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1. Introduction

Two of the first results learned in a linear algebra course concern finding normal
forms for linear maps between vector spaces.

We may consider a linear map f: V' — W between vector spaces over some
field k. There exist isomorphisms V' = Ker(f) ® Im(f) and W = Im(f) & Coker(f),
and with respect to these decompositions f = id & 0.

If we consider a linear map f: V — V with V finite dimensional, then we can
express f as a direct sum of Jordan blocks, and each Jordan block is determined
by a monic irreducible polynomial in k[T together with a positive integer.

We can generalise such problems to arbitrary configurations of vector spaces
and linear maps. For example

nLviu, o ULV Lw

We represent such problems diagrammatically by drawing a dot for each vector
space and an arrow for each linear map. So, the four problems listed above corre-
spond to the four diagrams

A: o—>o B;QQ C:eo—>0a—eo D: eo—>»0e—>»o

Such a diagram is called a quiver, and a configuration of vector spaces and linear
maps is called a representation of the quiver: that is, we take a vector space for
each vertex and a linear map for each arrow.

Given two representations of the same quiver, we define the direct sum to be
the representation produced by taking the direct sums of the vector spaces and
the linear maps for each vertex and each arrow. Recall that if f: U — V and
f': U — V' are linear maps, then the direct sum is the linear map

fef:UelU VeV, (uu)— (f(u),f(W)).

If we choose bases, then the direct sum corresponds to a block diagonal matrix.
A representation is called decomposable if there exists a choice of basis for each
vector space such that all linear maps are simultaneously represented by block
diagonal matrices. If there exists no such choice of bases, then the representation is
called indecomposable. Clearly each finite dimensional representation is, after base
change, the direct sum of indecomposable representations, and the Krull-Remak-
Schmidt Theorem states that this decomposition is essentially unique.

The basic aim is therefore to classify all possible indecomposable representa-
tions (up to base change) of a given quiver.

For the one-subspace quiver, labelled A above, we have seen that every represen-

tation can be written as the direct sum of the three indecomposable representations
1

k—k k—0 00—k
For the Jordan quiver, quiver B, each representation is a direct sum of Jordan
blocks, and these are indecomposable as seen by considering the corresponding
minimal polynomials.
For the two-subspace quiver, quiver C, we can use the rank-nullity theorem to

show that there are precisely six indecomposable representations
1 1 1

k—— k- k k——> k=0 0—=hk<-——2%

0—=k=—"20 k—=0=—0 0—=0=-—%



The problem of classifying all indecomposable representations of a given quiver

is generally consider impossible, so one may ask for which quivers there are only

finitely many indecomposables, and in these cases classify them. More generally,

one may ask if the possible dimensions of indecomposables can be determined.
The first question was answered by Gabriel in 1972.

THEOREM 0.1 (Gabriel). A connected quiver admits only finitely many inde-
composables if and only if it is an oriented Dynkin graph. In this case the indecom-
posables are in bijection with the set of positive roots of the simple Lie algebra with
the same Dynkin graph. This bijection is given via the dimension of an indecom-
posable.

The Dynkin graphs are

An:. . e — —eo . ]E6:. . . . .
/.
Dn:. . 0770\. E7:0 . : . . .
Egi . . . . . . .

where the suffix gives the number of vertices.

We have already considered two examples of type A, namely the one-subspace
quiver - — - of type Ay and the two-subspace quiver - — - « - of type As. If we
label the vertices in the Dynkin graph of type A from left to right by the numbers
1,...,n, then the positive roots are given by the closed intervals [i,j] for i < j.
Thus there are %n(n + 1) such positive roots. We see that the positive roots and
the dimensions of the indecomposable representations we described above coincide
in our two examples, thus verifying Gabriel’s Theorem in these two cases.

An answer to the second question was given by Kac in 1982.

THEOREM 0.2 (Kac). Given an arbitrary (connected) quiver, the set of dimen-
sions of the indecomposables coincides with the set of positive roots of the associated
(indecomposable) Kac-Moody Lie algbera (or generalised Kac-Moody Lie algebra if
the quiver contains vertex loops).

This raises the question of how deep the connection between quiver represen-
tations and Kac-Moody Lie algebras goes: can we explain Kac’s Theorem?

The answer was provided by Ringel in 1990 in the case of Dynkin quivers,
and by Green in 1995 for a general quiver. Ringel described how to construct an
associative algebra from the category of representations of a given quiver over a fixed
finite field k. The structure constants of this algebra reflect the possible extensions
in the category. The subalgebra generated by the simple nilpotent representations,
the composition algebra, is then isomorphic to the positive part of the quantised
enveloping algebra of the associated Lie algebra (specialised at v? = |k|).

This result was extended by Sevenhant and Van den Bergh in 2001 to show
that the whole Ringel-Hall algebra can be viewed as the positive part of the quan-
tised enveloping algebra of a generalised Kac-Moody Lie algebra (although this Lie
algebra now depends on the finite field k). Deng and Xiao then showed in 2003 how



1. INTRODUCTION 5

this approach could be used to deduce Kac’s Theorem, by considering the charac-
ter of the Ringel-Hall algebra on the one hand and the character of the quantised
enveloping algebra on the other.

The aims of these lectures are as follows:

develop the basic representation theory of quivers;

introduce the Ringel-Hall algebra and study its basic properties;

prove Green’s Formula, showing that the Ringel-Hall algebra is a self-dual
Hopf algebra;

outline the necessary results from quantum groups necessary to prove the
isomorphism of Sevenhant and Van den Bergh;

obtain a presentation of the Ringel-Hall algebra by generators and rela-
tions, and give Deng and Xiao’s proof of Kac’s Theorem;

show how to use Green’s Formula to prove the existence of Hall polyno-
mials for cyclic quivers, Dynkin quivers and all other tame quivers;
describe the reflection functors and explain the construction due to Bern-
stein, Gelfand and Ponomarev (1973) of the indecomposable representa-
tions for a Dynkin quiver;

use this theory to describe Poincaré-Birkhoff-Witt bases for the Ringel-
Hall algebra in the Dynkin case;

explain Lusztig’s construction of the canonical basis of the Ringel-Hall
algebra in the Dynkin case.

Exercises 1.

(1)
(2)

3)
(4)

Classify the indecomposables for the quivers - <+ - — - and - — - — -.
Verify Gabriel’s Theorem for the quiver of type A,, with linear orientation
(all arrows go from left to right).

Verify Gabriel’s Theorem for the three-subspace quiver (of type Dy).
There are twelve positive roots in this case.

We know that the four-subspace problem is not a Dynkin quiver. There-
fore there exist infinitly many indecomposable representations. Find in-
finitely many indecomposables for the dimension (1,1,1,1,2) when k is
an infinite field.
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1. Quivers and Representations

A quiver is a finite directed graph, in which we allow multiple edges and vertex
loops. More precisely, it is a quadruple @ = (Qo, Q1,t, h) consisting of finite sets
Qo and Q)1 and two maps t,h: Q1 — Qg. The elements of Qg are called the vertices
of @ and those of )1 the arrows. We draw an arrow a: t(a) — h(a) for each a € Q1.
Examples include

(1) Qo = {1,2}, @1 = {a} with t(a) = 1 and h(a) = 2. Then Q is the
one-subspace quiver
a

1—2

(2) Qo ={1}, Q1 = {a} with t(a) = h(a) = 1. Then @ is the Jordan quiver

i a

(3) Qo ={1,2,3}, Qo = {a,b} with t(a) = 1, t(b) = 3 and h(a) = h(b) = 2.
Then @ is the two-subspace quiver

a

l1—2<+—3

A subquiver @’ of a quiver @ is given by a pair (Qj, Q}) such that t(a), h(a) €
Q) for each a € Q}. A subquiver @’ is called full if @} contains all arrows a € Q4
such that ¢(a), h(a) € Q. The opposite quiver Q°P has the same sets @y and @1
but with t°P = h and h°® = t. The underlying graph of @Q is given by forgetting
the orientation of the arrows; that is, by repacing each arrow by an edge.

We will always assume that @) is connected; that is, it is not the disjoint union
of two non-empty subquivers.

Let @Q be a quiver and k a field. A representation of () is a collection X =
({Xi}icqo, {Xa}aco,) consisting of a vector space X; for each vertex i and a linear
map X, : Xy(q) — Xp(q) for each arrow a. A morphism of representations 6: X — Y
is a collection 8 = ({Qi}ier) of linear maps #;: X; — Y; for each vertex ¢ such
that Y,0,(,) = 0p(a) X4 for each arrow a. In other words, for each arrow a we have
a commutative diagram

X,
Xia) —— Xn(a)
J/gt(a) Jf)h(a) (L.1)

Yia) L, Yh(a)

This defines a category Rep, (). We remark that 6 is an isomorphism if and
only if each 6; is an isomorphism. We denote by rep, @ the full subcategory with
objects the finite dimensional representations; that is, those representations X such
that each vector space X; is finite dimensional.

If X is finite dimensional we define the dimension vector of X as

dim X = Z (dim X;)e; € ZQo. (1.2)
1€Q0
Given d = ), die; € ZQo we write supp(d) := {i € Qo : d; # 0}. We call d a
dimension vector if d; > 0 for all 3.

By choosing bases for each X; we can represent each linear map X, by a matrix.
It is clear that if two representations X and Y are isomorphic, then we can choose
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bases for each X; and each Y; such that, for each arrow a, the linear maps X, and
Y, are represented by the same matrix.
Given a dimension vector d we form the representation variety

Rep(c_l) = @ M(dh(a) X dt(a))- (13)
a€Q1

To each point € Rep(d) we have a representation X such that X; = k% and X,
is the linear map associated to the matrix x, (with respect to the standard bases).
We note that dim X = d. Changing bases yields an action of the group

GL(d) := [] GL(d:) (1.4)
1€Qo
on the representation variety Rep(d). This action is given explicitly by
(9-7)a = gh(a)xagt_(é)- (1.5)
We observe that two points in Rep(d) give rise to isomorphic representations if and

only if they lie in the same GL(d)-orbit.

LEMMA 1.1. There is a bijection between the isomorphism classes of represen-
tations of dimension vector d and GL(d)-orbits on Rep(d).

Given two dimension vectors d and e we define

Hom(d, e) := @D M(e; x d;). (1.6)

Given points = € Rep(d) and y € Rep(e) we write
Hom(z,y) := {6 € Hom(d, €) : Yabi(a) = On(a)Ta for all a € Q1}. (1.7)
If X and Y are the corresponding representations, then it is clear that

Hom(X,Y) = Hom(z,y), Aut(X)= Hom(xz,z)N GL(d) = Stabgrq)(z). (1.8)

2. Path Algebras

A path of length n > 1 in @ is a sequence of arrows p = ay - - a, such that
h(ar) = t(ar41) for each 1 < r < n. We write t(p) = t(a1) and h(p) = h(ay).
Pictorially, if i, = t(a,) = h(a,+1), then

prig iy B2 e I (2.1)
Clearly the paths of length 1 are precisely the arrows of (). For each vertex i there
is the trivial path ¢; of length 0 whose head and tail are vertex .

The path algebra kQ has basis the the set of paths and where p - ¢ is the
path given by the concatenation of the sequences of arrows if h(p) = t(g), and is
zero otherwise. In particular, the e; are pairwise orthogonal idempotents; that is,
€:€; = 0;5¢;. It follows that the path algebra is an associative unital algebra, with
unit 1= 3" ¢;.

Let @, denote the set of paths of length r. This extends the notation for the
vertices Qg and the arrows Q1. We have

kQ = P kQr, (2:2)

r>0
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where k@), is the vector space with basis the elements of @,.. Also, by construction,
kQT : st = er—i—s- (23)

Thus kQ is an Ny-graded algebra.
Examples.

(1) Let @ be the one-subspace quiver
a

1—2

Then kQ = (g Z) C M(2 x 2), where

/10 (00 (01
=10 o) =27\o 1) *“\o o)

(2) Let @ be the Jordan quiver
O

Then kQ = k[T], where ey =1 and a = T.

LEMMA 1.2. (1) e;kQ has basis those paths p with t(p) = i. Dually, kQe;
has basis those paths p with h(p) = i.
(2) €ikQe; has basis those paths p with t(p) =i and h(p) = j.
(3) kQe;kQ has basis those paths passing through i.

LEMMA 1.3. The g; form a complete set of pairwise inequivalent primitive or-
thogonal idempotents in kQ. In particular, kQo = [], ke; is a semisimple algebra
and the modules P; = €;kQ are pairwise non-isomorphic indecomposable projective
modules.

PrOOF. We have already remarked that the ¢; form a complete set of orthog-
onal idempotents. Let z be any idempotent. We can write z = z¢ + 2’ where x
is the homogeneous part of degree 0. Then zy = 0 implies x = ' = 0, by degree
considerations.

To show that the €; are primitive, suppose that ¢; = x4y is a sum of orthogonal
idempotents. Write x = xg + 2’ and y = yo + %' as above. Then &; = g + yo is
sum of orthogonal idempotents of degree 0, hence o = 0 or yp = 0 and so x = 0
ory=0.

To show that they are inequivalent, suppose we can write ¢; = zy and ¢; = yx.
Writing ¢ = zg+ 2’ and y = yo + ¥y’ as before, we see that €; = zoyo and ¢; = yoxo.
It follows that i = j. O

PROPOSITION 1.4. The category Rep,, Q is equivalent to the category Mod kQ
of all right kQ-modules. Similarly, rep; @ s equivalent to mod kQ. In particular,
both Rep, @ and rep, @ are abelian.

PROOF. Given a representation X of @, define a kQ-module FX as follows.
As a vector space set F. X := @Z X;. Let m;: FX — X, and ¢;: X; — FX be the
canonical projection and inclusion maps with respect to the direct sum decompo-
sition of FX. Now define « - &; := ¢;m;(z) and for p=a; ---a, € Qn

Tr-p:i= Lh(p)Xlln i 'Xalﬂt(p)(x)'
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Extending linearly endows F'.X with the structure of a right kQ-module. If 8: X —
Y is a morphism of representations we define F6 := P, ; to be the direct sum of
linear maps; that is,
FO(xi)icq, = (0i(2:))icqo-
Thus F' determines a functor Rep, @ — Mod kQ).
Conversely we define a functor G: Mod k@) — Rep,, @ as follows. For a module
M we define GM via

(GM);:=M-g; and (GM)y: M -eyq) = M -€pq)y, m—m-a.

If ¢: M — N is a morphism, then G¢: GM — GN is defined via restriction; that
is, for m € M - ¢; we have ¢(m) = ¢p(m -&;) = ¢(m) -&; € N - ;.

Now, GF = id on Rep, @ and FG = id on Mod kQ). The difference lies in
the fact that FG(M) = @, M - ¢; is an outer direct sum, so we have natural
isomorphism M — FG(M), but not equality.

Clearly F' and G preserve finite dimensionality, so induce equivalences between
rep;,  and mod kQ. O

It follows that we can talk about subrepresentations and direct sums of rep-
resentations, hence also about indecomposable representations. Furthermore we
have the notions of kernels, images and cokernels of morphisms and of short exact
sequences in the category Rep, 2, and can apply the techniques of homological
algebra.

As an example, we have for each vertex i a simple representation S;. This has
vector space k at vertex ¢, all other vector spaces 0 and all linear maps 0. These are
not the only simple representations, however. Consider the Jordan quiver. Then,
for each A € k we have a simple representation R) with vector space k and linear
map given by multiplication by A. The simple S constructed above coincides with
the representation Ry.

A more interesting example is to consider the indecomposable projective mod-
ule P; = ¢;kQ. This has as basis the set of paths with tail . What does the
corresponding representation look like?

We consider this for the quiver Q: 1 % 2. Then kQ = K

k
0 k
€2 and P; has basis €1,a. Consider the functor G from the proof of Proposition
1.4. Then

, S0 P, has basis

Py-e1=0, Py-e9=keo,
so that P, is the representation 0 — k with dimension vector dim P, = e;. Similarly,
Py -e1 =key, Pp-es=ka,
and multiplication by a sends basis vector €1 to a. Thus P; is the representation
E 5 k with dimension vector dim P; = e + es.
Exercises 2.

(1) Calculate the indecomposable projectives for the quivers
L]

H< and /N

L] e — 0

(2) Recall that @ is connected. Show that the centre of kQ equals k[T] if @
is an oriented cycle, and k otherwise.
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(3) Prove that kQ is right noetherian if and only if, for all oriented cycles C
in @ and all vertices i € C, there is precisely one arrow with tail 4. Dually
k@ is left noetherian if and only if, for all oriented cycles C' in @) and all
vertices ¢ € C, there is precisely one arrow with head ¢. Classify those
quivers which are both left and right noetherian.

(4) Show that €;kQe; is isomorphic to the path algebra of a quiver which has a
unique vertex and one loop for each primitive cycle of @) starting at vertex
i. (A primitive cycle is a cycle which is not the product of two smaller
cycles.) Let ¢ be any idempotent. Show that ekQe is again isomorphic
to the path algebra of a (possibly infinite) quiver. Give an example of a
finite quiver @ and an idempotent € such that ekQe is the path algebra
of an infinite quiver.

(5) Consider the double loop quiver @

o9

Show that k() has simple modules of each dimension n > 1. Find an
infinite dimensional simple module.

3. Krull-Remak-Schmidt Theorem
In this section we work over an arbitrary k-algebra A.

LeMMA 1.5 (Fitting). For M € mod A we have that M is indecomposable if
and only End(M) is local; that is, every endomorphism is either an automorphism
or nilpotent.

PROOF. Let dim M = n be a finite dimensional module and f € End(M) an
A-endomorphism of M. We can decompose M into its generalised eigenspaces with
respect to f, so M = M; & --- & M, where M; = Ker(p;(f))™ for some monic
irreducible polynomial p;(t) € k[t].

Since f is an A-endomorphism of M, the same is true of each polynomial in
f. In particular, each (p;(f))" is an A-endomorphism of M, so that the kernel is a
A-submodule. Thus the decomposition into generalised eigenspaces is also a direct
sum decomposition in mod A.

Now, if M is indecomposable, then each endomorphism must have characteristic
polynomial of power of a unique irreducible polynomial. An endomorphism is
thus nilpotent if its characteristic polynomial equals ", and is an automorphism
otherwise.

Conversely, if M = M; & M> is decomposable, then the projection maps give
rise to two non-zero orthogonal idempotents in End (M), and these both have eigen-
values 0 and 1. (]

COROLLARY 1.6. Let M be indecomposable, f,g € End(M) nilpotent and 6 €
End(M) an automorphism. Then f+ g is nilpotent and f+ 0 is an automorphism.

PrROOF. Let f and g be nilpotent, say f™* =0 = g", and let 6 be an automor-
phism. Clearly
A=NA+F+ 4+ =1,
so 1 — f is an automorphism of M. Also —~!f is nilpotent, since it has eigenvalue
0. Hence 6 + f = 6(1 + 0~1f) is an automorphism.
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Suppose that f 4+ g = 0 is an automorphism. Then f =6 — g, and § — g is an
automorphism whilst f is nilpotent, a contradiction. Hence f + g is nilpotent. [J

For modules M and X with X indecomposable we define
Rad Hom(X, M) := {f € Hom(X, M) : gf nilpotent Vg € Hom(M, X)}. (3.1)

LEMMA 1.7. Let M, N, X and Y be modules with X and Y indecomposable.
Then
(1) RadHom(X, M) is a subspace of Hom(X, M).
(2) RadHom(X, M @& N) = Rad Hom(X, M) ® Rad Hom(X, N).
(3) RadHom(X,Y) =Hom(X,Y) if X 2Y.

ProoF. Let f, f' € RadHom(X, M) and g € Hom(M, X). Then g(f + f') =
gf + gf’ € End(X) is nilpotent since both ¢gf and gf’ are nilpotent.

We have the natural isomorphisms Hom (X, M@®N) = Hom(X, M)®Hom(X, N)
and Hom(M @ N, X) =2 Hom(M, X) ®Hom(N, X). Let f = (f1, f2) € Hom(X, M @
N) and g = (g1, 92) € Hom(M, X) @ Hom(N, X). Then gf = g1f1 +g2/f2. If fisa
radical morphism, then considering those g with either g = 0 or g; = 0 we deduce
that both f; and fs are radical. Conversely, if both f; and f, are radical, then ¢ f1
and gs fo are nilpotent, so their sum ¢ f is nilpotent, hence f is a radical morphism.

Finally, let Y be indecomposable and consider morphisms f: X — Y and
g:Y — X. Then gf € End(X) is either nilpotent or an automorphism, and
similarly for fg € End(Y). Now, if fg is nilpotent, say (fg)" = 0, then (gf)"*! =
g(fg)™f = 0 is nilpotent, and vice versa. Thus fg and gf are either both nilpotent
or both automorphisms. If fg and gf are both automorphisms, then f and g must
both be isomorphisms, hence ¥ = X. O

THEOREM 1.8 (Krull-Remak-Schmidt). Let M be a finite dimensional module.
Then we can write M = X{* @ --- & X% with the X; pairwise non-isomorphic
indecomposable modules and each a; > 1. If M = Ylb1 @ ---YPs is another such
decomposition, then r = s and, after reordering, X; = Y; and a; = b;.

PROOF. Induction on dimension shows that every M € mod k@ decomposes
into a finite direct sum of indecomposable modules. Suppose that M = X' @
-+ @ X2 is such a direct sum decomposition with the X; pairwise non-isomorphic
indecomposable modules and each a; > 1.

Let Y be indecomposable and consider

dim Hom(Y,M)—dim Rad Hom(Y,M) W

dim End(Y)—dim Rad End(y) ‘'€ S¢€€
by the previous lemma that this number equals a; if Y = X, (there is at most
one such i) and 0 otherwise. In particular, this number is independent of the

decomposition. O

Exercises 3.

(1) Consider the four subspace quiver, with central vertex 0 and other vertices
1,2,3,4. Define a representation of dimension vector 2req 4+ re; + reg +
res + (r + 1)eq, where the matrices are given by

1, 0, 1, 4 (v
o) \1,) (1, ) " o 1,/
Here we have written 0, and 1, respectively for the zero and the identity

r X r-matrices, and 0’ for the zero r x 1-matrix. Show that the endomor-
phism algebra of this representation is just k.
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(2) Let A be a finitely generated k-algebra, say with generators gi,...,g,.
Denote by ¢;: A — A?" the canonical map onto the i-th component. Con-
sider the five subspace quiver and define a representation as follows. Let
V' be the representation of the four subspace quiver constructed above,
such that dimVy = 2r. Let A ®; V be the representation given by tak-
ing the tensor product with A at each vertex. Define the fifth subspace
via A = AT = (A® V), a — Y (ti(a) + tisr(gia)). Show that
the endomorphism algebra of this representation is isomorphic to the set
of all k-automorphisms of A which commute with each of the endomor-
phisms a — g;a. Hence show that this algebra is isomorphic to A°P. (This
construction is due to S. Brenner.)

(3) Show that all finitely generated k-algebras arise as the endomorphism
algebra of some module over the three Kronecker quiver.

4. Heredity and Tensor Algebras

We have already observed that kQ = @, -, kQ, is a graded algebra such that
kQo = 1], ke; is semisimple and kQ, - kQ, = 7CQ7-+S. In this section we show that
kQ is actually the tensor algebra of the bimodule kQ; over kQy. Moreover, we
show that all such tensor algebras A are hereditary algebras.

A ring is called hereditary if each module in Mod A has a projective resolution
of length at most 1, i.e. gldim A < 1. This is equivalent to saying that every
submodule of a projective module is again projective, hence the term hereditary.

Let Ag be a semisimple ring and A; a finite length Ag-bimodule. The tensor
ring T'(Ag, A1) is the N-graded Ap-module

A= @AT, where A, := A1 ®n, -+ ®p, A1 (7 times) (4.1)
r>0

and with multiplication given via the natural isomorphism A, ®j, As = A4, If
A € A, is homogeneous, we write |A| = r for its degree.

In the case of a path algebra kQ, we see that each kQ, is a kQp-bimodule
and that as bimodules, kQ, = kQ1 Qkg, - @k, k@1 (r times). Under this
identification, the multiplication in the path algebra is precisely the concatenation
of tensors, thus the path algebra is an example of a tensor ring.

Let A be a tensor ring as above. The graded radical of A is the ideal Ay :=
@D, -, Ar. Note that Ay = Ay @4, A as a right A-module.

THEOREM 1.9. Let A be a tensor ring and M € Mod A.

(1) There is a projective resolution of M
0— M@y, Ay 25 M @p, A5 M — 0
where, form € M, X € A and i € Ay,

em(Mm®A) :==m -\
Su(m@(pEeN)=mo (U —m-pu® A

(2) There is an injective resolution of M

M M
0 — M “— Hompy, (A, M) ., Homy, (A4, M) — 0
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where, form € M, A € A and p € Ay,
Mm)(\) :==m -\
MA@ p) = FA@p) = FN) - pe

In particular, A is hereditary.

PRrROOF. We prove only the first statement.

It is clear that e€p; is an epimorphism and that ep;dp; = 0. To see that &
is a monomorphism, we decompose M @ A = @, ., M ® A,, and similarly for
M ® Ay. Then 0p restricts to maps M ® A, — (M7® A) @ (M ® A,—q) for each
r > 1, and moreover acts as the identity on the first component. In particular, if
23:1 x, € Ker(dps) with 2, € M ® A, then x; = 0. Thus the kernel of ) is
trivial. Similar considerations show that M @ A = (M ® Ag) @ Im(6y), whence
Ker(epr) = Im(dpr).

It remains to show that this is a projective resolution. Since Ay is semisimple,
each Ag-module is projective. Thus M ®p, A and M ®4, A4 = (M ® Ao Al) ®pag A
are both projective A-modules. (Il

THEOREM 1.10 (Wedderburn). Let T' be a finite dimensional algebra over a
perfect field k. Then there exists a tensor algebra A and an ideal I such that
L= A/I and A, C I C A% for some r.

PRrROOF. Let J denote the Jacobson radical of T', so that I'/J is a semisimple
k-algebra. Since k is a perfect field, this is a separable algebra, hence there exists
a subalgebra 'y C T with I' = Tg ® J (as T'p-bimodules).

Moreover, we can consider the natural epimorphism J — J/J2. Again, this
is split as T'g-bimodules (since I'§ = T'g ®; I'y" is semisimple). Thus we can write
J =T1 & J? as I'p-bimodules.

Finally we see that I' is generated as a k-algebra by I'g and I'y, since J is
nilpotent.

Define A := T(Iy,T";). There is a surjective algebra homomorphism A — T,
using the splittings found above. Denote the kernel by I. Then clearly I C Ai and
Ay /I =J. This is nilpotent, so A, C I for some 7. O

THEOREM 1.11. Let A be a tensor k-algebra and I C A% an ideal such that
A/I is hereditary. Assume further that either I is graded, or else ', C I for some
r. Then I =0.

PrROOF. Let I' = A/I and set 'y = Ay /I. If I is graded, then T" is again
graded and I'y denotes the graded radical. On the other hand, if A’ C I, then I'
is finite dimensional and I'; equals the Jacobson radical.

Consider the short exact sequence of I'-modules

0—-I'y -I'-TI/Ty —0.

Since IT' is hereditary, I'y must be projective, hence the following short exact se-
quence of I'-modules is split:

It follows that there exists a right A-submodule M C A; such that AL = M + 1

and MNI =A,I. Since I C A%, we have Ay = M+A?%. Then A2 = MAL+A3 C
M + A3, whence Ay = M + A%. By induction, Ay = M + A" for any n > 2.
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If I is graded, then we may further take M to be a graded A-module, and from
the above, A, C M for all n > 1. Thus M = Ay. If A7, C I, then ATt C AT C
M, so that Ay € M + A" € M and again M = A

In both cases we have that I = M NI = A;I. Since I C A%, we see that
I C A%} for all n > 2. Hence I = 0. O

Up to Morita equivalence, we may always assume that Ag is basic semisimple.

Note that not all finite dimensional hereditary k-algebras are tensor algebras.
Let A be a basic finite dimensional hereditary k-algebra with Jacobson radical
J. Let 1 = &1 + .-+ ¢, be a decomposition into pairwise orthogonal primitive
idempotents. Then one can order these idempotents such that €;Je; = 0 for i > j.
In particular, J = ij giJej and B := ) . g;Ae; is a semisimple subalgebra
satisfying A = B @ J. The question is thus: does J — J/J? split as B-bimodules?
Generally the answer is no.

Such an example was constructed by Dlab and Ringel. Let K be a field, ¢ an
automorphism of K and § a (o, 1)-derivation; that is, § is additive and §(adb) =
o(a)d(b) + 6(a)b. Let M be a K-bimodule, isomorphic to K @ K as a left module,
and with the right k-action given via (a,b) - ¢ := (ac + bd(c),bo(c)). Let A be the
n X nm-upper triangular matrix ring given by taking a copy of K in each position
except (1,n), where we take a copy of the bimodule M. This ring is hereditary and
semiprimary, but is a tensor ring if and only if § is an inner derivation. Moreover,
if § is identically zero on k C K7, then A is even a k-algebra.

In fact, for this algebra, the representation type of A cannot be determined by
AT

The result is true, however, if A is representation finite (Ringel). It also holds
if the quiver of A does not contain a subquiver of the form A, with all but one
arrow pointing clockwise (Dlab-Ringel).

Exercises 4.

(1) Let A = @, An be an Ny-graded algebra. A Ny-graded module M is
a A-module with a vector space decomposition M = D,,~o My, such that
M, - A, C M,,,. Describe the graded simple modules for a path algebra
kQ. Prove that each finite dimensional graded module has a filtration by
such simples. Show that the converse does not hold: there exist modules
which admit a filtration by the graded simple modules but which are not
themselves gradable.

(2) Let A =T(Ag, A1) be the tensor algebra of a bimodule A; over a semisim-
ple algebra Ag. Prove that Mod A is isomorphic to the category whose ob-
jects consist of pairs (M, ) with M a Ag-module and ppr: M ®@p, A —
M a Ap-homomorphism, and whose morphisms f: (M, up) — (N, un)
are given by those Ag-morphisms f: M — N such that un(f®1) = funm.

(3) For A = kQ a path algebra, translate the first part of Theorem 1.9 into
the language of representations.

(4) Prove the second part of Theorem 1.9 concerning injective resolutions.

5. k-Species and the Euler Form

Let k be a field. By definition, a k-species is a tensor algebra A = T'(Ag, A1)
such that Ag is a basic semisimple finite dimensional k-algebra and A; is a finite
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dimensional Ag-bimodule on which k acts centrally. This is equivalent to saying
that A; is a A§ = Ap @ AgP-module, and implies that A is a k-algebra.
Recall that the category of A-modules is isomorphic to the category of pairs
(M, ppr) where M is a Ag-module and ppr: M ®@p,A1 — M is a Ag-homomorphism.
We record the fact that the path algebras introduced earlier are precisely those
k-species with Ag =[], k is a product of copies of the base field.

LEMMA 1.12 (Ringel). Let (M, up) and (N, un) be two A-modules. Consider
the map

v: Homp, (M, N) — Homp, (M ®p, A1, N), = pun(f@1) = fum.
Then Ker(v) = Homy (M, N) and Coker(y) = Ext} (M, N).

PROOF. The kernel of v is given by those f such that un(f®1) = fpuar, which
by definition is the set of A-homomorphisms M — N.

Given a map g: M ®a, A1 — N we define an extension n, € Ext'(M,N) as
follows. We set £ := M @ N as a Ag-module and define py: £ @5, A1 — E via

0
g = (M;\/I MN) : (M Ao Al) (&) (N ®Ao Al) Ao Al — M®N.

Then E, := (E, uy) defines a A-module, and the natural Ag-morphisms

1

show that F, is an extension of M by N. We define ), € Ext (M, N) to be the class
of this extension. Conversely, any short exact sequence 0 — N — E — M — 0 of
A-modules is split over Ay, so every extension class is of the form 7, for some g.
Thus there is a surjective map Homp, (M ®a, A1, N) — Ext} (M, N).

It remains to show that this is the cokernel of v, so suppose g: M ®@p, Ay — N
is such that 17, = 0. Then there exists a commutative diagram of the form

L:(O>:N—>E and 7r:(0 1):E—>M

0 N — E, s M 0
H [ H
0 N - MeN —"— M 0

where M @ N has the natural A-module structure given via pys @ pn. Writing

h21 h22

as a matrix of Ag-homomorphisms, we see that hi; = 1, hog = 1 and hys = 0,
by the commutativity of the two squares. Moreover, since h corresponds to a A-
homomorphism £, — M @& N, we must have

pun(ho1 ® 1) = horpiar + g.

Thus g = pun(ho1 ® 1) = harpunr = y(ha1).
Conversely, if g = ~y(hs1), then it is clear from the above constructions that
ng = 0. 0

h= (h“ h12> M&N—-MaoN

Since Ag is basic semisimple, we can express it as

Ay = H ki, k; a skew-field. (5.1)
1€Q0
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We denote the unit in k; as ;. We can also decompose A as
A1 = @ k‘i]‘, k‘ij = EiAlEj a k:i-k:j-bimodule. (52)

1,7€Qo
By definition, k is contained in the centre of each k; and acts centrally on each k;;.
Moreover, each k; and k;; is finite dimensional over k. We write

si:=dimg k; and a;; = dimyg k;;. (5.3)
Note that

Si lelk7 kij = Q5 = 8§ dimkj k”

Define a matrix R = R via

R := (SZ(S” - aij)l}jEQo' (54)
The dimension vector of a A-module M is defined as
dim M := Z (dimy, M - £;)e; € ZQo. (5.5)
1€Qo

COROLLARY 1.13. For M and N finite dimensional A-modules, we have
(dim M, dim N) := (dim M)R(dim N)* = dim Hom (M, N) — dim Ext} (M, N).
We shall also need the symmetrisation of this form, given by
(d,e) == (d,e) + (e,d) = (d)(R + R")(e)". (5.6)

As for quivers, there is a natural parameterising space for the modules of di-
mension vector d. As a Ag-module, this is naturally isomorphic to the k-vector
space M =], kfl Using the decomposition of A; given above, a module structure
on this space is completely determined by the maps p;;: k:zd Qp, kij — kjj . We
therefore take as parametrising space

Rep(d) := @) Homy, (k4 k). (5.7)
i,J

The notion of isomorphism translates into an action of the group

GL(d) = [ [ GL(di, k) (5:8)

on the space Rep(d), where the action is given by conjugation. We have used here
the identification krfj = kld ®k, kij. Just as for quivers, the orbits are in bijection
with the isomorphism classes of modules of dimension vector d, and the stabiliser
of a point is isomorphic to the automorphism group of the corresponding module.

Of particular interest for these lectures is the case of a finite field k. We record
the following lemma determining the structure of the algebra k; ® k;, and hence
the possible simple bimodules which can occur as summands of £;;.

LEMMA 1.14. Let k be a finite field with algebraic closure k. Let k;, kj, K and
L be field extensions of k contained in k of degrees s;, sj, ged(s;, ;) and lem(s;, s5)
respectively. Then
ki®kkj = @ Ly where G:= Gal(L,k)/Gal(L, K) = Gal(K, k).
[oleG

The ki-kj-bimodule structure on L, is given by a-X-b:= o(a)\b.
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ProOOF. We know that k; @k k; = k; Ok (K @1 K) @k k; and that K ®; K =
EBTGG&I(K’,Q) K.. Here, K, is the K-K-bimodule which, as a set, is given by K,
and with action a - - b := 7(a)\b.

Let 0 € Gal(L, k) be a lift of 7. There is amap k; ®x Kr Qk kj — Ly of k;-kj-
bimodules sending A® p®@ v — o(X)pv. Since this is surjective and the dimensions
over k agree, this is an isomorphism. In particular, L., as a k; ®; kj-module,
depends only on the class [o] € G. O

The matrix Ry gives us our first connection to Lie algebras.

Consider Rpop, the matrix arising from the opposite algebra. Since this only
depends on dimensions, we see that Ryo» = R, the transpose. Thus B := R+R' =
(2515,3 — (as; + aj,;)) is a symmetric integer matrix, which depends only on the
dimensions s; = dimy k; and a;; + a;; = dimg(k;; @ kj;). In particular, if A = kQ
is a path algebra, we see that B is “independent of the orientation of Q”; that is,
any other orientation of the same underlying graph yields the same matrix B.

Note that the symmetric bilinear form (—,—) defined above is given by the
matrix B.

Define now D := diag(s;), an invertible, diagonal matrix, and C := D~!B. We
note that

Cii = 2(1 — aii/si) € 27 and ¢;; < 2;
cij <0 for i # j; (5.9)
sicij = SjCji.
Thus C' is a finite symmetrisable Borcherds matrix. (See Section 1 for a general
definition.) Note that a symmetrisable generalised Cartan matrix is a matrix as
above satisfying the extra condition that ¢;; = 2 for all 7.

LEMMA 1.15. Ewvery such finite symmetrisable Borcherds matriz arises from
some k-species over a finite field k.

PRrROOF. Given s;, let k;/k be a field extension of degree s;. We may assume
that the indices are given by the integers 1,...,n. Then, for i < j, take k;;/k a
field extension of degree —s;¢;; and kj; = 0. Finally, let k;; /k be a field extension of
degree s;(1 — ¢;;/s). In this way we obtain a k-species corresponding to the matrix

O

There is a natural way to associate a valued graph to any symmetrisable gener-
alised Cartan matrix. Given C' = D~ B with rows and columns indexed by Qq, we
let @y be the set of vertices, with vertex ¢ having value s; and draw valued edges

|bij | .,
s——=S;j fori # j,and S; 8i—bii /2

We usually omit the edge if it has value 0.

Note that our definitions are not the standard ones, but are simpler to draw
and retain the necessary information. In particular, we have a bijection between
valued graphs and pairs (D, B) such that C = D~!B is a finite symmetrisable
Borcherds matrix.

Similarly we can associate to any k-species a valued quiver. The vertices cor-
respond to the primitive idempotents, with vertex i having value s;, and we draw
valued arrows



20 1. REPRESENTATION THEORY OF QUIVERS

aij
Sv;T’Sj for i # j, and SQ si=bii/2
ji

If each s; = 1, then we can omit these numbers and replace an arrow with
value m by m unvalued arrows. In this way we recover the quiver () from the path
algebra kQ.

Exercises 5.

(1) Deduce Corollary 1.13 directly from the projective resolution of Theorem
1.9 by applying the functor Hom(—, V).

(2) Given a quiver @, show that there exists a fully faithful functor Mod kQ —
Mod k@’ (restricting to mod kQ — mod kQ’) for some other quiver @’
without oriented cycles (so that kQ’ is finite dimensional).

(3) Use the Euler form to show the the category mod A is hereditary, where A
is a k-species. [Hint. Recall the definition of Ext3 (M, N) in terms of pairs
of exact sequences. The Euler form shows that if 0 = N - E — M — 0
is a short exact sequence, then Ext} (F, X) — Ext} (N, X) is surjective
for all X (by considering dimensions). We deduce that Ext3 (M, N) = 0.]

6. An Example

As an example, let K/k be a field extension of degree n. Then K is naturally
a k-K-bimodule, so we can form a k-species A using Ag := k x K and Ay := K (as
a k-K-bimodule). Then

v (6 k) ) es(A ) e

and the valued quiver of A is
(n,1)
e —p 0
A representation is given by a k-vector space U, a K-vector space V and a
K-linear map ¢: U ®, K — V. Now,

Homg (U ®y K, V) = Homy (U, Homg (K, V)) =2 Homy (U, V @ K) = Hom (U, V),

using the natural K-k-bimodule structure on K. Thus a representation can also be
thought of as a k-vector space U, a K-vector space V and a k-linear map ¢: U — V.

There exists a uniuge indecomposable (up to isomorphism) of dimension vector
e1 + eo. For, any such is given by a 1-dimensional k-subspace of K. Since we can
act by K*, we may assume that this has basis vector 1 € K.

Similarly, there are no indecomposable representations of dimension vector e; +
2ey. For, any 1-dimensional k-subspace of K2 has basis vector (1,0)! up to the
action of GLy(K).

Now consider indecomposable representations of dimension vector 2e; +es; that
is, a 2-dimensional k-subspace of K — so n > 2. We can view ¢: k> — K as given
by a pair (z,y), where z,y € K are linearly independent over k, thus a basis for
Im(¢). Isomorphisms are given via

(«',y")
—_—

/{22
b d
(a b)l lz where x’:w, y’:u. (6.2)
cd z z
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Since x,y € K are linearly dependent over k, we see that every indecomposable
representation is isomorphic to one given by a pair (x,1) for some z € K \ k.
Moreover, the pairs (z,1) and (2,1) correspond to isomorphic representations if
and only if there exists an invertible matrix (¢ %) such that 2’/ = (az +¢)/(bz + d).

Thus we are interested in this “Md&bius transformation” on K \ k, sending
x— (ax +¢)/(bx +d).

Consider the endomorphism ring of the indecomposable representation corre-
sponding to (1,z). We see that this is given by those pairs ( (‘Cl fl) ,z) € My(k)x K
such that z = bz + d and 2z = ax + ¢; that is, bz? + (d — a)xr —c = 0. If 1,2, 22
are linearly dependent over k, then the endomorphism ring is isomorphic to k[x], a
field extension of k of degree 2. Otherwise the endomorphism ring is simply k.

Furthermore, the group GL2 (k) has ¢(¢—1)(¢*> — 1) elements, and the stabiliser
under the Mobius transformation has size ¢ — 1 if 1, x, 22 are linearly independent
over k, or else g2 — 1 if they are linearly dependent.

Case n = 2.
In this case, 1,z,x? are always linearly dependent over k, so the endomorphism
ring is always isomorphic to K. Thus there are ¢(¢ — 1) pairs of the form (y,1)
in the orbit of (z,1). Hence all points y € K \ k occur and there is precisly one
indecomposable representation up to isomorphism and its endomorphism ring is K.

Case n = 3.
In this case, there is no subfield k C L C K with [L : k] = 2. Hence 1, z, 2% must
be linearly independent and any indecomposable has endomorphism ring k. There
are now ¢(g> — 1) pairs of the form (y, 1) in the orbit of z, hence all points y € K \ k
occur. There is thus a unique indecomposable and its endomorphism ring is k.

Case n = 4.
In this case there is a unique subfield k C L C K with [L: k] =2. Any z € L\ k
gives rise to an indecomposable with endomorphism ring L. There are q(g—1) points
in its orbit, which thus covers all elements in L \ k. Thus this indecomposable is
unique up to isomorphism.

For all other points € K\ L, the corresponding indecomposable has endomor-
phism ring k, hence each orbit under the Mobius transformation has size ¢(¢* — 1).
Therefore there are ¢ orbits, so ¢ isomorphism classes of indecomposables.
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1. Hall Numbers and Ringel-Hall Algebras

In this section, we define the Ringel-Hall algebra H(A) for the category A =
mod A, where A is a species over some finite field & with ¢ elements.
For three modules M, N and E we define

PE L ={(f.g):0>NL ELM-0exact) and PEy:=[PE . (11)

Note that PZ; is a finite number since both Hom(N, E) and Hom(E, M) are finite
sets.
We also define

FEN={U<E:E/UXMU=N} and Fiy:=|Fixl| (1.2)

The FE, are called Hall numbers.

There is a natural map P — FL  sending (f, g) to the submodule Im(f) =
Ker(g). The fibres are given by the natural action of Aut(M) x Aut(N) on PE .
and this action is free.

For any object X, the automorphism group Aut(X) C End(X) is finite. We
write

ax = | Aut(X)]. (1.3)
The above considerations immediately give the following lemma.
LEMMA 2.1. F&\ = PE\ Jaman.

The Ringel-Hall algebra H(A) is the free abelian group with basis u x| param-
eterised by the isomorphism classes of objects in A and with multiplication

PE
UMIUIN] 2= ZFZ\%NU[E] = Z M. (1.4)

(2] (] PMON

We note that this sum is finite since Ext'(M, N) is a finite set. Also, we are
implicitly using the fact that A is essentially small, so that the basis of H(A) is a
set.

We shall often abuse notation and write ux for ujxj. Similarly, although most
summations will be over isomorphism classes of objects, we shall write ), for

g

LEMMA 2.2 (Ringel). The Ringel-Hall algebra H(A) is an associative algebra
with unit ug corresponding to the zero module. In particular

Y FiuFfy =) FixFiin
X X
for all objects L, M, N and E.

ProoF. Consider the products uy (upun) and (urupr)un. We have
ur(upun) = ZF]\)/([NULUX = Z FixFiinus,
X X,E

2 X E X E
X X,E
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Comparing coefficients we see that the multiplication is associative if and only if
we have the identity

> FiuFXy =Y FfxFijy forall L, M, N and E.
X X

We can rewrite this in terms of the numbers Pf  to get
PX PE PE PX
S LMEAN N ZLXMN - for all L, M, N and E.
ax ax
X X
We will show that there is a bijection

H Prar X P¥n - H Ply X Pun
Aut(X) Aut(Y)

where the action of Aut(X) on Py, x PLy is given via

5 : ((a’a b)7 (f7 g)) = ((gav bgil)v (fa gg))
Note that this action is free, since g is an epimorphism. Similarly for the action of
Aut(Y) on PE, x PY -
There is a natural map
PE, x P},
X E LY MN
Py x Pxn — ]}_/[ Aut(Y)

given by the pull-back construction. This is well-defined since the pull-back is
uniquely determined up to isomorphism. We can draw this in a commutative dia-

gram as ((a,b), (f,9)) — ((a',0'), (f',9')), where

N—N
[ b
y < g Y .

—
‘Q\
Q

M—— X
In fact, this map only depends on the pair ((a,b), (f,g)) up to the action of Aut(X),
so we obtain an induced map

H Piv X P¥n N H Py X Phin
Aut(X) Aut(Y)

There is a map in the other direction induced by taking the push-out, and these
constructions are easily seen to be mutual inverses. In other words, the square

YLE

IEONE
M —2— X
is both a push-out and a pull-back, or a homotopy Cartesian square.
It is clear that wug is the identity for this multiplication. O
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In fact, this proof works much more generally. We only need A to be an
essentially small, finitary, exact category: that is, an exact category for which
Hom(M, N) and Ext' (M, N) are finite abelian groups and such that the isomor-
phism classes of objects form a set.

For example, we may take A to be the finite length modules over some ring
with only finitely many elements, since each such module will have only finitely
many elements [Ringel]. We could also take the category of coherent sheaves over
some projective k-scheme [Schiffmann].

We note that iterated multiplications can be expressed using filtrations. Given
objects My,..., M, and E, define

fﬁl...MT ={0=U,11CcU,C---CU =FE:U; U1 = M}, (15)

Fif,ooas, = Pty
Then
Upg, - UM, :ZFJ\%}l“'MTuE' (16)
E

The Ringel-Hall algebra H(A) is naturally graded by the Grothendieck group
K(A), where

H(A)o = P Zuw. (1.7)
M=«

Then H acquires the structure of a graded algebra; that is, HgH. C Hate.

Finally we relate Hall numbers to counting extension classes. Given objects M,
N and E write Ext} (M, N)g C Ext'(M, N) for the set of all classes of extensions
of M by N which are isomorphic to F.

PROPOSITION 2.3 (Riedtmann’s Formula).

7E _ |Ext' (M, N)p| ap
MN""1Hom(M,N)| anan’

PROOF. Recall that there is a natural map P, — Ext'(M, N)p sending
(f,g) to the class of the corresponding extension, which we may denote by [(f, g)].
The fibre over a given class [(f, g)] consits of those pairs (f’,g’') = (0f,g0~!) for
some 6 € Aut(FE). Pictorially this is given by

0 N - g%y 0
H e |
0 N> g9y 0

Thus we have an action of Aut(E) on PL 5, with quotient precisely Ext' (M, N)g.
Thus we need to describe the stabiliser in Aut(E) of some point (f,g) € PE .
The stabiliser of (f,g) is the set of automorphisms 6 such that g6 = g and
0f = f. Since (6—1)f = 0, we see from the long exact sequence for Hom(—, F) that
there exists a unique ¢ € Hom(M, E) satisfying ¢g = 6—1. Now 0 = g(6—1) = g¢g.
Since g is an epimorphism, we deduce that g¢ = 0. Applying Hom(M, —) shows that
there exists a unique ¥ € Hom(M, N) such that ¢ = fi, hence that § = 1+ fig.
We have shown that there exists an injective map Stab(f,g) — Hom(M, N)
sending 6 to the unique ¥ such that § = 1+ fig. This map is also surjective, since
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if » € Hom(M, N), then fig € End(FE) satisfies (f1g)? = 0, so that 1 + fig €
Aut(E). Hence the stabiliser of any point has size | Hom(M, N)|.

We deduce that Pfy = |Ext' (M, N) O

|\Hom(M N)|*

2. The Coalgebra Structure

Since the multiplication is given by taking two objects and forming extensions
of these, it is natural to ask the dual question about breaking an object into a
submodule and its factor module. We need to be careful here, however, since it is
not true in general that an object has only finitely many subobjects.

Define a comultiplication A: H(A) — H(A) — H(A) on the free abelian group
H(A) via

FE aman _ PAI?IN
Z MN— UM ®un = Z ——up @ UN. (2.1)
MmN 9F

We see that this notion is really dual to the multiplication, where we used the

PE
structure constants —4~-,
anpanN

LEMMA 2.4. The Ringel-Hall coalgebra is coassociative with counit e(upr) =
dnmo-

ProOOF. We have

A A _ P)I?NA _ Pi(MP)L(?N
(A®1)A(up) =) (ux)@uy = Y XNy @uy @uy,

Nx %F LN, x OXOE
PE PX
(12 A)A(u Z LXuL®A(uX) d o EEMNy @uy @ un.
aE LMN,x OXO0E

Thus the Coassociativity of A follows from the same identity used to prove the
associativity of Hall multiplication:

pr(MPfN :ZPLEXP]\)}N.

ax ax

X X

For the counit, we note the identity

PE PE
(€@ DAws) = 3. MV e(uy) @uy = L1 @ up =18 ug,
M.N ap ap

since P, = ap. Similarly (1 ® €)A(ug) = up ® 1. O

In fact, we see from the proof that the comultiplication can also be defined for
exact categories satisfying some finiteness condition: namely that each object has
only finitely many subobjects. This clearly holds for the category of finite length
modules over a finite ring, but fails for the category of coherent sheaves over a
projective scheme. In this case, one needs to work harder, using a completion of
the Hall alegbra [Schiffmann].

The comultiplication respects the grading on H(.A) given by the Grothendieck
group K(A):

A Hg— P He®Mer

ete'=d
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Also, if S is simple, then ug is a primitive element
A(US) =us®1+1Q®ug,

but the converse is almost never true. In fact, it is important to be able to find the
primitive elements [Sevenhant-Van den Bergh].
We can again relate powers of the comultiplication to numbers of filtrations via
the formula
aM PR aM.r
AT(’U,E) = Z FﬁlmkjrliuMl Q- Qup,.- (22)
agp
My, My
3. Examples

One of the simplest examples is when A is the category of vector spaces over
some finite field £ with ¢ elements. This is equivalent to the category mod k =
mod k@ for the quiver consisting of a single vertex.

Write u,,, m > 0, for the basis element wufm) in H(A). Then

_ m—+n
U Uy, = F 0 " Ui,

and the Hall number F”"t™ counts the number of n-dimensional subspaces of k1"

so equals the number of points in the Grassmannian Gr(m:") over k. Thus

m4+n __ m4n\| _ [m+n . [m+4n]!
Fm’: - ‘GI’( n )| - [ n ]-{- T [m]Jr![nj:!’
where we have used the quantum numbers
qg" -1
[m]y = 1 and  [m]4! = [m]q[m — 1] - [1]4.

Note that u,, = [:L—i, is a divided power and that F™F" is given by a “universal
polynomial” in Z[T], evaluated at T = ¢ = |k|.

We also wish to consider the comultiplication. We first note that

= | Aut(E™)| = | GLo(9)] = (¢"=1)(@"—q) - (" —¢™ ) = ¢(*) (g=1)"[m] ;!

This is again given by a universal polynomial. Now,
Pt = Pyt aman = a3 G) (g = 1) m + n] !
_ q(m;n)_mn(q _ 1)m+n [m 4 n]+| _ am+nq_mn~
Thus
A(U’T) = Z q—mnum ® Unp-
m—+tn=r

We observe that H(A) is both commutative and cocommutative. In fact, this
holds whenever A is a semisimple category.

Finally we wish to compare the multiplication and comultiplication. We first
calculate

Alurug) = r N S} Alurgs)= Y. ™ [m M n} U @ Un,
+ +

r r
m4n=r-4+s

_ —ab—cd _ —ab—cd [T n
A(UT)A(us> = Z q UqUe @ UpUg = Z q |: :|+|:b:| +Um®una

a
a+b=r m4n=r+s
ct+d=s a,b,c,d
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where the latter sum is over those a, b, ¢ and d such that
a+b=r, c+d=s, a+c=m, b+d=r.

In order to compare these formulae, we need a lemma, which is the quantum
analogue of the classical formula

("= 2 (M)G),

a+b=r

LEMMA 2.5. The following holds for quantum binomial coefficients:

AR AN

a+b=r

PROOF. The proof for ordinary binomial coefficients runs as follows. We divide
the set of size m + n into a set of size m and a set of size n. To choose a subset of
size r is then to choose a decomposition r = a 4+ b together with a subset of size a
from the set of size m and a subset of size b from the set of size n.

We now emulate this proof, using the philosophy that choosing r points from a
set of size n corresponds to choosing an r-dimensional subspace of a vector space of
dimension n. (See John Baez’s Stuff http://math.ucr.edu/home/baez/week184.
html .)

We fix a short exact sequence

0 k" k™ B Em 0

and a decomposition r = a + b. This defines a closed subscheme G, of the

Grassmannian Gr(m:r”) via

Gap :={U € Gr(m:'") :dimp(U) = b}.

Then G, is naturally a vector bundle over the product Gr(ZI) X Gr(Z), where
U~ (UNkp,p(U)). The fibre over some point (V, W) is canonically isomorphic
to Hom(W, k™ /V'). Counting points now completes the proof. O

Using this result, together with the identity —mn + b(m —a) = —ab — ¢d — ad,
we see that

R M A
+ L0+

m+n=r—+s
a,b,c,d

Au)Alus) = Y q—“b—cd[mL[ZLum@un,

m—+n=r+s a
a,b,c,d

2V 6y

where a, b, ¢ and d satisfy the same relations as before. Hence even in this simple
example, the comultiplication is not an algebra homomorphism.

Our second example involves A = mod k@), where k is a finite field with ¢
elements and @ is the quiver of type Ag

1—2
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We have indecomposables S, So and X, where X is both projective and injec-
tive. Write u; for ug,. We calculate some monomials in the u;. We have

Ul = Z FSE251uE = US, PS,-
E
For, any exact sequence
0—S5 —FE—S5—0
must split, since S is projective. Since there are no homomorphisms between

non-isomorphic simple modules, the Hall number FSS;?IS"‘ equals 1.
On the other hand,

E
UL Uy = E Fg s, up = ux + us,@s,-
E

For, there are only two non-isomorphic modules with dimension vector e; + es,
namely X and S; & S;. Both of these contain a unique submodule isomorphic to
So, and the cokernel is necessarily S;. Thus both Hall numbers are 1.

We know that End(S;) = k and a; = ¢ — 1. Thus

ui = [2]yug: = (g + ugz.

Similar considerations yield the following tables of Hall numbers F' SE S, Sk where
the triples (¢, j, k) label the rows and the modules F label the columns:

S1 X S%@SQ X @Sy 51@522
(1,1,2) qg+1 qg+1 (1,2,2) q+1 qg+1
(1,2,1) 1 q+1 (2,1,2) 1 qg+1
(2,1,1) 0 qg+1 (2,2,1) 0 qg+1

For example, we have that
uiug = (q+ us, ex + (g + Dugzgs, and uguiuz = uxes, + (¢ + Dug, asz-
From these tables we obtain the quantum Serre relations
utug — (¢ + Duguguy +quaut =0 and  uyu3 — (¢+ 1uguiug + quiu; = 0. (3.2)

We next consider the comultiplication. We have already remarked that simple
objects must be primitive, so consider the comultiplication applied to S7 & S; and
to X. We have

Alus, 0s,) = us—105, @ 1+ u1 @ ug + uz @ us + 1 ® ug, g5,
Alux)=ux @1+ (¢— Du1 @u2 + 1 @ uy,
where we have used that End(X) =k and ax = ¢ — 1.
We note that H(.A) is neither commutative nor cocommutative. This is gener-
ally the case for Ringel-Hall algebras.

We now try to relate the multiplication and comultiplication. Writing us,¢s, =
usu1 as a product, we have that

Alug)A(u) = (e @14+ 1Qug)(u; ® 1+ 1 ® uy)
= UgU1 X 1 + U2 @ U + U1 @ ug + 1 R Ug2up = A(u2u1).

(3.3)

(3.4)

If we consider the product

ULU2 = UX + US, ®S, = UX T+ U2U7,
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however, we obtain

Aur)Aug) = ugue @ 1+ ug @ ug +ug @ ui + 1 ® uqgug,
Aurug) = Alux) + Aluguy) = ugus @ 1 4 qui @ ug + us @ u + 1 ® uqus.

We again see that A is not an algebra homomorphism.

4. Green’s Formula and the Hopf Algebra Structure

By analogy to quantum groups (which we have not yet introduced), one does
not expect that the multiplication and comultiplication are directly compatible,
but rather that one needs to introduce a twist. Define a new multiplication on the
tensor product H® H by

q—(A7D)

(uga ®up) - (uc @up) := UAUC @ UBUD. (4.1)

Consider our examples again.
The first example, where A is the category of k-vector spaces, yields

Aluy) - Aug) = Y g7 g @ up) - (e @ ug)
at+b=r

ctd=s (4.2)
= Y N, @ upug = Alupus),
a+b=r
ct+d=s
where we have used that A is a semisimple category, so that
(k% k%) = dim Hom(kq, kq) = ad.
The second example yields
Alug) Alu) = (ua @1 4+1Qus) - (w1 @1+ 1R uyq)
=ugu; @ 1+ up @ up + uz @ up + 1 ® uguy = Auguy) (4.3)

=ujug ® 1+ qui @ us +uz @ uy + 1 @ uyug = Aujus),

where we have used that
<Sl, S2> = —dimExtl(Sl,Sg) = -1 and <SQ,81> = —dimEth(Sg, Sl) =0.

Hence in both cases A becomes an algebra homomorphism. The main theorem
of this chapter says that this is always the case.

THEOREM 2.6 (Green). The comultiplication is an algebra homomorphism with
respect to this twisted multiplication on H Q H.

Consider what this means for objects M and N. On the one hand we have

PE PE . PE
Alupun) = Z a MaN Aug) = Z Z %UX ® uy, (4.4)
7 GMaN Xy B MAONGE
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whreas on the other hand we have
PsPY
Alunr) - Alun) = Z —AB—CD (44 @ up) - (uc @ up) (4.5)
ABC,p MAN

S w&m%
apran

UAUC @ UBUD
A,B,C,D

Z Z g~ (AD) PALPY P PED

ux Q uy. (46)
apanNasaapacap

X,Y A,B,C,D

The theorem is therefore equivalent to the following proposition.

PROPOSITION 2.7 (Green’s Formula). For all M, N, X and Y we have the
identity

E E M pN X pY
§ PMNPXY _ § : (]_<A’D> PABPCDPACPBD
= ap A.B.C,D ajpapacap

Rewriting this in terms of Hall numbers we have

FﬁNF)}?Y —(A,D) oM pN pX py 0AGBACAGD
272 Z ¢ P R FEp FAcFEp —————

a apMaNaxay
- E ABOD MANAX Ay

The rest of this section will be devoted to proving this formula. We fix repre-
sentations M, N, X and Y.

Recall that the associativity and coassociativity of H, Lemmas 2.2 and 2.4,
were proved by considering push-out/pull-back diagrams.

In a similar vein, we reformulate Green’s Formula in terms of 3 x 3 exact
commutative diagrams of the form

g «— o

— Iy — o
o

0 Sy By
léN n Bm
0 N —Z M 0 (4.7)
e e ]
0 c X x 2,4 0
| | |
0 0 0

For convenience, we also set

a=apyp=axf, [:=/Fuby =un,

0 :=ndy = vy, v:=7x7IN =&V (4.8)

The left hand side of Green’s Formula then corresponds to counting “crosses”, given
by ignoring the corners, whereas the right hand side is given by counting “frames”,
given by ignoring the centre.
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Define D(A, B,C, D : E) to be the set of all exact commutative 3 x 3 diagrams
of the above form. More precisely, D is the set of all morphisms which fit into such
a diagram.

We note that

e:=dimFE =dim(M ®N) =dim(X @Y) =dim(Ae BoCa D). (4.9)

We first wish to count the number of crosses. In particular, we need to know
how to construct the corner objects from a given cross.

LEMMA 2.8. Consider a partial exact commutative 3 X 3 diagram of the form

]

i

ON]fJ\fO
e

We can complete this to a full 3 x 3 diagram if and only if the top left square is a
pull-back and the bottom right square is a push-out.

PROOF. Suppose that D is a pull-back and A a push-out. Consider the exact
commutative diagram

@) 6 m
0 — YN E? ! XM —— 0

2 |aw |
E

0 — 0

3
Since D is a pull-back, the Snake Lemma gives that 0 — D % E Q X b M is
exact. Since A is a push-out, we have by definition that A is the cokernel of the
right-most map. This shows that the first sequence below is exact. The exactness
of the second sequence is shown similarly.

0 — FE

5 (—Eu) (ax o)
0 D E -, xXoM A 0
) (4.10)
0 D, yenN 2, g L4 0.

Now consider the exact commutative diagram

0
0 N () YoN Y 0
H l("’”) l“" (4.11)
0 N —Z E LV 0

(1,0)
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If D is a pull-back and A a push-out, then applying the Snake Lemma to (4.11)
and using (4.10) yields the exact sequence

0 D —° Ly Mg oMy 0.

For, the only non-trivial part is to determine the map z: M — A. We know that
T = o = app, so the surjectivity of p gives © = aypy. Factoring un through its
image B provides a completion of the top right square. Dually we can find C, and
hence a completion to a full 3 x 3 diagram.

Conversely, suppose that we can complete to a full 3 x 3 diagram. Then un =
B = By By and so we have an exact sequence

0 D2y 2,y 0.
Thus the Snake Lemma applied to (4.11) yields the exact sequence
Sy
0 p L yen 0, p ey 0.

For, the only non-trivial part is to determine the map z: D — N. We know that

vx = ndy = d = vdy, so the injectivity of v gives x = d. Hence the top left square

is a pull-back. Dually for the bottom right square. (I
Define C(A, B,C, D : E) to be the set of all crosses of the form

0

0

such that D is the pull-back in the top left corner, A is the push-out in the bottom
right corner, and B and C are the kernels/cokernels whose existence is ensured by
the previous lemma.

LEMMA 2.9. The canonical map D(A,B,C,D;E) — C(A,B,C,D; E) is sur-
Jective, with fibres isomorphic to Aut(A) x Aut(B) x Aut(C) x Aut(D).

PROOF. Given a cross, we may form the pull-back in the top left corner, the
push-out in the bottom right corner, and then complete the top right and bottom
left corners using the previous lemma. Hence the map is surjective. Moreover,
by construction, the fibres are given by the orbits of the canonical action of the
group Aut(A) x Aut(B) x Aut(C) x Aut(D) on D(A,B,C,D; E). This is clear
since all constructions are either kernels or cokernels, hence unique up to unique
isomorphism. In particular, the group action is free. (I
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Next, define F(A, B,C, D) to be the set of all frames of the form

0 0

0 D Y B 0
N M

0 C X A 0
l |
0 0

LEMMA 2.10. Fach frame yields a canonical element in Ext2(A,D) as follows.
We form the push-out of the top left corner and the pull-back of the bottom right
corner to get

D,y R AN
lgN ln/ and lg/ laM
N Y3 X X, 4
Set o := apyp' = axf and ' == vV'6n = n'dy. Then there exists an exact sequence
0 RN N N 0

and h is uniquely determined by the relation

(& Jrorn=(5 3)

PRrROOF. Consider the exact commutative diagram

(—dg/N) (n',v")

0 D Y®N S 0
o [ o
0 R — Mgx o),y 0
Since we clearly have the exact sequence
(% o) (57) (%" ax)
0 p? 0Ly N 200, Mg x 2 0xs, 42 0,

we can apply the Snake Lemma to the above diagram to obtain the exact sequence

1 ! st 0‘; _

0 _D (—1) D2 (5 75 ) S h R (cx ) A2 (1) 1) A 0
This yields the exact sequence
0 o LA NN | S S 0.
Also, by definition, the connecting homomorphism h satisfies

(& )rorn=(53)
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Since (%) is injective and (n’,v) surjective, this determines h uniquely. O
13

LEMMA 2.11. A frame can be completed to a 3 x 3 diagram if and only if the
corresponding element of ExtQ(A, D) wvanishes. In particular, every frame can be
completed to a 3 x 3 diagram if and only if the category is hereditary.

ProOF. Recall that the exact sequence

0 DY . g " p_ 4 0

vanishes in Ext?(A, D) precisely when there exists an exact commutative diagram
of the form

0 o SIS S 0
H LT
0 D . g 9% R 0 (4.12)
N

A A
where h = um is the factorisation of h via its image. In particular, the top right
square is homotopy Cartesian.
Suppose that we can complete the frame to a 3 x 3 diagram. By the universal
property of S and R we have unique maps f: S — F and g: F — R such that

f'.0)=(v,n)  and (g,/>g=<’;>

In particular, f§’ = fn'dy = ndy = ¢ and similarly o’g = a. Moreover,

(o~ G- )

so that gf = h.
Applying the Snake Lemma to the diagram
(SY ’ ’
0 p By gy U, g 0
| [ |1
0 0 E E 0
and using the following exact sequence from (4.10),
Sy
0 p U yon 0 gy 0,
gives that
0 st B2, 24 0
is exact. Similarly, the sequence
0 p—L-FE—_R 0

is exact and we obtain a diagram as in (4.12).
Conversely, suppose we have a diagram as in (4.12). We set

vi=fv, pi=pg, n:=fn, &:=¢g
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Then, from the definition of h = v = g f, we have

(o (Eson= (2 9

Hence we can fit E into a commutative 3 x 3 diagram. We need to show that the
middle row and column are exact.
Since S is a push-out, we have the exact commutative diagram

0 D>,y . p 0
I L

0 N Y .s5 7. 0
fm
c C

It follows that

(=2 )= (o

whence B8 = pf and vxv' = £f. We thus have the exact commutative diagram

Fo a0
06— g LD, g Ga g 0
L@ [&9 |
(5) (5%)
0 —— BaC —=5 MaoX —5 A2 0
Applying the Snake Lemma, using the exact sequence
v 0 B8’ o
0 — NaY (On’) S2 (0"/’) B@C—>O,
yields the exact sequence
v 0 no
0 —— N@Y @), o (80) MeX —— 0

as required. O

We now need to study the fibres of the map from diagrams to frames, however
different frames will yield different isomorphism classes of middle term E. We
therefore use the parameterising space Rep(e). More precisely, let us fix points in
the respective parameterising spaces representing the modules A, B, C, D, M, N,
X and Y. Then, given a point in Rep(e) representing the module E, we can identify
Hom(N, E) for example with a subset of Hom(dim N, e) depending on the chosen
points representing N and FE.

LEMMA 2.12. There is a natural surjection

[l »4,B,C,D;E)— F(A,B,C,D)
E€Rep(e)

with fibres of size | GL(e)|q~ AP E.
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PRrROOF. The first statement is clear, since we are working in an hereditary
category. For the second statement, let us fix a frame as well as the two homotopy
squares

l(;N ln/ and LE, laM
N ;, S X %X ., 4

We further obtain the map h: .S — R, which we factor via its image as h = ¢7.
The previous lemma tells us that the number of completions of our frame to a
3 x 3 diagram is precisely the number of triples (f, g; E) such that

S —= T

I

E—23 R

is homotopy Cartesian. For, if (f,g; F) is another such triple for the same E and

with (’g)g _ (g) _ (lg/’)g and f(V',n') = (v,n) = F(V,1),

then (f,g) = (f, g) since (’g,/) is injective and (v, ') is surjective.

To construct such a triple (f,g; E), we first take an extension class [(s,g)] €
Ext'(R, D) whose pull-back along ¢ is precisely the class [(¢,7)] € Ext'(I, D).
We then find f such that gf = h and f§’ = s. It is clear that all such triples arise
in this way.

We define the sets

T={(f,9:B) : f € Hom(S, E), g € Hom(E, R),gf = h. (3", 9) € Pf;p}
C Hom(dim S, ¢) x Hom(e, dim R) x Rep(e)
P:={(s,g;E): (s,9) € PEp} C Hom(dim D, e) x Hom(e,dim R) x Rep(e).
Consider the maps
T — P — Ext'(R, D) — Ext'(I, D),

where the first map sends (f, g; E) to the triple (f¢’, g; E) and the last map is given
by taking the pull-back along ¢.

The first map has fibres of size ¢g!!"P). For, if (f, g) and (f, g) map to the same
point, then f — f = Ax for some A\: [ — E and gAr = g(f — f) = 0. Since 7 is
surjective, we see that g\ = 0, hence A = f¢'u for some p: I — D (where we have
used that f¢' is a kernel for g). Then f = f(1 — ¢'un) and 1 — &' um € Aut(D) for
all p € Hom(I, D).

The second map has fibres of size | GL(e)|/¢""P]. For, as as shown in the
proof of Riedtmann’s Formula, Proposition 2.3, the map P5, — Extl(R, D)g has
fibres of size ap/ql™P!, whereas the number of points in Rep(e) isomorphic to E is
|GL(e)l/az.

Finally, the third map is surjective, since the category is hereditary, and by the
long exact seqence for Hom(—, D) applied to

’

0 —J —~ >R 5 A —50




5. RANK TWO CALCULATIONS 39

the fibres all have size ¢lfP1=l1,P1=(4,D)

Now, the triples (f, g; E) € T fitting into a homotopy Cartesian square as above
are precisely those whose image in Ext'(I, D) equals the class [(6,7)]. We deduce
that there are exactly | GL(e)|¢~ " such triples. O

The proof of Green’s Formula, Proposition 2.7, follows easily. For, it is clear
that
|‘7:(AaBaO’D)| = P%Pé’VDPj(CPgDv
> [C(A,B,C,D;E)| = P{jy PRy
A,B,C,D
Also, the lemmas above imply that
g AD) PAsPEbPicPhp _ q—(A,D) |F (A, B,C, D)

apapacap apaapacap
\G ( )| Ecrm(e) aAaBaAcap
Z D(A, B,C, D; E)|
I apapacapar

ABCDE)|
-3

Note that the last two sums are over isomorphism classes of FE, whereas the first
sum is over points in the parameterising space Rep(e).

Summing over all isomorphism classes of A, B, C and D and substituting in
for |C(A, B, C, D; E)| completes the proof.

5. Rank Two Calculations

Our first example is the n-Kronecker quiver

(n,n)

k k"
0 k
by the rows P; = (k, k™) and P> = (0, k), and the injectives are given by the duals
of the columns I; = D(’S) and I, = D(kkn), where D = Homy(—, k) is the standard
duality.

For a dimension vector d, define

Ug = Z UM - (5.1)

The corresponding path algebra is A = ( . The projectives are given

Consider first a product usruiugs, where u;m := ufsm)- Clearly
U Ugs = Z upr, (5.2)
dim M=(1,s)

and since dim M = (1,s), we know M = N @ Sy.—a, where dim N = (1,a) and
N is indecomposable. Moreover, since Hom(N, S3) = 0, we can use Riedtmann’s
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t
Formula to deduce that FggﬁN = 1. Thus ugtun = y[se N, and so
u = [r +s—a
UgrU1U2s = Z’LLQT’U,QS—aU(La) = Z |: ” :| u2T+5_“'u(l7a)' (53)
a=0 a=0 +

We have used here that End(S;) = k and Ext'(S;, S;) = 0, so that the subcategory
add(S;) is isomorphic to the category of k-vector spaces.

We now note that wg )y = 0 for m > n, and u(1,,) = up,). There are two
ways of seeing this. Let N be a module of dimension vector (1,m). First, we
may consider the corresponding representation u: k ® k™ — k™. If m > n, then
dimIm(p) < m < m. Hence we can find a non-zero complement to the image,
or in other words Ss is a direct summand. If m = n, then the representation is
indecomposable if and only if g is an isomorphism, or in other words N = P;.
The second way is more categorical. There is an epimorphism N — Si, hence a
morphism f: P — N. The cokernel of Im(f) has dimension vector (0,¢) for some
t, hence is isomorphic to S%, which is projective. Thus N is indecomposable if and
only if N = Im(f). It is now clear that dim N < dim P; = (1,n), and we have
equality if and only if f is an isomorphism.

Coming back to our products ugrujuss we see that for r + s = n + 1 there
are n + 2 possible products, but only n + 1 possible summands ugn+1-at(; 4y for
0 < a < n. Hence we have a relation of the form

n n+l—a

Z ApUor Uy Ugs = Z ( Z W [n +: - a:| )u2n+1—au(l7a) =0. (54)
+

r+s=n+1 a=0 r=0

We need to determine the coefficients A, such that Z?:é TN, [”ﬂ‘a} L= 0 for all
0<a<n.
Consider first the corresponding result for the ordinary binomial coefficients.

We have

- (m

Z(—I)T ( ) =0 for all m. (5.5)

r
r=0

The proof is easy, using the binomial formula

" /m
1 m= " 5.6
ara =3 (7)e (5.6
and setting x = —1.

We emulate this proof for the quantum binomial coefficients, using the formula

(L+0)(1+ga) (0 ) = Do) o (5.7)
r=0 +

The proof can be done by induction on m. If we multiply both sides by 1 + ¢"x,
then the result follows from the identity

/) [’Z}L +qm+<r;>[ m L _® [m“L.

r—1 r

Setting x = —1 yields the identity

i(—l)rq(g) [m} —0 for all m. (5.8)
.
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Our coefficients must therefore be A, = (fl)rq(;). (Setting © = —q~* gives zero
only when m > ¢ 4+ 1, but we need to obtain zero for all m > 1, so the solution is
unique up to scalars.)

We thus have the relation

Z (—1)T61(£)U2TU1U2S =0. (5.9)

r+s=n+1
Similarly,
”
r+s—a
Uprlolys = Z { < ] U(q,1)Upr+s—a- (5.10)
a=0 +

Note that, since S is injective, multiplying on the right by copies of S; yields direct
summands, whereas it was multiplication on the left for the projective Ss.
Again, u(p,,1) = 0 for m > n, whereas u,,1) = ujs,). Hence we obtain the
relation
Y 0 Durrusug. =0 (5.11)

r4+s=n+1

Our second example is the cyclic quiver

— i

1 2

.~

In this case the category mod A is uniserial, without any (non-zero) projective
or injective objects. We simplify the notation by writing, for example f 1 for the
module S5(2) @ ST, where S3(2) has simple top Ss and Loewy length 2. We then
have the identities

UoU1s = U2 —+ Uqso
115—1
r+s—2 n r+s—1
UprUULs = U1 U2
r=1 ] e r o (5.12)

r+s—1 r+s
+ |: 1 :| U1 a1 + |: :| U r+s9.
"= + 20 roly

For fixed r+ s, there are at most four possible summands, hence there is definitely a
relation when r+ s = 4. We can do better, though, since there is already a relation
when r + s = 3. In detail, we have the products

UsU2 = U1 _ + Ui39
212

UpzUou =u1  + [2]+u§ L Tuz o+ [3]+uysg

2

1
2
11
(5.13)
U UgUiz = u% fur, + [2]+u? e T [3]+u132
2

U3 = U
112
We see that
U2 U2UT — UL UUY2 = q(u; L Uz 12) = q(u13u2 — uguls)7 (5.14)
whence (by symmetry) the relations
qu13U2 — U12U2U] + UTUU2 — qUaUys = 0 (5 15)
qU1U3 — UgU U2 + Ug2U Uz — qUozty = 0. '

As expected, the relations depend upon the chosen orientation, as of course do
the categories mod A.
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Exercises 6.

(1) Calculate the relations for the species A = (k K> where [K : k] = n,

0 K
corresponding to the valued graph
n, 1
UL
where we note that these must be homogeneous of degrees (n + 1,1) and
(1,2).
(2) What about an arbitrary rank two species?

6. Twisting the Bialgebra Structure

Rather surprisingly, Ringel [Hall algebras revisited] showed how to remove the
dependence of the Ringel-Hall algebra on the chosen orientation by twisting the
multiplication with respect to the Euler form.

Let v € C be a square-root of ¢, and denote by Q, C C the subfield generated
by v*!. We define a new multiplication on Q, ®z H(A) via

UM * UN IZZU<M’N>F]\)§NLLX = oMMy (6.1)
X

It is quickly checked that this multiplication is again associative (since the Euler
form is bilinear), has the same unit uy and respects the grading.
We consider the relations worked out in the previous section. For the n-
Kronecker quiver
(n,n)

1——2

1 —n
0 1

rewriting u;» as the divided power %u: The relations from the previous section

the Euler form (—,—) corresponds to the matrix R = ( > We begin by

It
thus read
sy|n+1 r s
> (=1l [ . } ujugui =0
r+s=n+1 + (6 2)
r (7) Tl+1 r s .
Z (=1)7q'2 . | vetauz =0.
r4+s=n-+1 +
Now,
ui” ok ug x ui® = v(g)Jr(;)u{ * U kU] = v(g)Jr(;)*m”Su{uguf. (6.3)

We also have the following relations between the two types of quantum number

mly = £ and [m] =

v —y ™

v—y—1

m

]! = (3 [m]!

W“”W%*mdﬁ}wummﬂMMmﬂﬂ.wQ
+
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=22 () =()-) {n N 1] DO s

n 1 n *7 *S
= ("3 [n—;— ]u’fr *Ug * Uy’ = o ;1)[71 + 1]!ug ) s ug * ug ), (6.5)

where we have again used the divided powers

Therefore we obtain the following relations

Z (—1)Su§*r) * Ug * ug*s) =0

QS (+7) (xs) (6.7)
> (D ww ™ =0,
r4+s=n+1
Next we consider the cyclic quiver
1L =2
. . . . 1 -1
In this case, the Euler form is given via the matrix R = 1 1) We apply
the same sequence of calculations, so we have the original relation
QU3 U2 — U2 U2UY + UL U2U12 — qUaus = 0,
~ quiug — [3]y uduguy + [3]yurusul — quaui = 0,
o R kg — 023Ul k ug + uy 4 02 [3lug * ug x ut? — viug x uld = 0.
We can now divide by v?[3]! and take divided powers to obtain the relations
Z (—1)Tu§*r) * Ug * ug*s) =0
pa (1) (xs) (6.:8)
Z (—=1)%uy™" *ug xuy > = 0.
r+s=3

Thus the relations for this twisted multiplication are independent of the orien-
tation.

The natural question is whether we still have a twisted bialgebra, and if so,
what is the twist required on the tensor product.

Define

PX
A*(UX) = Z U<M’N> M’u,]w R UN. (69)
M,N ax

This is again coassociative with the same counit and respects the grading.
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Consider A*(ups * uy). We have, using Green’s Formula,

PE
A*(um *UN) — ZU(MJV)#A*(UE)
B MUN

E E
S PN HEY) PynPxy ux ® Uy

ayana
Xy MANGE

Z p(MN)+(X,Y)—2(A, D) P%PgDPj(CpgD ux  uy.

e @AQBACADANAN
XY

)

g—(AD) = ,=2(A.D)

Here we have used the identity Next substitute in for

pPx pPY
g AC uX:vf<A’C>uA>kuc and g BD uY:v7<B’D>uB*uD,
— aaac — apap

as well as for
(M,N)+(X,Y)=(A+B,C+D)+(A+C,B+D).
This yields
M. PN
A*(upr *un) = Z pABIHED)H(B.C) ZABZCD (4 ) 4 ) @ (up *up), (6.10)
A,B.C,D aman
where we have used the symmetric bilinear form
(B,C):=(B,C) +(C, B). (6.11)
On the other hand, we wish to compare this to the following, with respect to
some twisted multiplication on the tensor product:
P, P
A*(up) * A*(un) = Z pABIHOD) ZABZCD (4, @ up) * (uc @ up). (6.12)
A,B,C,D AMAN

We see that we again have a twisted bialgebra, where we have to use the following
twisted multiplication on the tensor product

(ua @ up) * (uc @ up) =B (uyg xue) @ (up * up). (6.13)

Since we now have a symmetric bilinear form, we can remove this twist on the
tensor product, and hence obtain a true bialgebra, by adjoining a copy of the group
algebra of the Grothendieck group K = K(A) of A:

Zo[K(A)] = Zy[{Ky: d € K(A)}], where KyK, = Kgic. (6.14)

This we do in the next section. We also write Kj; = Kgim ar for a module M.

7. The extended, twisted Ringel-Hall algebra

We now remove the * from the notation and define the extended, twisted Ringel-
Hall algebra H = H(A) as follows.

DEFINITION 2.13. The (extended, twisted) Ringel-Hall algebra H(A) is a Q,-
algebra which contains the group algebra Z,[K(A)] and which is free as a right
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Z, K (A)]-module, with basis uys indexed by the isomorphism classes of objects in
A. The multiplication and comultiplication are given via

P P
UMUN = E pMN) ZMN o Auy) = g ’U<M’N>%UMKN ® un,
X
X M,N

apan (7.1)

Ki’LLM = U(d’M)’LLMKi, A(Ki) = Ki X KQ,
with unit 1 = ug = Ky and counit e(upKg) = o0

THEOREM 2.14. The (extended, twisted) Ringel-Hall algebra H is a graded bial-
gebra.

PRrROOF. We observe that

(uaKp ®up)(ucKp @up) = (uaKpucKp) ® (upup)

= U(B’C)(UAUCKB+D) ® (upup).

The theorem now follows from all our previous considerations. [l

In fact, we had a choice in defining the comultiplication, since all we needed
was to obtain the twist v(%:¢) in the tensor product as above. This we can do in
two ways:

(uaKp @ up)(ucKp @up) = 0B (usucKpyp) ® (upup)
(ua ® K_aup)(uc @ K_cup = o (wsue @ K_(a4cyupup.

Thus we could also have taken the comultiplication

PX
A/(UX) = Z U<M’N>QLXNUM ® K_pupn, A/(Ki) = Ki® Ki" (72)
M.N

The corresponding bialgebra will be denoted by H’'. Both versions can be found in
the literature, and both are needed, since they give the positive and negative parts
of the corresponding quantum group.

8. Bialgebras and Hopf Algebras

We now review some general theory about bialgebras and Hopf algebras, before
applying this to the Ringel-Hall algebra. Our main reference is Kassel.

Let H = (H,u,n, A, €) be a bialgebra over k, where p and n denote the mul-
tiplication and unit, and A and e denote the comultiplication and conunit. Let
7: H® H— H ® H be the usual flip, sending x ® y to y ® x.

Given H, we can define several other related bialgebras. These are

H°P := (H,pr,n,A,e)  the opposite bialgebra,
HP .= (H, u,n,7A,e)  the co-opposite bialgebra, (8.1)
HOP P .= (H, u1,n,7A,€) the opposite and co-opposite bialgebra.
When H = @nZO H, is a graded bialgebra with finite dimensional graded
pieces H,,, we can form the (graded) dual H* := @, -, H,;. This is again a bialge-

bra.
To see this, we first record a useful lemma.
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LEMMA 2.15. Let U, U', V and V' be k-vector spaces. Then there is a natural
map

Hom(U,U’)®Hom(V, V') — Hom(VRU,U'®@V’), (f®g)— (v@u— f(u)®g(v)).

This is an isomorphism provided one of the pairs (U, U"), (V,V') or (U,V) consists
of two finite dimensional vector spaces.

In particular we recover the natural maps
U*®@V'—Hom(U, V'), U'@V*—Hom(V,U"), U*eV*— (VaU)" (82)
Now, for H as above, we have the natural maps
HoH — (HoH) 250, k< H, H Tk (8.3)
In particular, H* is an algebra. Since each H; is finite dimensional, we have iso-
morphisms (H; ® H;)* = H @ H;. These yield
@ H;®H; — H, and pi:H} — @ H; ® H}. (8.4)
i+j=n i+j=n
Thus
Py, B - H @ H* (8.5)

defines a comultiplication on H*, and H* is naturally a bialgebra.
An antipode for H is an endomorphism S such that

Z S(x1)xe = ne(x leS x9), for all z, where A(z le ® x2. (8.6)
In other words, S must satisfy the relations
p(S ®1id)A = ne = p(id ® S)A. (8.7)
Now, for H a bialgebra, we can equip Endy (H) with a convolution product, defined
via

frg:=p(f®g9)A, sothat (fxg)(z fol (8.8)

LEMMA 2.16. The convolution product gives Endy(H) the structure of an as-
sociative algebra, with unit ne.

The antipode is therefore an inverse of the identity with respect to the convo-
lution product, provided this exists. As such, it is necessarily unique.

LEMMA 2.17. (1) The map S is an antipode for H if and only if it is an
antipode for H°P~°P. In this case, S: H — H°PP is a morphism of
bialgebras.

(2) If H is a graded bialgebra, then S is an antipode for H if and only if S*
is an antipode for H*.

(3) If S is an antipode for H, then H°P has an antipode if and only if S is
invertible, in which case the antipode equals S™1.

Note that S: H — H°P°P is a morphism of bialgebras if and only if the
following formulae hold:

(S®S)A=7AS, eS=e (89)
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In particular, we have that
S(zy) = S(y)S(x) and S(1)=1. (8.10)

PROOF. We prove only the third assertion. Suppose that S’ is an antipode for
HeP. Then ) S’(acg)xl = ne(z) for all z. Consider now S * SS’. We have

(S % S9S")( ZS 21)85 (22) ZS z9)x1) = S(ne(x)) = ne(z).

In particular, SS’ is an inverse for S with respect to the convolution product, hence
RHES

Conversely, if S is invertible, then we can apply S to both > 225 1(x1) and
S>> S7Y(x2)z1 to show that S~! is an antipode for H°P. O

For bialgebras A and B over k, let (—, —): AX B — k be a k-bilinear map. We
also have the induced map

(——): (A®A) x (B®B)—k, (a®@d,bxb):=(a,b)(d,V). (8.11)

The map (—, —) is called a bialgebra pairing if the following properties are satisfied:

(1) (ad',b) = (a®a’,A(d)) and (a,bd’) = (A(a), bR b);
(2) (a,1) =€(a) and (1,b) = €(b).

If A and B are both Hopf algebras, then (—, —) is called a Hopf pairing provided
we have the additional property

(3) (S(a),b) = (a,S(b)).

There is a natural pairing H* ® H — k given by evaluation.

Exercise 7. Prove the following isomorphism of bialgebras:

H' (A°P) = H(A)*P—oP.

9. The Antipode for the Ringel-Hall Algebra
Define an endomorphism S of H via S(Ky) := K_4 and, for M # 0,

Z Z 7'2 X, X)) 0X, " AX, Z N
SUMK ZL<J< K J>7TFX1"'X7~ FXI___XTUN.

a
r>1 X1, X, M N
non-zero

(9.1)
Note that for » = 1 we obtain —uy;. In general we set

S(UMKQ) = K,(Mer)S(uMK_M). (9.2)
THEOREM 2.18 (Xiao). The map S is an antipode for H.

PRrROOF. We wish to show that S *id = ne, the result for id xS being dual. This
is clear for Kg4, so consider uyK_ps. We have

asa
A(UMK, Z’UAB) A BFABUAK A®UBK M
A,B
=upyK_yQK_py+10upyK_ym

asa
+ Z (4.B) ABF TuaK_ 4 @upK_p.

IlOIl ZCI‘O
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Applying (S ® id) thus yields
(S * ld)(U,MK_M) = S(UMK_M)K_]W + ’U,MK_M

asa
+ Z 1}<A’B>2—MBF%S(UAK—A)UBK—M'
A,B

non-zero

Substituting in for S(uaK_4) shows that ((S *id)(urK_n)) K equals

StuntK_a) +unr +y. S oKt X B 4230, (X, X,) OX0 X, OB
a
r>1X1,...X,,B M
non-zero A M L
X E FX1~--XTFABE FXl,__XTuLuB.
A L

We now observe that

E A M _ M
FleXTFAB - FX1-~~XTB
A

and that
L X14-+X,,B L N
E Fxl...XTULUB:'U< IR >E Fxl..AXTFLBUN
L L,N

_ (Xi++X,,B) N
= r FX1-~X7»BuN'

N

Substituting back in, setting X, 1 := B, and then replacing r by » — 1 we obtain
(S * id)(U]y]K_]u)KM

23, (X, X5 80X T OX, M N
- E: E: v —— A P Fy,..x,un
N

a
>2 X1, X, M
non—zero

=0.
The general case for uyr K4 follows immediately. ]

COROLLARY 2.19. The antipode is invertible, with inverse given by S'(Kq) :=
K_g and, for M # 0,

S,(K—MUM) = Z Z (*1)7,1)2 Z'Kj(X“Xj)MF%...XT ZF)J(VTXIUN

a
r>1 X1, X, M N

non-zero
In general, we set
S/(KQUM) = S/(K,MUM)K_(M_;'_Q).

PROOF. Essentially the same proof shows that S’ is an antipode for the oppo-
site bialgebra H°P. The result then follows from standard results for Hopf algebras
(as in the previous section). O

10. Green’s Hopf Pairing

In this section we define Green’s Hopf pairing, and hence show that the Ringel-
Hall algebra H is a self-dual Hopf algebra.
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PROPOSITION 2.20. The symmetric bilinear form on H x H given via
(d.e)
v

{umKa, unKe} :=dun
an

is a Hopf pairing. Hence H is a self-dual Hopf algebra.
PrOOF. We need to check the three axioms of a Hopf pairing. Since uj; and
uy are orthogonal for M 22 N, we have
{UMKQ, UNKQUPKL} = {UMKdz U<N’P>+(P’Q)FJI\\,4PUMK§+i}

— U<N7P>+(P,9)+(d,g+j)FJJ\\[/IP/QM.

On the other hand,
{A(UMKQ) ,unKe ® UPKL}

= {U(N’P>FJJVWP%UNKP+Q ® UPKVQ7 UNKQ(X) upKi}

— 'U<N’P>+(P+d’g)+(d’i)Fﬁ[P/CLM.

Hence the multiplication and comultiplication are adjoint to one another.
Clearly

{UMKQ, 1} = §MO = G(UMKQ).
Finally, consider the antipode. We have

{S(urKa), unKe} = {S(Knva)S(um K-nr), unKe}

_ XX ax, ---ax,

— oy~ (M+d,N+e) (=12 XeXnpdd  phN o TR A
Xpo X, XX,
>1 X1, X MEN

Since this is symmetric in (M, d) and (N, e), we see that
{S(umKa), unKe} = {unKa, S(unKe)}

as required. O

11. Primitive Generators for Ringel-Hall Algebras

We finish this chapter with a result of Sevenhant and Van den Bergh showing
that the Ringel-Hall algebra is generated by primitive elements.
Define H" to be the subalgebra generated by the uy;. Then Green’s Hopf
pairing restricts to
{unr,un} :=onmn/an-
Since ay is a positive integer, we see that the form on H™ is positive definite.
Now, for each «, HI is finite dimensional and contains the subspace

+ o+
Z Hﬁ H’Y )
B+y=c; 3,770
Hence we can find an orthogonal basis for the orthogonal complement
1
+ g+
Z Hﬁ H’Y ) )
B+y=0c;8,77#0
Let {60;}:cr be the union of all of these bases for all & > 0.

We note that if o = e; for some i € Qq, then Hl‘ = Quug, and so without loss
of generality we may assume that 6; = ug,. In this way we identify Qo C I.
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LEMMA 2.21. For each ¢ € I we have
AlG;) =0, 1+ K; ®6;,
where K; := Kdimo, -
ProOOF. Extend {6;} to a homogeneous orthogonal basis {f,.} for H". We may
assume that fo = 1. Set & := {f,, f»} € Q, a positive real number.
Write A(6;) = Zns CrsfrKdim r, @ fs. Then
{Gia frfs} = {A(02)7 fr® fs} = &r&sCrs-
On the other hand, if both f,. and f, are different from 1, then this is zero by
definition of 8; (it is orthogonal to all proper products). Hence ¢.; = 0. Also,
{91’7 f7} = 57'67'0 = 57'007'
so that ¢.g = co = 0 if f. # 0;, whereas ¢ = co = 1 if f. = 0;. O
We can define a symmetric bilinear form on the lattice ZI via
(4,7) = (dim 6;, dim 6;). (11.1)
This clearly extends the bilinear form on ZQy C ZI.

PROPOSITION 2.22. This bilinear form satisfies the following properties.
(1) (4,5) <0 for alli# j, and (i,7) = 0 implies 6;0; = 6,0;;
(2) (i,9) € 2Z, and i & Qo implies (i,1) <O0;
(3) Set s; ;=1 fori & Qo. Then Si(z,j) €Z foralli,jel.
In particular, C = D' B is a symmetrisable Borcherds matriz, where D = diag(s;)
and B = ((4,7)).

PRrROOF. Consider

A(0;0;) = (0; 1+ K; ®6;)(0; @ 1+ K; ® 0;)

= (9197 ®1+ Gin ® 9]' + v(i’j)GjKi ®0; + Ki-i—j & 919]
Using the adjointness of the multiplication and comultiplication, it follows that
{0:60,,0,0,} = &&  and {06;,0,0,} = v"Ei¢,
where & = {6;,0;} as before. In particular, we have that
0 < {Glﬁj — v(i’j)ﬁjﬁi,éﬂj — v(i’j)GjGi} = fifj(l — q(i’j)),

where we have used that v? = ¢ together with the positive definiteness of the
bilinear form. Since ¢ > 1, we see that (i,j) < 0. Moreover, if (¢,j) = 0, then
0;0; = 0;0;. This proves the first part.

Next, for all o € ZQy we have (a, ) = 2(o, ) € 2Z, hence (i,i) € 2Z for
all i € I. If ¢ € Qo, then for all j € Qo we have (dim6;,e;) = (¢,5) < 0. Since
dim6; € ZQy is a linear combination of the e; with non-negative coefficients, it
follows that (dim 6;,dim ;) = (i,i) < 0, proving the second part.

Finally, if © € Qq, then Sii(ei,ej) € 7Z for all j € Qg by the results in Section
5. It follows that i(z,j) = S%(ei,di_mﬂj) € Z, since it is a linear combination of
integers. O

COROLLARY 2.23. The Ringel-Hall algebra H is generated by the 0;. This in-
duces a ZI-grading, where deg0; = i, which is a refinement of the original ZQ-
grading.
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We call I the set of simple roots. This splits into two sets, called the real and
imaginary simple roots, where i is real if (¢,7) > 0 and imaginary otherwise. Note
that ¢ is real if and only if 7 € Q¢ and there are no vertex loops at i.
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1. Borcherds Lie Algebras

In this section we present some of the main results from the theory of sym-
metrisable Borcherds Lie algebras. It is not intended to be a complete guide, and
(at the moment) we only briefly mention the category O. The main references are
the books by Kac and Carter.

1.1. Symmetrisable Borcherds Matrices. A symmetrisable Borcherds ma-
trix is given by integer matrices C = D' B indexed by some countable set I such
that D = diag(s;) is diagonal with s; > 1, B is symmetric with b;; < 0 for 7 # j,
and ¢;; € 27 with ¢;; < 2. We write

I'*:={i:c; =2} and I'™:={i:cy <0} (1.1)

We saw in Section 5 how to attach a valued graph to a finite symmetrisable
Borcherds matrix, and that each such arises via the Euler form of an hereditary
algebra over a finite field and valued graphs. A symmetrisable generalised Cartan
matrix is a finite symmetrisable Borcherds matrix such that I = I*°.

A realisation of C is given by a Q-vector space h of countable dimension
equipped with a non-degenerate symmetric bilinear form {—, —} together with a
linearly independent set IIY = {H, : ¢ € I} such that {H;, H;} = b;;/s;s;. Such
a realisation always exists. Moreover, by enlarging h, we may further assume that
there exists an element H, such that {H,, H;} = ¢;;/2 for all i € I.

We use {—, —} to identify h with a subspace b of its dual b*, which then has
a non-degenerate symmetric bilinear form (—, —) by transport of structure. We set
e; = s;{H;,—} and p := {H,,—}, and call Il = {e; : i € I} the set of simple roots.
In summary,

e‘(b;):b‘j./s,ic,, and p(H;) ={Hy, H;} = ci;/2 (12)
S v Y ei(H,) = (ei, p) = bii /2. ’
(eirej) = byj

We identify the lattice inside h* generated by the e; with ZI and call it the root
lattice.

We recall that there exists a pair of bases {Hy : b € B} and {H®: b € B} of b
such that {H;,, H°} = 0y .. For any such pair of bases, we have

S OAMH)AH®) = (A, ) for all A € b, (1.3)
beB

For a =), a;e; € ZI we define its support as
supp(a) :={i€1:0; #0} C I. (1.4)

Also, given a subset J C I, we call J disconnected if there exists a non-trivial
decomposition J = J; U J into disjoint subsets such that (e;,,e;,) = 0 for all
Jr € Jr. We remark that, using the correspondence between finite symmetrisable
Borcherds matrices and valued graphs, a subset J C I is connected in the above
sense if and only if it is the set of vertices of a connected subgraph.

For each i € I we define the simple reflection r; on h* via

ri(a) = a— l'(oz, €;)eé;. (1.5)

8
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The Weyl group W is the group of automorphisms generated by the simple reflec-
tions. It is clear that the Weyl group preserves both h§ and its bilinear form, and
that it restricts to an automorphism of the root lattice ZI.

1.2. Borcherds Lie Algebras. Let h be a realisation of C.

DEFINITION 3.1. We define g to be the Lie algebra generated by h and elements
FE; and F; for ¢ € I such that § is an abelian Lie subalgebra and

[Ei7Fj] = 5ini, [H, EJ] = ej(H)Ej [H, FJ] = —€j(H)Fj (16)
forall HLH €b,i,5 €l.

PROPOSITION 3.2. There is a triangular decomposition § = §~ ®h®§™, where
am (respectively g~ ) is the free Lie algebra generated by the E; (respectively the F}).
Moreover, g is a ZI-graded Lie algebra, where

degE; =e; = —degF; and degH = 0.

Since the form is non-degenerate, we see that

0o :={z€g:[H,z]=a(H)x forall H€ p}. (1.7)
We remark that all ideals t of g are graded. We write t* := tNg™ and t¥ := tnh.
We now endow g with a symmetric bilinear form {—, —}, which is invariant in
the sense that
{z, [y, 2]} = {[=, ], 2}, (1.8)

and which extends the bilinear form on b.

THEOREM 3.3. There is a unique invariant symmetric bilinear form on g ex-
tending the symmetric bilinear form on h. In particular, this satisfies
{80,838} =0 wunlessa+=0 and {E;F;}=1/s;.

PRrOOF. Let g(r) be the subspace of g spanned by all Lie monomials of length
at most r. These clearly induce a filtration of g.

We start by using the invariance to construct some necessary relations. For
T € G, Y € 9p and H € h we have

ﬁ(H){xvy} = {.%', [H7 y]} = {[l',H], y} = —Oz(H){.%‘, y}'
It follows that {g.,8s} = 0 unless a + 3 = 0.
We introduce the notation

(B - By = By, [ (B B (1.9)

Then, for two Lie monomials [E;, - -- E; | and [F}, - - - F}, ], we have

By - B L [Fy, - Fy )y = By, - By B By, - FjL ]}

== G dlBy- - ELLIE, - Hj, - Fy ]}
s=1

= i (Cujos + o+ i ][ Biy - B ) [y, - By, - Fy DY
s=1

Thus the definition of the bracket product on Lie monomials of length r is com-
pletely determined by the definition of those of length » — 1. Finally, if e;(H) # 0,
then

ei(H){E;, Fi} ={E;, [Fi, H|} ={[E;, F}|, H} = {H;, H} = ¢;(H)/s;.
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Thus {E;, F;} = 1/s; and so there is at most one extension of the bilinear form to
the whole of g.

We can use the above relations to define a form on pairs of Lie monomials.
That this defines a bilinear form on g follows from the invariance on smaller Lie
monomials together with the Jacobi identity. We deduce that the form is invariant
on g. The details can be found in either [Kac] or [Carter]. O

We denote the radical of this form by

rad .= {z € g:{z,g} =0}.
Then rad is a graded Lie ideal intersecting b trivially.

LEMMA 3.4. The ideal rad is the unique maximal (graded) ideal intersecting
trivially.

PROOF. Let t be any ideal intersecting f trivially and suppose that tg C rad
for all 0 < 8 < a. Consider x € t,. Then for all i € I such that «; > 0,
[z, F}] € tqa—e, C rad. Thus {z, [F;,y]} = {[z, Fi],y} = 0, and since g_,, is spanned
by the elements [F;,y] with y € ge,—qo, We see that z € rad. O

DEFINITION 3.5. The Borcherds Lie algebra associated to the realisation b of
C is the quotient g := g/rad. The bilinear form clearly descends to an invariant
symmetric bilinear form on g, and this form induces a non-degenerate pairing

{_7_}: ga X g—a — Q
for all a € ZQy.
It follows immediately that g is again ZI-graded with gg = h. Moreover, since
rad intersects b trivially, we see that rad™ is again an ideal and g+ = g+ / rad*.

PROPOSITION 3.6. Fori # j € I we have

n—1

{(ad )" (B)), (ad F)"(F)} = (=1)" = T (esy + reas/2).
J r=0

In particular, the following Serre elements all lie in the radical:
(ad E))' 9 (E;) and (ad F})'™9(F;) ifi € I" and j # i

1.10
[Ei,Ej} and [Fz,FJ] Zf Cij = 0. ( )

PROOF. We begin by observing that

(ad Ez)(asz)"(F]) = Z (adF,)r(ade)(ad FZ)S(FJ)
r+s=n—1
= — Z (Cij + scii)(ad Fi)n_l(Fj)
r4+s=n—1
= 777,(61']' + (’Il — 1)0”/2)(ad Fl)nil(F])

The first statement now follows by induction on n, using the invariance of the
bilinear form. In particular, the Serre relations correspond to elements in the
radical of the bilinear form, since gye, 1., is one dimensional. The last statment is
now clear. |
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DEFINITION 3.7. Let J C rad be the ideal of g generated by the Serre elements
defined above in Equation (1.10). We define the Lie algebra g := g/J. Then g is
again ZI-graded with g, = b and the invariant bilinear form on g descends to g.

We note some immediate consequences of the definitions. There is an epimor-
phism of graded Lie algebras g — g which respects the bilinear forms. Moreover,
ad E; and ad F; for i € I act locally nilpotently on both g and g.

The main result that we require is that g = g, or equivalently that J = rad.
This we show in Theorem 3.11.

The roots of g are defined to be

O:={a€Zl:a#0,g,#0} (1.11)

This has a completely combinatorial description, which we now give.
The fundamental region is defined as

K:={a>0:(a,e;) <0 forallie I, supp(a) connected} \ {ne; : i € I'™ n > 2}.

(1.12)
Note that if @ > 0 and i € I'™, then we necessarily have that (a,e;) < 0. In
particular, e; € K for all i € I'™. Conversely, we know that g,., = 0 for all i € I
and all n > 2, hence ne; € @ for all n > 2.

THEOREM 3.8. The set of roots decomposes into real and imaginary roots ® =
ore U dim where

o= | We; and @™ == | ] Wa.
ielre acK
ProoOF. We know that ad F; and ad F; for i € I™® act locally nilpotently on g.
It follows that the expression
t; == exp(ad E;) exp(—ad F;) exp(ad E;) (1.13)
is a well-defined automorphism of g for all ¢ € I™. It is easy to check that
1
t;(H)=H - —e;(H)H; forall H €¥. (1.14)
S;

This action is dual to the reflection r; on h*. In particular, we have an induced
isomorphism ¢;: go — 9r:(a), and so the set of roots & is W-invariant.

Clearly all simple roots are contained in ®, and every positive root is of the
form w(c) for some a € ITIUK. It remains to show that all roots in the fundamental
region K are contained in ®. We refer the reader to [Kac| or [Carter].

In fact, with some extra work, one can show that the automorphisms ¢; describe
an action of the braid group on g (reference?). |

We define the root multiplicites as
mult(a, g) := dim gq,. (1.15)
It follows that

mult(ce, g) = mult(r;(a),g) forallie I' and « € ZI. (1.16)
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1.3. Category O. We now describe the category O, a certain subcategory of
(left) g-modules satisfying certain nice properties.
Let M be a g-module. For A € h* the space

My:={meM:H-m=MNH)m for all H € b}

is called the A-weight space of M.
A module is called h-diagonalisable if it is the direct sum of its weight spaces.
If M is h-diagonalisable, then we define its support to be

supp(M) := {\ € h* : M, # 0}.
Some important h-diagonalisable modules are the lowest weight Verma mod-

ules. Given A € b let Q) be the one-dimensional U(h @ g~ )-module with basis
vector 1, such that

H-1y:=MH)ly, and F; -1y :=0. (1.17)
The Verma module M ()) is defined to be the induced module
M(A) == U(9) @upapg-) Q- (1.18)
As a vector space, we see that
M), = U@ )u-n (1.19)
and so
supp(M (X)) = A+ Nol. (1.20)

We are now in a position to define the category O. Its objects are the b-
diagonalisable modules M with finite dimensional weight spaces and whose support
is contained in the supports of finitely many lowest weight Verma modules. That
is, there exists Ai,..., A, € b such that

supp(M) < supp( €D M (\)) = J (\i + NoI).
It follows immediately that each F; acts locally nilpotently on each M € O.
Given M € O, a non-zero vector v € M, in some weight space is called a
heighest weight vector if v # 0 but g~ - v = 0. It follows that there is a morphism
M(X\) — M sending 1, to v. More generally, v is called a primitive vector if it is a

heighest weight vector in some factor module of M.

LEMMA 3.9. Fach module M € O is generated (even as a U(g™)-module) by
its primitive vectors.

Given a module M € O, we define its formal character as
ch(M) =) "(dim My)e*. (1.21)
A

Defining e*e# := e**, we see that the character can be veiwed as an element in a
certain completion of the group ring of h* (as an additive group). It follows easily

from the Poincaré-Birkhoff-Witt Theorem that
ch(M(N) = e*ch(U(g)t) = * J] (1 —e)muttloo), (1.22)

acdt

The Casimir operator €2 is of central importance in studying the category O.
It is defined as follows. Take a homogeneous basis {F, : a € A} of g7 and take the
dual basis {F, : a € A} with respect to the non-degenerate form {—, —}. Next take
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a pair of bases {Hy : b € B} and {H" : b € B} of h which are dual with respect to
{—,—}. Recall also the element H, € b such that {H,, H;} = ¢;;/2 for all i € I.
Then the Casimir operator is given by

Q:=) H'H,—2H,+2) E.F,. (1.23)
b a

Given M € O and v € M, we have F,-v = 0 for almost alla € A, and >, H'Hj-v =
(A, A)v. Thus Q is well-defined on each M € O.

LEMMA 3.10. The operator §2 is independent of the choices of bases and com-
mutes with the action of U(g).

Using these facts we see that Q acts on the Verma module M (X) for A € b as
scalar multiplication by (A, A —2p) = (A — p, A — p) — (p, p). For,

Q~1,\:ZHb-Hb-1,\—2HP-1)\

b
- (Z MHA(Hy) — 2M(Hp))1x
b

— (A =200, ) L.
We note that Verma modules can also be defined for both g and g. In fact, as
before, write Q) for the one dimensional U(h & g~ )-module with basis vector 1,
such that H - 1y = A(H)1, and F; - 1, = 0, and define

M(\) == U(g) Qv (has-) Qx-
Then

M) =U(8) @u M)
M(X) =Ul(g) ®@u) M(N)
are the Verma modules for g and g.

On the other hand, the definition of the Casimir operator required the non-
degeneracy of the form {—, -}, and for that reason cannot a priori be lifted to g
or g.

1.4. A presentation for Borcherds Lie algebras. We can now sketch the
proof of the following theorem, which shows that g = g.

THEOREM 3.11. The radical is generated as an ideal of g by the Serre elements
(ad E;)' =9 (E;) and (ad F;)'™“(F;) fori€ I™ and j # i,
[Ei,E;] and [F;,F;] whenever ¢;j = 0.

PROOF. Recall that J is the ideal of g generated by the above elements. We
have already shown that J C rad and since everything respects the grading we can
write rad/J = @, ¢z 1ada/Ja-

__ We have already noted that rad* is an ideal of §, and using the isomorphism
M(0) = U(g") as graded vector spaces, we obtain an embedding rad™ — M(0).

This is naturally an embedding of g-modules.
Next, since U(g™) is a free algebra, the natural g-homomorphism

@ ]\A/[/(el) — M(O), (’I}l . 161‘,)i = ZIITZEZ . 10

el
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is an embedding. Since this is of codimension one, €, M (e;) must be the unique
maximal submodule of M (0). We thus obtain the map

rad® — @ M(e;) € M(0)
i€l
and hence a map
rad™ — @M(ei) — @M(ei).
iel iel
The kernel of the map M (e;) — M (e;) is precisely the kernel of the map U(g") —

U(g"), which equals rad*U(g"). Thus the kernel of the map rad®™ — @, M (e;
equals

radt Nrad*U(g") = [rad™,rad*] =: c.

The commutator ¢ is a small submodule of rad™, since if ¢ is a submodule such
that v4¢ = rad™, then ¢/(cNt) = rad™ /v and so rad™ /¢ equals its own commutator.
This, however, is impossible by considering minimal weights.

In particular, we deduce that rad™ is generated by those weight spaces cor-
responding to the weights of the primitive vectors of rad™ /c. Since the Casimir
operator acts as zero on each M(e;), we see that each primitive vector of rad™ /¢
has weight X satisfying (A\,A) = 2(p,\). Tt follows that the quotient rad™/.J is
generated by its weight spaces of weight A satisfying (A, A) = 2(p, A).

Now suppose that (rad®/J), # 0 with o minimal. We know that the Serre
relations hold in g/J, so ad (F;) and ad F; for i € I'® act locally nilpotently. We
can thus define the automorphism ¢; for ¢ € I as in the proof of Theorem 3.8. In
particular, since

dim(rad/J), = dim g, — dim(g/J)aq,
we see that the Weyl group acts on the set {« : (rad/J), # 0}. By the minimality
of o, we see that r;(a) > « for all ¢ € I'®, and hence (a,e;) < 0 foralli € I. In
particular, (o, ) < 0.

Putting this together, if « = >, aje; > 0 is minimal such that rad} /J # 0,
then (o, e;) <0 for all 4, and (o, a) = 2(p, @), or equivalently, > . (o —e;, ;) = 0.

Now, if ¢ € I, then (e;,e;) = b;; > 0, so that (o — e;,e;) < 0. On the other
hand, if i € supp(a) N ™, then

(a—ei,e;) = (a; — 1)by; + Zozj(ej7 e;) <0.
J#i
We deduce that o; = 0 for all i € I', that (e;,e;) = 0if ¢, € supp(«a), and that
(€i,ei) = 0 if a; > 2. For such a weight o we note that g, = 0, since [E;, E;] =0
for all 4,5 € supp(c). Hence J} = rad] = 0, a contradiction. |

It now follows that the universal enveloping algebra U(g) is the quotient of
U(g) by the ideal generated by the Serre elements

S (C)EVEEY =0 and Y. (“1)FVREY fori#j,
r+s:1—cij r+s:1—c7¢j
EiEj = EJEz and FlFJ = F]Fl whenever Cij = 0,
(1.24)



1. BORCHERDS LIE ALGEBRAS 61

where we have used the divided powers EZ-(T) = LE. Moreover, g™ = g/ rad™ has
a presentation via the generators F; for i € @)y and the relations

(ad B;)' = (E;) =0 fori#j,
[Ei, Ej] =0 whenever ¢;; = 0.
Thus U(g™) has a presentation via the generators E; for i € Qg and the relations
S (CV)EPEEY =0 fori#j,
r+s=1—c;;

EiEj = EJEZ whenever Cij = 0.



