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Edited by Let € be an abelian category and F a (covariant) functor from % to

abelian groups. We say that F is a coherent functor if there exists an

S. Eilenberg - D. K. Harrison - S. MacLane - H. Réhrl xactsomuence (X, ) - (Y,-) -» F-»0 whero (X, 4) denotes tho mape
from X to 4. The main purpose of this paper is to initiate a study of the

ful mbestegory @ of coherent functors and give some applications to
of complexes in abelian categories as well as to some more
peml.ua questions concerning modules over rings.

The first two sections of the paper are devoted to questions of nota-
tion and some of the more elementary questions concerning the category
€. For instance, it is shown that if 0 —» Fy — Fy —» F3 — Fy — 0 is an
exact sequence of functors with Fy and F coherent, then Fy and Fy
are also coherent. Tt is also shown that ¢ is closed under extensions.
Thus if X is a complex in C, then the cohomology functors Hf(X, ) are
in . Since & has enough projectives, it makes sense to talk about the
global dimension of €. It is shown that the gl. dim & = 0 or 2 and that
gl.dim@ = 0 if and only if the gl.dim@ = 0.

‘We of course have the usual right exact functor u: € — (€)° given
by u(4) = (4, -). If @ is an abelian category, then we have the induced
functor u.: Kom(€, D) - Hom((€)0, ). Section two ends by show-
ing that the functor u. always has an adjoint ' : Fom((é)0, F) -
> #om(€, D) having the following properties: ) if F: € — 9, then
(P and B i el exact and w1 is eact i F in right exact;
b) if € has enough projectives and F:4 -9 is right exact, then
(LSF)(d) = w F(Ext4(4, -)), where u'F is exact.

As seen above, the identity fnctor I:¢ - can be factored through
(@) as I = (u Iyu where u'I: (€)0 > € is exact. Tt is this fnctor u']
which is studied in section three. Denoting by , the full subcategory
of  such that w1 sends the objects in (€0)? to zero, we have that €o

Springer-Verlag Berlin - Heidelberg - New York 1966 is a dense subcategory of € and that € is equivalent to (/&o)°. Since
T Received September 13, 1065.




AUSLANDER’S FORMULA

Fix an abelian category C. A functor F: C°P — Ab is coherent if it
fits into an exact sequence

Hom¢(—, X) — Hom¢(—,Y) — F — 0.

Let mod C denote the (abelian) category of coherent functors.

THEOREM (AUSLANDER, 1965)

The Yoneda functor C — mod C admits an exact left adjoint which
induces an equivalence

mod C ~oC
eff C

(where eff C denotes the full subcategory of effaceable functors).



A MOTIVATING PROBLEM: VANISHING OF HoM

Fix a triangulated category T with suspension ¥: T = T.

PROBLEM

Given two objects X, Y, find invariants to decide when

om*(X,Y) = omt(X,X"Y) =0.
Hom¥ H
neZ

This talk provides:
m a survey on what is known (based on examples)
m some recent results (joint with D. Benson and S. lyengar)

m open questions



VANISHING OF HOM: A BROADER PERSPECTIVE

Given objects X, Y in a triangulated category T, the full
subcategories

X+t :={Y' € T|Hom%(X,Y') =0}

Ly .= {X' € T|Homi(X',Y) =0}

are thick, i.e. closed under suspensions, cones, direct summands.

Note: The thick subcategories of T form a complete lattice.

PROBLEM

Describe the lattice of thick subcategories of T.



CLASSIFYING THICK SUBCATEGORIES: THE PIONEERS

Thick subcategories have been classified in the following cases:

m The stable homotopy category of finite spectra
[Devinatz—Hopkins—Smith, 1988]

m The category of perfect complexes over a commutative
noetherian ring [Hopkins, 1987] and [Neeman, 1992]

m The category of perfect complexes over a quasi-compact and
quasi-separated scheme [Thomason, 1997]

m The stable module category of a finite group
[Benson—Carlson—Rickard, 1997]

All these cases have in common:

m The triangulated category is essentially small.

m A monoidal structure plays a central role (thus providing a
classification of all thick tensor ideals).



COMPACTLY GENERATED TRIANGULATED CATEGORIES

DEFINITION (NEEMAN, 1996)

A triangulated category T with set-indexed coproducts is
compactly generated if there is a set of compact objects that
generate T, where an object X is compact if Hom (X, —)
preserves coproducts.

Examples:

m The derived category D(Mod A) for any ring A. The compact
objects are (up to isomorphism) the perfect complexes.

m The stable module category StMod kG for any finite group G
and field k. The compact objects are (up to isomorphism) the
finite dimensional modules.



LOCALISING AND COLOCALISING SUBCATEGORIES

Fix a compactly generated triangulated category T.

Note: T has set-indexed products (by Brown representability).

DEFINITION

A triangulated subcategory C C T is called

m localising if C is closed under taking all coproducts,

m colocalising if C is closed under taking all products.

PROBLEM

Classify the localising and colocalising subcategories of T. Do they
form a set (or a proper class)?




VANISHING OF HOM: SUPPORT AND COSUPPORT

Let R be a graded commutative noetherian ring and T an R-linear
compactly generated triangulated category.
We assign to X in T

m the support suppr X C Spec R, and

m the cosupport cosuppgr X C Spec R,

where Spec R = set of homogeneous prime ideals.

THEOREM (BENSON-IYENGAR-K, 2012)

The following conditions on T are equivalent.
m T /s stratified by R.
m For all objects X, Y in T one has

HomT(X,Y) =0 <= suppgr X Ncosuppgr Y = &.



STRATIFIED TRIANGULATED CATEGORIES

DEFINITION

An R-linear compactly generated triangulated category T is
stratified by R if for each p € Spec R the essential image of the
local cohomoloy functor I',: T — T is a minimal localising
subcategory of T.

Examples:
m The derived category D(Mod A) of a commutative noetherian
ring A is stratified by A [Neeman, 1992].

m The stable module category StMod kG of a finite group is
stratified by its cohomology ring H*(G, k)
[Benson—lyengar-K, 2011].



SUPPORT AND COSUPPORT

Fix an R-linear compactly generated triangulated category T. For
an object X define

m suppr X := {p € Spec R | [',(X) # 0}
m cosuppr X := {p € Spec R | A’(X) # 0}
where AP is the right adjoint of the local cohomology functor .

THEOREM (BENSON-IYENGAR-K, 2011)

Suppose that T is stratified by R. Then the assignment

T O C+—— supprC U suppr X C SpecR
XeC
induces a bijection between
m the collection of localising subcategories of T, and

m the collection of subsets of suppg T.



COSTRATIFICATION

There is an analogous theory of costratification for an R-linear
compactly generated triangulated category T:

m Costratification implies the classification of colocalising
subcategories.

m Costratification by R implies stratification by R (the converse
is not known).

m When T is costratified, then the map C — C gives a bijection
between the localising and colocalising subcategories of T.

m The derived category D(Mod A) of a commutative noetherian
ring A is costratified by A [Neeman, 2009].

m The stable module category StMod kG of a finite group is
costratified by its cohomology ring H*(G, k)
[Benson—lyengar-K, 2012].



TENSOR TRIANGULAR GEOMETRY

For an essentially small tensor triangulated category (T,®, 1)
Balmer introduces a space SpcT and a map

T > X+——suppX C SpcT
providing a classification of all radical thick tensor ideals of T.

This amounts to a reformulation of Thomason's classification when
T = DPf(X) (category of perfect complexes) for a quasi-compact
and quasi-separated scheme X, because Spc T identifies with the
Hochster dual of the underlying topological space of X.

Kock and Pitsch offer an elegant point-free approach.



EXAMPLE: QUIVER REPRESENTATIONS

Fix a finite quiver Q@ = (Qp, Q1) and a field k. Set
m mod kQ = category of finite dimensional representations of @
m W(Q) C Aut(ZQy) Weyl group corresponding to @

m NC(Q) = {x € W(Q) | x < c} set of non-crossing partitions
(c the Coxeter element, < the absolute order)

THEOREM (K, 2012)

The map
D®(mod kQ) D C+— cox(C) € NC(Q)

induces a bijection between
m the admissible thick subcategories of D?(mod kQ), and

m the non-crossing partitions of type Q.



QUIVER REPRESENTATIONS: VANISHING OF HowMm

m A thick subcategory is admissible if the inclusion admits a left
and a right adjoint.

m The proof uses that the admissible subcategories are precisely
the ones generated by exceptional sequences.

m If Q is of Dynkin type (i.e. of type A,, D,, Es, E7, Eg), then
all thick subcategories are admissible.

COROLLARY

Let @ be of Dynkin type and X, Y in D?(mod kQ). Then

Hom*(X,Y) =0 <= cox(X) < cox(Y) 'c.



EXAMPLE: COHERENT SHEAVES ON P}

Fix a field k and let IP’i denote the projective line over k. We
consider the derived category T = D?(coh P}).

PROPOSITION (BEILINSON, 1978)

There is a triangle equivalence
D®(cohP}) =+ DP(mod kQ)

where Q denotes the Kronecker quiver o —= o .

m The thick tensor ideals of T are parameterised by subsets of
the set of closed points P!(k) [Thomason, 1997].

m The admissible thick subcategories of T are parameterised by
non-crossing partitions.

m A non-trivial thick subcategory of T is either tensor ideal or
admissible, but not both.



CONCLUDING REMARKS

m We have seen some classification results for thick and
localising subcategories of triangulated categories.

m There is a well developed theory for tensor triangulated
categories or catgeories with an R-linear action.

m Is there unifying approach (support theory) to capture
classifications via cohomology (tensor ideals) and exceptional
sequences (admissible subcategories)?

m Do localising subcategories form a set? This is not even
known for D(Qcoh P}).

m A compactly generated triangulated category T admits a
canonical filtration

T= | ™
K regular

Can we classify k-localising subcategories for k > w?



WITH MY COAUTHORS AT OBERWOLFACH IN 2010




