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Weighted orbital integrals
Werner Hoffmann

ABSTRACT. We explain the definition of weighted orbital integrals and the
associated invariant distributions, which appear in the Arthur-Selberg trace
formula. We report their known properties, leaving aside questions of en-
doscopy and concentrating on the calculation of their Fourier transforms. We
also announce a new result on those Fourier transforms over the reals. Finally,
we give explicit Fourier transforms for the groups GL(2,R) and GL(3,R).

Introduction

The present article is an introduction to weighted orbital integrals, which ap-
pear on the geometric side of the noninvariant Arthur-Selberg trace formula. We
also survey the associated invariant distributions, which take their place in the in-
variant trace formula. We do not treat the stable versions of those distributions and
related questions of endoscopy, but concentrate on the calculation of the Fourier
transforms of the invariant distributions. A classical application is the determina-
tion of Gamma factors of zeta functions of Selberg type. A detailed knowledge of
those Fourier transforms may also have applications in connection with Langlands’
ideas [19] to go beyond endoscopy.

Weighted orbital integrals arise as follows. The derivation of the trace formula
requires truncation of an integral kernel to make it integrable over a non-compact
quotient. On the geometric side, this produces weighted orbital integrals, which are
integrals of a test function on a reductive group G with respect to a certain non-
invariant measure supported on a conjugacy class. On the spectral side, truncation
gives rise to weighted characters, which are traces of induced representations of G
twisted by certain logarithmic derivatives of intertwining operators.

In this way one gets two families, each indexed by the Levi subgroups M of G,
of distributions which are non-invariant under inner automorphisms in a parallel
pattern. Arthur constructed from those two families a new family of invariant
distributions I, in terms of which the trace formula can be restated. The ordinary
orbital integrals reappear unchanged as the terms Iq.

An important technical device are the differential equations satisfied by I; as
a function of the orbit in case of the groundfield of real numbers. In fact, Ip; is
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fully characterised by those differential equations together with the asymptotic at
infinity and at the singular orbits. We announce a formula for the Fourier transform
of Ips restricted to the principal series when M is a split maximal torus in G.

The differential equations form a holonomic system with a regular singularity
at infinity similar to the system satisfied by the matrix coefficients of an admissible
representation. Thereby the Fourier transform of I, can be explicitly calculated
in terms of higher-dimensional hypergeometric series at least for groups of low real
rank. We conclude the article with explicit formulas for those Fourier transforms
for the groups GL(2,R) and GL(3,R).

1. Definition

Let F be a local field of characteristic zero and G a connected reductive group
defined over F. To simplify notation, we will use the same symbol G for the set of
F-rational points of G. We will denote by Ag the greatest F-split torus in the center
of G and by G' the intersection of the kernels of all continuous homomorphisms
G —R.

If F =R, then for each g € G there is a unique H € ag such that the image of g
in G/G' = Ag /AL equals exp H. For a general local field F, we define an R-vector
space ag, := Hom(G,R) and denote its dual space by ag. Again for each g € G,
there is a unique H € ag such that every A € af,, considered as a homomorphism
G — R, takes the value \(H) on g. This gives rise to a continuous homomorphism
Hg : G — ag.

Every unramified character of G, i. e., every continuous homomorphism G —
C* factoring through R, is of the form g — e*(#c(9)) for some X in the complexified
space ag c. We get an action (A, m) +— mx of the purely imaginary subspace iag,
on the unitary dual TI(G), i. e., the set of equivalence classes of irreducible unitary
representations, by setting my(g) = e Ha)r(g).

ExampLE 1.1. If G = GL(n, F) and we identify Ag = F*, ag = R, then
Hg(g) = ; log|det g].

Every parabolic F-subgroup P of G has a Levi decomposition P = M N, where
N is the unipotent radical of P and M is a connected reductive F-group just
like G. We fix special maximal subgroup K, then G = PK = MNK. Writing
Hp(mnk) := Hps(m), we obtain a continuous map Hp : G — ayy.

The set P(M) of parabolic F-subgroups P with given Levi component M is

in bijection with set of chambers a} in ap. We fix an invariant measure 7§, on

a§; == anr/ac and consider, for every x € G, the following volume of a convex hull:

(1.1) vy (z) = vole conv{—Hp(z) : P € P(M)}.
This function is left M-invariant, because Hp(mx) = Hps(m) + Hp(x).

DEFINITION 1.2. For f in the Schwartz space C(G) of rapidly decreasing L>2-
functions on G and for m € M such that the centraliser G,,, of m in GG is contained
in M, the weighted orbital integral is defined as

Tt (m, £) = | D(m)| /2 /G . Flotma)on (z) di,

where D(m) := detg_\4(Id — Ad(s)) if s denotes the semisimple component of m.



WEIGHTED ORBITAL INTEGRALS 3

Here we have fixed, beside nﬁ, an invariant measure on G,,\G, and g denotes
(unlike ag) the Lie algebra of G over F. It has been shown ([3], Lemma 8.1) that
the integral converges and defines a tempered distribution Jy;(m) on G, i.e., a
continuous linear functional on C(G). Note that vg is constant equal to 1, so that
Ja(g) is the ordinary (unweighted) orbital integral. This is the only case in which
Jar(m) is invariant (under inner automorphisms).

In the above discussion, one may replace F' by a number field and G by the
group of adelic points. The resulting global weighted orbital integrals for F-rational
points m in M and a Schwartz-Bruhat function f are the main terms on the geo-
metric side of the trace formula ([2], p. 951). Global weighted orbital integrals can
be reduced to their local counterparts by splitting formulas ([6], Prop. 9.1) and will
not be discussed here.

The characteristic function of the convex hull in (1.1) can be written as an
alternating sum of characteristic functions of simplicial cones indexed by the ele-
ments of P(M). Their Fourier transforms as functions of A € aj, » converge for

Re A in a certain chamber of ays, and in the limit one obtains
1 2 1. e_A(HP(I))
(1.2) vy (z) = P TO\)’
PEP(M)

where 0p is the suitably normalised product of the linear functions defining the
walls of the dual cone *a% of the chamber af.

The integral over G,,\G in Definition 1.2 can be written as [G,, : G2,]7! times
the integral over G \G, thus the existence condition can be weakened to GY, C M.
More general weighted orbital integrals for orbits with G2, ¢ M also occur in the
trace formula; they have to be defined by a limit process ([5], p. 254) that we shall
describe in a special case only. Recall that the smallest Levi subgroups properly
containing M are the groups Mg, for which ayz, is the kernel of 3 in aps, where 3 is
aroot of Ay, If GO C Mg, then there is a real number r such that the distribution

T _
(13) JM(mavf)—'_ilog“aﬁ_”‘l_a B|) JM@(ma’vf)
has a nontrivial limit as a € Ay tends to 1 while G2, C M, and that limit is

defined to be Jy(m, f). If F = R, we may define a?/? in the obvious way for all
a € Ay with a® > 0 and simplify

la® —1|- |1 —a™P| = |aP/? —a=P/?2.

Definition 1.2 can be made more concrete when G has F-rank one. In this case
there are two parabolics P and P containing a minimal Levi subgroup M, and we
may parametrise G,,\G by N x K. Substituting n~!
a function of n’ and obtain

mn = mn’, we can view n as

Tastm f) = = (DM ) o) [ [ fO ) (B p ) i,

where 6p(m) = ePPHm(m) = det(Ad,(m))'/? is the modular character of P and
pp was used to normalise the measure on ap;. It is standard notation to indicate
by a superscript M that an object is associated to the reductive group M rather
than G.
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In the special case when G = GL(2,F) and M is the subgroup of diagonal
matrices, we can explicitly calculate

—pp (Hp (51)) = logl|(1, z)]|

in terms of a K-invariant norm on F2.

2. Invariant Fourier transform

Given a continuous representation 7 of G on a complex Hilbert space V and a
continuous function f : G — C of compact support, one can define

(2.1) w(fo = [ Hayra)ds
for every v € V. Then
(2.2) m(fixf2) = 7(fi)m(f2).

If 7 is admissible and f is smooth, which means “locally constant” in the p-adic
case, the operator 7(f) is of trace class, and the map f — tr«(f) is a distribution,
called the character of m. The set Gy := {g € G : G is a torus} of regular
semisimple elements has complement of Haar measure zero. By Harish-Chandra’s
regularity theorem, there exists a locally integrable smooth function O, on Gieg
such that

(2.3) tr(f) = /G 0.(9)f(9) dg.

Note that © = O, where 7 denotes the contragredient representation of 7. An ad-
missible representation  is called tempered if its matrix coefficients define tempered
distributions. Such a representation is unitarisable, (2.1) converges for f € C(G),
and the character of 7 is a tempered distribution as well. Sometimes it is preferable
to work with the function ®(7, g) = |D(g)|*/?0(g).

We define the Fourier transform of f € C(G) as the function f on the set
Iiemp(G) of equivalence classes of tempered representations of G by

f(m) = tr(f).
Equation (2.2) implies
(2.4) Jixfe = foxf1.
The trace Paley-Wiener theorem [11] claims that f — f is an open, continuous
surjection of C(G) onto a “Schwarz space” Z(G) of functions ¢ : Iliemp(G) — C.
This statement has substance once an independent description of the space Z(G) is
given. We will say more about that in the next section. The name of the theorem
originates from its analogue [13] for the space H(G) of compactly supported smooth
functions on G, also called the Hecke algebra.

DEFINITION 2.1. The tempered distribution I : C(G) — C has the Fourier
transform I : Z(G) — Cif I(f) = I(f) for all f € C(G).

It follows from (2.4) that a tempered distribution I possessing a Fourier trans-
form has the property I(fixfa) = I(foxf1). By letting fo converge to a delta
distribution, one easily shows that the latter property is equivalent to I being in-
variant under inner automorphisms (whence the heading). Conjecturally, every
invariant tempered distribution has a Fourier transform.
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EXAMPLE 2.2. If I is the delta distribution at the unit element, i. e., I(f) =
Ja(e, f) = f(e), then I is the Plancherel measure on Iemp(G). Since f is propor-
tional to the Haar measure chosen, the Plancherel measure is inversely proportional
to the Haar measure.

We mention in passing that there is also a Paley-Wiener theorem for the (bi-
jective) operator-valued Fourier transform 7 — 7(f) and a corresponding notion of
non-invariant Fourier transform of distributions.

3. Tempered dual

A unitary representation of G is called square-integrable (modulo the center) if
the square of the absolute value of one (equivalently: all) of its matrix coefficients is
integrable over G/Ag. We denote the set of equivalence classes of square-integrable
representations by II>(G) C Iliemp(G). In the case of compact centre, i. e., trivial
Ag, this is the set of all atoms of the Plancherel measure, also called the discrete
series of G.

If L is a Levi component of a parabolic subgroup P of G (for short, a Levi
subgroup of G) and o a tempered representation of L, considered as a represen-
tation of P, then the induced representation Indg o is tempered and completely
reducible of finite length. Every tempered representation is a constituent of such a
representation parabolically induced from some square-integrable representation o
of some Levi subgroup L.

If f € C(Q), then trInd§ oy (f) is a Schwartz function of A € ia%/Stabo.
Thus, for ¢ € Z(G), ¢(Ind% o) has to extend across the points of reducibility to
a Schwartz function. Here, the stabiliser of ¢ is trivial for archimedean F', while it
is a lattice in ¢aj, for p-adic F, in which case any smooth function on the quotient
torus is called a Schwartz function. Incidentally, if f belongs to the Hecke algebra
H(G), then trInd% ox(f) is a Paley-Wiener function of A € aj ¢/Stabo in the
archimedean case and a finite Fourier series in the p-adic case.

If P = LN’ is another parabolic with the same Levi component L, there is an
operator Jp/ p(0y) intertwining Indg o with Indg/ ox. It maps 1 to the function
)" defined by

W= [ v

where the integral converges for Re A in some cone in aj. By restriction 9|k, the
space of IndIGD oy is realised independently of A\ as a space of functions on K with
values in the space of o, called the compact picture. For K-finite 1, the vector
Jprip(02)Y has a meromorphic continuation to aj .

One can choose nonzero meromorphic functions rp/|p as in ([8], Theorem 2.1)
so that

(31) JP/‘P(O-)\) :Tpl‘p(o')\)Rp/‘P(O')\),

where the normalised intertwining operator Rp/|p(o) is holomorphic at A = 0 and
satisfies

(3.2) Rpupr(0)Rpr p(0) = Rprp(0), Rp/p(0)” = Rpip(0).

In particular, Rp/|p(0) is unitary, hence invertible. Thus, for the generic A € ia},

for which the representation
o = Indg o
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is irreducible, it does not depend on P € P(L).

The trace of a representation induced from a subgroup is supported on the
conjugacy classes that meet the subgroup. It follows that ©,¢ for a representation
o of a proper Levi subgroup vanishes on the set Gg of all elliptic semisimple
elements, i. e., elements that are not contained in any proper parabolic subgroup.

ExaMPLE 3.1. Let I(f) = Jg(l, f), where | € L N Greg. This distribution is
proportional to the measure chosen on G;\G, hence the Fourier transform I (¢) =
jg(l, ¢) must be inversely proportional to the measure on G. If ¢ € Z(G) is such
that supp¢ C {09 : 0 € II5(L)}, then jg(l,qb) vanishes unless | € Ly, in which
case

(3.3) Jaboy= Y / % (o, (o) dA.

o€y (L) /iat a3 /Stabo

Note that for [ € LenNGheg, the torus G; /Ay, is compact and has a Haar measure of
total mass 1. Thus the measure on G; used in the definition of Jg (I, f) corresponds
to a measure on Ay, and the measure in (3.3) is the corresponding Plancherel
measure. We can combine sum and integral into one integral over IIy(L) with
respect to a measure do (different from the Plancherel measure of L).

We would like to rewrite the integral in the example as an integral over (a subset
of) Hiemp (G) in line with definition 2.1. An element w € Wy, := Normg L/ Centg L,
whose representative w can be chosen in K, induces a unitary intertwining operator

nd%. o ~ Ind%(wo)

simply by left translation, where P* = @ ! Pw and wo(l) = o(w~tw). In fact,
two representations ¢& and ¢’ are equivalent iff the pairs (L,o) and (L', 0’) are
G-conjugate. For ¢ € Z(G), we see that ¢(c¥) is Wi-invariant as a function of X,
and we can rewrite the right-hand side of (3.3) as an integral over a subset of
Wi\ (L) of full measure, which is embedded into Iiem, (G).

If ¢ € Z(@), then the limit of ¢(c{) as A tends to a point of reducibility has
to coincide with the sum of ¢(m) over the constituents 7. In the C-vector space
with basis Iliemp(G), Arthur has defined ([4], p. 93) a new basis T'(G) that includes
all the representations Indg o, o € IIy(L), in order to avoid the aforementioned
compatibility conditions in the description of Z(G). The subset

Tell(G) = {T € T(G) : ®T|Gen # 0}

is a union of iaj-orbits, and the map 7 — 7¢ embeds Wy \Tu(L) into T(G),
the latter being the disjoint union of the images over all conjugacy classes of Levi
subgroups L. In this way, one gets a description

I(G) = @ C(Tan(L))"™
(L]

as a direct sum of Weyl group invariants in Schwartz spaces completed with respect
to a natural topology.

ExaMpPLE 3.2. For SL(2,R), in order to pass from Iiemp(G) to T(G), one
has to replace the limits of discrete series w1, mo by the virtual representations
T4 = m £ me. Here 7 is induced, while 7 € Toy(G).
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4. Weighted characters

While weighted orbital integrals appear on the geometric side of the trace
formula, weighted characters are the analogous terms on the spectral side. For
simplicity, we discuss them for tempered representations of reductive groups over
local fields only. Just like the exponential functions in (1.2), intertwining operators
provide another instance of Arthur’s notion of (G, M)-families (in the given case,
(G, L)-families, because we reserve the letter M for the geometric side and the letter
L for the spectral side).

DEFINITION 4.1. For a Levi subgroup L of G and ¢ € Iiemp(L), set

Z Rpp(0) " Rpp(0y)

Rp(o) := lim 6N )

A—0
P'eP(L)

where the intertwining operators are considered in the compact picture (on our
fixed maximal compact subgroup K) of Indg o, which does not depend on .

If L is maximal, we can write this operator as a logarithmic derivative:

1 1 d
Rp(o) = —MRPUD(J) @RP\P(%/\) ;
Although Rp(o) is a priori only defined on K-finite vectors, and the weighted
character

61(f,0) = tr(IndE (0, f)Rp(0))
only for f € H(G), one can show ([10], p. 175) that it extends to f € C(G) and
provides a continuous map
o : C(G) — Z(L).
It follows from (3.2) and the intertwining property of Rp/|p that ¢y, is independent
of P € P(L), as the notation suggests. By definition, we have

(4.1) dc(f) = /.
The normalising factors 7p/p(ox) give rise to a scalar-valued (G, L)-family if

they have no poles at A = 0. However, that happens because they have to cancel
the poles of the intertwining operators Jp/ p(ox) for A € iaj.

DEFINITION 4.2. For a Levi subgroup L of G and generic o € Iliemp(L), set

rp(o) == )1\11% Z

P'eP(L)

rp1p(0) " rpp(0y)
Op(A)

Then 7p (o) extends to a meromorphic function of A € a7 . It will turn up in
our formulas for Fourier transforms.

5. Invariant distributions

Neither weighted orbital integrals nor weighted characters are invariant when
their subscripts are proper Levi subgroups, hence they have no Fourier transform
in the sense of Definition 2.1. Now since they appear on the two sides of the
trace formula, it does not come as a surprise that they behave similarly under inner
automorphisms. Interpreting the members of one of the families as transformations,
one can use them to modify the other family to produce invariant distributions I;.
These are the main terms in the invariant trace formula [7]. There are two choices
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which are reciprocal in a certain sense ([3], p. 7/8, [10], §3). It is analytically easier
to modify the weighted orbital integrals.
The ordinary orbital integral is already invariant, so one simply sets

[G(gaf> = JG(gaf)

For Levi subgroups M that are maximal in G, one can easily single out a non-
invariant part of the weighted orbital integral Jy;(m, f) by composing the map ¢,
with the Fourier transform of the invariant orbital integral on M: If we write

Jn(m, f) = Jif (m, éar(f)) + Tna(m, ),

then the remaining term, denoted Ip;(m, f), turns out to be invariant. If, moreover,
M is minimal, i. e., M /Ay, is compact, the Fourier transform can be made explicit
using Example 3.1:

(5.1) Jar(m, f) = / B (0, m)gau (f,0) do + Ing(m, ).

Hiemp (M)

Arthur has found a generalisation to arbitrary Levi subgroups.

THEOREM 5.1. ([3], p. 53, [10], p. 179) For all G, M as in Definition 1.2 and
m € M N Greg, there are invariant tempered distributions Ini(m) = IS (m) on G
such that
a(m, f) =Y I (m,éa(f))
M'>M

for all f € C(G), where the sum is taken over all Levi subgroups M’ of G contain-
ing M.

The term with M’ = G in the sum simplifies in view of (4.1), and the equivalent

form
Tar(m, £) = Tu(m, £)+ > I (m,éar(£))

M'DM

M'#G
of the equation can be read as a recursive definition of Ips(m, f) in terms of the
invariant distributions on groups M’ of smaller semisimple rank than G. The
existence of the Fourier transforms is part of the theorem. This is the hardest
part of the proof and relies on the local or global trace formula. The invariance
of Ips(m, f) however is straightforward, as is its independence of the choice of a
maximal compact subgroup K.

In the case Ag = {e}, the set Ton(G) is the discrete part of T(G), and a
linear functional on Z(G), evaluated on functions with support in Toy(G), yields
a linear combination of delta-distributions on T¢(G). In the Fourier transform of
I (m), however, delta-distributions at several other points may occur, giving rise
to a larger set Tyisc(G) D Ten(G), which can be explicitly described. In general,
Taisc(G) is iag,-invariant, and a measure on this set can be defined in analogy with
Example 3.1.

THEOREM 5.2. ([10], p 183) There exist smooth functions @y (m,7) of m €
M N Greg and T € Tyisc(L) such that, for all ¢ € I(G),

Tas(m, ) = [2; /W oy Bl PO dr
L L disc
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In Arthur’s statement, the sum runs over all Levi subgroups containing a fixed
minimal one, and the integral is over the full set Tyisc(L). This explains the addi-
tional factor [W§F|/|[W§| in his formula.

The distributions Ip;(m) satisfy descent identities ([10], (3.7)). If M is a Levi
subgroup of G containing M, then

IMl(m,f): Z d%(MhMg)jﬁz(m,fMQ),
M>DM

where the sum is over all Levi subgroups Ms of G containing M, and fMQ (r2) =
f(7§) for 7 € T(My). The constant d§;(M;, My) vanishes unless the natural map
ar? — af, /all = a§y, is an isomorphism, in which case 1§, equals d; (M, Ms)

1

times the image of 77]\1‘2[2. (If n§, is compatible with n% and 77]?41, this can be

equivalently expressed as follows: the constant vanishes unless the sum map a%l ®
aj\l‘;[b — a§; is an isomorphism, in which case 7§, equals d$; (M, Ms) times the
image of the product of 731" and 1}22.) With Theorem 5.2 it follows (cf. [10], (4.3))

that
(52) (le,L(TTL, T) = Z dg[(Mla MQ) Z Z (I)%?LQ (ma ’UJT),

M>>M [LZ]M2 U)EWIIZ2\WL21L

where the middle sum is over Ms-conjugacy classes of Levi subgroups Lo of Mo,
and Wi, ={g€ G |gLg™' = La}/L=L\{g € G| gLg™* = La}.

Theorem 5.2 was proved in [10] with the aid of the local trace formula. This
approach yields also a reciprocity between weighted orbital integrals and weighted
characters, whose simplest example is the following.

THEOREM 5.3. ([9], p 106) If 7 € II2(G) C Ten(G), then

(_l)dinl a% (b(ﬂ-’m) fO’/" m € Mell;

0 otherwise,

Dy a(m,m) = {

In the reference, ® s ¢(m, 7) is actually computed for any 7 € Tey (G), while the
special case stated above had been proved already in [1] using differential equations.

Let us restate Example 3.1 in the present notation. If{ € LNG,eg and o € II3(L)
with ¢ irreducible, then

ZweWL O (wo,l) for | € Ley,
0 otherwise.

CI)G’L(Z,U) = {

The full Fourier transform of Jg(g), g € Greg, for F' = R has been determined by
Herb [15] using character identities due to Shelstad.

The descent identities reduce the distributions Ips(m) to the case when m €
Mey. This allows one to calculate @5 from the above results for F' = R and a
range of pairs (M, L) including those with dim a§; + dim a§ < dim agm. The latter
have also been obtained using differential equations [16].

The explicit formulas mentioned so far describe the restriction of the Fourier
transform [ m(m) to a certain subset of T'(G). If f is supported on that subset, then
In(m, f) = Jar(m, f). The remaining components of Iy;(m), however, do depend
on the choice of normalizing factors in (3.1).
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6. Differential equations

Let the ground field F' be R. Now every 7 € II(G) gives rise to a representation
of the Lie algebra g as well as its universal enveloping algebra U(g) on the subspace
of smooth vectors. By a version of Schur’s lemma, the center Z(g) of U(g) acts
by scalars, and the resulting algebra homomorphism y, : Z(g) — C is called the
infinitesimal character of 7.

If L is a Levi subgroup and o € II(L), then the Harish-Chandra homomor-
phism Z(g) — Z(I), z — z, is characterised by the formula y,c(z) = x-(z1) for
the infinitesimal character of a parabolically induced representation. This homo-
morphism depends only on the complexifications of g and [ and can also be defined
for a maximal torus T in place of L. In this case, we get the Harish-Chandra iso-
morphism from Z(gc) to the algebra U(tc)" of invariants in Z(tc) = U(tc) under
the action of the Weyl group W of (gc, tc). Each X € f determines a character x
of Z(gc) by xa(z) = zr(N), where we view zr € U(tc) as a polynomial on t, and
every character of Z(gc) is of this form.

The global characters ©, in (2.3) are invariant eigendistributions of the al-
gebra Z(g), whose elements can be viewed as biinvariant differential operators
on GG. Harish-Chandra determined all tempered invariant eigendistributions explic-
itly, and as a byproduct he showed that orbital integrals satisfy certain differential
equations. Arthur generalised these differential equations to the case of weighted
orbital integrals and the associated invariant distributions Ips(m), m € M N Greg.

Since those distributions depend on m up to conjugacy only, we may assume
that m = ¢ lies in a fixed maximal torus 7" and normalise the Haar measure on
Gy =T independently of t € T'N Greg.

THEOREM 6.1. ([5], p. 279) For every connected reductive R-group G, its Levi
subgroup M and a mazimal torus T C M, there exists a smooth map Oy = 8](\;/[ :
T N Greg — Home(Z(g),U(t)) with the following property. If L is a Levi subgroup
of G, 7 € Ten(L) and x = xrc, then the functions ®p(t) = s (¢, 7) satisfy the
differential equations

(6.1) X()Bar(t) = > M (t.zar)Bar (1)
M'DM

on T N Greg for every z € Z(g). Moreover, deg Oy (t, z) < deg z and
(62) ag(t, Z) = 27"

The smoothness of the map Oas (%, z) is meant for fixed z, where it takes values
in a finite-dimensional space. If we combine the 81\1\2[/ into a matrix, we get an algebra
homomorphism from Z(g) into the algebra of matrix-valued differential operators
on T'N Gyeg. Thus, it suffices to consider (6.1) for z in a (finite) set of generators
of Z(g).

There is an algorithm to compute the differential operators, but no general
closed formula except for the Casimir element w € Z(g) (shifted by a constant),
which is characterised by wr(X) = (A, A) for a nondegenerate symmetric bilinear
form on t* whose extension to t§ is W-invariant. In fact, das(¢,w) vanishes unless
either M = G, in which case it is given by (6.2), or M is maximal, in which case

G «
(6.3) onr(t,w) = @°‘|<7711V)I(1>|t")
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where the sum is taken over all roots a of tc such that gc,o ¢ mc, and the measure
1§, on the one-dimensional space a§; is interpreted as a linear functional determined
up to sign and extended to a linear functional on t vanishing on tNm! + ag.

For a parabolic subgroup P = MpN containing T, set
Tp:={teT:|t*] > 1V roots a of t¢ in nc¢}

and define the subset T¢ p of T¢ by the same conditions. The limit of a function
onlg past - is meant with respect to the filter of all the translates of the sets

It p.

THEOREM 6.2. ([18], pp. 780, 785, 790) The system applied to (®prr)rr>arp @8
holonomic on Tc N G reg and has a regular singularity at oo on I¢ p. For every
A € tg with x» = x there is a unique solution ¥ = UPA on the universal covering
T(QP such that

o Ug(exp H) = D),
e Uy(t)—0 ast?ooz'fM;éG.

For sufficiently regular x, every solution is of the form

()= > S N A

XA=x M'DM

for suitable functions cpy.

Our holonomic system is similar to the system satisfied by matrix coefficients
of admissible irreducible representations studied in [14], but it is more complicated
as the torus T need not be R-split. By general results on holonomic systems with
regular singularity, the standard solutions W, (¢) have a series expansion in powers
of t*, where a runs through the roots of T¢ in pc/pc Nmc.

In order to compute the Fourier transforms of the invariant distributions Ips(t)
explicitly, it remains to solve the following problems:

(1) Find ey () = ¢y (A, 7) for the Fourier transforms ® /() = ®ar,1 (¢, 7)
on each sector Tp.
(2) Describe the standard solutions ¥y, explicitly.

7. Asymptotic formula and jump relations

We retain the notation of the preceding section and fix a parabolic P € P(M).
Arthur’s asymptotic formula gives information about Iy, (myr) for my = mexpT
as the point T tends to infinity in the chamber u; in the sense that its distance
from the walls grows linearly with its norm. However, In;(mr, f) will tend to zero
for any fixed f € C(G), which has thus to be replaced by a function fr € C(G) that
varies with T'. It is characterised with the help of multipliers as follows.

If L is a Levi subgroup, ¢ € II;(L) and @ € P(L), then Indg o(fr) = 0 unless

a conjugate of L is contained in M, and if L C M, then

1 wv
Indg o(fr) = Wl Z ewv(™) Indg a(f).
weWr,

Here v € ia} denotes the infinitesimal central character of o defined by o(exp H) =
e?Id for H € ay,. Note that for M = G one simply gets fr(z) = f(z(expT)™1).
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THEOREM 7.1. If P € P(M), m € M N Ghreg and f € H(G), then

e*E(HM(m))[AAJ\g(

lim In(mr, fr) = m,rpefare),
T?oo

where ¢ € (a%)" is sufficiently small and

fM,E(J) :f(US), rpe(c) =rp(0oe)
for o € iemp (M) in the notation of Definition 4.2.

If we combine this result with the Riemann-Lebesgue lemma, we can determine
the coefficients Cﬁ/7 ;, under favourable circumstances. With the aid of descent
formulas the result can be given a particularly simple shape in the following case.

THEOREM 7.2. If T is an R-split mazimal torus contained in a minimal para-
bolic P and o(t) = t* is sufficiently reqular, then for t € Tp we have

(I)TT t O’ Z Z T‘pm]w ’LUJ ;wk(t)

weW MDT

The details will appear in a forthcoming paper.

In general, the limit formula does not determine the solution of the differen-
tial equation uniquely. However, additional information is provided by the jump
relations ([1], Theorem 6.1) part of which we are going to state now.

Let a be a real root of the maximal torus T and 3 = «a|4,,. As a special case
of (1.3), we consider the distribution

Tir(t,a, f) = Tu(ta, ) + |y, (@) log "/ — a™P/| - Jag, (ta. ),
which is defined for ¢ € T such that +a« is the only root of T" with t* = 1 and
a € A)s sufficiently close to 1. Here we interpret 77]\]‘? as in (6.3).

Choose root vectors X1, € gio such that [X,,X_,] = & and define the
element ¢ = exp 1:(Xo + X_o) (e. g, in the complex adjoint group). The so-
called Cayley transform Ad(c) fixes the kernel of o in T' pointwise, maps t¢ to the
complexified Lie algebra of a maximal torus 77 of Mz and the coroot & € t to a
coroot dg = (X4 — X_,) € ity. If we set, for § € R,

ag = exp(0a) € Ay, by = exp(—ifay) € Ty,

and define the Haar measures on 7" and 73 by volume forms whose complexifications
correspond under ¢, then

od d o Map e d
Jim TR (tao, f) — lim ST (s ao ) = 2 (@) Jim T (b, £):

We may replace J by 1 everywhere in equation (1.3) to define the invariant
distributions I J@(rm f), and the jump relations are true for them as well. Conse-
quently, if we define

Mg /. —
(I)(ZDCW,L(t? a, T) = (I)M,L(ta’ T) + |7]Mﬁ (a)| log |a5/2 —a ﬁ/2| : (I)Z\/I@,L<taa 7),
then

d d
(71 lim - Oy 1 (t,ag,7) — Jim = o5, (ta_g,T)

Mg, Ny 1 d
= 2|y, (@) 913& o7 P gy, (the, )
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for ¢ as above and 7 € Tyjsc(L).

To determine the coefficients cﬁ,7 (A, 7), we should find the analogous jump
relations for the standard solutions Wj,. This has been done for groups G of real
rank one in [18] and partly for G = GL(3,R) (see section 10).

8. Explicit solutions of the holonomic system

Now we turn to Problem 2, i. e., the explicit determination of the standard
solutions Wy, of our holonomic system. For sufficiently regular x, the coefficients
of the series ¥, can be determined using the differential equation for the Casimir
element alone, and one can show ([18], Theorem 5.8) that those coefficients are
rational functions in A. Moreover, unlike the case of matrix coefficients, the re-
cursive equations can be solved explicitly at least for groups of low rank, and an
unexpected cancellation keeps the degree of the denominators bounded.

THEOREM 8.1. ([17], p. 71, 75) If P is a maximal parabolic subgroup and T a
mazimal torus of its Levi component M, then

DA =t (@) [b(=A(a), 1),

where the sum is taken over the roots o of Tt such that g, C ne but go ¢ mc,
where n]C\*;[ is interpreted as in (6.3) and extended to tc by C-linearity, and

o0

n 1 s
b(s,z):Z : :z/o A (Jz2| < 1, Res > —1).

n+s 1—2zx

n=1
The function b is a special case of the confluent hypergeometric function and

closely related to the incomplete Beta function. It extends to z € C\ [1,00) and
has the noteworthy properties

(8.1) Zdii b(s,z) = 1%,2 — sb(s, 2),
(8.2) ilgi (b(s1,2) — b(s2,2)) = (1 + s2) + (1 + s1),
(3) s, ) —b(—s,~2) = T == 2 (~o0,0,

where we use the principal branch of the complex power.

The coefficients of the series \I']}\?’\ are rational functions in A, thus, in several
complex variables when M is not maximal. Although no unique decomposition in
partial fractions exists for such functions, experience with groups up to rank three
suggests that the coefficients should have a canonical expression in partial fractions
associated to certain combinatorial data in the root system, which were called root
cones in [18], p. 794. E. g., in the case of a minimal Levi subgroup of GL(3), there
are four root cones in a given Borel subgroup, which give rise to the four terms in
the following formula.

THEOREM 8.2. If G = GL(3,R), P is the subgroup of upper triangular matrices
and M = A the subgroup of diagonal matrices a = diag(as,as,as), then for each
unitary character x of A with differential A € af, we have

‘I’,IZ’X(G) = nﬁx(a) (5(A327 A31,a32,021) + B()\Qh As1, @21, a32)
+ b(A21, a31)b(As2, as2) + b(Aa1, a1 )b(As2, a31)),
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where

ny  n2

7 _ c1 %
b(317823Z17Z2) - Z Z 81+7’L1 82+TL2)

no= 1n1 =no

S1 ,..82
1T
= 2122 L2 d{El d{Eg
1 721131 1 721221311‘2)

Here the components A; of A are defined by
)\(diag(Hl,Hg, Hg)) = )\1H1 + AQHQ —+ A?,I’Ig7

(|zi] <1, Res; > —1).

and we use the abbreviations a;; = a; / aj and A;;j = A; — A;. The constant ng is
the covolume with respect to 7§ of the lattice generated by the coroots of A.

9. Explicit Fourier transforms for GL(2,R)

We denote the group GL(2,R) by M, because it is a factor of a Levi subgroup
of G = GL(3,R) to be considered in the next section. In the group M, we have
two conjugacy classes of maximal R-tori represented by the group A of invertible
diagonal matrices and the group T of invertible matrices of the form ((g _ab). The
element w = (§}) serves as a representative for the non-trivial elements of both
W4 and Wr, and ¢ = % (_l 1 ) defines a Cayley transform Ad(c) : ac — tc. The
roots of A are a2 and a1, where

diag(a1,a2)* = a;; = &
a;
There is only one conjugacy class of Levi R-subgroups also represented by A, and
the parabolics with Levi component A are the groups Pjo and Py of upper resp.
lower triangular matrices.

The principal series of M is parametrised by W 4-orbits of unitary characters

X € II5(A). These are of the form

x(diag(a1, az)) = x1(a1)x2(az),
where
Xi(ai) = xi(sgn(a;))]a; |
with Re\; = 0. The unitarily induced representations x™ are irreducible, the
numerators in the character formulas are

oM (xM.a) = x(a) +wx(a),  M(M,1)=0
for a € A and t € T, and Langlands’ normalising factors for intertwining operators
(cf. [8], section 3) are
Tr(Ni; + N)
M o _ RA\Aj
erji‘Pij (X) = Tij (X) FR()\ZJ + N+ 1) !

Here

Tr(s) = 7*/?T(3),
and N € {0,1} is determined by x(7) = (—1)¥, where v = diag(—1, —1).

It is customary to replace the restriction of |D|1/ 2to T by
Agy(t) = 175 — 1701,
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where p;; is the character of T' such that t2/is = (¢~'tc)®i. This leads to a modifica-
tion in the definition of the numerators in character formulas and orbital integrals
on orbits of elements of T', and we shall indicate the change by adding a super-
script 7.

The discrete series (including limits) of M is parametrised by Wp-orbits of
characters x € II3(T"). We have wx = X, and the differential A € t, of x must be
T-integral, whence the components of X o Ad(c) satisfy

/\1+5\2:0, A2 = A1 — X\ € Z.
Such a character x is determined by A: if ¢ 'tc = diag(t1,t2), then to = #; and
(9.1) X(1) = (tt2) 127N = (trtg) 287 2,

Following Harish-Chandra, we define the representation oy, € Iliemp(M) by its
character values
x(t) —wx(t)

60-)( (t) = Aij (t) P

thus

M (g, 1) = —(x(t) — wx(t)),
where ) is chosen in its Wr-orbit so that A\;; > 0. The character values on a =
diag(ai, a2) € A are then determined by

x(cac™),  if sgn(a;) = sgn(az), a;; <1,
®M (0, a) = 2sgn(a)  wy(cac™), if sgn(ay) = sgn(ag), aij > 1,
0 if sgn(a1) # sgn(az),
where x is defined by (9.1). Those representations o, for which wy # x exhaust the
discrete series IIo(M) = Tlgy (M), while those with wy = x belong to the principal
series.

For the group M, there is no reducibility under parabolic induction from dis-
crete series, thus T'(M) = Iliemp(M). The subset Tyise(M) = Ilgisc(M) is the union
of IIx(M) and the set of those Y™ where 7;;(x) has a pole, i. e., where the restric-
tion of y to the subgroup A N SL(2,R) is trivial. We shall identify such x with
characters of the quotient torus A, = A/ANSL(2,R).

THEOREM 9.1. (i) The Fourier transform of the orbital integral 13! (a)
with a € AN Myeg 15 given by

@37 a(a,0) =0, @37 4(a,x) = x(a) +wx(a).

(ii) The Fourier transform of the orbital integral IJ\I\j’ij(t) with t € T'N Myeg
vanishes on Hgisc (M) \ 2 (M) and is given by

Dy (t o) = @M (0, t)
for o € Iy(M) and

g M () — X(vt9)  wx(V)wx(t) — wx(yt°)
(I)M,lj — an X(’Y)X(
M,A (t7X) 2 ( sin 71')\”- + sin 7T/\ji

for x € Ts(A), where t° = ¢~ *tc and n’l is the length of &;; with respect
to . Here we define X on a dense subset of Ac by

X(diag(ar, a2)) = a7 a3?

using the principal branches of complex powers.
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iii) The Fourier transforms of the invariant distribution I3 (a) is given for
A
|aij\ >1 by
@%M(a,a) = —<I>M(U, a)
for o € Iy(M),

1
‘b%,M(a, XM) = §X(G)

for x € Il (AL)),
O (a,x) = ni (x(@)d(Nji, aji) + x(a)uj(x)
+wx(a)b(Nij, azi) + wx(a)ui(wy)),
where b is the function defined in Theorem 8.1 and u;;(x) is the logarith-
mic derivative of 1;j(x) with respect to the identification (aM)* — C that

sends X to \i;. If we denote the logarithmic derivative of the I'-function
by 1, then

w0 =50 (25N - fu ()

Assertion (i) is a contained in Example 3.1, assertion (ii) is a special case of
the results of [15]. Note that assertion (iii) gives the full Fourier transform because
IY (wa) = I¥ (a). The contribution from Iy(M) was given in Theorem 5.3, while
the statement about the principal series for I} (a) follows from Theorem 7.2. The
contribution of ™ € Mgisc(M) \ T(M) can be read off from [17], equation (8), or
from [10], equation (4.7).

A different proof requires to check the jump relations, as it was done for SL(2, R)
in Lemma 6 of [17]. For GL(2,R), the group A has components (namely with
a12 < 0) where the roots never take the value 1, and one cannot use jump relations
to show that the two formulas define a smooth function across |a13| = 1. Instead,
this can be deduced from the identities (8.3) and

(0 (=55) = (55%) — (0 (=250) - (=5)) =2 (% +1),
where N € {0, 1}. Indeed, it follows that for > 0 the value of
2 (b(—s,—z72) + Lo () — Ly (sHHL))

—|—(—1)N.7;_9 (b(s —r ) 2¢( s+N) 2¢( s+N+1))
)Nx—s

does not change if we interchange x* with (—1 and 72 with z2.

The Fourier transform of I4(a) defined in (1.3) for singular values of a € A
can also be calculated using equation (8.2) together with the fact that b(0,z) =
—log(1 — z), cf. [17], section 6.

10. Explicit Fourier transforms for GL(3,R)

In contrast to the preceding section, we shall now use the letter A to denote
the group of diagonal matrices diag(a, az,as), which is a split torus as well as a
minimal Levi subgroup in G = GL(3,R). There are three maximal Levi subgroups
My, My and M3 containing A. Namely, M}, consists of the matrices with zero non-
diagonal entries in the k-th row and the k-th column. Each of those groups is the
direct product of its counterpart in the previous section with the group GL(1,R).
In the same way we obtain from the maximal torus T three maximal tori T}, C M.
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Not only minimal, but also maximal Levi subgroups as well as nonsplit tori are all
conjugate in G.

The results of the previous section carry over easily to the groups My, if we use
indices {4, j, k} = {1,2,3}. The tempered representations of M}, are obtained from
those of M by multiplying with xx(my), where my, is the kth diagonal entry of m €
My, and xj is a unitary character of GL(1,R). The same is true of the characters of
A and of Ty, of the formulas for the numerators ®* of the distributional characters
and, finally, the components of the Fourier transforms. If we denote a character of
A or Ty by x and its differential by A, then the formulas in Theorem 9.1 remain
literally true. Of course, we should use notations wy, ¢ and % to indicate at which
diagonal place w, ¢ resp. v have been augmented by 1, and N should be replaced
by Ni = x()-

The set Hiemp(G) consists of the representations & (with x € IIa(A)/Wa)
and 0% (with o € TIo(My), the group Wyy, being trivial). There is no reducibility,
50 T(G) = Htemp(G). The subset I14isc(G) consists of the representations ¢ with
x € II5(A) trivial on AN SL(3,R). Such x will be identified with characters of the
quotient torus Ay, = A/ANSL(3,R).

In order to make statements about arbitrary parabolic subgroups, we use indices
{i,j,k} = {1,2,3}. There are two parabolics with Levi component M}, namely
Pki = Mkai, where the roots of A in n',f are oy, and o g, while those in n, are
ay; and oyg;. We denote the restriction of the roots of A in nf to Anr, by £0k.
There are six parabolics with Levi component A, namely P, = AN;j;, for all
permutations (7, j, k) of (1,2, 3), where the roots of A in ny;;, are ay;, o and ag.
Langlands’ normalising factors for intertwining operators (cf. [8], section 3) are

2 2

Tpo 1Pt (ox) = P Tprip; (ox) = )TW
for characters x of T} with differential A such that A;; > 0, and
7"P,;|Pk+ (XM) = Tik(X)’”jk(X)a TP,j\P,; (XM) = Tki(X)Tkj(X),
TPk Piji (X) = TPjki| Pir; (X) = T Pyji| Prij (X) = Tij (X)v
Tpkji\P,;jk(X) = Tij(X)Tjk(X)Tm(X)

for characters y of A.
In many cases, the Fourier transforms of the invariant distributions on G can
be reduced to those on Levi subgroups with the aid of the descent identities (5.2):

THEOREM 10.1. The Fourier transforms of ordinary orbital integrals I for
m € My N Greg are given by

e (m,0) = D4 oy (o). Poalmx) = Y @ik 4(m,wx)
weW P\ Wa
for o € IIy(My) and x € II(A). In particular, for a € AN Greg and t € T N Greg,

My,

ij n ij
Poala,x)= Y wx(a),  ®G,tX) =5 > SE altwx),
weWa weWa

where 3 )
X (V)X () — X (yt*)
sin A ’

Si.alt:x) =
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The Fourier transforms of the invariant distributions Ing, (a) for a € AN Ghreg are
given by
s, ar (a,0) = dG (M, M) @3y (a,w;0) + d (My, Mj)®}'s, (a, wio),
Pagalax) = Y dG(Mi, M@y (a,wx)
weW Y iI\Wa
+ Z dg(Mk,Mj)@Xg(a,wx)
WEW I\ W4
for o € Iy(My,) and x € TI(A), and
D ary, aa (0, X M) = dG (M, Mi)wjx(a) + d5 (My, Mj)wix(a)

for x € a(A),,), where in the last case the measures on ia},,, ia}y, and ia}, have
to be compatible under the action of Wy.
All of these Fourier transforms vanish on Iy (G).

If we plug in the formulas from Theorem 9.1, some normalising constants be-
come

A5 (M, My} = nSy, = |, (@)

in the notation of Theorem 8.1.
Now we come to the distributions that cannot be reduced by descent.

THEOREM 10.2. The Fourier transform of I;&k (t) is given for t € T N Greg
with t%% > 1 by

. 1 (_tk))\ik
O (8 0y) = nSp wex(t) (b(/\kjatki) + b(Akis thj) + YR m

o 1 (—tgs) iv
—nyy X(0) { 0(Akis tri) + b(Akj, try) + i + sinthg )

G
Oalt) =5 D0 SE 4w (WA tas) + i (wy)
weW 4

+ b{(WA)j ) + i (wx))

and for t € Ty, N Greg with tP* < 1 by

1 (—tip) s
B =n§, Ne | sinmg;
i, (0x) = S, wex(t) (b()\ﬂm i) + b(Niks tje) + or + sinm e
L (=)™
o J
— t) | D(Nik, t; b(Ajk, PV W
anX( ) ( (Nites tire) + 0(Njies k) + ik + sin Ay
(I)é\]/’[k Z S t wy ( ((wA) ik, tir) + wgi (wx)
weEW A

o+ B((WA) s ) + sy (X))
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where n§ is as in (8.2) and x is a unitary character of T resp. A. For all t €

TN Greg and x € T2 (A), ),

G

weWa
kaw_l;éMk

Finally, fﬁk (t) vanishes on Maisc(G).

Sketch of the proof. According to Theorem 6.2, the restriction of the Fourier
transform to each conected component (T%) PE N Greg is a linear combination of

4 ’ ~ + 7/
the standard solutions \I/%:’\ (t) = tN (which are characters of T}) and \I/f/}“k’)\

(which are given by Theorem 8.1), where X € t; ¢ is in the W (gc, tx,c)-orbit of A

+
resp. A o Ad(cg). The coefficients cg’“ (XN') of the latter functions can be read off

from Theorem 10.1, and in the case of ®5;, 4, the normalising constants simplify
My G G

as ny, “ny, =nj.

The true Fourier transform is smooth on T NG}ee by Theorem 5.2 and satisfies
the asymptotic formula of Theorem 7.1. In fact, it extends continuously to {t €
Ty | Gy C My}, where Gy /T), remains compact. Using (8.3), one can check that the
two pieces of the putative Fourier transform also combine to a smooth function on
Ty N Greg With a continuous extension as above. Moreover, this function satisfies
the same asymptotic formula as the true solution, because b(s,0) = 0. (In the case
of ® s, a1, » one has also to observe that the differential of x(¢)(—tg;) * is A —w;A\.)

Now we know that the difference between the true and the putative Fourier
transform is given as a linear combination of characters ) on each connected
component of Ty, N Greg, that it extends continuously with the exception of finitely

many points and tends to zero as t — 0. Therefore it must vanish.

Py

The assertions about the contributions from Ilgis.(G) and Tgise (My) \ Ha (M)
follow from [10], equation (4.7).

THEOREM 10.3. The Fourier transform of the distribution 14(a) for a € A
such that |ai| < |az| < |as| is given by

1
P4, (a,04) = —”f@ (‘I’Ml (s10y,a) (b()\ik7a31) + b(Ajk, az1) + )\k>
J

+ (I)M2 (320')(’ a) (b()\zka agg) + b()\kj, a21)>

1
+ PMs (53UX’ a) (b()\ki,agg) + b()\kj, (131) + h ) >
ki
for x € II(T}) with \j; > 0, where s; € W4 conjugates My, to M;;

Paalax)= D (WRY (@ +nG (60N a2) (mis (') + uzs(x')
X' €EWax

+ b( N3y, az1) (ur2(x") + u23(x'))
+ b(N3q, az2) (u12(X") + u13(x"))

+ ura (X (') + s (x Nz () + w3 (i (X)) )
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for x € IIx(A), where \Ili’xl is as in Theorem 8.2;

1 , "
(I)A,Mk (a?XMk) = Z Z (di(MkaMz)q)%h(wa7X) +d§(Mkan)(I)A,JA(wa7X))
weW 4

for x € TIa(A),, ) and
®4.6(a,x%) = x(a)
for x € II(Ag).

The statement gives the full Fourier transform, because I4(wa) = I4(a) for
w € Wa.

Sketch of the proof. As in the preceding proof, we conclude easily from Theo-
rems 6.2, 8.1 and 10.1 that the putative Fourier transforms are correct on a con-
nected component of the given chamber Ap,,, up to a linear combination of terms
Y, where X is in the W4-orbit of A resp. Ao Ad(c™1).

The formula for ® 4 4 follows from Theorem 7.2.

In the case of ® 4 5, , no asymptotic formula is available. Here one has to check
that the putative Fourier transform satisfies the jump relations (7.1) connecting it
with the function ® s, s, given in Theorem 10.2. This is a cambersome calculation
using equation (8.1). In the end, one concludes that the difference between putative
and real Fourier transform is a linear combination of characters on each connected
component of A, and being tempered by [10], Theorem 4.1, equation (4.4), it must
vanish.

As in the preceding theorem, the assertions about the discrete contributions
follow from [10], equation (4.7).
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