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Chapter 1

Introduction

The present work is concerned with a class of pseudo differential operators which arise as
generators of Markov processes and Feller semigroups.

Pseudo differential operators are a well known tool from the theory of partial differential equa-
tions, but at first sight there seems to be no closer relation to probability theory. To understand
how the notion of pseudo differential opertors enters into the field of stochastic processes, it is
most convenient to consider first the well-studied case of Lévy-processes, since the investigation
of Lévy-processes by Fourier analytical methods has a long tradition in probability theory going
back to S. Bochner.
By definition a Lévy-process (Xt)t≥0 is a process on R

n with independent and stationary in-
crements which is continuous in probability. The independence of the stationary increments
immediately implies that the distributions µt = L(Xs+t −Xs) = L(Xt −X0) of the increments
form a convolution semigroup (µt)t≥0 of probability measures. Consequently, if we turn to the
Fourier transforms of the measures µt, the semigroup property yields that there is a continuous
function ψ : R

n → C such that the Fourier transforms are given by

µ̂t(ξ) = e−tψ(ξ).

For every initial distribution this function ψ completely determines the distribution of the
Lévy-process (Xt) and is called the characteristic exponent of the Lévy-process.

Now a function ψ : R
n → C such that ψ(0) ≥ 0 and which has the property that e−tψ is a

positive definite function in the sense of Bochner for all t ≥ 0 is called a negative definite function
(see Theorem 2.3 for equivalent definitions). Thus by the theorem of Bochner, [4], Theo.3.2,
the characteristic exponent of a Lévy-process is a continuous negative definite function and it
turns out that there is a one-to-one correspondence between Lévy-processes, the corresponding
convolution semigroups and continuous negative definite functions.

Note that moreover properties of the Lévy-process like transience and recurrence, conservative-
ness and path properties can easily be deduced from properties of the characteristic exponent
ψ, see for example [73], [25] and [11]. Furthermore every continuous negative definite function
admits a unique representation by the Lévy-Khinchin formula, see Theorem 2.13, which de-
scribes diffusion, drift, killing and jump part of the Lévy-process in the Lévy decomposition,
see [74].
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In addition it is well-known that the convolution semigroup (µt)t≥0 induces a semigroup (Tt)t≥0

on the space of continuous functions vanishing at infinity given by Ttu = u ∗ µt, which is
a translation invariant Feller semigroup and all translation invariant Feller semigroups are
obtained in this way, see [4]. In this situation the convolution theorem for the Fourier transform
then yields for testfunctions u ∈ C∞

0 (Rn)

Ttu(x) =

∫

Rn

ei(x,ξ)µ̂t(ξ) · û(ξ) d̄ξ =

∫

Rn

ei(x,ξ)e−tψ(ξ) · û(ξ) d̄ξ, d̄ξ = (2π)−n dξ,

and therefore the generator A of this semigroup is given by

Au(x) = lim
t→0

1

t
(Ttu(x) − u(x)) = lim

t→0

∫

Rn

ei(x,ξ)
e−tψ(ξ) − 1

t
· û(ξ) d̄ξ = −

∫

Rn

ei(x,ξ)ψ(ξ) · û(ξ) d̄ξ.

Thus in the translation invariant case of Lévy-processes it turns out that the situation is com-
pletely described by the charactristic exponent, i.e. the continuous negative definite function
ψ. In particular the semigroup operators Tt and the generator A are types of Fourier multiplier
operators and the multiplier of the generator is (up to the sign) just given by the continuous
negative definite function ψ.

Therefore it is reasonable to conjecture that a similar representation of the generator holds also
in the non-translation invariant case, i.e. the generator is given by an operator

Au(x) = −p(x,D)u(x) = −

∫

Rn

ei(x,ξ)p(x, ξ) · û(ξ) d̄ξ,

where ξ 7→ p(x, ξ) is a continuous negative definite function for each fixed x ∈ R
n.

Operators of this structure are called pseudo differential operators, the function p : R
n×R

n → C

is the symbol of the operator. Symbols which are continuous negative definite functions with
respect to the second variable we call negative definite symbols.

The link between operators of this type and generators of Markov processes now is given
by a theorem of Ph. Courrège [13] concerning the positive maximum principle. Note that a
generator of a Markov process (Xt) in R

n satisfies the positive maximum principle, that is
for each function ϕ in the domain of the generator A which attains its nonnegative maximum
in a point x0 ∈ R

n we have Aϕ(x0) ≤ 0, since obviously E
x0 [ϕ(Xt) − ϕ(x0)] ≤ 0, where

E
x0 denotes the expectation of the process started at x0. In this way the positive maximum

principle for the generator describes the fact that the associated semigroup is the transition
semigroup of a process, i.e. is positivity preserving. Moreover the positive maximum principle
also characterizes the submarkovian property of Feller semigroups. More precisely in the case
of strongly continuous semigroups in C∞(Rn), the space of continuous functions vanishing at
infinity, the positive maximum principle for the generator is equivalent to the submarkovian
property of the semigroup, i.e. that the semigroup is Feller.

Thus the positive maximum principle is a natural property of generators of Markov processes
and the affirmative answer to the above conjecture is given by the theorem of Ph. Courrège (see
Theorem 2.16), which states that a linear operator defined on C∞

0 (Rn) and which satisfies the
positive maximum principle is a pseudo differential operator −p(x,D) with a negative definite
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symbol p(x, ξ).
Courrège also gave another equivalent representation of this class of operators as so-called
Lévy-type operators. These are operators consisting of a second order diffusion operator plus
an additional non-local integro-differential part, which is characterized by a kernel of measures,
the Lévy-kernel of the operator, see Theorem 2.12. This second representation is widely used
in probability theory, since it does not involve Fourier transform and gives an immediate in-
terpretation of the coefficients of the operator in terms of the characteristics of the associated
process. On the other hand it turns out that using the representation as a pseudo differential
operator has certain advantages. It clearly provides a rich L2-theory and L2-estimates obtained
in this way yield additional informations for an associated process and give a link to the theory
of Dirichlet forms. Moreover note that as in the case of the characteristic exponent for a Lévy-
process also the negative definite symbol has a natural probabilistic interpretation in terms of
the associated process, see [45].

Therefore our starting point will be a negative definite symbol p(x, ξ) . Our primary interest is
the question whether there exists a R

n-valued Markov process or a semigroup which is associated
to the corresponding pseudo differential operator −p(x,D). Moreover, since all information on
the process must be contained in the symbol, another complex of problems is related to the
question how these information can be read from properties of the symbol. We will consider
questions of this type in the last two chapters. Let us also mention in this context related
results of R.L. Schilling concerning the path behaviour of the processs, see [77], [78], and in
particular the monograph [44] by N. Jacob, which presents a good summary of all topic in this
subject.

Let us emphasize from the very beginning that we are working with in general non-local oper-
ators. Therefore an associated process is a jump process and we have to replace the continuous
path space of a diffusion process by the space of all càdlàg paths, i.e. paths which are right
continuous and have left limits. Note also that we are in particular interested in the case that
the generator has no leading second order term. This means that the non-local part is the
dominating part itself and it cannot be treat as a perturbation of a diffusion part. Moreover it
is important to remark that in general continuous negative definite functions are not differen-
tiable, as for example the characteristic exponent ξ 7→ |ξ|α of the symmetric α-stable process,
0 < α ≤ 2, shows. Thus a negative definite symbol p(x, ξ) in general is not differentiable with
respect to ξ. But standard symbol classes of pseudo differential operators like the Hörmander
class Sm̺,δ require a C∞-behaviour of the symbol. Therefore the corresponding calculus for
pseudo differential operators is not applicable and we have to use other techniques.

Since the translation invariant case of Lévy-processes is well-understood and described by the
characteristic exponent, i.e. a continuous negative definite function, our general philosophy
will be the following. We fix a continuous negative definite function ψ as a reference function
and consider negative definite symbols p(x, ξ) which satisfy estimates in terms of the reference
function. Then −p(x,D) is regarded as an operator with “variable” coefficents which is com-
parable to the generator −ψ(D) of the associated Lévy process, just as a diffusion operator
is compared to the Laplace operator. The Lévy-process then can be regarded as a reference
process for a process associated to −p(x,D). An essential idea for the following therefore will
be to model our analysis in terms of this reference function ψ.
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In this connection we not necessarily aim at the most general behaviour of the symbol p(x, ξ)
with respect to x, since this is simply a question how regular the “coefficients” are. But we want
to be as general as possible concerning the behaviour of the symbol with respect to ξ, since
this behaviour determines the type of operator under consideration. In particular we make no
homogeneity assumptions.

We next give a summary of the subsequent chapters with a particular emphasis on the results
obtained by the author:

In Chapter 2 first some properties of negative definite functions are provided. In particular we
give a generalized Peetre-type inequality, Lemma 2.6, in terms of a negative definite function,
which will be very important for our analysis in the following.

Section 2.2 is devoted to the result of Courrège. We give a new proof of the Lévy-Khinchin
formula (Theorem 2.13). This proof is based on a characterization of functionals that satisfy the
positive maximum principle (Proposition 2.10), which is taken from an unpublished manuscript
of F. Hirsch. We then easily deduce both representations of an operator satisfying the positive
maximum principle as a Lévy-type operator as well as a pseudo differential operator (Theorem
2.16).

After this preparatory chapter we turn in Chapter 3 to the first construction of a process
associated to a pseudo differential operator using the martingale problem. Our main result
(Theorem 3.15) gives the existence of a solution of the martingale problem for a pseudo differ-
ential operator with a continuous negative definite symbol p : R

n × R
n → C, p(x, 0) = 0, such

that
|p(x, ξ)| ≤ c(1 + |ξ|2).

A natural interpretation of this condition is that the operator has bounded “coefficients”. This
result improves the result obtained in the author’s paper [32], where only real-valued symbols are
treated. It includes the existence results of Komatsu [51] and Stroock [81], which are formulated
for Lévy-type operators. It is more general since it is also applicable in cases of variable
order where the coefficients of the Lévy-type operator may become discontinuous, but the
symbol remains continuous. This will be important in Chapter 7, where operators of this type
are considered. For the proof the symbol is first decomposed by a convolution-like operation
(Theorem 3.12) into a small part which is treated as a perturbation and a part for which the
corresponding operator can be extended to functions on the one-point compactification of R

n.
For this part the martingale problem is solved by an approximation argument and a tightness
result for solutions of martingale problems, which is derived in Section 3.1 and which in the
case of jump processes relies on a result of Th.G Kurtz [56].

From Chapter 4 on we restrict to the case of real-valued symbols. As already mentioned
we now fix a continuous negative definite reference function ψ : R

n → R. We define the
function λ(x) = (1 +ψ(ξ))1/2, which is more convenient to state assumptions on a symbol. We
want to apply modified Hilbert space methods to investigate an operator −p(x,D). For this
purpose we introduce in Section 4.1 an appropriate scale of anisotropic Sobolev spacesHs,λ(Rn),
s ∈ R, which are defined in terms of the reference function. The main result of this section
are certain commutator estimates (Theorems 4.3, 4.4) for pseudo differential operators with
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negative definite symbol. These results, which are improvements of the commutator estimates
obtained in [29], show that also in the case of negative definite symbols the commutator has
an order reducing property. This is very useful, because it allows to treat the effect of the
x-dependence of a symbol as a lower order perturbation.

Using these results we decribe in Section 4.2 the approach of N. Jacob [43] to generators of
Feller semigroups. Here it is assumed that the continuous negative definite symbol has a
decomposition

p(x, ξ) = p1(ξ) + p2(x, ξ),

where p1(ξ) is bounded from above and below in terms of the reference function and p2(x, ξ)
is sufficiently smooth with respect to x and also satisfies upper bounds with respect to the
reference function. If these bounds are sufficiently small, the operator −p2(x,D) is a small
perturbation of the generator −p1(D) of a Lévy-process and the equation

(p(x,D) + τ)u = f

is solvable by modified Hilbert space methods for τ ≥ 0 sufficiently large. This, a Sobolev type
embedding and the positive maximum principle then show via the Hille-Yosida thorem that
−p(x,D) generates a Feller semigroup and therefore a Markov process.

In Chapter 5 the assumptions on the symbol are reduced using the martingale problem. For
this purpose we prove well-posedness of the martingale problem, i.e. there is a unique solution
of the martingale problem for any initial distribution. These results are first proven in the
author’s article [32]. We obtain in Theorem 5.7 that the martingale problem is well-posed for a
continuous negative definite symbol p(x, ξ) which is sufficiently smooth with respect to x, which
together with the derivatives satisfies an upper bound with respect to the reference function
and which also admits a lower bound in terms of the reference function. In contrast to the
results of Section 4.2 here no smallness assumptions of the upper bound is assumed and also
merely a local lower ellipticity estimate is supposed.

The improvement is mainly due to the localization procedure for solutions of the martingale
problem, which is discussed in Section 5.1. In particular we give in Therorem 5.3 a reformulation
of this technique in terms of the symbols of the operators. Therefore it is enough to prove well-
posedness for a localized symbol, i.e. a symbol which coincides on a small ball with a given
continuous negative definite symbol and which is independent of x outside some neighbourhood
of this ball. By a refined decomposition of this symbol using a Taylor expansion we can
prove in Section 5.3 that the corresponding pseudo differential operator generates a strongly
continuous semigroup in an anisotropic Sobolev space Hs,λ(Rn). This yields well-posedness
of the martingale problem, since in Section 5.2 it is shown that well-posedness is implied by
the solvability of the corresponding Cauchy problem in Hs,λ(Rn), which can be done using the
semigroup.

Note that there are a lot of recent results concerning well-posedness of the martingale problem
for Lévy-type operators. But often they either assume a dominating second order elliptic
term, see Komatsu [51], Stroock [81] or a particular structure of the operators as for example
perturbations of generators of α-stable processes in Komatsu [52],[53]. More general examples
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are included in the paper [70] of Negoro and Tsuchiya, but they need a strong integrability
assumption for the Lévy kernel, which is only satisfied by operators of order less than one. In
the one-dimensional situation Bass [1] proves well-posedness for the martingale problem for the
generator of stable-like processes, i.e. operators of variable order. The advantage of Theorem
5.7 however lies in the fact that in gives well-posedness for a general (real-valued) continuous
negative definite reference function without assuming a particular structure.
Let us also mention that a solution of the martingale problem also can be obtained as a solution
of a stochastic differential equation of jump type as introduced by Skorohod [80], see also
Lepeltier, Marchal [61], but the relation between the coefficients of the stochastic differential
equation and a Lévy-type operator or a pseudo differential operator is merely measurable and
therefore only useful if a priori additional informations on the structure of the operator are
known, see Tsuchiya [86].

Once well-posedness of the martingale problem is established it is well-known that the family of
processes given by the unique solutions of the martingale problem starting at the points x ∈ R

n

define a strong Markov process. Moreover it is easy to see, that the solution of the martingale
problem depends on the initial distribution in a continuous way. But it is important to note that
in the case of jump processes this does not immediately imply that the transition semigroup
maps continuous functions to continuous functions, since the one-dimensional projections are
not continuous in contrary to the continuous paths case. Nevertheless under a mild additional
assumption on the symbol we prove in Section 5.4 that the semigroup defined by the Markov
process is even a Feller semigroup. In particular it leaves the space of continuous functions
vanishing at infinity invariant (see Theorem 5.23). These results are taken from the article [33].

In Chapter 6 we establish a symbolic calculus which is suitable for pseudo differential opera-
tors with negative definite symbol as it is developed in the articles [34] and [36] of the author.
A symbolic calculus is very useful since it allows to carry out intuitive ideas in a justified
framework. Moreover it supplies a rich L2-theory and therefore yields L2-estimates as in the
approach of Chapter 4, but witout the restriction to consider only small perturbations of oper-
ators with x-independent symbol. Now continuous negative definite symbols p(x, ξ) in general
are not differentiable with respect to ξ and also in the differentiable case the derivatives do
not satisfy the requirements of standard symbol classes for pseudo differential operators. The
idea to overcome the differentiability problems is to restrict to symbols having Lévy-kernels
with bounded support. The symbols then turn out to be infinitely differentiable with respect
to ξ and the derivatives satisfy estimates that remind of the behaviour of standard symbol
classes. Basing on these considerations in Section 6.2 we define symbol classes Sm,λ

̺ and Sm,λ
0

appropriate for continuous negative definite symbols in terms of a continuous negative defi-
nite reference function and we discuss some typical examples. In Section 6.3 a corresponding
symbolic calculus is established. We show that the associated operators form an algebra sim-
ilar to the standard case, i.e. the composition of two operators and the formally adjoint are
again pseudo differential operators (Corollaries 6.12, 6.13) and the corresponding symbols have
expansion formulas, which in highest order are the product and the complex conjugate of the
given symbols (Corollary 6.18). Moreover the order m ∈ R of a symbol in Sm,λ

̺ has a natural in-
terpretation in terms of mapping properties of the corresponding operators between anisotropic
Sobolev spaces Hs,λ(Rn) (Theorem 6.14).

Furthermore as a more refined technique for pseudo differential operators also the Friedrichs
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symmetrization is introduced for the symbol class Sm,λ̺ , which assigns to every operator with
real-valued symbol a symmetric operator which coincides with the original one up to an lower
order perturbation, see Section 6.4.
In this way an appropriate symbolic calculus is associated to every given continuous negative
definite reference function. In Section 6.5 the results are applied to a situation which is elliptic
in the sense that the symbol satisfies a lower estimate in terms of the reference function. In
particular for continuous negative definite symbols in class S 2,λ

̺ we obtain examples of generators
of Feller semigroups (Theorem 6.29).

Starting with an arbitrary continuous negative definite symbol the idea is to decompose the
corresponding Lévy-kernel into a part supported in a bounded neighbourhood of the origin,
which is treated by the calculus, and a remainder part consisting only of finite measures. The
remainder part therefore typically can be considered as a perturbation. In Section 6.6 the results
of [37] are presented, where in particular the question is investigated whether the remainder
part is a bounded operator in L2(Rn) and in the space C∞(Rn) of continuous functions vanishing
at infinity. Note that the class of generators of strongly continuous L2-semigroups and Feller
semigroups is stable under this type of perturbation. It turn out that the equi-continuity of
the symbol p(x, ξ) at ξ = 0 with respect to x is equivalent to a tightness property of the Lévy-
kernel and in particular implies that the remainder part is a bounded perturbation in C∞(Rn)
(Theorems 6.31 and 6.33). We also show that in typical examples the remainder part also
defines a small perturbation in an L2-sense.

The symbolic calculus is not restricted to elliptic situations. In Chapter 7 we study the explicitly
non-elliptic situation of symbols of variable order. These results were obtained in the article
[35]. For a continuous negative definite symbol s ∈ S 2,λ

̺ , which also satisfies a lower ellipticity
bound in terms of the reference function we consider the continuous negative definite symbol

p(x, ξ) = s(x, ξ)m(x)

of variable order with a function m : R
n → (0, 1]. We assume that m has bounded derivatives,

satisfies an oscillation bound and is strictly bounded away from 0. We now apply typical
techniques for pseudo differential operators in the framework of the calculus of Sm,λ

̺ to study the
corresponding operator. The Friedrichs symmetrization yields a sharp Garding inequality, that
is a lower bound for the associated bilinear form in terms of a lower order norm (Theorem 7.7),
which reflects the non-ellipticity of the operator. From this we deduce that the bilinear form is a
closed coercive form on a domain which is continuously embedded between anisotropic Sobolev
spaces Hs,λ(Rn). This implies weak solvability of the corresponding equation (Theorem 7.2).
To get more regularity of the solutions we use in Section 7.3 the symbolic calculus to construct a
parametrix, that is an inverse modulo a smoothing operator. These results finally imply by the
Hille-Yosida theorem that −p(x,D) extends to the generator of a Feller semigroup (Theorem
7.1). In Section 7.4 we show that the localzation technique for the martingale problem enables
weaker assumptions for the function m(x) and we get an associated Feller semigroup for smooth
m without oscillation bound and without strict lower bound (Thereom 7.10.)

The results obtained so far yield not only examples of generators of Feller semigroups, but
the representation as a pseudo differential operator also implies L2-estimates in terms of the
norms in anisotropic Sobolev spaces for the operator as well as for the associated bilinear form.
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In Chapter 8 we use these estimates as a starting point and show that they have important
implications for the corresponding process and semigroup. First we see that the operator also
generates a strongly continuous semigroup in L2(Rn) and moreover the bilinear form defines
a regular semi-Dirichlet form, see [66], [65]. But moreover we have an explicit knowledge on
the domain of the form in terms of spaces Hs,λ(Rn). This implies a Sobolev inequality for the
semi-Dirichlet form. It is well-known that Sobolev inequalities for Dirichlet forms can be used
to get hypercontractivity bounds for the norms ‖Tt‖Lp→Lq of the associated semigroup (Tt).
But these results are not applicable, since the operator is nor symmetric neither the adjoint
operator generates a submarkovian semigroup in general. We therefore use an approach via the
dual semigroup, show that it defines a strongly continuous contraction semigroup on L1(Rn)
and prove a hypercontractivity estimate using the original approach of Nash (Theorem 8.7).
Moreover, this result is used to extend a result, which was obtained jointly with N. Jacob in
[40], and to prove that the semigroups even have the strong Feller property.

In Chapter 9 we consider symbols which do not satisfy an upper bound p(x, ξ) ≤ c(1 + |ξ|2)
uniformly with respect to x. We discuss the question under what conditions on the symbol in
the “unbounded coefficient” case nevertheless there exists an associated non-exploding process
in R

n. We use an approach via the martingale problem. It turns out that the growth of the
symbol with respect to x as |x| → ∞ is admissible if it is compensated by the decay of the
reference function as |ξ| → 0, see Theorem 9.4. In particular for the reference function |ξ|α of
the symmetric α-stable process the maximal growth with respect to x is given by |x|α, that is

p(x, ξ) ≤ c |x|α · |ξ|α for all |x| ≥ 1

implies non-explosion. For α = 2 we obtain the well-known quadratic growth condition for the
second order coefficients of a diffusion operator.
The result is combined with the uniqueness results for the martingale problem of Chapter 5
and well-posedness is proven also in the case of not uniformly bounded symbols (Theorem 9.5).

I thank the German Science Foundation DFG for the financial support I obtained during the
last years as a holder of a Habilitanden-scholarship Ho 1617/2-x as well as in the DFG-project
Ja 522/3-x. Moreover I am grateful for the financial support by SFB 343 “Diskrete Strukturen
in der Mathematik” and for the assistance of the Faculty of Mathematics at the University of
Bielefeld.
Among many others I want to thank Dr. R.L. Schilling for many stimulating discussions and
useful remarks.
I am indebted to Prof. N. Jacob who over the past years was a constant source of encouragement
and motivation for my work.
I wish to thank Prof. M. Röckner for the support I received during the last years, for many
valuable suggestions and advice and the fruitful working conditions I found in his group.
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Notations

The notations we use are mostly standard. For the readers’ convenience here we summerize
some important definitions. We usually work on the n-dimensional euclidian space R

n, its
one-point-compactification is denoted by Rn = R

n ∪ {∆}.

Function spaces

C(E) continuous functions on a metric space E
Cb(E) bounded continuous functions
C0(E) continuous functions with compact support
B(E) bounded measurable functions
M(E) real-valued maps on E
C∞(Rn) continuous functions on R

nvanishing at infinity
Ck(Ω) k times continuously differentiable functions on Ω
C∞(Ω) arbitrarily often differentiable functions on Ω
C∞

0 (Ω) testfunctions on Ω
S(Rn) Schwartz space of rapidly decreasing testfunctions
D′(Ω) distributions on Ω
D(k)′(Ω) distributions of order k on Ω
S ′(Rn) tempered distributions
Lp(Rn) Lp-space with respect to the Lebesgue mesure
Hs(Rn) L2-Sobolev space of order s
Hs,λ(Rn) anisotropic Sobolev space, see Section 4.1

The function spaces are always assumed to consist of real-valued functions, except for Chapter
6, where for complex-valued function spaces this is remarked separately using the notation like
C(Rn,C).
By ∧ and ∨ we denote minimum and maximum, u+ is the positive part of a real-valued function.

Norms

|| · ||Lp 1 ≤ p ≤ ∞, LP–norm with respect to the Lebesgue measue
|| · ||0 L2–norm,
|| · ||∞ L∞–norm or sup–norm,
|| · ||s s ∈ R, standard Sobolev space norm,
(·, ·)0 scalar product in L2,
‖·‖s,λ norm in Hs,λ(Rn)

(·, ·)s,λ inner product in Hs,λ(Rn)
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M1(·) and Mb(·) denote spaces of probability measures and signed measures of bounded vari-
ation, respectively.
The Fourier transform is defined by the convention

û(ξ) =

∫

Rn

e−i(x,ξ)u(x) dx,

then the inverse Fourier transform is given by

u(x) =

∫

Rn

ei(x,ξ)û(x) d̄ξ,

where we use the notation d̄ξ = (2π)−n dξ.
In connection with the Fourier transform is helpful to use for partial derivatives the notation

D = (D1, . . . , Dn) = (−i∂x1
, . . . ,−i∂xn

).

We sometimes use the notation 〈ξ〉 = (1 + |ξ|2)1/2.
For a multiindex α = (α1, . . . , αn) ∈ N

n
0 , let |α| = α1 + . . . + αn, α! = α1! · . . . · αn! and

ξα = ξα1
1 · . . . · ξαn

n for ξ = (ξ1, . . . , ξn) ∈ R
n.

Moreover we use the notation (A,D(A)) for a linear operator A with domain D(A).

Finally by c we denote a nonnegative constant, the values of which may be different at every
occurrence.
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Chapter 2

Negative definite symbols

2.1 Negative definite functions

In this section we summerize properties of negative definite functions. Negative definite func-
tions are investigated in great detail in [4] by Ch. Berg and G. Forst. For all proofs concerning
this subject we refer to this monograph.

Definition 2.1. A function ψ : R
n → C is called a negative definite function if for all

m ∈ N and for any choice of ξj ∈ R
n, 1 ≤ j ≤ m, the matrix

(ψ(ξi) + ψ(ξj) − ψ(ξi − ξj))i,j=1,...,m

is non-negative Hermitian, i.e. for all c1, . . . , cm ∈ C

m∑

i,j=1

(ψ(ξi) + ψ(ξj) − ψ(ξi − ξj)) cicj ≥ 0.(2.1)

We first give some elementary properties of negative definite functions which follow easily from
the definition.

Proposition 2.2.

(i) The set of negative definite functions is a convex cone containing the non-negative con-
stants.

(ii) For a negative definite function ψ we have

ψ(−ξ) = ψ(ξ)

and
Reψ(ξ) ≥ ψ(0) ≥ 0.

In particular, a real-valued negative definite function is non-negative and even.

(iii) For a negative definite function ψ also Reψ and ψ are negative definite.

13



(iv) The continuous negative definite functions form a convex cone which is closed under locally
uniform convergence.

There are some other equivalent definitions of negative definite functions (see [4], 7.4, 7.8):

Theorem 2.3. For a function ψ : R
n → C the following are equivalent:

(i) ψ is negative definite.

(ii) ψ(0) ≥ 0, ψ(−ξ) = ψ(ξ) and for all m ∈ N and ξ1, . . . , ξm ∈ R
n we have

m∑

i,j=1

ψ(ξi − ξj))cicj ≤ 0

for all c1, . . . , cm ∈ C satisfying
∑m

j=1 cj = 0.

(iii) ψ(0) ≥ 0 and the function e−tψ is a positive definite function for all t ≥ 0.

Recall that a function ϕ : R
n → C is called positive definite if for all m ∈ N and ξ1, . . . , ξm ∈ R

n

the matrix
(ϕ(ξi − ξj))i,j=1,...,m

is non-negative Hermitian.
The equivalence of (i) and (iii) in Theorem 2.3 is known as the theorem of Schoenberg (see
[79]). By the famous theorem of Bochner [7] the set of continuous positive definite functions
on R

n coincides with set of Fourier transforms of bounded measures on R
n. Thus, in the case

of a continuous negative definite function ψ by condition (iii) there exists a family (µt)t≥0 of
bounded measures on R

n with Fourier transforms

µ̂t(ξ) =

∫

Rn

e−i(x,ξ) µt(dx) = e−tψ(ξ)(2.2)

and total mass
µt(R

n) = µ̂t(0) = e−tψ(0) ≤ 1.

Moreover, the functional equation of the exponential function translates by the convolution
theorem immediately into the property

µs ∗ µt = µs+t for all s, t ≥ 0.(2.3)

Therefore (µt)t≥0 is a convolution semigroup of (sub-)probability measures on R
n. Moreover,

because e−tψ−→
t→0

1, we see that µt converges weakly to the point mass ε0 at the origin as t→ 0

and (µt)t≥0 is continuous with respect to the weak topology. Conversely, given a weakly con-
tinuous convolution semigroup (µt)t≥0 on R

n, (2.2) consistently defines a function ψ : R
n → C,

which is negative definite by the theorem of Schoenberg and continuous since Fourier transforms
of bounded measures are continuous (cf. [4], 8.3). Thus we have seen

Theorem 2.4. The set of weakly continuous convolution semigroups (µt)t≥0 of sub-probability
measures on R

n is in one-to-one correspondence with the set of continuous negative definite
functions ψ : R

n → C. The correpondence is given by (2.2).

14



We summerize some typical examples of continuous negative definite functions and the corre-
sponding convolution semigroups on R

n in the following table.

ψ(ξ) µt

|ξ|2 1
(4πt)n/2 exp

(
− |x|2

4t

)
· dx (Brownian semigroup)

i(b, ξ) ε−tb(dx) (shift semigroup)

|ξ|α , 0 < α ≤ 2 symmetric α-stable semigroup

|ξ| Γ(n+1
2

) t

[π(|x|2+t2)]
n+1

2
· dx (Cauchy semigroup)

1 − ei(y,ξ)
∑∞

k=0 e
−t tk

k!
εky(dx) (Poisson semigroup

with jumps of size y ∈ R
n)

Note that obviously the convolution semigroup consists of probability measures if and only if
ψ(0) = 0.

In the following we will work with symbols of pseudo differential operators which are defined in
terms of continuous negative definite functions. For that purpose estimates which are automat-
ically fulfilled by continuous negative definite functions, for example for the growth behaviour
at infinity, are very helpful and will play an important rôle. First we note

Proposition 2.5. Let ψ : R
n → C be a negative definite function. Then

√
|ψ(ξ + η)| ≤

√
|ψ(ξ)| +

√
|ψ(η)|, ξ, η ∈ R

n,(2.4)

i.e.
√
|ψ| is subadditive.

Proof: By definition of a negative definite function we have

0 ≤ det

(
ψ(ξ) + ψ(ξ) − ψ(0) ψ(ξ) + ψ(−η) − ψ(ξ + η)

ψ(−η) + ψ(ξ) − ψ(−ξ − η) ψ(−η) + ψ(−η) − ψ(0)

)

= (2Reψ(ξ) − ψ(0))(2Reψ(η) − ψ(0)) − |ψ(ξ + η) − ψ(ξ) − ψ(η)|2 ,

where we have used ψ(ξ) = ψ(−ξ). Thus, since ψ(0) ≥ 0,

2 |ψ(ξ)| · 2 |ψ(η)| ≥ (2Reψ(ξ) − ψ(0))(2Reψ(η) − ψ(0))

≥ |ψ(ξ + η) − ψ(ξ) − ψ(η)|2

and therefore

|ψ(ξ + η)| ≤ |ψ(ξ + η) − ψ(ξ) − ψ(η)| + |ψ(ξ)| + |ψ(η)|

≤ 2
√

|ψ(ξ)| ·
√

|ψ(η)| + |ψ(ξ)| + |ψ(η)|

= (
√
|ψ(ξ)| +

√
|ψ(η)|)2. 2

15



Because
√
|ψ| is an even function, (2.4) also implies a triangle inequality from below:

∣∣∣
√
|ψ(ξ)| −

√
|ψ(η)|

∣∣∣ ≤
√

|ψ(ξ − η)|, ξ, η ∈ R
n.(2.5)

Another elementary but important consequence is the validity of a generalized form of Peetre’s
inequality (

1 + |ξ|2

1 + |η|2

)s

≤ 2|s|(1 + |ξ − η|2)|s|, s ∈ R, ξ, η ∈ R
n.(2.6)

Lemma 2.6 (Peetre type inequality). Let ψ : R
n → C be a negative definite function and

s ∈ R. Then (
1 + |ψ(ξ)|

1 + |ψ(η)|

)s
≤ 2|s|(1 + |ψ(ξ − n)|)|s|, ξ, η ∈ R

n.(2.7)

Proof: By (2.5) and (2.6) we see

(
1 + |ψ(ξ)|

1 + |ψ(η)|

)s
=

(
1 +

√
|ψ(ξ)|

2

1 +
√

|ψ(η)|
2

)s

≤ 2|s|(1 +
(√

|ψ(ξ)| −
√
|ψ(η)|

)2

)|s|

≤ 2|s|(1 +
√

|ψ(ξ − η)|
2
)|s|

= 2|s|(1 + |ψ(ξ − η)|)|s|.

2

Finally by the subadditivity of
√

|ψ| we see that the growth of ψ(ξ) for large values of ξ is
controlled be its values in a neighbourhood of the origin:

Theorem 2.7. Let ψ : R
n → C be continuous negative definite function. Then

|ψ(ξ)| ≤ cψ(1 + |ξ|2), ξ ∈ R
n,(2.8)

where cψ = 2 sup
|ξ|≤1

|ψ(ξ)|.

Proof: By Proposition 2.5 we have for all k ∈ N

|ψ(ξ)| =
√
|ψ(ξ)|

2
=

√∣∣∣∣ψ
(
k
ξ

k

)∣∣∣∣

2

≤

(
k

√∣∣∣∣ψ
(
ξ

k

)∣∣∣∣

)2

= k2

∣∣∣∣ψ
(
ξ

k

)∣∣∣∣ .

For given ξ ∈ R
n choose k0 = inf{k ∈ N : |ξ| ≤ k}. Then k2

0 ≤ 2(1 + |ξ|2) and

|ψ(ξ)| ≤ 2(1 + |ξ|2) ·

∣∣∣∣ψ
(
ξ

k0

)∣∣∣∣ ≤ 2 sup
|η|≤1

|ψ(η)| · (1 + |ξ|2).

2
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In particular, the map ξ 7→ 1 − ei(x,ξ) + i(x,ξ)

1+|x|2
defines for fixed x ∈ R

n a continuous negative

definite function on R
n. Thus by Theorem 2.7

∣∣∣∣1 − ei(x,ξ) +
i(x, ξ)

1 + |x|2

∣∣∣∣ ≤ cx(1 + |ξ|2)

with a constant

cx = 2 sup
|ξ|≤1

∣∣∣∣1 − ei(x,ξ) +
i(x, ξ)

1 + |x|2

∣∣∣∣ = 2 sup
−|x|≤z≤|x|

z∈R

∣∣∣∣1 − eiz +
iz

1 + |x|2

∣∣∣∣

depending on x. But for − |x| ≤ z ≤ |x| we have
∣∣∣∣1 − eiz +

iz

1 + |x|2

∣∣∣∣ ≤ 2 +
|z|

1 + |x|2
≤ 2 +

|x|

1 + |x|2
≤

5

2

as well as
∣∣∣∣1 − eiz +

iz

1 + |x|2

∣∣∣∣ ≤
∣∣1 − eiz + iz

∣∣+ |z|
|x|2

1 + |x|2
≤

1

2
|x|2 +

|x|3

1 + |x|2
≤ |x|2 ,

where we have used Taylor formula. Therefore

cx ≤ 2 (
5

2
∧ |x|2) ≤ 7

|x|2

1 + |x|2

and we have shown

Lemma 2.8. For all x ∈ R
n and ξ ∈ R

n

∣∣∣∣1 − ei(x,ξ) +
i(x, ξ)

1 + |x|2

∣∣∣∣ ≤ 7 ·
|x|2

1 + |x|2
· (1 + |ξ|2).(2.9)

2.2 The Lévy–Khinchin formula and the positive maxi-

mum principle

We have seen in the introduction that the positivity preserving property of a semigroup is
reflected by the positive maximum principle on the level of the generator. The main concern
of this section is the result of Ph. Courrége [13] that characterizes those operators as pseudo
differential operators having symbols that are defined in terms of continuous negative definite
functions. Since this result is fundamental for the sequent we shall give a complete proof.
This proof moreover admits an easy approach to the closely related Lévy–Khinchin formula
and the representation of the operator as a Lévy-type operator. The proof relies on a result
(see Proposition 2.10 below) concerning the representation of linear functional satisfying the
positive maximum principle. This result seems to be obtained first by J.P Roth and basing on
his ideas a proof was given by F. Hirsch (unpublished manuscript, but see also [27]. p.115).
We remark that there are several other proofs of the Lévy–Khinchin formula, which employ
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different techniques, let us mention among others the proofs given by Courrège [12], Rogalski
[75], Harzallah [24] and a recent proof by Jacob and Schilling [48].

Denote by M(Rn) the space of all real-valued functions on R
n and let A : D(A) → M(Rn) be

a linear operator defined on a subspace D(A) of M(Rn). We are mainly interested in the case
D(A) = C∞

0 (Rn).
We say that A satisfies the positive maximum principle on D(A) if for all ϕ ∈ D(A) such
that sup

x∈Rn

ϕ(x) = ϕ(x0) ≥ 0 for some x0 ∈ R
n (depending on ϕ) we have

Aϕ(x0) ≤ 0.

Moreover we define for a linear functional T : C∞
0 (Rn) → R :

T is called almost positive if ϕ ∈ C∞
0 (Rn), ϕ ≥ 0, ϕ(0) = 0 implies Tϕ ≥ 0,

T satisfies the positive maximum principle if ϕ ∈ C∞
0 (Rn), sup

x∈Rn

ϕ(x) = ϕ(0) ≥ 0 implies

Tϕ ≤ 0.

Note that the positive maximum principle for T implies that T is almost positive. In fact, for
ϕ ∈ C∞

0 (Rn), ϕ ≥ 0, ϕ(0) = 0 it follows −ϕ ∈ C∞
0 (Rn) has a nonnegative maximum in 0, hence

by the positive maximum principle Tϕ = −T (−ϕ) ≥ 0.

Clearly the positive maximum principle for the operator A is a pointwise statement, i.e. A :
C∞

0 (Rn) → M(Rn) satisfies the positive maximum principle if and only if for all x ∈ R
n the

functionals Ax : C∞
0 (Rn) → R fulfill the positive maximum principle, where Ax is defined by

Axϕ := [A(ϕ(· − x))](x).

We therefore first concentrate on the positive maximum principle for functionals. To begin
with we note that such functional satisfies certain continuity properties by itself.

Lemma 2.9. Let T be an almost positive functional. Then T ∈ D(2)′(Rn), i.e. is a distribution
of order two, this means for all compact sets K ⊂ R

n there is a constant cK such that

|Tϕ| ≤ cK
∑

α∈N
n
0

|α|≤2

sup
x∈K

|∂αxϕ(x)| for all ϕ ∈ C∞
0 (K).

Proof: Let ϕ ∈ C∞
0 (K) and M =

∑

α∈N
n
0

|α|≤2

sup
x∈K

|∂αxϕ(x)| and define

ϕ̃(x) := ϕ(x) − ϕ(0) · χ(x) −
n∑

i=1

∂xi
ϕ(0)χ(x) · xi,(2.10)

where χ ∈ C∞
0 (Rn) is chosen such that 0 ≤ χ ≤ 1 and χ = 1 in a neighbourhood of 0. Then

∣∣∣∂2
xjxk

ϕ̃(x)
∣∣∣ ≤

∣∣∣∂2
xjxk

ϕ(x)
∣∣∣+ |ϕ(0)|

∣∣∣∂2
xjxk

χ(x)
∣∣∣+

n∑

i=1

|∂xi
ϕ(0)|

∣∣∣∂2
xjxk

(xi · χ(x))
∣∣∣

≤ cχ ·M for all x ∈ R
n
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and ϕ̃(0) = ∂xi
ϕ̃(0) = 0, i = 1, . . . , n. Therefore ϕ̃ ∈ C∞

0 (Rn) and by Taylor formula

|ϕ̃(x)| ≤
1

2

n∑

j,k=1

sup
∣∣∣∂2
xj ,xk

ϕ̃
∣∣∣ · |xjxk| ≤

n

2
cχ ·M · |x|2 for all x ∈ R

n.

Now choose ΨK ∈ C∞
0 (Rn) nonnegative such that ΨK(x) = |x|2 in K ∪ suppχ. Then

n

2
cχ ·M · ΨK ± ϕ̃ ≥ 0

and vanishes in 0. Thus, since T is almost positive,

T (
n

2
cχ ·M · ΨK ± ϕ̃) ≥ 0,

i.e.
|T ϕ̃| ≤

n

2
cχ ·M · TΨK .

But by (2.10)

|Tϕ| ≤ |T ϕ̃| + |ϕ(0) · Tχ| +
n∑

i=1

|∂xi
ϕ(0)T (xiχ(x))| ≤ cK ·M.

2

Functionals satisfying the positive maximum principle are now characterized in the following
way.

Proposition 2.10. Let T : C∞
0 (Rn) → R be a linear functional that satisfies the positive

maximum principle. Then there are unique constants aij, bi, c ∈ R, i, j = 1, . . . , n and a unique
Borel measure µ on R

n \ {0} such that

(i) (aij)i,j=1,...,n is a symmetric nonnegative definite matrix,

(ii) c ≥ 0,

(iii)
∫

Rn\{0}
|x|2

1+|x|2
µ(dx) <∞

and we have for all ϕ ∈ C∞
0 (Rn)

Tϕ =
n∑

i,j=1

aij∂xi
∂xj

ϕ(0) −
n∑

i=1

bi∂xi
ϕ(0) − c · ϕ(0)(2.11)

+

∫

Rn\{0}

(ϕ(x) − ϕ(0) −
(x,∇ϕ(0))

1 + |x|2
)µ(dx).

Proof: By Lemma 2.9 T is a distribution in D(2)′(Rn). It follows that |·|2 · T ∈ D′(Rn) is a
positive distribution, because for all ϕ ∈ C∞

0 (Rn), ϕ ≥ 0 clearly |x|2 · ϕ(x) ≥ 0 and vanishes in
0. Thus, since T is almost positive,

〈|·|2 · T, ϕ〉 = 〈T, |·|2 · ϕ〉 ≥ 0.
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Therefore there is a Borel measure ν on R
n such that |·|2 · T = ν.

Let µ = 1
|x|2

· ν|Rn\{0}. Then µ is a Borel measure on R
n \ {0} and we have

µ = T |Rn\{0} in D′(Rn \ {0}).(2.12)

We show that (iii) holds. Clearly

∫

0<|x|≤1

|x|2 µ(dx) = ν({0 < |x| ≤ 1}) <∞.(2.13)

Moreover for ϕ, g ∈ C∞
0 (Rn), 0 ≤ ϕ, g ≤ 1, suppϕ ⊂ {|x| > 1} and supp g ⊂ {|x| ≤ 1} such

that g(0) = 1 we have
sup
x∈Rn

(g + ϕ)(x) = g(0) + ϕ(0) = 1.

Thus by the positive maximum principle T (g + ϕ) ≤ 0, which yields

∫

Rn\{0}

ϕdµ = 〈T, ϕ〉 ≤ −〈T, g〉.

Taking the supremum over all possible choices of ϕ we see that µ{|x| > 1} <∞. This together
with (2.13) gives (iii).

Next define for ϕ ∈ C∞
0 (Rn) the linear functional

S(ϕ) =

∫

Rn\{0}

(ϕ(x) − ϕ(0) −
(x,∇ϕ(0))

1 + |x|2
)µ(dx).(2.14)

The integrand in (2.14) is bounded and vanishes of second order in 0, so the integral is well-
defined. Furthermore, S clearly is almost positive and hence S ∈ D(2)′(Rn) by Lemma 2.9.
Therefore

P := T − S

is also a distribution of order two and moreover for ϕ ∈ C∞
0 (Rn \ {0})

S(ϕ) =

∫

Rn\{0}

ϕ(x)µ(dx) = Tϕ,(2.15)

that is P (ϕ) = 0 and consequently suppP ⊂ {0}. But any distribution supported in the origin
is a linear combination of derivatives of the point mass in 0, hence

Pϕ =
n∑

i,j=1

aij∂xi
∂xj

ϕ(0) −
n∑

i=1

bi∂xi
ϕ(0) − c · ϕ(0)

with aij = aji. Thus T = P + S has the form as claimed in (2.11).
We check the properties (i) and (ii). Choose a sequence (ϕk) ⊂ C∞

0 (Rn) such that ϕk ≥ 0,
ϕk = 1 in a neighbourhood of 0 and ϕk ↑ 1 as k → ∞. Then

S(ϕk) =

∫

Rn\{0}

(ϕk(x) − 1)µ(dx) −→
k→∞

0,
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hence
Tϕk = Pϕk + Sϕk = −cϕk(0) + Sϕk −→

k→∞
−c.(2.16)

But Tϕk ≤ 0 by the positive maximum principle, which gives c ≥ 0.

Furthermore, choose a sequence (χk) ⊂ C∞
0 (Rn), 0 ≤ χk ≤ 1, χk = 1 in a neighbourhood of 0

such that suppχk ⊂ B 1
k
(0). Since T is almost positive, we have for all ξ = (ξ1, . . . ξn) ∈ R

n

T (χk ·
1

2
(ξ, ·)2) ≥ 0

and further

T (χk ·
1

2
(ξ, ·)2) = P (χk ·

1

2
(ξ, ·)2) + S(χk ·

1

2
(ξ, ·)2)(2.17)

=
n∑

i,j=1

aijξiξj +

∫

Rn\{0}

χk(x) ·
1

2
(ξ, x)2)µ(dx)

−→
k→∞

n∑

i,j=1

aijξiξj,(2.18)

that is
∑n

i,j=1 aijξiξj ≥ 0.

It remains to prove the uniqueness of the representation. But by (2.16) and (2.17) the constant
c and the symmetric matrix (aij) are uniquely determined. Moreover, for all ϕ ∈ C∞

0 (Rn \ {0})
by (2.15)

Tϕ =

∫

Rn\{0}

ϕ(x)µ(dx),

which determines the measure µ. Consequently we can calculate
∑n

i=1 bi∂xi
ϕ(0) for all ϕ ∈

C∞
0 (Rn), which also fixes bi. 2

Remark 2.11. Note that conversely every functional of type (2.11) obviously satisfies the
positive maximum principle. So (2.11) gives a complete and unique representation of linear
functionals that fulfill the positive maximum principle.

By the remark preceding Lemma 2.9, Proposition 2.10 immediately yields

Theorem 2.12. Let A : C∞
0 (Rn) →M(Rn) be a linear operator. Then A satisfies the positive

maximum principle if and only if there exist, uniquely determined by A for every x ∈ R
n,

- a nonnegative definite, real, symmetric matrix (aij(x))i,j=1,...,n,

- a vector b(x) = (b1(x), . . . , bn(x)) ∈ R
n,

- a constant c(x) ≥ 0 and

- a Borel measure µ(x, dy) on R
n \ {0} satisfying

∫
Rn\{0}

|y|2

1+|y|2
µ(x, dy) <∞
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such that

Aϕ(x) =
n∑

i,j=1

aij(x)∂xi
∂xj

ϕ(x) −
n∑

i=1

bi(x)∂xi
ϕ(x) − c · ϕ(x)(2.19)

+

∫

Rn\{0}

(ϕ(x+ y) − ϕ(x) −
(y,∇ϕ(x))

1 + |y|2
)µ(x, dy).

Operators of type (2.19) are called Lévy-type operators, the family of measures µ(x, dy) the
corresponding Lévy-kernel.

Proposition 2.10 also admits an easy proof of the Lévy-Khinchin formula:

Theorem 2.13. Let ψ : R
n → C be a continuous negative definite function. Then there are a

real, nonnegative definite, symmetric matrix a = (ajk)j,k=1,...,n, a vector b = (bj)j=1,...,n ∈ R
n,

a constant c ≥ 0 and a Borel measure µ on R
n \ {0}, the so-called Lévy-measure, satisfying∫

Rn\{0}
|x|2

1+|x|2
µ(dx) <∞ such that

ψ(ξ) =
n∑

j,k=1

ajkξjξk + i
n∑

j=1

bjξj + c+

∫

Rn\{0}

(1 − ei(x,ξ) +
i(x, ξ)

1 + |x|2
)µ(dx).(2.20)

Here a, b, c and µ are uniquely determined. Conversely, each such choice of a, b, c and µ
defines by (2.20) a continuous negative definite function.

Proof: First note that for given a, b, c and µ as above (2.20) defines a continuous negative
definite function as a superposition of continuous negative definite functions. Therefore let
conversely ψ : R

n → C be a continuous negative definite function and let (µt)t≥0 be the con-
volution semigroup of sub-probability measures associated to the continuous negative definite
function ψ by Theorem 2.4, i.e. µt is defined by its Fourier transform

µ̂t(ξ) = e−tψ(ξ).

Let T : C∞
0 (Rn) → R be the linear functional defined by

Tϕ = −

∫

Rn

ψ(ξ) · ϕ̂(ξ)d̄ξ.(2.21)

By Theorem 2.7 ψ(ξ) · ϕ̂(ξ) is integrable for all ϕ ∈ C∞
0 (Rn) and T is well-defined (Recall that

d̄ξ = (2π)−n dξ). By Fubini’s theorem we have for any ϕ ∈ C∞
0 (Rn)

∫

Rn

(ϕ(0) − ϕ(x))µt(dx) =

∫

Rn

∫

Rn

(1 − ei(x,ξ))ϕ̂(ξ) d̄ξµt(dx)

=

∫

Rn

(µ̂t(0) − µ̂t(−ξ))ϕ̂(ξ) d̄ξ =

∫

Rn

(e−tψ(0) − e−tψ(−ξ))ϕ̂(ξ) d̄ξ

= e−tψ(0) ·

∫

Rn

(1 − e−t(ψ(ξ)−ψ(0)))ϕ̂(ξ) d̄ξ,
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where we have used ψ(−ξ) = ψ(ξ). Recall also that Re (ψ(ξ) − ψ(0)) ≥ 0. Because for all
z ∈ C, Re z ≥ 0,

lim
t↓0

1 − e−tz

t
= z

and ∣∣∣∣
1 − e−tz

t

∣∣∣∣ ≤ |z| for all t > 0,

we obtain by dominated convergence

lim
t↓0

1

t

∫

Rn

(ϕ(0) − ϕ(x))µt(dx) =

∫

Rn

(ψ(ξ) − ψ(0))ϕ̂(ξ) d̄ξ =

∫

Rn

ψ(ξ)ϕ̂(ξ) d̄ξ = −Tϕ.

Moreover, if ϕ attains its nonnegative maximum in 0, we have
∫

Rn(ϕ(0) − ϕ(x))µt(dx) ≥ 0,
hence Tϕ ≤ 0, i.e. T satisfies the positive maximum principle and by Proposition 2.10 has the
representation

Tϕ =
n∑

j,k=1

ajk∂xj
∂xk

ϕ(0) −
n∑

j=1

bj∂xj
ϕ(0) − c · ϕ(0)(2.22)

+

∫

Rn\{0}

(ϕ(x) − ϕ(0) −
(x,∇ϕ(0))

1 + |x|2
)µ(dx)

with coefficients as claimed in the theorem. Using ϕ(x) =
∫

Rn e
i(x,ξ)ϕ̂(ξ) d̄ξ we see that

Tϕ =

∫

Rn

(
−

n∑

j,k=1

ajkξjξk − i
n∑

j=1

bjξj − c

)
ϕ̂(ξ)d̄ξ

−

∫

Rn\{0}

∫

Rn

(1 − ei(x,ξ) +
i(x, ξ)

1 + |x|2
)ϕ̂(ξ) d̄ξµ(dx).

By Lemma 2.8 we may change the order of integration in the second term and obtain

Tϕ = −

∫

Rn

[
n∑

j,k=1

ajkξjξk + i
n∑

j=1

bjξj + c+

∫

Rn\{0}

(1 − ei(x,ξ) +
i(x, ξ)

1 + |x|2
)µ(dx)

]
ϕ̂(ξ) d̄ξ.

Since this holds for all ϕ ∈ C∞
0 (Rn) a comparision with (2.21) yields the representation (2.20).

Finally, because for all ϕ ∈ C∞
0 (Rn) with suppϕ ⊂ R

n \ {0} by (2.22)

Tϕ =

∫

Rn\{0}

ϕ(x)µ(dx),

the measure µ is uniquely determined by ψ. In turn also the coefficients ajk, bj and c of the
polynomial part of (2.20) are unique. 2

Remark: Later on we shall be interested mainly in the case of continuous negative definite
function which are real-valued. Replacing in (2.20) all terms by their complex conjugates we
see by the uniqueness of the representation that for real-valued ψ the linear term i

∑n
j=1 bjξj

vanishes and the Lévy-measure is symmetric. Therefore
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Corollary 2.14. Let ψ : R
n → R be a real-valued continuous negative definite function. Then

ψ(ξ) =
n∑

j,k=1

ajkξjξk + c+

∫

Rn\{0}

(1 − cos(x, ξ))µ(dx),(2.23)

where (ajk) is a real-valued, nonnegative definite, symmetric matrix, c ≥ 0 and µ is a symmetric

Borel measure on R
n \ {0} such that

∫
Rn\{0}

|x|2

1+|x|2
µ(dx) <∞.

Moreover, (ajk), c and µ are uniquely determined by ψ.

A particular case of Corollary 2.14 will turn out to be useful to estimate the Lévy-measure

of a continuous negative definite function. Note that the function y 7→ |y|2

1+|y|2
is a bounded

continuous negative definite function on R
n. It has a bounded Lévy-measure. More precisely:

Lemma 2.15. There is a bounded measure ν on R
n such that

∫
Rn(1 + |ξ|2) ν(dξ) <∞ and

∫

Rn

(1 − cos(y, ξ)) ν(dξ) =
|y|2

1 + |y|2
, y ∈ R

n.(2.24)

Proof: Define

ν(dξ) =

(∫ ∞

0

e−t(4πt)−n/2 exp(−
|ξ|2

4t
) dt

)
· dξ.

Then ∫

Rn

ν(dξ) =

∫ ∞

0

e−t
∫

Rn

(4πt)−n/2 exp(−
|ξ|2

4t
) dξdt =

∫ ∞

0

e−t dt = 1

and
∫

Rn

|ξ|2 ν(dξ) =

∫ ∞

0

e−t
∫

Rn

|ξ|2 (4πt)−n/2 exp(−
|ξ|2

4t
) dξdt =

∫ ∞

0

2nt · e−t dt = 2n

and finally

∫

Rn

(1 − cos(y, ξ)) ν(dξ) = 1 −

∫ ∞

0

e−t
∫

Rn

cos(y, ξ)(4πt)−n/2 exp(−
|ξ|2

4t
) dξdt

= 1 −

∫ ∞

0

e−t e−t|y|
2

dt = 1 −
1

1 + |y|2
=

|y|2

1 + |y|2
.

2

We now combine the Lévy-type representation and the Lévy–Khinchin formula. The result
is essential for the following and provides another equivalent representation of an operator
satisfying the positive maximum principle as a pseudo differential operator. This representation
was first observed by Ph. Courrège [13].
Recall that by a pseudo differential operator we understand an operator p(x,D) of the type

p(x,D)ϕ(x) =

∫

Rn

ei(x,ξ)p(x, ξ)ϕ̂(ξ) d̄ξ, ϕ ∈ C∞
0 (Rn).(2.25)
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The function p : R
n×R

n → C which defines the operator is called the symbol of the operator.
If not stated otherwise we will always assume that the pseudo differential operator p(x,D) is
defined on C∞

0 (Rn). For symbols p(ξ) which do not depend on x we simply write p(D). Note
that unlike the situation of usual symbol classes we do not a priori assume strong smoothness
assumption for the symbol.

Theorem 2.16. Let A : C∞
0 (Rn) →M(Rn) be a linear operator. Then A satisfies the positive

maximum principle if and only if A is a pseudo differential operator

A = −p(x,D),

where the symbol p : R
n × R

n → C has the property that

ξ 7→ p(x, ξ)

is a continuous negative definite function for all x ∈ R
n.

The symbol p : R
n × R

n → C is uniquely determined by p(x,D).

Thus there is a one-to-one correspondence between this type of operators and Lévy-type operators
(2.19) in Theorem 2.12, which is given in the following way: For each x ∈ R

n the coefficients
and the Lévy-measure of the continuous negative definite function p(x, ·) in the Lévy–Khinchin
representation (2.20) coincide with the corresponding terms of the Lévy-type operator in (2.19).

Proof: By (2.25) it is clear that the operator determines the symbol p in a unique way. As
the same holds true for the coefficients of the Lévy-type operator (2.19) it remains to prove the
equivalence of both representations. Replacing ϕ by

∫
Rn e

i(x,ξ)ϕ̂(ξ) d̄ξ in (2.19) we obtain

Aϕ(x) =

= −

∫

Rn

[ n∑

j,k=1

ajk(x)ξjξk + i
n∑

j=1

bj(x)ξj + c(x)

+

∫

Rn\{0}

(1 − ei(y,ξ) +
i(y, ξ)

1 + |y|2
)µ(x, dy)

]
ei(x,ξ)ϕ̂(ξ) d̄ξ

= −

∫

Rn

ei(x,ξ)p(x, ξ)ϕ̂(ξ) d̄ξ,

where we have used again Lemma 2.8 to interchange the order of integration. 2

We therefore introduce the following notion:

Definition 2.17. A symbol p : R
n × R

n → C such that ξ 7→ p(x, ξ) is a continuous negative
definite function for all x ∈ R

n is called a negative definite symbol.

We remark that a negative definite symbol satisfies p(x,−ξ) = p(x, ξ) by Proposition 2.2 (ii)
and therefore the corresponding pseudo differential operator maps real-valued functions into
real-valued functions. This of course can also be seen from the Lévy-type representation of the
operator.
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If we assume additional smoothness for the symbol with respect to x it is easy to see that p(x,D)
then maps testfunctions into classes of smooth functions. Our minimal standard assumption
will be that the symbol p : R

n × R
n → C is a continuous function of both variables. In this

case for x in some open, relatively compact subset U of R
n we know by Theorem 2.7

|p(x, ξ)| ≤ cp,U(1 + |ξ|2),

where cp,U = 2 sup
|ξ|≤1
x∈U

|p(x, ξ)| <∞. Therefore by dominated convergence

x 7→

∫

Rn

ei(x,ξ)p(x, ξ)ϕ̂(ξ) d̄ξ

depends continuously on x for all ϕ ∈ C∞
0 (Rn) and we have shown

Theorem 2.18. Let p : R
n × R

n → C be a continuous negative definite symbol. Then

−p(x,D) : C∞
0 (Rn) → C(Rn)

is a linear operator that satisfies the positive maximum principle.

Note that the converse is not true, i.e. for a negative definite symbol p the property that
−p(x,D) maps C∞

0 (Rn) into C(Rn) does not imply that p(x, ξ) is a continuous function, see
[13] for a counter example.

Let us also mention that for continuous negative definite symbols the Lévy-kernel in the Lévy–
Khinchin representation (2.19) actually is a kernel in the sense of measure theory, that is
µ(x, dy) depends on x in measurable way. This follows from the following lemma.

Lemma 2.19. Let p : R
n × R

n → C be a continuous negative definite symbol with Lévy–
Khinchin representation (2.19) and Lévy-kernel µ(x, dy). Then for all ϕ ∈ C∞

0 (Rn \ {0}) the
map

x 7→

∫

Rn\{0}

ϕ(y)
|y|2

1 + |y|2
µ(x, dy)

is continuous on R
n. In particular the map x 7→ µ(x,A) is measurable for all Borel sets

A ⊂ R
n \ {0}.

Proof: Let ϕ ∈ C∞
0 (Rn \ {0}) and define ϕ̃ ∈ C∞

0 (Rn) by ϕ̃(y) = |y|2

1+|y|2
ϕ(y) for y 6= 0 and

ϕ̃(0) = 0. Then ∂xj
ϕ̃(0) = ∂2

xjxk
ϕ̃(0) = 0 and therefore by Theorem 2.16

∫

Rn\{0}

ϕ(y)
|y|2

1 + |y|2
µ(x, dy) =

∫

Rn\{0}

ϕ̃(y)µ(x, dy)

=
n∑

j,k=1

ajk(x)∂
2
xjxk

ϕ̃(0) −
n∑

i=j

bj(x)∂xj
ϕ̃(0) − c(x) · ϕ̃(0)

+

∫

Rn\{0}

(ϕ̃(x) − ϕ̃(0) −
(y,∇ϕ̃(0))

1 + |y|2
)µ(x, dy)

= −

∫

Rn

ei(0,ξ)p(x, ξ)ˆ̃ϕ(ξ) d̄ξ = −

∫

Rn

p(x, ξ)ˆ̃ϕ(ξ) d̄ξ,
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which depends continuously on x. The measurability statement now follows from a standard
approximation argument. 2

Often we will consider some extension of the operator −p(x,D) and we need the positive
maximum principle also on the larger domain of definition. For that purpose the following
proposition is useful, it is based on the proof of Theorem 9.3 in [42]. We recall that C∞(Rn)
denotes the space of all continuous functions on R

n that vanish at infinity.

Proposition 2.20. Let (A,D(A)) be a linear operator in C∞(Rn). If C∞
0 (Rn) ⊂ D(A) is

a core of A and A satisfies the positive maximum principle on C∞
0 (Rn), then A satisfies the

positive maximum principle also on D(A).

Proof: Let u ∈ D(A) such that supx∈Rn u(x) = u(x0) ≥ 0 for some x0 ∈ R
n. Choose a

function χ ∈ C∞
0 (Rn) such that χ(x0) = 1, but χ(x) < 1 for all x 6= x0. Then for all η > 0

sup
x∈ Rn

(u+ ηχ)(x) = u(x0) + η > 0.

Since C∞
0 (Rn) is a core of A we find a sequence (ϕηk)k∈N of testfunctions such that

ϕηk → u+ ηχ, Aϕηk → A(u+ ηχ) uniformly as k → ∞.(2.26)

For each k ∈ N choose a point xk ∈ R
n, where the testfunction ϕηk attains its maximum. By

the uniform convergence of ϕηk to u+ ηχ we have

ϕηk(xk) → u(x0) + η(2.27)

as k → ∞. Suppose that there is a neighbourhood U(x0) of x0 such that xk 6∈ U(x0) for all k.
Then by the properties of χ there is an ε > 0 such that

(u+ ηχ)(x) < u(x0) + η − ε for all x ∈ R
n \ U(x0).

But this contradicts (2.27). Thus there is a subsequence of (xk)k∈N that converges to x0.
Without loss of generality we may assume that xk → x0 and that ϕηk(xk) ≥ 0 by (2.27). But A
satisfies the positive maximum principle on C∞

0 (Rn), hence by (2.26)

Au(x0) = A(u+ ηχ)(x0) − ηAχ(x0) = lim
k→∞

Aϕηk(xk) − ηAχ(x0) ≤ −ηAχ(x0).

Since η > 0 was arbitray, we have Au(x0) ≤ 0. 2
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Chapter 3

The martingale problem: Existence of
solutions

3.1 The martingale problem for jump processes

The martingale problem presents a possibility to describe the relation between a stochastic
process and an associated generator in a purely probabilistic way. Introduced by Stroock and
Varadhan [82] in order to characterize diffusion processes corresponding to diffusion operators
with merely continuous coefficients, the martingale problem was also extended to jump pro-
cesses, see the monograph [83] as a standard reference. A good introduction to the topic is also
contained in [17].

Let (E, d) be a separable metric space. By DE we denote the space of all càdlàg–paths with
values in E, i.e.

DE = {ω : [0,∞) → E : ω is right continuous, lim
s↑t

ω(s) exists for all t > 0}.

Clearly, ω ∈ DE has at most countably many points of discontinuity and all discontinuities are
of first kind. Moreover the oscillation of ω is bounded in the following way, see [5], p.110:

Lemma 3.1. Let ω ∈ DE and T > 0. Then for all ε > 0 there is an m ∈ N and 0 = t0 < t1 <
. . . < tm−1 ≤ T < tm such that

sup
s,t∈[ti−1,ti)

d(ω(s), ω(t)) < ε (i = 1, . . . ,m).

In particular ω ∈ DE has at most finitely many jumps of size greater than any given ε > 0 in
any compact interval of time.

DE is equipped with the Skorohod topology. This topology generalizes the topology of locally
uniform convergence for continuous paths to the càdlàg–case. It is defined in the following way:
Let Λ be the set of all bijective, monotonously increasing Lipschitz functions λ : [0,∞) → [0,∞)
such that

‖λ‖Λ := sup
s>t≥0

∣∣∣∣log
λ(s) − λ(t)

s− t

∣∣∣∣ <∞.
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For any ω1, ω2 ∈ DE, λ ∈ Λ and u ≥ 0 we define

D̃(ω1, ω2, λ, u) = sup
t≥0

d(ω1(t ∧ u), ω2(λ(t) ∧ u)) ∧ 1

and

D(ω1, ω2) = inf
λ∈Λ

[
‖λ‖Λ ∨

∫ ∞

0

e−uD̃(ω1, ω2, λ, u) du

]
.

Then D is a metric on DE which turns DE into a complete separable metric space and induces
the Skorohod topology, see [17], 3.5. Note that convergence in the Skorohod topology does not
imply pointwise convergence everywhere in the usual sense, but locally uniform convergence if
we allow an arbitrary small distortion of the time scale, i.e. ωk → ω in DE if and only if there
are functions λk ∈ Λ such that ‖λk‖Λ −→

k→∞
0 and

lim
k→0

sup
0≤t≤T

|d(ωk(t), ω(λk(t)))| = 0 for all T > 0,

see [17], 3.5.3. In particular, ωk(t) → ω(t) at all points t of continuity of ω, whereas at points
t > 0 of discontinuity of ω there is always a sequence (ωk) which converges in the Skorohod
topology to ω, but not pointwise at t. In other words the map ω 7→ ω(t) is discontinuous unless
t = 0 and its points of continuity are given by those ω ∈ DE which are continuous at t.

We will consider the canonical DE-process in the following sense: let

Xt : DE → E, t ∈ [0,∞),

be the position map
Xt(ω) = ω(t).

We define the σ-algebras of the corresponding canonical filtration

Ft = σ(Xs : s ≤ t), t ∈ [0,∞),

and the σ-algebra
F = σ(Xt : t ∈ [0,∞))

on DE. Moreover let as usually

Xt− = lim
s↑t

Xs for t > 0,

and
Ft+ =

⋂

s>t

Fs.

Note that the σ-algebra F coincides with the Borel σ-algebra generated by the Skorohod topol-
ogy.

By M1(DE) we denote the set of probability measures on (DE,F). Then M1(DE) equipped
with the weak topology is a separable and completely metrizable space (see [17], 3.5.6). Hence
by the Prohorov theorem, see [17], 3.2.2, relative compactness and tightness of subsets of
M1(DE) are the same.
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For every probability measure P ∈ M1(DE) the family (Xt)t≥0 defines a càdlàg–process which
is obviously adapted and by right-continuity even progressively measurable with respect to the
filtration (Ft). Conversely, for every process with paths in DE there is a unique probability
measure P ∈ M1(DE) such (Xt)t≥0 has the same finite–dimensional distributions under P .

We already have mentioned that the set of paths ω where Xt is continuous is given by the
set of all paths which do not jump at time t. Therefore the weak convergence of a sequence
of probability measures Pk to P in M1(DE) in general does not imply the weak convergence
of the corresponding finite-dimensional distributions. Nevertheless, such a result is true, if we
take a small exceptional set into account (see [17], chap.3.7):

Proposition 3.2. Let (Pk)k∈N be a sequence of probability measures in M1(DE) which con-
verges weakly to a probability measure P . Then the set

TP = {t ≥ 0 : P (Xt− = Xt) = 1}

has an at most countable complement in [0,∞) and for all t1, . . . , tm ∈ TP the finite-dimensional
distributions (Xt1 , . . . , Xtm)(Pk) converge weakly to (Xt1 , . . . , Xtm)(P ).

Definition 3.3. Let A : D(A) → B(E) be a linear operator with domain D(A) ⊂ B(E). A
probability measure P ∈ M1(DE) is called a solution of the (DE –) martingale problem for
the operator A if for every ϕ ∈ D(A)

ϕ(Xt) −

∫ t

0

Aϕ(Xs) ds, t ≥ 0,(3.1)

is a martingale under P with respect to the filtration (Ft).

If for every probability measure µ ∈ M1(E) there is a unique solution Pµ of the martingale
problem for A with initial distribution

Pµ ◦X
−1
0 = µ,

then the martingale problem for A is called well-posed.

Remark 3.4.

(i) Recall that if A is the generator of a Feller semigroup then the fact that (3.1) is a
martingale is just a probabilistic reformulation of the semigroup property in terms of
the corresponding Feller process. Thus the martingale problem in general gives a weak
formulation of the correspondence of a Markov process and its generator. However, if the
martingale problem is well-posed then the process is even strong Markov and typically
defines a Feller semigroup.

(ii) Note that the fact that an E-valued process (Yt)t≥0, which is progressively measurable
with respect to the canonical filtration, turns

ϕ(Yt) −

∫ t

0

Aϕ(Ys) ds, t ≥ 0,(3.2)
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into a martingale only depends on the finite dimensional distributions of the process and
so any progessively measurable version of the process will do.

Therefore it is no serious restriction in Definition 3.3 to assume a priori that the solution
of the martingale problem has càdlàg paths, since typically a càdlàg version exists. This
result mainly relies on the result of Doob ([15], p.363) that there always is a càdlàg version
of the martingale in (3.2) and hence of (ϕ(Yt)). This property extends to (Yt) itself if the
domain of A satisfies a certain point seperation condition, which is fulfilled in all cases
we are interested in. See [17], 4.3 for details concerning this question.

In order to prove existence of solutions to the martingale problem it is a standard procedure to
first approximate the operator A by a sequence of operators, for which the martingale problem
is solvable in an elementary way. In a second step one proves tightness of the solutions for the
approximating operators and identifies an accumulation point as a solution of the martingale
problem for A.

The class of approximating operator we have in mind are operators K : B(E) → B(E) of the
type

Kf(x) = λ

∫

E

(f(y) − f(x))µ(x, dy),(3.3)

where λ > 0 and µ(x, dy) is a kernel of sub-probability measures on E. By replacing the kernel
µ(x, dy) by µ(x, dy)+(1−µ(x,E)) ·εx(dy) we may and do assume that µ(x, dy) is even a kernel
of probability measures.
Note that in the case E = R

n the operator K is a Lévy-type operator having no diffusion part
and a Lévy-kernel which consists of uniformly bounded measures. In particular K is a bounded
operator in B(E) and generates a strongly continuous (Markovian) semigroup

Tt = etK =
∞∑

k=0

e−λt
(λt)k

k!
Γk(3.4)

in B(E), where Γf(x) =
∫
E
f(y)µ(x, dy) is the operator in B(E) generated by the kernel

µ(x, dy), i.e. K = λ(Γ − Id), see [16], II 2.2.2, II 2.2.18. It is well-known that for any initial
distribution ν ∈ M1(E) there is a Markov process (Zt)t≥0 in E generated by the transition
semigroup (Tt)t≥0, which can be defined by

Zt = Y (Vt).(3.5)

Here (Vt)t≥0 is a standard Poisson process with parameter λ and (Y (l))l∈N0 is an E-valued
Markov process, independent of (Vt), with discrete parameter set N0, initial distribution ν and
transition function µ(x, dy) (see [17], 4.2 for a detailed derivation). We then have

E
[
f(Zt+s)|F

Z
t

]
= Tsf(Zt) a.s.(3.6)

for all f ∈ B(E), s, t ≥ 0, where (FZ
t ) is the canonical filtration of (Zt). It is now easy to show

Proposition 3.5. Let the operator K with domain B(E) be defined as above. Then for any
initial distribution ν ∈ M1(E) there is a solution of the martingale problem for K.
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Proof: The process (Zt) has paths in DE by construction and the distribution of Z0 =
Y (V0) = Y (0) equals the given measure ν. It remains to verify that

f(Zt) −

∫ t

0

Kf(Zs) ds, t ≥ 0,

is an (FZ
t )-martingale, then the distribution of (Zt) on the path space is a solution of the

martingale problem. To this end note that the semigroup (Tt) in B(E) is strongly continuous.
Hence by (3.6) for 0 ≤ t1 ≤ t2

E

[
f(Zt2) −

∫ t2

0

(Kf)(Zu) du|F
Z
t1

]

= Tt2−t1f(Zt1) −

∫ t2

t1

Tu−t1(Kf)(Zt1) du−

∫ t1

0

(Kf)(Zu) du

= Tt2−t1f(Zt1) −

∫ t2−t1

0

Tu(Kf)(Zt1) du−

∫ t1

0

(Kf)(Zu) du

= f(Zt1) −

∫ t1

0

(Kf)(Zu) du a.s.

2

Let us also mention that the solvability of the martingale problem is stable under perturbations
of type (3.3). For the proof of the following proposition we refer [17], Prop.4.10.2.

Proposition 3.6. Let A be a linear operator in B(E) such that the martingale problem for A is
solvable for all initial distributions and let K be given by (3.3). Then for all initial distributions
there is a solution of the martingale problem for A+K.

The idea of the proof is based on the fact that the process (Zt) as defined in (3.5) has only
finitely many jumps in finite intervals of time and remains constant in between. The solution
of the martingale problem for A+K then can be obtained by interlacing the solution of A with
jumps corresponding to K.

Once we have found solutions Pn ∈ M1(DE) of the martingale problem for a sequence of
operators of type (3.3) that approximates the general operator A, we have construct in the
second step a limit element of the sequence (Pn). For that purpose a tightness criterion for
subsets of M1(DE) is needed. Therefore we define the following expression, which generalizes
the modulus of continuity for a continuous path to the case of càdlàg paths: for ω ∈ DE, δ > 0
and T > 0 let

w′(ω, δ, T ) = inf
Z(δ,T )

sup
s,t∈[ti,ti+1)
i=0,...,m

(t0,...,tm+1)∈Z(δ,T )

d(ω(s), ω(t)),(3.7)

where Z(δ, T ) denotes all finite partitions 0 = t0 < t1 < . . . < tm ≤ T < tm+1 with m ∈ N and
inf

i=0,...,m
(ti+1 − ti) > δ. Note that the map ω 7→ w′(ω, δ, T ) is F -measurable for fixed δ and T

(cf. [17], 3.6.2). Moreover, we have obviously by the triangle inequality for ω, ω′ ∈ DE

w′(ω, δ, T ) ≤ w′(ω′, δ, T ) + 2 · sup
0≤t<T+δ

d(ω(t), ω′(t)).(3.8)
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Now analoguous to the theorem of Arzela–Ascoli the relatively compact subsets of DE are char-
acterized as sets of paths which are locally uniformly bounded and whose oscillation measured
by w′(·, δ, T ) tends uniformly to 0 as δ → 0.
By the Prohorov theorem this leads to the following standard characterization of tightness of
probability measures in M1(DE) (see [5], p.125 or [17], 3.7.2, 3.7.3).

Theorem 3.7. Let (Pα)α∈I be a family of probability measures in M1(DE) indexed by a set I.
Then the family (Pα)α∈I is tight if and only if

(i) the compact containment condition holds:
For all T > 0 and all ε > 0 there is a compact set KT,ε ⊂ E such that

sup
α∈I

Pα(ω ∈ DE : ω(t) 6∈ KT,ε for some 0 ≤ t ≤ T ) ≤ ε(3.9)

and

(ii) for all T > 0 and all ε > 0 there is a δ > 0 such that

sup
α∈I

Pα(ω ∈ DE : w′(ω, δ, T ) ≥ ε) ≤ ε.(3.10)

The condition (3.10) on the oscillation of the paths can be replaced by an upper bound for the
variation of the paths. The following condition is due to T.G. Kurtz [56], (4.20), see also [17],
Th. 3.8.6. We use the notation q = d ∧ 1, where d is the metric in E, the expectation with
respect to Pα is denoted by E

α.

Theorem 3.8. Let (Pα)α∈I be a family of probability measures in M1(DE). If the compact
containment condition (3.9) is satisfied and if

(i)
sup
α∈I

E
α
[
q(Xt, X0)

2
]
−→
t→0

0(3.11)

and

(ii) for all T > 0 there is a family of measurable functions

γδ : DE → [0,∞), 0 < δ ≤ 1,

such that
sup
α∈I

E
α [γδ]−→

δ→0
0(3.12)

and
E
α
[
q(Xt+u, Xt)

2 · q(Xt, Xt−v)
2|Ft

]
≤ E

α [γδ|Ft] (Pα-a.s.)(3.13)

for all 0 ≤ t ≤ T , 0 ≤ u ≤ δ ≤ 1 and 0 ≤ v ≤ δ ∧ t,

then (Pα)α∈I is tight.
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Provided we already know that the measures Pα are solutions of the martingale problem for
certain operators Aα the situation fortunately is more easy. If in this case we have a uniform
bound for the operators Aα, it is then enough to check the compact containment condition
(3.9), whereas the uniform control on the oscillation of the paths can be derived directly from
properties of martingales of type (3.1). To see this we first note

Lemma 3.9. Let (Pα)α∈I be a family of probability measures in M1(DE) that fulfills the com-
pact containment condition (3.9). Moreover let D be a subspace of Cb(E) which is dense
with respect to uniform convergence on compact sets. For every f ∈ Cb(E) and every Pα
let Pf,α ∈ M1(DR) be the distribution of the paths of the R-valued càdlàg process (f(Xt))t≥0

under Pα.
If for every f ∈ D the set (Pf,α)α∈I is tight in M1(DR) then (Pα)α∈I is tight in M1(DE).

Proof: (see [17], 3.9.1) We first prove that (Pf,a)α∈I is tight for all f ∈ Cb(E). Let f ∈ Cb(E)
and (fn)n∈N a sequence in D that converges uniformly to f on compact sets. Moreover fix T > 0
and ε > 0. Then by (3.9) there is compact set KT,ε ⊂ E such that

MT,ε := {ω ∈ DE : ω(t) ∈ KT,ε for all 0 ≤ t ≤ T + 1}

satisfies
Pα(MT,ε) ≥ 1 −

ε

2
for all α ∈ I.(3.14)

Since for n suffciently large we have sup
x∈KT,ε

|f(x) − fn(x)| ≤
ε

4
, (3.8) implies for such n and

0 < δ ≤ 1 sufficiently small

Pf,α(w
′(·, δ, T ) ≥ ε) = Pα(w

′(f(X·), δ, T ) ≥ ε)

≤ Pα((w
′(f(X·), δ, T ) ≥ ε) ∩MT,ε) + Pα(M

∁
T,ε)

≤ Pα((w
′(fn(X·), δ, T ) + 2 sup

0≤t≤T+1
|f(Xt) − fn(Xt)| ≥ ε) ∩MT,ε) +

ε

2

≤ Pα(w
′(fn(X·), δ, T ) ≥

ε

2
) +

ε

2

= Pfn,α(w
′(·, δ, T ) ≥

ε

2
) +

ε

2
≤ ε

by tightness of (Pfn,α)α∈I and Theorem 3.7, condition (ii). Thus (Pf,α)α∈ I also satisfies con-
dition (ii) of Theorem 3.7 and moreover clearly satisfies the compact containment condition
(3.9), since f is bounded. Consequently by the converse direction of Theorem 3.7 (Pf,α)α∈I is
tight for all f ∈ Cb(E).

In particular, this holds true for the bounded and continuous functions x 7→ q(x, z), z ∈ E,
where q = d ∧ 1 and d is the metric of E. We prove tightness of (Pα)α∈I using Theorem 3.8.
Let ε > 0, T > 0 and KT,ε, MT,ε as above. Then we find finitely many points z1, . . . , zNε ∈ KT,ε

such that the open balls Bε(zi) of radius ε cover the compact set KT,ε. Therefore, for y ∈ KT,ε

there is an i ∈ {1, . . . , Nε} such that

q(x, y) ≤ q(x, zi) + q(y, zi) ≤ |q(x, zi) − q(y, zi)| + 2ε for all x ∈ E.
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Consequently for 0 ≤ t ≤ T , 0 < δ ≤ 1 and 0 ≤ u < δ, 0 ≤ v ≤ δ ∧ t

q2(Xt+u, Xt) · q
2(Xt, Xt−v) ≤ q(Xt+u, Xt) · q(Xt, Xt−v)(3.15)

≤ max
i=1,...,Nε

{|q(Xt+u, zi) − q(Xt, zi)| · |q(Xt, zi) − q(Xt−v, zi)|} + 4(ε+ ε2) + 1
M∁

T,ε

≤ max
i=1,...,Nε

w′(q(X·, zi), 2δ, T + 1) ∧ 1 + 4(ε+ ε2) + 1
M∁

T,ε

=: γδ,

where the last inequality follows from the fact that w′(·, 2δ, T + 1) is calculated from the
oscillation of the path on intervals of length not smaller than 2δ. Thus at least one of the
intervals [t− v, t) or [t, t+ u) is completely contained in such intervals. In particular, (3.13) in
Theorem 3.8 holds with this choice of γδ.

For η > 0 we fix ε and hence Nε such that

4(ε+ ε2) +
ε

2
≤
η

2
.

By Theorem 3.7

sup
α∈I

E
α [w′(q(X·, zi), 2δ, T + 1) ∧ 1] ≤

η

2Nε

for all i ∈ {1, . . . , Nε}

if δ is sufficiently small. Thus by (3.14) and (3.15)

sup
α∈I

E
α [γδ] ≤ η,

i.e. (3.12) holds, since η > 0 was arbitrary.

Finally we have by definition of w′ for 0 ≤ t ≤ T and ε > 0 with the notation as above

q2(Xt, X0) ≤ q(Xt, X0) ≤ max
i=1,...,Nε

|q(Xt, zi) − q(X0, zi)| + 2ε+ 1
M∁

T,ε

≤ max
i=1,...,Nε

w′(q(X·, zi), t, T ) + 2ε+ 1
M∁

T,ε

and thus again with the argument as above by Theorem 3.7 and (3.14)

sup
α∈I

E
α
[
q2(Xt, X0)

]
−→
t→0

0,

i.e. (3.11) is satisfied and (Pα)α∈I is tight. 2

The tightness criterion for solutions of the martingale problem now reads as follows (cf. [17],
3.9.4).

Theorem 3.10. Let D be a subalgebra of Cb(E) which is dense with respect to uniform con-
vergence on compact sets and let ((Aα, D))α∈I be a family of linear operators in Cb(E) with
common domain D. Assume

sup
α∈I

‖Aαf‖∞ <∞ for all f ∈ D.(3.16)

If for each α ∈ I the measure Pα ∈ M1(DE) is a solution of the martingale problem for Aα
and (Pα)α∈I satisfies the compact containment condition (3.9), then (Pα)α∈I is tight.

35



Proof: By Lemma 3.9 it is enough to check that for all f ∈ D the process (f(Xt))t≥0 defines
a tight family of distributions (Pf,α)α∈I in M1(DR). Let XR

t : DR → R, t ≥ 0, the canonical
position map on DR and FR = σ(XR

t : t ≥ 0), FR

t = σ(XR

s : s ≤ t) the corresponding σ-algebra
and filtration. A function f ∈ Cb(E) induces a map

f̃ : DE → DR

ω 7→ f ◦ ω.

f̃ is F – FR - and Ft – FR

t -measurable and Pf,α is the image of Pα under f̃ . We use Theorem 3.8
to prove tightness of (Pf,α)α∈I . Clearly, (Pf,α)α∈I satisfies the compact containment condition
(3.9), since f is bounded.
Let T > 0 and 0 < δ ≤ 1. For every set A ∈ FR

t , 0 ≤ t ≤ T and 0 ≤ u ≤ δ we have
∫

A

(XR

t+u −XR

t )2 dPf,α =

∫

f̃−1(A)

(XR

t+u ◦ f̃ −XR

t ◦ f̃)2 dPα

=

∫

f̃−1(A)

(f(Xt+u) − f(Xt))
2 dPα

=

∫

f̃−1(A)

E
Pα
[
(f(Xt+u) − f(Xt))

2|Ft

]
dPα.(3.17)

But Pα is a solution for the martingale problem for Aα and f, f2 ∈ D. Therefore

E
Pα
[
(f(Xt+u) − f(Xt))

2|Ft

]

= E
Pα
[
f 2(Xt+u) − f 2(Xt)|Ft

]
− 2f(Xt) E

Pα [f(Xt+u) − f(Xt)|Ft]

= E
Pα

[∫ t+u

t

Aα(f
2)(Xs) ds|Ft

]
− 2f(Xt) E

Pα

[∫ t+u

t

Aαf(Xs) ds|Ft

]

≤ δ
∥∥Aα(f 2)

∥∥
∞

+ 2 ‖f‖∞ · δ · ‖Aαf‖∞ = cf · δ Pα-a.s.

with a constant cf independent of α. Thus by (3.17)

E
Pf,α

[
(XR

t+u −XR

t )2|FR

t

]
≤ cf · δ.

In particular, conditions (3.11) and (3.13) of Theorem 3.8 hold true for (XR

t )t≥0 and γδ = cf · δ
and we conclude that (Pf,α)α∈I is tight for all f ∈ D. 2

3.2 The solution of the martingale problem for pseudo

differential operators

We now turn to the concrete situation that the operator A is a pseudo differential operator.
For that purpose let

p : R
n × R

n → C

be a continuous negative definite symbol. Then by Theorem 2.18

−p(x,D) : C∞
0 (Rn) → C(Rn)
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is a linear operator that satisfies the positive maximum principle. To prove existence of solution
for the corresponding martingale problem, we want to solve the martingale problem for an ap-
proximating sequence of operators and then apply Theorem 3.10 to the so obtained sequence of
probability measures. In order to do so, in principle we have to check the compact containment
condition, but our strategy will be a little bit different. We first extend the operator −p(x,D)
to an operator defined on functions on the one-point compactification of R

n. Then we get the
compact containment condition for free. The difficulty of course is only postponed to a later
stage and we will have to check in the end that the solution of the martingale problem does
not approach the point at infinity in finite time.

Therefore denote by Rn = R
n ∪ {∆} the one-point compactification of R

n, ∆ is the point at
infinity. We equip Rn with a metric d that induces the topology of Rn such that (Rn, d) is a
separable and complete metric space.

Unfortunately, for a function ϕ ∈ C∞
0 (Rn) it is in general not possible to extend p(x,D)ϕ to Rn

in a continuous way, since the limit of p(x,D)ϕ at infinity may not exist, even under bounded-
ness condition on the symbol which are uniform with respect to x. The problem is due to the
nonlocality of the pseudo differential operator p(x,D). Unlike in the situation of a differential
operator, which maps functions with compact support to functions with compact support, this
is not the case for −p(x,D). Looking to the Lévy-type representation (2.19) of −p(x,D) we
see that the nonlocality is governed by the Lévy-kernel µ(x, dy) . Thus, in order to control the
nonlocal behaviour we will cut off the Lévy-kernel by multiplication with a density θ which
vanishes at infinity. On the level of the symbol this corresponds to a convolution-like opera-
tion. The remainder part of the symbol then corresponds to the Lévy-kernel (1−θ(y))µ(x, dy),
which consists of finite measures and thus can be handled as a bounded perturbation. The
next proposition clarifies the situation.

Proposition 3.11. Let θ ∈ S(Rn), 0 ≤ θ ≤ 1, θ(0) = 1 and let p : R
n × R

n → C be a
continuous negative definite symbol with Lévy–Khinchin representation

p(x, ξ) = q(x, ξ) + i(b(x), ξ) +

∫

Rn\{0}

(1 − ei(y,ξ) +
i(y, ξ)

1 + |y|2
)µ(x, dy),(3.18)

where q(x, ξ) for fixed x denotes the quadradic form. Define

pθ1(x, ξ) =

∫

Rn

(p(x, ξ + η) − p(x, η)) θ̂(η) d̄η

and

pθ2(x, ξ) =

∫

Rn

(p(x, ξ) − p(x, ξ + η) + p(x, η)) θ̂(η) d̄η.

Then pθ1, p
θ
2 : R

n × R
n → C are continuous negative definite symbols such that

p(x, ξ) = pθ1(x, ξ) + pθ2(x, ξ)(3.19)

and the Lévy–Khinchin representations

pθ1(x, ξ) = q(x, ξ) + i(b(x) + b̃(x), ξ) +

∫

Rn\{0}

(1 − ei(y,ξ) +
i(y, ξ)

1 + |y|2
) θ(y)µ(x, dy),(3.20)
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and

pθ2(x, ξ) =

∫

Rn\{0}

(1 − ei(y,ξ)) (1 − θ(y))µ(x, dy),(3.21)

hold, where b̃(x) = (b̃1(x), . . . , b̃n(x)) ∈ R
n is given by b̃j(x) =

∫
Rn\{0}

(1 − θ(y))
yj

1+|y|2
µ(x, dy).

Proof: By Theorem 2.7 we know that

p(x, ξ) ≤ c(1 + |ξ|2),

where the constant c can be chosen locally uniform with respect to x. Thus clearly pθ1 and pθ2 are
continuous functions, which satisfy (3.19). Moreover, once (3.20) and (3.21) are established, we
see immediately from the Lévy–Khinchin formula that pθ1 and pθ2 are negative definite symbols.

Note that for ξ = (ξ1, . . . , ξn), η = (η1, . . . , ηn) ∈ R
n

∫

Rn

((ξj + ηj)(ξk + ηk) − ηjηk) θ̂(η) d̄η

= ξjξk θ(0) − iξj (∂xk
θ)(0) − iξk (∂xj

θ)(0) = ξjξk,

since ∇θ(0) = 0, and ∫

Rn

((ξj + ηj) − ηj) θ̂(η) d̄η = ξj θ(0) = ξj,

thus also
∫

Rn

{q(x, ξ + η) + i(b(x), ξ + η) − q(x, η) − i(b(x), η)} θ̂(η) d̄η = q(x, ξ) + i(b(x), ξ).(3.22)

On the other hand by Lemma 2.8

∣∣∣∣(1 − ei(y,ξ+η) +
i(y, ξ + η)

1 + |y|2
) − (1 − ei(y,η) +

i(y, η)

1 + |y|2
)

∣∣∣∣

≤ c
|y|2

1 + |y|2
(1 + |ξ + η|2 + |η|2) ≤ cξ

|y|2

1 + |y|2
(1 + |η|2).

Therefore Fubini’s theorem yields

∫

Rn

∫

Rn\{0}

(
(1 − ei(y,ξ+η) +

i(y, ξ + η)

1 + |y|2
) − (1 − ei(y,η) +

i(y, η)

1 + |y|2
)

)
µ(x, dy) θ̂(η)d̄η

=

∫

Rn\{0}

∫

Rn

(
ei(y,η) − ei(y,ξ)ei(y,η) +

i(y, ξ)

1 + |y|2

)
θ̂(η)d̄η µ(x, dy)

=

∫

Rn\{0}

(
θ(y) − ei(y,ξ)θ(y) +

i(y, ξ)

1 + |y|2

)
µ(x, dy)

=

∫

Rn\{0}

(
1 − ei(y,ξ) +

i(y, ξ)

1 + |y|2

)
θ(y)µ(x, dy) +

∫

Rn\{0}

(1 − θ(y))
i(y, ξ)

1 + |y|2
µ(x, dy).
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Note that the last integral exists, since 1 − θ(y) vanishes of order 2 in the origin, and this
integral equals i(b̃(x), ξ). Together with (3.22) this implies (3.20).
Finally by (3.19)

pθ2(x, ξ) = p(x, ξ) − pθ1(x, ξ)

=

∫

Rn\{0}

(
1 − ei(y,ξ) +

i(y, ξ)

1 + |y|2

)
(1 − θ(y))µ(x, dy) − i(b̃(x), ξ)

=

∫

Rn\{0}

(
1 − ei(y,ξ)

)
(1 − θ(y))µ(x, dy).

that is (3.21). 2

Our aim is to decompose the operator p(x,D) by Proposition 3.11 into an operator pθ1(x,D),
which extends to functions on Rn, and an operator pθ2(x,D), which has a uniformly bounded
Lévy-kernel and which in the end will be handled as a perturbation as in Proposition 3.6. To
do so, we choose θ in Proposition 3.11 to have compact support.

Theorem 3.12. Let p : R
n × R

n → C be a continuous negative definite symbol such that
p(x, 0) = 0 and let θ ∈ C∞

0 (Rn) be a cut-off function such that 0 ≤ θ ≤ 1 and θ(0) = 1. Let

p(x, ξ) = pθ1(x, ξ) + pθ2(x, ξ)

be the decomposition as in Proposition 3.11. Then −pθ1(x,D) maps C∞
0 (Rn) into C0(R

n) and
−pθ2(x,D) is a Lévy-type operator of pure jump type

−pθ2(x,D)u(x) =

∫

Rn\{0}

(u(x+ y) − u(x)) µ̃(x, dy), u ∈ C∞
0 (Rn),(3.23)

where the Lévy-kernel µ̃(x, dy) consists of finite measures, which satisfy

µ̃(x,Rn \ {0}) ≤ cθ

∫

Rn

Re p(x, ξ) ν(dξ) <∞.

Here ν is the finite measure defined in Lemma 2.15.

Proof: We know that pθ1(x, ξ) is continuous negative definite symbol und thus pθ1(x,D)ϕ is
continuous for all ϕ ∈ C∞

0 (Rn) by Theorem 2.18. To prove the first statement it remains to show
that pθ1(x,D)ϕ has compact support. The Lévy-type representation of −pθ1(x,D) is given by a
diffusion operator, which is local and preserves the compact support, plus an integro-differential
part. Thus for x 6∈ suppϕ by Proposition 3.11

−pθ1(x,D)ϕ(x) =

∫

Rn\{0}

(
ϕ(x+ y) − ϕ(x) −

(y,∇ϕ(x))

1 + |y|2

)
θ(y)µ(x, dy)

=

∫

Rn\{0}

ϕ(x+ y) θ(y)µ(x, dy),

where µ(x, dy) is the Lévy-kernel of p(x, ξ). But this expression vanishes for |x| sufficiently
large, since then suppϕ(x+ ·) ∩ supp θ = ∅.
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By (3.21) pθ2 is given by

pθ2(x, ξ) =

∫

Rn\{0}

(1 − ei(y,ξ))(1 − θ(y))µ(x, dy)

and thus as in the proof of Theorem 2.16 we find (3.23) with a Lévy-kernel µ̃(x, dy) =
= (1 − θ(y))µ(x, dy). Because 1 − θ vanishes of order 2 in the origin and is bounded, we have
with a suitable constant cθ ≥ 0

1 − θ(y) ≤ cθ
|y|2

1 + |y|2

and therefore by Lemma 2.15

µ̃(x,Rn \ {0}) ≤ cθ

∫

Rn\{0}

|y|2

1 + |y|2
µ(x, dy) =

∫

Rn\{0}

∫

Rn

(1 − cos(y, ξ)) ν(dξ)µ(x, dy)

≤ cθ

∫

Rn

Re p(x, ξ) ν(dξ).

2

Let p : R
n × R

n → C be a continuous negative definite symbol and θ as in the above theorem.
We consider C∞(Rn) as a subspace of C(Rn) with the convention ϕ(∆) = 0 for all ϕ ∈ C∞(Rn).

Define an operator Aθ in the Banach space C(Rn) with domain

D(Aθ) = {ϕ ∈ C(Rn) : (ϕ− ϕ(∆)) ∈ C∞
0 (Rn)}(3.24)

by

Aθϕ(x) =

{
−pθ1(x,D) [(ϕ− ϕ(∆))|Rn ] (x) if x ∈ R

n,
0 if x = ∆.

(3.25)

Then by Theorem 3.12 Aθ maps D(Aθ) into C(Rn), hence Aθ actually is an operator in C(Rn),
which extends −pθ1(x,D). Moreover Aθ is densely defined, 1 ∈ D(Aθ) and Aθ1 = 0. Finally Aθ
satisfies the positive maximum principle on D(Aθ), since −pθ1(x,D) does.

For operators of this type J.P. Roth has shown that they can be approximated by Lévy-type
operators with bounded Lévy-kernel, see [76], Prop. I.2.3 (see also [17], 4.5.3):

Theorem 3.13. Let Aθ be as above. Then there are kernels of probability measures µk(x, dy)
on Rn, k ∈ N, such that

k

∫

Rn

(ϕ(y) − ϕ(x))µk(x, dy) −→
k→∞

Aθϕ(x)(3.26)

uniformly on Rn for all ϕ ∈ D(Aθ).

The proof mimics the Yosida approximation of a generator L by its resolvent (Rλ):

Lu = lim
k→∞

k(kRk − Id)u, u ∈ D(L).

40



Proof: Since Aθ satisfies the positive maximum principle, it is dissipative in C(Rn), see [17],
4.2.1. Therefore, k − Aθ is continuously invertible in C(Rn), but the inverse is not necessarily
densely defined. For k ∈ N and x ∈ Rn define a linear functional T xk on the range R(k−Aθ) by

T xk ϕ = k(k − Aθ)
−1ϕ(x).

Then |T xk ϕ| ≤ ‖ϕ‖∞ by the dissipativity of Aθ. Moreover 1 = (k − Aθ)
1
k
∈ R(k − Aθ) and

T xk 1 = 1. Thus for ϕ ≥ 0

T xk ϕ = T xk ‖ϕ‖∞ + T xk (ϕ− ‖ϕ‖∞) ≥ ‖ϕ‖∞ − ‖(ϕ− ‖ϕ‖∞)‖∞ ≥ 0.

Hence T xk is a positive linear functional of norm 1 on R(k − Aθ), which extends by the Hahn-
Banach theorem to a (not uniquely determined) positive linear functional of norm 1 on C(Rn).
Thus by the Riesz representation theorem there is a probability measure µxk ∈ M1(Rn) such
that

T xk ϕ =

∫

Rn

ϕ(y)µxk(dy) for all ϕ ∈ R(k − Aθ).

Let Mx
k = {µ ∈ M1(Rn) : T xk ϕ =

∫
Rn ϕ(y)µ(dy) for all ϕ ∈ R(k − Aθ)} 6= ∅.

As usual we equip M1(Rn) with the weak topology. For fixed k ∈ N we like to construct a
kernel µk(x, dy) on Rn such that for each x ∈ Rn we have µk(x, ·) ∈ Mx

k . This measurable
selection is possible by the selection theorem of K. Kuratowski and C. Ryll-Nardzewski [55],
see also C.J. Himmelberg [26], Theorem 3.5, provided Mx

k ⊂ M1(Rn) is closed for all x ∈ Rn

and the set {x ∈ Rn : Mx
k ∩C 6= ∅} ⊂ Rn is measurable for all closed subsets C ⊂ M1(Rn). The

first property is clear from the definition of Mx
k and the properties of weak convergence. To see

the second, let (xl)l∈N be a sequence in Rn such that there are µl ∈Mxl
k ∩C and xl−→

l→∞
x ∈ Rn.

Since M1(Rn) is compact with respect to the weak topology, there is a subsequence of (µl)l∈N

that converges to a measure µ∞ ∈ C. Moreover µ∞ ∈Mx
k , because for all ϕ ∈ R(k − Aθ)

T xk ϕ = k(k − Aθ)
−1ϕ(x) = lim

l→∞
k(k − Aθ)

−1ϕ(xl) = lim
l→∞

T xl
k ϕ = lim

l→∞

∫

Rn

ϕdµl =

∫

Rn

ϕdµ∞.

Thus {x ∈ Rn : Mx
k ∩ C 6= ∅} is even closed and hence measurable.

Having chosen a kernel µk(x, dy) as above it remains to show (3.26). For ϕ ∈ D(Aθ)

∫

Rn

ϕ(y)µk(x, dy) =
1

k

∫

Rn

(k − Aθ)ϕ(y)µk(x, dy) +
1

k

∫

Rn

Aθϕ(y)µk(x, dy)

=
1

k
T xk [(k − Aθ)ϕ] +

1

k

∫

Rn

Aθϕ(y)µk(x, dy)

= ϕ(x) +
1

k

∫

Rn

Aθϕ(y)µk(x, dy).

But Aθϕ is bounded, so we have

∫

Rn

ϕ(y)µk(x, dy) −→
k→∞

ϕ(x) uniformly on Rn.(3.27)
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Moreover, since D(Aθ) is dense in C(Rn) with respect to uniform convergence, (3.27) holds true
for all ϕ ∈ C(Rn). Finally we have for ϕ ∈ D(Aθ) as above

k

∫

Rn

(ϕ(y) − ϕ(x))µk(x, dy) = k

∫

Rn

ϕ(y)µk(x, dy) − kϕ(x)

=

∫

Rn

Aθϕ(y)µk(x, dy),

which tends uniformly to Aθϕ by (3.27) as k → ∞, that is (3.26) holds. 2

We now solve the martingale problem for the operator Aθ

Proposition 3.14. Let Aθ be as above. Then for any initial distribution ν ∈ M1(Rn) there is
a solution P ∈ M1(DRn) of the D

Rn-martingale problem for Aθ.

Proof: Let Ak be the operators defined by

Akϕ = k

∫

Rn

(ϕ(y) − ϕ(x))µk(x, dy), ϕ ∈ D(Aθ),

where µk(x, dy) are the kernels of probability measures defined in Theorem 3.13. By Proposition
3.5 for all k ∈ N there is a solution Pk ∈ M1(DRn) of the martingale problem for Ak with initial
distribution ν. Moreover, since Akϕ −→

k→∞
Aθϕ uniformly for all ϕ ∈ D(Aθ), we have

sup
k∈N

‖Akϕ‖∞ <∞

for all ϕ ∈ D(Aθ). Thus, since Rn is compact, the compact containment condition is fulfilled
by (Pk)k∈N and Theorem 3.10 implies that a subsequence of (Pk) converges to a probability
measure P ∈ M1(Rn). We claim that P solves the martingale problem for Aθ with initial
distribution ν.

To simplify the notation we denote the subsequence again by (Pk)k∈N. Because the position
map X0 : D

Rn → Rn is continuous, this implies

Pk ◦X
−1
0 −→

k→∞
P ◦X−1

0 in M1(Rn),

hence P ◦X−1
0 = ν. Finally we have to check that for ϕ ∈ D(Aθ)

ϕ(Xt) −

∫ t

0

Aθϕ(Xu) du, t ≥ 0

is a martingale under P . That amounts to show that

E
P

[(
ϕ(Xt2) − ϕ(Xt1) −

∫ t2

t1

Aθϕ(Xu) du

)
·
M∏

m=1

hm(Xsm)

]
= 0

for all 0 ≤ s1 < . . . < sM ≤ t1 ≤ t2 and all hm ∈ C(Rn). Let TP be the dense subset of
[0,∞) defined in Proposition 3.2. By the right-continuity of the paths it suffices to consider
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s1, . . . , sM , t1, t2 ∈ TP . Then the distributions of (Xs1 , . . . , XsM
, Xt1 , Xt2) under Pk converge

weakly to that under P and, since Pk is a solution of the martingale problem for Ak,

E
Pk

[(
ϕ(Xt2) − ϕ(Xt1) −

∫ t2

t1

Akϕ(Xu) du

)
·
M∏

m=1

hm(Xsm)

]
= 0.

Hence, it is left to show

lim
k→∞

E
Pk

[∫ t2

t1

Akϕ(Xu) du ·
M∏

m=1

hm(Xsm)

]
(3.28)

= E
P

[∫ t2

t1

Aθϕ(Xu) du ·
M∏

m=1

hm(Xsm)

]
.

(Akϕ)k∈N is uniformly bounded and converges uniformly to Aθϕ. Thus, if we interchange the
order of integration in (3.28), it is enough to show that

lim
k→∞

E
Pk

[
Akϕ(Xu) ·

M∏

m=1

hm(Xsm)

]
= E

P

[
Aθϕ(Xu) ·

M∏

m=1

hm(Xsm)

]

for all u ∈ TP . But this is evident, because

lim
k→∞

E
Pk

[
Aθϕ(Xu) ·

M∏

m=1

hm(Xsm)

]
= E

P

[
Aθϕ(Xu) ·

M∏

m=1

hm(Xsm)

]

by the weak convergence of (Pk) and

lim
k→∞

E
Pk

[
(Aθϕ(Xu) − Akϕ(Xu)) ·

M∏

m=1

hm(Xsm)

]
= 0

by the uniform convergence of (Akϕ). This completes the proof. 2

The main result of this section now reads as follows.

Theorem 3.15. Let p : R
n × R

n → C be a continuous negative definite symbol such that
p(x, 0) = 0 for all x ∈ R

n. Assume that

|p(x, ξ)| ≤ c(1 + |ξ|2), x ∈ R
n, ξ ∈ R

n.(3.29)

Then for all initial distributions µ ∈ M1(R
n) there is a solution of the DRn-martingale problem

for −p(x,D).

Remark: We know that (3.29) is satisfied with a constant which is locally uniform with respect
to x. The global bound thus should be considered as a generalization of a boundedness condition
for the coefficient of a diffusion operator. Note also that (3.29) implies

p(x,D) : C∞
0 (Rn) → Cb(R

n).

To prove Theorem 3.15 we need the following lemma.
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Lemma 3.16. Suppose p : R
n×R

n → C is a continuous negative definite symbol that satisfies
p(x, 0) = 0 and (3.29). Then there is a sequence (ϕk)k∈N of C∞

0 (Rn)-functions, such that
(ϕk)k∈N as well as (p(x,D)ϕk)k∈N are uniformly bounded and converge pointwise in R

n to 1 and
0, respectively, as k → ∞.

Proof: Choose ϕ ∈ C∞
0 (Rn), 0 ≤ ϕ ≤ 1, suppϕ ⊂ B1(0), ϕ|B 1

2
(0) = 1 and define ϕk(x) =

ϕ(x
k
). Then (ϕk)k∈N is uniformly bounded, converges pointwise to 1 and, since ϕ̂ ∈ S(Rn) we

have

sup
x∈Rn

|p(x,D)ϕk(x)| ≤ sup
x∈Rn

∫

Rn

|p(x, ξ)| |ϕ̂k(ξ)| d̄ξ

≤ c

∫

Rn

(1 + |ξ|2)kn |ϕ̂(kξ)| d̄ξ

≤ c · sup
|ξ|≤1

(1 + |ξ|2) ·

∫

|ξ|≤1

kn |ϕ̂(kξ)| d̄ξ + c

∫

|ξ|>1

(1 + |ξ|2)kn |ϕ̂(kξ)| d̄ξ

≤ c

∫

Rn

kn |ϕ̂(kξ)| d̄ξ + c

∫

|ξ|>1

|ξ|2 kn |kξ|−(n+3) d̄ξ

≤ c

∫

Rn

|ϕ̂(ξ)| d̄ξ +
c

k3

∫

|ξ|>1

|ξ|−(n+1) d̄ξ

and this is bounded as k → ∞. Similarly we find for each fixed x0 ∈ R
n

|p(x,D)ϕk(x0)| ≤

∫

Rn

|p(x0, ξ)| k
n |ϕ̂(kξ)| d̄ξ(3.30)

≤ sup
|ξ|≤ 1√

k

|p(x0, ξ)| ·

∫

|ξ|≤ 1√
k

kn |ϕ̂(kξ)| d̄ξ + c

∫

|ξ|> 1√
k

(1 + |ξ|2)kn |ϕ̂(kξ)| d̄ξ

≤ sup
|ξ|≤ 1√

k

|p(x0, ξ)| ·

∫

Rn

|ϕ̂(ξ)| d̄ξ + c

∫

1√
k
<|ξ|≤1

kn |kξ|−(n+3) d̄ξ + c

∫

|ξ|>1

|ξ|2 kn |kξ|−(n+3) d̄ξ

≤ c


 sup

|ξ|≤ 1√
k

|p(x0, ξ)| +
1

k3

(
k3/2 − 1

)
+

1

k3




and this tends to 0 as k → ∞, since p(x0, 0) = 0. 2

Proof of Theorem 3.15: We decompose p(x, ξ) as in Theorem 3.12:

p(x, ξ) = pθ1(x, ξ) + pθ2(x, ξ).

Denote again by Aθ the extension of −pθ1(x,D) : C∞
0 (Rn) → C0(R

n) defined by (3.24), (3.25).
Then by Proposition 3.14 there is a solution P ∈ M1(DR

n) of the D
Rn-martingale problem for

Aθ and the initial distribution µ ∈ M1(R
n) ⊂ M1(Rn). We show that P -a.s. the paths of the

solution are in DRn .
Define the {Ft+}-stopping times

τm = inf{t ≥ 0 : d(∆, Xt) <
1

m
}, m ∈ N,
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where d is the metric Rn. It is sufficient to show that for all T > 0 and ZT = limm→∞Xτm∧T

we have P (ZT ∈ R
n) = 1.

For this purpose consider the sequence of C∞
0 (Rn)-functions (ϕk)k∈N of Lemma 3.16 and let

ϕk(∆) = 0 as usual. Then the sequences (ϕk) and (Aθϕk) of functions on Rn are uniformly
bounded and tend pointwise to 1Rn and 0, respectively, as k → ∞. Moreover

ϕk(Xt) −

∫ t

0

Aθϕk(Xu) du, t ≥ 0,

is an {Ft+}-martingale by right-continuity of the paths and optional sampling yields

E
P

[
ϕk(Xτm∧T ) −

∫ τm∧T

0

Aθϕk(Xu) du

]
= E

P [ϕk(X0)] , k,m ∈ N.

Thus for m→ ∞

E
P [ϕk(ZT )] − E

P

[∫ supm∈N(τm∧T )

0

Aθϕk(Xu) du

]
= E

P [ϕk(X0)]

and for k → ∞
E
P [1Rn(ZT )] = E

P [1Rn(X0)] = µ(Rn) = 1

and we may assume that there is a solution to the martingale problem with sample paths in
DRn . This means the DRn-martingale problem for −pθ1(x,D) is solvable.

To complete the proof it is enough to note that by Theorem 3.12 the operator −pθ2(x,D) is a
pure jump Lévy-type operator

−pθ2(x,D)ϕ(x) =

∫

Rn

(ϕ(x+y)−ϕ(x)) µ̃(x, dy) =

∫

Rn

(ϕ(y)−ϕ(x)) µ̃(x, dy−x), ϕ ∈ C∞
0 (Rn).

The Lévy-kernel µ̃ consists of uniformly bounded measures, since by (3.29), Theorem 3.12 and
Lemma 2.15

sup
x∈Rn

‖µ̃(x, ·)‖∞ ≤ cθ sup
x∈Rn

∫

Rn

Re p(x, ξ) ν(dξ) ≤ c

∫

Rn

(1 + |ξ|2) ν(dξ) <∞.

Here ν denotes the measure defined in Lemma 2.15. Hence −pθ2(x,D) is a perturbation in the
sense of Proposition 3.6 and the DRn-martingale problem for −p(x,D) = −pθ1(x,D)− pθ2(x,D)
is solvable for all initial distributions. 2
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Chapter 4

Generators of Feller semigroups

4.1 Technical preliminaries

A diffusion process can be regarded as a certain perturbation of Brownian motion, i.e of the
Lévy-process corresponding to the continuous negative definite function ξ 7→ |ξ|2. Now the
philosophy for all the subsequent will be the following:

We fix a continuous negative definite function ψ as a reference function and we consider con-
tinuous negative definite symbols p(x, ξ) which for fixed x are compatible with ψ in a suitable
sense. This means that we take the Lévy-process corresponding to ψ as a reference process
and we investigate jump processes which are in a certain sense comparable with this given
Lévy-process.
Here and in the following we will limit our examinations to the case of real-valued continuous
negative definite symbols. Therefore let

ψ : R
n → R(4.1)

be a fixed continuous negative definite reference function. It turns out that we will need a
mild no-degeneracy condition on ψ, namely a minimal growth condition for |ξ| → ∞. More
precisely, we assume that there is a constant r > 0, possibly very small, such that

ψ(ξ) ≥ c |ξ|r for |ξ| ≥ 1(4.2)

with a suitable constant c > 0. In the following we will always state estimates for the symbols
in terms of the function

λ(ξ) = (1 + ψ(ξ))1/2(4.3)

instead of the function ψ itself, because this often turns out to be more convenient. Clearly
(4.2) implies

λ(ξ) ≥ c |ξ|r/2(4.4)

for some c > 0. Note that by (2.8) we always have r ≤ 2 and the case r = 2 is attained for the
continuous negative definite reference function |ξ|2 which corresponds to Brownian motion and
diffusion processes.
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A very useful tool to investigate pseudo differential operators with symbols compatible with
the reference function ψ (or λ) will be an appropriate scale of Sobolev spaces, which are defined
in termes of the function λ: For s ∈ R we define an anisotropic Sobolev space by

Hs,λ(Rn) = {u ∈ S ′(Rn) :

∫

Rn

λ2s(ξ) |û|2 d̄ξ <∞}(4.5)

equipped with the norm

‖u‖s,λ =

(∫

Rn

λ2s(ξ) |û|2 d̄ξ

)1/2

.(4.6)

These anisotropic Sobolev spaces in the context of continuous negative definite functions and
pseudo differential operators where first introduced by Jacob, see [42] and the references there
in, but see also [4]. It is easy to see that Hs,λ(Rn) is a Hilbert space with inner product

(u, v)s,λ =

∫

Rn

λ2s(ξ) û(ξ) v̂(ξ) d̄ξ.(4.7)

The continuous embeddings

Hs2,λ(Rn) →֒ Hs1,λ(Rn), s2 ≥ s1(4.8)

hold and C∞
0 (Rn) is dense in Hs,λ(Rn) for all s ∈ R. In particular H0,λ(Rn) = L2(Rn) and

therefore we mostly denote the norm and the inner product in L2(Rn) by ‖·‖0 and (·, ·)0.

In the special case ψ(ξ) = |ξ|2 we recover the ordinary fractional L2-Sobolev spaces:

Hs,(1+|ξ|2)1/2
(Rn) = Hs(Rn). The spaces Hs,λ(Rn) thus can be regarded as a generalization of

the usual Sobolev spaces to an in general anisotropic situation. If we identify L2(Rn) with its
dual space, Hs,λ(Rn)′ becomes canonically isomorphic to H−s,λ(Rn) and

‖u‖−s,λ = sup
v∈C∞

0 (Rn)

v 6=0

|(u, v)0|

‖v‖s,λ
,(4.9)

where we extend the L2(Rn)-inner product (·, ·)0 in the obvious way.

Note that by (4.4) and (2.8) we have

c1(1 + |ξ|2)r/4 ≤ λ(ξ) ≤ c2(1 + |ξ|2)1/2,

which implies
Hs(Rn) →֒ Hs,λ(Rn) →֒ H

r
2
·s(Rn)(4.10)

for all s ≥ 0. In particular, since Hs(Rn) →֒ C∞(Rn) for s > n
2
, see [54], Lemma 3.2.5, we have

the following Sobolev embedding.

Proposition 4.1 Assume (4.4). Then

Hs,λ(Rn) →֒ C∞(Rn)

if s > n
r
.

47



Moreover note that for all ε > 0 and s3 > s2 > s1 the elementary estimate

λ2s2(ξ) ≤ ε2 λ2s3(ξ) + c(ε)2 λ2s1(ξ)

implies
‖u‖s2,λ ≤ ε ‖u‖s3,λ + c(ε) ‖u‖s1,λ , u ∈ Hs3,λ(Rn).(4.11)

Finally, let us remark that by definition

‖u‖t,λ =
∥∥λt(D)u

∥∥
0

for all u ∈ H t,λ(Rn)(4.12)

or more general
‖u‖s+t,λ =

∥∥λt(D)u
∥∥
s,λ

for all u ∈ Hs+t,λ(Rn)(4.13)

for s, t ∈ R. In this context it is natural to replace the usual notion of the order of an operator
by the one given by the anisotropic Sobolev spaces Hs,λ(Rn). Then (4.13) just means that
λt(D) can be regarded as an operator of order t between these Sobolev spaces Hs,λ(Rn), which
should be regarded as a generalization of an elliptic operator.

For a general pseudo differential operator p(x,D) with a negative definite symbol defined in
terms of the given reference function ψ(ξ) it now reasonable to expect a similar behaviour. In
fact, estimates for p(x,D) in the Sobolev spaces Hs,λ(Rn) will play an central rôle in order to
handle the operator by an analytic approach. We start with the following easy, but essential
lemma.

Lemma 4.2. Let M ∈ N and p : R
n × R

n → R be M-times continuously differentable with
repect to the first variable. Moreover assume that for every β ∈ N

n
0 , |β| ≤M there is a function

Φβ ∈ L1(Rn) such that

∣∣∂βxp(x, ξ)
∣∣ ≤ Φβ(x) · λ

2(ξ), x ∈ R
n, ξ ∈ R

n(4.14)

holds for all |β| ≤M . Let

p̂(η, ξ) =

∫

Rn

e−i(x,ξ)p(x, ξ) dx, η ∈ R
n,

be the Fourier transform of p(x, ξ) with respect to x. Then there is a constant CM > 0 depending
only on M and the space dimension such that

|p̂(η, ξ)| ≤ CM ·
∑

|β|≤M

‖Φβ‖L1(Rn) 〈η〉
−M · λ2(ξ),(4.15)

where we have used the notation 〈η〉 = (1 + |η|2)1/2.

Proof: Choose CM such that

〈η〉M ≤ CM ·
∑

|β|≤M

∣∣ηβ
∣∣ .(4.16)
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For β ∈ N
n
0 , |β| ≤M we have by partial integration

∣∣ηβ · p̂(η, ξ)
∣∣ =

∣∣∣∣η
β

∫

Rn

e−i(x,η)p(x, ξ) dx

∣∣∣∣

=

∣∣∣∣
∫

Rn

e−i(x,η)∂βxp(x, ξ) dx

∣∣∣∣

≤

∫

Rn

|Φβ(x)| · λ
2(ξ) dx

= ‖Φβ‖L1(Rn) · λ
2(ξ).

Summing up this estimate for all |β| ≤M and using (4.16) proves the assertion 2

As usual we denote by [A,B] = AB − BA the commutator of two operators. The main
auxiliary tool to treat the variable coefficient case, i.e. the case of symbols that depend on
x, will be certain commutator estimates. In the case of two differential operators of order
m1 and m2, respectively, it is well-known that their commutator is of order m1 + m2 − 1
and hence the order of the commutator is strictly less than the sum of the order of both
operators. This result carries over to pseudo differential operators in classical symbol classes.
It is this behaviour of a commutator which allows to treat the effect of variable coefficients as a
lower order perturbation in an appropriate sense. But in the case of negative definite symbols
considered here the standard symbolic calculus for pseudo differential operators is not available
so the arguments used for classical pseudo differential operators fail.
Nevertheless we can show order reducing properties of the commutator using a different proof,
which relies on estimates for negative definite functions.

Theorem 4.3. Let M ∈ N and p : R
n × R

n → R be a symbol that satisfies (4.14) for that M .
Then for all s, t ∈ R such that |s− 1| + 1 + |t| + n < M we have

‖[λs(D), p(x,D]u‖t,λ ≤ cM,s,t,ψ

∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn) · ‖u‖t+s+1,λ for all u ∈ C∞
0 (Rn).

Here cM,s,t,ψ is independent of the particular choice of p.

Note that under assumption (4.14) we expect p(x,D) to be an opertor of order 2 and λs(D) is
of order s. Thus Theorem 4.3 states that the order of the commutator is s + 1, which in fact
is one order less than the sum of the operator orders.

Proof: First note that by Theorem 2.7 the reference function satisfies ψ(ξ) ≤ cψ(1 + |ξ|2) =
cψ〈ξ〉, hence

λ(ξ) ≤ (1 + cψ)1/2 · 〈ξ〉 for all ξ ∈ R
n.(4.17)

Moreover note that λ(ξ) = (1 + ψ(ξ))1/2 is the square root of a continuous negative definite
function. Thus by (2.5)

|λ(ξ) − λ(η)| ≤ λ(ξ − η)(4.18)

and by Lemma 2.6 the generalized Peetre inequality

λs(ξ)

λs(η)
≤ 2|s|/2 λ|s|(ξ − η)(4.19)
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holds for all ξ, η ∈ R
n. An elementary calculation yields

([λs(D), p(x,D)]u)ˆ(ξ) =

∫

Rn

p̂(ξ − η, η) (λs(ξ) − λs(η)) û(η) d̄η

and thus for all v ∈ C∞
0 (Rn) by Plancherel’s theorem

|([λs(D), p(x,D)] u, v)0| ≤

∫

Rn

∫

Rn

|p̂(ξ − η, η)| |λs(ξ) − λs(η)| |û(η)| |v̂(ξ)| d̄ηd̄ξ.(4.20)

Next note that for all x, y > 0 by the mean value theorem

|xs − ys| ≤ |s| · |x− y| · (xs−1 + ys−1)

holds, which gives by (4.18) and (4.19)

|λs(ξ) − λs(η)| ≤ |s| · |λ(ξ) − λ(η)| · (λs−1(ξ) + λs−1(η))

≤ |s| · λ(ξ − η) ·
(
2|s−1|/2λs−1(η) · λ|s−1|(ξ − η) + λs−1(η))

)
· λt(ξ) · λ−t(ξ)

≤ 2 · 2|s−1|/2 |s| · λ(ξ − η) · λ|s−1|(ξ − η) · λs−1(η) · 2|t|/2λ|t|(ξ − η) · λt(η) · λ−t(ξ)

= 2(|s−1|+|t|+2)/2 |s| · λ|s−1|+|t|+1(ξ − η) · λt+s−1(η) · λ−t(ξ).

Hence by (4.15), Lemma 4.2 and (4.17)

|([λs(D), p(x,D)] u, v)0|

≤ CM · 2(|s−1|+|t|+2)/2 |s| ·

·
∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn)

∫

Rn

∫

Rn

〈ξ − η〉−Mλ|s−1|+|t|+1(ξ − η) · λt+s+1(η) |û(η)| · λ−t(ξ) |v̂(ξ)| d̄ηd̄ξ

≤ CM · 21/2 · (2(1 + cψ))(|s−1|+|t|+1)/2 |s| ·

·
∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn)

∫

Rn

∫

Rn

〈ξ − η〉−M+|s−1|+|t|+1 · λt+s+1(η) |û(η)| · λ−t(ξ) |v̂(ξ)| d̄ηd̄ξ.

By the assumption on s and t the function 〈·〉−M+|s−1|+|t|+1 is integrable on R
n. Therefore,

using first Cauchy-Schwarz- and then Young’s inequality finally yields

|([λs(D), p(x,D)]u, v)0| ≤ cM,s,t,ψ

∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn) · ‖u‖t+s+1,λ · ‖v‖−t,λ

with a constant

cM,s,t,ψ = CM · 21/2 · (2(1 + cψ))(|s−1|+|t|+1)/2 |s| ·
∥∥∥〈·〉−M+|s−1|+|t|+1

∥∥∥
L1(Rn)

.(4.21)

By (4.9) the theorem now follows immediately. 2
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For later purposes we introduce the Friedrichs mollifier Jε : L2(Rn) → L2(Rn), ε > 0, defined
by Jεu = jε ∗ u, where

jε(x) = ε−nj(
x

ε
), x ∈ R

n, and j(x) :=

{
c0 · e

1

|x|2−1 for |x| < 1
0 for |x| ≥ 1

,(4.22)

and c0 is chosen such that
∫

Rn j(x) dx = 1. Because (Jεu)̂ (ξ) = ̂(εξ) · û(ξ) and ̂ ∈ S(Rn), we
have Jεu ∈ Hs,λ(Rn) for all s ≥ 0. Moreover, since |̂(εξ)| ≤ ̂(0) = 1, we find for u ∈ H t,λ(Rn)

‖Jεu‖t,λ ≤ ‖u‖t,λ

and
Jεu−→

ε→0
u in H t,λ(Rn).

For the Friedrichs mollifier the following uniform commutator estimates hold.

Theorem 4.4. Let M ∈ N and p : R
n × R

n → R be a symbol that satisfies (4.14) for that M .
Then for all s ≥ 0 such that |s− 1| + 1 + n < M and all 0 < ε ≤ 1

‖[Jε, p(x,D)]u‖s,λ ≤ c ‖u‖s+1,λ for all u ∈ C∞
0 (Rn)

with a constant c independent of ε.

Proof: Note that

([Jε, p(x,D)] u)̂ (ξ) =

∫

Rn

p̂(ξ − η, η)(̂(εξ) − ̂(εη))û(η) d̄η(4.23)

and
|̂(εξ) − ̂(εη)| · (1 + |ξ|2)1/2 ≤ c(1 + |ξ − η|2)1/2(4.24)

with a constant c independent of 0 < ε ≤ 1, since (4.24) is trivial, if |ξ − η| ≥ |ξ|
2

and otherwise

the meanvalue theorem and the estimate |∇̂(ξ)| ≤ c(1 + |ξ|2)−1/2 yield

|̂(εξ) − ̂(εη)| · (1 + |ξ|2)1/2 ≤ |εξ − εη| · c

(
1 +

∣∣∣∣
εξ

2

∣∣∣∣
2
)−1/2

· (1 + |ξ|2)1/2

≤ c(1 + |ξ − η|2)1/2

(
1

ε2
+

|ξ|2

2

)−1/2

· (1 + |ξ|2)1/2.

Combining (4.23), (4.24), Lemma 4.2 and (4.17), (4.19) we obtain

|(λs(D) [Jε, p(x,D)] u)̂ (ξ)|

=

∣∣∣∣
∫

Rn

p̂(ξ − η, η)(̂(εξ) − ̂(εη))λs(ξ)û(η) d̄η

∣∣∣∣

≤ c

∫

Rn

〈ξ − η〉−Mλ2(η)〈ξ − η〉 ·
λ(ξ)

〈ξ〉
· λs−1(ξ) |û(η)| d̄η

≤ c

∫

Rn

〈ξ − η〉−M+1(1 + cψ)1/2 · λs+1(η) · λ|s−1|(ξ − η) |û(η)| d̄η

≤ c

∫

Rn

〈ξ − η〉−M+1+|s−1| · λs+1(η) |û(η)| d̄η
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with a constant c not depending on ε. Observe that by assumption 〈·〉−M+1+|s−1| is integrable.
Thus by (4.12) Young’s inequality again yields the desired estimate. 2

4.2 The construction of Feller semigroups

In this section we develop the direct approach to Feller semigroups via the Hille-Yosida theorem
as it was carried out by Jacob. In this context first results for pseudo differential operators with
continuous negative definite symbols were obtained in [42] for symbols having a particular sum
structure. These resulte were improved in [29] by using better commutator estimates based
on properties of the underlying negative definite functions as described in the previous section.
Finally the specific sum structure of the symbol could be dropped and in this general case Feller
semigroups were constructed by Jacob in [43]. The results presented here are taken essentially
from [43].
We recall the definition of a Feller semigroup.

Definition 4.5. A Feller semigroup on R
n is a family of bounded linear operators Tt :

C∞(Rn) → C∞(Rn), t ≥ 0 such that T0 = Id and

(i) Ts ◦ Tt = Ts+t for all s, t ≥ 0 (semigroup property),

(ii) Ttu−→
t→0

u in C∞(Rn) for all u ∈ C∞(Rn) (strong continuity),

(iii) For all u ∈ C∞(Rn) such that 0 ≤ u ≤ 1 and all t ≥ 0 we have

0 ≤ Ttu ≤ 1 (submarkovian property).

In other word a Feller semigroup is a strongly continuous contraction semigroup on C∞(Rn)
which is also positivity preserving. As usual we can define the generator (L,D(L)) of this
strongly continuous semigroup with domain

D(L) = {u ∈ C∞(Rn) : lim
t→0

1

t
(Ttu− u) exists in C∞(Rn)}

by

Lu = lim
t→0

1

t
(Ttu− u).

As it is well-known, (L,D(L)) is a densely defined and closed operator in C∞(Rn) and deter-
mines the semigroup (Tt)t≥0 in a unique way, see [90]. By the theorem of Hille–Yosida we have
a complete characterization of all generators of strongly continuous semigroups. Let us recall
this theorem for generators of strongly continuous contraction semigroups in a general Banach
space (B, ‖·‖), see [17], 1.2.6:

Theorem 4.6. A linear operator (A,D(A)) in a Banach space (B, ‖·‖) is closable and the
closure is the generator of a strongly continuous semigroup of contractions (Tt)t≥0 if and only
if

(i) D(A) is dense in B,
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(ii) A is dissipative:

‖τu− Au‖ ≥ τ ‖u‖ for all τ > 0, u ∈ D(A),

(iii) the range R(τ − A) is dense in B for some τ > 0.

Note that in the case that B is a Hilbert space H, (ii) follows from

(−Au, u)H ≥ 0 for all u ∈ D(A).

There is a refined version of this theorem, which characterizes generators of Feller semigroups,
see [17], 4.2.2.

Theorem 4.7. A linear operator (A,D(A)) in C∞(Rn) is closable and the closure is the gen-
erator of a Feller semigroup if and only if

(i) D(A) ⊂ C∞(Rn) is dense,

(ii) A satisfies the positive maximum principle on D(A),

(iii) the range R(τ − A) ⊂ C∞(Rn) is dense for some τ > 0.

Note that the positive maximum principle implies that the operator A is dissipative, i.e.

‖τu− Au‖∞ ≥ τ ‖u‖∞ for all f ∈ D(A), τ > 0,

see [17], 4.2.1. Therefore Theorem 4.7 is based on the Hille–Yosida theorem 4.6. The stronger
assumption of the positive maximum principle implies that the semigroup is in addition pos-
itivity preserving, i.e. a Feller semigroup. In other words a strongly continuous contraction
semigroup on C∞(Rn) is a Feller semigroup if and only if the generator satisfies the positive
maximum principle. Hence, provided C∞

0 (Rn) is contained in the domain of the generator, by
Theorem 2.16 the generator must be a pseudo differential operator −p(x,D) with a negative
definite symbol p(x, ξ). Conversely an operator of this type satisfies the conditions (i) and (ii)
of Theorem 4.7. Our aim therfore will be to find conditions for the symbol such that the range
condition (iii) of the Hille–Yosida theorem is also fulfilled. This amounts to show that the
equation

(p(x,D) + τ)u = f(4.25)

has solutions for sufficiently many right hand sides f .

To solve this problem we will apply a Hilbert space approach based on the anisotropic Sobolev
spaces which were introduced in the previous section. Let again ψ : R

n → R be a continuous
negative definite reference function which satisfies the non-degeneracy condition (4.2). Moreover
let

λ(ξ) = (1 + ψ(ξ))1/2

and
p : R

n × R
n → R
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be a continuous negative definite symbol. For an arbitrary point x0 ∈ R
n we split the symbol

into two parts
p1(ξ) = p(x0, ξ)

and
p2(x, ξ) = p(x, ξ) − p(x0, ξ),

i.e.
p(x, ξ) = p1(ξ) + p2(x, ξ).(4.26)

The symbol p1(ξ) is independent of x, so the corresponding operator −p1(D) is just a Fourier
multiplier and well-understood. Actually p1(ξ) is a continuous negative definite function and
−p1(D) is the generator of a Lévy process.

Now the idea is to regard p2(x, ξ) as small perturbation of the symbol p1(ξ). We therefore
consider the following assumptions:

Let M ∈ N. For M > n+ 1 the function 〈·〉−M+1 is integrable over R
n. Then by γM we denote

the constant

γM =

(
8CM(2(1 + cψ))1/2

∥∥∥〈·〉−M+1
∥∥∥
L1(Rn)

)−1

,(4.27)

where the constants CM and cψ are defined in (4.16) and (4.17). We assume:

(A.1) There are constants c0, c1 > 0 such that

c0λ
2(ξ) ≤ p1(ξ) ≤ c1λ

2(ξ) for all |ξ| ≥ 1(4.28)

and for M ∈ N:

(A.2.M) the symbol p2(x, ξ) is M -times continuously differentiable with respect to x and for
β ∈ N

n
0 , |β| ≤M there are functions Φβ ∈ L1(Rn) such that

∣∣∂βxp2(x, ξ)
∣∣ ≤ Φβ(x) · λ

2(ξ),(4.29)

and for M > n+ 1:

(A.3.M) with the constant γM > 0 as in (4.27) we have

∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn) ≤ γM · c0,(4.30)

where c0 is the constant given in (A.1).

The first assumption says that the symbol p1(ξ) has the same behaviour as the reference function
ψ(ξ). Of course we could have taken p1(ξ) itself as the reference function. But the slightly more
general assumption (A.1) enables us to obtain uniform estimates for a whole class of symbols.
(A.2.M) relates also the x-dependent part to the reference function.
The condition (A.3.M) states that the perturbation of p1(ξ) by p2(x, ξ) is small, where the size
of the perturbation relative to p1 is measured by the constant γM .

We first note that p(x,D) is a well-defined object in the anisotropic Sobolev spaces Hs,λ(Rn).

54



Theorem 4.8. Assume (A.1) and (A.2.M). Then for s ∈ R such that |s− 1| + 1 + n < M we
have

‖p(x,D)u‖s,λ ≤ c ‖u‖s+2,λ for all u ∈ C∞
0 (Rn).(4.31)

For s = 0 this estimate holds even if M > n.

Proof: The condition (A.1) implies by (4.12) and Plancherel’s theorem

‖p1(D)u‖s,λ = ‖λs(D) p1(D)u‖0(4.32)

=

(∫

Rn

|λs(ξ)p1(ξ)û(ξ)|
2 d̄ξ

)1/2

≤ c′1

(∫

Rn

∣∣λs+2(ξ)û(ξ)
∣∣2 d̄ξ

)1/2

= c′1
∥∥λs+2(D)u

∥∥
0

= c′1 ‖u‖s+2,λ .

Concerning an estimate for p2(x,D) we first consider the case s = 0. Then by Plancherel’s
theorem and Lemma 4.2

‖p2(x,D)u‖0 = sup
v∈C∞

0 (Rn)

‖v‖0=1

|(p2(x,D)u, v)0|

= sup
v∈C∞

0 (Rn)

‖v‖0=1

∣∣∣∣
∫

Rn

∫

Rn

p̂2(ξ − η, η)û(η)v̂(ξ) d̄ηd̄ξ

∣∣∣∣(4.33)

≤ sup
v∈C∞

0 (Rn)

‖v‖0=1

CM
∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn)

∫

Rn

∫

Rn

〈ξ − η〉−M λ2(η) |û(η)| |v̂(ξ)| d̄ηd̄ξ

≤ sup
v∈C∞

0 (Rn)

‖v‖0=1

CM
∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn) ·
∥∥∥〈·〉−M

∥∥∥
L1(Rn)

· ‖u‖2,λ · ‖v‖0,λ

= CM
∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn) ·
∥∥∥〈·〉−M

∥∥∥
L1(Rn)

· ‖u‖2,λ

where for the last inequality we used Cauchy-Schwarz- and Youngs’ inequality. Note that by
assumption M > n and hence 〈·〉−M is integrable. In particular p2(x,D) extends continuously
to H2,λ(Rn)

Now let s ∈ R be arbitrary. Then

‖p2(x,D)u‖s,λ = ‖λs(D) p2(x,D)u‖0

≤ ‖p2(x,D)λs(D)u‖0 + ‖[λs(D), p2(x,D)]u‖0

But by (4.33)

‖p2(x,D)λs(D)u‖0 ≤ CM
∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn)

∥∥∥〈·〉−M
∥∥∥
L1(Rn)

· ‖λs(D)u‖2,λ

= CM
∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn)

∥∥∥〈·〉−M
∥∥∥
L1(Rn)

· ‖u‖s+2,λ
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and by Theorem 4.3

‖[λs(D), p2(x,D)]u‖0 ≤ cM,s,ψ

∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn) ‖u‖s+1,λ

≤ cM,s,ψ

∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn) ‖u‖s+2,λ ,

which together with (4.32) implies (4.31). 2

Therefore under the assumptions of Therorem 4.8 we may extend p(x,D) to a continuous
operator

p(x,D) : Hs+2,λ(Rn) → Hs,λ(Rn)

and p(x,D) is consistently defined for different values of s.
Theorem 4.8 shows that p(x,D) indeed behaves like an operator of order 2 in the scale of
Sobolev spaces Hs,λ(Rn).

In order to find solutions for the equation (4.25)

(p(x,D) + τ)u = f,

we are first seeking for a weak solution. We therefore define the bilinear form

Bτ (u, v) = ((p(x,D) + τ)u, v)0, u, v ∈ C∞
0 (Rn).(4.34)

It turns out that Bτ extends to a continuous and coercive bilinear form on the space H1,λ(Rn).

Theorem 4.9. Assume (A.1) and (A.2.M) with M > n+ 1. Then

|Bτ (u, v)| ≤ c ‖u‖1,λ · ‖v‖1,λ for all u, v ∈ C∞
0 (Rn),(4.35)

i.e. Bτ extends continuously to H1,λ(Rn) ×H1,λ(Rn).
If moreover (A.3.M) is satisfied, then there is a constant τ0 ∈ R such that for all τ ≥ τ0

Bτ (u, u) ≥
c0
2
‖u‖2

1,λ for all u ∈ H1,λ(Rn).(4.36)

Proof: First we obtain by Plancherel’s theorem and (A.1)

|(p1(D)u, v)0| =

∣∣∣∣
∫

Rn

p1(ξ)û(ξ)v̂(ξ) d̄ξ

∣∣∣∣

≤ c′1

∫

Rn

λ(ξ) |û(ξ)| · λ(ξ) |v̂(ξ)| d̄ξ

≤ c′1 ‖u‖1,λ · ‖v‖1,λ .
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Moreover we find as in (4.33) using (4.17) and (4.19)

|(p2(x,D)u, v)0| ≤ CM
∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn)

∫

Rn

∫

Rn

〈ξ − η〉−M λ(η) |û(η)| · λ(η) |v̂(ξ)| d̄ηd̄ξ

≤ CM · (2(1 + cψ))1/2 ·

·
∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn)

∫

Rn

∫

Rn

〈ξ − η〉−M+1 λ(η) |û(η)| · λ(ξ) |v̂(ξ)| d̄ηd̄ξ(4.37)

≤ CM · (2(1 + cψ))1/2 ·
∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn)

∥∥∥〈·〉−M+1
∥∥∥
L1(Rn)

· ‖u‖1,λ · ‖v‖1,λ ,

which implies (4.35), since of course

|τ(u, v)0| ≤ |τ | ‖u‖0 · ‖v‖0 .

To prove the lower estimate first note that by (A.1) with a suitable constant τ0 ≥ 0

(p1(D)u, u)0 =

∫

Rn

p1(ξ) |û(ξ)|
2 d̄ξ ≥

∫

Rn

(c0λ
2(ξ) − τ0) |û(ξ)|

2 d̄ξ

= c0 ‖u‖
2
1,λ − τ0 ‖u‖

2
0 .(4.38)

But by (4.37), the choice of γM and (A.3.M)

|(p2(x,D)u, u)0| ≤
1

8γM

∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn) · ‖u‖
2
1,λ ≤

c0
8
‖u‖2

1,λ ,

Therefore combining the above estimates yields

(p(x,D)u, u)0 ≥ (p1(D)u, u)0 − |(p2(x,D)u, u)0|

≥ (c0 −
c0
8

) ‖u‖2
1,λ − τ0 ‖u‖

2
0

≥
c0
2
‖u‖2

1,λ − τ0 ‖u‖
2
0 ,

that is (4.36). 2

For each f ∈ L2(Rn) the map v 7→ (f, v)0 is a bounded linear functional on H1,λ(Rn). Thus
under the conditions of Theorem 4.9 the Lax-Milgram theorem (cf. [96], p.92) immediately
yields a weak solution of the equation (4.25) in the following sense:

Theorem 4.10. Assume (A.1), (A.2.M) and (A.3.M) with M > n+ 1. Then there is a τ0 ∈ R

such that for all τ ≥ τ0 and for all f ∈ L2(Rn) there is a unique u ∈ H1,λ(Rn) such that

Bτ (u, v) = (f, v)0 for all v ∈ C∞
0 (Rn).
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Of course a weak solution in H1,λ(Rn) is not sufficient for our purposes, since we are aiming
for a solution in C∞(Rn) to satisfy the conditions of the Hille-Yosida theorem. By the Sobolev
embedding given in Proposition 4.1 it is therefore necessary to look for a regularity result for
the solution in higher order Sobolev spaces. Because of the lower bound for the symbol given
in (A.1) we expect an elliptic-like situation. In fact we can prove

Theorem 4.11. Let s ≥ 0 and assume that (A.1), (A.2.M) and (A.3.M) with M > |s− 1|+1+n
hold true. Then for all u ∈ Hs+2,λ(Rn) we have

‖u‖s+2,λ ≤ c(‖p(x,D)u‖s,λ + ‖u‖0).(4.39)

Proof: By continuity it is enough to prove (4.39) for u ∈ C∞
0 (Rn). For the operator p1(D)

the assumption (A.1) and (4.11) yield

‖p1(D)u‖2
s,λ =

∫

Rn

λ2s(ξ)p1(ξ)
2 |û(ξ)|2 d̄ξ(4.40)

≥

∫

Rn

λ2s(ξ)(c20λ
4(ξ) − c) |û(ξ)|2 d̄ξ

= c20 ‖u‖
2
s+2,λ − c ‖u‖2

s,λ ≥
1

4
c20 ‖u‖

2
s+2,λ − c ‖u‖2

0

or

‖p1(D)u‖s,λ ≥
1

2
c0 ‖u‖s+2,λ − c ‖u‖0 .

Moreover we see from the proof of Theorem 4.8

‖p2(x,D)u‖s,λ ≤ CM
∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn)

∥∥∥〈·〉−M
∥∥∥
L1(Rn)

· ‖u‖s+2,λ + cM,s,ψ

∑

β∈Nn
0

|β|≤M

‖Φβ‖L1(Rn) ‖u‖s+1,λ .

Thus by assumption (A.3.M) and again by (4.11)

‖p2(x,D)u‖s,λ ≤
1

8
c0 ‖u‖s+2,λ +

1

8
c0 ‖u‖s+2,λ + c ‖u‖0

=
1

4
c0 ‖u‖s+2,λ + c ‖u‖0 .

We combine this result with the esimate for p1(D) and obtain

‖p(x,D)u‖s,λ ≥ ‖p1(D)u‖s,λ − ‖p2(x,D)u‖s,λ

≥
c0
4
‖u‖s+2,λ − c ‖u‖0

and (4.39) follows. 2

Theorem 4.11 implies the following regularity result for solutions of the equation (4.25)

Theorem 4.12. Let s ≥ 1 and assume that (A.1), (A.2.M) and (A.3.M) hold with an
M > s + n. Then for any f ∈ Hs,λ(Rn) there is a unique solution u ∈ Hs+2,λ(Rn) of the
equation

(p(x,D) + τ)u = f(4.41)

for all τ ≥ τ0 and τ0 is chosen as in Theorem 4.9.
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Proof: With this choice of s and M the assumptions of the Theorems 4.4, 4.8, 4.9, 4.10 and
4.11 are satisfied. In particular p(x,D) : H t+2,λ(Rn) → H t,λ(Rn) is continuous for all 1 ≤ t ≤ s
and for s = 0. By Theorem 4.10 there exists a unique weak solution u ∈ H1,λ(Rn) of (4.41):

Bτ (u, v) = (f, v)0 for all v ∈ C∞
0 (Rn).

We first prove that u ∈ H2,λ(Rn). Choose a sequence (uk)k∈N in C∞
0 (Rn) which converges to u

in H1,λ(Rn). Let Jε be the Friedrichs mollifier defined in (4.22). Note that Jε is a symmetric
operator in L2(Rn) and that Jε commutes with p1(D). Then for all v ∈ C∞

0 (Rn)

((p(x,D) + τ)Jε uk, v)0 = (Jε(p(x,D) + τ)uk, v)0 − ([Jε, p(x,D) + τ ] uk, v)0(4.42)

= ((p(x,D) + τ)uk, Jεv)0 − ([Jε, p(x,D)] uk, v)0

= Bτ (uk, Jεv) − ([Jε, p2(x,D)] uk, v)0.

Note that Jε maps H t,λ(Rn) continuously into H t′,λ(Rn) for all t, t′ ≥ 0. Moreover, by the
commutator estimate, Theorem 4.4, we know that

[Jε, p2(x,D)] uk −→
k→∞

wε ∈ L2(Rn)

in L2(Rn) and ‖wε‖0 ≤ K is uniformly bounded for all 0 < ε ≤ 1. Therefore we obtain for
k → ∞

((p(x,D) + τ)Jε u, v)0 = Bτ (u, Jεv) − (wε, v)0(4.43)

= (f, Jεv)0 − (wε, v)0

= (Jεf, v)0 − (wε, v)0.

Taking the supremum over all v with ‖v‖L2(Rn) = 1 yields

‖(p(x,D) + τ)Jε u‖0 ≤ ‖Jεf‖0 + ‖wε‖0 ≤ ‖f‖0 +K.

Thus both ‖(p(x,D) + τ)Jε u‖0 and ‖Jεu‖0 are uniformly bounded for 0 < ε ≤ 1 and hence by
Theorem 4.11

sup
0<ε≤1

‖Jεu‖2,λ <∞.

Since H2,λ(Rn) is a Hilbert space, there is a sequence (εk)k∈N tending to 0, such that (Jεk
u)

converges weakly to an element ũ ∈ H2,λ(Rn). But Jεk
u −→
k→∞

u in H1,λ(Rn), thus ũ = u and we

have u ∈ H2,λ(Rn).

We now iterate the argument. Suppose that u ∈ H t,λ(Rn) for some 2 ≤ t ≤ s + 1 and
use in (4.42) a sequence (uk)k∈N of testfunctions that converges to u in H t,λ(Rn). We then
obtain (4.43) with sup0<ε≤1 ‖wε‖t−1,λ < ∞. Taking in (4.43) the supremum over all v such

that ‖v‖1−t,λ = 1 yields that (p(x,D) + τ)Jεu and Jεu are uniformly bounded in H t−1,λ(Rn).

Consequently by Theorem 4.11 the same holds true for Jεu in H t+1,λ(Rn) and we conclude as
above that u ∈ H t+1,λ(Rn).

Therefore, after a finite number of iterations the result u ∈ Hs+2,λ(Rn) follows.
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Finally we have to remark that u is a solution of (4.41) in the strong sense. But clearly for
any sequence (uk)k∈N of testfunctions that converges to u in Hs+2,λ(Rn) and all v ∈ C∞

0 (Rn)
we have

((p(x,D) + τ)uk, v)0 −→
k→∞

((p(x,D) + τ)u, v)0

as well as
((p(x,D) + τ)uk, v)0 = Bτ (uk, v) −→

k→∞
Bτ (u, v) = (f, v)0,

that is (4.41) holds. 2

Using this regularity result it is now easy to find a solution of the equation (4.25) in C∞(Rn). In
combination with the Hille-Yosida theorem we finally can prove that pseudo differential opera-
tors with continuous negative definite symbols give examples of generators of Feller semigroups.
We have the following theorem, cf. [43], Theo. 5.2.

Theorem 4.13. Let ψ : R
n → R be a continuous negative definite reference function that

satisfies (4.2) for some r > 0 and define λ(ξ) as in (4.3). Assume that the conditions (A.1),
(A.2.M) and (A.3.M) hold with an integer M >

(
n
r
∨ 1
)

+ n. Then −p(x,D) with domain
C∞

0 (Rn) is closable in C∞(Rn) and the closure is the generator of a Feller semigroup.

Proof: Fix s ∈ R as a number strictly between n
r
∨ 1 and M − n. Then s > n

r
and

M > s+n. Therefore the assumptions of Theorem 4.13 are satisfied and the Sobolev embedding
H t,λ(Rn) →֒ C∞(Rn) is valid for all t ≥ s by Proposition 4.1. Define a linear operator (A,D(A))
in C∞(Rn) by

D(A) = Hs+2,λ(Rn) ⊂ C∞(Rn)

and
Au = −p(x,D)u for u ∈ D(A).

Then A is an well-defined operator in C∞(Rn), since p(x,D) : Hs+2,λ(Rn) → Hs,λ(Rn) ⊂
C∞(Rn). Moreover by Sobolev embedding, Theorem 4.8 and Theorem 4.11 we see that the
graph norm of A in C∞(Rn)

‖u‖A = ‖u‖∞ + ‖Au‖∞ , u ∈ D(A) = Hs+2,λ(Rn),

is weaker than the norm ‖u‖s+2,λ and therefore C∞
0 (Rn) is a core of A.

Since p(x, ξ) is a continuous negative definite symbol, −p(x,D) satisfies the positive maximum
principle on C∞

0 (Rn) by Theorem 2.18. But then by Proposition 2.20 A also satisfies the positive
maximum principle on D(A). Hence A fulfills the conditions (i) and (ii) of the Hille-Yosida
theorem 4.7. Moreover for τ > 0 chosen as in Theorem 4.9, for any f ∈ Hs,λ(Rn) there is a
u ∈ Hs+2,λ(Rn) = D(A) such that

(A− τ)u = f.

As Hs,λ(Rn) is dense in C∞(Rn) all conditions of the Hille-Yosida theorem are satisfied. Thus
A is closable in C∞(Rn) and the closure generates a Feller semigroup. But, since C∞

0 (Rn) is a
core of A, this closure coincides with the closure of A = −p(x,D) with domain C∞

0 (Rn). 2

Of course the derivation of this result has yielded more informations on the generator expressed
in terms of estimates in appropriate Sobolev spaces. These estimates are of interest for their
own, because they imply results for the semigroup and accordingly, they have probabilistic
implications. We will focus on this point in Chapter 8 below.
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Chapter 5

The martingale problem: Uniqueness
of solutions

5.1 Localization

In the previous chapter we have seen that modified Hilbert space methods represent a use-
ful tool for the investigation of pseudo differential operators with continuous negative definite
symbols. In particular we constructed a non-trivial class of examples of generators of Feller
semigroups, which are controlled in terms of a general continuous negative definite reference
function. A certain drawback of the method is that the assumptions on the symbol are restric-
tive in the following sense. Condition (A.2.M) demands that the x-dependent part p2(x, ξ) in
the decomposition (4.26) of the symbol is bounded by an integrable function with respect to
x. Since the same is assumed also for the derivatives up to a certain order higher than the
space dimension, (A.2.M) in the end means that p2(x, ξ) vanishes for |x| → ∞. Therefore, for
|x| → ∞ the symbol p(x, ξ) is asymptotically independent of x. Moreover, condition (A.3.M)
imposes a strict bound on the size of the x-dependent perturbation p2(x, ξ) of the x-independent
part p1(ξ).

One way to overcome these difficulties is the use of the martingale problem. This is mainly due
to a localization procedure for solution of the martingale problem. We will briefly explain this
technique.

We are looking for conditions for the pseudo differential operator such that the martingale
problem is well-posed. This is appropriate, because in this case the martingale problem gives a
unique characterization of a Markov process generated by the operator. Consider the following
situation. Let again E be a separable, complete metric space and let A : D(A) → B(E) be
linear operator with domain D(A) ⊂ Cb(E). Define the DE-martingale problem as in Section
3.1. We need the notion of the stopped martingale problem. Let P ∈ M1(DE) be a solution
of the martingale problem for A, i.e.

ϕ(Xt) −

∫ t

0

Aϕ(Xs) ds, t ≥ 0,

is a martingale with respect to the filtration (Ft)t≥0 under P . Now let U ⊂ E be an open set
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and let τU be the (Ft)-stopping time

τU = inf {t ≥ 0 : Xt 6∈ U or (t > 0 and Xt− 6∈ U)}.

Note that τU(ω) is the first contact time of the closed set U∁ by the càdlàg path ω ∈ DE, i.e.

the first time t such that the closure of the path ω up to time t hits U∁. Therefore (see [17],
2.1.5), τU actually is a stopping time with repect to the canonical filtration (Ft).
Then by optional stopping obviously

ϕ(Xt∧τU ) −

∫ t∧τU

0

Aϕ(Xs) ds, t ≥ 0,(5.1)

is an (Ft)-martingale under P for all ϕ ∈ D(A). Therefore we say that P ∈ M1(DE) is a
solution of the stopped martingale problem for A and U , if (5.1) is an (Ft)-martingale under
P and

P (Xt = Xt∧τ for all t ≥ 0) = 1(5.2)

to fix the values of (Xt) after stopping. If for all initial distributions ν ∈ M1(E) there is a
unique solution of the stopped martingale problem with

P ◦X−1
0 = ν,

then the stopped martingale problem is called well-posed.

Up to the stopping time τU the assumption on a solution for the stopped martingale problem
and the original martingale problem coincide and after τU the values of the process of the
stopped martingale problem are prescribed by (5.2 ). Therefore it is not hard to see:

Theorem 5.1. If the martingale problem for A is well-posed, then the stopped martingale
problem for A and U is well-posed, too.

For a proof we refer to [17], 4.6.1, see also [82], Theo.3.4, for the case of continuous paths.
The important feature of the stopped martingale problem is that we can reverse this procedure
and the well-posedness of the stopped martingale problem for a family of open sets, which cover
the state space, implies the well-posedness of the original martingale problem:

Theorem 5.2. Let (Uk)k∈N be an open covering of E. Suppose for all initial distributions
there exists a solution of the martingale problem for the operator A. If the stopped martingale
problem for A and Uk is well-posed for all k ∈ N, then also the martingale problem for A is
well-posed.

A detailed proof of this statement is given in [17], 4.6.2. The idea of the proof is based on
the fact that it is possible to split a solution P ∈ M1(DE) of the martingale problem along a
stopping time. More precisely, for an (Ft)-stopping time τ we can find a regular conditional
probability distribution Pω(A|Fτ ), i.e. a kernel of probabiltity measures on M1(DE), which
for every A ∈ F is a version of the conditional probability P (A|Fτ )(ω) and which has the
additional property that for all ω ∈ DE

Pω(Xt∧τ = Xt∧τ (ω)) = 1.
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Here as usual Fτ = {A ∈ F : A ∩ {τ ≤ t} ∈ Ft for all t ≥ 0} is the σ-algebra of events up to
τ . It turns out that up to an exceptional set of measure 0 for all ω ∈ DE the measure Pω(·|Fτ )
describes a solution of the martingale problem which starts at time τ(ω) at the point Xτ (ω).

Conversely, it is possible to compose a solution of the martingale problem by glueing together
a solution up to the stopping time τ and solutions after τ in the following way: We can define
a kernel of probabiltity measure on DE, which for each ω ∈ DE is a solution of the martingale
problem starting at time τ(ω) in Xτ (ω), and which is Fτ -measurable with respect to ω. We then
obtain a solution of the original martingale problem by integrating this kernel with respect to
the solution of the martingale problem up to the stopping time τ . This feature of the martingale
problem formulation is often called a hidden Markov property. We refer to [83] as a standard
reference concerning this topic, in particular Theo. 1.2.10, see also [81], Theo.1.2 for the case
of jump processes, as well as [17], section 4.6.
Note that for the argument above it is important that τ is a stopping time with respect to the
cananical filtration.

In the situation of Theorem 5.2 we therefore can compose a solution of the martingale problem
by piecewise joining solutions of stopped martingale problems along the stopping times τUk

in the above manner. Since the solutions of all stopped martingale problems are unique, this
property carries over to the solution of the martingale problem itself.

We reformulate the localization technique for the case of pseudo differential operators in terms
of the symbols

Theorem 5.3. Let p, pk : R
n × R

n → R be continuous negative definite symbols, k ∈ N, and
suppose that the corresponding pseudo differential operators p(x,D) and pk(x,D) map C∞

0 (Rn)
into Cb(R

n). Assume that for each initial distribution there is a solution of the martingale
problem for −p(x,D). Moreover assume that there is an open covering (Uk)k∈N of R

n such that

p(x, ξ) = pk(x, ξ) for all x ∈ Uk, ξ ∈ R
n.

If the martingale problem for −pk(x,D) is well-posed for all k ∈ N, then the martingale problem
for −p(x,D) is well-posed, too.

Proof: Note that for t < τUk
we have Xt ∈ Uk and therefore

ϕ(Xt∧τUk
) −

∫ t∧τUk

0

(−p(x,D)ϕ)(Xs) ds = ϕ(Xt∧τUk
) −

∫ t∧τUk

0

(−pk(x,D)ϕ)(Xs) ds

for all t ≥ 0 and all ϕ ∈ C∞
0 (Rn). Thus P ∈ M1(DRn) is a solution of the stopped martingale

problem for p(x,D) and Uk if and only if it is a solution to stopped martingale problem for
−pk(x,D) and Uk. By Theorem 5.1 the stopped martingale problem for −pk(x,D) and Uk is
well-posed, hence the stopped martingale problem for −p(x,D) and Uk is well- posed for all
k ∈ N. Now the assertion follows from Theorem 5.2. 2
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5.2 A general uniqueness criterion

A probability measure P ∈ M1(DE) is determined by its finite-dimensional distributions, i.e.
the distributions P ◦ (Xt1 , . . . , Xtk)

−1, where t1, . . . , tk ∈ [0,∞). For solutions of the martingale
problem the situation fortunately is more easy, since in this case uniqueness is implied by the
uniqueness of the one-dimensional distributions:

Lemma 5.4. Let A : D(A) → B(E) be linear operator with domain D(A) ⊂ Cb(E). If for
all µ ∈ M1(E) and solutions P1, P2 ∈ M1(DE) of the martingale problem for A with initial
distribution µ we have

P1 ◦X
−1
t = P2 ◦X

−1
t for all t ≥ 0,(5.3)

then for every initial distribution there is at most one solution of the martingale problem for A.

This result is again a consequence of the hidden Markov property as discussed in the previous
section. Note that it is necessary to have uniqueness of the one-dimensional distribution for
all initial distributions, even if one is interested only in the unique solvability for a particular
initial distribution.

Proof: We follow the argument given in [17], 4.4.2. Let P, P ′ ∈ M1(DE) be solutions of
the martingale problem for A with an initial distribution ν. It is sufficient to check that for all
m ∈ N and all strictly positive functions f1, . . . , fm ∈ B(E) and all 0 ≤ t1 < . . . < tm we have

E
P

[
m∏

k=1

fk(Xtk)

]
= E

P ′

[
m∏

k=1

fk(Xtk)

]
.(5.4)

We prove (5.4) by induction. For m = 1 (5.4) follows from the assumption (5.3).
Taking for granted that (5.4) holds for some m ∈ N we define probability mesures P1, P2 ∈
M1(DE) by

P1(B) = E
P

[
(1B ◦ θtm) ·

m∏

k=1

fk(Xtk)

] /
E
P

[
m∏

k=1

fk(Xtk)

]

and

P2(B) = E
P ′

[
(1B ◦ θtm) ·

m∏

k=1

fk(Xtk)

] /
E
P ′

[
m∏

k=1

fk(Xtk)

]

for B ∈ F , where θtm : DE → DE is the F -F -measurable shift operator given by: θtm ω(t) =
ω(t+ tm)
Then for a Borel set C ⊂ E the function 1C = (1 + 1C)− 1 is the difference of strictly positive
functions in B(E). Therefore by (5.4)

P1{X0 ∈ C} = E
P

[
1C(Xtm) ·

m∏

k=1

fk(Xtk)

] /
E
P

[
m∏

k=1

fk(Xtk)

]
(5.5)

= E
P ′

[
1C(Xtm) ·

m∏

k=1

fk(Xtk)

] /
E
P ′

[
m∏

k=1

fk(Xtk)

]
= P2{X0 ∈ C}.
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Furthermore for r ∈ N, 0 ≤ s1 ≤ . . . ≤ sr ≤ sr+1 ≤ sr+2, functions hl ∈ B(E), l = 1, . . . , r, and
ϕ ∈ D(A) we have

E
P1

[(
ϕ(Xsr+2) − ϕ(Xsr+1) −

∫ sr+2

sr+1

Aϕ(Xu) du

) r∏

l=1

hl(Xsl
)

]

= E
P

[(
ϕ(Xsr+2+tm) − ϕ(Xsr+1+tm) −

∫ sr+2+tm

sr+1+tm

Aϕ(Xu) du

)
·

·
r∏

l=1

hl(Xsl+tm) ·
m∏

k=1

fk(Xtk)

] /
E
P

[
m∏

k=1

fk(Xtk)

]
= 0,

since 0 ≤ t1 ≤ . . . ≤ tm ≤ s1 + tm ≤ . . . ≤ sr + tm ≤ sr+1 + tm ≤ sr+2 + tm and P is a solution
of the martingale problem for A. Analogously

E
P2

[(
ϕ(Xsr+2) − ϕ(Xsr+1) −

∫ sr+2

sr+1

Aϕ(Xu) du

) r∏

l=1

hl(Xsl
)

]
= 0.

Therefore P1 and P2 are solutions of the martingale problem for A , which have the same
initial distribution by (5.5). Consequently, by assumption (5.3) and by (5.4) we obtain for all
tm+1 = tm + t′ with t′ ≥ 0 and all fm+1 ∈ B(E)

E
P

[
m+1∏

k=1

fk(Xtk)

]
= E

P1 [fm+1(Xt′)] · E
P

[
m∏

k=1

fk(Xtk)

]

= E
P2 [fm+1(Xt′)] · E

P ′

[
m∏

k=1

fk(Xtk)

]

= E
P ′

[
m+1∏

k=1

fk(Xtk)

]
,

i.e. (5.4) holds with m replaced by m+ 1. 2

We want to apply Lemma 5.4 to prove well-posedness of the martingale problem for a pseudo
differential operator −p(x,D). The usual way to check the condition (5.3) is based on an
analytic argument, namely the existence of sufficiently smooth solutions of the Cauchy problem
for the operator ∂

∂t
− p(x,D) (see [83], Theo. 6.3.2). To solve this kind of problem we again

want to employ Hilbert space techniques in anisotropic Sobolev spaces Hs,λ(Rn) as developed
in the previous chapter. We therefore formulate a criterion to verify (5.3) in terms of operators
in spaces Hs,λ(Rn). Thus assume that Hs,λ(Rn) is defined as in (4.5), (4.6) and suppose that
for some s0 > 0 we have the Sobolev embedding

Hs0,λ(Rn) →֒ C∞(Rn) ⊂ Cb(R
n)(5.6)

For T > 0 by C([0, T ], Hs,λ(Rn)) and C1([0, T ], Hs,λ(Rn)) we denote the spaces of strongly
continuous and strongly continuously differentiable mappings u : [0, T ] → Hs,λ(Rn), respec-
tively, equipped with the norms sup0≤t≤T ‖u(t)‖s,λ and sup0≤t≤T ‖u(t)‖s,λ + sup0≤t≤T ‖u

′(t)‖s,λ.
In particular with the choice of s0 as above

C([0, T ], Hs0,λ(Rn)) →֒ Cb([0, T ] × R
n)(5.7)
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holds. Furthermore, since C∞
0 (Rn) ⊂ Hs0,λ(Rn), it is clear that we can regard C∞

0 ([0, T ]× R
n)

as a subspace of C1([0, T ], Hs0,λ(Rn)).

Theorem 5.5. Let p : R
n × R

n → R be a continuous negative definite symbol and p(x,D)
the corresponding pseudo differential operator defined on C∞

0 (Rn). Assume that (5.6) holds for
some s0 > 0 and that p(x,D) extends to a continuous operator

p(x,D) : Hs0+2,λ(Rn) → Hs0,λ(Rn).

If for all T > 0 and for all Ψ ∈ C∞
0 ([0, T )×R

n) ⊂ C1([0, T ], Hs0,λ(Rn)) the evolution equation
in Hs0,λ(Rn)

u′ − p(x,D)u = −Ψ(·) on [0, T ),
u(T ) = 0

(5.8)

has a solution u ∈ C([0, T ], Hs0+2,λ(Rn))∩C1([0, T ], Hs0,λ(Rn)), then for any initial distribution
there is at most one solution of the martingale problem for −p(x,D).

The proof uses the following lemma which concerns a time dependent formulation of the mar-
tingale problem as considered in [83], Theo.4.2.1, see also [81], Theo.1.1 for the non-local case.
Here we consider the case of operators defined in spaces Hs,λ(Rn).

Lemma 5.6. Let s0 and p(x,D) be as in Theorem 5.5 and let P ∈ M1(DRn)be a solution of
the martingale problem for the operator (−p(x,D), C∞

0 (Rn)). Then for each T > 0 and each
u ∈ C([0, T ], Hs0+2,λ(Rn)) ∩ C1([0, T ], Hs0,λ(Rn)) the process (Mt)t≥0,

Mt = u(t,Xt) −

∫ t

0

((
d

ds
− p(x,D)

)
u

)
(s,Xs) ds, 0 ≤ t ≤ T,(5.9)

is a P -martingale up to time T .

Proof: First note that for all ϕ ∈ Hs0+2,λ(Rn) the process

ϕ(Xt) −

∫ t

0

(−p(x,D)ϕ)(Xs) ds, t ≥ 0,(5.10)

is a martingale under P , because for a sequence of testfunctions (ϕk)k∈N that approximates ϕ
in Hs0+2,λ(Rn) we know by Sobolev embedding that (ϕk) tends to ϕ and (p(x,D)ϕk) tends to
p(x,D)ϕ uniformly. Therefore the martingale property is preserved.

Next note that we may assume u ∈ C1([0, T ], Hs0+2,λ(Rn)). In fact, given u as in the as-
sumption we extend u by reflexion to an open neighbourhood I of [0, T ] in such a way that
u ∈ C(I,Hs0+2,λ(Rn)) ∩ C1(I,Hs0,λ(Rn)). For some ϕ ∈ C∞

0 (R), ϕ ≥ 0,
∫

R
ϕ(s) ds = 1, and

small ε > 0 we define

uε(t) =

∫

I

1

ε
ϕ

(
t− s

ε

)
u(s) ds, 0 ≤ t ≤ T,

as a Bochner integral. Then uε ∈ C1([0, T ], Hs0+2,λ(Rn)) and a straight forward calculation
yields that uε → u as ε → 0 in C([0, T ], Hs0+2,λ(Rn)) as well as in C1([0, T ], Hs0,λ(Rn)).
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Hence, by (5.7) uε, u
′
ε and p(x,D)uε converge boundedly and uniformly to u, u′ and p(x,D)u,

respectively, considered as functions in Cb([0, T ]×R
n). But the martingale property of (5.9) is

preserved under this convergence.

Therefore suppose that u ∈ C1([0, T ], Hs0+2,λ(Rn)). We now adapt the argument given in the
proof of [83], Theorem 4.2.1, taking into account that by (5.6) we can calculate u′ considered
as an element of Cb([0, T ] × R

n) as the usual partial time derivative, i.e. u′ = ∂
∂t
u(·, ·). For all

0 ≤ t1 ≤ t2 ≤ T and A ∈ Ft1 we get

E
P [(u(t2, Xt2) − u(t1, Xt1)) · 1A]

= E
P [(u(t2, Xt2) − u(t1, Xt2)) · 1A] + E

P [(u(t1, Xt2) − u(t1, Xt1)) · 1A] .

Since u(t1) ∈ Hs0+2,λ(Rn), we obtain by the remark (5.10) above

E
P [(u(t2, Xt2) − u(t1, Xt1)) · 1A]

= E
P

[∫ t2

t1

u′(s,Xt2) ds · 1A

]
+ E

P

[∫ t2

t1

(−p(x,D)u)(t1, Xv) dv · 1A

]

= E
P

[∫ t2

t1

(
d

ds
− p(x,D)

)
u(s,Xs) ds · 1A

]

+E
P

[∫ t2

t1

(u′(s,Xt2) − u′(s,Xs)) ds · 1A

+

∫ t2

t1

((−p(x,D)u)(t1, Xv) − (−p(x,D)u)(v,Xv)) dv · 1A

]
.

Thus, to prove the lemma we have to show that the second expectation vanishes. But again by
(5.10)

E
P

[∫ t2

t1

(u′(s,Xt2) − u′(s,Xs)) ds · 1A

]
= E

P

[∫ t2

t1

(∫ t2

s

(−p(x,D)u′)(s,Xv) dv

)
ds · 1A

]
.

On the other hand

E
P

[∫ t2

t1

((−p(x,D)u)(t1, Xv) − (−p(x,D)u)(v,Xv)) dv · 1A

]

= −E
P

[∫ t2

t1

(∫ v

t1

d

ds
(−p(x,D)u)(s,Xv) ds

)
dv · 1A

]
.

Note that u′ ∈ C([0, T ], Hs0+2,λ(Rn)), p(x,D)u ∈ C1([0, T ], Hs0,λ(Rn)) and that
p(x,D)u′ = d

dt
(p(x,D)u) as elements of C([0, T ], Hs0,λ(Rn)) and hence by (5.7) also as elements

of Cb([0, T ] × R
n). Therefore, since both iterated integrals are intergals over the same region,

the integrals cancel. 2

Proof of Theorem 5.5: Let Ψ1 ∈ C∞
0 ([0, T )) and Ψ2 ∈ C∞

0 (Rn) and
u ∈ C([0, T ], Hs0+2,λ(Rn)) ∩ C1([0, T ], Hs0,λ(Rn)) be a solution to (5.8) with inhomogenity
Ψ(t, x) = Ψ1(t) · Ψ2(x). Then by Lemma 5.6

Mt = u(t,Xt) −

∫ t

0

(
d

ds
− p(x,D))u(s,Xs) ds

67



is a P -martingale up to time T for any solution P to the martingale problem for −p(x,D) and
initial distribution µ. Hence

∫ T

0

Ψ1(s) · E
P [Ψ2(Xs)] ds

= E
P

[∫ T

0

Ψ(s,Xs) ds

]
= E

P [MT ] = E
P [M0] = E

P [u(0, X0)] = E
µ [u(0, ·)]

and the expectation on the left hand side is uniquely determined by the initial distribution
µ. Since Ψ1 is arbitrary und the paths of (Xt) are right-continuous, the same holds true for
E
P [Ψ2(Xs)] for all 0 ≤ s < T . Now Ψ2 and T are also arbitrary, so we conclude that the

one-dimensional distributions P ◦X−1
s are uniquely determined by µ for all s ≥ 0 and do not

depend on the choice of a particular solution to the martingale problem. Now the theorem
follow from Lemma 5.4 2

5.3 Well-posedness of the martingale problem for a class

of pseudo differential operators

Assume again that
ψ : R

n → R

is a continuous negative definite reference function, which satisfies

ψ(ξ) ≥ c |ξ|r for all |ξ| ≥ 1(5.11)

for some r > 0 and c > 0. Define λ(ξ) = (1 + ψ(ξ))1/2 as ususal. Our aim is to prove the
following uniqueness result for the martingale problem.

Theorem 5.7. Let p : R
n × R

n → R be a continuous negative definite symbol such that
p(x, 0) = 0 for all x ∈ R

n. Let M ∈ N be the smallest integer such that

M >
(n
r
∨ 2
)

+ n(5.12)

and suppose that

(i) p(x, ξ) is (2M + 1 − n)-times continuously differentiable with respect to x and for all
β ∈ N

n
0 , |β| ≤ 2M + 1 − n

∣∣∂βxp(x, ξ)
∣∣ ≤ cλ2(ξ), x,∈ R

n, ξ ∈ R
n,(5.13)

holds and

(ii) for some strictly positive function γ : R
n → R

+

p(x, ξ) ≥ γ(x) · λ2(ξ) for all x ∈ R
n, |ξ| ≥ 1.(5.14)
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Then the martingale problem for the operator −p(x,D) with domain C∞
0 (Rn) is well-posed.

We want to apply Theorem 5.5 to prove this result. It is well-known (see [84]) how to solve
the evolution equation (5.8) using a semigroup which is generated by the operator −p(x,D)
in Hs0,λ(Rn). So we are again led to the investigation of the operator −p(x,D) in the scale
of anisotropic Sobolev spaces. In particular, by the Hille-Yosida theorem we are led to the
problem of solving the equation (4.41). To attack this problem it is reasonable in view of our
localization result, Theorem 5.3, and in view of the conditions we had to assume in the previous
chapter, to modify the symbol p(x, ξ) in the following way:

Fix x0 ∈ R
n and Ψ ∈ C∞

0 (Rn) such that 0 ≤ Ψ ≤ 1, Ψ = 1 in B1/2(0), supp Ψ ⊂ B1(0), and
define for R > 0

ΨR(x) = Ψ

(
x− x0

R

)
.(5.15)

Now consider

pR(x, ξ) = ΨR(x) · p(x, ξ) + (1 − ΨR(x)) · p(x0, ξ)(5.16)

= p(x0, ξ) + ΨR(x)(p(x, ξ) − p(x0, ξ)).

Then pR(x, ξ) coincides with p(x, ξ) in the neighbourhood BR/2(x0) of x0. Moreover, pR as
a convex combination of continuous negative definite symbols is also a continuous negative
definite symbol and has a decomposition as in (4.26) with a perturbation part

p2(x, ξ) = ΨR(x)(p(x, ξ) − p(x0, ξ)).(5.17)

When R is chosen sufficiently small, we may hope that this perturbation also becomes small
and the method of the previous chapter applies.

Unfortunately, the situation is more delicate, since condition (A.3.M) requires smallness not
only for p2(x, ξ), but also for the derivatives with respect to x. But for p2(x, ξ) chosen as in (5.17)
these derivatives in general explode as R → 0. We therefore have to refine the decomposition.
With the notation of Theorem 5.7 let N be the smallest integer such that

N >
(n
r
∨ 2
)
,

i.e. M = N + n. We obtain by Taylor’s formula

p(x, ξ) = p(x0, ξ) +
∑

0<|β|≤N

(x− x0)
β

β!
∂βxp(x0, ξ) +RN(x, ξ),

where

RN(x, ξ) = (N + 1)

∫ 1

0

(1 − t)N
∑

|β|=N+1

(x− x0)
β

β!
(∂βxp)(tx+ (1 − t)x0, ξ) dt.

A comparison with (5.16) thus yields

pR(x, ξ) = p(x0, ξ) +
∑

0<|β|≤N

ΨR(x)
(x− x0)

β

β!
∂βxp(x0, ξ) + ΨR(x) ·RN(x, ξ)

= p(x0, ξ) +
∑

0<|β|≤N

bβ(x)pβ(ξ) +
∑

|β|=N+1

qβ(x, ξ),(5.18)
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where for β ∈ N
n
0 we introduced the notations

bβ(x) = ΨR(x)
(x− x0)

β

β!
, 0 < |β| ≤ N,

pβ(ξ) = ∂βxp(x0, ξ), 0 < |β| ≤ N,

qβ(x, ξ) = (N + 1)

∫ 1

0

(1 − t)NΨR(x)
(x− x0)

β

β!
(∂βxp)(tx+ (1 − t)x0, ξ) dt, |β| = N + 1.

Note that bβ and qβ depend on R, although it is not marked to avoid a too complex notation.
Nevertheless we carefully have to keep track of the dependence of estimates for the correspond-
ing operators on R.
The advantage of the decomposition (5.18) lies in the fact that we can force qβ(x, ξ) to be small
for R → 0 because of the factor ΨR(x)(x− x0)

β, |β| = N + 1, which vanishes arbitrarily fast if
N is sufficienty large. On the other hand also the terms bβ(x) · pβ(ξ) will be controllable due
to their simpler product structure.

In order to prove Theorem 5.7 note first that (5.13) for β = 0 implies by Theorem 3.15 that
there is a solution to the martingale problem for −p(x,D) for every initial distribution. Then
for x0 ∈ R

n define the symbol pR(x, ξ) as in (5.16). Note that again by (5.13) the operators
p(x,D) and pR(x,D) map C∞

0 (Rn) into Cb(R
n). If we can prove that for each x0 ∈ R

n there
is an R = R(x0) > 0 such that the martingale problem for −pR(x,D) is well-posed, then we
can choose a countable set of points x0 in such way that the balls BR(x0)/2(x0) cover the whole
space R

n. But then by Theorem 5.3 also the martingale problem for −p(x,D) is well-posed.

Thus the proof of Theorem 5.7 is reduced to verify

Theorem 5.8. Let p(x, ξ) be as in Theorem 5.7. Fix x0 ∈ R
n and define pR(x, ξ) as in (5.16).

Then there is an R > 0 such that the martingale problem for −pR(x,D) with domain C∞
0 (Rn)

is well-posed.

As mentioned above we want to apply modified Hilbert space methods as in Chapter 4 to
solve an evolution equation corresponding to pR(x,D) and then apply Theorem 5.5. To that
end we need some preparations. We begin with commutator estimates for each term of the
decomposition (5.18) of pR(x, ξ). Recall the defintion of M in (5.12).

Lemma 5.9. Let 0 ≤ s < M − n. Then there is a constant K1(R) with limR→0K1(R) = 0
such that for all |β| = N + 1

‖[λs(D), qβ(x,D)]u‖0 ≤ K1(R) · ‖u‖s+1,λ for all u ∈ C∞
0 (Rn).(5.19)

Proof: By (5.12) we know that 2 + n < M . Hence for all 0 ≤ s < M − n we have
|s− 1| + 1 + n < M . Therefore Theorem 4.3 yields (5.19) provided

|∂αx qβ(x, ξ)| ≤ Φα(x) · λ
2(ξ) for all α ∈ N

n
0 , |α| ≤M,(5.20)

for functions Φα ∈ L1(Rn) and the constant K1(R) then is given by

K1(R) = cM,s,ψ ·
∑

α∈Nn
0

|α|≤M

‖Φα‖L1(Rn) .(5.21)
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But by definition of qβ, Leibniz rule and assumption (5.13)

|∂αx qβ(x, ξ)| ≤

≤ (N + 1)

∫ 1

0

∣∣∣∣(1 − t)N∂αx

[
ΨR(x)

(x− x0)
β

β!
(∂βxp)(tx+ (1 − t)x0, ξ)

]∣∣∣∣ dt

= (N + 1) ·

∫ 1

0

∣∣∣∣∣(1 − t)N
∑

γ≤α

(
α
γ

)
∂α−γx

[
ΨR(x)

(x− x0)
β

β!

]
t|γ|(∂β+γ

x p)(tx+ (1 − t)x0, ξ)

∣∣∣∣∣ dt

≤ (N + 1)

∫ 1

0

(1 − t)N
∑

γ≤α

(
α
γ

) ∣∣∣∣∂
α−γ
x

[
ΨR(x)

(x− x0)
β

β!

]∣∣∣∣ t
|γ| · cλ2(ξ) dt

≤
∑

γ≤α

(
α
γ

)
·

∣∣∣∣∂
α−γ
x

[
ΨR(x)

(x− x0)
β

β!

]∣∣∣∣ · c λ
2(ξ).

Note that because of |β + γ| ≤ N + 1 +M = 2M + 1 − n all derivatives of p exist. Therefore
(5.20) holds with L1-functions

Φα(x) = c ·
∑

γ≤α

(
α
γ

)
·

∣∣∣∣∂
α−γ
x

[
ΨR(x)

(x− x0)
β

β!

]∣∣∣∣

and the assertion is proved as soon as we show

lim
R→0

sup
γ≤α

∫

Rn

∣∣∣∣∂
α−γ
x

[
ΨR(x)

(x− x0)
β

β!

]∣∣∣∣ dx = 0.

But again by Leibniz rule

sup
γ≤α

∫

Rn

∣∣∣∣∂
α−γ
x

[
ΨR(x)

(x− x0)
β

β!

]∣∣∣∣ dx

≤ sup
|γ|≤M

∫

BR(x0)

∑

δ≤γ

(
γ
δ

) ∣∣∂δxΨR(x)
∣∣ ·
∣∣∣∣∂
γ−δ
x

(x− x0)
β

β!

∣∣∣∣ dx

≤ sup
|γ|≤M

{
∑

δ≤γ

(
γ
δ

)∫

BR(x0)

R−|δ|

∣∣∣∣(∂
δ
xΨ)(

x− x0

R
)

∣∣∣∣ dx · sup
x∈BR(x0)

∣∣∣∣∂
γ−δ
x

(x− x0)
β

β!

∣∣∣∣

}

≤ sup
|γ|≤M





∑

δ≤γ
γ−δ≤β

(
γ
δ

)
R−|δ|+n

∫

B1(0)

∣∣∂δxΨ(x)
∣∣ dx · cβ,γ,δ sup

x∈BR(x0)

∣∣(x− x0)
β−(γ−δ)

∣∣




,

where it is sufficient to let the sum run over γ− δ ≤ β, since otherwise ∂γ−βx (x− x0)
β vanishes.

In particular |β − (γ − δ)| = |β| − |γ| + |δ| and so

sup
γ≤α

∫

Rn

∣∣∣∣∂
α−γ
x

[
ΨR(x)

(x− x0)
β

β!

]∣∣∣∣ dx
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≤ sup
|γ|≤M





∑

δ≤γ
γ−δ≤β

(
γ
δ

)
cβ,γ,δR

−|δ|+n

∫

B1(0)

∣∣∂δxΨ(x)
∣∣ dx ·R|β|−|γ|+|δ|




,

≤ c sup
|γ|≤M

Rn+|β|−|γ| → 0,

as R → 0, because n+ |β| − |γ| ≥ n+N + 1 −M = 1 by the choice of N . 2

Recall that bβ(x) = ΨR(x) (x−x0)β

β!
, 0 < |β| ≤ N is a smooth function with compact support.

Hence for all α ∈ N
n
0

|∂αx (bβ(x) · pβ(ξ))| ≤ |∂αx bβ(x)| · c λ
2(ξ)(5.22)

and
‖∂αx bβ‖L1(Rn) ≤ C(R).

Therefore we find as above

Lemma 5.10. Let s ≥ 0. Then for all 0 < |β| ≤ N

‖[λs(D), bβ(·)pβ(D)]u‖0 ≤ C(R) ‖u‖s+1,λ for all u ∈ C∞
0 (Rn).

We also have commutator estimates for the Friedrichs mollifier analogous to that of Theorem
4.4.

Lemma 5.11.

(i) Let 0 ≤ s < M − n. There is a constant C(R) independent of 0 < ε ≤ 1 such that for all
|β| = N + 1

‖[Jε, qβ(x,D)]u‖s,λ ≤ C(R) ‖u‖s+1,λ for all u ∈ C∞
0 (Rn).

(ii) Let s ≥ 0 .There is a constant C(R) independent of 0 < ε ≤ 1 such that for all 0 < |β| ≤
N

‖[Jε, bβ(·)pβ(D)]u‖s,λ ≤ C(R) ‖u‖s+1,λ for all u ∈ C∞
0 (Rn).

For the proof it is enough to note that the estimates (5.20) in the proof of Lemma 5.9 and
(5.22), respectively, are exactly the assumptions of Theorem 4.4

We now turn to the solution of the equation

(pR(x,D) + τ)u = f.(5.23)

For this purpose in principle we want to repeat the arguments of chapter 4. But the commutator
estimates in Lemma 5.10 show that the operators bβ(·)pβ(D) in the decomposition (5.18) cannot
be treated as in chapter 4, since the constant C(R) may be very large for small R, and there is
still a little more work to do. Since we are interested in a semigroup on a space Hs,λ(Rn), we
will construct a weak solution of (5.23) already in this space. We begin with some continuity
properties of the operators under consideration.
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Lemma 5.12.

(i) Let s ≥ 0. Then for all 0 < |β| ≤ N

‖p(x0, D)u‖s,λ ≤ c ‖u‖s+2,λ ,(5.24)

‖pβ(D)u‖s,λ ≤ c ‖u‖s+2,λ(5.25)

and
‖bβ(·)pβ(D)u‖s,λ ≤ C(R) ‖u‖s+2,λ for all u ∈ C∞

0 (Rn).(5.26)

(ii) Let 0 ≤ s < M − n. Then there is a constant K2(R) with lim
R→0

K2(R) = 0, such that

‖qβ(x,D)u‖s,λ ≤ K2(R) ‖u‖s+2,λ(5.27)

for all |β| = N + 1 and u ∈ C∞
0 (Rn).

Proof: The estimates (5.24) and (5.25) follow by the same arguments as in (4.32). Moreover,
by Lemma 5.10 and (5.25)

‖bβ(·)pβ(D)u‖s,λ = ‖λs(D)bβ(·)pβ(D)u‖0

≤ ‖bβ(·)pβ(D)λs(D)u‖0 + ‖[λs(D), bβ(·)pβ(D)]u‖0

≤ c ‖bβ‖L∞(Rn) ‖u‖s+2,λ + C(R) ‖u‖s+1,λ ,(5.28)

which gives (5.26).
For |β| = N + 1 we find as in the proof of Theorem 4.8, (4.33),

‖qβ(x,D)u‖0 ≤ CM ·
∥∥∥〈·〉−M

∥∥∥
L1(Rn)

·
∑

α∈Nn
0

|α|≤M

‖Φα‖L1(Rn) · ‖u‖2,λ ,

where Φα ∈ L1(Rn) are the functions in the estimate (5.20). But as shown in the proof of
Lemma 5.9 we have limR→0 ‖Φα‖L1(Rn) = 0 and hence

‖qβ(x,D)u‖0 ≤ KR · ‖u‖2,λ

with a constant KR such that limR→0KR = 0. Furthermore, by Lemma 5.9

‖qβ(x,D)u‖s,λ = ‖λs(D)qβ(x,D)u‖0

≤ ‖qβ(x,D)λs(D)u‖0 + ‖[λs(D), qβ(x,D)]u‖0

≤ KR · ‖λs(D)u‖2,λ +K1(R) ‖u‖s+1,λ

≤ (KR +K1(R)) ‖u‖s+2,λ .

2

In particular pR(x,D) maps Hs+2,λ(Rn) continuously into Hs,λ(Rn) for all 0 ≤ s < M − n.

We now fix a number s0 ≥ 2 such that

M − n > s0 >
n

2r
.(5.29)
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This is possible by (5.12). Note that by Proposition 4.1 in particular the Sobolev embedding
(5.6) and hence the assumption on s0 in Theorem 5.5 hold with this choice of s0. We investigate
the equation

(pR(x,D) + λ)u = f

in Hs0,λ(Rn). First we look for a weak solution. Therefore define for u, v ∈ C∞
0 (Rn) the bilinear

form
BR(u, v) = (pR(x,D)u, v)s0,λ.(5.30)

We decompose BR in the following way.

BR(u, v) = BR
0 (u, v) +

∑

0<|β|≤N

BR
β (u, v) +

∑

|β|=N+1

BR
β (u, v),(5.31)

where

BR
0 (u, v) = (p(x0, D)u, v)s0,λ,

BR
β (u, v) = (bβ(·)pβ(D)u, v)s0,λ, 0 < |β| ≤ N,

BR
β (u, v) = (qβ(x,D)u, v)s0,λ, |β| = N + 1.

Proposition 5.13. The bilinear form BR extends continuously to Hs0+1,λ(Rn) ×Hs0+1,λ(Rn)
and ∣∣BR(u, v)

∣∣ ≤ C(R) ‖u‖s0+1,λ · ‖u‖s0+1,λ(5.32)

holds.

Proof: We estimate all terms of the decomposition (5.31) in turn. By Cauchy-Schwarz
inequality and Lemma 5.12 we obtain for u, v ∈ C∞

0 (Rn)
∣∣BR

0 (u, v)
∣∣ = |(λs0(D)p(x0, D)u, λs0(D)v)0|(5.33)

=
∣∣(λs0−1(D)p(x0, D)u, λs0+1(D)v)0

∣∣
≤ ‖p(x0, D)u‖s0−1,λ · ‖v‖s0+1,λ

≤ c ‖u‖s0+1,λ · ‖v‖s0+1,λ .

Using Lemma 5.10 and Lemma 5.12 we find analogously for 0 < |β| ≤ N
∣∣BR

β (u, v)
∣∣ =

∣∣(λs0−1(D)bβ(·)pβ(D)u, λs0+1(D)v)0

∣∣(5.34)

≤
∣∣(bβ(·)pβ(D)λs0−1(D)u, λs0+1(D)v)0

∣∣
+
∣∣(
[
λs0−1(D), bβ(·)pβ(D)

]
u, λs0+1(D)v)0

∣∣
≤ c ‖bβ‖L∞(Rn) · ‖u‖s0+1,λ · ‖v‖s0+1,λ + C(R) ‖u‖s0,λ · ‖v‖s0+1,λ .

Finally we have for |β| = N + 1 again by Lemma 5.12
∣∣BR

β (u, v)
∣∣ =

∣∣(λs0−1(D)qβ(x,D)u, λs0+1(D)v)0

∣∣(5.35)

≤ ‖qβ(x,D)u‖s0−1,λ · ‖v‖s0+1,λ ≤ K2(R) ‖u‖s0+1,λ · ‖v‖s0+1,λ .

Combining (5.33), (5.34) and (5.35) completes the proof. 2

Condition (5.14) allows to prove a lower estimate for BR given by the following Garding in-
equality.
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Theorem 5.14. If R > 0 is sufficiently small, then there is a constant τ(R) depending on R
such that

BR(u, u) ≥
γ(x0)

2
‖u‖2

s0+1,λ − τ(R) ‖u‖2
s0,λ

for all u ∈ Hs0+1,λ(Rn).(5.36)

Proof: By (5.14) there is a constant c ≥ 0, such that

p(x0, ξ) ≥ γ(x0)λ
2(ξ) − c

and therefore as in (4.38)

BR
0 (u, u) ≥ γ(x0) ‖u‖

2
s0+1,λ − c ‖u‖2

s0,λ
.(5.37)

Moreover, by (5.34) for all ε > 0 we get for 0 < |β| ≤ N
∣∣BR

β (u, u)
∣∣ ≤ c ‖bβ‖L∞(Rn) · ‖u‖

2
s0+1,λ + C(R) ‖u‖s0+1,λ · ‖u‖s0,λ

≤ (c ‖bβ‖L∞(Rn) + ε) ‖u‖2
s0+1,λ + C(R, ε) ‖u‖2

s0,λ
.

Since

‖bβ‖L∞(Rn) = sup
x∈BR(x0)

∣∣∣∣ΨR(x)
(x− x0)

β

β!

∣∣∣∣→ 0 as R → 0,(5.38)

we find for R and ε sufficiently small

∑

0<|β|≤N

∣∣BR
β (u, u)

∣∣ ≤ γ(x0)

4
‖u‖2

s0+1,λ + C(R) ‖u‖2
s0,λ

(5.39)

and furthermore by (5.35)

∑

|β|=N+1

∣∣BR
β (u, u)

∣∣ ≤
∑

|β|=N+1

K2(R) ‖u‖2
s0+1,λ ≤

γ(x0)

4
‖u‖2

s0+1,λ .(5.40)

Summarizing (5.37), (5.39) and (5.40) we find

BR(u, u) ≥ BR
0 (u, u) −

∑

0<|β|≤N

∣∣BR
β (u, u)

∣∣−
∑

|β|=N+1

∣∣BR
β (u, u)

∣∣

≥
γ(x0)

2
‖u‖2

s0+1,λ − τ(R) ‖u‖2
s0,λ

.

2

Let us fix R sufficiently small such that (5.36) holds true. Then for all τ ≥ τ(R) by Proposi-
tion 5.13 and Theorem 5.14 BR(·, ·) + τ(·, ·)s0,λ is a continuous and coercive bilinear form on
Hs0+1,λ(Rn). Thus by the Lax-Milgram theorem ([96], p.92) for each f ∈ Hs0,λ(Rn) we find
a weak solution u ∈ Hs0+1,λ(Rn) of the equation (pR(x,D) + τ)u = f , i.e. there is a unique
u ∈ Hs0+1,λ(Rn) such that

BR(u, v) + τ(u, v)s0,λ = (f, v)s0,λ for all v ∈ Hs0+1,λ(Rn).(5.41)

Our aim is again to prove that for this solution u ∈ Hs0+2,λ(Rn) holds. We claim
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Proposition 5.15. If R > 0 is sufficiently small, then there is a constant C(R) such that

‖u‖s0+2,λ ≤ C(R)
(
‖pR(x,D)u‖s0,λ + ‖u‖s0,λ

)
(5.42)

for all u ∈ Hs0+2,λ(Rn).

Proof: As in (4.40) we have by (5.14)

‖p(x0, D)u‖2
s0,λ

≥ γ(x0)
2 ‖u‖2

s0+2,λ − c ‖u‖2
s0,λ

.(5.43)

Next for 0 < |β| ≤ N we obtain by (5.28) and (4.11) for all ε > 0

‖bβ(·)pβ(D)u‖s0,λ = ‖λs0(D)bβ(·)pβ(D)u‖0

≤ c ‖bβ‖L∞(Rn) ‖u‖s0+2,λ + C(R) ‖u‖s0+1,λ

≤ (c ‖bβ‖L∞(Rn) + ε) ‖u‖s0+2,λ + C(R, ε) ‖u‖s0,λ ,

which gives for R and ε sufficiently small by (5.38)

∑

0<|β|≤N

‖bβ(·)pβ(D)u‖s0,λ ≤
γ(x0)

4
‖u‖s0+2,λ + C(R) ‖u‖s0,λ .(5.44)

Finally by Lemma 5.12 (ii) for small R > 0

∑

|β|=N+1

‖qβ(x,D)u‖s0,λ ≤
∑

|β|=N+1

K2(R) ‖u‖s0+2,λ ≤
γ(x0)

4
‖u‖s0+2,λ(5.45)

holds. Hence, combining (5.43), (5.44) and (5.45) yields

‖pR(x,D)u‖s0,λ ≥ ‖p(x0, D)u‖s0,λ −
∑

0<|β|≤N

‖bβ(·)pβ(D)u‖s0,λ −
∑

|β|=N+1

‖qβ(x,D)u‖s0,λ

≥
γ(x0)

2
‖u‖s0+2,λ − C(R) ‖u‖s0,λ ,

i.e. (5.42). 2

Now we can prove

Theorem 5.16. Let R > 0 be sufficiently small and τ(R) be the constant given in Theorem
5.14. Then for all τ ≥ τ(R) and all f ∈ Hs0,λ(Rn) there is a unique solution u ∈ Hs0+2,λ(Rn)
of

(pR(x,D) + τ)u = f.

Proof: Choose R > 0 sufficiently small, such that the statements of Theorem 5.14 and
Proposition 5.15 hold and let u ∈ Hs0+1,λ(Rn) be the unique weak solution of (5.41), note that
s0 ≥ 2. Choose functions uk, v ∈ C∞

0 (Rn), k ∈ N, such that (uk) converges to u in Hs0+1,λ(Rn).
Then

BR(uk, v) = (pR(x,D)uk, v)s0,λ = (pR(x,D)uk, λ
2s0(D)v)0.
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For k → ∞ we get pR(x,D)uk → pR(x,D)u in L2(Rn) by Lemma 5.12 and thus

(pR(x,D)u, λ2s0(D)v)0 = BR(u, v) = (f − τu, v)s0,λ = (f − τu, λ2s0(D)v)0.

Since λ2s0(D)(C∞
0 (Rn)) is dense in L2(Rn), this gives (pR(x,D) + τ)u = f in Hs0,λ(Rn).

We claim u ∈ Hs0+2,λ(Rn). Recall the definition of (Jε)ε>0 in (4.22). We know that Jεu ∈
Hs0+2,λ(Rn) for all 0 < ε ≤ 1 and Jεu converges to u in Hs0,λ(Rn) as ε → 0. Consequently
(Jεu)0<ε≤1 is bounded in Hs0,λ(Rn). The same holds true for (pR(x,D)Jεu)0<ε≤1, because by
Lemma 5.11

‖pR(x,D)Jεu‖s0,λ ≤ ‖JεpR(x,D)u‖s0,λ + ‖[Jε, pR(x,D)] u‖s0,λ

≤ ‖pR(x,D)u‖s0,λ +
∑

0<|β|≤N

‖[Jε, bβ(·)pβ(D)]u‖s0,λ +
∑

|β|=N+1

‖[Jε, qβ(x,D)]u‖s0,λ

≤ ‖f‖s0,λ + ‖τu‖s0,λ + C(R) ‖u‖s0+1,λ <∞.

So, by Proposition 5.15 we find that (Jεu)0<ε≤1 is bounded in Hs0+2,λ(Rn) and this implies
u ∈ Hs0+2,λ(Rn). 2

Finally we are in the position to conclude the proof of our uniqueness result.

Proof of Theorem 5.8:
Choose R > 0 sufficiently small such that Theorem 5.14 and Proposition 5.15 hold. Then the
operator −(pR(x,D)+τ(R)) with domainHs0+2,λ(Rn) is a densely defined operator onHs0,λ(Rn)
which by Garding’s inequality (5.36) is dissipative. Moreover, Theorem 5.16 yields that the
range of −(pR(x,D) + τ(R))− τ is Hs0,λ(Rn) for all τ > 0. Thus, by the Hille-Yosida theorem,
Theorem 4.6, −pR(x,D) is the generator of a strongly continuous semigroup (St)t≥0 of linear
operators onHs0,λ(Rn). Hence given T > 0 by [84], Theorem 3.2.2, for Ψ ∈ C1([0, T ], Hs0,λ(Rn))

u(t) =

∫ T

t

Ss−tΨ(s) ds

defines a solution u : [0, T ] → Hs0+2,λ(Rn) satisfying u ∈ C1([0, T ], Hs0,λ(Rn)) of the evolution
equation (5.8) with p(x,D) replaced by pR(x,D). Moreover, by (5.8) we have pR(x,D)u ∈
C([0, T ], Hs0,λ(Rn)) and thus the regularity result (5.42) gives u ∈ C([0, T ], Hs0+2,λ(Rn)).
Therefore by Theorem 5.5 the martingale problem for −pR(x,D) is well-posed. 2

5.4 The Feller property

The martingale problem formulation presents a comparatively weak relation between an op-
erator and an associated process. But once well-posedness of the martingale problem for an
operator −p(x,D) is proved, we have much stronger results for the corresponding process. In
particular for any point x ∈ R

n there is a unique solution P x ∈ M1(DRn) of the martingale
problem starting at the point x, i.e. having the initial distribution εx. It is a general result
that this family (P x)x∈Rn depends on x in a measurable way (see [17], 4.4.6 ).

Moreover in this case the family of processes ((Xt)t≥0, (P
x)x∈Rn) even satisfies the strong

Markov property:
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Theorem 5.17. Let p be a continuous negative definite symbol and let the martingale problem
for −p(x,D) be well-posed. Then ((Xt)t≥0, (P

x)x∈Rn) defined as above is a strong Markov family
with respect to the filtration (Ft), i.e. for every (Ft+)-stopping time τ and all t ≥ 0, f ∈ B(Rn)
we have

E
x [f(Xt+τ )|Fτ+] = E

Xτ [f(Xt)] on {τ <∞} P x-a.s.,

where E
x denote the expectation with respect to P x.

This theorem can be proved as in [41],p.205, Theorem 5.1, see also [17], 4.4.2. Thus in the
case of well-posedness we have a complete characterazation of a Markov process in terms of it
generator.

But furthermore in [91] J. van Casteren as shown that the well- posedness of the martingale
problem is almost equivalent to the statement that the operator extends to the generator of a
Feller semigroup. See also [71] concerning this subject. In particular Proposition 2.6 in [91]
implies

Proposition 5.18. Assume that p(x,D) maps C∞
0 (Rn) into C∞(Rn). If the martingale prob-

lem for −p(x,D) is well-posed, then −p(x,D) has an extension which is the generator of a
Feller semigroup.

In general the range of a pseudo differential operator p(x,D) as considered in the previous
chapters is not contained in C∞(Rn) due to the non-local behaviour. Therefore they can’t be
extended to the generator of a Feller semigroup, which by definition is a semigroup in C∞(Rn),
and the result is not applicable directly.

Nevertheless using the tightness results for solutions of the martingale problem as developed
in Chapter 3, we can prove under an additional weak assumption that the solution P x depend
on x in a continuous way. Using this result we will show that the associated process actually
defines a Feller semigroup.

Let p : R
n × R

n → C be a continuous negative definite symbol such that p(x, 0) = 0 for all
x ∈ R

n and
|p(x, ξ)| ≤ c(1 + |ξ|2)(5.46)

and hence the existence result Theorem 3.15 applies. The additional assumption on the symbol
will be the equicontinuity at ξ = 0, i.e.

sup
x∈Rn

|p(x, ξ)| −→
ξ→0

0.(5.47)

We need the following auxiliary result.

Lemma 5.19. Let p(x, ξ) be as above, in particular assume (5.46) and (5.47). Then for any
ϕ ∈ C∞

0 (Rn) we have with ϕR(x) = ϕ( x
R
), R > 0

lim
R→∞

sup
x∈Rn

|p(x,D)ϕR(x)| = 0(5.48)
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Proof: It is enough to repeat the argument in (3.30) in the proof of Lemma 3.16 (replace k
by R) and to note that by assumption sup|ξ|≤ 1√

R
|p(x, ξ)| tends to 0 uniformly with respect to

x as R → ∞ 2

We now can prove

Theorem 5.20. Assume that p(x, ξ) is a continuous negative definite symbol that satisfies
(5.46), (5.47) and let (µk)k∈N be a tight set of probability measures in R

n. Let Pk ∈ M1(DRn)
be a solution of the martingale problem for −p(x,D) and the initial distribution µk, then the
set {Pk}k∈N is tight in M1(DRn).

Proof: Since (−p(x,D), C∞
0 (Rn)) is a linear operator in Cb(R

n), the result follows from
Theorem 3.10 (with a family (Aα) chosen such that all Aα are equal to −p(x,D)) provided the
compact containment condition holds for (Pk)k∈N. This means for all T > 0 and all ε > 0 there
is a compact set K ⊂ R

n such that

sup
k∈N

Pk(Xt 6∈ K for some 0 ≤ t ≤ T ) ≤ ε.

Choose ϕ ∈ C∞
0 (Rn) such that 0 ≤ ϕ ≤ 1, ϕ(x) = 1 for |x| ≤ 1

2
, suppϕ ⊂ B1(0) and let

ϕR(x) = ϕ( x
R
) for R > 0.

Given ε, T > 0 the tightness of {µk}k∈N implies

sup
k∈N

µk

(
|x| ≥

R

2

)
≤
ε

2

for R sufficiently large. We define the Ft+-stopping time

τ = inf{t ≥ 0 : |Xt| > R}.

Then optional sampling gives for the right-continuous martingale

ϕR(Xt) −

∫ t

0

(−p(x,D)ϕR)(Xu) du

that

E
Pk

[
1 − ϕR(Xτ∧T ) +

∫ τ∧T

0

(−p(x,D)ϕR)(Xu) du

]

= E
Pk [1 − ϕR(X0)] =

∫

Rn

(1 − ϕR) dµk ≤
ε

2
.

Moreover, again for R sufficiently large we have by Lemma 5.19

sup
x∈Rn

|p(x,D)ϕR(x)| ≤
ε

2T

and therefore

Pk

(
sup

0≤t≤T
|Xt| > R

)
≤ Pk (|Xτ∧T | ≥ R) ≤ E

Pk [1 − ϕR(Xτ∧T )]

≤
ε

2
+ E

Pk

[∫ τ∧T

0

|(p(x,D)ϕR)(Xu)| du

]
≤
ε

2
+ T

ε

2T
= ε,
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which proves the compact containment condition. 2

Theorem 5.20 now immediately implies

Corollary 5.21. Let p(x, ξ) be a continuous negative definite symbol such that (5.46) and
(5.47) hold. If the martingale problem for −p(x,D) is well-posed and P x denotes the solution
starting at x ∈ R

n, the the map x 7→ P x is a continuous map on R
n into M1(R

n) equipped with
the weak toplogy.

Proof: Let (xk)k∈N be a sequence of points in R
n which converges to x ∈ R

n. Then the initial
distributions µk = εxk

converge weakly to εx and form a tight subset. Thus, the corresponding
solutions P xn also form a tight set and have at least one accumulation point P ∈ M1(DRn).
Since X0 : DRn → R

n is continuous, this implies that the one dimensional distributions
P xk ◦X−1

0 = εxk
have P ◦X−1

0 as a cluster point for the weak topology, hence P ◦X−1
0 = εx.

Moreover, a look to the argument in proof of Proposition 3.14 (choose Aθ, Ak all equal −p(x,D))
shows that P is also a solution of the martingale problem for −p(x,D). Thus well-posedness
implies that the cluster point P = P x is uniquely determined and hence P xk converges to P x.

2

Since in the case of well-posedness the family (P x)x∈Rn of solutions of the martingale problem
defines a Markov process, we obtain a Markovian semigroup (Pt)t≥0 acting on the bounded
Borel measurable functions by

Ptf(x) = E
x [f(Xt)] .

If we would know that the distributions of Xt, t ≥ 0 depend on the starting point x in a
continuous way like the measures P x do , then Pt even maps Cb(R

n) into itself, because in this
case

Ptf(x) = E
Px◦X−1

t [f ] → E
Px0◦X−1

t [f ] = Ptf(x0) as x→ x0 ∈ R
n.

But the random variables Xt : DRn → R
n are not continuous for t > 0 as it is the case

for the continuous path space. Hence we cannot immediately conclude that the continuous
dependence of P x on x implies the same for the one-dimensional distributions. Nevertheless
P x → P x0 weakly implies P x ◦Xt

−1 → P x0 ◦Xt
−1 weakly, if we know that Xt is continuous at

least at P x0-almost all points ω ∈ DRn (see [5], p.30, Theorem 5.1). But the continuity points
ω of Xt are given by the points which satisfy Xt(ω) = Xt−(ω). Therefore we need the following

Proposition 5.22. Let p(x, ξ) be as in Corollary 5.21 and let P be a solution of the martingale
problem for −p(x, ξ). Then the process (Xt)t≥0 has no fixed times of discontinuity, i.e.

P (Xt 6= Xt−) = 0

for all x ∈ R
n, t > 0.

Proof: Choose a sequence (ϕk)k∈N in C∞
0 (Rn), 0 ≤ ϕk ≤ 1, that separates the points of R

n

in such a way that for any x, y ∈ R
n, x 6= y, there is a ϕk such that ϕk(x) = 1 and ϕk(y)=0.
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Let 0 ≤ s0 ≤ s < t. Since P solves the martingale problem, we have for all A ∈ Fs0 and all
k ∈ N

∣∣∣∣
∫

A

[ϕk(Xt) − ϕk(Xs)] dP

∣∣∣∣ =

∣∣∣∣
∫

A

∫ t

s

(p(x,D)ϕk)(Xu) du dP

∣∣∣∣

≤ |t− s| sup
ξ∈Rn

|p(x,D)ϕk(x)|

and for s ↑ t we find ∫

A

[ϕk(Xt) − ϕk(Xt−)] dP = 0(5.49)

for all A ∈ Fs0 and, since s0 < t is arbitrary, also for all A ∈ Ft− = σ{Xs : s < t}. In particular,
for A = {ϕk(Xt−) = 0} equation (5.49) yields for all k ∈ N

P (ϕk(Xt) = 1, ϕk(Xt−) = 0) =

∫

{ϕk(Xt−)=0}

1{ϕk(Xt)=1} dP

≤

∫

{ϕk(Xt−)=0}

ϕk(Xt) dP =

∫

{ϕk(Xt−)=0}

ϕk(Xt−) dP = 0,

which finally gives

P (Xt 6= Xt−) = P

(
⋃

k∈N

{ϕk(Xt) = 1, ϕk(Xt−) = 0}

)
= 0.

2

To prove that (Pt)t≥0 is a Feller semigroup it remains to show that Pt leaves C∞(Rn) invariant.

Theorem 5.23. Assume that p(x, ξ) is a continuous negative definite symbol such that (5.46)
and (5.47) hold. If the martingale problem for −p(x,D) is well-posed then (Pt)t≥0 defines a
Feller semigroup, whose generator is an extension of −p(x,D). In particular, p(x,D) maps
C∞

0 (Rn) into C∞(Rn).

Proof: By Proposition 5.22 and the remarks preceding it we know that (Pt)t≥0 is a semigroup
of Markovian operators on Cb(R

n). Let ϕ ∈ C∞
0 (Rn), 0 ≤ ϕ ≤ 1, ϕ(0) = 1, suppϕ ⊂ B1(0)

and put ϕx0,R(x) = ϕ
(
x−x0

R

)
, x0 ∈ R

n, R > 0. Then by Lemma 5.19

sup
x∈Rn

|p(x,D)ϕx0,R(x)| → 0 as R → ∞

and a look to the proof immediately shows that this limit holds uniformly with respect to x0,
i.e. lim

R→∞
̺(R) = 0, where

̺(R) = sup
x0∈Rn

sup
x∈Rn

|p(x,D)ϕx0,R(x)| .

Thus, for any ψ ∈ C∞
0 (Rn) and x0 6∈ suppψ we have with R = dist(x0, suppψ) > 0

|Ptψ(x0)| = |Ex0 [ψ(Xt)]| ≤ ‖ψ‖∞ P x0(Xt ∈ suppψ) ≤ ‖ψ‖∞ E
x0 [1 − ϕx0,R(Xt)]

= ‖ψ‖∞ E
x0 [ϕx0,R(X0) − ϕx0,R(Xt)] = ‖ψ‖∞ E

x0

[∫ t

0

(p(x,D)ϕx0,R)(Xu) du

]

≤ ‖ψ‖∞ · t · ̺(R) → 0 as |x0| → ∞.
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Therefore, since C∞
0 (Rn) is dense in C∞(Rn), Pt maps C∞(Rn) into itself. Moreover, for fixed

x ∈ R
n we find for f ∈ C∞(Rn) by Lebesgue’s theorem

lim
t→0

Ptf(x) = lim
t→0

E
x [f(Xt)] = E

x [f(X0)] = f(x).

Recall that bounded pointwise convergence implies weak convergence in C∞(Rn), since the dual
space of C∞(Rn) consists of signed measures of bounded variation. Therefore (Pt)t≥0 is a weakly
and by [96], p.233, even a strongly continuous semigroup in C∞(Rn), i.e. a Feller semigroup.
For a testfunction ϕ ∈ C∞

0 (Rn) the generator is given by

lim
t→0

Ptf(x) − f(x)

t
= lim

t→0
E
x

[
1

t
(ϕ(Xt) − ϕ(X0))

]

= lim
t→0

E
x

[
1

t

∫ t

0

(−p(x,D)ϕ)(Xu) du

]
= E

x [−p(x,D)ϕ(X0)] = −p(x,D)ϕ(x),

where the pointwise convergence again implies weak convergence and therefore strong conver-
gence in C∞(Rn) by [84], Theorem 3.1.2. 2

We combine this result with the the well-posedness criterion of the last section. Let ψ : R
n → R

be the continuous negative definite reference function, which for some r > 0, c > 0 satisfies
ψ(ξ) ≥ |ξ|r for |ξ| ≥ 1 and let λ(ξ) = (1 + ψ(ξ))1/2 as usual. Let M be the smallest integer
such that M >

(
n
r
∨ 2
)

+ n and define k = 2M + 1 − n.

Theorem 5.24. Let p : R
n × R

n → R be a continuous negative definite symbol. Moreover
assume that

(i) the map x 7→ p(x, ξ) is k-times continuously differentiable and

∣∣∂βxp(x, ξ)
∣∣ ≤ cλ2(ξ), β ∈ N

n
0 , |β| ≤ k

holds,

(ii) for some strictly positive function γ : R
n → R

+

p(x, ξ) ≥ γ(x) · λ2(ξ) for |ξ| ≥ 1, x ∈ R
n

and

(iii)
sup
x∈Rn

p(x, ξ)−→
ξ→0

0.

Then −p(x,D) : C∞
0 (Rn) → C∞(Rn) has an extension that generates a Feller semigroup given

by
Ptf(x) = E

x [f(Xt)] .

Here E
x denotes the expectation taken with respect to the solution of the associated well-posed

martingale problem starting at x.
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Chapter 6

A symbolic calculus

6.1 General remarks

Up to now we used the notion of a pseudo differential operator simply for an operator which
has a representation

p(x,D)ϕ(x) =

∫

Rn

ei(x,ξ)p(x, ξ)ϕ̂(ξ) d̄ξ

and we assumed that the symbol is negative definite that relates this type of operator to
generators of Markov processes and Feller semigroups. In a narrower sense pseudo differential
operators are classes of operators which can be handled by a symbolic calculus. This means
that operations on the level of the operators have an equivalent on the level of the symbols.
For example the composition of two operators corresponds to the product of their symbols plus
terms of lower order.
In this context an important notion is the asymptotic expansion of a symbol into a series
of symbols of decreasing order (Here the order of a symbol has to be specified either by the
mapping properties of the corresponding pseudo differential operator or by growth properties
of the symbol p(x, ξ) with respect to ξ). This series does not converge in the usual sense, but
adding the first terms of such expansion describes the given symbol up to a remainder part,
whose order decreases when more and more terms of the expansion are taken into account.
The terms of this expansion, for example for the composition of two operators, are computable
in a more or less algebraic way. Therefore a symbolic calculus for pseudo differential operators is
often useful to justify intuitive ideas in a well founded framework. This explains the importance
of pseudo differential operators as an auxiliary tool in the theory of partial differential equations.
As standard references in this field we refer to the books of Hörmander [28], Kumano-go [54]
and Taylor [85].

The standard class of symbols which are considered in this context is the Hörmander class Sm̺,δ
of all C∞ functions p : R

n × R
n → C such that

∣∣∂αξ ∂βxp(x, ξ)
∣∣ ≤ cα,β〈ξ〉

m−̺|α|+δ|β| for all α, β ∈ N
n
0 .(6.1)

Here m ∈ R is the order of the symbol and ̺, δ are parameters that satisfy 0 ≤ δ ≤ ̺ ≤ 1.
In the classical case ̺ = 1, δ = 0 this class generalizes the behaviour of the symbols of linear
partial differential operators, which are polynomial with respect to ξ.
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For us it is important to note that in the standard case ̺ > 0 the power m − ̺ |α| + δ |β| in
(6.1) decreases to −∞ as |α| → ∞. Since terms of the asymptotic expansion are determined
by derivatives of the symbol, it is this property of the symbol, which permits a reasonable
asymptotic expansion with remainder terms of arbitrary low order.

Unfortunately, continuous negative definite symbols do not fit into this framework. First of all
they are in general not even differentiable with respect to ξ. But also in the case of differen-
tiable negative definite functions the derivatives do not have a behaviour as it is needed for
Hörmander type symbols. Therefore the classical theory of pseudo differential operators is not
applicable and this was the reason to develop new techniques for pseudo differential operators
with continuous negative definite symbols as presented in the previous chapters.

The direct construction of the Feller semigroup by solving the corresponding equation and us-
ing the Hille-Yosida theorem in Chapter 4 yields also L2-estimates for the generator. These
estimates provide important informations for the semigroup and the corresponding process (see
Chapter 8), but in order to make the approach work we had to restrict ourselves to small
perturbations of the x- independent case. On the other hand by the martingale problem we
can treat a reasonable class of continuous negative definite symbols which are defined in terms
of a continuous negative definite reference function without smallness assumptions. But by
the localization technique we loose the L2-type estimates in the anisotropic Sobolev spaces. It
is therefore desirable to possess a symbolic calculus for this kind of pseudo differential opera-
tors, since such calculus provides us with good L2-estimates for the operators, but will not be
restricted to the case of small perturbations.

The main idea to overcome the lack of differentiability of continuous negative definite symbols
with respect to ξ is to restrict to the case, where the Lévy measures of the continuous negative
definite functions have a bounded support. In Proposition 3.11 and Theorem 3.12 we have
seen that we can split the Lévy measures of a continuous negative definite symbol into a
part supported in some bounded neighbourhood of the origin and in a remainder part. This
remainder part consists of bounded Lévy measures and we can hope to treat this part as a
perturbation in the spirit of Proposition 3.6.
Now the first part turns out to be differentiable with respect to ξ. But in view of the properties of
symbols in Hörmander class it is also important to have estimates for the derivatives. Therefore
let ψ : R

n → R be a continuous negative definite function with Lévy–Khinchin representation

ψ(ξ) = q(ξ) + c+

∫

Rn\{0}

(1 − cos(y, ξ))µ(dy),(6.2)

where q ≥ 0 is the quadratic form, c ≥ 0 is a constant and µ is a symmetric Lévy measure, see
Corollary 2.14. Then we have the following theorem.

Theorem 6.1. Let ψ : R
n → R be a continuous negative definite function with Lévy-Khinchin

representation (6.2). If for some ball BR(0), R > 0 the Lévy measure satisfies

suppµ ⊂ BR(0),

then ψ is infinitely often differentiable and we have the estimates

∣∣∂αξ ψ(ξ)
∣∣ ≤ c|α|





ψ(ξ) α = 0
ψ1/2(ξ) if |α| = 1

1 |α| ≥ 2
, α ∈ N

n
0 .(6.3)
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The constants c|α| depend only on |α|, n, R and the constant cψ in the upper bound

ψ(ξ) ≤ cψ(1 + |ξ|2).

Proof: Define the absolute moments

Ml =

∫

Rn\{0}

|y|l µ(dy)

and let Λ be the maximal eigenvalue of the quadratic form q. Then by the assumption Ml is
finite for all l ≥ 2.
For α = 0 there is nothing to prove. Let |α| ≥ 1. We may consider all terms in the representation
(6.2) of ψ separately. The constant term is trivial and the estimate (6.3) is well-known for the
quadratic form with constants c1 = 2Λ1/2, c2 = 2Λ and cl = 0 for l > 2. So we may restrict to
the integral part in (6.2) and assume that

ψ(ξ) =

∫

Rn\{0}

(1 − cos(y, ξ))µ(dy).

Since the moments Ml, l ≥ 2 are finite, we may interchange differentiation and integration and
find

∂αξ ψ(ξ) = −

∫

Rn\{0}

yα cos(|α|)(y, ξ)µ(dy),

which gives for |α| = 1 by Cauchy-Schwarz inequality

∣∣∂ξiψ(ξ)
∣∣ ≤

(∫

Rn\{0}

|yi|
2 µ(dy)

)1/2

·

(∫

Rn\{0}

sin2(y, ξ)µ(dy)

)1/2

≤

(∫

Rn\{0}

|y|2 µ(dy)

)1/2

·

(
2

∫

Rn\{0}

(1 − cos(y, ξ))µ(dy)

)1/2

= (2M2)
1/2 · ψ1/2(ξ)

and for |α| ≥ 2

∣∣∂αξ ψ(ξ)
∣∣ ≤

∫

Rn\{0}

|yα|
∣∣cos(|α|)(ξ, y)

∣∣µ(dy)

≤

∫

Rn

|y||α| µ(dy) = M|α|.

This proves (6.3) for c0 = 1, c1 = (2M2)
1/2 + 2Λ1/2, c2 = M2 + 2Λ and cl = Ml for l > 2.

To complete the proof it is sufficient to remark that

Λ = sup
|ξ|≤1

q(ξ) ≤ sup
|ξ|≤1

ψ(ξ) ≤ cψ sup
|ξ|≤1

(1 + |ξ|2) = 2cψ
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and by Lemma 2.15 for l ≥ 2

Ml =

∫

BR(0)\{0}

|y|l µ(dy) ≤ cR,l

∫

BR(0)\{0}

|y|2

(1 + |y|2)
µ(dy)

= cR,l

∫

Rn\{0}

∫

Rn\{0}

(1 − cos(y, ξ))µ(dy) ν(dξ) ≤ cR,l

∫

Rn\{0}

ψ(ξ) ν(dξ)

≤ cR,l · cψ

∫

Rn

(1 + |ξ|2) ν(dξ).

2

6.2 The symbol classes Sm,λ
̺ and Sm,λ

0

As before we again fix a continuous negative definite reference function

ψ : R
n → R.

We assume that ψ has a Lévy measure which has support in a bounded set. This is no
restriction, because we are only interested in the growth behaviour of ψ for |ξ| → ∞ and this
will not change if we cut off the Lévy measure outside some neighbourhood of the origin. As
usual we assume that

ψ(ξ) ≥ c |ξ|r for all |ξ| ≥ 1(6.4)

for some r > 0 and c > 0 and we use the notation

λ(ξ) = (1 + ψ(ξ))1/2.(6.5)

Consider a real-valued continuous negative definite symbol p̃ : R
n × R

n → R that can be
estimated by the reference function:

p̃(x, ξ) ≤ cλ2(ξ).(6.6)

Then the Lévy-Khinchin formula yields

p̃(x, ξ) = q(x, ξ) + c(x) +

∫

Rn\{0}

(1 − cos(y, ξ))µ(x, dy),

where c, q, and µ satisfy for each x ∈ R
n the same conditions as the corresponding terms

in (6.2). We now decompose p̃ as described in the previous section. For that purpose let
θ ∈ C∞

0 (Rn), 0 ≤ θ ≤ 1, be a some even cut-off function such that θ(x) = 1 in a neighbourhood
of the origin. Then we obtain the decomposition

p̃(x, ξ) = p(x, ξ) + pr(x, ξ)(6.7)

by splitting the Lévy-measures into a leading term

p(x, ξ) = q(x, ξ) + c(x) +

∫

Rn\{0}

(1 − cos(y, ξ)) θ(y)µ(x, dy)
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and a remainder term

pr(x, ξ) =

∫

Rn\{0}

(1 − cos(y, ξ)) (1 − θ(y))µ(x, dy)

By Proposition 3.11 and Theorem 3.12 p, pr : R
n × R

n → R are continuous negative definite
symbols and the Lévy-type representation of pr(x,D) is given by

pr(x,D)ϕ(x) = −

∫

Rn\{0}

(ϕ(x+ y) − ϕ(x)) (1 − θ(y))µ(x, dy).

Moreover, Theorem 3.12 implies because of (6.6) that the Lévy-kernel (1 − θ(y))µ(x, dy) of
pr(x,D) consists of finite measures with uniformly bounded mass. This shows that pr(x,D)
is bounded as an operator on the space of bounded Borel measurable functions. Moreover,
under a mild additional conditions C∞(Rn) is invariant and in typical examples the operator is
bounded on L2(Rn), see Section 6.6. Therefore we regard pr(x,D) as a perturbation of p(x,D)
and we will look in following to the part p(x, ξ) which contains the typically dominating part
of the Lévy-measure concentrated around the origin.

To simplify the notation we introduce with regard to (6.3)

̺(k) = k ∧ 2, k ∈ N0.(6.8)

Since all Lévy-measures of the continuous negative definite symbol p(x, ξ) are supported in
supp θ, Theorem 6.1 applies to p(x, ξ) and we have

∣∣∂αξ p(x, ξ)
∣∣ ≤ cαp(x, ξ)

1
2
(2−̺(|α|))(6.9)

= cαλ(ξ)(2−̺(|α|))

with a constant cα not depending on x. The estimate (6.9) reflects the typical behaviour of
negative definite symbols and in order to define a proper symbol class it is quite natural to
assume the same estimate for the derivates ∂βxp(x, ξ) of the symbol. Then real-valued continuous
negative definite symbols are symbols of order 2 in the sense of the following definition.

Definition 6.2. Let λ(ξ) and ̺ be defined as in (6.5) and (6.8) and let m ∈ R. A C∞-function
p : R

n×R
n → C is called a symbol in class Sm,λ

̺ if for all α, β ∈ N
n
0 there are constants cα,β ≥ 0

such that ∣∣∂αξ ∂βxp(x, ξ)
∣∣ ≤ cα,βλ(ξ)m−̺(|α|), x ∈ R

n, ξ ∈ R
n.(6.10)

The number m ∈ R is called the order of the symbol.

Let us also define the following enlarged class of symbols.

Definition 6.3. A C∞-function p : R
n × R

n → C is called a symbol in class Sm,λ
0 if for all α,

β ∈ N
n
0 there are constants cα,β ≥ 0 such that

∣∣∂αξ ∂βxp(x, ξ)
∣∣ ≤ cα,βλ(ξ)m, x ∈ R

n, ξ ∈ R
n.(6.11)
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In the definition of Sm,λ
̺ and Sm,λ

0 we have replaced the weight function 〈ξ〉 of Hörmander type
symbols by the more general function λ(ξ). Symbol classes defined by general so-called basic
weight functions λ(ξ) had been considered before by H. Kumano-go (see [54]), but his assump-
tions on λ are not satisfied by continuous negative definite functions in general. Therefore the
major part of the work that has to be done is to show that arguments similar to those in [54]
can be applied in the situation here. For that purpose we have to exploit again estimates for
continuous negative definite functions that replace estimates for the basic weight functions used
in [54]. See also the paper [67] of M. Nagase where he also considers basic weight functions
as in [54]. In his paper Nagase also lines out how the technique of Friedrichs symmetrization
applies to his class of symbols. We adapt this procedure to our situation proving also in our
case a Friedrichs symmetrization and a sharp Garding inequality.

Let us consider some typical situations, where continuous negative definite symbols in class
S 2,λ
̺ appear.

Example 1: Let µ̃ be a symmetric Lévy-measure on R
n \{0} and define a continuous negative

definite reference function

ψ(ξ) =

∫

0<|y|≤1

(1 − cos(y, ξ)) µ̃(dy)

and let λ(ξ) as in (6.5). Suppose that µ(x, dy) is a Lévy-kernel with Lévy-measures absolutely
continuous with respect to µ̃, i.e. there is a density f defined on R

n × R
n \ {0} such that

µ(x, dy) = f(x, y) µ̃(dy).

Assume that f(x, y) has bounded derivatives with respect to x of all orders. Then the symbol

p(x, ξ) =

∫

Rn\{0}

(1 − cos(y, ξ))µ(x, dy)

has a decomposition p(x, ξ) = p1(x, ξ) + p2(x, ξ), where

p1(x, ξ) =

∫

0<|y|≤1

(1 − cos(y, ξ))µ(x, dy)

and

p2(x, ξ) =

∫

|y|>1

(1 − cos(y, ξ))µ(x, dy)

Then we have p1 ∈ S 2,λ
̺ . In fact

∣∣∂βxp1(x, ξ)
∣∣ ≤

∣∣∣∣
∫

0<|y|≤1

(1 − cos(y, ξ))∂βxf(x, y) µ̃(dy)

∣∣∣∣

≤ sup
∣∣∂βxf

∣∣ ·
∫

0<|y|≤1

(1 − cos(y, ξ)) µ̃(dy)

≤ cβ λ
2(ξ)
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and for |α| ≥ 1

∣∣∂αξ ∂βxp1(x, ξ)
∣∣ ≤

∣∣∣∣∂
α
ξ ∂

β
x

∫

0<|y|≤1

(1 − cos(y, ξ))f(x, y) µ̃(dy)

∣∣∣∣

≤ sup
∣∣∂βxf

∣∣ ·
∫

0<|y|≤1

∣∣yα · cos(α)(y, ξ)
∣∣ µ̃(dy)

≤ cβ · ca λ
2−̺(|α|),

where in the last step we used the argument of the proof of Theorem 6.1.
Moreover, we will see in Section 6.6 that p2(x,D) is a bounded operator in C∞(Rn) as well as
in L2(Rn).

Example 2: In particular, continuous negative definite symbols of the following sum structure
are covered:

p(x, ξ) =
N∑

j=1

bj(x)ψj(ξ)

for some N ∈ N. Symbols of this type are considered in [42], [29], [30], [39], [31] and [38],
where associated Feller semigroups, Dirichlet forms and solutions to the martingale problem are
constructed. We can regard these examples as special cases of Example 1. Thus if ψj : R

n → R

are continuous negative definite functions having Lévy-measures with bounded support and
if bj : R

n → R
+ are C∞-functions with bounded derivatives, then p ∈ S 2,λ

̺ for λ(ξ) = (1 +∑N
j=1 ψj(ξ))

1/2.

Many more examples can be obtained by subordination of the symbol using Bernstein functions.
A Bernstein function is a C∞-function

f : (0,∞) → R
+,

which satisfies

(−1)k
dkf

dsk
≤ 0 for all k ∈ N.

They admit a unique representation

f(s) = a+ bs+

∫ ∞

0

(1 − e−sr)µ(dr),(6.12)

where a, b ≥ 0 are constants and µ is a measure on (0,∞) such that
∫∞

0
r

1+r
µ(dr) <∞.

Typical examples of Bernstein functions are the fractional powers s 7→ sα for 0 < α ≤ 1.
Bernstein functions are considered in more detail in the monograph [4].
Bernstein functions have a unique continuous extension to the complex half-plane Re z ≥ 0
which is holomorphic in the open half-plane Re z > 0. In particular the composition of a
Bernstein function and a continuous negative definite function is well-defined. The important
feature of Bernstein functions is that this composition is again a continuous negative definite
function. It can be shown that Bernstein functions are the only functions with this property,
see [23].
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Note that there is a close connection to the subordination of stochastic processes (see [18]),
that is a time change of a process by a subordinator, i.e. an process with independent and
stationary increments and almost surely increasing paths on R

+. A subordinator is described
by a Bernstein function f in the sense that the Laplace transforms of the transition functions are
given by e−tf . In particular, for a continuous negative definite function ψ the Lévy-process with
characteristic exponent ψ subordinated in this sense is again a Lévy-process with characteristic
exponent f ◦ ψ.

For the derivatives we have the following result, which in the case of so-called complete Bernstein
functions is contained in [47], Lemma 2.10.

Proposition 6.4. For the derivatives of a Bernstein function f : (0,∞) → R
+ we have

∣∣f (k)(s)
∣∣ ≤ k!

sk
f(s) for all s > 0.(6.13)

Proof: From the estimate 1 + xk

k!
≤ ex, x > 0, we obtain

xke−x ≤ k! (1 − e−x), x > 0.

We may assume that a+ bs = 0 in the representation (6.12), since the estimate for these terms
is trivial. Therefore (6.12) and interchanging differentiation and integration yield

∣∣f (k)(s)
∣∣ =

∣∣∣∣
dk

dsk

∫ ∞

0

(1 − e−rs)µ(dr)

∣∣∣∣

=

∣∣∣∣
∫ ∞

0

rk · e−rs µ(dr)

∣∣∣∣

≤
k!

sk

∫ ∞

0

(1 − e−rs)µ(dr)

=
k!

sk
f(s).

2

We return to the symbol classes Sm,λ
̺

Example 3: Let f : (0,∞) → R
+ be a Bernstein function that satisfies f(s) ≤ csr for s ≥ 1

and some 0 < r ≤ 1 (Note that this is always true for r = 1). Let λ(ξ) = (1+ψ(ξ))1/2 as above
and let p ∈ Sm,λ

̺ , m ≥ 2, be a real-valued elliptic symbol, i.e.

p(x, ξ) ≥ c λm(ξ)

holds for some c > 0. Let λ′(ξ) = (1 + ψr(ξ))1/2 the reference function obtain from the
continuous negative definite function ψr.
Then f ◦ p ∈ Sm,λ

′
̺ . In particular for an elliptic continuous negative definite symbol p ∈ S 2,λ

̺ ,

also f ◦ p is a continuous negative definite symbol in S2,λ′
̺ .
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Proof: If g is a differentiable function on R
2n then for γ ∈ N

2n
0 we find by induction on |γ|

using Leibniz rule

∂γ(f ◦ g) =

|γ|∑

j=1

f (j) ◦ g ·
∑

γ1+...,+γj=γ

γ1,...,γj∈N2n
0

c(γ1, . . . , γj) ·

j∏

i=1

∂γig.

For α, β ∈ N
n
0 let γ = (α, β) ∈ N

2n
0 and g = p(x, ξ). This gives by (6.13)

∣∣∂αξ ∂βx (f ◦ p)(x, ξ)
∣∣ ≤ c

|γ|∑

j=1

∣∣f (j)(p(x, ξ))
∣∣ ·

∑

α1+...,+αj=α

β1+...+βj=β

·

j∏

i=1

∣∣∂αi
ξ ∂

βi
x p(x, ξ)

∣∣

≤ c

|γ|∑

j=1

j! · f(p(x, ξ)) ·
∑

α1+...,+αj=α

β1+...+βj=β

·

j∏

i=1

∣∣∣∣∣
∂αi
ξ ∂

βi
x p(x, ξ)

p(x, ξ)

∣∣∣∣∣

≤ c · f(p(x, ξ))

|γ|∑

j=1

∑

α1+...,+αj=α

β1+...+βj=β

·

j∏

i=1

λ−̺(|αi|)(ξ)

≤ cα,β p(x, ξ)
r · λ−̺(|α|)(ξ)

by subadditivity of ̺. Therefore

∣∣∂αξ ∂βx (f ◦ p)(x, ξ)
∣∣ ≤ cα,β λ

rm(ξ) · λ−̺(|α|)(ξ) ≤ cα,βλ
r(m−̺(|α|))(ξ) ≤ cα,β(λ

′)m−̺(|α|)(ξ)

2

6.3 A calculus for Sm,λ
̺ and Sm,λ

0

We now start with the investigation of the symbol classes Sm,λ̺ and Sm,λ
0 and develop a symbolic

calculus for the corresponding pseudo differential operators.
Since in the following the symbols are not assumed to be negative definite in general, it is
reasonable to consider the case of complex-valued functions.

First we remark that λm(ξ) gives a generic example of symbols in Sm,λ̺ .

Lemma 6.5. For m ∈ R and α ∈ N
n
0 we have

∣∣∂αξ λm(ξ)
∣∣ ≤ cαλ(ξ)m−̺(|α|).(6.14)

In particular λm ∈ Sm,λ
̺ .

Proof: By Theorem 6.1 we know

∣∣∂αξ (1 + ψ(ξ))
∣∣ ≤ cα(1 + ψ(ξ))1/2(2−̺(|α|))
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and therefore ∣∣∣∣
∂αξ (1 + ψ(ξ))

1 + ψ(ξ)

∣∣∣∣ ≤ cα(1 + ψ(ξ))−
1
2
̺(|α|) = cαλ(ξ)−̺(|α|)(6.15)

holds. Next note that by induction on |α| using Leibniz rule we have

∂αξ λ
m(ξ) = ∂αξ [(1 + ψ(ξ))m/2] = (1 + ψ(ξ))m/2

∑

α1+...+α|α|=α

c(α1, . . . , α|α|,m)

|α|∏

i=1

∂αi
ξ (1 + ψ(ξ))

1 + ψ(ξ)
,

where a1, . . . , α|α| ∈ N
n
0 , and therefore

∣∣∂αξ λm(ξ)
∣∣ ≤ cαλ

m(ξ)
∑

α1+...+α|α|=α

|α|∏

i=1

λ−̺(|αi|) ≤ cαλ
m(ξ) ·

∑

α1+...+α|α|=α

λ(ξ)

−

|α|∑

i=1

̺(|αi|)

≤ cαλ
m−̺(|α|)

again by subadditivity of ̺. 2

Clearly for two symbols pi ∈ Smi,λ
0 , i = 1, 2, by Leibniz rule we have

∣∣∂αξ ∂βx (p1 · p2)(x, ξ)
∣∣ ≤ c

∑

α′+α′′=α
β′+β′′=β

∣∣∣∂α′
ξ ∂

β′
x p1(x, ξ)

∣∣∣ ·
∣∣∣∂α′′
ξ ∂β

′′
x p2(x, ξ)

∣∣∣ ≤ cλm1+m2(ξ),(6.16)

i.e. p1 · p2 ∈ Sm1+m2,λ
0 and (Sm,λ

0 )m∈R forms an algebra of symbols, which repects the order of
the symbols.

Definition 6.6. For symbols in Sm,λ
̺ and Sm,λ

0 we denote the corresponding classes of operators
defined by

p(x,D)ϕ(x) =

∫

Rn

ei(x,ξ)p(x, ξ) · ϕ̂(ξ) d̄ξ

by Ψm,λ
̺ and Ψm,λ

0 , respectively.

By Theorem 2.7 the operators in Ψs,λ
̺ and Ψs,λ

0 are well defined on S(Rn,C) and moreover for
u ∈ S(Rn,C), α, β ∈ N

n
0 and N > |β| +m+ n

∣∣∣∣∂
β
x

(
xα
∫

Rn

ei(x,ξ)p(x, ξ)û(ξ)d̄ξ

)∣∣∣∣ =

∣∣∣∣∂
β
x

(∫

Rn

ei(x,ξ)Dα
ξ (p(x, ξ)û(ξ))d̄ξ

)∣∣∣∣

=

∣∣∣∣∣∣∣

∫

Rn

∑

α1+α2=α
β1+β2=β

(
α
α1

)(
β
β1

)
(iξ)β1 · ei(x,ξ)∂β2

x D
α1
ξ p(x, ξ)D

α2
ξ û(ξ)d̄ξ

∣∣∣∣∣∣∣

≤ c

∫

Rn

〈ξ〉|β| · λm(ξ) ·
∑

|γ|≤|α|

∣∣∂γξ û(ξ)
∣∣ d̄ξ

≤ c

∫

Rn

〈ξ〉|β|+m−N d̄ξ · sup
ξ∈Rn


〈ξ〉N

∑

|γ|≤|α|

∣∣∂γξ û(ξ)
∣∣

 .

Since the Fourier transform is continuous on S(Rn,C) this gives
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Proposition 6.7. An operator p(x,D) ∈ Ψm,λ
0 maps S(Rn,C) continuously into itself.

Let us recall the definition of oscillatory integrals (see [54], Chapt.1.6). A C∞-function g on
R
n × R

n is called of class A if the estimates
∣∣∂αη ∂βy g(η, y)

∣∣ ≤ cαβ〈η〉
m+δ|β|〈y〉τ , α, β ∈ N

n
0 ,(6.17)

hold for suitable m ∈ R, 0 ≤ δ < 1 and τ ≥ 0. In this case the oscillatory integral is defined by

OS −

∫

Rn

∫

Rn

e−i(y,η) g(η, y) dyd̄η = lim
ε→0

∫

Rn

∫

Rn

e−i(y,η) χ(εη, εy) g(η, y) dyd̄η.(6.18)

where χ ∈ S(Rn × R
n) having the property χ(0) = 1. The oscillatory integral is well-defined

for any g of class A and independent of the particular choice of the function χ.
If we choose l, l′ ∈ N0 sufficiently large (depending on m, δ and τ) the oscillatory integral
coincides with the ordinary integral

OS−

∫

Rn

∫

Rn

e−i(y,η) g(η, y) dyd̄η =

∫

Rn

∫

Rn

e−i(y,η) 〈y〉−2l′〈Dη〉
2l′
{
〈η〉−2l〈Dy〉

2lg(η, y)
}
dyd̄η,

(6.19)
where we use the standard notation Dx = (Dx1 , . . . , Dxn) = (−i∂x1

, . . . ,−i∂xn
). Moreover the

following partial integration rule holds

OS −

∫

Rn

∫

Rn

e−i(y,η) ηα g(η, y) dyd̄η = OS −

∫

Rn

∫

Rn

e−i(y,η)Dα
y g(η, y) dyd̄η, α ∈ N

n
0 .(6.20)

We introduce the class of double symbols in terms of the reference or weight function λ.

Definition 6.8. Let m1, m2 ∈ R. The class Sm1,m2,λ
0 of double symbols of order m1 and m2

denotes all C∞-functions p : R
n × R

n × R
n × R

n → C satisfying
∣∣∣∂αξ ∂βx∂α

′
ξ′ ∂

β′

x′ p(x, ξ, x
′, ξ′)

∣∣∣ ≤ cα,β,α′,β′λ(ξ)m1 · λ(ξ′)m2 , α, β, α′, β′ ∈ N
n
0 .(6.21)

For p ∈ Sm,m′,λ
0 we define the corresponding operator

p(x,Dx, x
′, Dx′)u(x) =

∫

Rn

∫

Rn

∫

Rn

ei((x−x
′),ξ)+i(x′,ξ′)p(x, ξ, x′, ξ′)û(ξ′)d̄ξ′dx′d̄ξ.(6.22)

for all u ∈ S(Rn,C).

As in the classical situation it turns out that double symbols determine the same classes of
operators Ψm,λ

0 as simple symbols, but they are a very useful tool for their investigation. More
precisely we have

Theorem 6.9. Let p ∈ Sm,m′,λ
0 and u ∈ S(Rn,C). Then the iterated integral in (6.22) exists

and defines a pseudo differential operator in the class Ψm+m′,λ
0 . Moreover

pL(x, ξ) = OS −

∫

Rn

∫

Rn

e−i(y,η) p(x, ξ + η, x+ y, ξ)dyd̄η(6.23)

is a symbol in Sm+m′,λ
0 and defines the same operator, i.e.

p(x,Dx, x
′, Dx′)u = pL(x,D)u

for all u ∈ S(Rn,C).
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Definition 6.10. In the situation of Theorem 6.9 pL(x, ξ) is called the simplified symbol of
p(x, ξ, x′, ξ′).

Recall that by Lemma 2.6
λs(ξ)

λs(η)
≤ 2|s|/2 λ|s|(ξ − η)(6.24)

for all s ∈ R and all ξ, η ∈ R
n. Thus by (6.24) and (2.8)

∣∣∂αη ∂βy p(x, ξ + η, x+ y, ξ)
∣∣ ≤ cλm(ξ + η)λm

′
(ξ) ≤ cλm+m′

(ξ) · λ|m|(η) ≤ cξ〈η〉
|m|.

Therefore the integrand in (6.23) is of class A and the integral is well defined. Moreover note

Remark 6.11. The oscillatory integral in (6.23) actually defines a symbol pL in Sm+m′,λ
0 . To

see this we use the representation (6.19) for the oscillatory integral. For l, l′ sufficiently large
we get by exchanging differentiation and integration, (6.21) and (6.24)

∣∣∂αξ ∂βxpL(x, ξ)
∣∣ ≤ cαβ

∫

Rn

∫

Rn

〈η〉−2l〈y〉−2l′λm(ξ + η)λm
′
(ξ) dyd̄η(6.25)

≤ cαβλ
m+m′

(ξ).

Moreover note that the constants cαβ are expressed in terms of the constants cαβα′β for the
double symbol in (6.21). In particular, if a family of double symbols satisfies (6.21) uniformly
for each α, β, α′, β′, then also the simplified symbols satisfy an estimate (6.25) with uniform
constants cαβ.

Proof of Theorem 6.9: We adapt the consideration in [54], Chapter 2, to our situation.
Choose χ ∈ S(Rn × R

n) such that χ(0) = 1 and note that (see [54], Lemma 1.6.3)

∂αη ∂
β
y |χ(εη, εy)| ≤ cαβ〈η〉

−|α|〈y〉−|β| uniformly for 0 ≤ ε ≤ 1.(6.26)

For 0 ≤ ε ≤ 1 let pε(x, ξ, x
′, ξ′) = χ(ε(ξ − ξ′), ε(x′ − x))p(x, ξ, x′, ξ′). Then by Leibniz rule and

(6.26) have ∣∣∣∂αξ ∂βx∂α
′

ξ′ ∂
β′

x′ pε(x, ξ, x
′, ξ′)

∣∣∣ ≤ cα,β,α′,β′λm(ξ)λm
′
(ξ′)(6.27)

with constants cα,β,α′,β′ independent of ε. Define

pu,ε(x, ξ, x
′, ξ′) = pε(x, ξ, x

′, ξ′)û(ξ′)

qu,ε(x, ξ, x
′) =

∫

Rn

ei(x
′,ξ′)pu,ε(x, ξ, x

′, ξ′)d̄ξ′

ru,ε(x, ξ) =

∫

Rn

e−i(x
′,ξ)qu,ε(x, ξ, x

′)dx′

and fix l, n0 ∈ N such that 2l > n+m+ and 2n0 > n. Note that ei(x
′,ξ′) = 〈x′〉−2n0〈Dξ′〉

2n0ei(x
′,ξ′).

Thus for all |β′| ≤ 2l by partial integration and Leibniz rule

∣∣∣∂β
′

x′ qu,ε(x, ξ, x
′)
∣∣∣ ≤

∣∣∣∣∂
β′

x′

∫

Rn

〈x′〉
−2n0ei(x

′,ξ′)〈Dξ′〉
2n0pu,ε(x, ξ, x

′, ξ′)d̄ξ′
∣∣∣∣

≤ cp,u,l,n0λ
m(ξ)〈x′〉

−2n0 ,(6.28)
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where the estimate is again uniform in ε. Therefore ru,ε is well defined and as above

|ru,ε(x, ξ)| ≤

∣∣∣∣〈ξ〉
−2l

∫

Rn

e−i(x
′,ξ)〈Dx′〉

2lqu,ε(x, ξ, x
′)dx′

∣∣∣∣

≤ cp,u,l,n0λ
m(ξ) · 〈ξ〉−2l ≤ cp,u,l,n0,λ〈ξ〉

−2l+m+

(6.29)

uniformly in ε, where the last inequality follows from (2.8). Thus the integral

pε(x,Dx, x
′, Dx′)u(x) =

∫

Rn

ei(x,ξ)ru,ε(x, ξ)d̄ξ

exists. In particular for ε = 0 we see that the iterated integral in (6.22) is well defined.
Moreover, since the estimates (6.28) and (6.29) are uniform with respect to 0 ≤ ε ≤ 1, we find
by a successive application of Lebesgue’s theorem

p(x,Dx, x
′, Dx′)u(x) =

∫

Rn

∫

Rn

∫

Rn

ei((x−x
′),ξ)+i(x′,ξ′) lim

ε→0
pu,ε(x, ξ, x

′, ξ′)d̄ξ′dxd̄ξ

= lim
ε→0

∫

Rn

∫

Rn

∫

Rn

ei((x−x
′),ξ)+i(x′,ξ′)pu,ε(x, ξ, x

′, ξ′)d̄ξ′dxd̄ξ

= lim
ε→0

pε(x,Dx, x
′, Dx′)u(x).(6.30)

For ε > 0 define

pL,ε(x, ξ) =

∫

Rn

∫

Rn

e−i(y,η)χ(εη, εy)p(x, ξ + η, x+ y, ξ)dyd̄η,(6.31)

Then by definition of the oscillatory integral

lim
ε→0

pL,ε(x, ξ) = pL(x, ξ)(6.32)

and moreover by partial integration for l1, l
′
1 ∈ N0 such that 2l1 > |m| + n, 2l′1 > n

|pL,ε(x, ξ)| =

∣∣∣∣
∫

Rn

∫

Rn

e−i(y,η)〈η〉−2l1〈Dy〉
2l1
{
〈y〉−2l′1〈Dη〉

2l′1χ(εη, εy)p(x, ξ + η, x+ y, ξ)
}
dyd̄η

∣∣∣∣

≤ c

∫

Rn

∫

Rn

〈η〉−2l1〈y〉−2l′1λm(ξ + η)λm
′
(ξ)dyd̄η

≤ c

∫

Rn

〈η〉−2l1+|m|λm+m′
(ξ)d̄η

= cλm+m′
(ξ)

uniformly in 0 < ε ≤ 1. Therefore by (6.32)

lim
ε→0

pL,ε(x,D)u(x) = pL(x,D)u(x), u ∈ S(Rn,C).(6.33)

On the other hand substituting x′ = x+ y and ξ = ξ′ + η shows

pε(x,Dx, x
′, Dx′)u(x) =

∫

Rn

∫

Rn

∫

Rn

ei((x−x
′),ξ)+i(x′,ξ′)pε(x, ξ, x

′, ξ′)û(ξ′)d̄ξ′dx′d̄ξ

=

∫

Rn

∫

Rn

∫

Rn

ei(x,ξ
′)e−i(y,η)χ(εη, εy)p(x, ξ′ + η, x+ y, ξ′)û(ξ′)d̄ξ′dyd̄η

=

∫

Rn

∫

Rn

∫

Rn

ei(x,ξ
′)pL,ε(x, ξ

′)û(ξ′)d̄ξ′

= pL,ε(x,D)u(x).(6.34)
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Thus combining (6.30), (6.33) and (6.34) gives

p(x,Dx, x
′, Dx′)u(x) = pL(x,D)u(x).

2

Theorem 6.9 has a series of useful corollaries. First we consider the composition of two operators.

Corollary 6.12. Let pi ∈ Smi,λ
0 , mi ∈ R, i = 1, 2. Then p1(x,D) ◦ p2(x,D) ∈ Ψm1+m2,λ

0 .

Proof: Put p(x, ξ, x′, ξ′) = p1(x, ξ) · p2(x
′, ξ′). Then p ∈ Sm1,m2,λ

0 . Therefore pL(x,D) ∈
Ψm1+m2,λ

0 and for u ∈ S(Rn,C)

p1(x,D) ◦ p2(x,D)u(x) =

∫

Rn

ei(x,ξ)p1(x, ξ)

∫

Rn

e−i(x
′,ξ)

∫

Rn

ei(x
′,ξ′)p2(x

′, ξ′)û(ξ′)d̄ξ′dx′d̄ξ

= p(x,Dx, x
′, Dx′)u(x) = pL(x,D)u(x).

2

We also can handle the formally adjoint operator in L2(Rn,C).

Corollary 6.13. Let p ∈ Sm,λ
0 . Then there is a p∗ ∈ Sm,λ

0 such that

(p(x,D)u, v)0 = (u, p∗(x,D)v)0

for all u, v ∈ S(Rn,C).

Proof: Define p̃(x, ξ, x′, ξ′) = p(x′, ξ). Then p̃ ∈ Sm,0,λ
0 and as in the proof of Corollary 2.2.5

in [54]

(p(x,D)u, v)0 =

∫

Rn

∫

Rn

ei(x
′,ξ)p(x′, ξ)û(ξ)d̄ξ · v(x′)dx′

=

∫

Rn

∫

Rn

e−i(x,ξ)u(x)

{∫

Rn

ei(x
′,ξ)p(x′, ξ)v(x′)dx′

}
dxd̄ξ

=

∫

Rn

u(x)

∫

Rn

∫

Rn

e−i(x−x
′,ξ)p(x′, ξ)v(x′)dx′d̄ξdx

=

∫

Rn

u(x)

∫

Rn

∫

Rn

∫

Rn

ei(x−x′,ξ)+i(x′,ξ′)p(x′, ξ)v̂(ξ′)d̄ξ′dx′d̄ξdx

= (u, p̃(x,Dx, x
′, Dx′)v)0,

which proves the corollary with p∗(x,D) = p̃L(x,D). Here we applied Fubini’s theorem several
times. This is possible in particular since

∣∣∣∣
∫

Rn

ei(x
′,ξ)p(x′, ξ)v(x′)dx′

∣∣∣∣ = 〈ξ〉−2n0

∣∣∣∣
∫

Rn

ei(x
′,ξ)〈Dx′〉

2n0(p(x′, ξ)v(x′))dx′
∣∣∣∣ ≤ c〈ξ〉−2n0λm(ξ)

is integrable w.r.t. ξ for n0 ∈ N sufficiently large. 2
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Summerizing we find that
⋃
m∈R

Ψm,λ
0 is an algebra of pseudo differential operators with multi-

plication ◦ and involution ∗ that respects the graded structure given by (Sm,λ0 )m∈R, i.e.

Ψm,λ
0 + Ψm,λ

0 ⊂ Ψm,λ
0

(Ψm,λ
0 )∗ ⊂ Ψm,λ

0

Ψm,λ
0 ◦ Ψm′,λ

0 ⊂ Ψm+m′,λ
0

Next we extend the domain of the operators. Corollary 6.13 immediately implies by duality
that p(x,D) ∈ Ψm,λ

0 has a continuous extension p(x,D) : S ′(Rn,C) → S ′(Rn,C) defined by

〈p(x,D)u, v〉 = 〈u, p∗(x,D)v〉, u ∈ S ′(Rn,C), v ∈ S(Rn,C).

We show that the order m of an operator p(x,D) ∈ Ψm,λ
0 has a natural interpretation in terms

of mapping properties between the anisotropic Sobolev spaces introduced in Chapter 4, see
(4.5), (4.6); the definition extends immediately to the complex-valued case.

Theorem 6.14. A pseudo differential operator with symbol p ∈ Sm,λ
0 is a continuous operator

p(x,D) : Hs+m,λ(Rn,C) → Hs,λ(Rn,C)

for all s ∈ R and we have

‖p(x,D)u‖s,λ ≤ c ‖u‖s+m,λ for all u ∈ Hs+m,λ(Rn,C).(6.35)

Proof: It is sufficient to prove (6.35) for u ∈ S(Rn,C). First suppose s = m = 0. Then
p ∈ S 0,λ

0 has bounded derivatives and by the well-known L2-continuity result of Calderón and
Vaillancourt [9] we find

‖p(x,D)u‖0 ≤ c ‖u‖0

with a constant c depending only on the constants cαβ in (6.11) for |α| , |β| ≤ 3. Next suppose
s = 0 and m arbitrary. Then

p(x,D)u(x) =

∫

Rn

ei(x,ξ)p(x, ξ)λ−m(ξ)λm(ξ)û(ξ)d̄ξ

and p(x, ξ)λ−m(ξ) is a symbol in S 0,λ
0 . Therefore

‖p(x,D)u‖0 ≤ c ‖λm(D)u‖0 = c ‖u‖m,λ .

Finally for the general case observe that λs(D) ◦ p(x,D) ∈ Ψs+m,λ
0 by Corollary 6.12 and thus

‖p(x,D)u‖s,λ = ‖λs(D)p(x,D)u‖0 ≤ c ‖u‖s+m,λ .

2

Remark 6.15. Observe that from the above proof, Corollary 6.12 and Remark 6.11 it is clear
that the same constant c in (6.35) may be chosen for a family of pseudo differential operators
which satisfy (6.11) uniformly.
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The symbol classes Sm,λ
0 lead to a reasonable algebra of pseudo differential operators, but are

bad symbol classes in the sense that all derivatives of the symbols are estimated by the same
power m of λ(ξ) as in the case of Hörmander class Sm0,0 and not by a smaller power. Therefore
we cannot expect asymptotic expansion formulas for this type of symbols. On the other hand
the symbols of class Sm,λ

̺ have a somewhat better behaviour of their derivatives with respect to
ξ. This will yield expansion formulas including terms up to order 2. We consider the expansion
of the simplified symbol.

Theorem 6.16. Given a double symbol p ∈ Sm,m′,λ
0 such that

∂αξ p(x, ξ, x
′, ξ′) ∈ S

m−̺(|α|),m′,λ
0(6.36)

holds for all α ∈ N
n
0 . Then for all N ∈ N the simplified symbol pL satiesfies

pL(x, ξ) −
∑

|α|<N

1

α!
pα(x, ξ) ∈ S

m+m′−̺(N),λ
0 ,(6.37)

where
pα(x, ξ) = Dα

x′∂
α
ξ p(x, ξ, x

′, ξ′)
∣∣
x′=x
ξ′=ξ

∈ S
m+m′−̺(|α|),λ
0 .(6.38)

Proof: We modify the argument given in [67]. By Taylor’s formula we have

p(x, ξ + η, x+ z, ξ) =
∑

|α|<N

ηα

α!
∂αξ p(x, ξ, x+ z, ξ′)|ξ′=ξ

+N
∑

|γ|=N

ηγ

γ!
pγ(x, z, ξ, η)

with

pγ(x, z, ξ, η) =

∫ 1

0

(1 − t)N−1∂γξ p(x, ξ + tη, x+ z, ξ′)|ξ′=ξ dt

and therefore by (6.23)

pL(x, ξ) =
∑

|α|<N

1

α!
OS −

∫

Rn

∫

Rn

e−i(z,η)ηα∂αξ p(x, ξ, x+ z, ξ′)|ξ′=ξ dzd̄η

+
∑

|γ|=N

N

γ!
OS −

∫

Rn

∫

Rn

e−i(z,η)ηγpγ(x, z, ξ, η)dzd̄η

=
∑

|α|<N

1

α!
Iα(x, ξ) +

∑

|γ|=N

N

γ!
Jγ(x, ξ).

We have to show that
Iα = pα ∈ S

m+m′−̺(|α|),λ
0 , |α| < N(6.39)

and
Jγ ∈ S

m+m′−̺(N),λ
0 .(6.40)
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Let |α| < N and choose χ1, χ2 ∈ C∞
0 (Rn) such that χ1 and χ2 equal 1 in a neighbourhood of

the origin. Then by definition of Iα and (6.20)

Iα = OS −

∫

Rn

∫

Rn

e−i(z,η)ηα∂αξ p(x, ξ, x+ z, ξ′)|ξ′=ξ dzd̄η

= OS −

∫

Rn

∫

Rn

e−i(z,η)Dα
z ∂

α
ξ p(x, ξ, x+ z, ξ′)|ξ′=ξ dzd̄η

= lim
ε→0

∫

Rn

∫

Rn

e−i(z,η)χ1(εη)χ2(εz)D
α
x′∂

α
ξ p(x, ξ, x

′, ξ′)|x′=x+z
ξ′=ξ

dzd̄η

= lim
ε→0

∫

Rn

χ2(εz)ε
−nχ̂1(

z

ε
)Dα

x′∂
α
ξ p(x, ξ, x

′, ξ′)|x′=x+z
ξ′=ξ

dz

= Dα
x′∂

α
ξ p(x, ξ, x

′, ξ′)|x′=x
ξ′=ξ

= pα(x, ξ),

because χ2(εz)ε
−nχ̂1(

z
ε
) converges to the unit mass at 0 as ε → 0, and pα ∈ S

m+m′−̺(|α|),λ
0 by

(6.36).
Moreover for |γ| = N we have by (6.36), (6.24) and (2.8)

∣∣∣∂αx∂α
′

z ∂
β
ξ ∂

β′
η pγ(x, z, ξ, η)

∣∣∣

=

∣∣∣∣
∫ 1

0

(1 − t)N−1∂αx∂
α′
z ∂

β
ξ ∂

β′
η

(
∂γξ p(x, ξ + tη, x+ z, ξ′)|ξ′=ξ

)
dt

∣∣∣∣

≤ cα,α′,β,β′,γ

∫ 1

0

λm−̺(N)(ξ + tη) · λm
′
(ξ)dt

≤ cα,α′,β,β′,γλ
m−̺(N)(ξ)λm

′
(ξ)

∫ 1

0

λ|m−̺(N)|(tη)dt

≤ cα,α′,β,β′,γ,λλ
m+m′−̺(N)(ξ) · 〈η〉|m−̺(N)|.

Hence again by (6.19) for l, n0 ∈ N, 2l > N + |m− ̺(N)| + n, 2n0 > n,

∣∣∂αξ ∂βxJγ(x, ξ)
∣∣

=

∣∣∣∣
∫

Rn

∫

Rn

e−i(z,η)〈η〉−2l〈Dz〉
2l {〈z〉−2n0〈Dη〉

2n0
[
ηγ∂αξ ∂

β
xpγ(x, z, ξ, η)

]}
dzd̄η

∣∣∣∣

≤ cl,α,β

∫

Rn

∫

Rn

〈η〉−2l+N+|m−̺(N)| · 〈z〉−2n0λ(ξ)m+m′−̺(N)dzd̄η

≤ cl,α,βλ(ξ)m+m′−̺(N).

which gives (6.40). 2

Remark 6.17 . The proof shows that pα and the remainder term pL −
∑

|α|<N
1
α!
pα are in

the class S
m+m′−̺(|α|),λ
0 and S

m+m′−̺(N),λ
0 , respectively, and moreover satisfy estimates (6.11)

with constants cαβ that depend only on the constants cα,β,α′,β′ in (6.21) of the double symbol
p(x, ξ, x′, ξ′) itself.
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We apply Theorem 6.16 to the double symbols of the composition of two pseudo differential
operators and of the formally adjoint operator, see Corollaries 6.12, 6.13 and their proofs, and
obtain the following expansion formulas.

Corollary 6.18. Let p1 ∈ Sm1,λ
̺ , p2 ∈ Sm2,λ

̺ and p ∈ Sm,λ
̺ . Then the symbols pc and p∗ of the

composition pc(x,D) = p1(x,D) ◦ p2(x,D) and the formally adjoint p∗(x,D) = p(x,D)∗ satisfy

pc(x, ξ) = p1(x, ξ) · p2(x, ξ) +
n∑

j=1

∂ξjp1(x, ξ) ·Dxj
p2(x, ξ) + pr1(x, ξ)

and

p∗(x, ξ) = p(x, ξ) +
n∑

j=1

∂ξjDxj
p(x, ξ) + pr2(x, ξ),

where pr1 ∈ Sm1+m2−2,λ
0 and pr2 ∈ Sm−2,λ

0 .

Note that in particular the highest order terms are given by the product and the conjugate of
the symbols.

Remark 6.19 .

(i) Since ̺(k) ≤ 2, the expansions given by formula (6.37) do not improve for N > 2 towards
terms of lower order. In this sense we obtain expansion formulas with terms up to order
two. Obviously this effect is due to the choice of the function ̺(k) = k ∧ 2, which is
determined by the behaviour of negative definite symbols.

(ii) Of course the statement itself does not depend on the specific choice of ̺ and choosing
another increasing subadditive function ̺ : N0 → R+ will not affect the proof.

6.4 Friedrichs symmetrization

It is well-known that a pseudo differential operator with real-valued symbol is in general no
symmetric operator if the symbol depends on x, but there is a modification that is symmetric
and differs from the original operator only by a lower order perturbation. This modification
can be constructed explictly by the so-called Friedrichs symmetrization. The purpose of this
section is to show by the results obtained in the previous section that also for symbols in Sm,λ̺

a Friedrichs symmetrization is available. For that end fix a function q ∈ C∞
0 (Rn) such that q

is even, non-negative, supported in the unit ball B1(0) and
∫

Rn q
2(σ)dσ = 1 and define

F (ξ, ζ) = λ(ξ)−n/4 · q((ζ − ξ) · λ−1/2(ξ)).(6.41)

For a symbol p ∈ Sm,λ
0 let us define its Friedrichs symmetrization to be the double symbol

pF not depending on x given by

pF (ξ, x′, ξ′) =

∫

Rn

F (ξ, ζ)p(x′, ζ, )F (ξ′, ζ)dζ.

Then we have
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Theorem 6.20. Let p ∈ Sm,λ
0 . Then

∣∣∣∂α′
x′ ∂

β
ξ ∂

β′

ξ′ pF (ξ, x′, ξ′)
∣∣∣ ≤ cα′,β,β′λm− 1

2
̺(|β|)(ξ) · λ−

1
2
̺(|β′|)(ξ′).(6.42)

In particular pF ∈ Sm,0,λ
0 and the simplified symbol pF,L ∈ Sm,λ

0 . Moreover, if p ∈ Sm,λ
̺ we have

p− pF,L ∈ Sm−1,λ
0 .(6.43)

First we prove

Lemma 6.21. For all β ∈ N
n
0 we have

∂βξ F (ξ, ζ) = λ(ξ)−
n
4

∑

|γ|≤|β|
γ1≤γ

ϕβ,γ,γ1(ξ) ·
(
(ξ − ζ) · λ−

1
2 (ξ)

)γ1
·
(
∂γq
)
((ξ − ζ) · λ−

1
2 (ξ)),(6.44)

where ϕβ.γ,γ1 ∈ S
− 1

2
̺(|β|),λ

0 .

Proof: Obviously (6.44) holds true for β = 0 with ϕ0,0,0 = 1. Note that

∂ξiλ
m(ξ) = mλm(ξ)λ−1(ξ) · ∂ξiλ(ξ).

Proceeding by induction we differentiate (6.44)

∂ξj∂
β
ξ F (ξ, ζ) =

= λ−n/4(ξ) ·
∑

|γ|≤|β|
γ1≤γ

{ [
ψ

(1)
β,γ,γ1

(ξ) + ψ
(2)
β,γ,γ1

(ξ)
]
((ξ − ζ) · λ−1/2(ξ))γ1 · (∂γq)((ξ − ζ) · λ−1/2(ξ))

+ ψ
(3)
β,γ,γ1

(ξ)((ξ − ζ) · λ−1/2(ξ))γ1−εj · (∂γq)((ξ − ζ) · λ−1/2(ξ))

+ ψ
(4)
β,γ,γ1

(ξ)((ξ − ζ) · λ−1/2(ξ))γ1 · (∂γ+εjq)((ξ − ζ) · λ−1/2(ξ))

+ ψ
(5)
β,γ,γ1

(ξ)
n∑

k=1

((ξ − ζ) · λ−1/2(ξ))γ1+εk · (∂γ+εkq)((ξ − ζ) · λ−1/2(ξ))
}

with

ψ
(1)
β,γ,γ1

(ξ) = −ϕβ,γ,γ1(ξ) ·

(
n

4
+

|γ1|

2

)
λ−1(ξ)∂ξjλ(ξ),

ψ
(2)
β,γ,γ1

(ξ) = ∂ξjϕβ,γ,γ1(ξ),

ψ
(3)
β,γ,γ1

(ξ) = γ1,jλ
−1/2(ξ)ϕβ,γ,γ1(ξ),

ψ
(4)
β,γ,γ1

(ξ) = λ−1/2(ξ)ϕβ,γ,γ1(ξ),

ψ
(5)
β,γ,γ1

(ξ) = −
1

2
λ−1(ξ)∂ξjλ(ξ)ϕβ,γ,γ1(ξ),
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which is of the form claimed in (6.44) and we have to check that ψ
(l)
β,γ,γ1

∈ S
− 1

2
(̺(|β|+1)),λ

0 ,

l = 1, . . . , 5. Note that λ−1/2 ∈ S
−1/2,λ
0 and λ−1∂ξjλ ∈ S−1,λ

0 , see Lemma 6.5. Since ϕ0,0,0 = 1
we see for β = 0 that

ψ
(l)
β,γ,γ1

∈ lin{λ−1/2, λ−1∂ξjλ} ⊂ S
−1/2,λ
0 ,

which also implies ϕβ,γ,γ1 ∈ S
−1/2,λ
0 for |β| = 1. Next note that ∂ξkλ

−1/2 ∈ S
−3/2,λ
0 and

∂ξk(λ
−1∂ξiλ) ∈ S−2,λ

0 , which yields ∂ξkϕβ,γ,γ1 ∈ S
−3/2,λ
0 for |β| = 1. Thus by the algebra

property (6.16) of the symbols we find for |β| = 1 that ψ
(l)
β,γ,γ1

∈ S−1,λ
0 .

But S−1,λ
0 is stable under taking derivatives and therefore again (6.16) yields ψ

(l)
β,γ,γ1

∈ S−1,λ
0 for

all |β| ≥ 2 by induction. 2

Proof of Theorem 6.20, Estimate (6.42): By Lemma 6.21 and the support properties of
q we have
∣∣∣∂α′
x′ ∂

β
ξ ∂

β′

ξ′ pF (ξ, x′, ξ′)
∣∣∣

=

∣∣∣∣
∫

Rn

∂βξ F (ξ, ζ)∂α
′

x′ p(x
′, ζ, )∂β

′

ξ′ F (ξ′, ζ)dζ

∣∣∣∣

≤ λ(ξ)−n/4λ(ξ′)−n/4
∑

|γ|≤|β|
γ1≤γ

∑

|γ′|≤|β′|
γ′1≤γ

′

∣∣ϕβ,γ,γ1(ξ) · ϕβ′,γ′,γ′1
(ξ′)
∣∣ ·

·
∣∣∣
∫

|ξ−ζ|≤λ1/2(ξ)

|ξ′−ζ|≤λ1/2(ξ′)

((ξ − ζ) · λ−1/2(ξ))γ1 ((ξ′ − ζ) · λ−1/2(ξ′))γ
′
1

·(∂γq)((ξ − ζ) · λ−1/2(ξ)) (∂γ
′
q)((ξ′ − ζ) · λ−1/2(ξ′)) · ∂α

′
x′ p(x

′, ζ)dζ
∣∣∣

≤ cα′,β,β′λ(ξ)−n/4λ(ξ′)−n/4λ(ξ)−
1
2
̺(|β|)λ(ξ′)−

1
2
̺(|β′|) · I,(6.45)

where

I =

∫

|ξ−ζ|≤λ1/2(ξ)

|ξ′−ζ|≤λ1/2(ξ′)

∣∣∣∂α′
x′ p(x

′, ζ)
∣∣∣ dζ.

Observe that by (4.18) and (2.8) for |σ| ≤ 1

λ(ξ + λ1/2(ξ)σ) ≤ λ(ξ) + λ(λ1/2(ξ)σ)

≤ λ(ξ) + c(1 + λ1/2(ξ) |σ|)

≤ cλ(ξ).(6.46)

Hence using the substitution ζ = ξ + λ1/2(ξ) · σ we find by Cauchy-Schwarz inequality

|I| ≤

(∫

|ξ−ζ|≤λ1/2(ξ)

∣∣∣∂α′
x′ p(x

′, ζ)
∣∣∣
2

dζ

)1/2(∫

|ξ′−ζ|≤λ1/2(ξ′)
1 dζ

)1/2

= λn/4(ξ)

(∫

|σ|≤1

∣∣∣∂α′
x′ p(x

′, ξ + λ1/2(ξ) · σ)
∣∣∣
2

dσ

)1/2

λn/4(ξ′)

(∫

|σ|≤1

dσ

)1/2

≤ cλn/4(ξ)λn/4(ξ′)λm(ξ),
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which together with (6.45) gives (6.42).

In order to prove (6.43) we need the following

Lemma 6.22. Let p ∈ Sm,λ
0 , t ∈ R and σ ∈ R

n. Then

∂αx∂
β
ξ (p(x, ξ + tλ1/2(ξ) · σ)) =

∑

|γ|≤|β|
γ1≤γ

ψβ,γ,γ1(ξ)(∂
α
x∂

γ
ξ p)(x, ξ + tλ1/2(ξ) · σ) · (tσ)γ1 ,(6.47)

where ψβ,γ,γ1 ∈ S 0,λ
0 .

Proof: Since also ∂αx p(x, ξ) ∈ Sm,λ
0 for all α ∈ N

n
0 as well, we may replace p by ∂αx p and

assume α = 0. With ψ0,0,0 = 1 there is nothing to prove for β = 0. Let ξ̃ = ξ + tλ1/2(ξ) · σ.
Then by induction

∂ξi∂
β
ξ p(x, ξ̃) =

∑

|γ|≤|β|
γ1≤γ

{
∂ξiψβ,γ,γ1(ξ)(∂

γ
ξ p)(x, ξ̃) · (tσ)γ1

+ψβ,γ,γ1(ξ)(∂
γ+εi

ξ p)(x, ξ̃) · (tσ)γ1

+
n∑

k=1

ψβ,γ,γ1(ξ)(∂
γ+εk

ξ p)(x, ξ̃) · ∂ξiλ
1/2(ξ) · (tσ)γ1+εk

}
,

which proves the lemma, since ∂ξiλ
1/2 ∈ S 0,λ

0 . 2

We now finish the proof of Theorem 6.20.
Proof of (6.43): By the expansion formula (6.37) (replace ̺(·) by 1

2
̺(·), which does not affect

the proof) and (6.42) we know that

pF,L − pF,0 −
∑

|α|=1

pF,α ∈ Sm−1,λ
0 .

Thus it is enough to prove
pF,α ∈ Sm−1,λ

0 for |α| = 1(6.48)

and
pF,0 − p ∈ Sm−1,λ

0 .(6.49)

Let |α| = 1. Then

∂αξ F (ξ, η) = ∂αξ
(
λ−n/4(ξ)q((η − ξ)λ−1/2(ξ))

)

= λ−n/4(ξ) ·
[
−
n

4
q((η − ξ)λ−1/2(ξ)) · λ−1(ξ)∂αξ λ(ξ)

+
n∑

k=1

(∂kq)((η − ξ)λ−1/2(ξ)) · (ηk − ξk) · λ
−1/2(ξ)λ1/2(ξ)∂αξ λ

−1/2(ξ)

−(∂αq)((η − ξ)λ−1/2(ξ)) · λ−1/2(ξ)
]
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and consequently with σ = (η − ξ)λ−1/2(ξ)

pF,α = Dα
x′∂

α
ξ pF (ξ, x′, ξ′)|x′=x

ξ′=ξ
=

∫

Rn

∂αξ F (ξ, η) ·Dα
xp(x, η)F (ξ, η)dη

= −
n

4
λ−1(ξ)∂αξ λ(ξ) ·

∫

Rn

q2(σ)Dα
xp(x, ξ + λ1/2(ξ)σ)dσ

+
n∑

k=1

λ1/2(ξ)∂αξ λ
−1/2(ξ) ·

∫

Rn

σk∂kq(σ) · q(σ)Dα
xp(x, ξ + λ1/2(ξ)σ)dσ

− λ−1/2(ξ) ·

∫

Rn

(∂αq)(σ)q(σ)Dα
xp(x, ξ + λ1/2(ξ)σ)dσ

= I1 + I2 + I3.

We consider each term separately. Observe that
∫

Rn q
2(σ)Dα

xp(x, ξ + λ1/2(ξ)σ)dσ is a symbol

in Sm,λ
0 , since using Lemma 6.22 and (6.46)

∣∣∣∣∂
δ
x∂

β
ξ

∫

Rn

q2(σ)Dα
xp(x, ξ + λ1/2(ξ)σ)dσ

∣∣∣∣

≤

∣∣∣∣
∫

Rn

q2(σ)∂δx∂
β
ξD

α
xp(x, ξ + λ1/2(ξ)σ)dσ

∣∣∣∣

≤
∑

|γ|≤|β|
γ1≤γ

|ψβ,γ,γ1|

∫

Rn

q2(σ)
∣∣∣
(
∂δx∂

β
ξD

α
xp
)

(x, ξ + λ1/2(ξ)σ)
∣∣∣ |σγ1| dσ

≤ c

∫

Rn

q2(σ)λ(ξ + λ1/2(ξ)σ)mdσ ≤ c

∫

Rn

q2(σ)dσ · λm(ξ) = cλm(ξ)

and λ−1∂αξ λ ∈ S−1,λ
0 gives I1 ∈ Sm−1,λ

0 .
Analogously ∫

Rn

σk∂kq(σ) · q(σ)Dα
xp(x, ξ + λ1/2(ξ)σ)dσ ∈ Sm,λ

0

and thus by λ1/2∂αξ λ
−1/2 ∈ S−1,λ

0 we have I2 ∈ Sm−1,λ
0 .

Moreover concerning I3 we have by Taylor’s formula
∫

Rn

∂αq(σ)q(σ)Dα
xp(x, ξ + λ1/2(ξ)σ)dσ

=

∫

Rn

∂αq(σ)q(σ)dσ ·Dα
xp(x, ξ)

+ λ1/2(ξ)

∫

Rn

∂αq(σ)q(σ)
n∑

k=1

σk ·

∫ 1

0

(
∂ξkD

α
xp
)
(x, ξ + λ1/2(ξ)tσ)dtdσ.

By the symmetry of q the first term vanishes and we find for the derivatives of the second
integral using again Lemma 6.22

∣∣∣∣∂
δ
x∂

β
ξ

∫

Rn

∂αq(σ)q(σ)σk ·

∫ 1

0

(
∂ξkD

α
xp
)
(x, ξ + λ1/2(ξ)tσ)dtdσ

∣∣∣∣
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≤

∫

Rn

|∂αq(σ)q(σ)σk| ·

∫ 1

0

∣∣∣∂δx∂βξ
(
Dα
x∂ξkp

)
(x, ξ + λ1/2(ξ)tσ)

∣∣∣ dtdσ

≤ c

∫

Rn

|∂αq(σ)q(σ)σk| ·

∫ 1

0

λm−1(ξ + λ1/2(ξ)tσ)dtdσ ≤ c · λm−1(ξ).

Hence
∫

Rn ∂
αq(σ)q(σ)Dα

xp(x, ξ + λ1/2(ξ)σ)dσ is in S
m−1/2,λ
0 , which means I3 ∈ Sm−1,λ

0 and we
have (6.48). Let us turn to (6.49). By Taylor’s formula we find

pF,0(x, ξ) =

∫

Rn

q2(σ)p(x, ξ + λ1/2(ξ)σ)dσ

=

∫

Rn

q2(σ)
{
p(x, ξ) +

n∑

k=1

λ1/2(ξ) · σk · ∂ξkp(x, ξ)

+

∫ 1

0

(1 − t)
∑

|γ|=2

2

γ!
λ(ξ)σγ(∂γξ p)(x, ξ + tλ1/2(ξ)σ)dt

}
dσ.

By the symmetry of q the integral over the first order term again vanishes and therefore

pF,0(x, ξ) − p(x, ξ) =
∑

|γ|=2

2

γ!
λ(ξ)

∫

Rn

∫ 1

0

(1 − t)q2(σ)σγ(∂γξ p)(x, ξ + tλ1/2(ξ)σ)dtdσ.

Using again Lemma 6.22 and (6.46) we see as above that the integral defines a symbol in Sm−2,λ
0 ,

which gives (6.49) 2

The next theorem summerizes the important properties of the Friedrichs symmetrization.

Theorem 6.23. Assume p ∈ Sm,λ
0 is real-valued. Then pF (Dx, x

′, Dx′) with domain S(Rn,C)
is a symmetric operator in L2(Rn,C). If moreover p(x, ξ) is non-negative, then pF (Dx, x

′, Dx′)
is non-negative.

Proof: This is clear, because for u, v ∈ S(Rn,C) and if F−1
ξ→x denotes the inverse Fourier

transform

(pF (Dx, x
′, Dx′)u, v)0

=

∫

Rn

F−1
ξ→x

(∫

Rn

∫

Rn

e−i(x
′,ξ)+i(x′,ξ′)pF (ξ, x′, ξ′)û(ξ′)d̄ξ′dx′

)
(x)v(x)dx

=

∫

Rn

∫

Rn

∫

Rn

e−i(x
′,ξ)+i(x′,ξ′)

∫

Rn

F (ξ, η)p(x′, η)F (ξ′, η)dη û(ξ′)d̄ξ′dx′ v̂(ξ)d̄ξ

=

∫

Rn

∫

Rn

p(x′, η)

∫

Rn

ei(x
′,ξ′)F (ξ′, η)û(ξ′)d̄ξ′ ·

∫

Rn

ei(x′,ξ)F (ξ, η)v̂(ξ)d̄ξdηdx′.

2
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6.5 Application to generators of Feller semigroups

In this section we want to apply the results of the previous sections to pseudo differential
operators with negative definite symbols. In particular we assume the symbols to be real-
valued. As we have seen it is a natural condition to assume that the symbols are of class S 2,λ

̺

for some convenient λ(ξ). To prove that a pseudo differential operator fulfills the assumptions
of the Hille-Yosida theorem and therefore is the generator of an operator semigroup to most
extent amounts to solve the equation

p(x,D)u+ τu = f,(6.50)

as we have seen in Chapter 4. We will solve this problem for elliptic elements in Sm,λ
̺ . In order

to apply modified Hilbert space methods we need again some estimates for the operator and
the corresponding bilinear form. It turns out that by the symbolic calculus, once it was proven,
these estimates are obtained in a considerably more elegant way.
As an application of the Friedrichs symmetrization we first prove the sharp Garding inequality
which gives a first non-trivial lower bound for the corresponding sesquilinear form.

Theorem 6.24. Let p ∈ Sm,λ
̺ be nonnegative. There is a K ≥ 0 such that

Re(p(x,D)u, u)0 ≥ −K ‖u‖2
m−1

2
,λ for all u ∈ S(Rn,C).

Proof: By Theorem 6.20 we know that p(x,D) − pF (Dx, x
′, Dx′) is of order m − 1. Since

p(x, ξ) ≥ 0 we have by Theorem 6.23

Re(p(x,D)u, u)0 = Re(pF (Dx, x
′, Dx′)u, u)0 + Re((p(x,D) − pF (Dx, x

′, Dx′))u, u)0

≥ Re
(
λ−

m−1
2 (D)(p(x,D) − pF (Dx, x

′, Dx′))u, λ
m−1

2 (D)u
)

0

≥ −K ‖u‖2
m−1

2
,λ .

2

We are interested in further bounds for the sesquilinear form, in particular in the elliptic case.

Theorem 6.25. Let p ∈ Sm,λ
̺ be real-valued, m > 0. Then

|(p(x,D)u, v)0| ≤ c ‖u‖m/2,λ · ‖v‖m/2,λ , u, v ∈ S(Rn,C)(6.51)

and the sesquilinear form extends continuously to Hm/2,λ(Rn,C). If moreover

p(x, ξ) ≥ δλm(ξ), |ξ| > R,(6.52)

for some δ > 0 and some R > 0, then the Garding inequality

Re(p(x,D)u, u)0 ≥
δ

2
‖u‖2

m
2
,λ − c ‖u‖2

m−1
2
,λ , u ∈ Hm/2,λ(Rn,C),(6.53)

holds.
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Proof: We know that

|(p(x,D)u, u)0| =
∣∣(λ−m

2 (D)p(x,D)u, λ
m
2 (D)u)0

∣∣ ≤ c ‖u‖m/2,λ · ‖v‖m/2,λ ,

since λ−m/2(D) ◦ p(x,D) is of order m
2
.

Now assume (6.52). Let pτ (x, ξ) = p(x, ξ) + τ . Then for τ sufficiently large

pτ (x, ξ) ≥ δλm(ξ)

holds for all ξ ∈ R
n. We put q(x, ξ) = pτ (x, ξ) − δλm(ξ) ≥ 0. Theorem 6.24 implies

Re(p(x,D)u, u)0 − δ ‖u‖2
m/2,λ + τ ‖u‖2

0 = Re(q(x,D)u, u)0 ≥ −K ‖u‖2
m−1

2
,λ ,

which gives (6.53) by (4.11). 2

Let us turn next to estimates for the operator itself. The operator p(x,D) ∈ Ψm,λ
0 is a continuous

operator between the Sobolev spaces Hs,λ(Rn,C), see Theorem 6.14, i.e. ‖p(x,D)u‖s,λ ≤
c ‖u‖s+m,λ. Again, if moreover (6.52) holds, we even have a converse inequality.

Theorem 6.26. Let p ∈ Sm,λ
̺ be real-valued and assume the ellipticity condition (6.52). Then

for s > −m
δ2

2
‖u‖2

s+m,λ ≤ ‖p(x,D)u‖2
s,λ + c ‖u‖2

s+m− 1
2
,λ .(6.54)

Proof: Let qs(x, ξ) = p(x, ξ)2λ2s(ξ) ≥ δ2λ2(m+s)(ξ) for |ξ| large. By Corollary 6.18 we know
that the highest order term in the expansion of the symbol of p∗(x, ξ) is given by p(x, ξ) =
p(x, ξ). Thus

‖p(x,D)u‖2
s,λ = (λs(D)p(x,D)u, λs(D)p(x,D)u)0

= (p∗(x,D)λ2s(D)p(x,D)u, u)0 = Re(qs(x,D)u, u)0 + Re(q(x,D)u, u)0,

where q(x,D) ∈ S
2(m+s)−1,λ
0 . Hence Theorem 6.25 implies

‖p(x,D)u‖2
s,λ ≥ δ2 ‖u‖2

m+s,λ − c ‖u‖2
m+s− 1

2
,λ − c′ ‖u‖2

m+s− 1
2
,λ .

2

The proof of regularity results for solutions of (6.50) again involves commutators for the
Friedrichs mollifiers as defined in (4.22). Obviously Jε is a pseudo differential operator with
symbol ̂(εξ) in S 0,λ

̺ and the constants cα,β in the corresponding estimate (6.10) are uniformly

bounded for 0 < ε ≤ 1, cf. [54], Lemma 1.6.3. Let p ∈ Sm,λ
̺ . We consider the commutator

[p(x,D), Jε] = p(x,D)Jε − Jεp(x,D).

Recall that the commutator is described by the difference of the double symbols p(x, ξ) · ̂(εξ′)
and ̂(εξ)·p(x′, ξ′). Therefore it is now obvious to see that the commutator has an order reducing
effect, since the highest order terms in the expansion series (6.37) cancel, and [p(x,D), Jε] is
an operator of order m − 1. Moreover the remaining terms of the expansion are controlled
uniformly with repect to ε, see Remark 6.15 and Remark 6.19. Therefore we get
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Proposition 6.27. Let p ∈ Sm,λ
̺ and s ∈ R. There is a constant c ≥ 0 not depending on

0 < ε ≤ 1 such that
‖[p(x,D), Jε]u‖s,λ ≤ c ‖u‖m+s−1,λ .

We summerize the results obtained so far and solve equation (6.50).

Theorem 6.28. Let p ∈ Sm,λ
̺ , m ≥ 2, be a real-valued symbol, s ≥ 0 and assume that

(6.52) holds. If τ > 0 is sufficiently large, then for f ∈ Hs,λ(Rn,C) there is a unique solution
u ∈ Hs+m,λ(Rn,C) of the equation

p(x,D)u+ τu = f.

Proof: By Theorem 6.25 we know that

(u, v) 7→ ((p(x,D) + τ)u, v)0

is a continuous coercive form on Hm/2,λ(Rn,C) for τ large enough. Thus, see [20], Theo. I.14.1,
there is a unique weak solution u ∈ Hm/2,λ(Rn,C) of

((p(x,D) + τ)u, v)0 = (f, v)0 for all v ∈ Hm/2,λ(Rn,C)

and the proof is complete, if we show that u ∈ Hs+m,λ(Rn,C). Let uε = Jεu. Then uε ∈
H t+m,λ(Rn,C) for all t ≤ s, 0 < ε ≤ 1 and by Therorem 6.26 and Proposition 6.27 we have

‖uε‖t+m,λ ≤ c ‖p(x,D)Jεu‖t,λ + c ‖Jεu‖t+m− 1
2
,λ

≤ c ‖Jε(p(x,D) + τ)u‖t,λ + c ‖Jεu‖t,λ + c ‖[p(x,D), Jε]u‖t,λ + c ‖Jεu‖t+m− 1
2
,λ

≤ c ‖Jεf‖t,λ + c ‖u‖t,λ + c ‖u‖t+m−1,λ + c ‖u‖t+m− 1
2
,λ

≤ c ‖f‖s,λ + c ‖u‖t+m− 1
2
,λ .

So u ∈ H t+m− 1
2
,λ(Rn,C) implies that (uε)0<ε≤1 is bounded in H t+m,λ(Rn,C). Since uε → u

in H t+m− 1
2
,λ(Rn,C) as ε → 0, this implies u ∈ H t+m,λ(Rn,C). A recursive application of this

conclusion starting with t = 1−m
2

proves the theorem. 2

We finally state our result about generators of Feller semigroups. Recall that we have assumed
a lower bound (6.4) on the reference function, that is for some r > 0

λ(ξ) ≥ c |ξ|r/2(6.55)

for some c > 0 and |ξ| large. Under this condition for s > n
r

the dense and continuous
embedding, see Proposition 4.1,

Hs,λ(Rn) →֒ C∞(Rn)

holds. Now we have

Theorem 6.29. Assume that (6.55) holds. If p(x, ξ) is a negative definite symbol of class S 2,λ
̺

and moreover
p(x, ξ) ≥ δλ2(ξ)

for some δ > 0 and |ξ| large, then −p(x,D) defined on C∞
0 (Rn) is closable in C∞(Rn) and the

closure generates a Feller semigroup.
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Proof: It is enough to repeat the arguments in the proof of Theorem 4.13. Recall that for
a continuous negative definite symbol the operator p(x,D) preserves real-valued functions.
Choose s > n

r
. Then the operator A = −p(x,D) : Hs+2,λ(Rn) → Hs,λ(Rn) ⊂ C∞(Rn) is a

densely defined operator in C∞(Rn) with domain Hs+2,λ(Rn) und thus A fulfills condition (i)
of Theorem 4.7. Since C∞

0 (Rn) is dense in Hs+2,λ(Rn), we see again from the continuity and
the regularity estimate (6.35), (6.54) and the Sobolev embedding that C∞

0 (A) is a core for A.
Moreover by Theorem 2.16 A satisfies the positive maximum principle on C∞

0 (Rn) and therefore
also on Hs+2,λ(Rn), see Proposition 2.20. This is (ii) of Theorem 4.7 and finally (iii) is the claim
of Theorem 6.28. 2

6.6 Perturbation results

In section 6.2 we used the decomposition of a continuous negative definite symbol into a part
with Lévy-measures supported in a bounded set and a remainder part. The first part was
studied using the symbolic calculus. In this section we consider the remainder symbol, which has
a Lévy-kernel consisting of finite measures. In particular we are interested in the perturbation
effect of this remainder part in terms of estimates in L∞- and L2-norms.

Let us assume that p : R
n × R

n → R is a continuous negative definite symbol that satisfies

p(x, ξ) ≤ c(1 + |ξ|2).(6.56)

For simplicity we assume that p(x, 0) = 0. This is no restriction since an operator of the type
ϕ 7→ c(·) ·ϕ with a bounded continuous function c(x) is a bounded operator in C∞(Rn) as well
as in L2(Rn).
We decompose the symbol according to Proposition 3.11 and Theorem 3.12 by using an even
cut-off function θ ∈ C∞

0 (Rn), 0 ≤ θ ≤ 1, θ(0) = 1:

p(x, ξ) = pθ1(x, ξ) + pθ2(x, ξ) = p1(x, ξ) + p2(x, ξ).(6.57)

In particular

p2(x, ξ) =

∫

Rn

(p(x, ξ) − p(x, ξ + η) + p(x, η)) θ̂(η) d̄η.

Then µ2(x, dy) = (1 − θ(y))µ(x, dy) is the Lévy-kernel of p2(x, ξ), where µ(x, dy) is the Lévy-
kernel for p(x, ξ), and we have

−p2(x,D)ϕ(x) =

∫

Rn\{0}

(ϕ(x+ y) − ϕ(x))µ2(x, dy), ϕ ∈ C∞
0 (Rn).(6.58)

Moreover

µ2(x,R
n \ {0}) ≤ cθ

∫

Rn

p(x, ξ) ν(dξ) ≤ c

∫

Rn

(1 + |ξ|2) ν(dξ) <∞(6.59)

by Theorem 3.12 and (6.56). The central question of this section is, whether the original
operator p(x,D) which we get from p1(x,D) by the perturbation p2(x,D) has similar properties
as p1(x,D). For the readers’ convenience we recall a standard perturbation result for generators
of contraction semigroups (see for example [17], 1.7.1).
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Theorem 6.30. Let (A,D(A)) be the generator of a strongly continuous contraction semigroup
on a Banach space (X, ‖·‖) and (B,D(B)) a linear dissipative operator in X such that D(A) ⊂
D(B) and

‖Bu‖ ≤ α ‖Au‖ + β ‖u‖ , u ∈ D(A),

for some 0 ≤ α < 1 and β ≥ 0. Then (A+B,D(A)) generates a strongly continuous contraction
semigroup.

The theorem in particular applies to bounded perturbations, that is if B is a bounded operator,
then B − ‖B‖ · Id is a dissipative operator. Therefore A + B generates a strongly continuous
semigroup, but not necessarily a contraction semigroup.
In the case of Feller semigroups however the submarkovian property is characterized by the
positive maximum principle. Therefore if A is the generator of a Feller semigroup, then for any
bounded operator B such that A + B satisfies the positive maximum principle, also A + B is
the generator of a Feller semigroup.

In order to see that p2(x,D) defines a perturbation of this type first note that by (6.58) and
(6.59) p2(x,D) has an extension to the bounded Borel measurable functions B(Rn)

p2(x,D) : B(Rn) → B(Rn)

which is continuous with a bound given by 2 · supx∈Rn ‖µ2(x, ·)‖∞. In order to apply Theorem
6.30 to the perturbation −p2(x,D) in the case of Feller semigroups we have to show that C∞(Rn)
is invariant under p2(x,D). In general this is not true, since the non-local character of p2(x,D)
may destroy the behaviour at infinity. A reasonable condition to control the non-locality is the
tightness of the Lévy-measures µ2(x, dy). We give a complete characterization of the tightness
in terms of the symbol.

Theorem 6.31. Let p : R
n × R

n → R be a continuous negative definite symbol such that
p(x, ξ) ≤ c(1 + |ξ|2) and with Lévy-Khinchin representation

p(x, ξ) = q(x, ξ) + c(x) +

∫

Rn\{0}

(1 − cos(y, ξ))µ(x, dy).

Then the following are equivalent:

(i) for every ε > 0 there is a ball BR(0) ⊂ R
n such that sup

x∈Rn

µ(x,BR(0)∁) ≤ ε,

(ii) sup
x∈Rn

(p(x, ξ) − p(x, 0)) → 0 as ξ → 0.

In this case p(x,D) maps C∞
0 (Rn) into C∞(Rn).

Note that typically a condition on the symbol for small ξ, here the equicontinuity at ξ = 0,
implies properties of the Lévy-measures are infinity.

Proof: Note that by the assumptions q(x, ξ) + c(x) ≤ c(1 + |ξ|2) therefore c(x) and the
coefficients of q(x, ·) are bounded. Thus they are equicontinuous at ξ = 0 and we may assume
that

p(x, ξ) =

∫

Rn\{0}

(1 − cos(y, ξ))µ(x, dy).
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Assume that (ii) holds true. Let ϕ ∈ C∞
0 (Rn), 0 ≤ ϕ ≤ 1, ϕ(0) = 1, suppϕ ⊂ B1(0) and

ϕR(x) = ϕ(x/R), R ≥ 1. Then

µ(x,BR(0)∁) ≤

∫

Rn\{0}

(ϕR(0) − ϕR(y))µ(x, dy)(6.60)

=

∫

Rn\{0}

∫

Rn

(1 − cos(y, ξ))ϕ̂R(ξ) d̄ξ µ(x, dy) ≤

∫

Rn

p(x, ξ) |ϕ̂R(ξ)| d̄ξ

≤

∫

|ξ|≤ 1√
R

p(x, ξ)Rn |ϕ̂(Rξ)| d̄ξ + c

∫

|ξ|> 1√
R

(1 + |ξ|)2Rn(Rξ)−(n+3) d̄ξ

≤ c sup
|ξ|≤ 1√

R

p(x, ξ) · ‖ϕ̂‖L1 + cR−3/2 → 0 as R → ∞

uniformly with respect to x, i.e. (i) holds true.
Conversely, if (ii) is not true, then there is a sequence (ξk)k∈N, ξk → 0 such that

sup
x∈Rn

p(x, ξk) = η > 0

and we can choose xk ∈ R
n, k ∈ N, such that p(xk, ξk) > η/2. Then for a compact neighbour-

hood K ⊂ R
n of the origin and any x, ξ ∈ R

n

µ(x,K∁) ≥
1

2

∫

∁K
(1 − cos(y, ξ))µ(x, dy)

=
1

2
p(x, ξ) −

1

2

∫

K

(1 − cos(y, ξ))µ(x, dy).(6.61)

Let ν be the measure defined in Lemma 2.15 and

A = sup
x∈Rn

∫

Rn

p(x, ξ) ν(dξ) ≤ c

∫

Rn

(1 + |ξ|2) ν(dξ) <∞.

Choose a > 0 such that a <
η

4A
. There is a k0 = k0(K) ∈ N such that for k ≥ k0

1 − cos(y, ξk) ≤ a(1 −
1

1 + |y|2
) for all y ∈ K

and therefore for all k ≥ k0

∫

K

(1 − cos(y, ξk))µ(x, dy) ≤ a

∫

Rn\{0}

(1 −
1

1 + |y|2
)µ(x, dy)

= a

∫

Rn\{0}

∫

Rn

(1 − cos(y, ξ)) ν(dξ)µ(x, dy) = a

∫

Rn

p(x, ξ) ν(dξ) ≤ a · A <
η

4
.

Hence by (6.61) for all k ≥ k0

µ(xk, K
∁) ≥

1

2
p(xk, ξk) −

1

2
·
η

4
≥
η

8
> 0,
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which contradicts (i).
Finally, if (i) or (ii) is satisfied and ϕ ∈ C∞

0 (Rn), then p(x,D)ϕ is continuous and we have by
the Lévy–Khinchin representation (2.19) of −p(x,D) and (6.60) for x 6∈ suppϕ

|p(x,D)ϕ(x)| =

∣∣∣∣
∫

Rn\{0}

ϕ(x+ y)µ(x, dy)

∣∣∣∣ ≤ ‖ϕ‖∞ · µ(x, suppϕ(x+ ·)) → 0

as |x| → ∞, i.e. p(x,D)ϕ ∈ C∞(Rn). 2

As C∞
0 (Rn) is dense in C∞(Rn) the result implies in particular in the situation considered above

Corollary 6.32. Let p2 be as above and assume

sup
x∈Rn

p2(x, ξ) → 0 as ξ → 0.(6.62)

Then p2(x,D) maps C∞(Rn) continuously into itself.

Observe that (6.62) is determined directly by the original symbol p(x, ξ), because p1 in (6.57)
always satisfies supx∈Rn(p1(x, ξ) − p1(x, 0)) → 0 as ξ → 0. This can be seen for example using
Theorem 6.31, since the Lévy-measures of p1 are supported in a bounded set. Thus (6.62) is
equivalent to the condition

sup
x∈Rn

(p(x, ξ) − p(x, 0)) → 0 as ξ → 0.(6.63)

We combine the results with the perturbation argument of Theorem 6.30 and the subsequent
remark. Note that (6.58) shows that −p2(x,D) obviously satisfies the positive maximum prin-
ciple on C∞(Rn). Thus we have proven

Theorem 6.33. Let p : R
n × R

n → R be a continuous negative definite symbol that satisfies
(6.56) and (6.63) with decomposition (6.57). Assume that −p1(x,D) extends to the generator
of a Feller semigroup. Then −p(x,D) has the same property.

Denote by λ(ξ) = (1+ψ(ξ))1/2 the reference function for the symbolic calculus as in the previous
sections, in particular assume (6.4). Then by Theorem 6.29 the assumption that −p1(x,D)
generates a Feller semigroup is satisfied if p1(x, ξ) is an elliptic symbol in S 2,λ

̺ . Moreover we
can prove

Corollary 6.34. Let λ(ξ)be as above and p : R
n × R

n → R be a continuous negative definite
symbol that satisfies p(x, ξ) ≤ c(1 + |ξ|2),

sup
x∈Rn

(p(x, ξ) − p(x, 0)) → 0 as ξ → 0

and for some δ > 0
p(x, ξ) ≥ δ λ2(ξ) for all |ξ| ≥ 1.

Let θ ∈ C∞
0 (Rn) be an even function such that 0 ≤ θ ≤ 1 and θ(0) = 1. If the mollified symbol

(x, ξ) 7→

∫

Rn

p(x, η)θ̂(ξ − η) d̄η

is in S 2,λ
̺ , then −p(x,D) has an extension that generates a Feller semigroup.
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Proof: We decompose p as in (6.57), see Proposition 3.11,

p(x, ξ) =

∫

Rn

p(x, η)θ̂(ξ − η) d̄η −

∫

Rn

p(x, η)θ̂(η) d̄η + p2(x, ξ).

The assumptions yield that x 7→
∫

Rn p(x, η)θ̂(η) d̄η is in C∞
b (Rn). Therefore the symbol∫

Rn p(x, η)(θ̂(ξ − η) − θ̂(η)) d̄η is in S 2,λ
̺ and, since p2(x, ξ) is bounded, it is bounded from

below by c λ2(ξ) for |ξ| large and suitable c > 0. Thus it satisfies the assumptions of Theo-
rem 6.29 and the corresponding pseudo differential operator has an extension that generates a
Feller semigroup. Moreover the symbol p2(x, ξ) defines a bounded operator on C∞(Rn) and we
conclude as above. 2

Finally we turn to L2-estimates and we study the question whether p2(x,D) is also a pertur-
bation in the L2-framework.
For this purpose consider the situation of Example 1 in section 6.2, i.e. let µ̃ be a symmetric
Lévy-measure on R

n \ {0} and define the continuous negative definite reference function

ψ(ξ) =

∫

0<|y|≤1

(1 − cos(y, ξ)) µ̃(dy).

Let λ(ξ) = (1 + ψ(ξ))1/2 and consider for f : R
n × R

n \ {0} → R
+ the symbol

p(x, ξ) =

∫

Rn\{0}

(1 − cos(y, ξ)) f(x, y) µ̃(dy),(6.64)

where we may assume that f is even with respect to the second variable. The symbol is
decomposed in

p1(x, ξ) =

∫

0<|y|≤1

(1 − cos(y, ξ)) f(x, y) µ̃(dy)(6.65)

and

p2(x, ξ) =

∫

|y|>1

(1 − cos(y, ξ)) f(x, y) µ̃(dy).(6.66)

We have seen that p1 ∈ S 2,λ
̺ provided f has bounded derivatives of all order with respect to x.

Moreover, if f(x, y) ≥ δ > 0 we also have the ellipticity bound

p1(x, ξ) ≥ δ

∫

0<|y|≤1

(1 − cos(y, ξ)) µ̃(dy) = δψ(ξ),

i.e.
p1(x, ξ) + τ ≥ δλ2(ξ)

for τ sufficiently large. The Theorems 6.14, 6.25, 6.26 and 6.28 yield the following L2-results
for such symbols.

Theorem 6.35. Let p1 : R
n × R

n → R be a continuous negative definite symbol in S 2,λ
̺ and

assume that for some δ ≥ 0 and τ sufficiently large

p1(x, ξ) + τ ≥ δ λ2(ξ).
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Then for κ sufficiently large the bilinear form ((p1(x,D) + κ)u, v)0, u, v ∈ C∞
0 (Rn) has a

continuous extension to a coercive form on H1,λ(Rn).
Moreover p1(x,D) is closable in L2(Rn), the closure is given by the continuous extension

p1(x,D) : H2,λ(Rn) → L2(Rn),

the estimates

c1 ‖u‖2,λ ≤ ‖p(x,D)u‖L2 + ‖u‖L2 ≤ c2 ‖u‖2,λ , c1, c2 > 0,

hold and for κ sufficiently large the equation

(p1(x,D) + κ)u = f

has a unique solution u ∈ H2,λ(Rn) for every f ∈ L2(Rn). In particular −(p1(x,D) + κ)with
domain H2,λ(Rn) is the generator of a strongly continuous contraction semigroup on L2(Rn).

The result about the semigroup follows from the Hille-Yosida theorem 4.6, recall that the
coercivity of the bilinear form implies dissipativity for the operator −(p1(x,D) + κ).

We now have

Proposition 6.36. Define p2(x, ξ) as in (6.66) and assume that f(x, y) ≤M for some M ≥ 0.
Then p2(x,D) is bounded in L2(Rn):

‖p2(x,D)u‖0 ≤ c ‖u‖0 .(6.67)

Proof: Let u ∈ C∞
0 (Rn). Since the Lévy-kernel of p2 consists of finite measures we have

−p2(x,D)u(x) =

∫

|y|>1

(u(x+ y) − u(x))f(x, y) µ̃(dy)

=

∫

|y|>1

u(x+ y)f(x, y) µ̃(dy) −

(∫

|y|>1

f(x, y) µ̃(dy)

)
· u(x)

and it is enough to prove continuity in L2(Rn) for the first term. Let v ∈ L2(Rn).

∣∣∣∣
∫

Rn

∫

|y|>1

u(x+ y) f(x, y) µ̃(dy) · v(x) dx

∣∣∣∣ ≤M

∫

|y|>1

∫

Rn

|u(x+ y)| · |v(x)| dx µ̃(dy)

≤ M

∫

|y|>1

(∫

Rn

|u(x+ y)|2 dx

)1/2

·

(∫

Rn

|v(x)|2 dx

)1/2

µ̃(dy)

= M · µ̃({|y| > 1}) · ‖u‖0 · ‖v‖0 .

Dividing by ‖v‖0 and taking the supremum over all v with ‖v‖0 = 1 gives the result 2

Therefore p2(x,D) is a small perturbation of operators as considered in Theorem 6.35 and we
obtain
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Theorem 6.37. Assume that p1 is as in Theorem 6.35 and p2 is as in Proposition 6.36 and
let p = p1 + p2.
In particular this holds true if p is given by (6.64) with sup

x,y

∣∣∂βxf(x, y)
∣∣ <∞ for all β ∈ N

n
0 and

f(x, y) ≥ δ > 0.
Then the following estimates hold

‖p(x,D)u‖0 ≤ c ‖u‖2,λ ,

‖u‖2,λ ≤ c(‖p(x,D)u‖0 + ‖u‖0),

|(p(x,D)u, v)0| ≤ c ‖u‖1,λ · ‖v‖1,λ ,

(p(x,D)u, u)0 ≥ c1 ‖u‖
2
1,λ − c2 ‖u‖

2
0

for u, v ∈ C∞
0 (Rn). Moreover the continuous extension of −p(x,D) to H2,λ(Rn) is the generator

of a strongly continuous semigroup in L2(Rn).

Proof: This follows immediately from the corresponding estimates for p1(x,D), the bound-
edness of p2(x,D) in L2(Rn), the continuous embeddings H2,λ(Rn) →֒ H1,λ(Rn) →֒ L2(Rn),
and (4.11). 2

Note that for symbols p defined as in (6.64) with continuous bounded f the operator p2(x,D)
is also a bounded operator in C∞(Rn). Thus if −p1(x,D) generates a Feller semigroup, by the
perturbation result Theorem 6.30 the operator −(p1(x,D) + p2(x,D)) also generates a Feller
semigroup.
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Chapter 7

Operators of variable order

7.1 Statement of results

In the previous chapter a symbolic calculus was developed which is suitable for continuous
negative definite symbols. As an application we have shown that in an elliptic situation the
calculus again yields results concerning the generation of Feller semigroups. The purpose of the
chapter is to show that the symbolic calculus also applies in an explicitly non-elliptic situation,
that is in the case of operators of variable order. Recently several investigations were made
in the case of the best known example of this type, the generator of the so-called stable-like
process which is given by the symbol

p(x, ξ) = |ξ|α(x)(7.1)

or to avoid problems with differentiability

p(x, ξ) = (1 + |ξ|2)
1
2
α(x),(7.2)

where 0 < α(x) ≤ 2. For fixed x the operator −p(x,D) with symbol (7.1) coincides with
the generator of a symmetric α(x)-stable process, but the order varies with x. Note that in
particular for fixed x the symbol is a negative definite function.
In the one-dimensional situation Bass [1] proved well-posedness of the corresponding martingale
problem under weak assumptions on α(x). In the higher dimensional case the process corre-
sponding to (7.1) was constructed by Tsuchiya [86] as the solution of a stochastic differential
equation. Symbols as in (7.2) are contained in the Hörmander classes Sm̺,δ and were studied
by the symbolic calculus of pseudo differential operators by Unterberger, Bokobza [88],[89],
Unterberger [87], Vǐsik, Eskin [94], [95] and Beauzamy [3].
In [46] Jacob and Leopold constructed a Feller semigroup generated by operators with symbols
(7.2). Their approach is mainly based on the method described in chapter 4 and the results of
Leopold for pseudo differential operators of variable order and corresponding Sobolev spaces,
[58],[59],[60]. See also Negoro [69] and Kikuchi, Negoro [64] for further results concerning
existence of transition densities and path behaviour of stable-like processes.

We will consider a more general situation. The functions |ξ|2 and 1 + |ξ|2 in (7.1) and (7.2)
are associated to a diffusion process, i.e. Brownian motion. Thus the stable-like process can be
regarded as a diffusion subordinated by a subordinator given by the exponent 1/2α(x), but the
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subordinator depends on x. Our starting point will be the generator −ψ(D) of a Lévy process
or even a generator with variable coefficients which satisfies upper and lower estimates with
respect to the reference function ψ. We denote this symbol by s(x, ξ) and consider the symbol

p(x, ξ) = s(x, ξ)m(x),(7.3)

where 0 < m(x) ≤ 1. Note that if s(x, ξ) is a negative definite symbol, then p(x, ξ) also is
negative definite.

As in Chapter 6 let ψ : R
n → R be a continuous negative definite reference function with the

property that the Lévy measure of ψ has bounded support. Moreover we will assume that ψ
has the minimal growth behaviour at infinity, i.e. there are constants r > 0 and c > 0 such
that

ψ(ξ) ≥ c |ξ|r , |ξ| ≥ 1.(7.4)

As usual let
λ(ξ) := (1 + ψ(ξ))1/2.(7.5)

Define the symbol classes Sm,λ
̺ and Sm,λ

0 as in Chapter 6. Our main result is the following

Theorem 7.1. Let s ∈ S 2,λ
̺ be a real-valued negative definite symbol which is elliptic in the

sense that there is a δ > 0 such that

s(x, ξ) ≥ δ λ2(ξ).(7.6)

Consider a C∞-function m : R
n → (0; 1] with bounded derivatives and let M := sup

x∈Rn

m(x),

µ := inf
x∈Rn

m(x).

If

M − µ <
1

2
and µ > 0(7.7)

then
p(x, ξ) = s(x, ξ)m(x)(7.8)

defines an operator −p(x,D) : C∞
0 (Rn) → C∞(Rn), which is closable in C∞(Rn) and the closure

is the generator of a Feller semigroup (Tt).

The proof of Theorem 7.1 again relies on the theorem of Hille-Yosida. In particular for some
τ ≥ 0 we have to find solutions of the equation

(p(x,D) + τ)u = f(7.9)

for sufficiently many right hand sides. We split the proof into a part concerning the existence
of (weak) solutions and a part dealing with regularity. We treat both parts using typical
techniques for pseudo differential operators, but in a suitably modified way.
To prove existence of solutions we first apply the modified version of Friedrichs symmetrization
that yields again a sharp Garding inequality, that is a lower bound for the corresponding bilinear
form in terms of the lower order norm ‖·‖µ,λ. We then show that the bilinear form is continuous
on the space obtained by closing the symmetric part of the form and finally obtain
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Theorem 7.2. Let p(x, ξ) be as in Theorem 7.1 and τ > 0 sufficiently large. Then for any
f ∈ H−µ,λ(Rn) there is a unique u ∈ Hµ,λ(Rn) such that

(p(x,D) + τ)u = f.

Next we show that the operator p(x,D) admits a (left-)parametrix, i.e. there is a symbol q
such that

q(x,D) ◦ p(x,D) = id + r(x,D),

where r(x,D) is an operator of negative order, hence has smoothing properties. We then easily
obtain the following regularity result.

Theorem 7.3. Let p(x, ξ) as in Theorem 7.1 and u be a solution of (7.9) for some f ∈
Hk,λ(Rn), k ≥ 0. Then for all ε > 0 we have

u ∈ Hk+2µ−ε,λ(Rn).

7.2 Existence of solutions

In this section let s ∈ S 2,λ
̺ be a negative definite elliptic symbol, i.e. there is a δ > 0 such that

s(x, ξ) ≥ δ λ2(ξ), x, ξ ∈ R
n,(7.10)

and let m : R
n → (0; 1], m ∈ C∞

b (Rn) be as in Theorem 7.1, that is for

M = sup
x∈Rn

m(x), µ = inf
x∈Rn

m(x)(7.11)

we assume

M − µ <
1

2
, µ > 0(7.12)

and consider
p(x, ξ) = s(x, ξ)m(x).

The first property we have to check is whether p(x, ξ) is a symbol in the symbol classes Sm,λ
̺ .

Since the exponent m(x) depends on x, differentiation of p with respect to x yields certain
logarithmic terms of s(x, ξ). In the case of symbols (7.2) this can be treated by considering the
Hörmander classes Sm̺,δ with δ > 0. A similar procedure for symbols in Sm,λ̺ causes problems for
the symbolic calculus, since the order of the derivatives ∂αξ p(x, ξ) does not decrease arbitrarily
as |α| → ∞. Therefore it is more convenient to capture the effect of the x-derivatives by slightly
increasing the order of the symbol, i.e. to prove p ∈ S 2M+ε,λ

̺ for ε > 0. First we need

Lemma 7.4. Let G,K,L : R
N → R be C∞-functions, G > 0, L 6= 0. Then we have for

γ ∈ N
N
0 , l = |γ|

(i)

∂γ expK = expK ·
∑

γ1+...+γl′=γ
l′=0,1,...l

c{γi}

l′∏

i=1

∂γiK,

118



(ii)

∂γ logG =
∑

γ1+...+γl=γ

c′{γi}

l∏

i=1

∂γiG

G
if γ 6= 0,

(iii)

∂γ
1

L
=

1

L
·

∑

γ1+...+γl=γ

c′′{γi}

l∏

i=1

∂γiL

L
.

The summation is taken over all choices of multiindices γ1, . . . , γl′ ∈ N
N
0 and γ1, . . . , γl ∈ N

N
0 ,

respectively, that have sum γ. The constants c{γi}, c
′
{γi}

and c′′{γi}
depend on the choice of the

multiindices.

The proof by induction is an elementary application of the chain rule. See also Fraenkel [19]
for general higher order chain rules in several dimensions.
We now are able to prove

Proposition 7.5. Let p(x, ξ) be as above. Then for all ε > 0

∣∣∂αξ ∂βxp(x, ξ)
∣∣ ≤ cαβε p(x, ξ) · λ

−̺(|α|)+ε(ξ).(7.13)

In particular p ∈ S 2M+ε,λ
̺ .

Proof: We have to estimate the derivatives

∂αξ ∂
β
xp(x, ξ) = ∂αξ ∂

β
xs(x, ξ)

m(x) = ∂αξ ∂
β
x exp (m(x) · log s(x, ξ)) .

We apply Lemma 7.4 (i) with N = 2n, γ = (α, β), l = |α| + |β|. Thus

∣∣∂αξ ∂βxp(x, ξ)
∣∣ ≤ exp (m(x) · log s(x, ξ)) ·

∣∣∣∣∣∣∣∣∣∣

∑

α1+...+αl′=α
β1+...+βl′=β
l′=0,1,...l

c{αi,βi} ·
l′∏

i=1

tαiβi
(x, ξ)

∣∣∣∣∣∣∣∣∣∣

,(7.14)

where

tαiβi
(x, ξ) = ∂αi

ξ ∂
βi
x (m(x) · log s(x, ξ)) =

∑

β′
i≤βi

(
βi
β′
i

)
∂
βi−β

′
i

x m(x) · ∂αi
ξ ∂

β′
i
x log s(x, ξ).(7.15)

Again by Lemma 7.4 (ii), if k = |αi| + |β′
i| 6= 0

∂αi
ξ ∂

β′
i
x log s(x, ξ) =

∑

α̃1+...+α̃k=αi

β̃1+...+β̃k=β′
i

c{α̃j ,β̃j}
·

k∏

j=1

∂
α̃j

ξ ∂
β̃j
x s(x, ξ)

s(x, ξ)
.
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Since s(x, ξ) is an elliptic symbol im S 2,λ
̺ we find

∣∣∣∂αi
ξ ∂

β′
i
x log s(x, ξ)

∣∣∣ ≤ cαiβ′
i

∑

α̃1+...+α̃k=αi

β̃1+...+β̃k=β′
i

k∏

j=1

λ−̺(|α̃j |)(ξ)

≤ cαiβ′
i
λ−̺(|αi|)(ξ),

where we used the subadditivity of ̺ in the last step. Moreover we always have |log s(x, ξ)| ≤
c log λ(ξ) ≤ cελ

ε/l(ξ). Since m ∈ C∞
b (Rn) we therefore get from (7.15)

|tαiβi
(x, ξ)| ≤ cαiβiε ·

{
λ−̺(|αi|)(ξ), αi 6= 0
λε/l(ξ), αi = 0

and finally by (7.14)

∣∣∂αξ ∂βxp(x, ξ)
∣∣ ≤ p(x, ξ) · cαβε

∑

α1+...+αl′=α
β1+...+βl′=β
l′=0,1,...l




∏

i=1,...,l′
αi 6=0

λ−̺(|αi|)(ξ) ·
∏

i=1,...,l′
αi=0

λε/l(ξ)




≤ p(x, ξ) · cαβε λ
−̺(|α|)+ε(ξ).

The second statement follows immediately from p(x, ξ) ≤ c λ2M(ξ). 2

We want to consider the equation

(p(x,D) + τ)u = f(7.16)

for τ ≥ 0. Let pτ (x, ξ) = p(x, ξ) + τ and

Bτ (u, v) = (pτ (x,D)u, v)0, u, v ∈ C∞
0 (Rn),

be the associated bilinear form. We note

Lemma 7.6. Let q ∈ S 2m,λ
0 . Then the bilinear form

(u, v) 7→ (q(x,D)u, v)0, u, v ∈ C∞
0 (Rn),

has a continuous extension to Hm,λ(Rn).

This follows immediately from

|(q(x,D)u, v0)| =
∣∣(λ−m(D) ◦ q(x,D)u, λm(D)v)0

∣∣ ≤ c ‖u‖m,λ ‖v‖m,λ

by Cauchy-Schwarz inequality, since by Corollary 6.12 both λ−m(D) ◦ q(x,D) and λm(D) are
operators of order m.

Observe that by the ellipticity of s there is a δ′ > 0 such that

p(x, ξ) ≥ δ′ λ2µ(ξ).(7.17)
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Theorem 7.7. Let ε > 0 such that M − µ+ ε < 1/2 and let M ′ = M + ε/2. Then Bτ extends
continuously to HM ′,λ(Rn) and if τ is sufficiently large, the sharp Garding inequality

Bτ (u, u) ≥
δ′

2
‖u‖2

µ,λ(7.18)

holds.

Proof: The first statement is immediate from Lemma 7.6, since pτ ∈ S 2M ′,λ
̺ . Let Q(x, ξ) =

p(x, ξ)−δ′ λ2µ(ξ) ∈ S 2M ′,λ
̺ . By (7.17) we have Q(x, ξ) ≥ 0 and hence by Theorem 6.20 we know

that the Friedrichs symmetrization QF (x,D) is a symmetric nonnegative operator with symbol

QF ∈ S 2M ′,λ
0 such that r = Q−QF ∈ S 2M ′−1,λ

0 .
Then by Lemma 7.6

(p(x,D)u, u)0 − δ′ ‖u‖2
µ,λ = (Q(x,D)u, u)0

= (QF (x,D)u, u)0 + (r(x,D)u, u)0

≥ −c ‖u‖2
M ′−1/2,λ ≥ −

δ′

2
‖u‖2

µ,λ − c(δ′) ‖u‖2
0 ,

Here in the last step we used (4.11) Choosing τ ≥ c(δ′) proves (7.18). 2

Bτ is a continuous bilinear form on HM ′,λ(Rn) but satisfies a lower bound only with respect
to a lower order norm, which of course reflects the character of varying order. To get a weak
solution of (7.16) in terms of this form Bτ we will use a method which is known from the case
of degenerate elliptic differential operators, see Louhivaara, Simader [62] [63]. For that purpose
let

B̃τ (u, v) =
1

2
(Bτ (u, v) +Bτ (v, u)), u, v ∈ HM ′,λ(Rn),

be the symmetric part of Bτ . Then obviously

∣∣∣B̃τ (u, v)
∣∣∣ ≤ c ‖u‖M ′,λ · ‖v‖M ′,λ(7.19)

and

B̃τ (u, u) ≥
δ′

2
‖u‖2

µ,λ .(7.20)

Therefore B̃τ is a symmetric bilinear form on HM ′,λ(Rn) which by (7.20) is positive and not

degenerate, i.e. B̃τ (u, u) = 0 if and only if u = 0, that is B̃τ is an inner product. Of course in
general HM ′,λ(Rn) is not complete with respect to this inner product. By Hpτ we denote the

completion of HM ′,λ(Rn) with respect to the norm ‖·‖pτ
= B̃

1/2
τ . Then (Hpτ , ‖·‖pτ

) is a Hilbert
space. By (7.19) and (7.20) we can construct the completion in such a way that the continuous
and dense embeddings

HM ′,λ(Rn) →֒ Hpτ →֒ Hµ,λ(Rn)

hold.

Lemma 7.8. Bτ is a continuous bilinear form on (Hpτ , ‖·‖pτ
).
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Proof: Since pτ (x, ξ) is real-valued, Corollary 6.18 yields

1

2
(pτ (x,D) + p∗τ (x,D)) =

1

2

(
pτ (x,D) + p̄τ (x,D)

)
+ r1(x,D) = pτ (x,D) + r1(x,D),

where r1 ∈ S 2M ′−1,λ
0 and therefore for u, v ∈ C∞

0 (Rn)

|Bτ (u, v)| = |(pτ (x,D)u, v)0| ≤

∣∣∣∣
1

2
((pτ (x,D) + p∗τ (x,D))u, v)0

∣∣∣∣+ |(r1(x,D)u, v)0|

=
∣∣∣B̃τ (u, v)

∣∣∣+ |(r1(x,D)u, v)0| .

B̃τ is continuous on Hpτ by definition and by Lemma 7.6 (r1(x,D)u, v) is continuous on
HM ′−1/2,λ(Rn) and therefore also on Hpτ , because by M ′ − 1

2
< µ we have the continuous

embedding
Hpτ →֒ Hµ,λ(Rn) →֒ HM ′−1/2,λ(Rn).

2

Remark: Thus Bτ with domain Hpτ is continuous with respect to the norm given by its
symmetric part. In other words Bτ is a sectorial form in the sense of Kato [50], VI.2 or a
coercive closed form in the sense of Ma, Röckner [66], I.2.3.

It is now easy to give a

Proof of Theorem 7.2: By Lemma 7.8 we know that Bτ is a continuous and by definition
coercive bilinear form on Hpτ . Thus by the theorem of Lax-Milgram for any f in the dual space
(Hpτ )′ there is a unique u ∈ Hpτ such that

Bτ (u, v) = 〈f, v〉 for all v ∈ Hpτ .

We choose a sequence (uk) in C∞
0 (Rn) which converges to u in Hpτ and consequently also in

Hµ,λ(Rn). Note that for any v ∈ C∞
0 (Rn) the map u 7→ (u, v) has a continuous extension to

Hµ−2M ′,λ(Rn) and pτ (x,D) : Hµ,λ(Rn) → Hµ−2M ′,λ(Rn) is continuous. Thus the equation

(pτ (x,D)uk, v) = Bτ (uk, v), v ∈ C∞
0 (Rn),

yields for k → ∞

〈pτ (x,D)u, v〉 = Bτ (u, v) = 〈f, v〉 for all v ∈ C∞
0 (Rn)

and therefore
pτ (x,D)u = f.

In particular because of the embeddings Hpτ →֒ Hµ,λ(Rn) and H−µ,λ(Rn) →֒ (Hpτ )′ we have a
unique weak solution u ∈ Hµ,λ(Rn) of equation (7.16) for any f ∈ H−µ,λ(Rn). 2

122



7.3 Regularity of solutions

Let p(x, ξ) as in Section 7.2 and ε > 0 such that M − µ + ε < 1/2. Our aim is to construct
a (left-)parametix to the operator pτ (x,D), that is an inverse modulo a smoothing operator.
From the existence of such parametrix we then easily obtain regularity for the solution of equa-
tion (7.16).
The symbolic calculus for Sm,λ

̺ does not yield expansion series with remainder terms of arbi-
trarily small order. But it turns out to be sufficient to use a first order expansion to get a
smoothing remainder term, i.e. an operator which is order improving with respect to the scale
of Sobolev spaces Hs,λ(Rn).

Define

qτ (x, ξ) =
1

pτ (x, ξ)

Lemma 7.9. We have
qτ ∈ S−2µ+ε,λ

̺ .

Proof: We apply Lemma 7.4 (iii) to estimate the derivatives of qτ (x, ξ) and it follows with
l = |α| + |β|:

∣∣∂αξ ∂βxqτ (x, ξ)
∣∣ ≤ 1

pτ (x, ξ)

∑

α1+...+αl=α
β1+...+βl=β

c{αi,βi} ·
l∏

i=1

∣∣∣∣∣
∂αi
ξ ∂

βi
x pτ (x, ξ)

pτ (x, ξ)

∣∣∣∣∣ .

By (7.13) we have

∣∣∣∣
∂

αi
ξ ∂

βi
x pτ (x,ξ)

pτ (x,ξ)

∣∣∣∣ ≤ cαiβiε λ
−̺(|αi|)+ε(ξ) for any ε > 0 and therefore by (7.10)

∣∣∂αξ ∂βxqτ (x, ξ)
∣∣ ≤ cαβε λ

−2µ(ξ)λ−̺(|α|)+ε(ξ)

for all ε > 0 by the subadditivity of ̺. 2

Now the proof of Theorem 7.3 is almost immediate.

Proof of Theorem 7.3: Let f ∈ Hk,λ(Rn) and u be the solution of (7.16), which is inHµ,λ(Rn)
by Theorem (7.2). Then Corollary 6.18 gives

qτ (x,D) ◦ pτ (x,D) = id + r(x,D),(7.21)

where r ∈ S−t,λ
0 for −t = (−2µ+ ε) + (2M + ε) − 1 = 2(M − µ+ ε− 1

2
) < 0. We apply (7.21)

to u and obtain

u = qτ (x,D) ◦ pτ (x,D)u− r(x,D)u = qτ (x,D)f − r(x,D)u.

We have qτ (x,D)f ∈ Hk+2µ−ε,λ(Rn) and r(x,D) is order improving, that is u ∈ Hµ,λ(Rn)
implies r(x,D)u ∈ Hµ+t,λ(Rn) and hence u ∈ H(µ+t)∧(k+2µ−ε),λ(Rn). Applying this argument
recursively finally gives u ∈ Hk+2µ−ε,λ(Rn). 2

In order to find solutions of (7.16) also in C∞(Rn) we need the Sobolev embedding

Hs,λ(Rn) →֒ C∞(Rn) if s > n
r
,
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which hold true by assumption (7.4), see Proposition 4.1. Let us give the

Proof of Theorem 7.1: Let again ε > 0 satisfy M −µ+ ε < 1/2. We know that p ∈ S 2M+ε,λ
̺ .

Choose k > 0 such that k > n
r
. Then Hk+2M+ε,λ(Rn) and Hk,λ(Rn) can be considered as dense

subspaces of C∞(Rn) and it follows that

−p(x,D) : Hk+2M+ε,λ(Rn) → Hk,λ(Rn)

is a densely defined operator in C∞(Rn).
Moreover C∞

0 (Rn) is a core for this operator, because C∞
0 (Rn) is dense in Hk+2M+ε,λ(Rn),

−p(x,D) mapsHk+2M+ε,λ(Rn) continuously intoHk,λ(Rn) and bothHk+2M+ε,λ(Rn) andHk,λ(Rn)
are continuously embedded in C∞(Rn).
Furthermore, p is a continuous negative definite symbol. Hence by Theorem 2.16 and Proposi-
tion 2.20 we know that −p(x,D) satisfies the positive maximum principle on Hk+2M+ε,λ(Rn).
Finally let τ > 0 be sufficiently large and f ∈ Hk+2(M−µ+ε),λ(Rn). Then by Theorem 7.2 and
Theorem 7.3 we know that there is a u ∈ Hk+2(M−µ+ε)+2µ−ε,λ(Rn) = Hk+2M+ε,λ(Rn) such that

pτ (x,D)u = f.

In other words the range of the operator pτ (x,D) = τ−(−p(x,D)) with domain Hk+2M+ε,λ(Rn)
contains Hk+2(M−µ+ε),λ(Rn) and is therefore dense in C∞(Rn).

The theorem of Hille-Yosida 4.7 now implies that the closure of (−p(x,D), Hk+2M+ε,λ(Rn))
generates a Feller semigroup (Tt). 2

7.4 Localization by the martingale problem

The restriction (7.8) for the oscillation of the exponent function m(x) implies in particular that
the bilinear form Bτ is continuous with respect to its symmetric part, i.e. sectorial and therefore
is necessary in the above approach. We can avoid this condition as well as the boundedness of
the derivatives of m(x) if we use an approach via the martingale problem. This is mainly due
to the localization technique for the martingale problem, see Theorem 5.3 and moreover to the
fact that well-posedness of the martingale problem is closely related to the property that the
operator generates a Feller semigroup, see Section 5.4, Proposition 5.18.
In this way we obtain

Theorem 7.10. Let s(x, ξ) be as in Theorem 7.1, m : R
n → (0; 1] be a C∞-function and

p(x, ξ) as in (7.8).
Then −p(x,D) : C∞

0 (Rn) → C∞(Rn) has an extension that generates a Feller semigroup (Tt).

Remark: Let us first note that we may restrict to the conservative case, that is we may consider
the symbol p̃(x, ξ) := p(x, ξ) − p(x, 0). Both p(x, ξ) and p̃(x, ξ) are negative definite symbols
and x 7→ p(x, 0) is a bounded continuous function. Therefore both −p(x,D) and −p̃(x,D)
satisfy the positive maximum principle and their difference is a bounded operator in C∞(Rn).
By the standard perturbation result for generators of (Feller-)semigroups, see Theorem 6.30,
hence −p̃(x,D) generates a Feller semigroup if and only if −p(x,D) does.
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Proof of Theorem 7.10: Let p(x, ξ) be as in Theorem 7.10, i.e p(x, ξ) = s(x, ξ)m(x), where
s ∈ S 2,λ

̺ is an elliptic negative definite symbol and m is a C∞-function on R
n with values in

(0; 1]. Then
p̃(x, ξ) := p(x, ξ) − p(x, 0)

is a negative definite symbol such that p̃(x, 0) = 0 and for a suitable c ≥ 0

p̃(x, ξ) ≤ c(1 + |ξ|2).

Thus by Theorem 3.15 there is a solution to the martingale problem for −p̃(x,D) for any initial
distribution.
Next fix x0 ∈ R

n and choose open relatively compact neighbourhoods Ux0 , Vx0 of x0 such that
x0 ∈ Ux0 ⊂ Ux0 ⊂ Vx0 and

|m(x) −m(x0)| <
1

5
for all x ∈ Vx0 .

Let ϕx0 ∈ C∞
0 (Rn) such that 0 ≤ ϕx0 ≤ 1, ϕx0 = 1 in Ux0 and suppϕx0 ⊂ Vx0 and define

mx0(x) = ϕx0(x) ·m(x) + (1 − ϕx0(x)) ·m(x0).

Then mx0 ∈ C∞
b (Rn), inf

x∈Rn
mx0(x) > 0 and sup

x∈Rn

mx0(x) − inf
x∈Rn

mx0(x) <
1

2
and therefore the

symbol
px0(x, ξ) = s(x, ξ)mx0 (x)

satisfies the conditions of Theorem 7.1 and −px0(x,D) has an extension that generates a Feller
semigroup. By the above remark the same holds true for −p̃x0(x,D), where

p̃x0(x, ξ) = p̃x0(x, ξ) − p̃x0(x, 0).

It is well-known that for a given initial distribution generators of Feller semigroups have at
most one solution to the martingale problem (see for example [17], Cor. 4.4.4). Thus again by
the above existence result the martingale problem for −p̃x0(x,D) is well-posed.
To proceed with the proof of Theorem 7.10 we choose a sequence p̃k(x, ξ) = p̃xk

(x, ξ), k ∈ N,

out of the family (p̃x(x, ξ))x∈Rn such that
⋃

k∈N

Uxk
= R

n. Since p̃k(x, ξ) coincides with p̃(x, ξ) for

x ∈ Uxk
, Theorem 5.3 implies that the martingale problem for −p̃(x,D) is well-posed.

The statement of Theorem 7.10 for −p(x,D) or equivalently −p̃(x,D) is therefore implied by
Proposition 5.18, once we know that −p̃(x,D) is an operator in C∞(Rn), that is

−p̃(x,D) : C∞
0 (Rn) → C∞(Rn).

But this follows immediately by Theorem 6.31 since by our assumptions sup
x∈Rn

p̃(x, ξ) → 0 as

ξ → 0. 2
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Chapter 8

Associated Dirichlet forms,
hyper-contractivity estimates, and the
strong Feller property

In the previous chapters we constructed in a number of different ways semigroups generated by
a pseudo differential operator p(x,D) with a continuous negative definite symbol. The approach
to Feller semigroups via Hilbert space techniques always gave additional information for the
operator and the associated bilinear form in terms of estimates in L2- Sobolev spaces Hs,λ(Rn).
In particular these estimates yield that the operator also generates a strongly continuous semi-
group in L2(Rn). Let us recall the results we have obtained so far in different cases. In the
situation considered in Chapter 4, Theorem 4.13, we have by Theorems 4.8, 4.9, 4.11 and 4.12

‖−p(x,D)u‖0 ≤ c ‖u‖2,λ , u ∈ H2,λ(Rn),(8.1)

‖u‖2,λ ≤ c(‖−p(x,D)u‖0 + ‖u‖0), u ∈ H2,λ(Rn)(8.2)

and for the bilinear form Bτ obtained by continuous extension of (u, v) 7→ ((p(x,D) + τ)u, v)0,
u, v ∈ C∞

0 (Rn), we have

|Bτ (u, v)| ≤ c ‖u‖1,λ · ‖v‖1,λ , u ∈ H1,λ(Rn),(8.3)

Bτ (u, u) ≥ δ ‖u‖2
1,λ , u ∈ H1,λ(Rn)(8.4)

for τ sufficiently large and a constant δ > 0.
Moreover for all f ∈ C∞

0 (Rn) there is a unique solution u ∈ H2,λ(Rn) of the equation

(p(x,D) + τ)u = f.(8.5)

In particular these results yield that the operator −pτ (x,D) = −(p(x,D) + τ) with domain
H2,λ(Rn) is a closed operator in L2(Rn) with core C∞

0 (Rn). Furthermore by the Hille-Yosida
theorem, Theorem 4.6, (−pτ (x,D), H2,λ(Rn)) generates a strongly continuous contraction semi-
group in L2(Rn). Moreover Bτ with domain H1,λ(Rn) is a closed coercive form.

Analogously, the symbolic calculus yields the same estimates (8.1) – (8.4) and (8.5) in the
situation of Theorem 6.29, see Theorems 6.14, 6.25, 6.26 and 6.28. Moreover note that this
remains true in the case of perturbations considered in Theorem 6.37.
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Finally also the symbols of variable order in Chapter 7 fit into this framework: In the situation
of Theorem 7.1 the associated bilinear form Bτ is a continuous coercive form on the intermediate
Hilbert space (Hpτ , ‖·‖pτ

), where for all ε > 0 and µ,M as in Theorem 7.1

HM+ε,λ(Rn) →֒ Hpτ →֒ Hµ,λ(Rn)

are continuous and dense embeddings, see Lemma 7.8 and the subsequent remark. Moreover
we see as in the prove of Therorem 7.1 (with k = 0) that the continuous extension

pτ (x,D) : H2M+ε,λ(Rn) → L2(Rn)

of the operator satisfies the conditions of the Hille-Yosida theorem, Theorem 4.6, in L2(Rn),
since it is densely defined in L2(Rn), dissipative as Bτ (u, u) ≥ 0 and satisfies the dense range
condition, because for τ ′ > 0 the equation

pτ+τ ′(x,D)u = f

has a solution u ∈ H2M+ε,λ(Rn) for all f ∈ H2(M−µ+ε),λ(Rn).
Therefore the closure of (−pτ (x,D), H2M+ε,λ(Rn)) is again the generator of a strongly contin-
uous L2-contraction semigroup.
Moreover C∞

0 (Rn) is a core for the generator of the semigroup, since C∞
0 (Rn) is dense in

H2M+ε,λ(Rn) and pτ (x,D) : H2M+ε,λ(Rn) → L2(Rn) is continuous.

Furthermore in all the cases above the domain of the closed coercive form Bτ is either the
Sobolev spaceH1,λ(Rn) or in the case of operators of variable order is embedded into the Sobolev
space Hµ,λ(Rn). Since by the standard assumption (4.4) we have that Hs,λ(Rn) →֒ H

r
2
s, the

Sobolev inequality (see [85], p.20) implies

Hs,λ(Rn) →֒ Lq(Rn)(8.6)

for q = 2n
n−rs

> 2 if r · s < n, otherwise (8.6) holds for all q > 2. Therefore the coercivity of Bτ

gives
‖u‖Lq(Rn) ≤ cBτ (u, u),(8.7)

for all u in the domain of Bτ and q is determined as above.

To simpify the notation we will cover all these example under the following frame:

Assume

(B.1) A is a closable linear operator in C∞(Rn) as well as in L2(Rn) with domain
D(A) = C∞

0 (Rn). Moreover

the closure A(∞) of A in C∞(Rn) generates a Feller semigroup (Tt)t≥0 in C∞(Rn)

and

the closure A(2) of A in L2(Rn) generates a strongly continuous contraction semigroup

(T
(2)
t )t≥0 in L2(Rn).
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(B.2) There is a Hilbert space (H, ‖·‖H) such that the dense and continuous embeddings

C∞
0 (Rn) →֒ H →֒ L2(Rn)

hold and the bilinear form B(u, v) = (−Au, v)0, u, v ∈ C∞
0 (Rn) extends continuously to

a bilinear form on H ×H, i.e

|B(u, v)| ≤ c ‖u‖H · ‖v‖H , u, v ∈ H(8.8)

such that
B(u, u) ≥ δ ‖u‖2

H , u ∈ H,

for some δ > 0.
Moreover assume that for some 2 < q <∞ the inequality

‖u‖Lq(Rn) ≤ c ‖u‖H , u ∈ H(8.9)

holds.

Let us first remark that the L2-semigroup and the Feller semigroups are compatible in the
following sense.

Proposition 8.1 For the semigroups (T
(2)
t )t≥0 and (Tt)t≥0 in (B.1) we have

T
(2)
t u = Ttu for all u ∈ L2(Rn) ∩ C∞(Rn),

where as usual L2(Rn)-functions that admit a continuous version are identified with this uniquely
determined function.

Proof: Let (R
(2)
α )α>0 and (Rα)α>0 be the resolvents associated to (T

(2)
t )t≥0 and (Tt)t≥0,

respectively. Since the generators A(2) and A(∞) coincide on C∞
0 (Rn) and C∞

0 (Rn) is a core for
these generators, we know by the theorem of Hille-Yosida, Theorem 4.6, that for all α > 0

V = (α− A)(C∞
0 (Rn))

is dense in L2(Rn) and in C∞(Rn) and

R(2)
α = (α− A)−1 = Rα on V,

hence by continuity
R(2)
α = Rα on L2(Rn) ∩ C∞(Rn).

Therefore, for the Bochner integrals in L2(Rn) and in C∞(Rn), respectively,
∫ ∞

0

e−αtT
(2)
t u dt =

∫ ∞

0

e−αtTtu dt

for all u ∈ L2(Rn) ∩ C∞(Rn). For all ϕ ∈ C∞
0 (Rn) the map u 7→

∫
Rn u · ϕdx is a continuous

linear functional on L2(Rn) and C∞(Rn). Thus by the properties of the Bochner integral
∫ ∞

0

e−αt(

∫

Rn

T
(2)
t u · ϕdx) dt =

∫ ∞

0

e−αt(

∫

Rn

Ttu · ϕdx) dt.
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By the strong continuity of the semigroups and the uniqueness of the Laplace transform we
consequently obtain

∫

Rn

T
(2)
t u · ϕdx =

∫

Rn

Ttu · ϕdx for all ϕ ∈ C∞
0 (Rn), t ≥ 0,

which completes the proof. 2

Next we show that under the assumption above we obtain examples of Dirichlet forms. Recall
that a densely defined, positive definite, real-valued bilinear form (E , D(E)) in L2(Rn) is called
a closed coercive form in the sense of [66] if the domain D(E) is complete with respect to the

norm E
1/2
1 (u, u) = (E(u, u) + ‖u‖2

0)
1/2 and satisfies the sector condition

|E(u, v)| ≤ K E
1/2
1 (u, u) · E

1/2
1 (v, v) for all u, v ∈ D(E).

A closed coercive form (E , D(E)) is called a semi-Dirichlet form if for all u ∈ D(E) one has
the contraction property

u+ ∧ 1 ∈ D(E) and

E(u+ u+ ∧ 1, u− u+ ∧ 1) ≥ 0.(8.10)

If also the dual form satisfies (8.10), i.e.

E(u− u+ ∧ 1, u+ u+ ∧ 1) ≥ 0,

then (E , D(E)) is called a (non-symmetric) Dirichlet form. If (E , D(E)) is symmetric, then
(8.10) is equivalent to E(u+ ∧ 1, u+ ∧ 1) ≤ E(u, u).

A (semi-) Dirichlet form in L2(Rn) is called regular if C0(R
n) ∩D(E)) is dense in both C0(R

n)

with respect to ‖·‖∞ and in D(E) with respect to E
1/2
1 .

We refer to the monograph by Fukushima, Oshima, Takeda [22] as a standard source for all
question related to Dirichlet forms as well as to the book [66] by Ma and Röckner, where the
non-symmetric case is covered. In this context see also the monograph [72] by Oshima. Semi-
Dirichlet forms and the construction of an associated process are investigated by Ma, Overbeck
and Röckner in [65].

Now assume (B.1) and (B.2). Note that by (8.8) the bilinear form (B,H) is a closed coercive
form on L2(Rn) in the sense of [66], which is obtained as the closure of the bilinear form
(−Au, v), u, v ∈ C∞

0 (Rn), since C∞
0 (Rn) is dense in H.

Moreover, the closure A(2) of A is the Friedrichs extension of A, because A(2) generates the
L2-semigroup (T

(2)
t ). Therefore, see [50], (B,H) is the unique closed coercive form associated

to the operator A(2) in the sense that

B(u, v) = (−A(2)u, v)0 for all u ∈ D(A(2)), v ∈ H.

Now (T
(2)
t ) coincides on L2(Rn) ∩ C∞(Rn) with the Feller semigroup (Tt). Thus (T

(2)
t ) is also

submarkovian, i.e:

0 ≤ T
(2)
t u ≤ 1 for all u ∈ L2(Rn) such that 0 ≤ u ≤ 1.
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But for the strongly continuous contraction semigroup (T
(2)
t ) in L2(Rn) the submarkovian prop-

erty is equivalent to the contraction property (8.10) of the bilinear form associated to the
generator A(2), see [66], I.4.3, I.4.4. Therefore (B,H) is semi-Dirichlet form. Moreover, since
C∞

0 (Rn) →֒ H densely and continuously, the semi-Dirichlet form is regular. This implies the
following results.

Corollary 8.2. Let p(x, ξ) be a continuous negative definite symbol either as in Theorem 4.13
or as in Theorem 6.29. Then for τ sufficiently large the bilinear form

Bτ (u, v) = ((p(x,D) + τ)u, v)0, u, v ∈ C∞
0 (Rn),

extends continuously to H1,λ(Rn) and (Bτ , H
1,λ(Rn)) is a regular semi-Dirichlet form in L2(Rn).

The domain of the associated L2- generator is given by H2,λ(Rn).

In the case of symbols of variable order we obtain

Corollary 8.3. Let p be as in Theorem 7.1. Then for τ sufficiently large the bilinear form
Bτ (u, v) = ((p(x,D) + τ)u, v)0, u, v ∈ C∞

0 (Rn), is closable in L2(Rn) and the closure (Bτ , H
pτ )

is a regular semi-Dirichlet form with a domain Hpτ such that for all ε > 0 the embeddings

HM+ε,λ(Rn) →֒ Hpτ →֒ Hµ,λ(Rn)

are dense and continuous.

Note that in general the operator p(x,D) is nor symmetric in L2(Rn) neither the adjoint oper-
ator generates a submarkovian semigroup. Therefore in general we will not obtain a Dirichlet
form. In the special case however, that p(x,D) is a symmetric operator, we obtain a symmetric
submarkovian semigroup in L2(Rn) associated to −(p(x,D) + τ). In this case it is well-known,
see [14], that the semigroup extends to a submarkovian contraction semigroup on all Lp(Rn),
1 ≤ p ≤ ∞. Moreover, −p(x,D) generates a Feller semigroup. Thus, if we choose the param-
eter τ = 0, the submarkovian semigroup is contractive on L∞(Rn) and by duality on L1(Rn)
and finally by interpolation on L2(Rn). Hence the associated form is a Dirichlet form and we
obtain

Corollary 8.4. Asumme that p(x, ξ) is as in Theorem 4.13 or in Theorem 6.29 and p(x,D) is
a symmetric operator in L2(Rn). Then the associated bilinear form (B0, H

1,λ(Rn)) is a regular
symmetric Dirichlet form.

Under assumption (B.2) we have that

‖u‖2
Lq(Rn) ≤ c ‖u‖2

H ≤ c′B(u, u) for all u ∈ H.(8.11)

This Sobolev inequality has a number of interesting and important consequences for the semi-
group and the associated process. In particular in the examples considered above we know by
(8.7)

‖u‖2
Lq(Rn) ≤ cBτ (u, u) = c(B0(u, u) + ‖u‖2

0)

for all u in the domain of the Dirichlet form.

If p(x,D) is symmetric, therefore the following theorem of Fukushima [21], Theo. 2, is ap-
plicable; see [22] for the definition of the process and the capacity associated to a Dirichlet
form:
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Theorem 8.5. Suppose that (E , D(E)) is a symmetric regular Dirichlet form in L2(Rn) and
satisfies

‖u‖2
Lq(Rn) ≤ c(E(u, u) + ‖u‖2

0)

for some q > 2. Then for the associated standard Markov process there is a Borel set N ⊂ R
n

of capacity 0 such that the transition functions pt(x, ·), t > 0, are absolutely continuous with
respect to the Lebesgue measure for all x ∈ R

n \N .

It is well-known that the Sobolev inequality (8.11) also implies bounds for the norms ‖·‖Lp→Lp′

for the associated semigroups, see [92] and [10] for the symmetric case. In the non-symmetric
case similar estimates are obtained if the semigroup is well-defined in Lp for 1 ≤ p ≤ 2, see
[93]. Unfortunately in our case the semigroup is only defined in Lp-spaces for 2 ≤ p ≤ ∞ and
the results are not applicable.
Nevertheless we will show that (8.11) implies ‖·‖L2→L∞-estimates for the semigroup also in the
non-symmetric case. For this purpose we have to consider the dual semigroup.

Recall that the dual space of C∞(Rn) is the space Mb(R
n) of all signed measues on R

n of
bounded variation equipped with the total variation norm ‖·‖V . We identify functions f ∈
L1(R

n) with the measure f · dx with density f with respect to the Lebesgue measure. Then
L1(Rn) becomes a closed subspace of Mb(R

n) and we have ‖f‖L1(Rn) = ‖f · dx‖V .

Assume that (B.1) holds. Then it is obvious that the adjoint operators T
(2)∗
t and T ∗

t define
semigroups of positivity preserving contractions on L2(Rn)′ = L2(Rn) and C∞(Rn)′ = Mb(R

n),
respectively. Note that in general these dual semigroups are not submarkovian. Moreover the
strong continuity of (T

(2)
t ) and (Tt) yields that the dual semigroups (T

(2)∗
t ) and (T ∗

t ) are at
least weakly-∗-continuous. Since weak-∗-continuity in the Hilbert space L2(Rn) is equivalent to
weak continuity and weakly continuous semigroups are strongly continuous, see [96], p.233, we

see that (T
(2)∗
t ) is even a strongly continuous semigroup on L2(Rn). It is well-known that the

generator of (T
(2)∗
t ) is given by the adjoint operator A(2)∗, see [8]. Moreover we have

Proposition 8.6. The space L1(Rn) is invariant under (T ∗
t ) and the restriction of (T ∗

t )t≥0 to
L1(Rn) is a strongly continuous semigroup on L1(Rn).

Proof: Denote the dual pairing of Mb(R
n) and C∞(Rn) by 〈·, ·〉 and let u ∈ L1(Rn) ∩

L2(Rn) = L2(Rn) ∩Mb(R
n). Then by Proposition 8.1

(T
(2)∗
t u, v)0 = (u, T

(2)
t v)0 = 〈u, Ttv〉 = 〈T ∗

t u, v〉 for all v ∈ L2(Rn) ∩ C∞(Rn),

that is ∫

Rn

v d(T ∗
t u) =

∫

Rn

v · (T
(2)∗
t u) dx,

which implies that the measure T ∗
t u has the L2-density T

(2)∗
t u with respect to the Lebesgue

measure and ∫

Rn

∣∣∣T (2)∗
t u

∣∣∣ dx = ‖T ∗
t u‖V ≤ ‖u · dx‖V = ‖u‖L1(Rn)

by the contraction property of T ∗
t . Hence T ∗

t u ∈ L1(Rn) and we have shown that

T ∗
t : L1(Rn) ∩ L2(Rn) → L1(Rn) ∩ L2(Rn).
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Since L1(Rn) ∩ L2(Rn) is dense in L1(Rn), L1(Rn) is a closed subspace of Mb(R
n) and T ∗

t is
continuous on Mb(R

n), it follows that L1(Rn) is invariant under T ∗
t and (T ∗

t ) is a semigroup
on L1(Rn).
Note that we obtained in particular

T
(2)∗
t u = T ∗

t u for all u ∈ L1(Rn) ∩ L2(Rn).

To prove the strong continuity note that the set

M = {u ∈ L1 : T ∗
t u−→

t→0
u in L1(Rn)}

is a closed subspace of L1(Rn), cf. [8], Prop. I.1.4.6. Therefore it is enough to prove L1
+(Rn) ∩

L2(Rn) ⊂M , where L1
+(Rn) denotes the non-negative functions in L1(Rn).

Let u ∈ L1
+(Rn) ∩ L2(Rn). Since (T

(2)∗
t ) is strongly continuous we have

T ∗
t u = T

(2)∗
t u−→

t→0
u in L2(Rn),

in particular T ∗
t u converges to u ∈ L1(Rn) in measure with respect to the Lebesgue measure.

But then by [2], 21.7,
T ∗
t u−→

t→0
u in L1(Rn)

provided ‖T ∗
t u‖L1(Rn) −→t→0

‖u‖L1(Rn). To that end let ε > 0. Then there is a compact setKε ⊂ R
n

such that
∫
K∁

ε

u dx < ε
2

and there is a ϕε ∈ C∞(Rn) and a tε > 0 such that ϕε = 1 on Kε,

0 ≤ ϕε ≤ 1 and

|〈Ttu, ϕε〉 − 〈u, ϕε〉| <
ε

2
for all t < tε

by the weak-∗-continuity of (T ∗
t ). It follows that

‖T ∗
t u‖L1(Rn) ≤ ‖u‖L1(Rn) =

∫

Rn

u dx ≤

∫

Kε

u dx+
ε

2
≤

∫

Rn

u · ϕε dx+
ε

2

≤

∫

Rn

T ∗
t u · ϕε dx+ ε ≤

∫

Rn

T ∗
t u dx+ ε = ‖T ∗

t u‖L1(Rn) + ε

for all t < tε, hence ‖T ∗
t u‖L1(Rn) −→t→0

‖u‖L1(Rn). 2

Using the ideas of Nash [68] we now can prove L1-L2-estimates for the dual semigroup which
imply L2-L∞-estimates for the original one.

Theorem 8.7. Assume (B.1) and (B.2) and let N > 0 be defined by 1
N

= 1
2
− 1

q
. If (T ∗

t ) denotes

the dual semigroup on L1(Rn) of (Tt), then we have with a suitable constant c ≥ 0

‖T ∗
t u‖L2(Rn) ≤ c t−N/4 · ‖u‖L1(Rn) for all u ∈ L1(Rn) ∩ L2(Rn)(8.12)

and
‖Ttu‖L∞(Rn) ≤ c t−N/4 · ‖u‖L2(Rn) for all u ∈ L2(Rn) ∩ C∞(Rn).(8.13)
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Proof: We have already mentioned that the bilinear form (B,H) is the unique closed coercive
form associated to the operator A(2) in the sense that

B(u, v) = (−A(2)u, v)0 for all u ∈ D(A(2)), v ∈ H.

But then, see [50], VI.2.5, the bilinear form (B∗, H) defined by B∗(u, v) = B(v, u) is associated
to the adjoint operator A(2)∗ and therefore by (8.9)

D(A(2)∗) ⊂ D(B∗) = H ⊂ Lq(Rn)

and we have for all u ∈ D(A(2)∗) by (8.8) and (8.9)

(−A(2)∗u, u)0 = B∗(u, u) = B(u, u) ≥ δ ‖u‖2
H ≥ c ‖u‖2

Lq(Rn)(8.14)

for some c > 0.

Now let u ∈ L1(Rn) ∩ L2(Rn), u 6= 0 and t > 0. Since A(2)∗ is associated to a closed coercive
form, its complexification is sectorial in the terminology of [50] and therefore the semigroup

(T
(2)∗
t ) is the restriction of a holomorphic semigroup. In particular

T
(2)∗
t : L2(Rn) → D(A(2)∗)

and we have shown

T ∗
t u = T

(2)∗
t u ∈ L1(Rn) ∩D(A(2)∗) ⊂ L1(Rn) ∩ Lq(Rn).

Now (T
(2)∗
t ) is strongly continuous, hence by (8.14) following Nash [68]

d

dt
‖T ∗

t u‖
2
L2 =

d

dt
(T ∗

t u, T
∗
t u)0 = 2 (

d

dt
T ∗
t u, T

∗
t u)0 = 2 (A(2)∗T ∗

t u, T
∗
t u)0

≤ −c ‖T ∗
t u‖

2
Lq .

Let 1
q

+ 1
q′ = 1. Then by Hölder inequality: ‖f‖

4/q′

L2 ≤ ‖f‖2
Lq · ‖f‖

(4/q′)−2

L1 for all f ∈ L1(Rn) ∩

Lq(Rn). By the contraction property of T ∗
t we have (‖T ∗

t u‖L1 / ‖u‖L1)(4/q′)−2 ≤ 1, hence

d

dt
‖T ∗

t u‖
2
L2 ≤ −c ‖T ∗

t u‖
4/q′

L2 · ‖u‖
2−4/q′

L1 = −c ‖T ∗
t u‖

2+4/N

L2 · ‖u‖
−4/N

L1 .

Thus

d

dt

(
‖T ∗

t u‖
−4/N

L2

)
=

d

dt

(
(‖T ∗

t u‖
2
L2)

−2/N
)

= −
2

N
‖T ∗

t u‖
(−4/N)−2

L2 ·
d

dt
‖T ∗

t u‖
2
L2

≥
c

N
‖u‖

−4/N

L1

This differntial inequality yields

‖T ∗
t u‖

−4/N

L2 −
c

N
‖u‖

−4/N

L1 · t ≥ lim
t→0

(
‖T ∗

t u‖
−4/N

L2 −
c

N
‖u‖

−4/N

L1 · t
)

= ‖u‖−4/N

L2 ≥ 0,

which gives

‖T ∗
t u‖L2 ≤

( c
N
t
)−N/4

· ‖u‖L1 ,

i.e. (8.12) with a constant c independent of u and t. Now (8.13) follows by duality. 2

Applied to our examples Theorem 8.7 immediately yields
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Corollary 8.8. Let p(x, ξ) as in Theorem 4.13 or Theorem 6.29 or Theorem 7.1. Then there
are constants τ ≥ 0 and c ≥ 0 such that the Feller semigroup generated by −p(x,D) satisfies

‖Ttu‖∞ ≤ c
eτt

tN/4
· ‖u‖L2 for all u ∈ L2(Rn) ∩ C∞(Rn).(8.15)

Here N = 2q
q−2

and q is determined as in (8.7), In particular, N = 2n
r

if n > r in the case of

Theorem 4.13 or 6.29 and N = 2n
rµ

if n > rµ in the case of Theorem 7.1.

The hypercontractivity estimate (8.15) has another useful application to semigroups generated
by pseudo differential operators. Under a weak additional assumption on the symbol, (8.15)
implies that the Feller semigroup (Tt)t≥0 possesses the strong Feller property:
Recall that by the Riesz representation theorem, there exist submarkovian kernels µt(x, dy),
such that

Ttu(x) =

∫

Rn

u(y)µt(x, dy) for all u ∈ C∞(Rn), t ≥ 0.(8.16)

Therefore (8.16) defines an extension of the semigroup to B(Rn), the bounded Borel measurable
functions, i.e. Tt maps B(Rn) into itself.

We say that the Feller semigroup (Tt) is a strong Feller semigroup if Tt maps B(Rn) into
Cb(R

n) for all t > 0. We now can generalize Theorem 2.1 in [40]

Theorem 8.9. Let p : R
n × R

n → R be a continuous negative definite symbol such that

p(x, ξ) ≤ c(1 + |ξ|2)

and assume that
sup
x∈Rn

(p(x, ξ) − p(x, 0))−→
ξ→0

0.

If −p(x,D) has an extension that generates a Feller semigroup (Tt)t≥0 and for all t > 0

‖Ttu‖∞ ≤ ct ‖u‖L2(Rn) for all u ∈ L2(Rn) ∩ C∞(Rn)(8.17)

holds, then (Tt)t≥0 is strongly Feller

Proof: Let x0 ∈ R
n and η > 0 be fixed. We first claim that for the kernels µt(x, dy) defined

in (8.16)

sup
x∈Bη(x0)

µt(x,BR(0)∁) −→
R→∞

0.(8.18)

Define p̃(x, ξ) = p(x, ξ) − p(x, 0) and k(x) = p(x, 0). Then k ∈ Cb(R
n) is nonnegative and

p̃(x, ξ) is a continuous negative definite symbol. Therefore the operator

Bu = k · u

is a bounded operator in C∞(Rn) and −p(x,D) as well as −p̃(x,D) = −p(x,D) + B (with
domain C∞

0 (Rn) ) are operators in C∞(Rn) that satisfy the positive maximum principle by
Theorem 2.18. Therefore by Theorem 6.30 and the subsequent remark also −p̃(x,D) extends
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to the generator of a Feller semigroup (T̃t)t≥0, which is given by submarkovian kernels µ̃t(x, dy)
as in (8.16). Now for u ∈ C∞

0 (Rn), u ≥ 0
∫

Rn

u(y)µt(x, dy) = Ttu(x) = u(x) +

∫ t

0

Ts(−p(x,D)u)(x)ds

= u(x) +

∫ t

0

Ts(−p̃(x,D)u)(x)ds−

∫ t

0

Ts(Bu)(x)ds

= T̃tu(x) −

∫ t

0

Ts(k · u)(x)ds ≤ T̃tu(x)

=

∫

Rn

u(y) µ̃t(x, dy).

Thus (8.18) will follow from

sup
x∈Bη(x0)

µ̃t(x,BR(0)∁) −→
R→∞

0.(8.19)

To that end let ϕ ∈ C∞
0 (Rn) be such that 0 ≤ ϕ ≤ 1, ϕ|B1/2(0) = 1 and suppϕ ⊂ B1(0). Set

ϕR(x) = ϕ( x
R
) for R > 0. Then by Lemma 5.19

lim
R→∞

sup
x∈Rn

|p̃(x,D)ϕR(x)| = 0.(8.20)

Now we have ϕR(x) = 1 for all x ∈ Bη(x0) provided R > 2(|x0| + η). For these R’s we find

sup
x∈Bη(x0)

µ̃t(x,BR(0)∁) ≤ sup
x∈Bη(x0)

∫

Rn

(1 − ϕR(y)) µ̃t(x, dy)

≤ sup
x∈Bη(x0)

(ϕR(x) − T̃tϕR(x))

≤ sup
x∈Bη(x0)

∫ t

0

T̃s(p̃(x,D)ϕR)(x) ds

≤ t · sup
0≤s≤t

∥∥∥T̃s(p̃(x,D)ϕR)
∥∥∥
∞

≤ t · ‖p̃(x,D)ϕR‖∞ −→
R→∞

0

by (8.20) and (8.19), (8.18) are verified.

Now let u : R
n → R be a bounded measurable function and

g(x) := Ttu(x) =

∫

Rn

u(y)µt(x, dy).(8.21)

We have to prove that g is continuous. Let ε > 0 and choose R > 0 such that

sup
x∈Bη(x0)

µt(x,BR(0)∁) <
ε

4 ‖u‖∞
.

We take R̃ > 0 such that BR̃(x0)
∁ ⊂ BR(0)∁ and define uR̃(y) = 1BR̃

(x0) · u(y). Then it follows
that

|g(x) − g(x0)| =

∣∣∣∣
∫

Rn

u(y)µt(x, dy) −

∫

Rn

u(y)µt(x0, dy)

∣∣∣∣

≤

∣∣∣∣
∫

Rn

uR̃(y)µt(x, dy) −

∫

Rn

uR̃(y)µt(x0, dy)

∣∣∣∣

+ ‖u‖∞ · (µt(x,BR̃(x0)
∁) + µt(x0, BR̃(x0)

∁)).
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But for x ∈ Bη(x0) we have

‖u‖∞ · (µt(x,BR̃(x0)
∁) + µt(x0, BR̃(x0)

∁))

≤ ‖u‖∞ · (µt(x,BR(0)∁ + µt(x0, BR(0)∁)

< ‖u‖∞ ·

(
ε

4 ‖u‖∞
+

ε

4 ‖u‖∞

)
=
ε

2
.(8.22)

On the other hand, we claim that gR̃(x) defined by

gR̃(x) =

∫
uR̃(y)µt(x, dy)

is continuous. Indeed, since uR̃ ∈ L2(Rn) and C∞
0 (Rn) is dense in L2(Rn), we can approximate

uR̃ by a sequence of uniformly bounded testfunctions pointwise almost everywhere and in
L2(Rn). Moreover, by (8.17) it is clear that the measures µt(x, ·) are absolutely continuous
with respect to the Lebesgue measure. Therefore, we find using (8.17), (8.21), the dominating
convergence theorem and the fact that Tt maps C∞

0 (Rn) into C∞(Rn) that gR̃ can be uniformly
approximated by continuous functions. Thus there exists δ ∈ (0, η) such that for all x ∈ Bδ(x0)
we have |gR̃(x) − gR̃(x0)| <

ε
2
. Using (8.22) we finally get for x ∈ Bδ(x0)

|g(x) − g(x0)| ≤ |gR̃(x) − gR̃(x0)| +
ε

2
< ε,

proving the theorem. 2

Therefore finally Corollary 8.8 yields

Corollary 8.10. Assume that p(x, ξ) is as in Theorem 4.13, 6.29 or 7.1 and

sup
x∈Rn

|p(x, ξ) − p(x, 0)| −→
ξ→0

0.

Then the Feller semigroup generated by −p(x,D) is strongly Feller.

Note that the strong Feller property of the semigroup offers the possibility to investigate the
operator −p(x,D) in the potential theoretical framework of balayage spaces as introduced by
Bliedtner and Hansen [6]. In [40] among others this approach was used to study the Dirichlet
problem for the operator −p(x,D). The solution obtained in this way then can be identified
with the solution obtained by Dirichlet space methods and probabilistic solutions. From the
combination of the different approaches one gets more information for the solution. Note
in particular that balayage space theory is a pointwise theory, which yields solutions of the
Dirichlet problem in the class of continuous functions.
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Chapter 9

A non-explosion result

So far the continuous negative definite symbol p(x, ξ) satisfied at least an upper bound of type

|p(x, ξ)| ≤ c(1 + |ξ|2).(9.1)

Since the function (1 + |ξ|2) describes the maximal growth behaviour of a continuous negative
definite function, see Theorem 2.7, the natural interpretation of (9.1) is that p(x, ξ) is a con-
tinuous negative definite symbol with bounded “coefficients”. In the case of a local operator,
i.e. a diffusion operator

Lu(x) =
n∑

j,k=1

ajk(x)
∂2

∂xj∂xk
u(x) +

n∑

j=1

bj(x)
∂

∂xj
u(x)

it is well-known that it is not necessary that the coefficient functions ajk(x) and bj(x) are
bounded in order to have an associated process with infinite life time. In this respect the stan-
dard assumption on the coefficients is a quadratic growth condition for the diffusion coefficients

|ajk(x)| ≤ c(1 + |x|2)

and a linear growth condition for the drift coefficients

|bj(x)| ≤ c(1 + |x|).

Under this conditions the associated processes constructed by solving a stochastic differential
equation will not explode, i.e. is conservative, see [49], Theorem 5.2.5. Under the same condition
also a solution to the martingale problem will not run to infinity in finite time, see [83]. The
question we want to study in this chapter is, what growth of a general continuous negative
definite symbol is allowed such that an associated process does not explode. To get some idea
we first consider a simple heuristic example. Let

p(x, ξ) = a(x) · |ξ|α , 0 < α ≤ 2,

where a(x) is a continuous positive function on R
n, i.e. p(x, ξ) is the symbol of the symmetric

α-stable process furnished with a coefficient function a(x). It is well-know that if n > α the
potential- or Green-kernel for the generator of the symmetric α-stable process is given by the
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Riesz potentials Nα(x, y) = cn,α

|x−y|n−α , x, y ∈ R
n, see [57]. Therefore the potential operator for

−p(x,D) is given by the kernel

G(x, y) = Nα(x, y) ·
1

a(y)

and we can calculate the expectation of the occupation time in a ball for an associated process
started in x ∈ R

n:
∫ ∞

0

P x(Xt ∈ BR(0)) dt =

∫

BR(0)

G(x, y) dy =

∫

BR(0)

cn,α

|x− y|n−α
·

1

a(y)
dy.

Thus if a(x) ≥ c(1 + |x|β), c > 0, we obtain for β > α and R → ∞
∫ ∞

0

P x(Xt ∈ R
n) dt <∞

and thus the process has to leave R
n in finite time with positive probability. It is therefore

reasonable to conjecture that the critical behaviour is given in the case α = β. In fact the
result of this chapter will show that for β ≤ α no explosion occurs.

To consider a general case fix again a continuous negative definite reference function

ψ : R
n → R

such that ψ(0) = 0. To avoid trivial cases assume ψ 6≡ 0. Now define a function

Aψ(̺) = sup
|ξ|≤ 1

̺

ψ(ξ), ̺ > 0.(9.2)

For ̺ → ∞ the function Aψ measures how rapidly the reference function vanishes in 0. Note
that Aψ(̺) > 0 for all ̺ > 0, since if ψ vanishes in a ball B 1

̺
(0) then by Proposition 2.5

ψ ≡ 0, which was excluded. Moreover Aψ : (0,∞) → (0,∞) is a decreasing function, such that
lim̺→∞Aψ(̺) = 0.

It will turn out that for a symbol p(x, ξ) with a behaviour in ξ defined in terms of ψ(ξ) a
sufficient condition for non-explosion is that the growth of the symbol with respect to x as
|x| → ∞ is compensated by the decay of Aψ(̺) as ̺→ ∞.

In order to describe non-explosion or conservativeness we use a formulation via the martingale
problem. Recall that in Chapter 3 we defined a solution of the martingale problem as a process
with paths in DRn , that is with paths of infinite life time. Thus the existence of such solution
is a way to state that the solution is conservative. In fact we used the following procedure in
the proof of existence of solutions of the martingale problem in Chapter 3 :
First the existence of a solution with paths in the one-point compactification Rn was verified
in Proposition 3.14 and next in the proof of Theorem 3.15 we showed that this solution is
conservative, i.e. has paths in DRn .

We will apply a similar procedure to symbols which are not bounded in the sense of (9.1). In
the first and essential step we specify a condition which implies that a solution of the martingale
problem with paths in D

Rn does not explode. In this step we restrict to the case of operators
with range in C∞(Rn). Let the reference function ψ be as above and define Aψ as in (9.2).
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Proposition 9.1. Let p : R
n × R

n → R be a continuous negative definite symbol, p(x, 0) = 0,
such that the operator p(x,D) maps C∞

0 (Rn) into C∞(Rn). Consider p(x,D) as an operator in
C(Rn) by identifying C∞(Rn) with the subspace of functions u ∈ C(Rn) such that u(∆) = 0.
If there is a solution of the D

Rn-martingale problem for −p(x,D) with an initial distribution in
M1(R

n) and if

p(x, ξ) ≤ c
1

Aψ(|x|)
· ψ(ξ) for all |x| ≥ 1,(9.3)

then the solution has almost surely paths in DRn.

Proof: For the proof we simply have to repeat literally the first part of the proof of Theorem
3.15. Note that the extension of the operator to functions in C(Rn) is denoted by Aθ in this
proof. The only thing we have to check is the existence of a sequence of functions ϕk ∈ C∞

0 (Rn),
k ∈ N, such that (ϕk) and (p(x,D)ϕk) are sequences of functions on R

n which are uniformly
bounded and converge pointwise to 1 and 0, respectively. Thus the proposition follows when
we replace Lemma 3.16 by the following lemma. 2

This is the key result of this chapter.

Lemma 9.2. Let p : R
n × R

n → R be a continuous negative definite symbol, p(x, 0) = 0, such
that (9.3) holds. Let ϕ ∈ C∞

0 (Rn) such that 0 ≤ ϕ ≤ 1, ϕ(x) = 1 for |x| ≤ 1, suppϕ ⊂ B2(0)
and define ϕR(x) = ϕ( x

R
), R ≥ 1. Then (ϕR)R≥1 and (p(x,D)ϕR)R≥1 are uniformly bounded

and
lim
R→∞

ϕR(x) = 1

lim
R→∞

p(x,D)ϕR(x) = 0
pointwise on R

n.

To prove the lemma we need an auxiliary result. For that purpose let θ ∈ S(Rn) such that
0 ≤ θ ≤ 1, θ(−x) = θ(x), θ(0) = 1 and θ̂ ≥ 0. Define for ̺ > 0

θ̺(x) = θ

(
x

̺

)
,(9.4)

χ̺(x) = 1 − θ̺(x).(9.5)

Note that by assumption θ̺̂(ξ) = ̺n · θ̂(̺ξ) is the density of a probability measure on R
n.

Lemma 9.3. Let θ be as above and define for the given reference function ψ

Aθψ(̺) =

∫

Rn

ψ(ξ) · θ̺̂(ξ) d̄ξ, ̺ > 0.(9.6)

Then Aθψ : (0,∞) → (0,∞) and there is a constant cn,θ ≥ 0 such that

Aθψ(̺) ≤ cn,θ Aψ(̺), ̺ > 0.(9.7)

Moreover
lim
̺→∞

Aθψ(̺) = 0(9.8)

and
Aθψ(̺) ≤ 4Aθψ(2̺).(9.9)

If in particular θ(x) = e−|x|2 then Aθψ is strictly decreasing.
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Proof: Note first that θ̺̂ is strictly positive in a neighbourhood of the origin and therefore
Aψ(̺) > 0 unless ψ ≡ 0.

Because ξ 7→ ψ( ξ
̺
) is a continuous negative definite function for all ̺ > 0 we have by Theorem

2.7

ψ

(
ξ

̺

)
≤ 2 sup

|η|≤1

ψ

(
η

̺

)
· (1 + |ξ|2)

≤ 2 sup
|η|≤ 1

̺

ψ(η) · (1 + |ξ|2) = 2Aψ(̺) · (1 + |ξ|2).

But θ̂ ∈ S(Rn), hence
∣∣∣θ̂(ξ)

∣∣∣ ≤ cn,θ (1 + |ξ|2)−(n
2
+2) and (9.7) follows from

Aθψ(̺) =

∫

Rn

ψ(ξ) θ̺̂(ξ) d̄ξ =

∫

Rn

ψ(ξ) · ̺n θ̂(̺ξ) d̄ξ =

∫

Rn

ψ

(
ξ

̺

)
· θ̂(ξ) d̄ξ

≤ 2Aψ(̺) ·

∫

Rn

cn,θ (1 + |ξ|2)−(n
2
+1) ≤ c′n,θ Aψ(̺).

This implies in particular lim̺→∞Aθψ(̺) = 0.
Next note that by Proposition 2.5

ψ(2ξ) =
√
ψ(2ξ)

2
≤
(√

ψ(ξ) +
√
ψ(ξ)

)2

= 4ψ(ξ)

and
θ̂2̺(ξ) = (2̺)n θ̂(2̺ξ) = 2n θ̺̂(2ξ),

which gives (9.9), since

Aθψ(̺) =

∫

Rn

ψ(ξ) θ̺̂(ξ) d̄ξ = 2n
∫

Rn

ψ(2ξ) θ̺̂(2ξ) d̄ξ

≤ 4

∫

Rn

ψ(ξ) θ̂2̺(ξ) d̄ξ = 4Aθψ(2̺).

By Corollary 2.14 the continuous negative definite function ψ has a Lévy-Khinchin representa-
tion

ψ(ξ) = q(ξ) +

∫

Rn\{0}

(1 − cos(y, ξ))µψ(dy),

where q ≥ 0 is a quadratic form. Thus by (9.4) and (9.5)

Aθψ(̺) =

∫

Rn

ψ(ξ) θ̺̂(ξ) d̄ξ =

∫

Rn

q(ξ) θ̺̂(ξ) d̄ξ +

∫

Rn

∫

Rn\{0}

(1 − cos(y, ξ)) θ̺̂(ξ)µψ(dy)d̄ξ

=

∫

Rn

q

(
ξ

̺

)
θ̂(ξ) d̄ξ +

∫

Rn\{0}

(1 − θ̺(y))µψ(dy)(9.10)

=
1

̺2

∫

Rn

q(ξ) θ̂(ξ) d̄ξ +

∫

Rn\{0}

χ̺(y)µψ(dy).
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For the particular choice θ(x) = e−|x|2 we see that χ̺(x) = 1− e−|
x
̺ |

2

is strictly decreasing in ̺.
Therefore, since either q or µψ does not vanish, (9.10) shows thatAθψ is strictly decreasing with
respect to ̺. 2

Proof of Lemma 9.2: The statement on (ϕR) are obvious and that limR→∞ p(x,D)ϕR(x) = 0
for fixed x ∈ R

n follows as in the proof of Lemma 3.16, since p(x, 0) = 0 by assumption. It
remains to prove that p(x,D)ϕR is uniformly bounded with respect to R.

Recall the Lévy-Khinchin representation (2.19) of the pseudo differential operator p(x,D) for
ϕ ∈ C∞

0 (Rn):

p(x,D)ϕ(x) = −
n∑

j,k=1

ajk(x)
∂2

∂xj∂xk
ϕ(x) +

∫

Rn\{0}

(
ϕ(x) − ϕ(x+ y) +

(y,∇ϕ(x))

1 + |y|2

)
µ(x, dy)

= −
n∑

j,k=1

ajk(x)
∂2

∂xj∂xk
ϕ(x) +

∫

Rn\{0}

(
ϕ(x) − ϕ(x+ y) + 1{|y|<η} · (y,∇ϕ(x))

)
µ(x, dy)

for all η > 0, where the last equality follows from the fact that the difference of both integrands
is even and integrable with respect to the Lévy-kernel. Since for real-valued continuous negative
definite functions the Lévy-measures µ(x, dy) are symmetric, the integrals are equal.

We first consider the second order term. Let q(x, ξ) =
∑n

j,k=1 ajk(x) ξjξk, where ajk(x) = akj(x).
Then for |x| < 1

sup
|x|<1

|ajk(x)| ≤ sup
|x|≤1

sup
|ξ|≤1

q(x, ξ) ≤ sup
|x|≤1

sup
|ξ|≤1

p(x, ξ) <∞,(9.11)

since p is continuous. For |x| ≥ 1 we know by (9.3)

q(x, ξ) ≤ c
1

Aψ(|x|)
· ψ(ξ).

Thus if there is at least one x0 in {|x| ≥ 1} such that q(x0, ·) 6≡ 0, then there is a constant
c > 0 such that

Aψ(̺) = sup
|ξ|≤ 1

̺

ψ(ξ) ≥ c′Aψ(|x0|) · sup
|ξ|≤ 1

̺

q(x0, ξ) ≥ c ̺−2

and further

|ajk(x)| ≤ sup
|ξ|≤1

q(x, ξ) ≤ c
1

Aψ(|x|)
· sup
|ξ|≤1

ψ(ξ) ≤ c · |x|2 .

Thus together with (9.11) we have |ajk(x)| ≤ c(1 + |x|2) for all x ∈ R
n and therefore

∣∣∣∣∣

n∑

j,k=1

ajk(x)
∂2ϕR
∂xj∂xk

(x)

∣∣∣∣∣ ≤ c
n∑

j,k=1

1 + |x|2

R2
·

∣∣∣∣
∂2ϕ

∂xj∂xk

( x
R

)∣∣∣∣ ,

which is bounded uniformly for all R ≥ 1, since supp ∂2ϕ
∂xj∂xk

(
·
R

)
⊂ B2R(0).
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Next consider the second part

p̃(x,D)ϕ(x) =

∫

Rn\{0}

(
ϕ(x) − ϕ(x+ y) + 1{|y|<η} · (y,∇ϕ(x))

)
µ(x, dy).(9.12)

By Taylor’s formula we have

ϕR(x+ y) = ϕR(x) + (y,∇ϕR(x)) +

∫ 1

0

(1 − t)
n∑

j,k=1

∂2ϕR
∂xj∂xk

((1 − t)x+ ty) · yjyk dt

and we estimate the remainder term by
∣∣∣∣∣

∫ 1

0

(1 − t)
n∑

j,k=1

∂2ϕR
∂xj∂xk

((1 − t)x+ ty) · yjyk dt

∣∣∣∣∣ ≤
1

2
n2 · sup

x∈R
n

j,k=1,...,n

∣∣∣∣
∂2ϕR
∂xj∂xk

(x)

∣∣∣∣·|y|
2 ≤ κ·R−2 ·|y|2 ,

where κ = 1
2
n2 · sup x∈R

n

j,k=1,...,n

∣∣∣ ∂2ϕ
∂xj∂xk

(x)
∣∣∣ is independent of R. Therefore

|ϕR(x) − ϕR(x+ y) + (y,∇ϕR(x))| ≤ κ ·R−2 · |y|2 .(9.13)

Set θ(x) = e−|x|2 , θ̺(x) = θ(x
̺
), χ̺(x) = 1 − θ̺(x) and define Aθψ as in Lemma 9.3. Then there

is a constant K ≥ 0 such that K (1 − θ(x)) ≥ 1 for |x| ≤ 1 and K (1 − θ(x)) ≥ κ · |x|2 for
|x| ≤ 1. It follows

K · χ̺(x) ≥ 1 for |x| ≥ ̺

K · χ̺(x) ≥ κ · |x|2

̺2
for |x| ≤ ̺

(9.14)

We consider four different cases:

Case 1: |x| ≤ R.
Then ϕR(x) = 1 and ∇ϕR(x) = 0 and therefore

p̃(x,D)ϕR(x) =

∫

Rn\{0}

(1 − ϕR(x+ y)) µ(x, dy).

If |x| < 1 we know by Theorem 2.7 and the continuity of p

p̃(x, ξ) ≤ p(x, ξ) ≤ sup
|η|≤1
|x|≤1

p(x, η) · (1 + |ξ|2) ≤ c · (1 + |ξ|2)

and therefore since R ≥ 1

|p̃(x,D)ϕR(x)| ≤

∫

Rn

p̃(x, ξ) ϕ̂R(ξ) d̄ξ ≤ c

∫

Rn

(1 + |ξ|2) ·Rn ϕ̂(Rξ) d̄ξ

≤ c

∫

Rn

(1 + |ξ|2) ϕ̂(ξ) d̄ξ <∞

independently of R.
Now assume that |x| ≥ 1. Note that for |y| ≥ R by (9.14)

1 − ϕR(x+ y) ≤ 1 ≤ K · χR(y)
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and for |y| ≤ R by (9.13) and (9.14)

1 − ϕR(x+ y) ≤ κ ·R−2 |y|2 ≤ K · χR(y).

Hence

|p̃(x,D)ϕR(x)| ≤ K ·

∫

Rn\{0}

χR(y)µ(x, dy) = K ·

∫

Rn\{0}

∫

Rn

(1 − cos(y, ξ))θ̂R(ξ) d̄ξ µ(x, dy)

= K ·

∫

Rn

p̃(x, ξ) · θ̂R(ξ) d̄ξ ≤ K ·

∫

Rn

p(x, ξ) · θ̂R(ξ) d̄ξ

≤ c ·K
1

Aψ(|x|)

∫

Rn

ψ(ξ) · θ̂R(ξ) d̄ξ = c ·K
Aθψ(R)

Aψ(|x|)

≤ c ·K
Aθψ(R)

Aψ(R)
,

where in the last step we used the monotony of Aψ. But this in bounded uniformly with respect
to R by (9.7).

Case 2: 2R ≤ |x| ≤ 4R.
Then ϕR(x) = 0, ∇ϕR(x) = 0 and

p̃(x,D)ϕR(x) = −

∫

Rn\{0}

ϕR(x+ y)µ(x, dy).

Again for |y| ≥ R
ϕR(x+ y) ≤ 1 ≤ K · χR(y)

and for |y| ≤ R by (9.13)

ϕR(x+ y) ≤ κ ·R−2 |y|2 ≤ K · χR(y).

Thus as in Case 1 by (9.9)

|p̃(x,D)ϕR(x)| ≤ K ·

∫

Rn\{0}

χR(y)µ(x, dy)

≤ c ·K
Aθψ(R)

Aψ(|x|)
≤ 16 c ·K

Aθψ(4R)

Aψ(|x|)

≤ 16 c ·K
Aθψ(4R)

Aψ(4R)
.

Case 3: |x| > 4R.
Then as in Case 2

p̃(x,D)ϕR(x) = −

∫

Rn\{0}

ϕR(x+ y)µ(x, dy)

and
ϕR(x+ y) = 0 ≤ K · χ|x|−2R(y) for |y| ≤ |x| − 2R,
ϕR(x+ y) ≤ 1 ≤ K · χ|x|−2R(y) for |y| ≥ |x| − 2R.
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Hence

|p̃(x,D)ϕR(x)| ≤ K ·

∫

Rn\{0}

χ|x|−2R(y)µ(x, dy)

≤ c ·K
Aθψ(|x| − 2R)

Aψ(|x|)
≤ c ·K

Aθψ( |x|
2

)

Aψ(|x|)

≤ 4 c ·K
Aθψ(|x|)

Aψ(|x|)

by the monotony of Aθψ. Hence (9.7) again gives the uniform bound.

Case 4: R < |x| < 2R. We choose the free parameter η in (9.12) to be η = R. Then for
|y| ≥ R

|ϕR(x) − ϕR(x+ y)| ≤ 1 ≤ K · χR(y)

and for |y| < R by (9.13)

|ϕR(x) − ϕR(x+ y) + (y,∇ϕR(x))| ≤ κ ·R−2 · |y|2 ≤ K · χR(y)

and therefore again

|p̃(x,D)ϕR(x)| ≤

∫

Rn\{0}

∣∣ϕR(x) − ϕR(x+ y) + 1{|y|<R} · (y,∇ϕR(x))
∣∣ µ(x, dy)

≤ K ·

∫

Rn\{0}

χR(y)µ(x, dy)

≤ c ·K
Aθψ(R)

Aψ(|x|)
≤ 4 c ·K

Aθψ(2R)

Aψ(2R)
,

which is a uniform bound also in the last case. 2

We now use Proposition 9.1 in order to construct a non-exploding solution of the martingale
problem in the general case.

Theorem 9.4. Let ψ : R
n → R be a continuous negative definite reference function, ψ 6≡ 0,

such that ψ(0) = 0. Define Aψ(̺) as in (9.2).
Let p : R

n × R
n → R be a continuous negative definite symbol such that p(x, 0) = 0. If

p(x, ξ) ≤ c
1

Aψ(|x|)
ψ(ξ) for |x| ≥ 1,

then for any initial distribution µ ∈ M1(R
n) there is a solution of the DRn-martingale problem

for −p(x,D).

Proof: Let θ ∈ C∞
0 (Rn) such that 0 ≤ θ ≤ 1, θ(−x) = θ(x), θ(0) = 1, supp θ ⊂ B1(0) and

θ̂ ≥ 0. One easily checks that such function can be obtained for example as θ = θ̃ ∗ θ̃ for a
function θ̃ ∈ C∞

0 (Rn), θ̃ ≥ 0, θ̃(−x) = θ̃(x), supp θ̃ ⊂ B1/2(0) and
∫

Rn θ̃
2(x) dx = 1.

Moreover let θ̺(x) = θ(x
̺
), ̺ > 0. Define

pθ1(x, ξ) =

∫

Rn

(p(x, ξ + η) − p(x, η)) θ̂ |x|
2
∨1

(η) d̄η
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and decompose
p(x, ξ) = pθ1(x, ξ) + pθ2(x, ξ).

Then Theorem 3.12 yields, fix x for a moment, that pθ1(x, ξ) and pθ2(x, ξ) are negative definite
symbols and

−pθ2(x,D)u(x) =

∫

Rn\{0}

(u(x+ y) − u(x)) µ̃(x, dy), u ∈ C∞
0 (Rn),

is a Lévy-type operator with a Lévy-kernel consisting of finite measures

µ̃(x, dy) = (1 − θ |x|
2
∨1

(y))µ(x, dy),

where µ(x, dy) is the Lévy-kernel of p(x, ξ).

Moreover pθ1 and pθ2 are continuous since for all (x, ξ) in a relatively compact set of R
n×R

n we
know p(x, η) ≤ c(1 + |η|2) and therefore for all N ∈ N

∣∣∣(p(x, ξ + η) − p(x, η)) θ̂ |x|
2
∨1

(η)
∣∣∣

≤
(
c(1 + |ξ + η|2) + c(1 + |η|2)

)
·

(
|x|

2
∨ 1

)n
· θ̂

((
|x|

2
∨ 1

)
· η

)

≤ c(1 + |η|2) ·

(
1 +

∣∣∣∣
(
|x|

2
∨ 1

)
· η

∣∣∣∣
2
)−N

≤ c(1 + |η|2)1−N .

Thus for N sufficiently large we have a uniform integrable bound for the integral which defines
pθ1(x, ξ) and continuity follows from dominated convergence.

Moreover note that
pθ1(x,D) : C∞

0 (Rn) → C0(R
n).(9.15)

In fact for ϕ ∈ C∞
0 (Rn) such that suppϕ ⊂ BR(0) consider x ∈ R

n such that |x| > 2R ∨ 2.
Then x 6∈ suppϕ and therefore by (3.20) using the Lévy-Khinchin representation

pθ1(x,D)ϕ(x) = −

∫

Rn\{0}

ϕ(x+ y) θ |x|
2

(y)µ(x, dy).

But suppϕ(x+ ·) ∩ supp θ |x|
2

= ∅ by construction and hence supp pθ1(x,D)ϕ ⊂ B2R∨2(0).

Since pθ1(x,D) satisfies (9.15) it is possible to extend −pθ1(x,D) to an operator Aθ on functions
in C(Rn) as defined in (3.24), (3.25). Hence by Proposition 3.14 the corresponding D

Rn-
martingale problem is solvable and consequently Proposition 9.1 shows that for any initial
distribution µ ∈ M1(R

n) there is a solution of the DRn-martingale problem for −pθ1(x,D).
Thus by the perturbation argument of Proprosition 3.6 the theorem is proven provided the
total masses of the Lévy-measures µ̃(x, dy) of pθ2(x, ξ) are uniformly bounded.
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To that end define Aθψ as in Lemma 9.3 for the given cut-off function θ. Then for |x| < 1 again

p(x, ξ) ≤ c(1 + |ξ|2) and therefore with the notation of Lemma 2.15

‖µ̃(x, ·)‖∞ =

∫

Rn\{0}

(1 − θ1(y))µ(x, dy) ≤ c

∫

Rn\{0}

|y|2

1 + |y|2
µ(x, dy)

= c

∫

Rn\{0}

∫

Rn

(1 − cos(y, ξ)) ν(dξ)µ(x, dy)

≤ c

∫

Rn

p(x, ξ) ν(dξ) ≤ c

∫

Rn

(1 + |ξ|2) ν(dξ) <∞.

On the other hand for |x| ≥ 1
∫

Rn\{0}

(
1 − θ |x|

2
∨1

(y)
)
µ(x, dy)

=

∫

Rn\{0}

∫

Rn

(1 − cos(y, ξ)) · θ̂ |x|
2
∨1

(ξ) d̄ξ µ(x, dy)

≤

∫

Rn

p(x, ξ) · θ̂ |x|
2
∨1

(ξ) d̄ξ ≤
c

Aψ(|x|)

∫

Rn

ψ(ξ) · θ̂ |x|
2
∨1

(ξ) d̄ξ

≤ c
Aθψ

(
|x|
2
∨ 1
)

Aψ(|x|)
≤ c

Aθψ

(
|x|
2

)

Aψ(|x|)
≤ 4c

Aθψ (|x|)

Aψ(|x|)
,

which is uniformly bounded by Lemma 9.3. 2

To conclude the investigations we finally combine this result with the uniqueness result derived
in Chapter 5 and use the localization technique. We obtain the following result.

Theorem 9.5. Assume that ψ : R
n → R is a continuous negative definite reference function

with ψ(0) = 0, which satisfies for |ξ| ≥ 1

ψ(ξ) ≥ c |ξ|r

for some r > 0, c > 0. Let Aψ(̺) = sup|ξ|≤ 1
̺
ψ(ξ), ̺ > 0, and let M be the smallest integer

such that M >
(
n
r
∨ 2
)

+ n, k = 2M + 1 − n.
Let p : R

n × R
n → R be a continuous negative definite symbol, p(x, 0) = 0, such that p(·, ξ) ∈

C(k)(Rn). If

p(x, ξ) ≤ c
1

Aψ(|x|)
· ψ(ξ) for |x| ≥ 1, ξ ∈ R

n,

and for a locally bounded function f : R
n → R

+ and all |β| ≤ k
∣∣∂βxp(x, ξ)

∣∣ ≤ f(x) · ψ(ξ) for x ∈ R
n, |ξ| ≥ 1,

and for a strictly positive function g : R
n → (0,∞)

p(x, ξ) ≥ g(x) · ψ(ξ) for x ∈ R
n, |ξ| ≥ 1,

then the DRn-martingale problem for −p(x,D) is well-posed.
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Proof: By Theorem 9.4 there is a solution for every initial distribution. Moreover note that
p(x,D) maps C∞

0 (Rn) into Cb(R
n). In fact for u ∈ C∞

0 (Rn) such that suppu ⊂ BR(0) we have
for ϕR choosen as in Lemma 9.2

|u(x)| ≤ ‖u‖∞ · ϕR(x).

Therefore for |x| > 2R using the Lévy-type representation of p(x,D)

|p(x,D)u(x)| ≤

∫

Rn\{0}

|u(x+ y)| µ(x, dy) ≤ ‖u‖∞ ·

∫

Rn\{0}

|ϕR(x+ y)| µ(x, dy)

= ‖u‖∞ · (−p(x,D)ϕR)(x).

But p(x,D)ϕR is bounded by Lemma 9.2 and hence p(x,D)u ∈ Cb(R
n).

For a ball BR(x0) let χ ∈ C∞
0 (Rn) be such that 0 ≤ χ ≤ 1 and χ = 1 in BR(x0). Define

pR(x, ξ) = p(x0, ξ) + χ(x)(p(x, ξ) − p(x0, ξ)).

Then pR is a continuous negative definite symbol which satisfies for all |β| ≤ k

∣∣∂βxpR(x, ξ)
∣∣ ≤

∣∣∂βxp(x0, ξ)
∣∣+

∣∣∣∣∣∣∣∣

∑

γ≤β
γ∈N

n
0

(
β
γ

)
∂β−γx χ(x) · ∂γx(p(x, ξ) − p(x0, ξ))

∣∣∣∣∣∣∣∣
≤ c · ψ(ξ) for all |ξ| ≥ 1

by the support properties of χ and since f is locally bounded. Moreover for |ξ| ≥ 1

pR(x, ξ) ≥ χ(x)g(x) · ψ(ξ) + (1 − χ(x))g(x0) · ψ(ξ)

≥ (g(x0) ∧ g(x)) · ψ(ξ) for all |ξ| ≥ 1.

Therefore pR satisfies the assumptions of Theorem 5.7 and the DRn-martingale problem for
−pR(x,D) is well-posed.

Note that pR(x, ξ) ≤ c(1 + |ξ|2) by the above calculations and therefore pR(x,D) : C∞
0 (Rn) →

Cb(R
n). Moreover pR(x, ξ) coincides with p(x, ξ) for x ∈ BR(x0). Cover R

n by countably many
balls BR(x0). Then the localization procedure of Theorem 5.3 yields the desired result. 2
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[12] Ph. Courrège, Générateur infinitésimal d’un semi-groupe de convolution sur Rn et formule
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19,2 (1969) 527–532.
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