ADDENTUM TO “A NOTE ON FOURIER-MUKAI PARTNERS OF
ABELIAN VARIETIES OVER POSITIVE CHARACTERISTIC FIELDS”

ZHIYUAN LI AND HAITAO ZOU

There are two remarks should be made for this paper.

(1) Throughout this paper, we only consider abelian varieties of dimension > 2. For example,
in the statement Theorem 1.2 and Section 4.2, this condition is required.

(2) In Proposition 4.5, we also need to assume that dim A; > 2 as before. As pointed by Riku
Kurama and Saket Shah, a similar statement doesn’t hold for elliptic curves.

Moreover, few statements in Section 4 need to be modified. In the proof Proposition 4.5
(p.10), the clalm that “..we can find an isomoprhism f € Hom(A; X Ay, Ay x Ag) such that
o= Hcrys(f) . should be replaced by “..we can find an isogeny f € Hom(A; X Ay, Ag x Ag)
such that Hérys( f) is an isomorphism of abelian crystals, ... Thus we cannot conclude from the
rest part of the original proof. We now complete the proof for Proposition 4.5 with a strong
approximation argument as follows.

Proof. As there is an isometry between abelian crystals H Al x Al) Ay X AQ)
have an isomorphism A; x A\l =~ Ay x A\g, by Ogus crystalline Torelli theorem for supersmgular
abelian varieties. This implies that A; and Ag are isogenous. Choose an isogeny «: A7 — As.
Suppose dega = d and an isogeny B: Ay — Aj such that o 8 = [d]a,. Let ™! = g €
Hom(A2, A1) ® Q, that is an invertible element. Consider the quasi-isogeny

crys ( cryb (

0
f= (3‘ a_1> € Hom(A; x A1, Ay x A2) @ Q.

We can see deg(f) = 1 and f = f~1. Now it is sufficient to find g € U(A3)(Q) such that

[T 1&g 0 £.20) x Hepyo(g 0 ) € U(Ar, A2)(2).

t#p
This is because it this will force go f to be an isomorphism of abelian varieties and satisfies the
symplecity condition.

For simplicity of notation, let A = A,. Since A is isogenous to a product of supersingular
elliptic curves, we have
End(4) ® Q = End(A4) ® Q = M, (D)

the set of n x n matrices in a quaternion algebra D. The quaternion algebra D is split at every

place except p and co. Thus, we can see the group of self isogenis f of A x A such that f f!
is given as

=2 8) o] (5 5N D 2)-(2 ) )

Since D ®g R = H, we can see U(A)(R) = SO}, as n > 2 (see [3, (3.3.2.3)] for example), a
non-compact R-form of SO(4n) of type DL . This implies that U(A)(C) = SO(4n)c. Actually,
U(A)(Q) can be viewed as the Q-rational points of an algebraic group over Q of type 2Da,,
denoted by G. The general theory of classical groups of type D implies that

G = SO(V,h)
for some skew-hermitian form A on a free D-module V of dimension 2n.
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Let m: Spin — G be the universal covering of G, i.e., a simply-connected central isogeny of
algebraic groups. It induces an exact sequence of finite adelic points:

Spin(Aj) = G(Af) = AF /AT =1

since the vanishing of Galois cohomology H'(Qy, Spin) = 0 for any prime £. With the similar
argument as Lemma 7.7 in [4], we can see that the spinor norm image

sn(G(Q) - G(Z)) = A} A}, (0.0.1)
where G(Z) C G(A #) is the open compact group of Z-points. Then 7 induces a surjection
Spin(Q)\ Spin(As)/7H(G(Z)) - G(Q\G(A)/G(Z),

and G(Q)\G(Ay)/ G(i) is a singleton by the srong approximation property of Spin (who is
simply connected semisimple with non-compact real part). Actually, (0.0.1) can be deduced
from the following facts.

(i) For any field F' in characteristic zero, G(F') is generated by reflections:

(5,0): &+ x — h(s,s)o 'z,
with o € (D ®g F)*, s € Vi and h(s,s) = o — . The spinor norm sn(s, o) = Nrd(s) - F*,
with the reduced norm Nrd: D ®qg F' — F. (see [1, (12),(13)]). The reduced norm D — Q
maps D* onto Q.
(ii) As dimp V = 2n > 3 (under the assumption that n > 2), if hg represents zero, then the
skew-Hermitian form A represents all non-zero skew-quaternions in D, i.e., for all a € D*
such that @ = —a' there is s € V such that h(s,s) = a (see §4.3 Lemma 4 and §5.10 in [2]).

Fix integral isometries 6;: Hét(Ag X A\Q,Zg) = Hét(Al X E,ZZ) for all ¢ (for ¢ = p, taking
the crsytalline realization). This can be done for any ¢ # p since H} (A; x A;,Z;) are both
01

isometric to (U @ Z)®" for hyperbolic plane U ® Z;, = (1 0

), and for £ = p, this is given by

our assumption. Let

Y= H Hét(fa ZZ) X Hirys(f) o (ef) € G(Af)
L#p

As we have seen the double quotient G(Q)\G(Af)/G(z) = {1}, there is g € G(Q) such that
goy € G(Z), and in particular

[T 8 (g0 £, Z0) x Hy (g0 f) € U(Ar, As)(Z). O
L#£p

Remark 0.1. If n = 2, then we have Dy = Ay x Ay. In this case, the strong approximation
argument fails.
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