*+V) is finitely generated.

Proof This is an immediate consequence of the correspondence in Proposi-
tion 12.1.13, since for any family (C;);¢s of Serre subcategories of fp A

(\/ei)i - N\eb. o

i€l i€l

The Spectrum of Indecomposable Pure-Injectives

Let A be a locally finitely presented category and denote by Ind A a represen-
tative set of the isomorphism classes of indecomposable pure-injective objects
in A (the spectrum of indecomposable pure-injectives or Ziegler spectrum).

Lemma 12.1.17. Let A be a locally finitely presented category. The functor
ev: A — P(A) induces a bijection Ind A = SpP(A). Therefore every object
admits a pure monomorphism into a pure-injective object which is a product of
indecomposable objects.

Proof The first assertion is clear from Lemma 12.1.8. Let X € A and consider
the canonical morphism
X — l_[ 0.

Qelnd A
¢$peHom 4 (X,Q)

It follows from Lemma 12.1.7 and Lemma 12.1.11 that this is a pure monomor-
phism. O

We use the identification Ind A = Sp P(A) and obtain a topology on Ind A.
For classes C C fpP(A) and U C Ind A we set

€t ={X € Ind A | Homp(4)(C,X) =0forall C € €} CInd A
U ={C e fpP(A) | Homp4)(C,X) =0 forall X € U} C fpP(A).

Lemma 12.1.18. The assignment U +— U= (YW)* defines a closure operator
on Ind A. Thus the subsets U C Ind A satisfying U = U form the closed subsets
of a topology on Ind A.

Proof Apply Lemma 12.1.12. O

12.2 Definable Subcategories

Let A be a locally finitely presented category. We set
C:=fpA and Ab(A) := Fp(C, Ab)®P.
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Note that Ab(A) = fpP(A) via F — Hom(—, F); see Theorem 11.1.15. The
category Ab(A) is abelian and A identifies with the category of exact functors
Ab(A)°P — Ab via the assignment X — X; see Lemma 12.1.4. The kernel of
any exact functor X is a Serre subcategory of Ab(A) and therefore a natural
invariant of X.

In this section we study the class of definable subcategories of A. The
terminology is justified by the fact that any definable subcategory is given by
a family of morphisms in C. Observe that a morphism ¢ in C yields a functor
F = Coker Home (¢, —) in Fp(C, Ab), and for X € A we have

F(X)=0 <= Homy(¢,X)issurjective = X(F)=0.

Definable Subcategories

A full subcategory B C A is called definable if it is of the form
B ={X € A| Homy (¢;, X) is surjective for all i € I}

for a family of morphisms (¢;);<; in fp A; thus itis ‘defined’ by the ¢;. Similarly,
a subset U C Ind A is Ziegler closed if there is a family (¢;);e; of morphisms
in fp A such that

U ={X € Ind A | Hom (¢;, X) is surjective for all i € I}.
Let us consider the pairing
Fp(C,Ab) x A — Ab, (F,X) — F(X)=X(F).
For classes & C Fp(C, Ab) and X C A we set

Ft={XecA|F(X)=0foralFeJF} C A
+X = {F € Fp(C,Ab) | F(X) = 0forall X € X} C Fp(GC, Ab).

The pairing admits another interpretation. To this end identify Fp(C, Ab)
with the full subcategory of finitely presented objects in the purity category
P(A) via the Yoneda embedding F — Hom(F, —). Then we have for all X € A

F(X) = Homp(A) (F, X)
Lemma 12.2.1. The following holds.

(1) F* is a definable subcategory of A.
(2) +X is a Serre subcategory of Fp(C, Ab).
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Proof (1) For F = Coker Home (¢, —) in F, we have F(X) = 0 if and only if
Hom (¢, X) is surjective. Thus F* is a definable subcategory for any choice
of J.

(2) The assignment F — F(X) is exact for fixed X € A. Thus +X is a Serre
subcategory for any choice of X. O

We obtain for X C A an abelian category by forming the quotient
Ab(A) » Ab(X) := (Fp(€, Ab)/*X)°P.

Note that any inclusion X’ C X induces an exact functor Ab(X) - Ab(X’).
There is the following fundamental correspondence for definable subcate-
gories.

Theorem 12.2.2. Let A be a locally finitely presented category.

(1) The assignments F +— F*+ and X — X provide mutually inverse and
inclusion reversing bijections between the Serre subcategories of Ab(A)
and the definable subcategories of A.

(2) The assignment

ADBr—BNIndA CIndA

provides an inclusion preserving bijection between the definable subcate-
gories of A and the Ziegler closed subsets of Ind A.

The first part of Theorem 12.2.2 has an immediate consequence.

Corollary 12.2.3. For a definable subcategory B C A the assignment X — X
(Lemma 12.1.4) induces the following commutative square

B —= Ex(Ab(B)°, Ab)

| I

A —= Ex(Ab(A), Ab)

where the inclusion on the right is induced by composing with the canonical
Sfunctor Ab(A) - Ab(B).

Proof Let 8 C Fp(C, Ab) be a Serre subcategory. Then the exact functors
Fp(C, Ab) — Ab that vanish on 8 identify with the exact functors w -
Ab; see Proposition 11.1.31. O

Proof of Theorem 12.2.2 (1) It is convenient to work in the purity category
P(A) and we identify Fp(C, Ab) with the full subcategory of finitely presented
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objects in P(A) via the Yoneda embedding F — Hom(F,—). Then we have
forall X e A

F(X) = Homp4)(F, X).

We use the bijection Ind A = SpP(A) from Lemma 12.1.17 and combine
this with the bijection from Proposition 12.1.13. Thus the assignments F
F+ NnInd A and U +— *U provide mutually inverse and inclusion reversing
bijections between the Serre subcategories of Fp(C, Ab) and the Ziegler closed
subsets of Ind A.

Fix a Serre subcategory 8 of Fp(C, Ab). Then the above bijections imply
8§ =+(84).

Now fix a definable subcategory B = F* of A, which is given by some
F C Fp(C, Ab). Let 8§ € Fp(C, Ab) denote the smallest Serre subcategory
containing F. Clearly, B = 8*. Thus we have

(Bt = ()T =8 =3,

where one uses the equality 8§ = +(8*) from the first part of the proof.

(2) The assertion claims that a definable subcategory B is determined by
B N Ind A. This follows from (1). In fact, B identifies with Ex(Ab(B)°P, Ab)
as in Corollary 12.2.3, and it remains to observe that B N Ind A identifies with
the indecomposable injective objects in Lex(Ab(B)°P, Ab), which form a set
of cogenerators; see Lemma 12.1.11. O

Closure Properties of Definable Subcategories

Definable subcategories are characterised by some natural closure properties.
The proof of this requires some preparations.

Lemma 12.2.4. A filtered colimit colim; g X; and a family of monomorphisms
(X; — Y;)iey in a Grothendieck category induce a monomorphism
lim X; tim ([ ];)-
colim X; — eolim ([ [,
l—)j

Proof For each i € J we have a canonical monomorphisms X; — [],;_,; Y},
where i — j runs through all morphisms in J starting at / and each component
is given by the composite X; — X; — Y;. A morphism i — i’ in J yields a
commuting square.

Xi — [Iin) Y

| l

Xy —— Ty ¥y
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Taking colimits yields the desired morphism, which is a monomorphism since
filtered colimits preserve monomorphisms. O

Theorem 12.2.5. A full subcategory of a locally finitely presented category is
definable if and only if it is closed under taking products, filtered colimits, and
pure subobjects.

Proof LetAbealocally finitely presented category. As before, it is convenient
to work in P(A) and we identify Fp(C, Ab) with the full subcategory of finitely
presented objects in P(A).

One direction is clear, since for any F' € Fp(C, Ab), the functor F: A >
ADb preserves filtered colimits, products, and sends pure monomorphisms to
monomorphisms. This follows easily from the presentation (12.1.2).

Now suppose that B € A is closed under taking products, filtered colimits,
and pure subobjects. Set

F={XeP(A)| X CY forsomeY € B}

and

T ={X € P(A) | Homp4)(X,Y) =0 forall Y € B}.

We claim that this gives a torsion pair (T, JF) for P(A). First observe that &
is closed under filtered colimits, by Lemma 12.2.4. The inclusion F — P(A)
has a left adjoint f: P(A) — F which is constructed as follows. For X € P(A)
let (Y;);e; be the set of quotient objects of X which are in F. Define f(X) to
be the image and #(X) the kernel of the canonical morphism X — [];¢; ;.
Next observe that § = TN fp P(A) is a Serre subcategory of fp P(A). We write
T = § for the full subcategory consisting of the filtered colimits colim X; with
X; € 8 for all i. We claim that T’ = 7.

For each X € fpP(A) we show that ¢(X) € T’. To this end write #(X) =
colim U; as filtered colimit of its finitely generated subobjects. We need to
show that U; € § for all i. Suppose that U = U; ¢ S. Then there is a non-zero
morphism ¢: U — Y forsome Y € B, and ¢ extends to amorphismy: X — ¥
since Y is an exact functor; see Lemma 12.1.4. But the adjointness property of f
implies that ¢ factors through X — f(X). Therefore ¢(U) = 0, a contradiction
to our assumption. Thus 7(X) € T’. Now let X = colim X; be an arbitrary object
in P(A), written as a filtered colimit of objects in fp P(A). We obtain an exact
sequence

0 — colim#(X;) — colim X; — colim f(X;) — 0

with colim #(X;) € 7’ and colim f(X;) € JF, since both T’ and J are closed un-
der filtered colimits. We conclude that 7’ = T and (7, F) is a torsion pair. Thus
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for X € A wehave X € Bifandonlyif X € Fif and only if Homp(4) (8, X) = 0
if and only if X € 8*. It follows that B is definable. O

Example 12.2.6. Let A be a locally finitely presented category and € C fp. A
a full additive subcategory. Then C is a definable subcategory of A if and only
if C is covariantly finite in fp A.

Proof For any C, it is easily checked that € is closed under filtered colimits
and pure subobjects. Thus it remains to check when C is closed under products;
see Example 11.1.24. m]

Let us mention another important property of definable subcategories.

Proposition 12.2.7. A definable subcategory of a locally finitely presented
category is covariantly finite.

Proof Let B C A be a definable subcategory. We use the identification
B = Ex(Ab(B)°P, Ab) from Corollary 12.2.3 and view this as a subcategory
of A via the canonical functor p: Ab(A) - Ab(B). Now observe that

Lex(Ab(B)°P, Ab) C Lex(Ab(A)°?, Ab)

is covariantly finite, since the restriction p* admits a left adjoint; see Proposi-
tion 11.1.31. On the other hand,

Ex(Ab(B), Ab) C Lex(Ab(B)°P, Ab)

is covariantly finite by Proposition 11.1.27.

Let X be an objectin A, viewed as an exact functor Ab(A)°? — Ab. Compose
the approximations X — X B and X'*® — XFxB which are obtained from
the above inclusions. This gives a left B-approximation of X. O

We add one more closure property of definable subcategories.

Proposition 12.2.8. A definable subcategory of a locally finitely presented
category is closed under taking pure-injective envelopes.

Proof Let B C A be a definable subcategory. As before, we use the iden-
tification B = Ex(Ab(B)°P, Ab) from Corollary 12.2.3 and view this as a
subcategory of A via the canonical functor Ab(A) —» Ab(B). Also, we use
that pure-injectives in A identify with injectives in Lex(Ab(A)°P, Ab), by
Lemma 12.1.8. Then the assertion follows from the fact that

Lex(Ab(B)°, Ab) C Lex(Ab(A)°P, Ab)

is closed under taking injective envelopes; see Corollary 2.2.15 and Proposi-
tion 11.1.31. O
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Change of Categories

We study functors between locally finitely presented categories. For any lo-
cally finitely presented category A we use the canonical identification A =
Ex(Ab(A)°P, Ab); see Lemma 12.1.4. Now let A and B be locally finitely
presented categories. Then an exact functor f: Ab(B) — Ab(A) induces a
functor f*: A — B by sending X € Ato X o f.

Theorem 12.2.9. For a functor F: A — B between locally finitely presented
categories the following are equivalent.

(1) F preserves filtered colimits and products.

(2) F = f* for some exact functor f: Ab(B) — Ab(A).

Moreover, in this case F preserves pure-injectivity, and F is fully faithful if and
only if f induces an equivalence Ab(B)/(Ker f) = Ab(A).

Proof One implication is clear since f* preserves limits and colimits. Thus
we assume that F preserves filtered colimits and products. The functor f is con-
structed as follows. The restriction Flg, 40 fp A — B < P(B) extends to aleft
exact functor fp P(A) — P(B), and this extends to a filtered colimit preserving

functor F: P(A) — P(B). Note that F extends A Lao P(B). Also F isleft
exact, since an exact sequence in P(A) can be written as a filtered colimit of ex-
act sequences in fp P(A); see Remark 11.1.20. Moreover, F preserves products
since its restriction to the full subcategory of injective objects preserves prod-
ucts. Thus F preserves limits and therefore has a left adjoint ' : P(B) — P(A)
by the special adjoint functor theorem [183, Theorem 10.6.5]. Note that F
restricts to a functor f: Ab(B) = fpP(B) — fpP(A) = Ab(A), since F pre-
serves filtered colimits. The functor f induces an adjoint pair ( fi, f*) = (Fy, F)
of functors P(B) 2 P(A). In particular f*| 4 = F.

It remains to show that f is exact. Observe that a sequence : 0 —> A —
B — C — 0in fpP(A) is exact if and only if Homp ) (1, X) is exact for every
X € A, since every injective object in P(A) is of the form X for some X € A.
Thus if a sequence 7 in fp P(B) is exact, then Homp(s) (7, F (X)) is exact, and
therefore the sequence Homp(4) (f (1), X) is exact. It follows that f is exact.

Having shown that f is exact, it follows that f; is exact, since every exact
sequence in P(B) can be written as a filtered colimit of exact sequences in
fpP(B). Thus its right adjoint f* preserves injectivity, and therefore F pre-
serves pure-injectivity because of Lemma 12.1.8.

Next we apply Lemma 11.1.30. Thus f*: P(A) — P(B) is fully faithful if
and only if f induces an equivalence Ab(B)/(Ker f) = Ab(A). It remains
to observe that f* is fully faithful if and only if its restriction to the full
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subcategories of injective objects is fully faithful; see Lemma 2.1.11. Here we
use again that pure-injectives in A identify with injectives in P(A). O

Remark 12.2.10. Suppose F': A — B preserves filtered colimits and products.
If a subcategory B’ C B is definable then F~'(B’) C A is definable. On
the other hand, if F is fully faithful then F maps definable subcategories to
definable subcategories.

A consequence of the theorem is a characterisation of coherent functors,
which is a special case of Theorem 2.5.26.

Corollary 12.2.11. A functor F: A — Ab preserves filtered colimits and
products if and only if it admits a presentation

Homy (D,-) — Homy (C,-) — F — 0
which is given by a morphism C — D in fp A.

Proof One direction is clear. Thus we assume that F' = f* for some exact func-
tor f: Ab(Ab) — Ab(A). Then f(Homgz(Z, —)) is an object in Fp(fp A, Ab)
which yields the presentation of F. m}

Next we consider locally finitely presented categories A; for i = 1,2 such
that each C; := fp.A; is abelian. Fix an exact functor f: C; — C;. This in-
duces an adjoint pair ( fi, f*) of functors A; 2 A, and also an exact functor
f: Ab(A;) — Ab(A;). We collect these functors in the following commuta-
tive diagram, where all vertical downward functors are exact.

Ab(A)) ———— P(A))

V-

G Ay |
P
f Ab(Ay) ——— | | —— P(A))
2 A

Lemma 12.2.12. Suppose f: C; — C; induces an equivalence C1 /(Ker f) =
©y. Then f also induces an equivalence Ab(A;)/(Ker f) = Ab(A,), and both
f* and f* are fully faithful.

Proof We apply Lemma 11.1.30. If f: C; — €, induces an equivalence
@y /(Ker f) =5 @, then f* is fully faithful, and therefore also f* is fully faithful.
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Restricting the left adjoint f; to subcategories of finitely presented objects, it
follows that Ab(A;)/(Ker f) = Ab(A,). ]

12.3 Indecomposable Pure-Injective Objects

In this section we focus on properties of indecomposable pure-injective ob-
jects in locally finitely presented categories. In particular, we investigate when
objects decompose into indecomposable pure-injectives.

We keep our set-up and fix a locally finitely presented category A. We set
C =fpA and Ab(A) = Fp(C, Ab)°P, so that objects X € A identify with exact
functors X : Ab(A)°° — Ab. We set

Ab(X) := Ab(A)/Ker X.

Subgroups of Finite Definition

Fix an object X € A. We consider the exact functor
Ab(A) » Ab(X) — ModEnd(X), Fm F(X)=X(F)

and study its image. This leads to the notion of a subgroup of finite definition.
In fact, for each object in fp A the collection of these subgroups forms a lattice
which provides a useful invariant of X.

Given a morphism ¢: C — C’ in fp A, we denote by X, the image of
the induced map Hom(C’, X) — Hom(C, X) and call it a subgroup of finite
definition of Hom(C, X). Thus

X(ImHom(¢, —)) = X4 = ImHom(¢, X).
Note that any subgroup X of finite definition is an End(X)-submodule.

Lemma 12.3.1. The subgroups of finite definition of Hom(C, X) are closed
under finite sums and intersections. Thus they form a lattice, which is anti-
isomorphic to the lattice of subobjects of Hom(C, —) in Ab(X).

Proof Given morphisms ¢;: C — C; (i = 1,2) in C, the pushout is given by

N
an exact sequence C M Ci®Cy —» C’"— 0. Then
Xp1+Xpy = Xpi49, and Xy NXg, =Xy

for¢: C — C; — C’. Also observe that Xy, C X4, if X4, = X4, for some
/N C—C.
Any subobject of Hom(C, —) in Fp(C, Ab) is of the form F = Im Hom(¢, —)
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for some morphism ¢: C — C’. The assignment F — X (F) induces an inclu-
sion preserving map from the lattice of subobjects of Hom(C, —) in Fp(C, Ab)
to the lattice of subgroups of finite definition of Hom(C, X). Clearly, this is sur-
jective, and for F/ C F we have F’ = F in Ab(X) if and only if X(F’) = X(F).
Finally note that X4 C X4 implies Im Hom(¢’, —) € Im Hom(¢, —), since we
may assume ¢’ = ¢ for some . O

Lemma 12.3.2. Given a pure-injective object X in A, every cyclic End(X)-
submodule of Hom(C, X) is the intersection of subgroups of finite definition.

Proof We use the embedding A — P(A) that takes X to X. Let ¢: C — X be
a morphism and write Ker ¢ = 3 K; as a sum of finiteley generated subobjects
in P(A). For each i choose a morphism ¢;: C — C; with Ker ¢; = K;. Then
¢ € ; X4,. On the other hand, every morphism C — X in (); X, necessarily
factors through ¢ since X is pure-injective. O

2-Pure-Injectivity

For a definable subcategory B C A the abelian category Ab(B) is an important
invariant. We illustrate this by the following result.

Theorem 12.3.3. Let A be a locally finitely presented category. For a definable
subcategory B of A the following are equivalent.

(1) Every object in B is pure-injective.

(2) Every object in B decomposes into a coproduct of indecomposable objects
with local endomorphism rings.

(3) Every object in Ab(B) is noetherian.

Proof We begin with some preparations. Identify B with Ex(Ab(B)°P, Ab);
see Corollary 12.2.3. Thus we identify an object X € B with the exact functor

X: Ab(A)% - Ab(B)°P 2=, Ab. Set P(B) = Lex(Ab(B)°P, Ab) and note
that fp P(B) identifies with Ab(B) by Theorem 11.1.15. Now X € B is pure-
injective if and only if X is injective in P(A) if and only if X is injective in
P(B); see Lemma 12.1.8 and Proposition 11.1.31 plus the subsequent remark.

(1) © (3): Apply Corollary 11.2.15, which says that all functors of the form
X are injective if and only if all objects in Ab(B) are noetherian.

(2) © (3): Observe that all objects in Ab(B) are noetherian if and only if P(B)
is locally noetherian; see Proposition 11.2.5. Now apply Theorem 11.2.12. O

An object X in A is called Z-pure-injective if every coproduct of copies of X
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is pure-injective. A X-pure-injective object admits a decomposition into inde-
composable objects. In fact, there is a host of useful properties that characterise
X -pure-injectivity.

Theorem 12.3.4. For an object X in A the following are equivalent.

(1) The object X is X-pure-injective.

(2) Every object in Ab(X) is noetherian.

(3) The object X is pure-injective and the direct summands of products of
copies of X form a definable subcategory.

(4) The canonical monomorphism X — X" splits.

(5) Every product of copies of X decomposes into a coproduct of indecompos-
able objects with local endomorphism rings.

(6) There exists an object Y such that every product of copies of X is a pure
subobject of a coproduct of copies of Y.

(7) The subgroups of finite definition of Hom(C, X) satisfy the descending
chain condition for every C € fp A.

Proof We apply Theorem 12.3.3 by taking for B the smallest definable sub-
category of A containing X. In particular, we have Ab(X) = Ab(B). As in the
proof of Theorem 12.3.3, we consider P(B) and characterise the fact that it is
locally noetherian.

(1) = (2): We adapt the proof of Theorem 11.2.12. The pure-injectivity of
all coproducts of copies of X implies that all coproducts of copies of X are
injective in P(B). It follows that all objects in Ab(X) are noetherian.

(2) = (3): If follows from Theorem 12.3.3 that X is pure-injective. In fact,
the object X in P(B) is an injective cogenerator. Thus each Y € B is a pure
subobject of some product of copies of X. The pure monomorphism splits since
Y is pure-injective, again by Theorem 12.3.3.

(3) = (1): All objects in B are pure-injective. Thus all coproducts of copies
of X are pure-injective.

(2) © (4) © (5) © (6): This follows from Proposition 11.2.16 applied to X in
P(B). The assumption on X in this proposition is satisfied by Lemma 11.1.26.

(2) & (7): Every object in Ab(X) is noetherian if and only if Hom(C, —) is
noetherian in Ab(X) for all C € fp A. Now apply Lemma 12.3.1. O

Given an object X in A, every subgroup of finite definition of Hom(C, X) is
an End(X)-submodule. Therefore X is X-pure-injective, provided Hom(C, X)
is an artinian module over End(X) for all C € fp A. We note the following
partial converse.
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Lemma 12.3.5. Let X € A be Z-pure-injective. Then every finitely generated
End(X)-submodule of Hom(C, X) is a subgroup of finite definition.

Proof It suffices to show this for cyclic submodules since subgroups of finite
definition are closed under finite sums by Lemma 12.3.1. But for cyclic sub-
modules this follows from Lemma 12.3.2 since subgroups of finite definition
of Hom(C, X) satisfy the descending chain condition by Theorem 12.3.4. O

Example 12.3.6. Let Q be a quiver and k£ a commutative ring. If X is a k-linear
representation such that X; is an artinian k-module for each vertex i € Q, then
X is X-pure-injective.

Proof For a finitely presented representation C, we have an epimorphism
@?:1 P(ij) — C where P(i1),...,P(iy) is a finite number of standard pro-
jectives corresponding to vertices i; € Q. We have Hom(P(i),X) = X;
for each i € Qp. Thus Hom(C, X) identifies with an End(X)-submodule of
@;z | Xi; and is therefore artinian, so satisfies the descending chain condition
for subgroups of finite definition. O

Product-Complete Objects

We consider a particular class of X-pure-injective objects. For an object X
let Add X denote the full subcategory consisting of all direct summands of
coproducts of copies of X. Analogously, let Prod X denote the full subcategory
consisting of all direct summands of products of copies of X.

An object satisfying the equivalent conditions of the following proposition
is called product-complete.

Proposition 12.3.7. Let A be a locally finitely presented category. For an
object X the following are equivalent.

(1) Prod X = Add X.

(2) Add X is a definable subcategory of A.

(3) X is X-pure-injective and the indecomposable direct summands of X form
a Ziegler closed set.

Proof (1) = (2): It follows from Theorem 12.3.4 that X is X-pure-injective.
The same result implies that Add X is a definable subcategory.
(2) = (3): As before, Theorem 12.3.4 implies that X is Z-pure-injective. The
indecomposable objects in Add X form a Ziegler closed set by Theorem 12.2.2.
(3) = (1): The definable subcategory generated by X equals Prod X by The-
orem 12.3.4, since X is X-pure-injective. Since all objects in Prod X decompose
into indecomposable objects, it follows that Prod X = Add X. O
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Priifer Objects

We consider a class of Z-pure-injective objects which generalises the notion of
a Priifer module over a Dedekind domain.

Let k be a commutative noetherian ring and A a k-linear locally finitely
presented category. An object X € A is called a Priifer object if there is an
endomorphism ¢: X — X such that for each C € fp A

(Pr1) each morphism C — X is annihilated by some power of ¢, and
(Pr2) the kernel of Hom(C, X) & Hom(C, X) is a finite length k-module.

Example 12.3.8. Let A = k be a Dedekind domain and p a maximal ideal.
Then the Priifer module

A=A = E(A/D)
n>0
is a Priifer object in Mod A, because the canonical morphism A/p2 > Alp
extends to an epimorphism ¢: Ap~ = Ape with Ker ¢ = A/p".

Proposition 12.3.9. A Priifer object is X-pure-injective.

Proof Let X be a Priifer object with endomorphism ¢: X — X. We show that
Hom(C, X) is an artinian End(X)-module for each C € fp.A. Then the sub-
groups of finite definition of Hom(C, X) satisfy the descending chain condition,
and therefore the assertion follows from Theorem 12.3.4.

Consider the polynomial ring k[¢] in one variable and the homomorphism
k[t] — End(X) given by ¢ — ¢. Fix C € fp A and set C,, = Ker Hom(C, ¢")
for n > 0. An induction shows C,, has finite length as a k-module, since it
fits into an exact sequence 0 — C,—-; — C,, — Cj. Also, the socle of the
k[t]-module Hom(C, X) has finite length because it is annihilated by ¢ and
therefore contained in C;. It remains to apply the lemma below. o

Lemma 12.3.10. Let A be a commutative noetherian ring. Then an A-module
M is artinian if and only if M is a directed union of finite length submodules
and soc M has finite length.

Proof Suppose that M is artinian. If M = | J; M; is written as a directed union
of finitely generated submodules, then each M; has finite length. The module
soc M is semisimple and artinian, and therefore has finite length.

For the other implication consider an injective envelope soc M — E (soc M)
which extends to a morphism @: M — E(soc M). We claim that Kera = 0.
Otherwise Ker a has a simple submodule, because it is a directed union of finite
length submodules. This is impossible, and therefore @ is a monomorphism.
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It remains to observe that E(soc M) is artinian, since it is a finite direct sum
of modules of the form E(A/p) for some maximal ideal p € Spec A, cf.
Lemma 2.4.19. O

Suppose that A is abelian. Then a Priifer object with endomorphism ¢: X —
X is given by a sequence of extensions

0 Xl Xn Xn—l 0
0 X, X —2 X, 0

where X,, = Ker ¢” and the vertical morphisms are the inclusions. In particular,
X =Unzo Xn and ¢ = U150 ¢n-

Compactness

Recall that a topological space T is quasi-compact if for any family (V;);er of
closed subsets (;¢; Vi = @ implies ();c; V; = @ for some finite subset J C 1.

The correspondence in Theorem 12.2.2 provides an inclusion reversing iso-
morphism between the lattice of closed subsets of Ind A and the lattice of Serre
subcategories of Ab(A). This yields a criterion for when the space Ind A is
quasi-compact.

An abelian category C is finitely generated if there exists an object X € C
such that C equals the smallest Serre subcategory containing X.

Proposition 12.3.11. Let A be a locally finitely presented category. The space
Ind A is quasi-compact if and only if the abelian category Ab(A) is finitely
generated.

Proof Combine the correspondence in Theorem 12.2.2 with Lemma 12.1.16,
using the bijection Ind A = SpP(A). O

Corollary 12.3.12. Suppose there exists an object G € fp A such that every
object in fp A is a quotient of G" for some integer n > 1. Then Ind A is
quasi-compact.

Proof The abelian category Ab(A) is generated by Hom 4 (G, —), since each
object in Fp(fp A, Ab) is a quotient of some representable functor Hom 4 (C, —)
which embeds into Hom 4 (G", —) when G™ —» C. O
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Left Almost Split Morphisms

A morphism ¢: X — Y is left almost split if it is not a split monomorphism,
and if every morphism X — X’ which is not a split monomorphism factors
through ¢.

We fix a locally finitely presented abelian category A. In the following
we use freely the fact that the functor ev: A — P(A) identifies the pure-
injective objects in A with the injective objects in the purity category P(A);
see Lemma 12.1.8.

Theorem 12.3.13. For an indecomposable pure-injective object X € A the
following are equivalent.

(1) X is the source of a left almost split morphism in A.

(2) X is an injective envelope of a simple object in P(A).

(3) If X is isomorphic to a direct summand of a product [];c; Y; of indecom-
posable objects in A, then X = Y; for some i € I.

Proof (1) = (2): Let ¢: X — Y be left almost split. Choose a finitely gener-
ated subobject 0 # C C Ker ¢, a maximal subobject U C C, and an injective
envelope C/U — X’. Then the induced morphism C — X’ factors through
C — X viaamorphisma: X — X’. We claim that « is a split monomorphism.
Otherwise it factors through ¢, which is impossible since ¢(C) = 0. Thus a is
an isomorphism, and X is an injective envelope of a simple object in P(A).

(2) = (1): Let S — X be an injective envelope of a simple object S in
P(A). We choose a left A-approximation X /S — Y which yields a morphism
¢: X — Y. This is possible by Proposition 11.1.27, because we identify A with
the full subcategory of exact functors in P(A). We claim that ¢ is left almost
split. Clearly, ¢ is not a split monomorphism since ¢ is not a monomorphism.
Let @: X — X’ be a morphism which is not a split monomorphism. Thus
@ is not a monomorphism, and therefore @(S) = 0. Thus @ factors through
X — X/S, and therefore through the approximation X/S — ¥ via a morphism
B:Y — X’. Thus a = B¢.

(2) = (3): Let S < X be an injective envelope of a simple object S in P(A).
If X is isomorphic to a direct summand of a product [ ], ¥; of indecomposable
objects in A, then Hom(S, ¥;) # 0 for some i € I. This yields a monomorphism
S — X — [l;e; Yi — Vi, and therefore X — Y; is a pure monomorphism,
which splits since X is pure-injective. Thus X = ¥; since ¥; is indecomposable.

(3) = (2): Let U =Ind A \ {X} and consider the canonical morphisms

¢: X — H yHom(X.Y)
YeUu
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The condition (3) implies Ker$ # 0. Choose a finitely generated non-zero
subobject U C Ker ¢ and a maximal subobject V C U in P(A). Set S = U/V.
The composite U - § > E(S) extends to a morphism X — E(S) which does
not factor through ¢. Thus X = E(S) by the construction of ¢. m]

Corollary 12.3.14. The subset U C Ind A of indecomposables which are the
source of a left almost split morphism is dense.

Proof SetU = []xey X. Thisis an injective cogenerator of P(A) by the above
theorem, and therefore ~U = {0}. Thus U is dense by Theorem 12.2.2. O

Call a point X € Ind A isolated if the set { X} is open.

Corollary 12.3.15. If X € Ind A is isolated, then X is the source of a left
almost split morphism. The converse holds when X is finitely presented.

Proof Set U = IndA \ {X}. Then *U C Ab(A) is a proper Serre subcat-
egory by Theorem 12.2.2 when X is isolated. Choose C € Ab(A) \ *U and
a maximal subobject U C C. Then X is an injective envelope of C/U, since
Homp(4)(C,Y) =0forallY € U.

Now suppose that S < X is an injective envelope of a simple object S in
P(A). If X is finitely presented, then S is finitely presented in P(A). Thus
{S}+ = U is closed. O

Fp-Injective Objects

Let A be a locally finitely presented abelian category and set C = fp.A. An
object X € A satisfying Ext]A(—, X)ltp.a = 0is called fp-injective.

Lemma 12.3.16. An fp-injective object is injective if and only if it is pure-
injective.

Proof 1If X is fp-injective then any exact sequence 0 - X - Y — Z — 0is
pure-exact. Thus X is injective if and only if X is pure-injective. O

Now suppose that € = fp A is an abelian category. We write Eff (C, Ab) for
the Serre subcategory of Fp(C, Ab) given by all functors F' with presentation

0 — Home(C,-) — Home(B,—) — Home(A,—-) — F — 0
coming from an exact sequence 0 - A - B — C — 0in C.
Proposition 12.3.17. We have

Eff(C, Ab)* = {X € A | X is fp-injective}.
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Therefore the fp-injective objects form a definable subcategory and
Eff(C, Ab)* NInd A = Inj.A N Ind A.

Proof Identifying A = Lex(C°P, Ab), the first assertion follows as a refor-
mulation of Lemma 11.1.26. The subcategory Eff(C, Ab)* is definable by
definition, and the last equality then follows from the fact that pure-injectivity
and injectivity coincide for fp-injective objects, by Lemma 12.3.16. O

Corollary 12.3.18. A locally finitely presented abelian category is locally
noetherian if and only if the injective objects form a definable subcategory.

Proof When A is locally noetherian then every fp-injective object is injective;
this follows from Baer’s criterion. Thus the injective objects form a definable
subcategory. Conversely, if the injectives form a definable subcategory, then
they are closed under coproducts and therefore A is locally noetherian, by
Theorem 11.2.12. O

12.4 Pure-Injective Modules

Let A be a ring. We consider the category of A-modules and set A = Mod A.
Note that A is locally finitely presented with fp A = mod A. In this section
we give an explicit description of the embedding A — P(A) into the purity
category, and we identify Ab(A) with the free abelian category over A. Also,
we consider the set of indecomposable pure-injectives Ind A := Ind(Mod A),
which is called the Ziegler spectrum of A.

The Free Abelian Category

The free abelian category over A is by definition
Ab(A) := Fp(mod A, Ab)*® = (mod ((mod A)°?))®.

We identify A with the representable functor Homp (A, —) in Ab(A). The
following universal property of Ab(A) justifies its name.

Proposition 12.4.1. For a ring A the category Ab(A) is abelian. Given an ob-
ject X in an abelian category A and a ring homomorphism ¢: A — End 4 (X),
there exists a unique (up to isomorphism) exact functor Ab(A) — A sending
A to X and inducing the homomorphism ¢.
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Proof The category Ab(A) is abelian by Lemma 2.1.6 since mod A has co-
kernels. A homomorphism ¢: A — Endg4(X) extends uniquely to an addi-
tive functor ¢g: proj A — A, and therefore uniquely to a right exact functor
¢1: modA — A, by Lemma 2.1.7. Then ¢; extends uniquely to a left exact
functor ¢,: Ab(A) — A, again by Lemma 2.1.7. The functor ¢, is exact by
Lemma 2.1.8. Clearly, ¢, agrees on A with ¢ and is uniquely determined, up
to isomorphism. O

The universal property of Ab(A) yields an equivalence
ADb(A)°P = Ab(A°P)

extending the identity A°® — A°P. We give an explicit description. To this end
define for F € Ab(A°P)

FY: modA — Ab, X — Hom(F,X ®, -).
Then we have for X € mod A and Y € mod(A°P)
(X ® —)Y = Homy (X, -) and (Hompo (Y, -))Y = —®, Y.

Lemma 12.4.2. The assignment F +— F" yields mutually inverse equivalences
between Ab(A)°P and Ab(A°P).

Proof Given F € Ab(A) and G € Ab(A°P), we have
Hom(F,G") = Hom(G, F).

This is clear for F = Homy (X, —) and follows for arbitrary F by exactness,
since a presentation

Homy (X, —) — Homy (Xp,-) — F — 0
yields an exact sequence
0—F'  — Xy®\r - — X ® —
in Ab(A°). Thus FVV = F since this holds for all representable functors. 0O

For A = Mod A we have by definition Ab(A) = Ab(A). The following gives
an explicit description of the purity category P(A).

Proposition 12.4.3. The assignment F — Hom((-)", F) induces an equiva-
lence

Add(mod(A°), Ab) = Lex(Fp(mod A, Ab), Ab) = P(A).  (12.4.4)
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Proof Both categories are locally finitely presented. We have
fp Add(mod(A°P), Ab) = Fp(mod(A°P), Ab) = Ab(AP)°P

and
fp P(A) = Fp(mod A, Ab)P = Ab(A);

see Proposition 11.1.9 and Theorem 11.1.15. Thus the assertion follows from
the second part of Theorem 11.1.15 and the equivalence Ab(A)°P = Ab(A°P).
O

Corollary 12.4.5. The embedding ev: A — P(A) identifies with the functor
A — Add(mod(A°P),Ab), X > X @) —

via the equivalence (12.4.4). In particular, A-modules identify with exact func-
tors Ab(A)°P — Ab, by sending a A-module X to the functor

Ab(A) 5 F — Hom(FY, X ® -).
Proof We need to check that there is a natural isomorphism
ev(X) = X = Hom((-)", X ® -)
for every A-module X. For F = Homy (C, —) we have
X(F) = Homy (C, X) = Hom(C ®) —, X ® —) = Hom(F",X ®, ).

The functors X and Hom((-)", X ®, —) are both exact; so we have the isomor-
phism for all F € Ab(A).
The second assertion is an immediate consequence. O

Corollary 12.4.6. A sequence 0 — X — Y — Z — 0 of A-modules is
pure-exact if and only if the induced sequence

00— XINC —>YINC—D>ZR\C—0
is exact for every A°P-module C.

Proof Combine Lemma 12.1.6 and Corollary 12.4.5. O

A Ceriterion for Pure-Injectivity

Let k be a commutative ring and A a k-algebra. We fix a minimal injective
cogenerator E over k and set D(X) := Homy (X, E) for every k-module X.
This induces Matlis duality between right and left A-modules.

A A-module Q is pure-injective if Q is a pure-injective object in Mod A, so
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every pure monomorphism X — Y induces a surjective map Homy (Y, Q) —
Hom (X, Q).

Proposition 12.4.7. For a A-module X the following are equivalent.

(1) The module X is pure-injective.

(2) The natural morphism ¢x: X — D?*(X) given by ¢x(x)(e) = a(x) for
x € X and a € D(X) is a split monomorphism.

(3) There is a bimodule \Yr for some ring I" and an injective I'-module I such
that X is isomorphic to a direct summand of Homp (Y, I).

[ D
Proof (1) = (2): The composite D(X) oo, D3(X) ﬂ) D(X) is the

identity. Thus D (¢x) is a split epimorphism, and therefore
D(¢x ®x C) = Homp (C, D(¢x))

is an epimorphism for every left A-module C. It follows that ¢x ®5 C is a
monomorphism, and therefore ¢y is a pure monomorphism by Corollary 12.4.6.
We conclude that ¢x splits when X is pure-injective.

(2) = (3): Take AYr = AD(X). Then X is isomorphic to a direct summand
of Homy (Y, E) = D*(X).

(3) = (1): The functor

Homy (—, Homp (Y, 1)) = Homr(— ® Y, 1)

sends pure-exact sequences to exact sequences, by the description of pure-exact
sequences in Corollary 12.4.6. Thus Homp (Y, I) is pure-injective. O

Corollary 12.4.8. Every A-module X admits a pure monomorphism into a
pure-injective module of the form X — [];c; D(Y;) that is given by a family of
Sinitely presented A°P-modules (X;)ier-

Proof Choose an epimorphism [[;.;¥Y; — D(X) and take the composite
X — D*(X) = [lies D(Y0). o

Example 12.4.9. Let X, be a bimodule and suppose that X is artinian over I
Then X is a X-pure-injective A-module, because the descending chain condition
for subgroups of finite definition is satisfied; see Theorem 12.3.4.

Duality

There is no global duality between right and left A-modules, but there is a
bijective correspondence between specific classes of modules. This is based
on the equivalence Ab(A)°? = Ab(A°P) given by F — FV, which induces a
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bijection between Serre subcategories. Applying the bijective correspondence
between Serre subcategories of Ab(A) and definable subcategories of Mod A
from Theorem 12.2.2, we obtain for definable subcategories a bijection

Mod A 2 X +— ((*X)Y)* € Mod A°P.
For a A-module X we consider the Serre subcategory
+X := {F € Ab(A) | Hom(F", X ®, —) = 0}

and observe that (* X)* C Mod A is the smallest definable subcategory con-
taining X. We call a pair of A-modules (Xa, AY) a dual pair if the following
equivalent conditions are satisfied:

*xX)V=Y = *x=(1n".

Proposition 12.4.10. Let XA be a I'-A-bimodule and fix an injective cogen-
erator I € ModT'. Then (X,Homr (X, 1)) is a dual pair of A-modules.

Proof Choose F € Ab(A) with presentation
Homy (C’,—) — Homy(C,-) — F — 0

given by a morphism in ¢: C — C’ in mod A. Then F¥ € Ab(A°P) has the
presentation

0— F'  —Coy—— C' @ -
and we have
F € *X < Homy(¢, X) is an epimorphism
<= Homr(Homy (¢, X), I) is a monomorphism
= ¢ ®, Homr(X, I) is a monomorphism
— FY e *Homr(X,I)

& F ¢ (*Homr(X,1))". m]

Example 12.4.11. Let A be a k-algebra over a commutative ring k. Then a
A-module X together with its Matlis dual D (X) form a dual pair (X, D(X)).

Pure-Semisimplicity

A ring A is called right pure-semisimple when every pure-exact sequence of
A-modules is split exact.

Proposition 12.4.12. For a ring A the following are equivalent.

(1) The ring A is right pure-semisimple.
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(2) Every A-module is pure-injective.
(3) Every A-module decomposes into a coproduct of indecomposable modules
with local endomorphism rings.

(4) Every object in Ab(A) is noetherian.

Proof Apply Theorem 12.3.3. O

Modules of Finite Projective Dimension

Let A be aring. We consider for fixed n € N the full subcategory of A-modules
X such that the projective dimension proj.dim X is bounded by n.

Proposition 12.4.13. Let A be a ring that is right perfect and left coherent.
Then for each n € N the A-modules of projective dimension at most n form a
definable subcategory of Mod A.

Recall that A is right perfect if every flat module is projective. The ring A
is right coherent if the category of finitely presented A-modules is abelian. For
example, every right artinian ring is right perfect and right coherent.

Proof Because A is right perfect, we have proj.dimX < n if and only if
TorQJrl (X,—-) = 0. We can test the vanishing of TorQH(X, —) on finitely pre-
sented left modules, since T0r£+1 (X, —) preserves filtered colimits and every
module is a filtered colimit of finitely presented modules. Because A is left

coherent, a finitely presented left A-module Y admits a projective resolution
— Py — P — Py—Y—0

such that each P; is finitely generated. It follows that TorﬁJrl (-,Y) preserves
products, since each functor — ®, P; preserves products and taking products of
abelian groups is exact. In particular

Ker TorQJrl (-,Y)
Y emod(A°P)

is a definable subcategory of Mod A, which equals the subcategory of modules
of projective dimension at most 7. )

A consequence of Theorem 12.2.2 is then the fact that we may test on Ind A
the finitistic dimension of A, that is, the supremum of all finite projective
dimensions proj.dim X.
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The Ziegler Spectrum of an Artin Algebra

Let A be an Artin algebra over a commutative artinian ring k. We write
D = Homy(—, E) for the Matlis duality over k given by a minimal injective
cogenerator E.

We consider A = Mod A and identify P(A) = Add(mod(A°P), Ab). Finitely
presented and finite length modules over A coincide because A is artinian. We
find some further finiteness conditions that are equivalent.

Proposition 12.4.14. The assignment X +— soc(X ®, —) induces a bijection
between

— the isomorphism classes of indecomposable finite length A-modules, and

— the isomorphism classes of simple objects in Add(mod(A°P), Ab).

Proof Write (mod A, mod k) for the category of k-linear functors mod A —
mod k and observe that F +— D(F) := D o F induces an equivalence

(mod A, mod k)°? = ((mod A)°?, mod k).
Next observe that every simple functor in ((mod A)°P, mod k) is of the form
SY = HOmA(—, Y)/Rad/\(_’ Y)

for some indecomposable finitely presented A-module Y since Endy (Y) is local.
Let X € mod A be indecomposable. The functor

D (X ®x —) = Hompor (—, D(X))

has a unique simple quotient Sp(x). Thus X ®, — has D(Sp(x)) as a unique
simple subobject in P(A), and this implies

soc(X ® —) = D(Sp(x))-

Let S € P(A) be simple. Then S = D(Sy) for some indecomposable Y €
mod A°P. We have D Hompop (—,Y) = D(Y) ®, —, and this implies

soc(D(Y) ®x —) = S. O

Theorem 12.4.15. For an indecomposable pure-injective A-module X the
following are equivalent.

(1) X is finitely presented.
(2) X is the source of a left almost split morphism.
(3) X isisolated.
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Proof We use the embedding A — P(A) which sends Y to ¥ = Y ®, —; see
Corollary 12.4.5.

(1) © (2): The module X is finitely presented if and only if X is the injective
envelope of a simple object in P(A), by Proposition 12.4.14, and this happens if
and only if X is the source of a left almost split morphism, by Theorem 12.3.13.

(2) & (3): Apply Corollary 12.3.15, using also the first part of the proof. O

Corollary 12.4.16. An Artin algebra of infinite representation type has an
indecomposable pure-injective module of infinite length.

Proof The space Ind A is quasi-compact by Corollary 12.3.12; so it cannot
consist of infinitely many isolated points. O

The Zariski Spectrum

Let A be a commutative noetherian ring. We consider the Zariski spectrum
Spec A consisting of all prime ideals, where a subset is Zariski closed if it is of
the form

V(a) = {p € SpecA | a C p}
for some ideal a of A. Recall that the assignment p — E(A/p) yields a bijection
@: Spec A = Sp(Mod A)

onto the spectrum consisting of a representative set of the isomorphism classes
of indecomposable injective A-modules (Corollary 2.4.15).

Let us compare via @ the Zariski topology on Spec A with the topology on
Sp(Mod A) which is defined in Lemma 12.1.12.

Proposition 12.4.17. For a subset V C Spec A the following conditions are
equivalent.

(1) (V) is closed.

(2) ®©(V) is closed under products. If X C [l;c; Y; for some indecomposable
injective module X and a family of modules Y; € ®(V), then X € ©(V).

(3) (Spec A) \ V is specialisation closed.

@) V =N;er U; for a family of Zariski open subsets U; C Spec A.

Proof (1) & (2): This follows from Lemma 12.1.14.

(1) & (3): By definition, ®(V) is closed if it is of the form €+ for some
Serre subcategory € C mod A. Such a Serre subcategory corresponds to a
specialisation closed subset of Spec A via € +— Supp C; see Proposition 2.4.8.
Using the theory of associated primes, the map @ identifies (Spec A) \ (Supp €)
with @+ by Corollary 2.4.16.
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(3) & (4): A subset of Spec A is specialisation closed if and only if it is the
union of Zariski closed subsets. O

Corollary 12.4.18. The assignment p — E(A/p) gives a map ©: Spec A —
Ind A that identifies Spec A with a Ziegler closed subset of Ind A. For a subset
V C Spec A the following conditions are equivalent.

(1) ©(V) is Ziegler closed.

(2) ®©(V) is closed under products. If X C [l;c; Yi for some indecomposable
injective module X and a family of modules Y; € ®(V), then X € ©(V).

(3) (Spec A) \'V is specialisation closed.

@) V =N;er U, for a family of Zariski open subsets U; C Spec A.

Proof The injective A-modules form a definable subcategory of Mod A since
A is noetherian, by Corollary 12.3.18. Clearly, every injective module is pure-
injective, and it follows that ® identifies Spec A with a Ziegler closed subset of
Ind A.

The second part of the assertion follows from Proposition 12.4.17 since the
topology on Sp(Mod A) is the restriction of the Ziegler topology on Ind A. O

Remark 12.4.19. For a commutative noetherian ring A, Zariski and Ziegler
topology on Spec A are related via Hochster duality as follows. The prime
ideal spectrum of any commutative ring with its Zariski topology is a spectral
space. For a spectral space there is a dual topology with closed subsets of the
form (M);¢; U; for any family of quasi-compact and open subsets U; (the Ziegler
closed subsets). The dual space is again spectral, and its Hochster dual topology
coincides with the original Zariski topology of Spec A.

Injective Cohomology Representations

Let G be a finite group and k a field. We consider modules over the group
algebra kG and note that kG is a self-injective algebra. The group cohomology

R = H*(G, k) = Ext;;(k, k)

is by definition the Ext-algebra of the trivial representation k; it is a graded
commutative and noetherian k-algebra by a theorem of Golod, Venkov and
Evens [29, Corollary 3.10.2]. We consider only graded modules over R. Let R*
denote the unique maximal ideal consisting of positive degree elements and call
an R-module forsion if each element is annihilated by some power of R*. The
torsion modules form a localising subcategory which is denoted by Modg R.
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We extend the functor H*(G, -) = Ext;(k,—) from kG-modules to the
category K(Inj kG) of complexes of injective kG-modules. Set

Homy ;) (X.Y) = @ Homg k) (X, Z"Y)

nez

for each pair of complexes X, Y and
H*(G,X) = Hom;‘((kG) (ik, X)

where ik denotes an injective resolution of the trival representation. Note that
Endl*((kG) (ik) = R. The functor H*(G, —) is cohomological and preserves
coproducts; it induces the following commutative diagram.

Loc(kG) m—— K(InjkG) ————  » Ky (Inj kG)

| - l

Mody R —— Mod R ——— » Mod R/Modj R

The upper row of the diagram is taken from Proposition 9.1.10, where Loc(kG)
denotes the localising subcategory generated by kG, viewed as a complex
concentrated in degree zero, and keeping in mind that kG is self-injective.
Note that H*(G, X) is torsion for each X € Loc(kG), since H*(G, kG) is
torsion (in fact just k in degree zero). Thus the diagram does commute.

We wish to explain that the functor H*(G, —) admits a partial adjoint when
we restrict to injective R-modules.

Given a pair of R-modules M, N we write

Hom{, (M, N) = (1) Hom}y (M, N)
nez

for the graded abelian group of R-linear morphisms ¢: M — N satisfying
p(M') € M™*" for ¢ € Homy,(M,N) and i,n € Z. The module M is called
torsion free if Homp (-, M) vanishes on Mody R. Recall that the category of
injective R-modules is closed under coproducts since R is noetherian.

Also, we use the triangle equivalence Z°: K,.(InjkG) = StMod kG and
view it as an identification (Proposition 4.4.18). A quasi-inverse maps a kG-
module X to a complete resolution #X.

Proposition 12.4.20. There is a fully faithful functor T: InjR — K(Inj kG)
with a natural isomorphism

Homp (H*(G,-).1I) = Homl*((kc) (=, T(D)

for each I € Inj R. The functor preserves products and coproducts. Moreover,
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T restricts to a fully faithful functor

{I € Inj R | I torsion free} — K,c(Inj kG) = StMod kG
and T (1) is a -pure-injective kG-module for each torsion free I € Inj R.

Proof The triangulated category K(Inj kG) is compactly generated (Propo-
sition 9.3.12) and therefore every cohomological functor K(Inj kG)°? — Ab
that preserves coproducts is representable, by Brown’s representability theorem
(Theorem 3.4.16). This yields for each I € Inj R an object 7T'(/) that represents
Hom} (H*(G, -), I). Given J € Inj R we compute

Homi‘((kG) (T(I),T(J)) = Homy (H*(G,T(1)),J)
= Hom}}(HomI*((kG)(ik, T(I)),J)
= Homp (Hompy (H*(G, ik),I),J)
= Homjy (Homy (R, I),J)
= Homy(1,J).

Thus T is fully faithful. Clearly, T preserves products. To show that it preserves
coproducts consider for any family (/,) of injective R-modules the canon-
ical morphism ¢: [[T(I,) — T([I1.). Apply Hom:((kG)(iX, —) where
iX is the injective resolution of a finitely generated kG-module X. Then
Homi“(( kG) (iX, ¢) is an isomorphism since i X is compact, and it follows that
¢ is an isomorphism since the objects of the form iX generate K(InjkG)
(Proposition 9.3.12). If I € Inj R is torsion free, then

H*T(I) = Homy ; (kG T(I)) = Hom} (H'(G. kG).I) = 0,

and therefore T'(I) is acyclic.

Next we use the identification K,.(InjkG) = StMod kG and show that
T(I) is a X-pure-injective kG-module for each torsion free I € Inj R. We apply
the criterion of Theorem 12.3.4 and show that the canonical monomorphism
T(H™ — T(DHY splits in Mod kG. Clearly, the canonical monomorphism
1M — ™ gplits since R is noetherian. The functor T preserves products and
coproducts. Thus 7'(1)™ — T(I)" splits in K, (Inj kG) and therefore also in
StMod kG. It remains to apply the lemma below. O

Lemma 12.4.21. Let A be a Frobenius category. Then a monomorphism in A
splits if and only if it splits in St A. O

Let p be a non-maximal prime ideal in R and n € Z. Then I, = E(R/p)
and its twist I,(n) are indecomposable injective R-modules. We may assume
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that the corresponding kG-module 7'(I,(n)) is indecomposable, by removing
all non-zero injective summands.
For a kG-module X one defines its Tate cohomology

A"(G, X) = Bxt!, (k, X) := H" Hom (k,1X)  (n € Z)
and more generally
E;t;:c(_» X) := H" Homyg (—,tX) (nez)

where tX denotes a complete resolution of X (cf. Lemma 4.4.19). Note that
H*(G, X) is naturally an R-module via restriction along

Ext; (k, k) — BExt} (k, k).

Corollary 12.4.22. Let I € Inj R be torsion free. The kG-module T (1) satisfies
A*(G,T(I)) = I and is uniquely determined (up to isomorphism in StMod kG )
by the isomorphism

Homj (A*(G,-), 1) = Ext}; (=, T(I)).

Moreover, after removing all non-zero injective summands, T(I) admits a
unique decomposition into indecomposable modules of the form T (I, (n)), with
p a prime ideal in R and n € Z.

Proof The first part follows from the defining isomorphism for 7'(7). More
precisely, taking a complete resolution ¢k of k we have

I = Homy (H*(G, tk), I) = Homj, , (tk, T(I)) = H*(G,T(1)),

where the first isomorphism is induced by R = H*(G,ik) — H*(G,tk) since
H*(G, pk) is torsion, the second isomorphism defines 7'(I), and the third
isomorphism is from Lemma 4.4.19. Similarly, we have for X € StMod kG

Hom’ (A*(G, X), ) = Hom (H*(G,1X), 1)
= Hom;‘((kG) (tX,T(I))
= Exty (X, T(D)),
and the uniqueness of T'(7) then follows from Yoneda’s lemma.
The module 7T'(I) is X-pure-injective and therefore decomposes uniquely

into indecomposables, by Theorem 12.3.4. Then one uses the description of
the indecomposable injective R-modules via Spec R (Corollary 2.4.15). O

Let us denote by Proj R the set of all homogeneous prime ideals of R except
the maximal ideal consisting of positive degree elements.
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Corollary 12.4.23. Taking a prime ideal p to T (1) yields an injective map
Proj H* (G, k) — Ind kG. O

Corollary 12.4.24. The modules of the form T(I) (I € InjH*(G, k) torsion
free) form a definable subcategory of Mod kG.

Proof The torsion free injective H*(G, k)-modules form a definable subcat-
egory, because they are closed under products, coproducts, and direct sum-
mands, keeping in mind that H*(G, k) is noetherian (Corollary 12.3.18). Then
this category equals Add Iy = Prod I for some product-complete module Ij.
It follows that T'(Ip) is a product-complete kG-module, since T preserves
products and coproducts. Thus the image of the functor 7 is definable, by
Proposition 12.3.7. m}

Notes

The notion of a pure subgroup (Servanzuntergruppe) of an abelian group was
introduced by Priifer [163]. For modules over arbitrary rings the concept of
purity is due to Cohn [53]. Pure-injective modules are also known as alge-
braically compact modules [119, 200]. It was shown by Kielpiriski [124] and
independently by Stenstrom [196] that every module admits a pure-injective
envelope. For the characterisation of X-pure-injective modules, see Gruson and
Jensen [99], Zimmermann [204], and Zimmermann-Huisgen [205], building
on work of Chase [49, 50], but also Garavaglia [86] in a model theoretic setting.
The space of indecomposable pure-injective modules is known as the Ziegler
spectrum because it was introduced by Ziegler in his work on the model theory
of modules [203]. For an Artin algebra of infinite representation type the ex-
istence of a large indecomposable module was established by Auslander [10].
Product-complete modules were introduced in joint work with Saorin [134].

The study of pure-exactness via the embedding of a module category into
a bigger Grothendieck category (the purity category) goes back to work of
Gruson and Jensen [100]; see also Simson [192]. The systematic treatment
of purity for locally finitely presented categories is due to Crawley-Boevey
[58]. Definable subcategories were introduced by Crawley-Boevey [59] for
module categories, and more generally for locally finitely presented categories
in [126]. The related notion of an elementary subcategory and its connection
with Ziegler closed subsets appear already in [203]. For the correspondence
between definable subcategories and Ziegler closed subsets, see Herzog [111]
and [125].
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The free abelian category on a category was introduced by Freyd [75]. The
characterisation of pure-injective modules via duality is taken from Auslander’s
work [11], where it arises from the description of morphisms determined by
objects. Almost split morphisms were introduced by Auslander and Reiten
[15]; for the connection with simple functors, see [11]. The characterisation
of indecomposable pure-injectives which are the source of a left almost split
morphism combines results from [10] and [57].

Any ring of finite representation type is known to be right and left pure-
semisimple, by a result of Ringel and Tachikawa [175]. In fact, pure-semisimple
rings were introduced by Simson, and no ring is known which is right pure-
semisimple but not of finite representation type [191, 193].

For commutative rings the connection between the Zariski spectrum and the
Ziegler spectrum was clarified by Prest [160] in terms of Hochster’s duality for
spectral spaces [113].

The construction of pure-injective modules for group algebras via group
cohomology is taken from work with Benson [32]. For example these modules
play a role in the study of local duality for representations of finite groups, and
more generally of finite group schemes [31].

For more material and further references about infinite length modules and
purity, see [133, 162].
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In this chapter we study a particular finiteness condition for objects in a locally
finitely presented category. An object X is called endofinite if the morphisms
from any finitely presented object form a finite length module over End(X). For
example, a ring is of finite representation type if and only if all its modules are
endofinite. We present a remarkable classification of endofinite objects in purely
numerical terms, using subadditive functions on finitely presented objects. A
basic idea is to identify an object X with an exact functor X: ¢ — Ab for
an appropriate abelian category C. Then X is endofinite if and only if the
quotient C/Ker X is a length category. Thus the study of endofinite objects
is equivalent to the study of exact functors from length categories to abelian
groups. Of particular interest are indecomposable endofinite objects that are
not finitely presented; often they represent families of finitely presented objects.

414
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We illustrate this by looking at endofinite modules over Artin algebras. Other
interesting examples arise from locally finitely presented categories such that
the finitely presented objects form a uniserial category.

13.1 Endofinite Objects and Subadditive Functions

Let A be a locally finitely presented category and let fp A be the full sub-
category of finitely presented objects. In this section we study the notion of
endofiniteness. An object X € A is called endofinite it

Cend 4 (x)(Hom 4 (C, X)) < oo forall C efpA.

We begin with a discussion of subadditive functions which are defined on
additive categories with cokernels.

Subadditive Functions

Let C be an additive category with cokernels. A subadditive function y : € — N
assigns to each object in € a non-negative integer such that

(SF1) y(X@Y)=x(X)+ x(Y) forall X,Y € C, and
(SF2) x(X)+ x(Z) = x(Y) for each exact sequence X - Y — Z — 0in C.

If the category C is abelian, then an additive function y: ¢ — N assigns to
each object in € a non-negative integer such that y (X) + x(Z) = x(Y) for each
exact sequence 0 - X - Y - Z — 0.

The sum x| + x> of (sub)additive functions y; and y» is again (sub)additive.
More generally, if (x;);es is a family of (sub)additive functions and if for any
X in Cthe set {i € I | y;(X) # 0} is finite, then we can define the locally finite
sum Yjer Xi-

A (sub)additive function y # 0 is irreducible if y cannot be written as a sum
of two non-zero (sub)additive functions.

We give a quick proof of the following result using the localisation theory
for abelian categories.

Lemma 13.1.1. Let C be an abelian category. Every additive function C — N
can be written uniquely as a locally finite sum of irreducible additive functions.

Proof Fix an additive function y: € — N. The objects X satisfying y (X) =0
form a Serre subcategory of € which we denote by §,. The quotient category
C/8, is an abelian length category since the length of each object X is bounded
by x(X). Let Sp x (the spectrum of y) denote a representative set of simple
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objects in €/§,. For each S in Sp x let ys: C — N denote the map sending
X to the multiplicity of S in a composition series of X in /8, . Clearly, xs is
irreducible and we have the expression

x= ). x(S)xs (13.12)
SeSpyxy
which is unique by the Jordan—-Holder theorem. O

Lemma 13.1.3. Let C be an additive category with cokernels and let h: C —
Fp(C, Ab) be the Yoneda embedding. Then the assignment y + x o h induces
an additive bijection between

(1) additive functions Fp(C, Ab) — N, and
(2) subadditive functions € — N.

Proof The inverse map sends y: C — N to the map y that takes F €
Fp(C, Ab) with presentation

0 — Home(Z,—) — Home (Y, —) — Home(X,-) > F — 0
to ¥ (F) = x(X) —x(Y) + x(2). o

Corollary 13.1.4. Let C be an additive category with cokernels. Every sub-
additive function € — N can be written uniquely as a locally finite sum of
irreducible subadditive functions. O

Endofinite Functors

Let C be an essentially small abelian category. An exact functor F: C°° — Ab
is called endofinite if F(X) has finite length as End(F)-module for each object
X. An endofinite exact functor F induces an additive function

xr:C— N, X lgnar) (F(X)).
We need the following elementary lemma.
Lemma 13.1.5. Let A be an abelian category and E an injective object. Then
Cend, (g)(Homy (X, E)) < €4(X) for X e A,
equality holds provided that Hom 4 (Y, E) = 0 impliesY =0 forallY € A.

Proof Observe that {gnq , (£)(Hom4 (X, E)) < 1 when X is simple. Now use
induction on £ 4 (X). O
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Lemma 13.1.6. Let F: C°°® — Ab be an exact functor and let D = C/Sp,
where Sg denotes the Serre subcategory of objects X satisfying F(X) = 0.
Then

Cend(r) (F(X)) 2 €p(X) for X €C;
equality holds when all objects in D have finite length.

Proof The first assertion is clear by induction on {5 (X). Now suppose that all
objects in D have finite length. We consider the abelian category Lex(D°P, Ab)
of left exact functors D°? — Ab. The Yoneda functor

D — Lex(DP,Ab), X — hx = Homp (-, X) (13.1.7)

identifies D with the full subcategory of finite length objects. We write F as

the composite C°% —» DOP L, Ab and note that End(F) = End(F). Then F is
an injective object in Lex(D°P, Ab) by Corollary 11.2.15. Using Lemma 13.1.5
we compute

Cena(r) (F(X)) = lgoa(r) (Hom(hx, F)) = £(hx) = {p(X). o

Proposition 13.1.8. The assignment F +— x induces a bijection between the
isomorphism classes of indecomposable endofinite exact functors C° — Ab
and the irreducible additive functions ¢ — N.

Proof We construct the inverse map. Let y: € — N be an irreducible ad-
ditive function. Following the proof of Lemma 13.1.1, we consider the Serre
subcategory §, of C consisting of the objects X satisfying y(X) = 0. The
quotient category D = €/§, is a length category, and x (X) equals the length
of X in D for each object X, since y is irreducible. Now consider the abelian
category Lex(D°P, Ab) of left exact functors D°P — Ab. The Yoneda functor
(13.1.7) identifies D with the full subcategory of finite length objects. There is
aunique simple object in Lex (D°P, Ab) since y is irreducible, and we denote by
F an injective envelope. It follows that F is indecomposable, and the injectivity
implies that F is exact. For each X in D we have

Cend(r) (F (X)) = Cgna(r) (Hom(hyx, F)) = {p(X) = x(X)

by Lemma 13.1.5.

Let F’: C°?P — Ab be the composite of F with the quotient functor € — D
and observe that End(F’) = End(F). Then F’ has the desired properties: it is
indecomposable endofinite exact and ypr = .

It remains to show for an indecomposable endofinite exact functor F: CP —
Ab that the function yr is irreducible. Set D = C/§,,. and view F as an exact
functor D°? — Ab. Note that Hom(hg, F) = F(S) # 0 for each simple object
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S in D. The indecomposability of F implies that all simple objects in D are
isomorphic, and the equation (13.1.2) then implies that y is irreducible since
for each simple object S

XF(S) = Cena(r) (F(S)) = {p(S) =1
by Lemma 13.1.6. O

Endofinite Objects

Let A be a locally finitely presented category. We recall the embedding A —
P(A) into the purity category that identifies an object X € A with the exact func-
tor X: Ab(A)°P — Ab. This yields the abelian category Ab(X) = Ab(A)/Sx,
where 8x = Ker X; it is a useful invariant, because endofiniteness of X is
controlled by Ab(X).

Proposition 13.1.9. An object X in A is endofinite if and only if every object in
ADb(X) has finite length. In that case X is X-pure-injective and decomposes into
a coproduct of indecomposable endofinite objects with local endomorphism
rings.

Proof We identify X with the exact functor X: Ab(A)% —» Ab(X)°? — Ab.
Using the Yoneda embedding

fpA — Ab(A), C hc =Homg, 4(C,-)

we have Hom 4 (C, X) = X(h¢). Thus X is endofinite if and only if X is an
endofinite functor. It follows from Lemma 13.1.6 that X is endofinite if and
only if every object in Ab(X) has finite length. The second part of the assertion
then follows from Theorem 12.3.4. O

Corollary 13.1.10. An object X in A is endofinite if and only if the subgroups
of finite definition of Hom(C, X) satisfy the ascending and descending chain
conditions for every C € fp A. In this case End(X)-submodules and subgroups
of finite definition of Hom(C, X) coincide.

Proof The first part follows from the above proposition since the lattice of
subgroups of finite definition of Hom(C, X) identifies with the lattice of sub-
objects of Hom(C, —) in Ab(X) by Lemma 12.3.1. For the second part, see
Lemma 12.3.5. O

An endofinite object X gives rise to a subadditive function yx by setting
xx(C) = lena, (x)(Homy (C, X)) for C efpA.
Note that yx(C) = €ap(x)(hc) by Lemma 13.1.6.
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Theorem 13.1.11. Let A be a locally finitely presented category.

(1) Any subadditive function fp A — N can be written uniquely as a locally
finite sum of irreducible subadditive functions.

(2) The assignment X — xx induces a bijection between the isomorphism
classes of indecomposable endofinite objects in A and the irreducible
subadditive functions fp A — N.

(3) Let X € A be endofinite and (X;); <y a representative set of indecomposable
direct summands of X. Then xx = X;c1 XX;-

Proof (1) This is Corollary 13.1.4.

(2) Following the proof of Proposition 13.1.9, endofinite objects in A cor-
respond to endofinite exact functors Ab(A)°® — Ab. Thus the bijective cor-
respondence X — yx between endofinite objects and subadditive functions
follows from Proposition 13.1.8.

(3) We identify X with the induced exact functor Ab(X)°? — Ab. Then
xx(C) = Lapx)(hc) for all C € fp A, by Lemma 13.1.6. Let Sp yx denote
a representative set of simple objects in Ab(X). For S € Sp yx, consider the
irreducible subadditive function ys: fp. A — N that maps C to the multiplicity
of S in a composition series of ic in Ab(X). Then we have ys = yx, for a
unique i € [ by the first part of this proof, and therefore yx = X.s s = 2.; Xx;
by the identity (13.1.2). O

Remark 13.1.12. Let X € A be endofinite. Then the isomorphism classes
of indecomposable direct summands of X are in canonical bijection to the
isomorphism classes of simple objects in Ab(X). If X; corresponds to S; €
Ab(X), then End(X;)/J(End(X;)) = End(S;).

Proof The first assertion follows from the proof of part (3) of Theorem 13.1.11.
Thus an indecomposable summand X; of X identifies with an injective enve-
lope of a simple object in Lex(Ab(X)°P, Ab); see also Proposition 13.1.8 and
its proof. For an abelian category and a simple object T with injective enve-
lope E = E(T), we have soc E = T and the assignment ¢ — ¢|soc g yields a
surjective homomorphism End(E) — End(7T) with kernel J(End(E)). )

For an object X in A let Add X denote the full subcategory formed by all
coproducts of copies of X and their direct summands.

For subadditive functions y’, y we write y’ < y if y — x’ is a subadditive
function.

Corollary 13.1.13. Let X € A be an endofinite object. Then AddX is a
definable subcategory of A, consisting of all endofinite objects Y € A such that

Xy < xXx.
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Proof Recall that Ab(X) = Ab(A)/Sx, where Sx = Ker X. Let B denote
the smallest definable subcategory of A containing X it identifies with the
category Ex(Ab(X)°P, Ab) by Corollary 12.2.3. All objects in B are endofinite
by Proposition 13.1.9. Let (X;);e; be a representative set of indecomposable
direct summands of X. Then it follows from Theorem 13.1.11 and its proof
that the objects in B are precisely those of the form ¥ = [[;;Y; with ¥; a
coproduct of copies of X;. In particular yy < yx. Conversely, if yy < yx for
some object Y € A, then 8x C Sy. Thus ¥: Ab(A)°P — Ab factors through
Ab(A)°P - Ab(X)°P and therefore Y € B. O

Corollary 13.1.14. For an indecomposable object X € A the following are
equivalent.

(1) The object X is endofinite.
(2) The coproducts of copies of X form a definable subcategory.
(3) Every product of copies of X is a coproduct of copies of X.

Proof (1) = (2): Apply Corollary 13.1.13.

(2) = (3): This is clear, since a definable subcategory is closed under prod-
ucts.

(3) = (1): The object X is X-pure-injective and every object in Ab(X) is
noetherian, by Theorem 12.3.4. In fact, this result also implies that {X} is a
Ziegler closed subset of Ind A, by Theorem 12.2.2. Let Ab(X)( denote the full
subcategory of finite length objects. If this is a proper subcategory, then Ab(X)g
corresponds to a proper Ziegler closed subset of {X}, by Theorem 12.2.2. This
is impossible, and therefore all objects in Ab(X) have finite length. Thus X is
endofinite by Proposition 13.1.9. O

Corollary 13.1.15. Let X1, . .., X, be endofinite objects in A. Then X1®- - -®X,,
is endofinite.

Proof SetX = X; @ ---® X,,. Then we have *X = (), +X; in Fp(fp A, Ab).
Thus if Ab(X;) is a length category for each i, then Ab(X) is a length category,
by the lemma below. Now the assertion is clear from the characterisation of
endofiniteness of X via Ab(X) in Proposition 13.1.9. O

Lemma 13.1.16. Let C be an abelian category and Cy, . .., C, Serre subcat-
egories of C. If each localisation C/C; is a length category, then C/(; C; is a
length category.

Proof The product []; C/C; is a length category since £(X) = ; £(X;) for
each object X = (X;). The kernel of the canonical functor € — []; €/C; equals
(i C;. This yields a faithful and exact functor C/(; €; — []; €/C;. Clearly,
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the length of each object in C/(); C; is bounded by the length of its image in
I1; ¢c/¢.. O

Finite Type
Let A be a locally finitely presented category. We wish to characterise the
fact that all objects in A are endofinite. This requires a study of representable
functors of finite length and we begin with some preparations.

Let C be an additive category. Let us call C left Hom-finite if for all objects
X,Y in C the End(Y)-module Hom(X, Y) has finite length. Clearly, this property
implies that € is a Krull-Schmidt category, assuming that € is idempotent
complete.

Lemma 13.1.17. Let C be a Krull-Schmidt category. Then the following are
equivalent.

(1) The category C is left Hom-finite.

(2) For all indecomposable objects X,Y the End(Y)-module Hom(X,Y) has
finite length.

(3) Every object in C has a left artinian endomorphism ring.

Proof (1) & (2): Fix a pair of objects X,Y in C. First observe that for any
decomposition X = (P, X; we have

CEnd(y)(Hom(X,Y)) = Z CEnd(y) (Hom(X;,Y)).
7

Now fix a decomposition ¥ = € j Y;.lf ,n; > 0 such that the Y; are indecom-
posable and pairwise non-isomorphic. Set Y’ = H j Y;. Then

Cena(y)y (Hom(X,Y)) = Lgpacyr) (Hom(X,Y"))
= > Cena(y;) (Hom(X, Y)))
J
since
End(Y’)/J(End(Y")) = nEnd(Yj) /J(End(Y;)).
J
Now the assertion follows.
(1) © (3): One direction is clear. So fix objects X, Y € Cand suppose that A =
End(X @ Y) is left artinian. Thus €(5A) is finite. Let e € A be the idempotent
given by projecting onto Y. Observe that £.p.(eM) < {A(M) for every left

A-module M. Now Hom(X,Y) is a direct summand of eA = Hom(X & Y,Y)
and has therefore finite length over eAe = End(Y). O
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Now suppose that € is a Krull-Schmidt category. Let ind C denote a rep-
resentative set of the isoclasses of indecomposable objects. For an additive
functor F: € — Ab we define its support

Supp(F) ={X €indC | FX # 0}
and let £(F) denote the composition length of F in Add(C, Ab).

Lemma 13.1.18. For an additive functor F: C — Ab we have

t(F) = Z Cenax) (FX).
Xeind €

Proof The assignment

Fio 8(F) = > lenagx) (FX)
Xeind C
satisfies £(F) = £(F’) + {(F") for every exact sequence 0 — F’ — F —
F” — 0,and £(F) # 0 for every F # 0. Thus £(F) = oo implies £(F) = co.
Now suppose that £(F) < oo, If F is a simple functor and FX # 0 for some
X € ind G, then we have Supp(F) = {X} and {(F) = 1 = {gpq(x) (FX). From
this the assertion follows by induction on €(F). O

Remark 13.1.19. Let & = Fp(C, Ab) be abelian and F € . Consider the
embedding ¥ — F = Add(C, Ab). Then {5 (F) = {5 (F) since the embedding
is right exact and every simple object in J is simple in 7.

Theorem 13.1.20. For a locally finitely presented category A the following
are equivalent.

(1) Every object in A is endofinite.

(2) The abelian category Ab(A) is a length category.

(3) Forall C € fp A the functor Hom(C, —): fp. A — Ab has finite length.

(4) For all C € fpA the endomorphism ring End(C) is left artinian and
there are, up to isomorphism, only finitely many indecomposable objects
D € fp A such that Hom(C, D) # 0.

In this case each object in A decomposes into a coproduct of indecomposable
finitely presented objects.

Proof (1) & (2): For every object X € A we have the quotient Ab(A) —»
Ab(X). Note that Ab(A) = Ab(U) for U = [[xemnq.4 X; see Theorem 12.2.2.
Now apply Proposition 13.1.9. Thus when U is endofinite, then Ab(A) is a
length category. On the other hand, when Ab(A) is a length category, then
Ab(X) is a length category for every X € A.
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(2) © (3): Clearly, Ab(A) is a length category if and only if for each
C € fp A the representable functor Hom(C, —) has finite length, keeping in
mind Remark 13.1.19.

(3) © (4): We apply Lemma 13.1.17 and Lemma 13.1.18. Then each rep-
resentable functor fp.A — Ab has finite length if and only if fp A is left
Hom-finite and the support of each representable functor is finite.

To prove the final assertion, observe that each endofinite object decomposes
into a coproduct of indecomposables by Proposition 13.1.9. Thus it remains to
show that each indecomposable X € A is finitely presented. Let X = colim X;
be written as a filtered colimit of objects in fp A. There is a unique simple object
S € fpP(A) such that E(S) = X. The inclusion S — X factors though X;,
and we may assume that X; is indecomposable. Thus X; = E(S), and therefore
X = X;. m|

Example 13.1.21. Let A denote the Kronecker algebra and consider the subcat-
egory J € mod A of postinjective Kronecker representations (finite direct sums
of indecomposable representations with dimension vector (n + 1,n)). Then J
satisfies the conditions of the above theorem.

Properties of Endofinite Objects

Let A be a locally finitely presented category. The indecomposable endofinite
objects may be viewed as points of Ind .A. These give rise to discrete subsets.

Proposition 13.1.22. Let X € A be an endofinite object. Then each subset
U € Add X N Ind A is a closed subset of Ind A.

Proof 1t follows from Corollary 13.1.13 that the coproducts of copies of
objects in U form a definable subcategory of A. Thus U is a closed subset of
Ind A by Theorem 12.2.2. O

We have the following immediate consequence.

Corollary 13.1.23. Suppose that Ind A is quasi-compact. If X is an endofinite
object in A, then the number of isomorphism classes of indecomposable direct
summands of X is finite.

Proof The indecomposable direct summands of X form a discrete space by
the above proposition. This space is necessarily finite if it is quasi-compact. O

Next we study the endomorphism ring of an endofinite object. Recall that
for an object C in an abelian category the height ht(C) is bounded by its
composition length £(C).
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Proposition 13.1.24. Let X be an endofinite object and J the Jacobson radical
of its endomorphism ring. Then (¢ J" = 0. Moreover, for n > 0 we have

J'"=0 < ht(F) <njforall F € Ab(X)
<  ht(Hom(C, X)) < nforall C € fp A.

Proof As before we identify X with an exact functor X: Ab(X)°? — Ab in
Lex(Ab(X)°P, Ab). This is a locally finite Grothendieck category and then the
assertion follows from Proposition 11.2.8 and Remark 11.2.9. O

Corollary 13.1.25. Suppose there exists an object G € fp A such that every ob-
Jectinfp A is a quotient of G" for some integer n > 1. Then for every endofinite
object in A the Jacobson radical of its endomorphism ring is nilpotent.

Proof Let X € A be endofinite. For C € fp A an epimorphism G" — C in-
duces a monomorphism Hom(C, X) — Hom(G", X). Thus ht(Hom(C, X)) <
ht(Hom(G, X)). O

Uniserial Categories

Let A be a locally finitely presented abelian category and set C = fp.A. Our aim
is to describe all indecomposable objects in A when C is an abelian category
which is uniserial. In particular, we see that all indecomposables are endofinite.

Fix an object X € A. The composition length of X is denoted by £(X), and
the height ht(X) is the smallest n > 0 such that soc™ (X) = X.

Now suppose that every object in fp.A has finite length. Let X = colim X;
be written as a filtered colimit of finitely presented objects. Then soc™(X) =
colimsoc” (X;) for all n > 0, and therefore X = J,,5( soc” (X).

Recall that C is uniserial if C is a length category and each indecomposable
object has a unique composition series.

Lemma 13.1.26. Let C be a length category. Then C uniserial if and only if
ht(X) = €(X) for every indecomposable X € C.

Proof Let X € € be indecomposable. If ht(X) = £(X), then the socle series
of X is the unique composition series of X.
Now assume ht(X) # £(X). Then there exists some n > 0 such that

soc™ 1 (X)/soc" (X) =S, ®--- @ S,

with all S; simple and r > 1. Choose n minimal and let soc”(X) C U; € X be
given by U; /soc” (X) = S;. Then we have at least r different composition series

0 =soc’(X) Csoc'(X) C--- Csoc™(X) CU; C--- Csoc"™ (X)) C---
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of X. O
Lemma 13.1.27. Let C be a uniserial category. Then C is left Hom-finite.

Proof We apply Lemma 13.1.17 and need to show for all X,Y in C that the
End(Y)-module Hom(X, Y) has finite length, and it suffices to assume that Y
is indecomposable. We claim that

CEnd(v) (Hom(X,Y)) < €(X).

Using induction on £(X) the claim reduces to the case that X is simple. So
let S = soc(Y) and write E = E(Y) for its injective envelope. Note that
soc™(E) = Y for n = £(Y), by Lemma 13.1.26. Thus any endomorphism
E — E restricts to a morphism ¥ — Y. Write i: S — Y for the inclusion.
Then any morphism j: § — Y induces an endomorphism f: E — E such that
fly oi = j. Thus the End(Y)-module Hom(S, Y) is cyclic, and it is annihilated
by the radical of End(Y). Therefore Hom(S, Y) is simple. m}

Theorem 13.1.28. Let A be a locally finitely presented category and suppose
that fp A is a uniserial category. Then every non-zero object in A has an
indecomposable direct summand that is finitely presented or injective.

Proof From Lemma 13.1.26 it follows that for every indecomposable injective
object E in A the subobjects form a chain

O0=EyCE CE,C---

with E,, = soc"(E) in C foralln > O and E = |J,,59 E». Note that E = E¢ (g
when £(E) < oo.

Fix X # 0 in A and choose a simple subobject § C X. Let U C X be
a maximal subobject containing S such that S C U is essential; this exists
by Zorn’s lemma. Then U is injective or belongs to C. In the first case we
are done. So assume U € €. We claim that the inclusion U — X is a pure
monomorphism. To see this, choose a morphism C — X /U with C € C. This
yields the following commutative diagram with exact rows.

0 U 1% C 0
I
0 U X X/U 0

Write V = @ V; as a direct sum of indecomposable objects. Then there exists
anindex i such that the composite S < U — V; — X isnon-zero. Thus § — V;
is essential and V; — X is a monomorphism. It follows from the maximality of
U that U — V; is an isomorphism. Therefore the top row splits, and this yields
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the claim. It remains to observe that every object in € is pure-injective since C
is left Hom-finite; see Proposition 13.1.9 and Lemma 13.1.27. O

Corollary 13.1.29. Every indecomposable object in A is endofinite. O

Corollary 13.1.30. Every indecomposable object in A is the source of a left
almost split morphism.

Proof Let X be indecomposable. If X is injective, then X - X /soc(X) is left
almost split. If X is not injective, then X is finitely presented and there exists a
monomorphism X — X’ such that X’ is indecomposable and £(X’) = £(X)+1.
It is easily checked that X — X’ & X/soc(X) is left almost split. O

13.2 Endofinite Modules

Let A be a ring. We consider the category of A-modules and set A = Mod A.
Note that A is locally finitely presented with fp A = mod A. In this section we
apply the general theory of endofinite objects and study the A-modules which
are endofinite.

Properties of Endofinite Modules

For a A-module X with I' = Enda (X) we denote by £, (X) its composition
length and call endol (X) := {r(X) the endolength of X. Clearly, endol (X) <
oo if and only if X is an endofinite object in Mod A, since for any epimorphism
A" - C we have

{r(Homy (C, X)) < n - endolp (X).

Given a bimodule y X, we have endols(X) < ¢x(X). Thus when A is a
k-algebra over some commutative ring k, then a A-module of finite length over
k is endofinite. In particular, when A is an Artin k-algebra we have

endolp (X) < € (X) < Ca(X) - G (AJJ(N)).
The following summarises the basic properties of endofinite modules.

Proposition 13.2.1. Endofinite modules are Z-pure-injective. The class of
endofinite modules is closed under finite direct sums, and arbitrary products
or coproducts of copies of one module. If X' C X is a pure submodule of an
endofinite module X, then X' is a direct summand and endol(X’) < endol(X).
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Proof Endofinite modules are X-pure-injective by Proposition 13.1.9. Being
closed under finite direct sums follows from Corollary 13.1.15. Being closed
under arbitrary (co)products of copies of one module follows from Corol-
lary 13.1.13. The same result shows that endofinite modules are closed under
pure submodules, because a definable subcategory is closed under pure subob-
jects, by Theorem 12.2.5. Also, we have for a pure submodule X’ C X

endol(X”) = yx (A) < xx(A) = endol(X)
by Corollary 13.1.13. O

The next result establishes the decomposition of endofinite modules into
indecomposables. For a cardinal « let X(®) denote a coproduct of a copies of
X.

Proposition 13.2.2. A A-module X is endofinite if and only if there are pair-
wise non-isomorphic indecomposable endofinite A-modules X, ..., X, and
cardinals a; > 0 such that X = @?:1 Xl.(ai). In that case

n
endol(X) = Z endol(X;).

i=1
Proof Let X be endofinite. Then X decomposes into a coproduct of inde-
composable modules because X is X-pure-injective; see Theorem 12.3.4. The
number of isomorphism classes of indecomposable summands in such a de-
composition is finite by Corollary 13.1.23, since Ind A is quasi-compact; see
Corollary 12.3.12. The summation formula for endola (X) then follows from
Theorem 13.1.11.

Now let X1, ..., X, be indecomposable modules which are endofinite. Then
P, Xl.(ai) is endofinite for any choice of cardinals «;, by Proposition 13.2.1.
O

Examples of Endofinite Modules

We collect various examples of endofinite modules.

Example 13.2.3. A ring A is right artinian if and only if every injective A-
module is endofinite.

Proof LetI be aninjective A-module and setI" = Endy (7). Given a A-module
X, we have fr(Homy (X, I)) < 1 when X is simple, and therefore by induction

tr(Homy (X, 1)) < €A (X),
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with equality when [/ is an injective cogenerator. Now the assertion follows by
setting X = A. |

Example 13.2.4. Let A be a commutative noetherian ring and p € Spec A.
Then the injective envelope E (A/p) is endofinite if and only if p is minimal.

Proof All injective A-modules decompose into indecomposables because A
is noetherian. Also, we use the bijection q +— E(A/q) between Spec A and the
set of isoclasses of indecomposable injective A-modules (Corollary 2.4.15).

Now fix p € Spec A and consider the specialisation closed set V = {q €
Spec A | q € p}. This yields a split torsion pair

({XenjA|AssX CV}L{X elnjA | AssX NV =2})

(Corollary 2.4.16). Then {X € Inj A | Ass X NV = @} is closed under products
and consists of coproducts of copies of E (A /p) if and only if p is minimal. From
this the assertion follows because of the characterisation of indecomposable
endofinite objects in Corollary 13.1.14. m}

The next example takes up the construction of pure-injective modules over
group algebras from Proposition 12.4.20.

Example 13.2.5. Let G be a finite group and k a field. If p is a prime ideal in
R = H*(G, k) and I, = E(R/p) the corresponding indecomposable injective
R-module, then we may assume the corresponding kG-module T'(/,) to be
indecomposable, by removing all non-zero injective summands.

If p is a minimal prime, then 7' (/) is endofinite. This follows from the above
Example 13.2.4 and the characterisation of indecomposable endofinite objects
in Corollary 13.1.14, because the functor T preserves products and coproducts.

Example 13.2.6. The indecomposable endofinite A-modules X with Enda (X)
a division ring correspond bijectively to a ring epimorphism ¢: A — I such
that I" is simple artinian. The correspondence sends X to A — Endgyg, (x) (X)
and ¢ to the restriction of the simple I'-module.

Example 13.2.7. For a commutative ring A the modules of endolength one
correspond bijectively to prime ideals, by taking p € Spec A to the quotient
field Q(A/p).

The following is an analogue of Example 12.3.6.

Example 13.2.8. Let O be a quiver and k a commutative ring. If X is a k-linear
representation such that X; is a finite length k-module for each vertex i € Qy,
then X is endofinite.
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Example 13.2.9. Let A be a ring and X an indecomposable X-pure injective
A-module. Then the Ziegler closure of {X} contains an endofinite module; see
Proposition 14.1.19.

Finite Representation Type

A right artinian ring A is said to be of finite representation type if the number of
isomorphism classes of finitely presented indecomposable A-modules is finite.

Theorem 13.2.10. For a ring A the following conditions are equivalent.

(1) The ring A is right artinian and of finite representation type.
(2) Every A-module is endofinite.
(3) Every object in Ab(A) is of finite length.

In this case each A-module decomposes into a coproduct of finitely presented
indecomposables.

Proof Mostimplications as well as the final assertion are direct consequences
of Theorem 13.1.20.

(1) = (3): See [9, Theorem 3.1].

(2) © (3): See Theorem 13.1.20.

(2) = (1): The ring A is right artinian, thanks to Example 13.2.3. From
Theorem 13.1.20 it follows that for all C € mod A there are, up to isomorphism,
only finitely many indecomposable objects D € mod A such that Hom(C, D) #
0. Taking C = Ay, it follows that A is of finite representation type. O

Note that the finite representation type is left-right symmetric because of the
duality Ab(A)°P = Ab(A°P).

Noetherian Algebras

Let A be a noetherian k-algebra over a commutative ring k. In this case there
is a natural finiteness condition for an endofinite A-module.

Lemma 13.2.11. An endofinite A-module is noetherian if and only if it is
artinian.

Proof Let X be an endofinite A-module and set I = End, (X). Suppose first
that X, is noetherian. Then I' is a noetherian k-algebra and therefore any finite
length I'-module is of finite length over k. It follows that X is of finite length
over A.

Suppose that X, is artinian. Then the socle series of X, is finite since each
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term is a I'-submodule of X. It remains to note that a semisimple artinian
module has finite length. O

The following is an analogue of Theorem 12.4.15 for Artin algebras.

Theorem 13.2.12. For an indecomposable endofinite A-module X the follow-
ing are equivalent.

(1) X is finitely presented.

(2) X is of finite length.

(3) X is the source of a left almost split morphism.
4) X is isolated.

Proof (1) = (2): Follows from Lemma 13.2.11.

(2) = (3): Adapt the proof of Theorem 12.4.15.

(3) = (2): It follows from Theorem 12.3.13 that X is the injective envelope
of a simple object C € P(Mod A). The A-module X is a direct summand of
[1;c7 DY; for some collection of finitely presented left A-modules Y;, where D =
Homy (—, E) denotes the Matlis duality for k-modules; see Corollary 12.4.8.
We have Hom(C, X;,) # O for some iy € I where X; = DY;. Then it follows that
X isadirect summand of DY;,. Wehave E = [[g E(S), where S runs though the
simple k-modules, and therefore DY = [ [, Hom (Y, E(S)) when Y is finitely
generated. It follows as before that X is a direct summand of Homy (Y;,, E(So))
for some simple Sy and therefore artinian over k, since the k-module E (Sp) is
artinian; cf. Lemma 2.4.19. Then the above Lemma 13.2.11 implies that X, is
of finite length.

(2) = (1): Clear.

(3) © (4): Apply Corollary 12.3.15. O

The above theorem suggests that we can single out the indecomposable
endofinite modules which have infinite length; these are called generic.

Quasi-Frobenius Rings

Right artinian rings are characterised by the fact that all projective and all
injective modules are endofinite. The following theorem describes the right
artinian rings such that both classes of modules coincide.

Theorem 13.2.13. For a ring A the following conditions are equivalent.

(1) Projective and injective A-modules coincide.
(2) The category Mod A of A-modules is a Frobenius category.
(3) The ring A is right noetherian and the module Ay is injective.
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(4) The ring A is right artinian and mod A is a Frobenius category.

Proof (1) = (2): This is clear, since Mod A is a category with enough pro-
jective and enough injective objects

(2) = (3): The category of injective modules is closed under coproducts,
and therefore A is a right noetherian ring (Theorem 11.2.12).

(3) = (4): The module A, decomposes into finitely many indecomposables
with local endomorphism rings. Let Py,..., P, represent the isomorphism
classes of indecomposable summands, and set S; = P;/rad P;. Then S1,..., S,
represent the isomorphism classes of simple A-modules, and Py, ..., P, rep-
resent the isomorphism classes of their injective envelopes. Here one uses that
the P; are injective. For any 7, any product of copies of P; decomposes into
indecomposables, and the socle of each summand is isomorphic to soc P;. Thus
the characterisation of indecomposable endofinite objects in Corollary 13.1.14
implies that P; is endofinite. But then A is endofinite, and therefore all injective
A-modules are endofinite. This implies that A is right artinian, by Exam-
ple 13.2.3. It is clear that mod A has enough projective and enough injective
objects. Moreover, the indecomposable projectives and injectives coincide, and
therefore all projectives and injectives in mod A coincide, by the Krull-Remak—
Schmidt theorem. Thus mod A is a Frobenius category.

(4) = (1): Since A is right artinian, all projective and all injective A-modules
are direct sums of indecomposable modules. These indecomposables belong to
mod A, and therefore projective and injective A-modules coincide. O

The Space of Indecomposables

We study indecomposable endofinite A-modules as points of the spectrum
Ind A. We use the embedding Mod A — P(Mod A) and identify each A-
module X with the corresponding exact functor X: Ab(A)®® — Ab; see
Corollary 12.4.5.

Lemma 13.2.14. The endolength of a A-module X equals the length of the
object F = Homp (A, —) in Ab(X). Foraninteger n > 0, we have endol(X) < n
if and only if for every chain of subobjects

0=Fp1 C--- C F) C Fy=Homy(A,-)
in Ab(A) we have X(F;/F;y1) =0 for some 0 < i < n.
Proof Observe that X(F) = X. Thus the proof of Proposition 13.1.8 shows

endol(X) = fgq(x) (X (F)) = Cav(x) (F).
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Every chain of subobjects
O0=Fu S -CFhckh=F

in Ab(X) is isomorphic to the image of a chain of subobjects
O=Fm S CH CF=F

in Ab(A) under the canonical functor Ab(A) - Ab(X). Clearly, {apx)(F) < n
if and only if for every such chain F;/F;.; = 0 in Ab(X) forsome 0 <i < n. It
remains to observe that F;/F;,; = 0in Ab(X) ifand only if X (F;/F;41) =0. O

Proposition 13.2.15. Let A be aring. Then U, = {X € Ind A | endol(X) < n}
is a closed subset of Ind A for every integer n > 0.

Proof For achain ¢ = (F;)o<;<n+1 Of subobjects
0=F,y1 C--+- CF| C Fy=Homu(A,-)

in Ab(A) we set Uy ; = {X € IndA | X(F;/Fir1) =0} and Uy = U, Uy ;.
These are closed subsets of Ind A, and therefore the intersection U = ﬂ¢ Ug
is also closed, where ¢ runs through all chains ¢ = (F;)p<;<n+1- It remains to
observe that U = U,, by the preceding lemma. O

A compactness argument provides for Artin algebras the existence of inde-
composable endofinite modules which are of infinite length. Such modules are
called generic.

Corollary 13.2.16. Let A be an Artin algebra and set ind A = Ind A N mod A.
If a subset of {X € ind A | endol(X) < n} is infinite for some fixed n € N, then
its closure contains a point Y € Ind A \ ind A with endol(Y) < n.

Proof The space U, is quasi-compact since Ind A is quasi-compact; see Corol-
lary 12.3.12. On the other hand, U, N ind A is discrete by Theorem 12.4.15.
Thus U,, € ind A implies that U,, is finite. |

Generic modules also arise from Priifer modules; see Example 14.1.21.

Duality

Let A be a ring. There is a bijective correspondence between indecomposable
endofinite right and left A-modules. Recall that a A-module X determines the
following Serre subcategory of Ab(A)

X = {F € Ab(A) | Hom(F", X ® —) = 0}.
For a module X we set A(X) = End(X)/J(End(X)).



13.2 Endofinite Modules 433

Lemma 13.2.17. LetS C Ab(A) be a Serre subcategory such that Ab(A) /S isa
length category with a unique simple object S. Then there is up to isomorphism a
unique indecomposable A-module X with+X = 8. Moreover, endol(X) equals
the length of Homp (A, =) in Ab(A)/8, and A(X) = End(S).

Proof Let 8t denote the definable subcategory corresponding to 8. Then
X € 8 is endofinite if Ab(A)/S is a length category, by Proposition 13.1.9.
The assertion about endol(X) then follows from Lemma 13.2.14, and for the
rest see Remark 13.1.12. O

Theorem 13.2.18. Let A be a ring. There is a bijection X — DX between the
isomorphism classes of indecomposable endofinite right and left A-modules. It
is determined by any of the following conditions.

(1) +tDX = (*X)V.
(2) Let " be a ring such that r X is a bimodule. If I is an injective I'-module,
then Homp (X, I) is a coproduct of copies of DX.

Moreover, we have D*X = X, endol(DX) = endol(X), and A(DX) = A(X)°P.

Proof We apply the equivalence Ab(A)°P = Ab(A°P) and combine this with
Lemma 13.2.17. Observe for a Serre subcategory & C Ab(A) that we have an
induced equivalence

(Ab(A)/8)® = Ab(A®)/S".

If § = + X for a A-module X, then X is endofinite if and only if Ab(A)/S is a
length category, by Proposition 13.1.9. If X is indecomposable and endofinite,
then DX is given by 8+, or as a direct summand of Homr (X, I), see Propo-
sition 12.4.10. Clearly, D>X = X since 8"V = 8, and the rest follows from
Lemma 13.2.17. m]

Example 13.2.19. Let A be a noetherian k-algebra and X — Homy (X, E) the
Matlis duality over k. For an indecomposable endofinite A-module X of finite
length we have DX = Homy (X, E).

Notes

Modules of finite endolength were introduced by Crawley-Boevey [56, 57]. Of
particular interest are generic modules, that is, the indecomposable endofinite
modules that are not of finite length; they can be used to describe the repre-
sentation type of an algebra, because generic modules parametrise families of
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finite dimensional representations [56]. In the more general context of locally
finitely presented categories, endofinite objects were introduced and studied
in [58]. This work contains the classification in terms of subadditive func-
tions. The existence of generic modules over Artin algebras is closely related
to the ‘strongly unbounded representation type’. This yields a link to the sec-
ond Brauer—Thrall conjecture [117] which is explained in [57]. The existence
proof given here uses the compactness of the Ziegler spectrum and follows
Herzog [111]. The characterisation of indecomposable endofinite modules of
finite length over noetherian algebras is taken from [57]. The duality between
indecomposable endofinite right and left modules is due to Herzog [110]. The
study of quasi-Frobenius and self-injective rings goes back to Eilenberg and
Nakayama [73], generalising work of Brauer and Nesbitt for finite dimensional
algebras [40].
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The Krull-Gabriel dimension is an invariant which is defined for any essentially
small abelian category. The definition is based on a filtration which can be
used to describe injective objects of a locally finitely presented Grothendieck
category. In fact, we use this technique to classify all pure-injective objects
for some interesting examples, including sheaves on the projective line and
representations of the Kronecker quiver.

14.1 The Krull-Gabriel Filtration

In this section we introduce the Krull-Gabriel filtration of an essentially small
abelian category. This filtration is then used to classify all injective objects
in a locally finitely presented Grothendieck category, provided its category of
finitely presented objects is abelian and the Krull-Gabriel dimension is defined.

435
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This is done in two steps: first the indecomposable objects, and then the general
case. There is an analogue of this filtration for modular lattices, which we
apply to the lattice of subobjects of an object of an abelian category. From the
classification of injective objects we deduce the classification of pure-injective
objects of a locally finitely presented category. In particular, the last layer of
the Krull-Gabriel filtration produces endofinite objects.

Filtrations of Abelian Categories

We begin with a brief discussion of ordinals. For historical reasons let —1 denote
the ordinal possessing no element, and n — 1 denotes the ordinal possessing a
finite number of n elements. The sum of ordinals a and g (first @ and then )
is denoted by @ L S. For example, we have @ L 8 = @ + S+ 1 when « and 8
are finite.

Let C be an essentially small abelian category. We set A = Lex(C°P, Ab)
and recall that A is a locally finitely presented Grothendieck category with
C>fpA.

The Krull-Gabriel filtration of C is given by a sequence of Serre subcate-
gories which is indexed by the ordinals @ > —1.

— C_j is the full subcategory containing only the zero objects.

— Cq is the full subcategory of objects that become of finite length in C/Cg, if
a=06+1.

- Ca = Uy<qa €y, if @ is a limit ordinal.

We set Coo = |, Cq. If Coo = C, then the smallest ordinal « such that € = C,
is called the Krull-Gabriel dimension and is denoted KG.dim C. We write
KG.dim € < oo in this case, and we say that the Krull-Gabriel dimension is
defined.

We collect some elementary properties of this dimension.

Lemma 14.1.1. Let €’ C C be a Serre subcategory and set C"" = C/C’. Then
sup(KG.dim €’, KG.dim €”) < KG.dim € < KG.dim €’ 1. KG.dim C”.

Proof Firstobserve that €/, = C, N C’ for every ordinal a; see Lemma 14.1.10
for a detailed proof. Also, the canonical functor € - €’ maps €, into €/;. Thus
Co = Cimplies €/, = ¢’ and €/, = C”. This yields the first inequality. For the
second one suppose that ¢’ C €, for some ordinal @. Then ¢ -» C/C, induces
a functor €/C’ - C€/C, which maps (C/C’)g into (C/C,)p for every ordinal S.
The functor € -» €/C, identifies €, with (C/C4)g. Thus (€/C")g = C/C’
implies Co.1p5 = C. O
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Lemma 14.1.2. Let C be finitely generated as an abelian category and suppose
KG.dim € < oo. Then KG.dim C = B + 1 for some ordinal B.

Proof Suppose that X generates C as an abelian category, i.e. there are no
proper Serre subcategories containing X. Let @ be a limit ordinal. If C =
Uy<a €y, then X € C,, for some y < @ and therefore KG.dim A < a. O

Next we consider indecomposable injective objects in A. Recall that Sp A
denotes a representative set of the isomorphism classes of indecomposable
injective objects. For each ordinal «, let Sp, A denote the set of functors
F € Sp A such that F(C,) = 0 and F(X) # 0 for some object X which is
simple in C/C,.

Lemma 14.1.3. The relation F(X) # 0 yields a bijection between the isomor-
phism classes of simple objects X € C/C, and the elements F € Sp,, A.

Proof An object F € Sp A is an exact functor, and F(C,) = 0 implies that
F can be viewed as an object in Lex((C/C,)°P, Ab). If X € C/C,, is simple,
then the corresponding representable functor is simple in Lex((C/C,)°P, Ab),
and F(X) # 0 implies that F is an injective envelope; see Proposition 11.1.31
and the subsequent remark. It remains to observe that non-isomorphic simples
have non-isomorphic injective envelopes. O

Proposition 14.1.4. Suppose that KG.dim C = k. Then Sp A equals the disjoint
union | |y, Spo, A. Moreover, for each ordinal @ < « there is a bijection
between Sp,, A and the set of isomorphism classes of simple objects in C/C,.

Proof Let F € Sp.A and choose 8 minimal such that F(Cg) # 0. Then S is
not a limit ordinal, so of the form 8 = a + 1, because otherwise any 0 # X € Cg
belongs to €, for some y < . Thus there is some object X which is simple in
C/Cq such that F(X) # 0. Therefore F' € Sp,, A. The second assertion follows
from the preceding lemma. O

If the Krull-Gabriel dimension of C = fp A is defined, then one obtains a
classification of all injective objects in A.

Proposition 14.1.5. Suppose that KG.dim fp A = k. Then every injective object
X in A is the injective envelope of a coproduct of indecomposable injectives
;e Xi. The isomorphism classes of the X; and their multiplicities are uniquely
determined by X.

Proof First observe that every non-zero injective object X admits an inde-
composable summand. To this end let @ be an ordinal that is minimal such
that X admits a non-zero morphism ¢: C — X with C € (fpA),. Clearly,
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@ = B+ 1. Then C has finite length in fp A/(fp A)g. Choose a composition
series 0 =Cy C C; C --- C C,, = C and let r be minimal such that ¢(C,.) # 0
but ¢(C,—;) = 0. Set C' = C,/Cr_1 and D = Im ¢. Because C’ is simple in
fp A/ (fp.A)g, it follows that D is uniform, so D # 0 and any pair of non-zero
subobjects has a non-zero intersection. Thus the injective envelope of D yields
an indecomposable direct summand of X.

Given a non-zero injective object X, we use Zorn’s lemma and obtain a
maximal family of indecomposable injective subobjects (X;);e; such that the
sum X’ = > ;<7 X; is direct. This yields a decomposition X = E(X’) @ X", and
X’ = 0 by the first part of the proof.

We sketch the argument for the uniqueness statement. One passes to the
spectral category of A, which is by definition the localisation A[Ess™'] with
respect to the class Ess of essential monomorphisms (cf. Proposition 2.5.9).
This is a split exact Grothendieck category, so each object decomposes into
simple objects, and the canonical functor A — A[Ess~!] identifies each object
in A with its injective envelope. Now one applies the Krull-Remak—Schmidt—
Azumaya theorem (Theorem 2.5.8). ]

Letus discuss a variation of the Kull-Gabriel filtration which yields a possible
refinement. Fix again an essentially small abelian category € and consider an
ascending chain of Serre subcategories C* € € which is indexed by the ordinals
@ < K:

0=C'lcelcelc...cer=ec.

Suppose that C¥*!/C¥ is a length category for all @ < k, and C¥ = Up<a cr
for any limit ordinal @ < «. As before, define Sp® A to be the set of objects
F € SpA such that F(C%) = 0 and F(X) # 0 for some object X which is
simple in C*+! /@2,

Proposition 14.1.6. We have KG.dim C < «, and Sp A equals the disjoint
union | |y« Sp® A. Moreover, for each a@ < « there is a bijection between
Sp® A and the set of isomorphism classes of simple objects in C¢*! /@,

Proof It follows by induction from Lemma 14.1.1 that KG.dim € < «. The de-
scription of Sp A is analogous to Proposition 14.1.4, and the proof is essentially
the same. O

The Lattice of Subobjects

Let C be an essentially small abelian category. For an object X € € we denote by
L(X) its lattice of subobjects and note that this lattice is modular. The Krull-
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Gabriel filtration of C is reflected by a cofiltration of L(X) for each object
X € C. The description of this cofiltration requires the following definition.

Let L be a modular lattice. Recall that a lattice has finite length if there
is a finite chain 0 = xg < x; < --- < x, = 1 which cannot be refined. An
equivalent condition is that L satisfies both chain conditions. Given elements
x,y € L we write x ~ y if the interval [x A y,x V y] has finite length. Then ~
defines a congruence relation on L. This means the set of equivalence classes
L/~ carries again the structure of a modular lattice and the canonical map
L — L/~ is a lattice homomorphism.

Let us define a cofiltration of L which is indexed by the ordinals ¢ > —1:

- L—I:L7
— Lo=Lg/~whena=p8+1,

— L4 = colimy, ., L, when « is a limit ordinal.

We denote by L the colimit of this cofiltration. If L., = O then the smallest
ordinal a such that L, = 0 is called the minimal dimension (or simply m-
dimension) of L and is denoted m.dim L. We write m.dim L < oo in this case,
and m.dim L = oo when Lo, # 0.

Remark 14.1.7. If m.dim L < oo, then m.dim L = 8 + 1 for some ordinal 8. To
see this consider the set /,, of elements x € L that L — L, maps to 0. Note
that I, = U, <o I, when « is a limit ordinal. Moreover, L, = 0 if and only if
1el,.

We collect some basic properties of the m-dimension and begin with an
elementary observation.

Lemma 14.1.8. Let F: C — D be an exact functor between abelian categories
and X € Canobject. Then F induces a lattice homomorphism L(X) — L(FX).
This map is surjective when F is a quotient functor.

Proof Given subobjects U,V C X, then F(UNV) = F(U) N F(V) and
F(U+V) = F(U) + F(V) since F is exact. Thus L(X) — L(FX) is a
homomorphism. When F' is a quotient functor then we can apply the lemma
below. O

Lemma 14.1.9. Let C be an abelian category and Q: C — C/B the quotient
Sfunctor given by a Serre subcategory B C C. Then for any exact sequence 0 —

X - Y — Z — 0in C/B there is an exact sequence 0 — X’ 2, Y Y, Z'—0
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in C inducing the following commutative diagram.

0 X Y z 0
Ik H |
0 0@ o, ow 0

Proof We consider the morphism X — Y in C/B. Then there are subob-
jects X; € X and Y; C Y in C such that X/X; and Y; belong to B, plus a
morphism ¢;: X; — Y/Y; in C inducing the following commutative square
(Lemma 2.2.4).

X ——Y

I

X Q(¢1) YV,

We form in € the following pullback.

X, b2

[

X, 2y

Now choose for ¢: X’ — Y the inclusion Im¢, — Y and fory: ¥ — Z’ the
cokernel of ¢. O

The following lemma describes the lattice of subobjects corresponding to
the Krull-Gabriel filtration of an abelian category.

Lemma 14.1.10. Let C be an essentially small abelian category and qo: C —
C/C the quotient functor for an ordinal a. Given an object X € C, the canonical
map L(X) — L(q4X) induces an isomorphism L(X), = L(qoX). Therefore
X e Cqifand only if L(X)qe =0, and X € Cw if and only if L(X) = 0.

Proof 1Tt follows from Lemma 14.1.8 that the map L(X) — L(gX) is sur-
jective. We compare this map with the canonical map L(X) — L(X),, and it
suffices to show that both maps identify the same elements in L.(X). This is done
by induction. For the step 8 — S+ 1 suppose L(X)s = L(ggX) and consider
subobjects U € V C X. Then the map L(ggX) — L(gp+1X) identifies U and
V if and only if V /U has finite length in C/Cp if and only if L(X)g — L(X)g+1
identifies U and V. This yields the isomorphism L(X), = L(gX). In partic-
ular, X € C, if and only if L(X), = 0. O

A dense chain in a lattice is a sublattice C # 0 having the property that for
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every pair x < y in C there is z € C with x < z < y. Note that having a dense
chain is equivalent to having a sublattice isomorphic to

D={p-27"€[0,1]NQ| p,n € N}.
Lemma 14.1.11. There is a dense chain in L if and only if m.dim L = co.

Proof Letm: L — Lo be the canonical map. If Ly, # 0, then L, is a dense
chain in L. Thus we can construct inductively a dense chain isomorphic to
D in L, since for any pair x < y in L with 7(X) < n(y) there is some z € L
with 7(X) < n(z) < n(y), and therefore x < 7’ < y forz’ = (x V z) A y. Now
suppose there is a dense chain in L, say between x and y. Using induction one
shows that 7(x) # 7(y), and therefore m.dim L = oo. O

We record a useful consequence.

Proposition 14.1.12. Let C be an essentially small abelian category. Then Cy
contains all noetherian and all artinian objects.

Proof Let X be noetherian or artinian. Then L(X) does not contain a dense
chain, and therefore m.dimL(X) < oo by Lemma 14.1.11. Thus X € Cs by
Lemma 14.1.10. O

Corollary 14.1.13. KG.dim € < oo when all objects in C are noetherian.

Example: Commutative Noetherian Rings

Let A be a commutative noetherian ring. We compute the Krull-Gabriel di-
mension of the abelian category mod A. This justifies the terminology, because
this dimension coincides with the Krull dimension of the ring A.

Let X € C be an object of an abelian category C and suppose X € C, for
some ordinal @. Then the smallest ordinal @ with this property is called the
Krull-Gabriel dimension and is denoted KG.dim X.

Proposition 14.1.14. Let A be a commutative noetherian ring. For p € Spec A
and n € N we have KG.dim A/p < n if and only if every proper chain

P=PoCP1CTpPp2C---Cp,

in Spec A has length r < n. Therefore KG.dim(mod A) < n if and only if every
proper chain of prime ideals has length at most n.

Proof We use the correspondence between Serre subcategories ¢ € mod A
and specialisation closed subsets of Spec A, which takes € to Supp € (Propo-
sition 2.4.8). Then the assertion follows easily by an induction on n from the
lemma below. O



442 Krull-Gabriel Dimension

Lemma 14.1.15. Let ¢ € mod A be a Serre subcategory and V = Supp C.
Then the object A/ is simple in (mod A)/C if and only ifp ¢ Vand q € V for
allp Cq.

Proof We may assume that A/pisnotin C. Then it follows from Lemma 14.1.9
that A/p is simple in (mod A)/C if and only if for every proper epimorphism
A/p — A/a in mod A we have A/a € C. Recall that Supp A/a = V(a) for
every ideal a (Lemma 2.4.1). Thus A/a € C for every p C a if and only if
V(a) € Vforevery p C aifandonly if g € V forall p C q. O

Pure-Injective Objects

Let A be a locally finitely presented category. The Krull-Gabriel filtration of
Ab(A) provides a method of classifying the pure-injective objects of A. As
before, this is done in two steps: first the indecomposable objects, and then the
general case.

We use the embedding ev: A — P(A) into the purity category, which
identifies Ab(A) = fpP(A) and Ind A = SpP(A); see Lemma 12.1.4 and
Lemma 12.1.17. For each ordinal « set Ind, A = Sp, P(A).

The following is a direct consequence of Proposition 14.1.4.

Corollary 14.1.16. Suppose that KG.dim Ab(A) = k. Then Ind A equals the
disjoint union | |, Indg A. Moreover, for each ordinal @ < « there is a

bijection between Ind A and the set of isomorphism classes of simple objects
in Ab(A)/Ab(A),. O

If the Krull-Gabriel dimension is defined, then one obtains a classification
of all pure-injective objects. This follows from Proposition 14.1.5, since pure-
injective objects in A identify with injective objects in P(A) by Lemma 12.1.8.

Corollary 14.1.17. Suppose that KG.dim Ab(A) = k. Then every pure-injective
object X in A is the pure-injective envelope of a coproduct of indecomposable
pure-injectives || ; <y Xi. The isomorphism classes of the X; and their multiplic-
ities are uniquely determined by X. O

The Krull-Gabriel filtration provides a useful method of classifying ob-
jects, even when KG.dim Ab(A) = oo. Given a class of objects X C A, we
may consider the dimension KG.dim Ab(X) of the corresponding abelian cat-
egory Ab(X). For example, an object X € A is endofinite if and only if
KG.dim Ab(X) < 0, by Proposition 13.1.9. Also, KG.dim Ab(X) < co when
X is X-pure-injective, by Theorem 12.3.4 and Corollary 14.1.13.
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Endofinite Objects

Let A be alocally finitely presented category. Then the Krull-Gabriel filtration
produces endofinite objects, provided the dimension is defined and is not a limit
ordinal.

Proposition 14.1.18. Suppose that KG.dim Ab(A) = k + 1. Then the objects
in Ind, A are endofinite.

Proof Let X € Ind, A. Then the abelian category Ab(X) is by definition a
quotient of Ab(A)/Ab(A),, which is a length category by assumption. Thus
ADb(X) is alength category, and therefore X is endofinite by Proposition 13.1.9.

O

Proposition 14.1.19. Suppose that Ind A is quasi-compact and let X # 0 be
a Z-pure-injective object in A. Then the definable subcategory generated by X
contains an indecomposable endofinite object.

Proof The objects in Ab(X) are noetherian since X is Z-pure-injective; see
Theorem 12.3.4. Thus KG.dim Ab(X) < co by Proposition 14.1.12. Because
Ind A is quasi-compact, the abelian category Ab(X) is finitely generated by
Proposition 12.3.11. Thus KG.dim Ab(X) = « + 1 for some ordinal « by
Lemma 14.1.2. Consider the quotient functor

0: Ab(A) - Ab(X) - Ab(X)/Ab(X),

and choose any object ¥ € Ind.A such that ¥ factors through Q. Then Ab(Y)
is a quotient of Ab(X)/Ab(X), and therefore a length category. Thus Y is
endofinite by Proposition 13.1.9. Also, Y belongs to the definable subcategory
generated by X since Ab(Y) is a quotient of Ab(X). O

Remark 14.1.20. When X is X-pure-injective, then any object in the definable
closure of X is actually a direct summand of a product of copies of X, by
Theorem 12.3.4.

Interesting examples arise from Priifer modules over Artin algebras, which
are X-pure-injective by Proposition 12.3.9. With an additional assumption there
are no finite length indecomposable direct summands.

Example 14.1.21. Let A be an Artin algebra and X a Priifer module, given by
an endomorphism ¢: X — X such that X = |, Ker ¢" with Ker ¢ of finite
length. Suppose that each inclusion Ker ¢ — Ker ¢! is a radical morphism.
Then there is a generic module in the definable subcategory generated by X.

Proof We can apply Proposition 14.1.19 since Ind A is quasi-compact. The
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assumption on the inclusions Ker ¢" — Ker ¢"*! implies that X has no inde-
composable direct summand of finite length. It follows from Theorem 12.4.15
that there is no indecomposable module of finite length in the definable sub-
category generated by X. |

14.2 Examples of Krull-Gabriel Filtrations

In this section we compute the Krull-Gabriel filtration for several examples.
In each case we obtain as a consequence an explicit classification of all pure-
injective objects.

Uniserial Categories

Let A be a locally finitely presented abelian category and set C = fp A. Let
us compute the Krull-Gabriel filtration of Ab(A) = Fp(C, Ab)°? when C is
uniserial.

We write Fp,(C, Ab) for the Serre subcategory consisting of all finite length
objects in Fp(C, Ab), and Eff(C, Ab) denotes the Serre subcategory of efface-
able functors in Fp(C, Ab) given by all functors F with presentation

0 — Hom(Z,-) — Hom(Y,—) — Hom(X,-) — F — 0
coming from an exact sequence 0 - X - Y — Z — 0in C.
Proposition 14.2.1. Let C = fp A be uniserial. Then we have
Fpo(C,Ab)* ={X € Ind A | X ¢ fpA} and Eff(C,Ab)* =Ind AN InjA.
In particular, Eff (C, Ab) C Fp,(C, Ab).

Proof Let X € Ind A. Then X is the source of a left almost split morphism
by Corollary 13.1.30, and therefore X is an injective envelope of a simple
object S in P(A) by Theorem 12.3.13. Note that S is finitely presented when
X is finitely presented. Thus X € fp A implies X ¢ Fp,(C, Ab)~. On the other
hand, when F in Fp(C, Ab) is simple and the quotient of Hom(Y, —), then we
may choose Y indecomposable, and it is pure-injective since Y is endofinite by
Corollary 13.1.29. Thus Y is an injective envelope of F in P(A). It follows that
X ¢ Fp,y(C, Ab)* implies X € fp A.

The identity Eff (€, Ab)* = Ind.A N Inj.A is Proposition 12.3.17.

The inclusion Eff(C, Ab) € Fp,(C, Ab) is clear since X € Ind A and X ¢
fp A implies X € Inj A, by Theorem 13.1.28. O
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We recall from Proposition 2.3.3 the equivalence
Fp(C, Ab)/Eff(C, Ab) = C°
and record some consequences.
Corollary 14.2.2. We have KG.dim Ab(A) < 1. O

Corollary 14.2.3. We have Fp,(C, Ab) = Eff(C, Ab) if and only if all injective
objects in C are zero. O

Dedekind Domains

Let A be a Dedekind domain, that is, a commutative hereditary integral domain.
For simplicity we assume that A is not a field. We write mod A for the category
of finite length A-modules, Q(A) for the quotient field, and Max A for the set
of maximal ideals. Note that

mody A = U Tp and (mod A)/(mody A) = mod Q(A),
peMax A

where T, denotes the uniserial category of finite length p-torsion modules.
Recall that a module is p-forsion if each element is annihilated by some power
of p.

Let us consider the functor 7: Fp(mod A, Ab) — (mod A)°P given by

Coker Hom(¢, —) — Ker ¢ (¢ a morphism in mod A).

We write Eff(mod A, Ab) for the Serre subcategory of Fp(mod A, Ab) given
by all functors F' with presentation

0 — Hom(Z,-) — Hom(Y,—) — Hom(X,-) — F — 0

coming from an exact sequence 0 - X — Y — Z — 0 in mod A. Clearly,
Ker 7w = Eff(mod A, Ab). Furthermore, let Fp(mod A, Ab)” denote the kernel
of the composite

Fp(mOdA,Ab) T (mOdA)op -®Q(A)

(mod Q(A))°".
Lemma 14.2.4. The functor r induces an equivalence
Fp(mod A, Ab) /Eff(mod A, Ab) = (mod A)°P

which yields further equivalences

Fp(mod A, Ab)’/Eff(mod A, Ab) = (mody A)°P
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and

Fp(mod A, Ab) /Fp(mod A, Ab)’ = (mod Q(A))P.

Proof The functor 7 is a left adjoint of (mod A)°P — Fp(mod A, Ab) given
by X — Hom(X, —). Thus the first equivalence follows from Proposition 2.3.3.
The other equivalences are then consequences which are derived from the

mod A =, mod Q(A); see Proposition 2.2.8. O

equivalence o A

Next consider the functor
7: Eff(mod A, Ab) — mod A, F— F(A).
Lemma 14.2.5. The functor T induces an equivalence
Eff(mod A, Ab)/(Ker7) = mody A,
and the inclusion modg A — mod A induces an equivalence
Eff(mody A, Ab) — Kerr.

Proof A torsion module X with projective presentation 0 — P; — Py —
X — 0 induces an exact sequence

0 — Hom(X, —) — Hom(Py, —) — Hom(P;,-) — Ext'(X,-) - 0

in Eff(mod A, Ab), and evaluating at A yields an isomorphism Ext' (X, A) =
Tr X. Thus the functor 7 is a right adjoint of o-: mody A — Eff(mod A, Ab)
givenby X +— Ext! (Tr X, —) and satisfying Too~ = id. Now the first equivalence
follows from Proposition 2.2.11.

The second equivalence is easily checked; it uses that Hom(X, A) = 0 for all
X € modg A, and a quasi-inverse is given by F = F|mod, A- O

For an abelian category A let Ay denote the full subcategory consisting of
all objects of finite length.

Lemma 14.2.6. We have Eff(mody A, Ab) = Fp,(mody A, Ab). In particular,
the assignment

A/p" — Hom(A/p", -)/Rad(A/p", -)

identifies the indecomposable objects in mody A with the simple objects of the
category Eff(mody A, Ab).

Proof The category mody A is uniserial and has no non-zero injective objects.
Thus finite length functors and effaceable functors in Fp(modj A, Ab) coincide.
This follows from Corollary 14.2.3.

Each indecomposable object in mody A is the source of an almost split
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morphism A/p"* — A/p""! @ A/p™*!, and this provides in Fp(modj A, Ab)
the presentation of a simple functor

Hom(A/p"™',-) ® Hom(A/p™*', -) — Hom(A/p",-) — Sajpn — 0.

Clearly, any simple functor S is of this form, because we have S(X) # 0 for
some indecomposable object X. [

For p € Max A set
Apo =colimA/p"  and A, =limA/p".
Note that Ay~ is an injective envelope of A/p, while
A, = limHom(A/p", Ap~) = Hom(colim A/p", Ap~) = Hom(Ape, Ap=).

In particular, both modules are indecomposable and pure-injective. The module
Ay is called a Priifer module, while Ap is called adic.

Theorem 14.2.7. The abelian category Ab(A) = Fp(mod A, Ab) admits a
filtration

{0} C Eff(mody A, Ab) C Eff(mod A, Ab) C Fp(mod A, Ab)’ C Ab(A)

such that each quotient is a length category. This provides a complete list of
indecomposable pure-injective A-modules, by taking the injective envelope of
a functor that is simple in one of the quotient categories.

(1) The simples in Eff(mody A, Ab) correspond to A/p", p € Max A, n > 1.
(2) The simples in % correspond to Ap, p € Max A.

(3) The simples in % correspond to Ap=, p € Max A.

(4) The simple in % corresponds to Q(A).
The modules A/p" and Q(A) are endofinite. The modules Ap~ are X-pure-
injective.

Proof The filtration of Fp(mod A, Ab) follows from the series of the above
lemmas. This yields a classification of all indecomposable pure-injective A-
modules, using the analogue of Corollary 14.1.16 which is based on the Krull-
Gabriel filtration; see also Proposition 14.1.6.

Lemma 14.2.6 takes care of the first layer of the filtration. Lemma 14.2.4
describes the last two layers of the filtration, which yield the indecomposable
injective A-modules by Proposition 12.3.17. The remaining layer is given by
Lemma 14.2.5 and yields the remaining indecomposable pure-injectives.

It is clear that A/p" has endolength n, while Q(A) has endolength 1. The
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module A, is actually injective, and therefore X-injective since the ring A is
noetherian; see Theorem 11.2.12. O

Corollary 14.2.8. We have KG.dim Ab(A) = 2 and obtain the following filtra-
tion of Ind A:

Ind 1A={A/p" |peMaxA,n>1}
Indg A = {Ap~ | p € Max A} U {A, | p € Max A}
Ind; A = {Q(A)}.

Proof For the category of finite length objects in Ab(A) = Fp(mod A, Ab)
we have

Eft(mody A, Ab) = Fpy(mody A, Ab) = Ab(A)o
and obtain the following commutative diagram where all functors are exact.

Eff(mody A, Ab) —— Fp(mod A, Ab) —» Ab(A)/Ab(A),

I H l

Eff(mod A, Ab) ——— Fp(mod A, Ab) ———» (mod A)°P

I H l

Fp(mod A, Ab)’ —— Fp(mod A, Ab) — (mod Q(A))°P
The assignment
(X,Y) — Ext'(Tr X, -) ® Hom(Y, -)
provides an equivalence
(mody A) X (mody A)°® = Ab(A);/Ab(A)y.
Thus Ab(A); = Fp(mod A, Ab)’ and we obtain the Krull-Gabriel filtration
{0} € Eff(mody A, Ab) C Fp(mod A, Ab)” C Ab(A).
It follows that KG.dim Ab(A) = 2. O

A subset U C Ind A is Ziegler closed if and only if the following conditions
are satisfied.

(1) IfpeMaxAand {n > 1| A/p" € U} is infinite, then Apm,Ap e U.
(2) If U contains infinitely many finite length modules or a module that is not
of finite length, then Q(A) € U.
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The Projective Line

Let k be a field and P,i the projective line over k. We view P}( as a scheme
and consider the category Qcoh IP’}( of quasi-coherent sheaves on P}(. This is
a locally finitely presented category and the subcategory of finitely presented
objects identifies with coh P}(. We denote by Ind IP’}( the set Ind(Qcoh P}() of
indecomposable pure-injectives.

Recall that we have the following pullback of abelian categories

coh P}( ——— mod k[y]

| |

mod k[y~'] —— mod k[y, y~!]
which extends to a pullback of Grothendieck categories.

Qcoh]P’}( —— Modk[y]

l |

Mod k[y™'] —— Modk[y,y™']

This reflects the covering ]P’}( = U’ U U"” where we identify
U’ = Spec k[y] U" = Speck[y™'] U'NnU"” =Speck[y,y™'].

We use this covering to describe Ind ]P}(, though it does not extend to a full
covering of Ind ]P}{. To be more precise, the functors Qcoh ]P’,lc — Mod k[y]
and Qcoh P}{ — Mod k[y~'] admit fully faithful right adjoints, which iden-
tify Mod k[y] and Mod k[y~'] with definable subcategories of Qcoh IP’,IC; this
follows from Theorem 12.2.9. In particular, we have embeddings Ind k[y] C
IndP; and Ind k[y~'] € Ind P} with

Indk[y] NInd k[y~'] = Ind k[y, y'].

However, Ind P}, # Ind k[y] UInd k[y~'].

The classification of indecomposable pure-injective modules over the Dede-
kind domain A = k[y] from Theorem 14.2.7 provides a description of most
objects in Ind P;. For instance, the inclusion Ind A — Ind P} extends the in-
clusion Spec A — P; and is given by

A/p" = Opn Aps > Ope = colim Opn Ay > O = lim Oy
Also, Q(A) — 2, with 2 the sheaf of rational functions.

Theorem 14.2.9. The following is, up to isomorphism, a complete list of inde-
composable pure-injective quasi-coherent sheaves on P}(.
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(1) Foreach n € Z, the sheaf C(n).

(2) For each closed point p € ]P,l( and r > 1, the sheaf Oyr.
(3) For each closed point p € P;, the sheaves Oy~ and 7
(4) The sheaf of rational functions 2.

The coherent sheaves and 2 are endofinite objects. The sheaves Oy~ are X-
pure-injective objects.

Note that Oy~ is the injective envelope of 0. Also, the sheaf of rational
functions 2 is an injective object. This follows from the analogous fact in
Mod A for A = k[y], using that the functor Mod A — Qcoh P}( preserves
injectivity.

The proof of the above theorem amounts to an analysis of the abelian category

Ab(P}) := Ab(QcohP}) = Fp(C, Ab)?  with € =cohP,,

and we begin with some preparations.
Let Cp := cohg ]P}( denote the category of torsion sheaves, which equals the
category of finite length objects in C, and set

Ci:={Y € C|Hom(X,Y) =0forall X € Cp}.
Lemma 14.2.10. (Cy, C,) is a split torsion pair for C.

Proof Fix an object X € C. Since X is noetherian, there exists a maximal
subobject Xy of finite length. Then every finite length subobject is necessarily
contained in Xj, so it is unique. Next, if ¢: S — X/Xj is non-zero for some
simple S, then ¢ is injective and we can form the pullback to obtain a larger
finite length subobject of X, a contradiction. Thus X/X,y € C,, and therefore
(Cp, C4) is a torsion pair.

We know from the classification of objects in € that C = Gy V C,. Thus the
torsion pair (Cy, C,) is split, so Xy is a direct summand of X. Alternatively, one
uses Serre duality (Example 6.5.4). O

Next we consider the subcategories éo and é+ of Qcoh P]'( which are obtained

by closing under filtered colimits. Observe that _éo and é+ are locally finitely
presented categories, with fp €y = Cy and fp €, = C,.

Proposition 14.2.11. We have
Ind P} = Ind Co U Tnd C,.

Proof The subcategory C; C € is covariantly finite because the inclusion
admits a left adjoint. From this it follows that C. is a definable subcategory;
see Example 12.2.6. Therefore Ind P}( N G, =1Ind C,.
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The category Cy is uniserial, and therefore all indecomposable objects in éo
are pure-injective, by Theorem 13.1.28. Thus Ind ]P’,i N éo =1Ind éo.

Any object X € Ind P}( fits into a pure-exact sequence 0 — Xop — X —
X, — 0 with X, € éo and X, € é+; see Example 12.1.10. If Xy # O, then
Xp has an indecomposable direct summand which is pure-injective, again by
Theorem 13.1.28. Thus Xy = X. O

Proposition 14.2.12. We have KG.dim(grmod k[x, y]) = 2, with filtration
0 € grmod, k[x, y] € grmod, k[x, y] € grmod k [x, y]
and subquotients grmod, k[x, y] = grmod k,

d, k[x, d , ~
grmod,; k[x, y] N COhoP,i and M = mod k(7).
grmod, k[x, y]

grmod, k[x, y]

Proof Proposition 5.1.6 yields equivalences

d k[x, cohP!
M —> coh IP}{ and k>, mod k(1).
grmod, k[x, y] cohg Py
From this the assertion follows. O

Proof of Theorem 14.2.9  First observe that all objects from the list are pure-
injective. In fact, each object X € C is endofinite since Hom(C, X) has finite
length over k and therefore also over End(X) for all C € €. The inclusion
Indk[y] — Ind P}( preserves endofiniteness and X-pure-injectivity, since these
properties are preserved by any inclusion of a definable subcategory. Thus 2
is endofinite and each 0y~ is X-pure-injective, by Theorem 14.2.7.

It remains to show that the list is complete. We argue via a filtration of
Ab(IP’}{). The split torsion pair (Cp, C;) yields a sequence of additive functors

e, —— e L% e/e. e

which induces a diagram of exact functors

Fp(Co, Ab) 2 Fp(€, Ab) —» Fp(C,. Ab)

by Proposition 2.2.20 and Example 2.2.21. Now observe that the canonical
functor grmod k[x,y] —» coh]P’,‘< induces an equivalence grprojk|[x,y] =
C; when restricted to the subcategory of projective modules. Thus we have
filtrations

0 C Eff(Cy, Ab) C Fp(Cy, Ab)
and

0 € grmod,, k[x, y] € grmod, k[x,y] C grmod k[x, y] = Fp(C,, Ab)
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such that each subquotient is a length category, by Corollary 14.2.3 and Propo-
sition 14.2.12.

From these filtrations we obtain a classification of all indecomposable pure-
injective objects, using the analogue of Corollary 14.1.16 which is based on
the Krull-Gabriel filtration; see also Proposition 14.1.6. To be more precise,
the filtration of Fp(Cy, Ab) yields the objects in Ind éo, while the filtration of
Fp(C,, Ab) yields the objects in Ind é+, keeping in mind the decomposition

Ind P} = Ind €y U Ind C4

from Proposition 14.2.11. We have 0, and Oy~ in Gy, with the sheaves Gy
corresponding to the simple objects in Fp(Cy, Ab). On the other hand, the
sheaves &'(n) correspond to the simple objects in Fp(C,, Ab), the sheaves 5},
correspond to the simple objects in the next layer of Fp(C,, Ab), while the sheaf
of rational functions 2 arises from the last layer of Fp(C,, Ab). O

Remark 14.2.13. We have KG.dim Ab(P}() = 2 and obtain the following filtra-
tion of Ind P} :

Ind_1 P}, ={0(n) |n€Z}U{Oy | peP), r=1}
IndgP} = {Op | p €PLYU {6, | p € P}}
Ind, P, = {2}.

This is the analogue of Corollary 14.2.8 with a similar proof.

The Kronecker Quiver
We consider the following Kronecker quiver

o —=3o
and fix a field k. A representation (V, W, @,y) consists of a pair of vector
spaces together with a pair of linear maps between them

The representations of the Kronecker quiver identify with modules over its path
algebra, which is the Kronecker algebra.

The sheaf .7 = & & (1) is a tilting object of coh P}( and its endomorphism
algebra A = End(.7) identifies with the Kronecker algebra, because of (5.1.7)
and (5.1.8). Thus the functor Hom(.7, —) induces a triangle equivalence

D’ (cohP}) = D?(mod A).
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This follows from Theorem 5.1.2. In fact, the tilting object .7 induces a split
torsion pair (T, F) for coh P!, and we have

= (Coho]P )V (add{O'(n) | n = 0}) and F =add{0(n) | n < 0}.

On the other hand, there is a split torsion pair (U, V) for mod A with equiva-
lences

Hom(7,-): T =V and Ext'(7,-): F = U.
An explicit description is given in Proposition 5.1.17. In particular, we have
V= (regA) VvV (add{P, | n = 0}) and U = add{I, | n = 0}.

The following diagram illustrates the tilting from coh P}c to mod A.

F T >F
[

coh, P} coho P}

|

mod A

Next we extend the torsion pairs by taking for each subcategory the closure
under filtered colimits; see Example 12.1.10. Observe that F and U are locally
finitely presented categories such that each object decomposes into a coproduct
of finitely presented objects, and such that each object is pure-injective and
pure-projective; see Theorem 13.1.20 and Example 13.1.21.

The following is the analogue of Proposition 14.2.11.

Proposition 14.2.14. We have
dP' =IndTUIndF  and  IndA=IndUUInd V.

Proof The proof is essentially the same as that for Proposition 14.2.11. That
each indecomposable pure-injective object over ]P’,lc or A belongs to one of the
subcategories uses the fact that the objects in F and U are pure-injective and
pure-projective so that both torsion pairs yield split exact sequences. m}

The functor Hom(y ) preserves filtered colimits and extends therefore
to an equlvalence T = V. Analogously, Ext! (.7, —) yields an equivalence
F =1 Combining these equivalences with Proposition 5.1.17 and Proposi-
tion 14.2.14 gives the following bijection Ind P! = Ind A:

Opn = Ryn Ops > Rpe ﬁA’p — Iép 20
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and

On)—» P, (nz20) O ILun (n<0).
In fact, we use that Oy~ = colim Oy, 5o

Rp~ = colim Ry» = colimHom(.7, Op») = Hom(.7, Op=).

PN

Analogously, 0, = lim Oy, so
Ry :=lim Ryn = limHom(.7, Opn) = Hom(.7, O,).

Finally, the distinguished sheaf 2 (indecomposable endofinite but not finitely
presented) corresponding to the generic point of IP’}c is mapped to the distin-
guished module Q, which is indecomposable endofinite but not finitely pre-
sented.

The following theorem summarises the description of Ind A.

Theorem 14.2.15. The following is, up to isomorphism, a complete list of
indecomposable pure-injective A-modules.

(1) Foreachn > 0, the modules P, and I,,.

(2) For each closed p € P}( andr > 1, the module Ryr.

(3) For each closed p € P}{, the Priifer module Ry~ and the adic module Ii’p.
(4) The generic module Q.

The finitely presented modules and Q are endofinite. The modules Ry~ are
X-pure-injective. m]

Remark 14.2.16. We have KG.dim Ab(A) = 2 and obtain the following filtra-
tion of Ind A:

Ind_; A =Ind A Nmod A
Indg A ={Rp~ | p P} U{R, | peP;}
Ind; A = {Q}.

This is the analogue of Corollary 14.2.8 with a similar proof.

A subset U C Ind A is Ziegler closed if and only if the following conditions
are satisfied.

(1) Ry~ € U provided Hom(Ry, X) # O for infinitely many X € U N mod A.

(2) R, € U provided Hom(X, Ry) # O for infinitely many X € U N mod A.

(3) Q € U provided U contains infinitely many finite length modules or a
module that is not of finite length.
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Injective Cohomology Representations

Let G be a finite group and k a field of characteristic p > 0. We recall the
functor T: Inj H*(G, k) — StMod kG; it identifies the torsion free injective
H*(G, k)-modules with a definable subcategory of Mod kG which we denote
by T(G, k) (Corollary 12.4.24).

The p-rank of a finite group G is the largest integer n such that G has an
elementary abelian subgroup of order p". We note that the Krull dimension of
H*(G, k) equals the p-rank of G by a theorem of Quillen [29, Theorem 5.3.8].

Proposition 14.2.17. KG.dim Ab(T(G, k)) + 1 equals the p-rank of G.

Proof Set R = H*(G, k). We consider the category of graded R-modules
and the definable subcategory Inj R of injective R-modules. It follows from
Proposition 14.1.14 that the Krull dimension of H*(G, k) equals

KG.dim Ab(Inj R) = KG.dim Ab(grmod R).
For the definable subcategory Inj, R of torsion free modules we have

KG.dim Ab(Inj, R) = KG.dim Ab((grmod R)/(grmod, R))
= KG.dim Ab(grmod R) — 1.

We claim that
KG.dim Ab(Inj, R) = KG.dim Ab(T(G, k)),

and then the proof is complete because of Quillen’s result. The claim follows
from an iterated application of the lemma below, because the functor 7 preserves
products and coproducts, so it identifies isolated points. O

Let A be a locally finitely presented category and B C A a definable sub-
category. We consider the Krull-Gabriel filtration of Ab(B) and this yields
subsets Ind, B C Ind B := B N Ind A for each ordinal & > —1.

Lemma 14.2.18. Suppose that Ab(B) is noetherian. Then for « > —1 and
X € U:= g5, Indg B the following are equivalent.

(1) X is isolated, so {X} C U is open.

(2) X € Ind, B.

(3) If X is isomorphic to a direct summand of a product [];c; Y; of indecom-
posable objects in U, then X = Y; for somei € 1.

Proof Apply Theorem 12.3.13. The assumption on Ab(B) to be noetherian
is needed; it implies that each simple object in P(B) is finitely presented. O
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Example 14.2.19. Let G = Z/2X7Z/2 and k be a field of characteristic two. We
denote by A the path algebra of the Kronecker quiver. Then (5.1.23) provides a
functor Mod A — Mod kG which identifies the Priifer modules Ry~ (p € P}()
and the generic module Q with the indecomposable objects in T(G, k).

Notes

The method of classifying the pure-injective objects via the Krull-Gabriel
filtration is taken from Jensen and Lenzing [118], which is modelled after [79].
Note that the corresponding dimensions may differ, depending on the use of
all simple objects versus the use of the finitely presented simple objects in a
locally finitely presented Grothendieck category.

The general decomposition theory of injective objects in Grothendieck cat-
egories is based on the spectral category in the sense of Gabriel and Oberst
[82].

The classification of pure-injectives works well for modules over Dedekind
domains, and in particular for abelian groups; for the classical approach see
Kaplansky [119] and Fuchs [77].

The striking parallel between abelian groups and modules over tame hered-
itary algebras was pointed out by Ringel [171]. The Krull-Gabriel dimension
for a tame hereditary algebra is equal to two by work of Geigle [87], and for the
Ziegler topology we refer to [161, 174]. The computation of the Krull-Gabriel
filtration for uniserial categories is taken from joint work with Vossieck [135].
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derived, 88, 107, 299
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differential graded, 300

directed, xvi
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exact, xxii, 21

exact products, 123

filtered, xv, 11, 342

finitely generated abelian, 383, 397
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Frobenius, xxvi, 83, 182
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Grothendieck, xix
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preadditive, 347 homotopy projective, 122
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singularity, 182 Koszul, 331
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Cauchy identity, 292 decomposition of a category
centre, xxvi, 347 direct, xvii
Chase’s lemma, 362 orthogonal, xvii
class, xi Dedekind domain, 445
COCyClC, 104 degree
cogenerating set cohomology, 104
perfectly, 96 complex, 102
cogenerator homogeneous element, 53
injective, xxiv dense chain, 440
cohomology diagram, xv
of a complex, 104 differential, 102, 298, 300
Tate, 143, 411 dimension
coideal finitistic, 222, 405
of a poset, 285 flat, 179
coinvariants, 244 global, xxv
cokernel, xviii injective, Xxv
colimit, xv Krull-Gabriel, of a category, 436
a-filtered, 60 Krull-Gabriel, of an object, 441
a-small, 60 minimal, 439
directed, xvi, 342 of a Gorenstein ring, 179

filtered, xvi, 342 projective, xxiv



weak, 179
direct summand, xvii
dual
quadratic, 331
Ringel, 241
dual pair, 404

endolength of a module, 426
envelope
injective, xxiv, 25, 35
pure-injective, 381
epimorphism, xiii
homological, 137
of rings, 45
equivalence
derived, 311
homotopy, 103
of categories, Xiv
of extensions, 21, 116
of fractions, 11
of monomorphisms, xviii
of tilting objects, 220
stable, of objects, 28
triangle, 74
up to direct summands, 301
up to permutation, 241
essential image, xiv
extension
exact category, xxi, 22, 116
triangulated category, 97
universal, 236
extension of scalars, Xxxx
exterior power, 246

filling, 242
strictly increasing each column, 242
weakly increasing each row, 242
five lemma, xxv
fraction
left, 10
right, 10
Frobenius pair, 88
function
additive, 415
complete symmetric, 243
irreducible (sub)additive, 415
Schur, 243
subadditive, 415
functor, xiii
a-coherent, 67
additive, xvii, 16
adjoint, xiv
cofinal, xvi, 344
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coherent, 67
cohomological, 75
contravariantly finite, 372
covariantly finite, 372
derived Nakayama, 196, 316
diagonal, xv

effaceable, 42

endofinite, 416
essentially surjective, xiv
exact, xxi, 22, 74

faithful, xiv

FI-module, 375

finitely presented, 17, 378
full, xiv

graded, 254

k-linear, 347

left derived, 128

left exact, 44, 349
localisation, xv, 7

locally effaceable, 43
Nakayama, 164, 195, 277
noetherian, 370

quotient, Xiv
representable, 17

right derived, 127, 128
Schur, 257, 280

Serre, 189

strict polynomial, 230, 251
support, 422

triangle, 74

weakly left exact, 17
Weyl, 280

Yoneda, 6, 17

Gabriel-Popescu theorem, 56
general linear group, 250
generating set, 356
compactly, 98
perfectly, 92
generator, Xix
projective, xxiv
good filtration, 293
grading group, 53
Grothendieck category
locally finite, 357, 360
locally finitely generated, 357
locally finitely presented, 121, 357
locally noetherian, 37, 325, 357, 359, 369
Grothendieck group
of aring, xxvi
of a triangulated category, 110
of an exact category, xxvi, 109
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group algebra, 348
group cohomology, 408

height, xx
Hilbert’s basis theorem, 368
Hochster duality, 408
homogeneous element, 53
even, 54
horseshoe lemma, xxv
ideal, xvii
associated prime, 50
of a poset, 285, 368
of null-homotopic morphisms, 102
prime, 48
image
of functor, xiv
of morphism, xviii
invariants, 244
isomorphism, xiii
Jacobson radical, xx

k-algebra, xxvi
k-linearisation, 348
kernel

of functor, xvii, 16

of morphism, xviii

weak, 17
Kostka number, 242
Krull-Gabriel filtration, 436

Krull-Remak—Schmidt—Azumaya theorem, 59

lattice, xxvii
congruence relation, 439
finite length, 439
modular, xxvii
Tamari, 225

Leibniz rule, 298

length, xx

limit, xv
direct, xvi
homotopy, 90

localisation
of a category, 3
universal, 46
Verdier, 78

Loewy length, xx

Matlis duality, xxvii
minimal decomposition, 27, 131
module, xi

acyclic dg, 299

adic, 447

basic tilting, 226

bimodule, xi

characteristic tilting, 240, 289
costandard, 232, 288

dg, 298, 300

differential, 185

generic, 430, 432

Gorenstein injective, 192
Gorenstein projective, 179, 192
graded, 54

K-projective dg, 303
maximal Cohen—Macaulay, 179
p-torsion, 445

perfect dg, 300

Priifer, 447

pseudo-coherent, 171
pure-injective, 402

Schur, 279

stable, 161

standard, 232, 285

tilting, 219

torsion, 408

torsion free, 409

twisted, 54, 152

Weyl, 279

monomorphism, xiii
morphism, xiii

admissible epimorphism, xxii, 21
admissible monomorphism, xxii, 21
comparison, 267

connecting, Xxi

essential epi, 25

essential mono, xxiv, 25

left almost split, 398

left minimal, 212
null-homotopic, 20, 102, 299
phantom, 167

pure mono, 380

radical, xx

right minimal, 212

standard, 261, 280

Noether isomorphism, xxvii

object, xiii

a-presentable, 61

artinian, Xx

closed, 4

compact, 96, 167, 304, 309, 362
costandard, 271

discrete, 133

endofinite, 415

finite length, xx, 360

finitely generated, 357

finitely presented, xix, 121, 343, 369
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fp-injective, 399 quotient, xviii
homologically finite, 77, 138, 309
indecomposable, xx, 58

initial, 314

injective, xxiv, 23

radical, xx, 160
recollement, 34
regular cardinal, 60

representation
local, 4 generic, 375
noetherian, xx, 359 group, 348
orthogonal, 4 k-linear, 348
Priifer, 396

postinjective, 156
preprojective, 156
quiver, xxviii, 156, 348

product-complete, 395
projective, xxiv, 23

pure-injective, 380 regular, 156, 158
semisimple, xix separated, 160
X-pure-injective, 393 sign, 275

simple, xix resolution

small, 96 complete, 142, 301
standard, 264 finite C-, 177, 208

super-decomposable, 58

tilting, 147, 215, 307, 308

uniform, 58, 438
octahedral axiom, 74
ordered surjection, 373

injective, 112
K-injective, 122
K-projective, 122, 303
projective, 113
restriction of scalars, xxx

p-rank, 455 ring

partial order associated graded, 52
admissible, 370 complete intersection, 183
dominance, 242 finite, 375
lexicographic, 242 finite representation type, 429

partition, 241 Gorenstein, 179, 183
conjugate, 241 graded, 53

path, xxvii graded commutative, 54
differential, 186 graded noetherian, 54
length, xxvii hypersurface, 183
maximal differential, 186 Iwanaga-Gorenstein, 179

point, 150 local, xx, 59
closed, 150, 156 opposite, xi
generic, 150 quasi-Frobenius, xxvi, 87, 184
isolated, 399 right coherent, 167, 313, 405
rational, 150 right hereditary, xxv

polynomial map, 250 right perfect, 405

poset right pure-semisimple, 404
noetherian, 368 right self-injective, 87
strongly noetherian, 368 self-injective, 88

primitive cycle, 186 semiperfect, xxii

projective presentation, 23 semiprimary, 37

pullback of abelian categories, 41 semisimple, xxv

quasi-compact space, 383, 397 with several objects, 376

quasi-isomorphism, 105, 107, 299, 306 scheme, 344

quiver, Xxvii Gorenstein, 318
Kronecker, xxviii, 155 projective, 317
opposite, 336 sections of a sheaf, 151

underlying diagram, 224 sequence
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admissible, xxii, 21
approximation, 176
bad, 374
colocalisation, 7
cone, 83
exact, xxi, xxii, 21
localisation, 7
long exact, xxi
mapping cone, 104
minimal, 374
pure-exact, 380
short exact, xxi
set, xi
sheaf
locally free, 153
of differential forms, 204, 318
structure, 152
torsion, 153
twisted, 152
shift of a category, 73
shuffle product, 246
snake lemma, xxv
socle, xx, 154
source, 224
specialisation closed, 48, 162
spectral space, 408
spectrum
of a commutative ring, 48
of a Grothendieck category, 37, 381
of an additive function, 415
of indecomposable pure-injectives, 384
Zariski, 407
Ziegler, 384, 400
stable under base change, 263
stalk of a sheaf, 153
standard basis theorem, 270
straightening, 264
subcategory
cofinal, xvi, 344
contravariantly finite, 38, 212
coresolving, 212
covariantly finite, 212, 352
definable, 385
extension closed, xxii, 22
full exact, 22
left cofinal, 12, 119
localising, 33, 92
resolving, 211
right cofinal, 119
self-orthogonal, 208
Serre, xxiii, 30

Index

thick, xxiii, 76, 138, 208
triangulated, 76
subgroup of finite definition, 392
subobject, xviii
sum
Baer, 22
direct, xvii
locally finite, 415
support
of a complex, 133
of a module, 48, 162
of a sheaf, 153
suspension of a category, 73
symmetric group, 244
symmetric power, 244
symmetric tensors, 244
comultiplication map, 248
diagonal map, 248
multiplication map, 246
symmetriser, 274
syzygy, xxv, 180
t-structure, 319
canonical, 320
tensor product, 68, 252
top, XX
torsion pair, xxiii, 147
split, xxiv
transpose, 191
triangle, 73
exact, 73
standard, 84
truncation
brutal, 111
exact, 111
soft, 111
two out of three property, xxiii, 88, 138, 208
type of a diagram, xv

unit, xiv

vector bundle, 153
vertex, XXvii

Wakamatsu’s lemma, 212

weight sequence, 334

weight space decomposition, 260
weighted projective line, 334

Yoneda’s lemma, 17
Young diagram, 242
Young subgroup, 247
Young tableau, 242

Zariski closed, 48, 407
Ziegler closed, 385
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