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Abstract

In order to study the asymptotic distribution of geometric or spectral
data associated with quotients of a reductive group by a lattice, one needs
a trace formula for test functions on that group with noncompact support.
Arthur has proved a trace formula for compactly supported test functions
on reductive groups of arbitrary rank. We show that the coarse geometric
expansion in his formula converges for rapidly decreasing functions.
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Introduction

Let G be a connected reductive group defined over a global field F' and denote,
for each F-algebra E, by G(FE) the group of E-valued points. The diagonal em-
bedding of F' into its adele ring A gives rise to an embedding of G(F') into the
locally compact group G(A) as a discrete subgroup. Thus we can consider the
space of square-integrable functions on G(F)\G(A) with respect to an invariant
measure. The unitary representation R of G(A) acting on this space by right
translations can be integrated with the aid of a Haar measure to give a repre-
sentation of the algebra L'(G(A)). The trace formula is one of the main tools to
study the decomposition of the discrete part of this representation, the notion of
discrete having been suitably modified if G(A) has noncompact centre. In case
G is anisotropic and f is a smooth compactly supported function on G(A), this
formula expresses the trace of R(f) in terms of geometric data. For general G,
one still has an identity between two distributions, called the spectral and the
geometric expansion, respectively [1], [2]. The trace of the discrete part of R(f)
is among the spectral terms, at least in the cases where a certain convergence
problem has been resolved [20].

In some applications of the trace formula, specifically if one asks for the
asymptotic distribution of geometric or spectral data associated with the space



G(F)\G(A), it is awkward or even impossible to get by with test functions f
of compact support. One might expect that the trace formula is valid for f in
Harish-Chandra’s Schwartz space C'(G(Fs)) for a finite set S of places of F,
where Fg := ], .¢ F, and f is suitably extended to G(A). The present paper is
devoted to the proof that the coarse geometric expansion of the trace formula, as
described in [1], is in fact absolutely convergent for test functions in the Schwartz
space CP?(G(Fs)) for p small enough. Actually, we show not only the convergence
of an integral, but the rapid decay at infinity of its integrand. By inspection of
our proof one may derive an explicit, although not optimal, lower bound on the
best possible p for a given group G.

The operator R(f) is an integral operator with kernel K (z,y). If G is anisotro-
pic, then the trace can be obtained by integrating this kernel over the diagonal.
In general, one has to form an alternating sum of kernels K¥(x,y) multiplied
with characteristic functions of certain sets. These sets depend on a so-called
truncation parameter 7', which runs through an affine space. In [1], Arthur has
proved the convergence for sufficiently regular T" depending on the support of f.
In our situation, this support could be all of G(A), and then no parameter T
would be sufficiently regular. In order to solve this problem, we give a different
argument, which works for all 7. The resulting geometric side of the trace for-
mula depends polynomially on 7' (with a slight modification in case of positive
characteristic), as already proved in [3] in the sufficiently regular range. The pre-
vious lack of knowledge that the explicit expression is convergent for all T" was
the source of certain complications in [4], which may now be avoided, at least for
compactly supported f. However, further insight will be required to extend the
fine geometric expansion of the trace formula to test functions of noncompact
support.

1 The results

Let F', A and G be as in the introduction. If G(A) has noncompact centre,
then R(f) is never of trace class. This is why one often considers functions on
G(F)\G(A) transforming under the centre according to a fixed central character.
We follow the alternative approach of [1] and replace G(A) by the subgroup
G(A)! consisting of all g such that |x(g)| = 1 for every rational character y of G
defined over F'. Note that this notation makes sense if we replace G by any linear
algebraic group defined over a field F' and A by any locally-compact F-algebra,
where |a| denotes the module of a € A* with respect to any Haar measure on A*.

In order to state the definition of the spectral expansion of the trace for-
mula, we first have to recall some notation. For each parabolic F-subgroup
P of G with unipotent radical N, we have a representation R” of G(A)! on
L*(P(F)N(A)\G(A)') by right translations. Fixing f € L*(G(A)') and integrat-
ing f(g)R"(g) with respect to a Haar measure of G(A)!, we obtain an integral



operator with kernel given by

K" (z,y) = fla™ d
(z,9) /(F)\N() Z (x™ yny) dn

A) yep(F)

for almost every x, y € G(F)\G(A)!, which could also be written as an integral
over P(F)N(A) and whose convergence is deduced from Fubini’s theorem. All
invariant measures on coset spaces are chosen such that they satisfy the obvious
compatibility conditions. As usual, one omits the superscript P if P = G.

The coarse geometric expansion of these kernels comes from an equivalence
relation on G(F') defined as the finest equivalence relation with the following
properties:

(a) Any two G(F)-conjugate elements are equivalent.

(b) If P is a parabolic F-subgroup with unipotent radical N, then the elements
of each N(F)-coset in P(F') are mutually equivalent.

Let O be the set of equivalence classes. If M is a Levi component of P defined
over F', we can restate condition (b) as

P(F)No = (M(F)no)N(F)

for any 0 € O. It is sufficient to require this for minimal P such that P(F)No # (.
In this case, any v € M(F) No is F-elliptic in M (i.e., not contained in any
proper parabolic F-subgroup of M). One can check that in this way one obtains
a bijection between O and the set of G(F')-conjugacy classes of pairs (M,~),
where M is a Levi F-subgroup of G and + is an F-elliptic element of M (F).

In the case char F' = 0, there is an alternative description of our equivalence
relation, which was taken for the definition in [1]. Namely, one can show that two
elements of G(F') are equivalent iff the semisimple components in their Jordan
decompositions are G(F')-conjugate. The remark after the proof of Lemma 2.1
in [1] proves this claim in one direction.

Deferring questions of convergence, we write K¥(x,y) as the sum over all
0 € O of the partial kernels

KEP(z,y) =
(2,9) /)\N Z fﬂf yny)d

which are well defined due to condition (b). Such a partial kernel is not P(F')-
invariant as a function of x or y in general, but the function of one variable
obtained by setting x = y is.

Recall that A is the restricted direct product of all completions F, with respect
to the places v of F. Taking the partial product over the archimedean and
nonarchimedean places, resp., we obtain direct product decompositions A = F, X



Arand G(A) = G(Fx)G(Af). The truncation procedure requires fixing a maximal
compact subgroup K of G(A). Such groups are of the form K = [[, K,, where
K, is a maximal compact subgroup in G(F},). We assume that the partial product
K over all nonarchimedian places is an open subgroup of G(A¢). Then G(A) is
the restricted direct product of the groups G(F,) with respect to the subgroups
K,, and K, is a special maximal compact subgroup for almost all v. We further
assume that the latter is true for all nonarchimedean v. Then one has G(A) =
P(A)K for any parabolic F-subgroup P of G.

For each such P, let X (P) be the group of all F-rational characters of P and
dp € X (P) the determinant of the adjoint action of P on the Lie algebra of N. We
define the real vector space ap = Hom(X(P),R) and the map Hp : G(A) — ap
by Hp(pk) = Hp(p) : x + log|x(p)| for every p € P(A), k € K and x € X(P).
These maps are compatible with the natural projections ap — ap for P C P'.
The cone Tap can be defined as the set of all H € ap which take positive values
on dp for all proper parabolic subgroups P’ of G containing P. The kernel of
}¥P ESJ)O&)y

Now we are ready to define the geometric expansion of the trace formula. It
is customary (although not necessary, see [6], p. 271) to fix a minimal parabolic
F-subgroup Py. For 0 € O, T € a := ap, and x € G(A)*, we set

= Zgg Z Kf(5$,5l‘)f'p(f‘[p(5l‘) - TP)7

P SeP(F)\G(F)

the exterior sum being taken over all parabolic subgroups containing F,. Here
e§ = (—1)d4mar/ac Ty is the projection of 7' on ap, and 7p is the characteristic

function of *ap. The coarse geometric expansion of the trace formula, introduced

in [1], is
Z/ (x) du.

0cO FNG( A)l

(It is parallel to the coarse spectral expansion in terms of G(F')-conjugacy classes
of pairs (M, ), where M is a Levi F-subgroup of G and 7 is a cuspidal automor-
phic representation of M(A).) Of course, it has to be shown that all sums and
integrals occurring here are absolutely convergent.

We are going to prove this when f is a suitable extension of a function in a
certain Schwartz space C?(G(Fs)!'), which has been introduced in the case p = 2
in [3], p. 28, and is some kind of tensor product of the spaces introduced by
Harish-Chandra. Namely, let =, and o, be the functions on G(F,) used in [11]
and [13] in the definition of C(G(F,)) (cf. section 3 for details). Given a finite set
S of places of F, we set, for any g € G(Fjs),

Es(g) = HEv(gv)a US(Q) = Hav<gv>'

vES vES



Let S = S, U St be the decomposition into archimedean and non-archimedean
places. A function on G(Fgs)! is called smooth if it is biinvariant under some open
compact subgroup K, of G(Fs,) and is infinitely differentiable as a function on
the manifold K(\G(Fs)'/Ky. The actions of the Lie group G(Fs,_)' on G(Fs)?
by left and right translations give rise to representations X — X, X — Xp of
its Lie algebra on the space of smooth functions, which extend to the universal
enveloping algebra &%. (If S, = 0, then G(Fs,)' = {1} and &, = C). For all
p >0, r >0 and finite sets § C BL x B we set

»= max su XY, = 21 4o .
1£1lp,3, (X7Y)€396G(}ES)1| tYrf(9)| Zs(9)( s(9))

We define Cj (G(Fs)') as the space of all Ko-biinvariant smooth functions f on
G(Fs)! such that || f||, 5, < oo for all § and r. The seminorms | .||, 3, induce
a topology on Cy (G(Fs)'), and we define C?(G(Fs)") as the topological direct
limit, over all Ky, of the spaces C (G(Fs)'). It is known (see section 3) that
this space and its topology do not depend on the choice of Kg =[], . K, and
that CP(G(Fs)') C LP(G(Fs)'), the embedding being continuous.

Any function in CP(G(F, s) ) can be uniquely extended to a K®-invariant func-
tion on G(Fs)'K*®, where K* = [[,¢s Ko- The resulting space will be denoted by
CP(G(Fs)'K®), and such functions WlH tacitly be extended to G(A)! by setting
them equal to zero outside G(Fs)' K. The notations ||f||, s, for such functions
and C (G(Fs)'K®) have the obvious meaning. We will always assume that S
contains all archimedean places (if any), so these functions are smooth on G(A)?,
and B! = &} is independent of S.

Remark. Both functions =, and o, take value 1 on K,. Thus, for S C S, the
restrictions of the seminorms of CP(G(Fg/)' K%") to CP(G(Fs)* KS) coincide with
the corresponding seminorms of the latter space. Consequently, the topological
direct limit CP?(G(A)') of these spaces over all S is just their union, and it is
independent of K, because for any two maximal compact subgroups K and K’
satisfying our assumptions we have K, = K/ for almost all v.

vES

Theorem 1 There exists p > 0 with the following property. For every S con-
taining all infinite places, every open compact subgroup Ko of G(Fs,) and every
truncation parameter T there exist a constant r and a finite set § C B x B!

such that
3 /G (@) de < |1 £llp5r

0c0 Y GUNG(A)!

for all f € Ch (G(Fs)'K%).

Note that kI depends implicitly on f. The ostensibly missing constant factor
has been absorbed into §.



This theorem is our main result, which generalises Theorem 7.1 of [1] by
removing the assumptions that f have compact support, T" be sufficiently regular
and F' be a number field.

As already mentioned, Theorem 1 may be strengthened to a bound on kI
This function being left G(F')-invariant, it is sufficient to bound its restriction to
a Siegel domain S} with respect to Py satisfying G(F)Ss = G(A)!, cf. [10]. (The
definition of a Siegel domain will be recalled in section 6.) Let us write pg = pp,
and H, 0= H Py

Theorem 2 There exist ¢ > 0 and d with the following property. For every S
containing all infinite places, every open compact subgroup Ko of G(Fs,), every
truncation parameter T and 0 < p < 1 there exist a constant r and a finite set

T C B x & such that

ZV{;Z@)} < ||f|’p,&r eld=c/p)po(Ho(z))
0eO

for all f € C% (G(Fs)'K®) and x € S} .

The method to prove this theorem goes back to an old preprint named “The
decay of truncated kernels on locally-symmetric spaces”, where I estimated the
non-adelic analog of the truncated kernel

k' (x,y) = Zgg Z K" (6x,ny)7p(Hp(dx) — Tp)7p(Hp(ny) — Tp)
P smeP(F)\G(F)

without restricting it to the diagonal. Since k”(x,x) does not coincide with
>, kT (x) unless all factors of G have F-rank one, and since it is impossible, for
x # y, to separate the contribution from various classes o, the old result does not
imply Theorem 1. It was intended as the first step in extending Faddeev’s method
of analytic continuation of (cuspidal) Eisenstein series ([7], cf. also ch. XIV of [15])
to the higher rank case. However, it never appeared in a journal as [ was unable to
generalise the boudary conditions required for Faddeev’s method, while Jacquet’s
elegant simplification of Selberg’s original proof, as exposed in ch. IV of [19], made
the search for alternative methods pointless. Nevertheless, I include that kernel
estimate here as it might still have other applications and its proof is a byproduct
of the arguments we have to expound anyway.

Theorem 3 There exist ¢ > 0 and d with the following property. For every S
containing all infinite places, every open compact subgroup Ko of G(Fs,), every
truncation parameter T, 0 < p < 1 and large r there exists a finite set § C B x B!

such that
K7 (@, y)| < || flp.gr e /PI0Ho @)+ How))

for [ € Ck (G(Fs)'K®) and x, y € S} .



2 Preliminaries concerning root systems

In this section we collect some easy facts needed later. We consider a connected
reductive F-group G like in section 1, but now F' can be any field.

Let A be an F-split torus in G and M its centraliser. We call A a special
F-torus in G if it is the largest F-split torus in the centre of M. If this is the
case, M is a Levi component of some parabolic F-subgroup of G or, as we shall
say for brevity, a Levi F-subgroup of GG. In this way one gets a bijection between
the sets of special F-tori and of Levi F-subgroups of G.

Let X (A) denote the group of F-rational characters of the special F-torus A,
set a = Hom(X (A),R) (the “real Lie algebra” of A) and denote by ¥4 C X(A)
the set of roots of A in G. Following tradition, we often write the group X (A)
additively and consider its elements as linear functionals on a. A subspace of a is
called a special subspace if it is the intersection of the kernels of some elements
from ¥4. If A’ is a special F-torus contained in A, then we have a natural
map ¢’ — a. All such maps are compatible, which allows us to identify a’ with
a subspace of a. In this way we get a bijection from the set of special F-tori
contained in A onto the set of special subspaces of a. Let a,., denote the set of
all H € a which are not contained in any special subspace except a itself. The
connected components of a,., are called the chambers of a.

For A and M as above, let P(A) be the set of parabolic F-subgroups of G
having M as a Levi component. For P € P(A), the space ap introduced in
section 1 depends on P but not on A, and is naturally isomorphic to a. The
set of roots of A in the unipotent radical of P, which we denote by ¥Xp, may be
identified with a subset of a}, (which justifies the absence of A in the notation),
and we can regard pp 1= %(5 p as a linear functional on a. Although a figured as
a universal variable in the symbol ap, in the presence of a special split torus the
corresponding lower-case gothic letter will henceforth refer to its real Lie algebra.
E.g., we denote by af the set of all H € a which take positive values on the
elements of Xp, and we also regard Tap as a subset of a. Thus, by assigning a};
to P, we get a bijection of P(A) onto the set of chambers in a.

Lemma 1 If A is a special F-torus and H € a, set

|H| = sup pp(H)
PeP(A)

(i) This is a seminorm on a vanishing exactly on ag, and for every P € P(A)
we have

=1 3 mala(i) = 3 3 mala(H)]

€Y aceXp

where my, is the multiplicity of a. Moreover, |H| = pp(H) iff H € .



(ii) Suppose G and A are also defined over a subfield F' of F' and that A’ is
a special F'-torus in G contained in A. Let M' be the centraliser of A’
and define X'(A’), o and |.|" with respect to the ground field F'. Then the
inclusion a’ — a dual to the restriction map X(A) — X(A") = X'(A") is
an isometric embedding, and the projection a — o', H — H', dual to the
restriction map X'(M') — X (M) satisfies |H'|' < |H]|.

Proof. Fix H € a and choose ) € P(A) such that H € %. Then

for a suitable choice of signs, because m, = m_, for a« € ¥4 = Yo U —Xg. Now
(i) follows easily.

The set of F'-roots ¥/, is the set of nonzero restrictions of elements of ¥4 to
a, and my is the sum of m, over all @ with a|y = . Using the first formula
from (i), we get the first assertion of (ii). Given H € a with image H' € o', we

choose a parabolic F'-subgroup P’ with Levi component M’ such that H' € a5,
and thus |H'|" = pp/(H'). There exists P € P(A) such that af, C a}, ie.,
P C P'. The value of H on d0pr € X'(P") = X'(M’) equals the value of H on
dpr|ar, namely

Z mq|a(H)| < 2|H]. O

acdp

al g1

Given special F-tori A’ C A in G and P’ € P(A’), we define a}, to be

just a3, Then a is the disjoint union of the sets a}, where P’ runs through all
parabolic F-subgroups of G containing the centraliser M of A. Let W, denote
the (F-rational) Weyl group of A in G (i.e., the quotient of the normaliser by
the centraliser of A in G(F')). Then wa}, = aziup,), where YP' := @wP'w~ ! for a
representative @ of w. The Weyl group W} "of Ain M’ is the pointwise stabiliser
of A in Wy.

Lemma 2 Let A’ C A be special F-tori, w € Wy and P' € P(A’).
(i) If "P" = P', then w acts trivially on a'.

(i) The space of w-fized vectors in a is a special subspace, i.e., the real Lie
algebra of a special F-torus A”. The centraliser M" of A” is the smallest
Levi subgroup containing both w and the centraliser M of A.

(iii) In the situation of (ii), we have *P' = P’ iff M" C P'.

() If P € P(A) and P" contains both P and “P, then *P' = P'.



Proof. (i) Since P’ coincides with its own normaliser, we have w € P'. As
M’ is the unique Levi component of P’ containing the centraliser M of A, @
normalises M’. It is well known that the normaliser of M’ in P’ is M’.

(ii) Let a” denote the space of w-fixed vectors in a. Pick H € a”, let P’ be the
unique parabolic such that H € a},. Then wP’ = P, and by (i) the span o’ of
af, is contained in a”. This shows that a” is a union of special subspaces. Since
there are only finitely many special subspaces in a and since a proper subspace
of @’ is a null set for the Lebesgue measure on a”, we see that a” itself must be
special.

(iii) If “P' = P’, then a}, C a” by (i), and the converse is trivial.

(iv) In this situation, P’ and w™' P are conjugate parabolic subgroups con-
taining the parabolic subgroup P. It is well known that they must coincide.
O

Suppose we are given parabolic F-subgroups P and () of G. If there exist
parabolic F-subgroups contained in both P and (), then there is a greatest such
parabolic, which we denote by P A (). In this case, of course, PAQ = PN Q,
because the latter is an algebraic F-subgroup containing a parabolic subgroup.
On the other hand, the set of parabolic F-subgroups containing both P and @)
is closed under intersection and non-empty, as G belongs to it. Hence there is

always a least such parabolic, which we denote by PV Q. Clearly, ap,,o = apNag.

Finally, let us recall some notation connected with parabolic descent. If P’ is
a parabolic F-subgroup of G with Levi F-component M’ the assignment P —
P N M’ defines a bijection of the set of parabolic F-subgroups of GG contained
in P’ onto the set of parabolic F-subgroups of M’. We write X5, AL and
ph for Yprar, Apaar and pprar, Tesp., which are (sets of) linear functionals
on ap not depending on the choice of M’. We denote by ab’ the kernel of the
projection ap — ap dual to the restriction map X (P') — X (P), and we write
(ab)* for the chamber corresponding to P N M'. If A’ is a maximal F-split
torus in P’ and A D A’ a maximal F-split torus in P, we have identified ap
with a and ap with o, hence apr C ap. This yields a direct sum decomposition
ap = agl @ ap,. The corresponding decomposition of elements H € ap will be
written as H = H”' + Hp:.

Lemma 3 Let P, Q € P(A) and set P = PV Q). Then there exists ¢ > 0 such
that

0 < cpp (H) < (pp — pg)(H) < 2% (H)
for all H € ap such that H"" € (ab)+.

Proof. Let ©® C Ap be the set of primitive roots occurring in the decomposi-



tion of elements of Xp N Xg, where X = —Xg. Then
afna, ={Heca,|aH)=0 YaecIpniy}
—{Heda|a(H)=0 VYaec®Ol,
af, ={H eab|a(H)=0 Vaexh}.

Since a_fg, = @ N %, it follows that © = AL'. Moreover, $p NE5 C XF', and
therefore

pr—po= Y maa= 3wy,

aEEpﬂEQ ,BEAII;/
200 = ) maa= ) nsf
aext’ BeAL
whith positive ng, nj, because Xp N Lg spans the dual of agl. O

3 Inequality of descent

Harish-Chandra has introduced the Schwartz space for p = 2 only. It is an
instance of his philosophy of descent that, roughly speaking, a Schwartz function
f on G gives rise, for each parabolic P, to a Schwartz function f* on the Levi
component of P. We shall extend the underlying inequality to the case 0 < p < 2.
Since the entire discussion is purely local, we change our notation throughout
this section, denoting by F" a local field, by G a connected reductive F-group and
by K a special maximal subgroup of G(F'). Hopefully, the notational simplifica-
tion of dropping the subscript v will outweigh the danger of confusing the reader.
If v is non-archimedean, we normalise the Haar measures on G(F') and K so that
K has measure one. Note that, for each parabolic F-subgroup P, the objects
X(P), ap, Xp, a and Tap are now defined with respect to the ground field F.
We define the map Hp : G(F') — ap by the same formula as in the global case.
The modular character dp of P(F) is given by dp(p) = |6p(p)| = e?rUHr®),
The definition of the space CP(G(F)) can be given in terms of the majorants

1 (9) == Z(9)"(1+0(9)",  geGF),

where we use the basic spherical function

=(g) ::/ ePo(Ho(k9)) g1
K

Here the subscript 0 refers to some fixed minimal parabolic F-subgroup Fy, no
matter which one, since all of them are K-conjugate. Remember that our Hj is

10



right K-invariant. The function ¢ depends on the choice of a faithful F-rational
representation n of G and a K-invariant norm on its representation space V. We
set

a(g) = logmax(|ln(g)ll, In(g~H)ID,

where || .|| denotes the Hilbert-Schmidt norm (resp. operator norm) on Endg(V)
if F' is archimedean (resp. nonarchimedean).

Note that =(g) equals (hg, mo(g)ho), the matrix coefficient for a K-fixed unit
vector hg of the representation my unitarily induced from the trivial representation
of By. If h{ is fixed under a different special maximal compact subgroup K’, then
hy = mo(f)ho for some smooth compactly supported function f on G(F') by [23],
Lemma 1.11.3, hence the resulting spherical function is =/ = f « Z % f*. In the
archimedean case we have Z'(g) = Z(g,'gg0) for some gy by the conjugacy of
maximal compact subgroups. If y;,, comes from K’ and a different choice of 7
and || .|, then it follows from [25], Prop. 8.3.7.2 / [23], Lemma 4.2.3 and the
remarks on p. 150, that for every r > 0 there exist C' > 0, v/ > 0 such that
ppr < Cp, . Moreover, p,, € LP(G(F)) for large r by [25], Prop. 8.3.7.5 / [23],
Lemma 4.2.5. More precisely, if we fix a norm || . || on ag, there exist C' and ¢ > 0
such that

/Gml b (909)" dg < C(1+ [ Ho(g0) )" 1)

Let Ay be a maximal F-split torus of G whose apartment in the Bruhat-Tits
building of G contains the vertex fixed by K. In the archimedean case (cf. [22],
section 5), this means that the Lie algebras of K and Ay(F') are orthogonal with
respect to the Killing form. If A is a special subgroup of Ay and M the centraliser
of A, then K); := K N M(F) is a special maximal subgroup of M(F), and the
elements of the Weyl group W, have representatives in K. We may assume in
addition that Ay C Py (by changing Py or Ag, because minimal parabolic F-
subgroups are K-conjugate). The inclusion map of the centraliser My of Ag into
G yields a bijection

Ky \Mo(F)/ Ky — K\G(F) /K.
Therefore = and ¢ are determined by their restrictions to
Mo(F)* := {m € My(F) | Ho(m) € af; }.
There are positive constants C, Cy and 1y such that
Cy1 < dp,(m)*2(m) < Co(1 + a(m))™ (2)

for m € My(F)" by [25], Prop. 8.3.7.3 and Th. 8.3.7.4 / [23], Th. 4.2.1. Thus,
in the definition of C?(G(F')), we could have replaced = by the K-biinvariant
function whose restriction to My(F) is e~ in the notation of Lemma 1.

11



Lemma 4 Let P be a parabolic F'-subgroup with unipotent radical N and Levi
component M containing My. Given 0 < p <2, s >0 andr > s+ (% + 1)ro,
there exists C' > 0 such that, for each m € M(F),

dp<m)1/2/ Mp,r(mn> dn S Cu}%(m)e_(%_lﬂHM(m)l
N(F)

Here H% is defined using the basic Kys-spherical function on M(F) and the
restriction of o to M(F).

For p = 2, this is just [11], Lemma 21 / [13], Cor. 2 of Th. 25 (cf. also [25],
Th. 8.5.2.1 / [23], Th. 4.3.20). For the proof in the general case, we need the
following convexity theorem: If mg € My(F') and k € K, then Hy(kmy) lies in the
convex hull of the Wy -orbit of Hy(mg). In the archimedean case, this has been
proved in [14], while a proof for the non-archimedean case has been sketched
in [24]. (We will not need Kostant’s full convexity theorem, which describes
{Ho(kmy) | k € K} completely, nor its full analogue in the non-archimedean
case, for which the details of proof in [24] are scarce.) Thus,

Ho(kmg) = Z ay wHo(my) with Ay > 0, Z ay =1,

wEWAO WEWAO

and hence

|Ho(kmo)| < ) ay|wHo(mo)| = |Ho(m)|

weWy,

due to Lemma 1 and the Wy -invariance of |.|. If mg € My(F)™, then the right-
hand side equals po(Hy(mp)). Combined with (2) and the K-biinvariance of =
and o, this implies that

E(g) < Coe” W1+ o(g))
for all g € G(F'). In particular, for mg € My(F') and ng € No(F') we get
E(mono) <= 0267|H0(m0)\(1 + O'(mono))ro.

The same is true for nonminimal parabolics, too: Let m € M(F), n € N(F).
Then m = kymoke with ki, ko € Ky and mg € My(F), hence |Hy(mo)| >
|Hpr(mo)| = |Har(m)| by Lemma 1(ii). Setting ng = konky,*, we get

E(mn) = E(mgng) < Coe”HMI(1 1 g (mn))r.
This shows that, for 0 < p < 2,
Lp.ptry (1) < 022/?”27T(nm)€*(%*1)\HM(m)\

with ro = (% — 1)r0, and the Lemma follows from the special case p = 2 when
we integrate over n € N(F).
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4 Sums over Bruhat cells

We return to the setting of section 1, thus denoting by F' a global field again.
The results of the previous section are applicable to the local field F, for each
place v of F.. The majorants on G(F,) which were denoted by y,,,» should now be
written as p,,,. If S is a finite set of places, then functions in C?(G(Fs)!) and
their invariant derivatives are bounded by

fspr(9) = H fo,p,r(G)-

veS

As in section 1, we extend this to a K -invariant function on G(A) vanishing
outside G (Fs)K?.

Now we adapt Lemma 4 to this global setting. Let A be a special F-torus
with centraliser M, and let P € P(A) with unipotent radical N. For each place
v of F, let A, be the greatest F,-split torus in the centre of M. As explained in
section 3, the dependence of u,,, on K, is insignificant. Hence we may assume
that K, is in good relative position to A, for each v. By Lemma 1(ii),

|Hr(my)| < | Haro(mw)]o for m, € M(F,),

where the map H), and the seminorm | .|, on a, are defined with respect to the
ground field F,. Lemma 4 now yields, after taking the product over v € S,

N(Fs)

for all m € M(Fs) and r > s + (% + 1)rg, where dp(m) = |0p(m)| with | .|
denoting the idele norm. By our assumption on K, we have

K, N P(Fv) = (Kv N M(Fv))(Kv M N(Fv))

Thus, if we normalise the measure on N(A®) so that vol(K® N N(A%)) = 1, we
get

dP(m)l/Q/ pspr(mn) dn < Cypdd (m)e” G DIHlm) (3)
N(4)

for all m € M(A), which is the global analogue of Lemma 4. Similarly, the
estimate (1) implies the existence of constants Cy, ¢ > 0 such that, for large r,

L, psolona) dg < o0+ [ Halan)) ™ )
G(A)!

Here we have split the integral and evaluated the one over G(Fs)'/[]
using the fact that ]

veS G<Fv)1

ves Haw embeds that group into the vector space Hve 5 OG-

13



Now we are going to state our main technical estimate, which has been inspired
by Lemma 11.4 of [21]. We fix a minimal parabolic F-subgroup P, of G and its
Levi decomposition Py = MyNy defined over F' and denote by Ag the greatest
F-split torus in the centre of My. As F'is now a global field, this notation differs
from that used in the preceding section. The set G(F') is the disjoint union of
the Bruhat cells

Gou(F) = Py(F)wPy(F),

where w runs through the Weyl group Wy of Ay in G and w € G(F)) is a repre-
sentative of w. For x, y € G(A), we set

Ko p(my) = D pspe( ).
YEGw (F)

Theorem 4 Let Py, S and w be as above, and set P = PyV " Py in the notation

introduced in section 2. Then, for every 0 < p < 1 and large v, one can find
C > 0 such that, for all z, y € G(A)!,

| Ho(x)|+[Ho(y)l *(%*U(IHP(OC)*HP(y)\*wpff(Ho(w))Jrﬂé)(Ho(y)))_

K:Spr(x y) <C€ €

Corollary 1 In the situation of the theorem, there exists ¢ > 0 with the following
property. For each truncation parameter T' € ag, 0 < p < 1 and large r one can
find C > 0 such that

K () < Ce~“GDIH0@-wHo)H1Ho()H1Ho(s)

for all z, y € G(A)' satisfying (Hy(z) —T)", (Ho(y) — T)" € (al)*.

Let us deduce the corollary from the bound provided in the theorem, which
we symmetrise as

w w! w w1
’{S,p,r (‘Ia y) = "{S,p,'r(y7 ‘T) = (I{S,p,'r’ (‘Ta y)l{S,p,r (ya .17))1/2

to obtain

log (kg ,,.(2,9)) < 1+ [Ho(x)| + | Ho(y)]
— G = 1)(Hp(x) = Hp)| + 5(p5 —wpt)(Hol(w)) + 5 (o5 — w™"pg) (Ho(y)))

By Lemma 2(iv) we have @ € P(F), hence Hp(y) = wHp(y) and pl — wpl =
pPo — pp — wWpo + wpp = pg — wpy. Now Lemma 3 implies

5(p — wpg ) (Ho(x) = T) = capf (Ho(x) = T) > es|(Ho(x) — T)",
and similarly
(Pt —w o) (Ho(y) = T) = capf (Ho(y) — T) > es|w(Ho(y) — T)"|

14



due to the Wy-invariance of |.|. The triangle inequality implies
[Hp(x) — wHp(y)| + es| Ho()"| + cslwHo(y)"| > es| Ho(x) — wHo(y)|

and allows us to get rid of the T-shifts at the cost of modifying C'
This section and the next one are devoted to the proof of Theorem 4. At first,
we derive an estimate on the averaged function

(o) = | / K8, (n, py) dp dn.
No(F)\No(A) J Py(F)\Po(A)?

Lemma 5 For 0 <t <1 and large r there is C such that, for x, y € G(A)?,

RY,(2,y) < Celot(E-Duwn)Ho@)+@=Do(How),

Proof. Since both sides are right K-invariant in both arguments, we may
assume that z, y € Py(A), in which case

R, (.9) = doly) [

/ ﬂS,t,r(('YnJ?)flyp) dpdn. (5)
No(F)\No(A) Po(A)!

YEP (F)\Gw (F)
Equation (3) implies that, for each z € G(A) and r > s+ (2 + 1)ro,
/ pser(27'p) dp < Cyeiroio) / psg s (mgtm) dm,
Po(A)! Mo(A)t

where my € M(A) is such that z € No(A)moK. For sufficiently large r we can
choose s such that (4) applies to the integral on the right-hand side. Now we set
2z =y tynw, sum over v and integrate over n to get

Far(z,y) < C2do(y)11/ Z e 1ro(Ho(ynz)) g,
NO(F)\NO(A) ’YGP()(F)\GM(F)

The integral on the right-hand side is the constant term of a partial Eisenstein
series, hence of the form

c(w, (2 — 1) po) ot (G ~Lwpo) (Ho(@)

where ¢(w, A) is holomorphic on the set of all A € apc such that Re A—pp belongs
to the dual cone (af)™ of Tag (see [10], § 3). O

We must strengthen Lemma 5 because it does not exhibit the decay of kg, .
we need.

Lemma 6 For 0 <t <1 and large r there exists C' such that, for z, y € G(A)?,

RY, (x,y) = CeroHo@)+How) o= (G-1(1Hp(@)—wHo W) —wey (Ho@)+of (How))),

15



Proof. Let P = MN be the Levi decomposition with M D> M,. Then
P} = PyN M is a minimal parabolic F-subgroup of M with Levi component M,
and unipotent radical N} := Ny N M. Since v !Ny C N for v € G,(F), we see
that

/P . ps,er (x” ypy) dp
0

is left NV(A)-invariant as a function of z. In view of (5) we may, in the definition
of kg, ,, replace the integral over No(F)\No(A) by vol(N(F)\N(A)) times an
integral over N/(F)\NJ(A).

By Lemma 2(iv), we have w € W, @ € M(F'), and therefore

G = PNGP,N = P{wP,N = M,N.

Consequently,

RS (T, y) = / o > / puser(x” 0 Iypy) dp dn’.
NO(F)\No(A) ’yEMw(F)/P(’)(F) PO(A)1

We split the inner integral according to Py = PN and deduce from the inequality
of descent (3) that it does not exceed

Chdp(zy)2e~ G- DIHPE ) / ( )ﬂ%t,s(w’ln”vp’y’) dp/,
PY(A

where 2/, y' are the projections of x, y on M (A) along N(A). Note that we have
picked an additional factor dp(y) by a substitution in the integral over N(A).
Applying now Lemma 5 with (G, Py) replaced by (M, Pj), we obtain

RY, (2,y) < CyetPHP@HHR0) = (G=DlHe ()

w e(Pot(F=D)wpp) (Hy (=) +(2—3)p6(Hy(y")

We can rewrite the right-hand side as claimed in the lemma by using the facts
that p)(Hy(2")) = pt(Ho(x)) and that w acts trivially on a. O

5 Bounding sums by integrals

To finish the proof of Theorem 4, we still have to bound £y, , in terms of Kg, .
The usual way to estimate a sum over a lattice is to replace the value of the
function at each lattice point by an integral over a small neighbourhood. In
our situation, this leads to the problem of counting the number of terms in a
sum like the one defining the kernel K (x,z) for compactly supported f. There
is a standard estimate on K (z,y) not depending on y (cf. [19], 1.2.4), but the
following lemma will enable us to obtain a sharper bound in the case at hand.
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Lemma 7 Let Py be a minimal parabolic F-subgroup and 2 a compact subset of
Py(A). Then there exists C' > 0 such that, for all x € Py(A) and py, ps € Py(A)*

#("QN 1 Po(F)p2) < Cdy(x)' /2l
where *) 1= xQx L.
Proof. We assert that the set

B={pyp|pe Py(A),y € Py(F)\ {1}}

is closed in Py(A). Indeed, consider the maps
Po(A) <= Py(A)" x Po(A) = (Po(F)\Po(A)") x Po(A) =2 Po(A),

where 7, 7, are the natural projections and ¢(p,q) = pgp~'. Then the set
7 7N (B)) = ¢ Y (Py(F)\ {1}) is closed due to the discreteness of Py(F), hence
7, 1(B) is closed and, in view of the compactness of Py(F)\Py(A)!, B is closed.

This allows us to choose a compact neighbourhood w of 1 in Py(A)! such that
ww™ N B = (. Then the sets p;ypsw with v € By(F) are disjoint, and

#(*Q N p1Po(F)pa) vol(w) = vol((*Q N p1 Po(F)pa)w) < vol(*Quw), (6)

where vol refers to the Haar measure of Py(A)!.

Let Ay be as above, and fix a valuation vy of F' such that the norm functions
on A and F,, have the same range. If Qg € P(Ap) with unipotent radical Uy,
say, then any compact subset w’ C Uy(A) can be enlarged to a compact subset
w" € Up(A) such that “w” C " for all a € Ag(F),) satisfying Ho(a) € agq, =
ag’ 0o Lo see this, recall from [5], § 9.12, that there are F-morphisms ¢,, of vector
groups V,, into Uy such that

dala(a)v) = aga(v)a™

for a € Ay and v € V,, and such that the product map

(any fixed order of factors) is an isomorphism of F-manifolds. Given any compact
subset @' C HaeEQO V. (A), the image @ of @' x {c € F,, | |¢| < 1}*@ under
componentwise multiplication is compact, too.

Now we can deduce the lemma from the inequality (6). By changing p;
and po, we may assume that = a € Ay(F,,). Now we choose @)y such that
Hy(a) € anQO and set P, = My(NoNUy), P~ = Ny N U,. Then the product map

P, (A)' x P_(A) — Py(A)" is an isomorphism of measure spaces. As we have just
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seen, we can produce suitable compact sets Q. C Pi(A)! with Q € Q,Q_ and
further compact sets €y C P(A)" with Q_w C 2, Q" such that

“Qw C aQ+Q_W C CLQ_A'_Q/JFQL C G(Q+Q/JF>QL7

and we get
vol(“Qw) = dy(a) vol (2., Q" ),

where d; is the modular character of P, (A), which satisfies

di@= J[ la@P™ =dp (@) dg,()" = dp,(a)/*c

CXGEPO QEQO

for the given a. Since there are only finitely many choices of )y, one C' suits all
of them. O

Corollary 2 If f is a non-negative function on Py(A), then

> /fwrp dp < Cdy(x)~ el / f(p) dp

1
vyeEPy(F) Po(4)

for all x € Py(A). If, moreover, Q is contained in No(A), then

Z /f yan) dn < Cdo(x) /el / f(nz)dn

~YENy (F NO(A)
for all x € Py(A), where dn denotes a Haar measure on Ny(A).

Indeed, the left-hand side of the first inequality equals

Y /fwa: dp = do(z)” / Fpar) Y Xya(p2) dps,

YER(F) Po(A)! ~EPo(F)

where X, is the characteristic function of v - *Q2. Now one can bound the sum
with the aid of the lemma. The second inequality is proved in the same way.

Lemma 8 Let Py, S and w be as in the preceding section. Given t > 0 and
r > 0, there exists C' > 0 such that

,ig)t T(L y) < Ce\Ho(ﬁ)FPo(Ho(w))6|H0(y)|*P0(H0(y))Rgvt r(:,;7 y)

for all z, y € G(A).

18



Proof. Asin Lemma 5, it suffices to consider z, y € Py(A). Given compact sets
Q, Y C G(Fs)K?, one easily deduces from [25], Prop. 8.3.7.2 / [23], Lemma 4.2.3
that there exists C'; > 0 such that

,U/S,t,r(g) S Cl,uS,t,r<n_lgp)
forallg € G(A),p € Qandn € . We may assume that Q C Py(A)!, ' C Ny(A)

and that each set has positive Haar measure in the pertinent group. Setting
g = x lyy with v € G(F) and integrating, we get

s (7 yy) < Cy / / pser(n " yyp) dp dn.
rJQ

Now we sum over v € G,,(F) and apply the corollary of Lemma 7 to see that
kg, (7,y) is bounded by

c: |
Q

which can be written as

Cody ()26 o) /

Po(F)\Po(A)*

do(y) "/ 2elHo)] / fis,er(n "z ypy) dp dn,

' YE€GW(F)/Po(F) Po(a)!

/ tis,e.r((zn) " ypy) dn dp.
NeGw(F) Y

Another application of the corollary, this time to the integral over n, completes
the proof. O

Theorem 4 clearly follows from Lemmas 6 and 8.

6 Alternating sums of constant terms

Recall that the constant term of a locally integrable function ¢ on N(F)\G(A),
where N is the unipotent radical of a parabolic F-subgroup P, is defined as

Woa) = [ olns)dn,
N(F)\N(A)

where the N(A)-invariant measure dn on N(F)\N(A) is normalised to have total
mass one. We will need a basic inequlity concerning alternating sums

P P'11P:
Iy ¢ = E ep Ao
P1€’P£/

for parabolic F-subgroups P C P’. The ideas go back to Gelfand and Pyatetski-
Shapiro [8].

19



For our present purposes, a Siegel domain with respect to a parabolic F-
subgroup P of G is a set of the form

§ = {e € WAMAK | Hp(z) € ap +Tp},

where w is a compact subset of P(A)!, A is a maximal F-split torus in P, Tp € ap
and K = K. K is the maximal compact subgroup of G(A) fixed in section 1. The
right action of G(F) on G(A) associates to each element X of the corresponding
universal enveloping algebra & a differential operator, which will be denoted
by XR.

Lemma 9 Let P C P’ in Py such that P' # G is mazimal and denote by o € Ap
the unique simple root not vanishing on ap:. Let Ky be an open subgroup of G(Ay),
S a Siegel domain for P and r € N. Then there exists a finite set § C & such
that, for all p € C*(N'(F)\G(A)/Ky) and x € S,

|6(x) — 17 ¢(x)] < e ™Hr) sup  max [Xgo(n'z)].
n'€N’(A) XeF

Of course, it would suffice to let the variable n’ run through a fundamental
domain for N'(F'). It is customary, but unnecessary to rewrite the bound with
the supremum over a set of right translations.

Since S is contained in a Siegel domain for Py and there exists C; > 0 such
that a(Hp(x)) < ag(Ho(z)) + Cy for © € S, where oy is the analogue of « for
Py, it is enough to prove the lemma for P minimal. Variations on this result can
be found in [9], ch. IIT §8, [17], p. 45, [12], Lemma 2, [19], 1.2.10 etc., so we will
not repeat the proof. If F'is a function field (and & = C), one can even show
that there exists Cy > 0 such that the left-hand side vanishes for a(Hp(x)) > Cy
(cf. [19], 1.2.7).

Lemma 10 Let P C P' C P" in Py, Ko an open subgroup of G(As), Tp € ap, w
a compact subset of P(A)' and X a linear combination of the elements of AL — AL
with non-negative coefficients. Then there exists a finite set § C & such that, for

all p € C*(N'(F)\G(A)/Ky) and all x € wA(A)K satisfying
(Hp(z) — Tp)"" € (C‘gu)+
in the notation introduced in section 2 we have

15 p(2)| < e MP@) sup  max | Xpe(n'z)|.
n’'eN’(A) XES

Proof. Actually, we prove the stronger inequality obtained upon replacing ¢
by II”"¢. Thus assuming that ¢ is left N”(A)-invariant, we need only consider
¢(m"k) as a function of m” € M"(A) for each k € K, where M" is a Levi
component of P”. The intersection of the groups M”(A) N kKyk™! over k €
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K¢/K¢N Ky is open in M"(A), and the K -orbit of an element of 9" is contained
in the span of a finite subset of &. Thus, by parabolic descent, we may assume
w.l.o.g. that P = G.

Now suppose for a moment that P’ is maximal. Then Ap — AL = {a} and
A =ra, r > 0. The larger r is, the stronger the estimate will be, and for r € N
it follows directly from Lemma 9. If P’ is arbitrary, then

ng = [[1%.
P

where P, runs through the maximal parabolic F-subgroups containing P’, hence
the result follows upon iteration. U

Replacing G(A) by G(A)! leads to minor changes in the preceding discussion.
In particular, the Siegel domain S has to be replaced by S' = S N G(A)'. We
leave the details to the reader.

7 Basic identities

As in section 4, we fix a minimal parabolic F-subgroup Fy = MyN, and its F-
split component Ay. The truncated kernel kI was defined as a sum over parabolic
F-subgroups P containing Py and over 6 € P(F)\G(F'), where in each term the
variable Hp(dx) was restricted to a shift of the cone Tap. In order to show,
with the aid of the results of the preceding section, that this kernel is rapidly
decreasing in certain directions, we have to decompose that cone into the subsets

st ={H c*ap | a(H) >0Va € AL and a(H) <0Va € Ap — AL}

parametrised by the parabolic F-subgroups P’ containing P and, for each pair
P C P, rewrite the kernel function in terms of alternating sums of constant
terms of a fixed function. The argument of [1] is not sufficient here as it requires
the test function to be compactly supported.

Let us recall some standard notation. We denote the characteristic function
of the chamber a}, by 7p and, as before, the characteristic function of the dual
cone tap by 7p. More generally, if P* O P with a Levi component M’ defined
over F, we set 75" = Tpaa, which is the characteristic function of (ab)* 4 apr,
and 7‘5’ = Tpnymr- We also extend these ap/-invariant functions on ap to aOP -
invariant functions on ay = a}’ @ ap. Finally, we denote by 735/ the set of all
parabolic F-subgroups P; with P C P; C P’, usually omitting the superscript if
it equals G.

The results from the preceding section apply to restrictions of functions to
a Siegel domain. This requires restricting certain components of the argument
to compact sets, which will be granted by the appearance of a suitable cut-off
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function. Given P’ € Py := Pp, and T € ay, we define

= > e Y. A (Hp(dx) - Tp).

PepP  SEP(F)\P!(F)

This P'(F)N'(A)A’(A)-invariant function on G(A) is the result of applying the
partial truncation operator AT*" (see [2], p. 97) to the constant function 1. The
inner sum, which can also be taken over P(F) N M'(F)\M'(F), is locally finite
by Lemma 5.1 of [1]. For sufficiently regular 7', one can alternatively define
FP'(x,T) as the characteristic function of a certain set. The next lemma shows
that the two definitions are equivalent.

Lemma 11 (i) For any T € ay, we have the identity

S FP@eT)rd (Ho(ox) —T)

pepl’' SeP(F)\P'(F)

1.

(ii) For sufficiently reqular T € af, our function F¥(x,T) coincides with that
defined in [1], p. 941.

(iii) For T, X € ag, we have
FPeT+X)= Y > FP(x, )T} (Hy(oz) — T, X),
Pepl’ S€P(F)\P'(F)
where we use the function
I (H X):= > ey mp(H)7, (H - X)
QePL’

introduced in [3], p. 13.

(iv) As a function of x, F¥(x,T) is both bounded and compactly supported mod-
ulo P(F)N(A)A(A) uniformly for T varying in a compact set. Here N is
the unipotent radical and A is some maximal F-split torus of P.

Proof. (i) On the left-hand side, we insert the definition of F'¥(x,T'), in which
we change the summation variable to P, say, and apply Langlands’ Combinato-
rial Lemma (see [16], Lemma 5; [1], Lemma 6.3)

P’ 1 ifPlzpl,
ZEPTH (H):{ .

, 0 otherwise.
PEePE

(ii) If we single out the term with P = P’, the identity in (i) may be read as
a recursive definition of F¥'(z,T). Due to [1], Lemma 6.4, it is also satisfied by
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the functions F'¥'(z,T) defined in that paper for sufficiently regular 7. Thus, the
equality follows by induction.
(iii) By definition and the Combinatorial Lemma, F”' (z, T 4+ X) equals

S oefen Y. #h(Ho(dx) = T)r(Ho(6x) — T)7f, (Ho(6z) = T — X)),
P CPCP, SEP(F)\P'(F)

the exterior sum being taken over all triples P, C P C P, in PJ”. The sum over
P, can be taken innermost and simplified using the definition of T" 5/. Referring
to the definition of F¥'(x,T) again, we obtain our assertion (which has also been
proved in [18] for X € af and sufficiently regular T).

(iv) For fixed sufficiently regular 7', the support property follow from the
definition given in [1], p. 941. Thus, for every P there is a compact set w; C
G(A) such that the support of F'¥(x,T) is contained in P(F)N(A)A(A)w,. By
Lemma 2.1 of [3], the function I't'(H, X) is compactly supported in H € ab’
uniformly for X varying in a compact set €2, say. Hence there is a compact set
wy C A(A) such that the corresponding term on the right-hand side of (iii) is
supported on P'(F)N(A)A'(A)wsw for X € Q. And finally, there is a compact
set w3 C M'(A) N N(A) such that N(A) = N(F)N'(A)ws. This shows that for
sufficiently regular 7" and compact Q C ag there exists a compact set w C G(A)
such that the support of each term on the right-hand side of (iii) is contained in
P'(F)N'(A)A'(A)w for all X € Q.

In order to prove the boundedness uniformly for 7" € €2, it suffices to bound the
number of terms in the sum defining F'¥'(x, T) for a fixed T such that Q C *ag+7.
As we noted earlier, Lemma 5.1 of [2] shows that this number is locally bounded,
so it is bounded on the support of F¥(z,T), because the latter is compact, as we
have seen. 0J

In order to state the identities figuring in the title of this section, it is best to
introduce some new notation. For 0 € O as in section 1, for z, y € G(A)! and
for w in the Weyl group W, of Ay in G, we set

Ly(zy)= > [l ')

YEGw(F)No

If a parabolic F-subgroup P’ contains both Py and “F,, then P’ = “P’ and
Gw = M| N’ (cf. the proof of Theorem 4). Since P'(F)No = (M'(F)no)N'(F),
it follows that G, (F) N o is biinvariant under translations by N'(F'). Hence the
function LY is N’(F)-invariant in each argument, and since G, normalises N,
we have

(M”"®1d)LY = (d® 7)) LY, (7)
where the tensor product with Id indicates to which argument of Ly the constant
term operator T is applied.
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Given P C P” and Q C Q" in Py, we further define

Kpgd'@y) = Y (UG @ 1d) Ly (a.y).

weWy

where we use the operations V and A introduced in section 2. If the parabolic

subgroup P” A" Q" exists and contains PV * (), the operator 11 P’v’ng” has been

defined in section 6. (In this case, by the way, Q" = @".) In any other case, we
set this operator equal to zero. Equivalently, we could have restricted summation
to the appropriate subset of W,. We also use the notation

P// o PH7PN P// Q// PH QII
KP,o('r) _KP,P,o (I’,l’), E KPQO .
0cO

The first of these functions is left-invariant under P(F'), the second one—under
P(F) x Q(F), whereas its o-components will not be so in general.

Theorem 5 Let f € LY(G(A)'), 0€ O, T € ag and z,y € G(A). Then
Z Z FP((;%T)UEN(HP(M) TP)KP//(5$)
PCP" §eP(F)\G(F)

provided the sum over § is absolutely convergent, and

=D Z FF (82, T)ol (Hp(S2) — Tp)

PCP" §€P(F)\G(F)
Qc” nEQ( )\G( )

x F9ny, T)o8 (Ho(ny) — To)K pg? (52, 1y),

provided the sum over 6 and n is absolutely convergent. Here, the exterior sums
run over the indicated configurations of elements of Py, and oh’ denotes, as
usual, the characteristic function of the set sk .

Proof. Ignoring questions of convergence for the moment, we insert the for-
mula from Lemma 11(i) in the definition of kI (z), which yields

et Y FPOx, T)rf (Ho(5x) — T)#p (Ho(0x) — T)KY (62, 6x).
PCP! seP(F)\G(F)

By [1], Lemma 6.1,
% (H)rp(H) = > op (H), (8)

P"ePp,

where 05" has been extended to ag in the customary way, and we get

k()= > % Y FP(6x,T)op (Hy(dx) — T)K, (dx, o).

PCP'CP"  §eP(F)\G(F)
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So far we have followed [1], p. 942/943. Now we claim that k! (z) equals

Y e, Y FP(or,T)op (Ho(dz) — T)(I1™@Id) LY 6z, 6),

PCPLCP'CP,CP” SEP(F)\G(F)

where

Li(ry) = Y. fla'w).

yeP1(F)No

This follows easily upon application of the identity

Zszz{ T (9)

. 0 otherwise
P'ePp?

(see [1], Prop. 1.1), if one notes that K" = (I @ Id)L!".
Multiplying the Bruhat decomposﬂzlon of M, through with Ny, we get

P(F)= |J P(F)&Py(F)  (disjoint union),
wEWOM1

which implies that

L= ) Lv= > LY

My weWy
weW, P—v P,
and therefore
PP _ w P!
E ep Lyt = E L7 E €p,
PiepE weWo  pepl’
P=vP,

The interior sum depends only on the image of w in W4, where A is the max-
imal F-split torus in P containing Ag. Due to Lemma 2(iv), this sum runs
over Phuwp . By (9), it vanishes unless P’ = Py V “P;, and we formally obtain
the first identity claimed in the theorem.

If the sum over ¢ on the right-hand side is absolutely convergent, we may
rightfully perform all transformations in the opposite direction to arrive at the
definition of kI'(z).

The proof of the second formula is similar. Using Lemma 11(i) and (8), we
get

- ) Y FP(6x,T)op (Ho(0w) —T)
PCP/'CcP" §6eP(F)\G(F)
QCP'CQ” neQ(F)\G(F)

x F9ny, T)o (Ho(ny) — T)K" (62, my).
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Again we apply (9) to transform this into

> ened, > FP(6x,T)op (Ho(dx) — T)
PCP,CP'CP,CP” SeP(F)\G(F)
QCPICP'CPCQ” nEQIM\G(F)

x FQny,T)od (Hy(ny) — T) (11" @ Id) L™ (6, ny),

where L7 =37 o L™, As before, we decompose L™ into a sum over w € W, such
that P, = “ P, and observe that

P P
E Ep, = E Epy
pePE P PiePEug
P ="P

because if P, D P and P, D “Q, then P, D Py and P, D “F,, hence P, =" P,

by Lemma 2(iv). As in the case of the first formula, another application of (9)
completes the proof. 0

8 Decay on P(F)\G(A)!

Here we estimate a generic term on the right-hand side of the basic identities
given in Theorem 5.

Theorem 6 There exist constants ¢ > 0 and d with the following property.
Given a set S of places of F' containing all infinite ones, an open compact sub-
group Ko C G(Fs), a truncation parameter T' € ag, 0 < p < 1 and large r, we
can find a finite set § C &' x &' such that, for all f € Ci (G(Fs)K?), subgroups
PC P and Q C Q" inPy and x, y € G(A)' we have that

FP(z, 7)ok (Ho(z) = T) # 0

implies
S| KFa(@)| < 1S g e
0cO
and that
F"(2,T)o} (Ho(z) = T)F®(y, T)og (Holy) —T) #0
implies

P".Q" —(£—d)(|Hp(z)|+]H,
)KP’QQ (x,y)‘ <N llpgr e~ G DUHP @I HD)
Remember that the left-hand side of either inequality depends implicitly on f.
Both sides of the first estimate are left P(F')-invariant, and we have to consider

only those z for which F¥(z,T) # 0. Due to Lemma 11(iv), we may thus assume
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that = belongs to N(A)A(A)w; for some compact subset w; of G(A), or better to
N(A)A(A)wy, K = N(A)ws A(A)K for some compact subset wy of M(A)!, or even
to wA(A)K, where w is a compact subset of P(A)!. Similarly, both sides of the
second estimate are left P(F') x Q(F)-invariant, and we may assume in addition
that y € xB(A)K, where B is a maximal F-split torus in @) and y is a compact
subset of Q(A).

We are going to prove that, under these restrictions on x and y, the second
inequality remains valid if we replace the left-hand side by

13//7 1
Z ‘KP,Q,% (‘Tay)

o€

(which is not P(F') x Q(F)-invariant in general). After the foregoing discussion
it is clear that the two estimates in the Theorem are then corollaries. Actually
we are going to prove that the absolute value can even be taken separately of
each term in the sum over W, which makes up Kﬁggu. It suffices to consider
the contribution from a fixed w for which the parabolic subgroup P := P A Q"

exists and contains P, := PV Q. In this notation, our task is to bound
>_ |z @1d) Ly, )|
0cO
The condition o5 (Hy(z) — T) # 0 implies
(Hp(z) — Tp)"" € (ab")"

and, since P, C P”, the same inclusion with P” replaced by P,. Thus, for every
linear combination A of the elements of AL> — Al with nonnegative coefficients,
Lemma 10 supplies a finite set Fy C &' such that

(12 @ Id) LY (z,y)| < e AAP@) qup  max |(Xg @ Id) LY (nz, y)|.
neEN; (A) X ESA

By the triangle inequality, our condition on f and the definition of kg, ,

S @)L, y) < S X0 f(02) ™ 9)] < [l Ky, (1, 9).
0€0 YEGw(F)

Similarly, for every linear combination g of the elements of ASQ — Agl with
nonnegative coefficients, we can find a finite set §, C &' such that the kernel
(Id ® H%) LY(z,y) has an analogous bound. However, both kernels coincide due
to equation (7), and if we multiply the two inequalities, we get

2
(Z ‘(Hﬁf ® Id) sz(x’y)o < e~ MHP(2))=n(Hg ()

0cO

|f”p,{1}><3#,r sup 'Lig,p,r<nxa y)/ﬁ;g{p,r ('Tv Uy)
n,u€N7(A)

XN llpgaxtnyr
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Here we take the square root and note that, by the Cauchy-Schwarz inequality,

1 lpgax iyl flloyxger < IFI2 50

where § = ) x {1} U {1} x §,.
Let P' = PyV"YFy. Clearly P' C P, and therefore P’ C P” and P’ C Q".
(See the diagram for the various inclusions of parabolics.)

P [w] Q//
NS
Py
|
P’
VN

P P "Q
N
By v Py

Due to the restriction imposed on z and y, the projections Hy(x)" and Hy(y)®
(in the notation of section 2) remain in compact sets, while

(Hp(x) = Tp)"™ € (ap")*,  (Holy) —To)?" € (ag)*.

Projecting further, we see that the latter inclusions remain true with P” and Q"
replaced by P’. Therefore there exists T} € ag such that

(Ho(z) — Th)"", (Holy) — T1)"" € (a})*.
The corollary of Theorem 4 now provides constants ¢; and C such that

K2 (wy) < 016*61(%*U\HP(‘T)*WHQ(y)|+‘HP(x)|+|HQ(y)|

for all z, y as above, where ¢; is independent of S, T, p and . We combine
this inequality with the preceding one and remark that its right-hand side is
unchanged if we replace z by nz and y by uy with n, u € Ny(A). At the cost of
enlarging C; (which will be absorbed into §) we may replace Hp(x) by Hp(x) —
Tp € sh' and Hy(y) by Ho(y) — Tg € 58//. Now it is clear that the following
lemma serves to complete the proof of the theorem with ¢ = max(2c¢;cz, ¢) and
d=c+1.

Lemma 12 [n the above notations, we can choose X\, i and a positive constant
¢y such that

U= wV[+AU) + (V) = e2(|U] + [V])

forallUGs?andVEs?.
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Proof. Both sides of the inequality are seminorms on ap X a¢ invariant under
translations by ag X ag. If we pass to the quotient by that subspace, the right-
hand side becomes a norm, and the projection of s&” x 58” intersects the corre-
sponding unit sphere in a compact set. Hence it suffices to show that the vanishing
of the left-hand side for the vectors U and V' in question implies (U, V') € ag X ag.

The roots in A2, which is a subset of AL, are all non-negative on 55", hence
so is A. Similarly, x4 is non-negative on 58“. Consequently, if the left-hand side
of our inequality vanishes, so do all three terms.

The vanishing of the first term means that U — wV € ag. By the preced-

ing step, the projection of f? onto aOP2 is contained in (a§2)+ , and keeping the
definition of P; in mind, we conclude that

H? € (af2)" ﬁw(agg)Jr = (al2)".

On the other hand, the restriction of AL — AT to a% equals Agﬁ, which is a

basis of that space, so we can choose A such that it is positive on (aﬁf)+ —{0}.
Since
ANH™) =\H) =0,
it follows that H € ap,.
The restriction of AL" to ap, being AL’ U {0}, we have s£” Nap, = b, and
the condition U — wV € ag together with “@Q” = Q" entails

U € sh Nsy, .

The oppositional inequalitites defining these sets imply that «(U) = 0 for o €
AP — A%/ or a € Ag — A", Note that the definition P, = P” A Q" can be
rephrased as AIP;; N Ag, = (), while the parabolic P3 := P”V Q" is characterised
by AR = AP U A%/. Thus, we have a(U) = 0 for o € A}, in other words,
U € as. L

On the one hand, we know that U € 5P2" C *ap,, hence U € Tap,. However,
the restriction of AL — AY onto ap, is AL, so the inequalities

aU)<0  forae AR U A%I = Ap,

are among those defining 55, and s3 . Thus, on the other hand, —~U € a}, C
Tpg. Since the projection of Tap, onto CL% is a proper cone, we conclude that
U € ag.

Swapping P, P”, U, w with Q, Q”, V, w™, resp., we see that V € ag as well.
[
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9 Proof of the main results
We know from Theorem 5 that

IHEIEY Z ob (Hp(6z) — Tp)|F¥ (62, T)Kf,(62)| (10)

PCP" §c P(F)\G(F)

as soon as the right-hand side converges, keeping in mind that o5~ takes on values
0 and 1 only. In order to prove Theorem 1, we integrate over G(F)\G(A)! and
combine the integral on the right-hand side with the sum over P(F)\G(F) (after
swapping it with the finite sum over P and P") to get

/ KT ()] da
G(F)\G(A)!

<y / oL (Hp(x) — Tp)|F (2, T) KL (2)| da
P(F)\G(A)!

pPcpP”

provided the last integral converges. We have to bound the sum of this expression
over all 0 € O. Due to Theorem 6,

ob (Hp(x) — Tp)|FP (2, T)KL () |dx
5 o °F ) = TP DE )

< Cl”f”p,&r/ |FP(;15’T)| —2(z—d)|Hp(z ‘da:
P(F)\G(A)!

where €} depends on the bound from Lemma 11(iv). The usual integration
formula shows that for suitably normalised measures the last integral equals

/ P (m, T)| dim / ¢ 20r(H)=2(5=lH| gy
M(F)\M(4)! of

which is finite for sufficiently small p > 0 by Lemma 11(iv) and Lemma 1(i). This
proves Theorem 1. (To improve the range of p, we could have replaced |Hp(x)|
by |Hp(x) — Tp| at the cost of C; and integrated over *a% only.)

The proof of Theorem 2 starts with the same inequality (10), where we im-
mediately substitute the bound from Theorem 6. Summing over O, we get

Z ko ()] < Cull fllp.r Z Bg,2(§—d)(x)7

0eO PePy

provided the series

Bl(x):= > |FP(dx,T)|tp(Hp(6x) — Tp)e IHro)
seP(F)\G(F)
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converges for t = 2(£ — d).
Before completing the proof, let us remark that Theorem 3 can be treated in
exactly the same way. We know from Theorem 6 that

K" ()] < E E ‘FP((;:L‘7T)O-}€”<HP(5$) —Tp)
PCP” $eP(F)\G(F)
QCQ" neQ(F)\G(F)

x F9ny, T)og (Ho(ny) — To) K pg? (52, my)],

if we assume the convergence of the right-hand side, which in turn is bounded,
due to Theorem 6, by

Collflpsr S Bhe ule)BE . aly).

P,QePo

It is clear that the following result suffices to complete the proof of Theorems 2
and 3.

Lemma 13 Given P € Py, T € ag and any real number ty, there exist a > 0, b
and C' such that, for allt >ty and x € Sy,

|B£t($)| < O e(b=at)po(Ho(z))

The proof of this lemma is a variation on that of Lemma 4.1 in [2]. Let us fix a
maximal F-split torus A in P, a height function on G(A) as in [19], section 1.2.2,
and a valuation vy of F' as in the proof of Lemma 7.

By Lemma 11(iv) and the compactness of P(F)\ P(A)!, there exists a compact
subset w C P(A) such that F¥'(z,T) = 0 unless z € P(F)wA(F,,)K. We claim
that there exist C' and ¢ > 0 such that

HZJH < CleclHp(y)

for all y € wA(F,,)K. In view of the property ||y1y2] < ||y1]|||ly2]| of the height
function it suffices to check this for y € A(F,,), in which case it follows from
property (iv) of the height function (which is stated in [19] for a slightly different
group but holds for A(F,,), too, while it would fail for A(A)).

Given z € G(A) with FF(z,T) # 0 and a coset P(F)d in G(F), we may thus
choose the representative § in such a way that oz € wA(F,,)K, which allows us
to bound |BE,(x)| for ¢ > 0 by a similar expression in which e~1#7(®) has been
replaced by Héa:’H_t/ ¢. If we define a modified Siegel domain with respect to Py as

{IL‘ € (U()Ao( UO)K | Ho( ) € Cla_ +T0},

where wy is a compact subset of Py(A), then property (vii) of the height function
(see [19], whose proof applies here, too) says that there exists Cy > 0 such that

2]l < Collo|
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for all § € G(F) and = € §). Consequently, for those z,

[Bhi(x)] < (CoC)ellz|| e > #p(Hp(0z) — Tp).
SEP(F)\G(F)

The sum occurring here is bounded by Ci||z||** for suitable Cy, ¢; by Lemma 5.1
of [1].

If tg <t < 0, we start with a different estimate of the exponent. Namely,
there exist ag > 0 and by such that

|H| < appp(H) + by

for H € Tap 4+ Tp. Assuming that ¢y < —2, this allows us to estimate B]Tgﬂt0 (and
hence B},) by an Eisenstein series, which is bounded by Cs ||z for suitable Cy
and ¢y > 0.

Property (vi) of the height function (see [19]) allows us to reformulate our
estimates in terms of the majorant figuring in the statement of the lemma, where
we may use the Siegel domain S| as well, since both sides are Py(F')-invariant
and Py(F)S) = Py(F)Sy for suitable wy and Ty. Both cases for the sign of ¢ can
be combined in one inequality by choosing a suitable affine function of ¢ in the
exponent. 0
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