Non-commutative Algebra, SS 2019

Lectures: W. Crawley-Boevey
Exercises: A. Hubery

Exercises 7

1. Consider the algebra U, (slz) over C, having generators k, k=1, e, f subject to
the relations

k—k!
v—ov 1’

kk'=1=k"k, kek~'=1%, kfk '=v"2f, ef—fe=

where 0 # v € C is not a root of unity.

(a) Show that U, (slz) is spanned by the elements ek” f* for a,b > 0 and r € Z.
(b) Given A € C, show that C[t] becomes a U, (slz)-module via the action
kot = )\,UQntn7 e-th = tn—%—l7
R L e T L f-t" = —=n]\n— 1",
where

A" — A~ ly—n

v—o!

A;n] and [n]:=[1;n].

This is called the Verma module, denoted V.

Hint: the action determines a module structure for the free algebra with
generators k, k~ !, e, f, so we just need to check that all the relations hold,
so for example that kek™! - t" = v2e - t"™ for all n.

2. For a field K we set Kle|] := K|[z]/(z?), where € is the image of . Then, as a
K-vector space, we have ML, (K[e]) = M,,(K) + M, (K)e.

(a) We can write GL,(R) = {M € M,,(R) : det M € R*}. Show that
{M € M, (K): I+ Me € GL,(K]e])} = M, (K).
(b) We can write SLy(R) = {M € M,,(R) : det(M) = 1}. Show that
{M € M, (K): I+ Me € SL,(K[e])} = {M € M, (K) : tr(M) = 0}.

(c) Set SO, (R) = {M € My(R) : det(M) =1, M'M = I}. Show that, in
characteristic different from 2,

{M eM,(K): I+ MeecSO,(Kl])} ={MecM,(K): M +M"=0}.
In other words, we have the following descriptions of the Lie algebras

gl, = M, (K), sl,={M:tr(M)=0}, so,={M:M+ M"'=0}.



3. Recall that the Temperley-Lieb algebra T'L,,(0) has a basis indexed by diagrams
of the form

2
{\/\m

so having n dots on the top row, n dots on the bottom row, and the dots
are connected by non-crossing lines. (In the lectures the diagrams were drawn
vertically, rather than horizontally.)

We wish to compute C,, := dimT'L,, ().

(a)

Show that the C,, satisfy the recursion Co = 1 and Cpy1 =), 5, CaCh.
Hint: We label the vertices clockwise from 1 to 2n. Given a diagram, say
with vertex 1 is connected to vertex ¢. Show that ¢ = 2a + 2 for some
0 < a < n, and that we have two smaller diagrams on vertices 2,...,2a+1
and on 2a + 3, ..., 2n.

Consider the generating function C(t) := >_, 5, Cyt". Show that the re-

cursion corresponds to the functional equation C(t) = 1 + tC(t)2. Show
further that this has solution C'(t) = (1 £ /1 — 4t)/2t.

Show that the Taylor expansion at ¢t = 0 is

— @)t .

Hence (1 —+/1 — 4t)/2t does not have a pole at 0, and so its Taylor expan-

sionatt=0 (2n)!
n)!
Ct)y=Y ——L
®) nzZ;)n!(nJrl)!

yields a solution to the functional equation C(t) = 1+ tC(t)?.
This proves that

. B B (2n)! 1 2n
dimTL, () =C, = Dl ni\n )

which is the n-th Catalan number.



4. We consider the following quiver @ of type D4

1&3/4
2V X5

We counsider representations of @) over a field K of dimension vector (1,1,2,1,1).
Fixing bases, we can write

K K

N
. K2
V \w
K K

which we abbreviate to [($), (5), (pq), (rs)].

(a) Show that the representations [((1)), (?), (pq), (rs)] has endomorphism al-

gebra K if and only if at most one of p, ¢, r, s is zero.

(b) In this case show further that, up to isomorphism, we may assume three
of p, q, 7, s equal one. Use this to give one representative from each isomor-
phism class.

(¢) There is one other indecomposable (up to isomorphism) of dimension vector
(1,1,2,1,1). Find it.

(d) Exhibit those pairs of non-isomorphic indecomposables M, N for which
there exists a non-zero homomorphism M — N.

To be handed in by 31st May.



