MONODROMY RANK AND THE SEMISIMPLE MUMFORD-TATE
CONJECTURE FOR HYPER-KAHLER VARIETIES
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ABSTRACT. In this paper, we establish two main results concerning the Mumford—
Tate conjecture for hyper-Kéhler varieties. First, we prove the conjecture for the
semisimplified ¢-adic Galois representations attached to hyper-Kéahler varieties with
second Betti number by > 4. As a direct consequence, we deduce that the Hodge
conjecture implies the Tate conjecture for powers of hyper-Kéhler varieties. Second, we
show that the Mumford—Tate conjecture for hyper-Kéhler varieties is invariant under
deformation. The proofs rely on comparing the ranks of /-adic algebraic monodromy
groups in higher degrees to those in degree 2 via the theory of Frobenius tori and the
Looijenga—Lunts—Verbitsky Lie algebra.
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1. INTRODUCTION

In the study of Galois representations of abelian varieties, Mumford and Tate [Mum66]
formulated the following conjecture (see also [Ser64]). Let X be a smooth projective
variety over a finitely generated field K over Q.

Conjecture (MTC;). Fix a field embedding K ¢ C. Let K be the algebraic closure of
K inside C. For any prime ¢, the isomorphism GL(Hy (X3, Q/)) = GL(HR(X))q, via
the Artin comparison isomorphism gives an identification

Gi(X)°=MT;(X¢)q, -

Here Gy;(X) is the (-adic algebraic monodromy group of Hi (X7, Qr); and MT;(X¢)
is the Mumford-Tate group of the Hodge structure on the Betti cohomology Hi (X, Q).

In this paper, we propose a general approach to tackle the Mumford-Tate conjecture
for higher-degree cohomologies of hyper-Kdihler varieties, which are known to have a close
relationship with abelian varieties. As a consequence, we show that the conjecture holds
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after taking semisimplification of the Galois representation. Moreover, we can show the
validity of (MTGC,;) is deformation invariant for hyper-Kéhler varieties.

1.1. Abelian varieties and their relatives. To begin, we recall the case of abelian
varieties. Let K be a field in characteristic zero. For simplicity, we assume that K c C,
a subfield of complex numbers.

1.1.1. For an abelian variety A over K, a celebrated theorem due to Deligne states that
every Hodge cycle on A is an absolute Hodge cycle (see [DMOS82, 12.11]). Consequently,
there exists a natural injective homomorphism

Gi(A)° > MTi(Ac)q, (1.1.1)

for an abelian variety over K ¢ C and any integer 0 < i < 2dim(A). Therefore, to verify
the Mumford-Tate conjecture for an abelian variety, it suffices to show that Gg;(A)
and MT;(Ac)q, are isomorphic (or simply of equal dimension) as abstract Q-algebraic
groups. However, this problem remains open, even for abelian fourfolds (see [MZ95,
Pin9s]).

Deligne observed that (1.1.1) can be extended to a more general setting by considering
the abelian motives. For example, the motives of curves, Fermat hypersurfaces, or K3
surfaces (see [DMOS82, II Proposition 6.26.]). Here, “motive” may refer to a Chow
motive, or a motive in a weak sense of Deligne [DMOS82, II. §6] or André [And96b].

From a motivic perspective, one can also formulate the Mumford—Tate conjecture
for Shimura varieties, viewing them as moduli spaces of Hodge structures of abelian
motives with additional structure. Indeed, Deligne’s theory of canonical models provides
natural Galois representations for special subvarieties of Shimura varieties, allowing the
Mumford-Tate conjecture to be stated for their generic points (see e.g., [UY13, Vas08]).

1.1.2. Beyond the case of abelian varieties, the Mumford—Tate conjecture faces more es-
sential challenges. One of the primary difficulties for general smooth projective varieties
is the lack of a proof for the absolute Hodge conjecture. Consequently, the existence
of the injective homomorphism (1.1.1) remains unestablished in general. Without this
inclusion, it is not clear how to identify these two algebraic groups via the comparison
isomorphism

HL (X%, Q) 2 H (X¢, Q) ®q Qr,

even if one could show that Gy ;(X)° 2 MT;(X¢)q, holds abstractly as an isomorphism
of Q-algebraic groups.

Another challenge for the conjecture is about the semisimplicity of Galois representa-
tions. In fact, the Mumford-Tate conjecture implies that Q-algebraic groups Gy ;(X)°
are all reductive groups over Qy, since the Mumford—Tate groups are intrinsically reduc-
tive. Since the reductivity of Gy ;(X)° is equivalent to the semisimplicity of the (-adic
étale cohomology HY, (X7, Q) as a Gal(K/K)-representation, it is also predicted by

— the Tate conjecture regarding the algebraicity of Tate classes (see [Moo19]), which
remains open except in a few cases; or

— Tate’s conjecture on the semisimplicity of Frobenius over finite fields ([Tat65, §3
Conjecture (d)]) together with the Chebotarev density theorem.

We also refer to the reductivity of G¢(X)° as the semisimplicity conjecture for X.
Like the algebraicity of Tate classes, this has been verified in only a limited number of
cases. For example, considering abelian varieties over a finitely generated field over Q,
it can be deduced from the Tate conjecture on the endomorphisms, proved by Faltings

(see [FWG'92, IV, §1, 1.1, 1.4)).
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1.2. Hyper-Kahler varieties and the semisimple Mumford—Tate conjecture.
In higher dimensions, a natural direction is to study so-called hyper-Kdhler varieties,
which are K-trivial varieties that bear a close relationship with abelian varieties.

Definition 1.2.1. A hyper-Kéhler variety over K is a smooth projective variety X over
K such that

(1) HY(X,0x) = 0; and
(2) HO(X, Qx/k) is K-linearly spanned by a symplectic form' o:0x — Q%(/K'

By definition, the presence of a symplectic form forces the dimension to be even, i.e.,
dim X = 2n. The basic example is the surface case (dim X = 2): smooth projective K3
surfaces are 2-dimensional hyper-Kéahler varieties, and they are the only such examples
among algebraic surfaces.

In higher dimensions (2n > 4), the picture changes substantially. Beauville [Bea83]
constructed two families of deformation types:

— varieties of K3["-type, and
— varieties of Kum,-type.

In dimensions 6 and 10, O’Grady constructed two further exceptional families of de-
formation types [0’G03, O’G99], commonly called of OG 6-type and OG 10-type. At
present, these are all the known deformation types, and producing examples beyond
these four remains a very difficult problem.

1.2.2. The Mumford—Tate conjecture has been verified for hyper-Kéhler varieties in
certain special cases. For degree 2 cohomology, it was established by Tankeev [Tan90,
Tan95] (for dim X =2) and André [And96a].

Theorem 1.2.3 (Tankeev, André). Let X be a hyper-Kdihler variety over a finitely
generated field K with bo(X) >4. Then (MTCy) holds for X.

A natural question is whether one can extend this result to (MTC;) for 2 < i <
2dim X - 2. In this paper, we employ algebraic group—theoretic methods to reduce
the problem to degree 2, carefully analyzing the constraints on the f-adic algebraic
monodromy group Gy(X) inherent to hyper-Kéhler varieties.

Our starting point is a general feature of the Hodge structures of hyper-Kéahler vari-
eties. Consider the Mumford-Tate group MT(X¢) associated with the full cohomology
ring H3(X¢, Q), viewed as a graded polarizable Q-Hodge structure. For a hyper-Kéhler
variety, a theorem of Verbitsky (Theorem 3.1.9) establishes that the natural projection
to the second cohomology group,

MT(X¢) — MTy(X¢),
is an isogeny of degree < 2 (see Lemma 3.2.5). Inspired by this result, we investigate the
second degree projection in the Galois side. Our first main result is:
Theorem A (Theorem 4.3.2). Let X be a hyper-Kdhler variety over a finitely generated

field over Q. For any rational prime £, we have
1k Gy(X) =1tk Gy2(X).

Here, Gy(X) is the f-adic algebraic monodromy group of the full cohomology ring
HZ, (X7, Q¢), and rk denotes the rank of a connected algebraic group (the dimension of
a maximal torus of its geometric form).

L3 nowhere degenerate closed 2-form.
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Notably, Theorem A allows us to avoid appealing to the abelianicity of the motive
h(X) in order to see the injective homomorphism (1.1.1), at least for the reductive part.

1.2.4. Let p*:Gal(K/K) - GLq, (H (X7, Q¢)) be the semisimplification of the Galois
representation on Hfét(XF, Q), and let GE?f(X ) denote the identity component of the
Zariski closure of the image of p™. The subgroup sz-d(X ) € Gi(X)° can be viewed
as a Levi subgroup—a maximal reductive subgroup that, together with the unipotent
radical, generates Gy ;(X)°.

Theorem A, combined with (MTCs) for X establishes an isogeny G}*(X) ~ MT(X¢)q,
of Q-algebraic groups. This implies an isomorphism

g7 (X) 2 mi(Xc)q, (1.2.1)

of Q-Lie algebras, which corresponds to the original formulation of the Mumford—Tate
conjecture in [Mum66] (specifically for abelian varieties). We further show that this
isomorphism lifts to the level of algebraic groups and is compatible with the comparison
isomorphism:

Theorem B (Theorem 5.6.4). Let X be a hyper-Kdhler variety over a finitely generated
field K over the prime field Q. Suppose that the second Betti number bo(X) > 4. The
comparison isomorphism induces an identification of algebraic groups

G(X) = MTi(Xc)q, -
for any field embedding K — C and integer 0 <4 <2dim X.

We refer to the statement in Theorem B as the semisimple Mumford—Tate conjecture
for X (in degree 7).

1.2.5. We can see that Theorem B has a strong consequence on the relation between
Hodge conjecture and Tate conjecture. The semisimple Mumford—Tate conjecture for X
particularly implies that

MT(X¢)q, € G¢(X)° (1.2.2)

for any prime £. Recall that Hodge tensors and Tate tensor are defined to be the tensors
that are invariant under the action of the groups MT(X¢)q, and G¢(X) respectively.
Thus, the natural inclusion (1.2.2) shows that Tate tensors in any

HE (X7, Q0)®™ @ Hy (X7, Qo) " ® Qu(k)

can be written as certain Qg-linear combination of Hodge tensors in the corresponding
tensor space of Hy(X¢, Q), under the comparison isomorphism.

With the Kiinneth formula, we derive the following implication relating the Hodge
conjecture and the Tate conjecture for powers of hyper-Kéhler varieties.

Corollary 1.2.6. For any self-product X of a hyper-Kdhler variety X, over a finitely
generated field K over the prime field Q with bo(X) >4, we have

‘Hodge conjecture in degree Qk‘ — ’ Tate conjecture in degree 2k ‘

This result also appears in [Flo22b, Theorem 1.2], where it is obtained under the
additional hypothesis that the odd-degree cohomology groups vanish when m > 2.

1.3. Mumford—Tate conjecture in a family. Previous works in [FFZ21] and [Sol22]
used the deformation principle for motivated cycles to show that the property of be-
ing “abelian” is stable under deformation for André motives arising from hyper-Kéhler
varieties. This particular result implies that a motivic version of the Mumford—Tate
conjecture is stable under deformation.



MONODROMY RANK AND SEMISIMPLE MTC FOR HK VARIETIES 5

1.3.1. In this paper, we provide a variant of this deformation principle. Rather than
working with motives, we study the behavior of the Mumford—Tate conjecture within
a family. This approach offers greater flexibility, as it only requires dealing with the
local system of f-adic cohomologies. Our key observation is that semisimplicity is pre-
served under geometric deformation of hyper-Kéhler varieties. Consequently, assuming
Theorem B, (MTC;) is also stable under deformation for any degree i.

Recall that two varieties X/K and Y /K’ are deformation equivalent if there is a
smooth projective family f:X — S over a geometrically connected smooth variety S
(defined over a common subfield Ky ¢ K n K'), such that X 2 X5 and Y = Xy for some
s€S(K) and s € S(K').

Theorem C. Let X be a hyper-Kdhler variety over a finitely generated field K over the
prime field Q. Suppose that the second Betti number bo(X) >4. For any 0<i<2dim X,
the following statements are equivalent.

(a) (MTC;) holds for X.
(b) For all prime ¢, the Gal(K/K)-representation Hi (X7, Q) is semisimple.

(c) For any hyper-Kdihler variety Y defined over a finitely generated field K' that is
deformation equivalent to X, (MTC;) holds for Y|/ K'.

By combining Theorem B and Theorem C, we can provide an alternative proof for the
Mumford—Tate conjecture for hyper-Kéahler varieties belonging to the four deformation
types (see Section 5.7 below), a result previously proven in [FFZ21] and [Sol22].

Corollary 1.3.2. If X is a K3, Kum,,, OG6, or OG 10-type variety, the (MTC;)
holds for any prime £ and 0 <¢ < 2dim X.

1.4. Strategy of proof. Here, we briefly explain the ideas behind the proof of our main
results.

1.4.1. Rank comparison and p-adic methods. The proof of Theorem A relies on classical
arguments in the study of ¢-adic algebraic monodromy for Q-compatible system of global
Galois representations, which dates back to the work of Serre [Ser86]. Inspired by the
methods used in [Pin98], we reduce the problem to p-adic local Galois representations
by considering Frobenius tori (see Section 4.1), establishing that

rk(Gy(X)) = 1k(G,(X xx Ky)),
for a “general” p-adic place v of a number field K (see Corollary 4.1.6).

A key hyper-Kéhler input in the proof of Theorem A is a p-adic analogue of Ver-
bitsky’s theorem for Hodge—Tate representations of hyper-Kéhler varieties over p-adic
fields (Proposition 4.2.7). Following [IIK*25, Theorem 6.2], it is formulated in terms
of the Sen Lie algebra. In particular, the Looijenga—Lunts—Verbitsky (LLV) Lie algebra
[LL97, Ver96| contains the Sen Lie algebra over Q.

1.4.2. Big monodromy and specialization. The proof of Theorem B is somewhat involved
and proceeds in two main steps. For simplicity, we discuss here in the level of Lie algebras.

(1) We consider the decomposition of Mumford-Tate Lie algebra:
mt(X¢g)=3@s

where 3 is the center and s is the semisimple part. The (local) Torelli theorem of
hyper-Kéhler varieties together with Zarhin’s classification for Hodge groups of polarized
Hodge structures of K3-type implies that s is simple (over @), and is controlled by the
geometric monodromy group of a QVHS with maximal monodromy. In other words,
hyper-Kéhler varieties have certain “big monodromy” property (see Proposition 5.3.4).
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This allows us to identify semisimple parts of gi*d(X) and mt(X¢)q, canonically via
geometric monodromy groups. The assumption that the second Betti number by > 4 is
crucial here, ensuring that the geometric monodromy group is sufficiently large.

(2) When X is general in the universal family over a moduli space, dimj =1 (given by
the weight cocharacter). This implies the compatibility of (1.2.1) for a generic member
of the moduli space by Bogomolov’s theorem (Lemma 2.2.11).

If dim 3 > 2, then we need to apply a specialization argument. The key ingredient is the
deformation invariance of the (twisted) LLV representation (Lemma 3.2.7). This implies
that the action of g?ed(X ) on the cohomology ring—in particular, the cocharacters
generating the center of g%ed(X )—is also always induced by the LLV representation
(Proposition 5.3.8), by reducing to the case dimj = 1.

1.4.3. Semisimplicity at Galois generic fibers. Theorem C is a direct application of the
results by Cadoret in [Cadl5], which shows that the reductivity at a single fiber would
imply the reductivity at all f-adic Galois generic points. For families of hyper-Ké&hler
varieties, the reductivity at the Zariski generic fiber would also imply that at other fibers
(Theorem 5.5.8).

1.5. Relations with previous works and applications. André [And96a, Theorem
1.5.1] established that the second-degree motive h?(X) is an abelian motive in the sense
of [And96b]. Given the philosophy that hyper-Kéhler varieties are largely governed by
their second cohomology groups along with associated structures (such as their Hodge
structures and Galois representations), it is natural to formulate the following conjecture:

Conjecture (Ab). The motive h(X) of a hyper-Kéhler variety X is an abelian motive.
In particular, there is a canonical injective homomorphism Gy ;(X)° = MT;(X¢)q,-

1.5.1.  For hyper-Kéhler varieties belonging to the four known deformation types (K3[”],
Kum,,, OG6, and OG10), Conjecture (Ab) has been verified by Floccari-Fu—Zhang
[FFZ21] and Soldatenkov [Sol22]. Using the abelianicity of motives and [FFZ21, Corol-
lary 6.11], the authors deduced the statements in Corollary 1.3.2.

Theorem 1.5.2. If X is of deformation type K3[", Kum,,, 0G6, or OG 10, then (Ab)
holds for X.

The proof of Theorem 1.5.2 relies heavily on the specific geometry and topology of
these deformation types. In contrast, our statement in Theorem B is independent of the
deformation type. While it is strictly weaker than the original Mumford—Tate conjecture
and does not directly address the abelianicity of motives, it provides a uniform framework
for all hyper-Kéhler varieties.

We also note that passing to the semisimplification is a standard and reasonable
reduction in arithmetic geometry. The semisimple Mumford—Tate conjecture is sufficient
for several applications.

1.5.3. In light of the complex geometry of hyper-Kéhler varieties, the following is a
natural question: How much arithmetic information about a hyper-Kdihler variety can be
extracted from its degree 2 cohomology?

When formulated in terms of ¢-adic local monodromy operators, this question is re-
ferred to as the (-adic Nagai conjecture [IIK*25]. In §6.1, we prove the (-adic Nagai
conjecture for hyper-Kéhler varieties with Type I reduction over a p-adic local field;
previously, this was established in loc. cit. only for the four known deformation types.

Theorem D (Theorem 6.1.1). Let X be a hyper-Kdahler variety over a p-adic local field
K., with by(X) >4 and Type I reduction. Then Hg (X7, Qe) is potentially unramified
for all 0 < i <4n and all primes £ + p.
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1.5.4. A classical question of Serre [Ser94] asks about the maximality of Q-compatible
systems {pg} of Galois representations arising from mazimal motives. A weaker ver-
sion of the Galois maximality conjecture for arbitrary smooth projective varieties was
formulated by Larsen in [Lar95, §0]. Consider the following diagram of Q-algebraic
groups:
Gy GJ°
s e

Gy
where GJ° is the simply connected cover of the adjoint group G?d.

Let T'y = po(Gx) € Go(Qr) be the image of the Galois representation, viewed as an
(-adic Lie group. Let I')° ¢ G}°(Qg) be the preimage of F?d = ad(T'y) under the simply
connected covering map.

Conjecture 1.5.5. For a Q-compatible system {p;: G — GL(H¢ (X7, Qr))} of Galois
representations arising from a smooth projective variety X over a finitely generated field
K, the f-adic Lie group I'}® is a maximal compact subgroup of Gj°(Qy) for all sufficiently

large primes ¢. Moreover, I'; is hyperspecial; that is, there exists a smooth affine group
scheme ¥;¢ over Z; such that 4;°(Z,) = I'}*.

For hyper-Kéhler varieties, the degree 2 case of Conjecture 1.5.5 was confirmed in
[HL20, Theorem 1.3]. With Theorem A, we can generalize Hui-Larsen’s theorem to the
full cohomology of hyper-Kéhler varieties with bo(X) >4, which provides new examples
for Conjecture 1.5.5.

Theorem E (Theorem 6.2.1). Let X be a hyper-Kdhler variety over a finitely generated
field K with by(X) > 4. Then the {-adic Lie group I € Gy(X)*(Qy) is a hyperspecial
mazximal compact subgroup for all sufficiently large primes £.

Outline. §2 and §3 are preliminary sections. In §2, we summarize elementary facts
concerning André motives and the algebraic groups arising from them. We also recall
the Q-compatibility of systems of Galois representations. In §3, we review the definition
of the LLV Lie algebra of a smooth projective variety, as well as well-known properties
of the LLV Lie algebra of a hyper-Kéhler variety.

In §4, we prove Theorem A. To provide the framework for our proof, we recall the con-
struction of Frobenius tori and Pink’s comparison theory between the global Frobenius
rank and the local crystalline Frobenius rank.

In §5, we prove Theorem B and Theorem C. Furthermore, in §5.7, we apply our main

results to reprove the Mumford—Tate conjecture for varieties of K3, Kum,, 0G6, and
OG 10 type.

Finally, §6 is devoted to the proof of the arithmetic Nagai conjecture for Type I
reductions (Theorem D) and the maximality of the Galois action (Theorem E).

Notation.

— In this paper, a variety X over K means an integral K-scheme X that is separated
and of finite type over K.

— We will use the superscript “cl” to denote the set of closed points of a variety,
e.g., X° for the closed points of X. Note that in the literature, it is also often
denoted as | X|. We reserve the notation || for the cardinality of a set, especially
a finite one.

— For an object Y (e.g., an algebraic variety, or a motive) defined over a field E,
we denote Yp for the base change from FE to a field extension F'/E.
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— For any algebraic group G, we denote G° for its identity connected component.

— For a connected algebraic group G over a field, we denote G as the derived
subgroup of G (the subgroup generated by the commutator [G,G] € G).

Acknowledgments. We are grateful to Salvatore Floccari, Lie Fu, Kazuhiro Ito, Zhiyuan
Li and Ziquan Yang for helpful discussions and useful suggestions.

Z. Tang is supported by the NSFC grant (No. 12121001). H. Zou is supported by the
Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID
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2. Motivic GALOIS GROUP AND COMPATIBLE SYSTEM

In this section, we summarize the elementary facts concerning André motives and the
algebraic groups arising from them. We also fix the notation that will be frequently used
in the subsequent discussion.

2.1. André motives and realizations. The concept of motivated motives, now re-
ferred to as André motives and developed by Y. André [And96b], offers a practical
framework for analyzing algebraic groups arising from various cohomological realiza-
tions.

2.1.1. Fix a field embedding K ¢ C. Let X be a smooth projective variety over K.
Recall that a class a € H*(X¢, Q) is motivated if there is a smooth projective variety Y’
over K and algebraic classes 3, v € H*((X xx Y)¢, Q) such that a = p.(yu +3) (with
p: X xg Y - X the projection, and * the Hodge star operator). The category Moty of
André motives consists of objects (X, m,m) where

— X is a smooth projective variety over K,
— 7 is a motivated cycle on X xx X such that m o7 =, and
— m is an integer.

The Hom sets of Mot g are given as
HomMOtK ((Xa TX, m)> (K Ty, ’I’L))

B —n ~ is motivated,
_{fyeH ((XXKY)C,Q)‘VZWYOVOWX.}.
Denote h(X) for the André motive (X, Ax,0) for a smooth projective variety over K.

The category Motk satisfies the following properties (see [And96b, Theorem 0.4]):

— It has a natural tensor product structure and is a graded Tannakian category
over Q;

— It is semisimple and polarized.

The gradation of Moty induces the Chow—Kiinneth decomposition for each smooth
projective variety X over K:

2dim X

h(X) = E:BO h'(X),

where h*(X) = (X,A;,0), since the Kiinneth factor A; € H2UMX (X xp X)¢, Q) is
motivated (see [And96b, Proposition 2.2.]).
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2.1.2. There is a Betti realization functor
Hp:Motx — Vectq,

such that Hg(h(X)) = H*(X¢, Q) is the graded Q-algebra of Betti cohomologies for any
smooth projective variety X over K.

On the other hand, one may also consider the ¢-adic realization
Hy: Mot g — Vectq, ,

such that H,(h(X)) = HE (X%, Q¢), which are the (-adic étale cohomologies, a graded
Q-algebra endowed with a natural G g-action, where G is the absolute Galois group
of K. The Artin comparison provides a natural equivalence from the f-adic realization
H, to the composition of the following functors

H -®qQ
Hp q,: Mot g —5, Vectq e Vectg,

for any prime £.

2.2. Motivic Galois groups and Mumford—Tate conjecture. As before, we fix
a subfield K ¢ C. We denote Gyt for the motivic Galois group of Motg, i.e., the
automorphism group of the fiber functor Hg, which is a reductive pro-algebraic group
over Q. For a single smooth projective variety X /K, we can similarly define its motivic
Galois group as follows.

Definition 2.2.1. Let X be a smooth projective variety over K. The motivic Galois
group Got (X)) of X is the automorphism group of the composition (as a fiber functor) of
the Betti realization functor Hp on the Tannakian subcategory generated by the André
motives h(X) and h(X)" e Moty.

2.2.2.  Since the sub-Tannakian category (h(X))® is semisimple, the identity component
of Got(X) is reductive?, denoted by Get(X)°. Similarly, we can replace h(X) with
h*(X)(m) or an arbitrary object M € Moty, and the same result holds.

Remark 2.2.3. Since the Betti realization functor Hp is based on the choice of the field
embedding K ¢ C, the formation of the motivic Galois group G,ot(M) also depends on
this choice. However, the group is invariant up to inner twists. See [And96b, Remarks
on p.25].

Notation 2.2.4. We use the subscript “0” in Guot,o(X) for the motivic Galois group
of hP(X). A typical usage of O can be any integer 0 <7 < 2dim X, and moreover it can
also be + and —, which stand for the even degree part

dim X

h*(X)= @ h*(X),
k=0

and the odd degree part
dim X -1

b (X)= D p*(X),
k=0

respectively. We also follow the same rules of notation for the subsequent Galois groups
arising from cohomological realizations.

2To the best of our knowledge, it is not clear whether Gmot (X)) is connected or not.
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2.2.5.  As mentioned above, there is a gradation on Mot g, which is actually defined by
the Betti realization functor, namely, the Betti realization functor Hp factors as

Mot i — Gr Vectq for,, Vectq .

The Tannakian group of the forgetful functor of the category of graded Q-vector spaces
is just G, the multiplicative group over Q. The Tannakian formalism induces a homo-
morphism

G — Grot

denoted by w. For any smooth projective variety X over K, the action of Gy, on
h*(X) c h(X) is given by z +~ 2', coinciding with the cohomology degree of X.

2.2.6. Let ¢:S — GLgr(VR) be a pure Hodge structure on a Q-vector space V, i.e., an
algebraic homomorphism from the Deligne torus S := Resg/r Gim,¢c. The Mumford-Tate
group MT(V, ¢) associated to (V, ¢) is the smallest Q-algebraic subgroup of GL(V') such
that ¢(S) € MT(V,¢)(R). From the definition, it is clear that MT(V, ¢) is connected.
When (V, ¢) is polarizable, the Mumford-Tate group MT(V, ¢) is, moreover, reductive.
Denote HSq for the Tannakian category generated by polarizable Q-Hodge structures.

Let M € Motg. The Betti realization Hg(M) of M is naturally a polarizable Q-
Hodge structure. For a smooth projective variety X over K. We denote MT(X¢) for
the Mumford—Tate group of the Q-Hodge structure on Hg(h(X)) = H*(X¢, Q).

It is also convenient to describe Mumford—Tate groups via the Tannakian formal-
ism. The forgetful functor for.. HSq — Vectq is a fiber functor from HSqg. Then the
Mumford—Tate group of a pure Q-Hodge structure V is isomorphic to

Aut®(for.|(yy),

the automorphism group of the restricted fiber functor on the sub-Tannakian category
(V') generated by V (see [And92, Lemma 2 & Remark]). In general, for any object
V € HSq, i.e., a subquotient of a direct sum ®,,V;,, in which V, is a polarizable pure
Q-Hodge structure of weight m, we can define its Mumford—Tate group in the same way.
In summary, via the Tannakian formalism,

(1) We can view the Mumford-Tate group as the mazimal subgroup of GLg(V'), whose
induced action on V® fixes all Hodge tensors of type (0,0).

(2) The Betti realization factors as

(h(X))®

S
HS

Hp

Vectq .

Also note that the Betti realization Hp (with respect to the fixed field embedding K < C)
induces an injective homomorphism

MT(X¢) = Gumot(X)”, (2.2.1)

since the motivated cycles are Hodge tensors. Here MT(X¢) is the Mumford-Tate
group of the (graded) polarizable Q-Hodge structure on H*(X¢, Q).

— The Tannakian category HSq has a natural Z-gradation, in particular, there is
a homomorphism

we: G — MT(V, ¢)r

defined over Q for any Hodge structure (V, ¢), which is called the weight cochar-
acter of (V,¢).
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— If V=Hp(h(X)), then we can see that the composition of wy with the injective
homomorphism MT(X¢) < Gpuot(X) is the homomorphism w: G, = Gt (X)
in 2.2.2. Clearly, wg is non-trivial if and only if V' has non-zero weights; and the
image lies in the center, wy(Gy,) € Z(MT(V,¢)).

2.2.7. Let K be a field in characteristic zero and Gy = Gal(K/K) be the absolute
Galois group of K. For simplicity, we may assume that there is a field embedding
K - C, and again we fix it.

Definition 2.2.8. Let p;:Gx - GLq, (V') be a continuous finite dimensional represen-
tation of Gg. The (-adic algebraic monodromy group of V is the Zariski closure of the
image Im(py) € GLq,(V'), denoted by G(V).

With the Tannakian formalism, we can identify the group Gy(V') as the Tannakian
group of the restriction of the forgetful functor from the category of G g -representations
to the category of Q-vector spaces Vectg,.

2.2.9. For any M € Motyg, the Artin comparison induces an isomorphism of Q-
algebraic groups

Aut® (Hg |(M)®) ~ Aut® (HB,QZ |(M)®) = G’mot(M)Qg

for any prime £. Therefore, via the Tannakian duality, there is an injective homomor-
phism

GE(M)O > G’mot(M)Qz : (222)
Therefore, the Mumford—Tate conjecture holds for M if and only if

G(M)® = MT(Mc)q,
as Qg-subgroups of Gyt (M)q,-

2.2.10. Keep the notation the same as in Notation 2.2.4. Let V = Hy(h(X)) be a
G -representation of a smooth projective variety X over K. The image of p; is a
compact ¢-adic Lie group, whose Lie algebra is denoted by g,(X) (resp. g¢;(X)). An
algebraicity theorem of Bogomolov [Bog80, Theorem 1] (see also [Ser86, §2]) implies that
Im(ps) € G¢(X) is open and the Lie algebra gy(X) is algebraic, i.e.,

90(X) = Lie(G(X)) .

The following fact is well-known as a consequence of Bogomolov’s algebraicity theorem
and the Weil conjecture (see [Bog80, Corollarie 1]). We include a proof here for the sake
of completeness.

Lemma 2.2.11. If K is a finitely generated field over @, then the image of weight
cocharacter
Gm,q, € Z(Ge(X)°) € Guot(X)aq, (2.2.3)

coincides with the image w(Gp,)q, M Gmot(X)q,-

Proof. 1t suffices to show that the group of homotheties satisfies G, g, ¢ G¢(X)°. We
may assume that K is a number field by Serre’s spreading out argument. Take v to be
a place of K such that X has good reduction at v. The Weil conjecture implies that the
eigenvalues of the Frobenius action ®, ~ Hfét(va,Qg) are Weil g-numbers of weight i.
Fix a torus T c G(X)° that contains the semisimple part ®;°. Then the same argument
as in [Chi92, Proposition (3.2)] shows that the group of homotheties G, q, c T O

2.3. Compatibility of systems of Galois representations. In this section, we focus
on the case where K is a number field, and the Q-compatibility for a system of G-
representations.



MONODROMY RANK AND SEMISIMPLE MTC FOR HK VARIETIES 12

2.3.1. Consider a profinite group ¢, and a system of continuous n-dimensional repre-
sentations

Pe = {pg:g — GLn(Qf)}k[ﬂ

indexed by a set L of rational primes. Suppose that ¢ is endowed with a dense subset
of “Frobenius elements”,

{F v}veE c¥.
For example, if 4 = G is the absolute Galois group of a number field K and F,, = Frob,
is the Frobenius representative for the place v of K, then all the Frobenius conjugacy
classes ranging over all finite places form a dense subset by the Chebotarev density
theorem.

The system p, is called a Q-compatible system of f-adic representations if there is a
subset 2" c ¥ x L such that

(1) For every ve X, (v,f) e Z for all but at most finitely many ¢ € L.

(2) For any primes #1,...,0,, € L, the set {F, | (v,¢;) € Z foralli=1,...,m} is dense
in¥.

(3) For every v € ¥, the characteristic polynomial ch(p¢(Fy)) € Q[t], and is independent
of 4.

2.3.2. In the geometric context, we consider the following situation.
— Let M =H"(X) be a motive associated to a smooth proper variety X over K.

— X is the following subset of the places of K:

non-archimedean places of K such that
K is unramified at v; and X has good ¢, (2.3.1)
reduction at v.

where K is a number field.
— Let F, = Frob, € Gi be a Frobenius lift, which is unique as K is unramified at v.

Since X has good reduction at v, the system of Galois representations

pe = {pr: Gk — GLgq, (He(M))} oy,

is unramified at all v € ¥ by smooth proper base changes when ¢ # char(k,).

It is worth noticing that the system p, is Q-compatible, and can be described by
p-adic cohomology theory. The p-adic étale realization H,(M,) is crystalline as a G, -
representation for M, = h7(X,), i.e.,

. . Gk,

dimg, H,(M,) = dimg, (H,(M,) ®q, Berys) ",
where B,y is the Fontaine’s crystalline period ring of K. Fontaine’s formalism provides
a functor G
Darys: Rep*(Grk,) — MFyk,, V ~ (V ®q, Barys)
from the category of crystalline representations of Gk, to the category of filtered -
modules over K, which is fully faithful. Let Ky be the maximal unramified subfield of
K,, i.e., the fraction field of the ring of Witt vectors W (IF,). Let o be the Frobenius
on Ky. For v € ¥.x, as v is unramified, we have K, = Ky . Recall that the filtered
p-module

Dcrys(Mv) = Dcrys(Hp(Mv)) )

is a Ko-vector space, endowed with a o-semilinear Frobenius ¢,. Recall that being
o-semilinear means that

po(az) = o(a)pys(z), VaeKyand @€ Depys(My).
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Let m = [[F, : IF,]. The power @, = ¢} is a Ko-linear automorphism of Depys(My). As
X has good reduction at v, then Depys(M,) (together with Frobenius structure ¢,) is
the same as the crystalline cohomology of the special fiber. According to Katz—Messing
[KM74, Theorem 1], the eigenvalues of ®,, are equal to those of pe(F}).

Remark 2.3.3. In general, it is not clear whether the system of f-adic realizations of
an André motive M is Q-compatible or not, except when M c h7(X) is a submotive
cut out by an algebraic cycle.

2.3.4. Let pes be a Q-compatible system of representations of Gx. Denote Gy the ¢-adic
algebraic monodromy group of py(Gk) for each prime /¢ € L for simplicity. As before, G
is the connected component of the identity. The set of connected components G,/Gj is
finite, so there is a finite field extension K™ over K, corresponding to the finite index
subgroup ¢ = p;'(G{(Q¢)) € Gk, such that

pE(GKcoxm) C GZ(QZ)

is Zariski dense. A priori, it is unclear whether there exists a single finite extension that
works uniformly for all £ € L when L is infinite. Nevertheless, we have the following the-
orem of Serre (see [Ser86], or alternatively, for example, Larsen-Pink [LP92, Proposition
6.14]).

Theorem 2.3.5. The open subgroup of finite index
4 c Gy

is independent of . In particular, the groups G¢/Gj for different £ are canonically
isomorphic; if Gy is connected for some £, then it is so for all £.

Remark 2.3.6. Therefore, given a Q-compatible system of representations pe (even
when L is infinite), we can always assume that K°"" = K after a finite extension by
Theorem 2.3.5.

Remark 2.3.7. Let G be the f-adic algebraic monodromy group of the motive h(X).
For any submotive M ¢ h(X), e.g., h*(X), there is a surjection Gy - Gy(M). There-
fore, if K = K™ then Gy(M) is also connected.

2.3.8. Finally, we make some remarks on the case where K is not a number field. If
[K : Q] = oo, then one can also define the (quasi-)compatibility of the representations of
Gk after choosing a model of K (see [LP92, §6] or Commelin [Com19, §3]). Let K be
a finitely generated field over @, and B a normal scheme of finite type over Z with the
function field K, called a normal model of K. For a closed point s € B, there is an exact
sequence

1—I; — Gg, —>Gk(s) —1,

where K is the function field of the Henselization Bg at s. An element Fy in Gk is a
Frobenius element with respect to s if there is a field embedding K < K such that F;
is the restriction of a Frobenius element in K. The Chebotarev density theorem holds:
For any finite étale Galois covering B — B with B integral and the Galois group G, the
following subset of the closed points of B

{ze B¢ | Conj(Fy) = C}

is of density % for any conjugacy class C' c G (see [Pin97, Theorem B.9]). Then we can

set X to be a Zariski dense subset of B as discussed in 2.3.1. When K is a number field,
the only model of K is Spec(Og) with Ok the ring of integers in K, and the definition
of the Frobenius element here coincides with the one for a number field.

However, it is unclear whether a system of f-adic representations coming from ge-
ometry is compatible with those given in 2.3.2. Fortunately, we can still reduce many
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problems on Gy to the number field case, by the classical spreading-out argument as in
[Ser86, §1]. Namely, there are infinitely many closed points s € B! such that Gy 2 Gy
(see [Ser97, §10.6 Theorem]). In particular, we see that Theorem 2.3.5 holds when K is
an arbitrary finitely generated field over Q.

3. LLV REPRESENTATIONS OF HYPER-KAHLER VARIETIES

3.1. Looijenga—Lunts—Verbitsky Lie algebra. We now briefly review the basic prop-
erties of the Lootjenga—Lunts—Verbitsky Lie algebra (LLV algebra) introduced by Verbit-
sky [Ver96] and Looijenga—Lunts [LL97].

3.1.1. Let K c C be a field embeddable to C, X be a smooth projective variety over K
as before. Denote H(X') := H(X) a cohomological realization of h(X), with o = B, ¢,dR
or pst. Let E be the field of coefficients of H(-).

The LLV algebra g for X /K and the associated LLV decomposition of H(X') generalize
the usual Hard Lefschetz slo-decomposition of the cohomology for an ample class w on
X. Recall that the class w defines two operators on the cohomology, one is the Lefschetz
operator L,, = wu— given by the cup product, and the other is the dual Lefschetz operator
Ay = x 1L,*, where = is the Hodge star operator. Operators L, and A,, generate an
sly c gl(H(X)) acting on H(X), and the Hard Lefschetz is the same as the existence of
the sly-decomposition of the cohomology. A more formal framework that avoids the use
of the Hodge star operator has been formulated in [LL97], where the key observation is
the following identity

[Lun Aw] = h7
with h the shifted degree operator
hH(X) — H(X), 2+— (k-dim X)z, for z e H*(X). (3.1.1)

It is then clear that {L, h, A, } forms an slo-triple. Moreover, the operator L, = xuU- is
well-defined for any cohomology class = € H2(X), while h is independent of any choice
of z. Due to the Jacobson-Morozov Theorem, the existence (and thus the uniqueness)
of an operator A, that completes the pair {L,,h} into an slo-triple is an open algebraic
condition on the classes 2 € H?(X). In other words, the dual Lefschetz operator A, can be
defined for almost all classes x, which can go beyond the ample (or even Kéhler) classes
and is in fact independent of the complex structure of X. Therefore, one can define a
Lie algebra g (over Q) containing all these operators such that it is a diffeomorphism
invariant of X (C). The action of these operators on H(X) extends to the whole Lie
algebra g, and therefore, any sls-Lefschetz decomposition factors through g according
to the definition. Note that the projectivity assumption on X is only required to make
sure that the set of x € H(X) for which A, is defined is a non-empty (and thus Zariski
dense) subset.

More generally, we formulate the definition over an arbitrary field E as follows.

Definition 3.1.2. Let X be a smooth projective variety over K. The Looijenga—Lunts—
Verbitsky (LLV) Lie algebra g(X)g of X is the smallest E-Lie subalgebra of gl(H(X))
generated by all slo-triples

{(L$7 h? ACIZ)}I Y
where x € H2(X ) is any element satisfying the Hard Lefschetz property.

Remark 3.1.3. The definition of LLV Lie algebra is actually valid for any graded
Frobenius—Lefschetz algebra as stated in [Ver96, Definition 1.1, Definition 1.2]. Thus
one may also consider the LLV Lie algebra for the Betti cohomology ring of a Kéhler
manifold.
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3.1.4. The LLV algebra g(X)q for the Betti realization H3(X) is a semisimple Lie al-
gebra defined over @ (cf. [LL97, (1.9)]). Moreover, we have the comparison isomorphism
9(X)q®q E=29(X)r

given in [IIK*25, Example 3.4.]. The case where X is a hyper-Kahler variety is of the
most interest to us and will be assumed in the subsequent part of this paper. As g(X)g
is invariant for any field embedding K — C with F = @, and the real form satisfies

g(X)g®R=zso(4,b2-2),
when X is hyper-Kéahler (see Theorem 3.1.7 below), we can see that the Q-form g(X)q
is independent of the choice of the field embedding K — C.

For simplicity, we will abbreviate the notation into g = g(X) g, if there is no confusion.

3.1.5. The adjoint action of the shifted degree operator h € g induces an eigenspace
decomposition of g. In the case of hyper-Kéhler varieties, H(X) is of Jordan-type as
a graded Frobenius—Lefschetz algebra by [L197, Lemma 4.2., Proposition 4.4.], i.e., the
eigenspace decomposition for h is of the form
g=02900®9-2.
In particular, the 0-eigenspace gq is a reductive subalgebra of g and admits a decompo-
sition
go = ﬁ ®FE-h ’

where g is the semisimple part of gy that satisfies g = [go, go], and the center 3(go) is
1-dimensional and is spanned by the shifted degree operator h. The Lie subalgebra g is
called the reduced LLV algebra of X.

3.1.6. Note that g c gg consists of degree 0 operators, and thus the induced g-action on
H(X) preserves the cohomology degree. In other words, for any integer 0 < k < 2dim X,
there is an associated representation

prV:g — End(H*(X)).

In particular, there is an action of g on H*(X) restricted from g. On the other hand, it
acts as a derivation with respect to the cup product:

e(rxuy)=(ex)uy+zu(ey), foreeg, x,y e H(X). (3.1.2)

One can also see that the action of g respects the Beauville-Bogomolov-Fujiki form g
on the second cohomology H?(X), and therefore there is an inclusion

gcso(H?(X),q). (3.1.3)

In fact, the above inclusion (3.1.3) is an equality so that H*(X) is the standard repre-
sentation of g. More specifically, one has the following results.

Theorem 3.1.7 ([Ver96, Theorem 2.3|, [LL97, Theorem 4.5.]). Let X be a hyper-Kdihler
variety over K. Consider the quadratic space

HX)=H*(X)®oE®*, q¢=qe(}}),

which is called the Mukai extension of H2(X) associated to the cohomology of X. Then
the (reduced) LLV Lie algebras of X can be determined as follows:

gs0(H(X),q), gzso(H(X),q). (3.1.4)

Moreover, let r = |ba(X)/2]. Then the LLV algebra g is a simple Lie algebra of type B4
or Dyi1, depending on the parity of ba(X), with the reduced form g a simple Lie algebra
of type B, or D,. Moreover,

Gr 250(3,00(X) = 3), gr =s0(4,ba(X) - 2). (3.1.5)
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3.1.8. Let mt(X¢) be the Mumford-Tate algebra of complex projective variety X¢,
i.e., the Lie algebra of the Mumford-Tate group MT(X¢). Similarly, mt(X¢) is defined
as the special Mumford—Tate Lie algebra of X¢. It is important to note that the Weil
operator lies in the LLV Lie algebra g, as observed by Verbitsky in [Ver96]. Here we
recall a refined version given in [GKLR22].

Theorem 3.1.9 (Verbitsky). Let X be a hyper-Kdihler variety over K. Then mt(X¢) ¢
gq in Endq(Hp(X)).

Proof. According to [GKLR22, Proposition 2.24], the Weil operator for the Hodge struc-
ture on H*(X¢, Q) lies in the real form of the reduced LLV Lie algebra gg. As the special
Mumford-Tate algebra mt(X¢) is the smallest Q-Lie algebra whose C-form contains the
Weil operator by the definition, mt(X¢) € 9q as Q-Lie algebras. (]

Example 3.1.10. If X is a complex K3 surface, the full cohomology H®*(X, Q) is nat-
urally endowed with the Mukai pairing, which is isomorphic to the Mukai extension
H(X,Q) for H3(X,Q). In this particular case, the representation-theoretic explana-
tion is quite clear, H2(X, Q) is the standard representation of §(X)q, and H*(X,Q) is
the standard representation of g(X)q. Also note that g(X)q is realized as the special
Mumford-Tate algebra of a generic (non-algebraic) K3 surface.

In the case of Kummer surfaces, the situation is a bit different. Since a Kummer
surface is a K3 surface, it still has g = s0(3,19). However, the construction makes sure
that there are 16 independent (—2)-curves obtained as the blow-ups, and therefore its
generic special Mumford-Tate algebra has the real form so(3,3), which is the LLV Lie
algebra of the corresponding 2-dimensional complex torus.

3.2. (Twisted) LLV representations. Let X be a hyper-Kéhler variety over K of
dimension 2n, and g be the LLV Lie algebra of the cohomological realization H(X).

3.2.1. Here we recall the integrated representations of the LLV representations intro-
duced by Floccari [Flo22a, §2.1]. The connected algebraic groups over E corresponding
to the Lie algebras g c go c g are the Spin groups

Spin(HQ(X),q) c GSpin(H2(X),§) c Spin(ﬁ(X), q) .

In the following, we would mainly focus on the action of gy or the reduced part g which
preserves cohomological degrees.

Notation 3.2.2. For simplicity of notation, we set

— GSpin = GSpin(H%(X), q);

— Spin = Spin(H?*(X),q); and

~ SO = SO(H?3(X),q).
In the remaining parts of this paper, we will also use the subscript “£” for any prime to
denote the base change of these groups to the corresponding completion field Q.

Under the identifications in (3.1.4), the LLV representation
pi™: 90 — Endp(H'(X))
integrates to a group homomorphism
py™V:Spin — GLg (H'(X)).

The kernel {0, (5‘1} = jip c Spin of the universal covering Spin — SO acts on H'(X) via
pFV(6) = (=1)"li(x) (see [Ver99, Corollary 8.2] and [KSV19, Theorem A.10.]). When
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1 = 2k, the LLV representation p%,%v factors through the orthogonal group by a faithful
representation
SO - GLp(H?*(X)), V1<k<2n,

which is the standard representation of SO when k£ = 1. We still denote by p%,{jv for

representations of SO.

3.2.3. In the usual setting of the LLV representation, the degree operator h € go acts on
Hi(X ) as the scalar i—2n, which a shift of the usual cohomology degree by the dimension
of X. To study the interaction between the LLV representation and various cohomolog-
ical realizations, it is also convenient to consider the twisted LLV representation

piVa0" = g @ EL'® — glp(H'(X))

where h9°8 = b+ dim(X) 1 is the standard degree operator, i.e., hdeg\Hi(X) =1. As E-Lie

algebras, gV 2 go, and the integrated representation is

p™:GSpin — GLp(H (X)), (3.2.1)
such that
— p¥(2)(x) = 2" - x for any z in the central torus G,, c GSpin; and
— P lspin = PPV

This implies that p&Y¥ | is faithful when H?**1(X) # 0 (see [Flo22a, Lemma 2.6] and its
proof for details).

Remark 3.2.4. For a complex hyper-Kéhler variety X, Theorem 3.1.9 implies that
MT(X) ¢ p™ (GSpin(H*(X,Q),7)) -
The following is a restatement of Verbitsky’s theorem (Theorem 3.1.9) in the algebraic
group level.
Lemma 3.2.5. Suppose that X is a complex hyper-Kdihler variety.

(1) The projections in even degrees induce isomorphism o MT, (X) = MTo,(X) for
all 0 < k <dim X. Moreover, we have the following commutative diagram

MT, (X) SO(H*(X),7q)

glm [ pLLV

MToy, GLo(H*(X¢, Q).

(2) Suppose that the odd part H™(X) # 0. Then the projection
px MT(X) i MTQk(X)
is a central isogeny of degree 2. The kernel ker(ma) = pt¥(u2) € MT(X) for the
center pp € Spin(H?*(X),q).

Proof. These statements are actually paraphrases of [FFZ21, Proposition 6.4]. The
compatibility with (twisted) LLV representation can be seen from its proof. O
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3.2.6. From the definition of the LLV Lie algebra g, it follows immediately that g is
invariant under deformation, since it is completely determined by the algebra structure
of H(X). We also note that the (twisted) LLV representation is also preserved under
deformation.

Lemma 3.2.7. Let X - S be a smooth family of hyper-Kdihler varieties over a smooth
connected variety S. Let n ~ s be an étale path of points in S. We have the following
commutative diagram

o OLa (H(%))
o
GSpin, ~|spy s
oy .
GLq, (Hy (X7)) -

Proof. 1t is sufficient to assume that 1 ~ s is a specialization of points in S. The general
theory of étale cohomology ensures that a specialization isomorphism

spy,s- Hy (X5) — Hj (X7)

is an isomorphism between the Frobenius graded Q-algebras. Thus it is equivariant
under the action of go or gf". O

3.3. Motivic lifting of LLV representation. In this subsection, we collect some facts
on defect groups of hyper-Kéhler varieties, which are ingredients in [Flo22b, Flo22a,
FFZ21].

3.3.1. For any integer 0 < ¢ < 2dim X, there is a natural surjective homomorphism
e Gmot(X) —> Gmot,i(X) .
induced by the inclusion h?(X) < h(X) in Motg. Under the second degree projection,

there are short exact sequences of motivic Galois groups:
1 — P —Gpot(X) — Gt 2(X) — 1, (3.3.1)
1 — P, —Gpot (X)) — Grot2(X) — 1. (3.3.2)

The kernel P (resp. P,) is called the defect group (resp. even defect group) of X.

Lemma 3.3.2. Let Autay(H(X)) be the subgroup of GLg(H(X)) generated by E-
linear automorphisms preserving the graded algebra structure on H(X). Then Pg €
Autag(H(X)) and commutes with p™ (GSping) ¢ Autys(H(X)).

Proof. 1t is sufficient to consider the case H(X) is the Betti realization H*(X¢, Q) and
E = Q. See Lemma 6.8 and the proof of Theorem 6.9 in [FFZ21]. O

3.3.3.  According to [Flo22b, Proposition 4.1], there is a decomposition of motivic Galois
groups

Gnot,+(X) = Got,2(X) x Py (3.3.3)
given by a splitting 0: Got,2(X) = Gmot,+ (X)) such that 0(Got,2(X)) = MT,(X), and
Ginot,2(X) commutes with P in Gpot,+(X). This implies that the connected component
P} is reductive.

The decomposition of motivic Galois groups (3.3.3) implies that, for any M € (h*(X))®,
the invariant part M € (h2(X))® which exists by the reductivity of P?. In other words,
there is an injective homomorphism in Motg:

MP o @D H?(X)®™ @ h2(X) V", (3.3.4)

m,n
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If P, is trivial, then we can take M = h?*(X), and in particular the conjecture (Ab)
holds for h?#(X) by the André’s theorem.

Moreover, the embedding (3.3.4) can be chosen to be compatible with the LLV repre-
sentation. By Tannakian duality for (h?(X))®, (3.3.4) gives an injective homomorphism
of finite-dimensional Gt 2(X)-representations on its Betti realization. By definition
of the splitting o, the Gop2(X)-action on Hp(M™) is that of MT,(X¢), which
factors through the twisted LLV representation. Hence we can choose (3.3.4) as an
injective homomorphism of motives, corresponding to an injective homomorphism of
GSpin-representations

Hp(M™) > @ HE(X)®™ ® Hp(X)"*".

m,n

3.3.4. According to [FFZ21, Theorem 6.9]3, the motivic Galois group of h(X) is an
almost-direct product of the Mumford-Tate group MT(X) and the defect group P:

Gmot(X) = MT(XC) P,

where Pn MT(X¢) = {4, 671} ¢ Z(Guot (X)) if X has non-vanishing odd degree coho-
mologies, and 0|y = (—1)"; otherwise it is truly a direct product.

Lemma 3.3.5. The element 6 € Z(Gy(X)) N Pg, in Guot(X). If X has non-vanishing
odd degree cohomologies, then § + 1.

Proof. By Lemma 2.2.11, the group of homotheties G,, g, ¢ Z(G¢(X)). The image of
~1 € Gy q, in G¢(X) acts on Hi (X7, Qr) as (-1)" by the definition, and thus is equal
to d. Clearly, if bop,1(X) # 0, then ¢ acts non-trivially on Hegf*l(Xf, Qo). O

Remark 3.3.6. If the defect group P is finite, the Mumford—Tate conjecture holds true
for h(X) (see [FFZ21, Proposition 7.6]).

4. RANK ESTIMATION OF ALGEBRAIC MONODROMY GROUPS

4.1. Maximal tori of algebraic monodromy groups. We retain the notation es-
tablished in Section 2.3. In [Ser86], Serre considered the Frobenius tori T, in Gj for a
Q-compatible system of representations arising from geometry over number fields. The
following theorem from Serre constitutes a central ingredient of this paper. Heuristi-
cally, the rank of G, can be determined by considering Frobenius tori at some “general”
places.

Theorem 4.1.1 (Serre). Let K be a number field and ps be a Q-compatible system of
representations of G .

(a) For every v e X, there is a torus T, over Q such that the GL,, q,-conjugacy classes
of Fy lie in T,(Qg) for any prime £.

(b) There is a subset
Ymax € 2

of Dirichlet-density 1 such that for all v € Xax, the Frobenius torus T, q, i conju-
gate to a mazimal torus of G under the GL,(Qg)-action.

Proof. In [Ser86], the construction of the Frobenius torus T, is only treated for Q-
compatible systems arising from abelian varieties (over number fields). We briefly recall
the general construction of T, in [LP92, §4, §7].

31t is wrongly claimed in the published version of [FFZ21] that MT(X¢) intersects trivially with P
inside Gmot(X).
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As in Section 2.3, let F), be a Frobenius lift on K from the finite field I, for each place
v € X. By the assumptions on Y, each place v € K is unramified, and thus the Frobenius
lift is unique.

(1) Firstly, we assume that pe(F),) are semisimple. Then the ¢-adic monodromy group
G is a connected reductive group over Q. By taking the characteristic polynomial,
there is a morphism

ch:GL,, g, — (G x A" g,
which is actually defined over Q. Under the faithful representation G, - GL, q,, the
image ch(Gj) is defined over Q as a Zariski closed subset by Proposition (6.12) in
loc. cit.. Then there is a semisimple element ¢, € GL, (Q) such that

ch(pe(Fy)) = ch(ty) € ch(G;)(Q),

which is unique up to GL,-conjugation. Let H, be the Zariski closure of the subgroup
generated by t, in GL,, q. Since ¢, is semisimple, H, is multiplicative. We denote T,
for the identity component of H,, which is a torus over Q.

There is a Dirichlet-density 1 subset Y,ax € X such that all py(F,),v € Yax are
[-regular by (7.2) in loc. cit.. Then the element py(F) is I-regular and in particular
regular in Gy, and thus determines a torus T3, € GL, q by (4.7) in loc. cit., such that
ty € To(Q), ch(ty) = ch(pe(F,)) for any prime ¢ € L, and

Ty, ~GLy,q, ZGE (pe(Fy)) € Gy,

as the unique maximal torus of Gj that contains p;(F,). Here ~GL,,q, INeans the con-
jugacy under GL, q,-action.

(2) The compatibility conditions only depend on the semisimple part of the elements
pe(Fy), therefore we may take the semisimplification of an arbitrary representation,
then its f-adic algebraic monodromy group G;ed is the quotient of the Zariski closure of
pe(Gr) by its unipotent radical R,. There is an exact sequence

1—>Rg—>Gg—>GEed

—1,

which is split. Up to conjugation under the action of Ry, the reductive quotient Gfd
can be viewed as a Levi subgroup of Gy. Then applying the construction in (1) for
G;ed - GL,, q,, we will obtain the required torus 7, similarly. O

Lemma 4.1.2. If v € Yac for h(X), then v is also a mazimal place for h'(X) for any
0<i<2dimX.

Proof. We can assume that K = K", As v € Yax, T = Zg,(x)(pe(Fy)™) is a maximal
torus of Gy(X). Recall that the natural projection 7/ ;: G,(X) = Gy ;(X) is surjective
for any prime ¢. This implies that the image 7, ;(T") is also a maximal torus of G ;(X)
(see [Mill7, Proposition 17.20]). On the other hand, we have 7 ;(p¢(Fy)™) = pri(Fy)%.
Thus m,;(7T") is a maximal torus such that py;(F,)% € m;(T)*(Qy), and

mei (1) € Za, ,(x)(pei(Fo)™)

This implies that pg;(F,)* is regular in my;(7") for all prime ¢, and in particular v is a
maximal place for h*(X) by the construction. O

4.1.3. In the construction of the Frobenius torus T, we have a conjugacy
To,Q, ~GLnq, Zas(pe(Fy)) € Gy, (4.1.1)

The conjugacy (4.1.1) identifies the groups of cocharacters X, (T, q,) as that of a max-
imal torus of Gy for any prime /. As T, q, is the base extension from a Q-torus T, it
induces an Aut(Q/Q)-action on Zgs(pe(Fy)) € Gy. Moreover, since all cocharacters of
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T,.q, are defined over a finite extension of Q, the Aut(Q,/Q)-action factors through a
finite subgroup G ¢ Gal(Q/Q).

Suppose that the Q-compatible system p, comes from geometry, i.e., as in the context
of 2.3.2. In the construction of T; in Theorem 4.1.1, for any prime ¢, we can fix the
Q-structure of ch:GL,.q, = GLg,(H¢(M)) = (G, x A" 1)q, obtained from the Artin
comparison Hg(M) ®q Q¢ = Hy(M). Then we may assume that

T, c GLQ (HB(M))
as a Q-torus. In particular, we may assume that the inclusion of groups of cocharacters
Xi(Toq,) = X+ (GLq (Hp(M))q,)

is G-equivariant. The torus T), is uniquely determined up to the conjugation by GLg (Hg(M))
in terms of the characteristic polynomial ch(ps(F;)) € Q[z] (see [LP92, (4,7.1)]).

4.1.4. As observed in [Pin98, §3], the rank of the global algebraic monodromy group
Gy is determined by the local Galois representation at some good places. Let

— Gy, be the f-adic algebraic monodromy group of V', viewed as a local Galois
representation of G, c Gk,

— T, be the Frobenius torus of Gy at v.
— Ymax be the set of non-archimedean places of K as in Theorem 4.1.1.

Proposition 4.1.5. Assume that K = K®". For any place v € Yax with residue
characteristic p,

(a) Gp, is connected; and
(b) there is an element g € GLn(Qp) such that the conjugation
o -1
gTU7Qp = gTU7Qp g~ c (Gp’v)ﬁp c (Gp)@p
gives rise to a mazimal torus (for both groups Gy, and Gyp).

In particular, one has rk Gy, =tk G.
Proof. See [Pin98, Proposition (3.13)] and the discussion before it. O

In summary, we have the following consequence for Galois representations from ge-
ometry.

Corollary 4.1.6. Let X be a smooth projective variety over a number field K. Consider
the Q-compatible system pe of £-adic Galois representations as in 2.5.2. There exists
a place v of K with residue characteristic p, such that X has good reduction at v, and
tk G, =1k Gy, for any prime £.

Proof. By Serre’s Theorem 4.1.1, the rank of Gged(X ) is independent of the prime /.
Thus, in order to obtain the rank of Gﬁed(X ) for some prime ¢, we may take a place
v € Ynax for H(X) and set £ = p as the prime above v according to Proposition 4.1.5. By
the definition of 3, X has good reduction at v. O

4.2. Hodge cocharacters and Sen theory. In this subsection, we assume that K, is
a non-archimedean local field with a perfect residue field k such that char(k) = p > 0.
Let K* be the maximal unramified extension of K, in K,. We will review some general
facts about the Hodge—Tate representations and also highlight the key features of those
coming from hyper-Kéhler varieties (e.g., Theorem 4.2.11).
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4.2.1. Let Cp, = K, be the p-adic completion of an algebraic closure K, ¢ K,. Recall
that a p-adic Galois representation p: G, - GLq, (V') is called Hodge-Tate if it admits
a decomposition into C,-vector subspaces:

Veq, G =P V(r), (4.2.1)
reZ

such that oy () = (xp)" (o) for any o € Gal(K,/K\"), where ¥, is the p-adic cyclotomic
character of Gk,. The integers r’s appear in (4.2.1) with V(r) non-trivial are called
the Hodge—Tate weights of V. In particular, a (potentially) crystalline representation is
Hodge—Tate.

The Hodge—Tate decomposition (4.2.1) determines a cocharacter
puT: Gic, — GLg, (V ©q, Cp)
up to conjugation, called the Hodge—Tate cocharacter of V.
Definition 4.2.2. Let p: Gk, - GLq, (V) be a Hodge-Tate representation of G, .
— The Cp-linear operator © € Endg,(V ®q, Cp) is defined as

Olv(g) = ~alv(y
where V ®q, Cp = @,V (q) is the Hodge-Tate decomposition, and © is called the Sen
operator of V.

— The Sen Lie algebra s(V') of V' is the smallest Qp-Lie subalgebra of Endg, (V') such
that © e s(V') ®q, C,.

Sen’s theory shows that the Lie algebra s(V) is algebraic* and can be described by
the inertia representation when V' is Hodge—Tate. Consider the short exact sequence
1->1,— Gk, — Gp, > 1,

where I, is the inertia subgroup of G, .

Proposition 4.2.3. Let p:Gg, - GLq, (V) be a Hodge-Tate representation. Denote
gp(V') for the Lie algebra of p(Gk,).

(1) The Lie algebra of the image p(I,) is algebraic and isomorphic to the Sen Lie algebra
s(V).

(2) s(V)cg,(V) is an ideal.

Proof. By the identity I, = Gal(K,/K") for the maximal unramified extension K of
K., the inertia representation p|z, can be viewed as the Q,-representation of Ggur. Then
the first statement follows from Sen [Sen73, Theorem 1] and [Sen81, Theorem 11]. And
for the last assertion, it is sufficient to note that the inertia subgroup I, ¢ Gk, is normal,
and thus the Zariski closure of p(I,) inside G,(V') is also a normal subgroup. O

According to Proposition 4.2.3, the Hodge—Tate cocharacter upr factors through the
p-adic algebraic monodromy group Gy, . As the p-adic algebraic monodromy group Gy, .,
is algebraic, we can assume that pprt is defined over a finite field extension of Q,, i.e.,

HHT € X*(Gp,v)(Qp)~

Definition 4.2.4. Let S ¢ G,,, be the smallest Q,-algebraic subgroup such that S(C,)
contains the image of the Hodge—Tate cocharacter

MHT:Gm,Cp — (Gp,v)Cp .

4Here, a Lie algebra is called algebraic if it is isomorphic to the Lie algebra of a connected algebraic
group variety.
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Remark 4.2.5. According to the definition, S is a connected algebraic group over Q.
Moreover, its Lie algebra
Lie(S) 2 s(V)

is the Sen Lie algebra and S ¢ G, is normal subgroup by Proposition 4.2.3.

4.2.6. Let X be a smooth proper variety over a number field K and v be a non-
archimedean place of K. We denote X, for the base change X xx K, where K, is
the local field by taking the completion of K at v. As a G-representation, the p-adic
étale cohomology HZ (X% ,Qp) is Hodge Tate (see [Fal88]).

The key input from the geometry of hyper-Kéhler varieties for their Hodge—Tate
representations is the following.

Proposition 4.2.7. Suppose that X is a hyper-Kdhler variety over K of dimension 2n.
Let s(X,) be the Sen algebra of h(X,). Then, for any integer 0 < k < 4n, there is a Lie
algebra isomorphism

5k (Xp) = mpr(s(X0)),
under the projection m, . Moreover, if bp(X) # 0, then it induces an isomorphism of
Lie algebras s, (Xy) 2 s(Xy). In particular, the projection

Tp2:S(Xy) - S2(Xy)

18 an isogeny.

Proof. 1t is sufficient to consider the case by (X) # 0. The projection 7, :8(X,) = 5(Xy)
is the restriction of the (twisted) LLV representation

PZW:QBZQP - Ende(Hléct(XF7 Qp)) .
In the decomposition gg‘}V’Qp =0x,q, ® Qphdeg, the reduced part gy q, is a simple Lie
algebra. For 0 < k < 4n, the gy-module H*(X ) contains non-trivial irreducible factors if

bp(X) # 0 ([GKLR22, Proposition 2.35]), thus the restriction of pi on gy q is injective

(after tensoring Q). On the other hand, the action of the center Qphdeg is non-trivial
if k& # 0. Therefore, this implies that 7, is injective as 0 < k < 4k and by (X) # 0.

The injectivity of 7, 1, combined with an argument analogous to the proof of [GKLR22,
Proposition 2.38] and invoking [IIK*25, Theorem 6.2], implies that s3,(X,) = 7p 1 (s(Xy)).
In this step, we use that the degree-k Sen Lie algebra s(X,) (or sx(X,)) is the smallest
Qp-Lie subalgebra containing the corresponding Sen operator. U

4.2.8. Another important cocharacter for Gy, is the Newton cocharacter. Here we
briefly recall the definition. Under the assumption that K, = Ky for v € ¥,.x, we thus
obtain a fiber functor

for.
wp: RengS(G K,) — MF, ¢, —> Vect,
by composing with the forgetful functor. Via the Tannakian formalism, we have
Gp,v ~inner twist AUt® (w’(Dcrys(Xv))) :

Thus the conjugacy class of @, € Aut®(w|<Dcrys( x,)))(#o) corresponds to a conjugacy
class in the p-adic monodromy group Gy, (@p) under the inner twist, which is unique
up to Gy, (@p)—conjugacy. We denote the conjugacy class by [®,].

Fix a representative ®, in the Gp,v(@p)—conjugacy class [®,]. Since X has good
reduction at v, Derys(My) is the same as the crystalline cohomology of the special
fiber of a good reduction of M, at v, as a filtered p-module over K,. Then, as a

consequence of the Weil conjecture, the eigenvalues of ®, are algebraic integers and are
independent of the Weil cohomology realization (see [KM74]). Let &, = ®% o 3 be the
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Jordan decomposition of ®, in G,. By the construction of the Frobenius torus T, in
Theorem 4.1.1, the semisimple part ®5° is GL, (Qp)—conjugate to a semisimple element

t'L) € T’U (Qp)

which generates a Zariski dense subgroup of T;. This corresponds to a quasi-cocharacter

UN € X*(T’U)(Qp) ®7 Q

such that un(x) = %ordv(x(tv)) for any character x € X*(Tv)(@p), where ordv:Qp
— QU {oo} is the normalized valuation at v. This quasi-cocharacter is the Newton
cocharacter of T,,.

4.2.9. Suppose that v € Y. By Proposition 4.1.5, we may assume that gTvQ c
1vp
Gpv@ is a maximal torus after a GLn@ -conjugation. For simplicity of notation, we
sUsep 1p
omit the superscript g in the following.
After Gy ,-conjugation, we fix a Qp-form T, q, € Gy, of Tvﬁ . For any (quasi-
1p

)cocharacter p € X.(T,,q,)(Q,) ®z Q, we consider the subset of its conjugates

e = o€ Gp,v (Qp) x Gal(@p/Qp) ’
S,u = { e Gm7ﬁp - Gp’qu Im(gu) c TU@ .
»=p

Recall that the essential image of D¢,ys is the set of those weakly admissible filtered ¢-
modules by Colmez—Fontaine [CF00, Théoréme A], i.e., the Newton polygon lies above
the Hodge polygon and they have the same endpoint. The weak admissibility of the
filtered p-module Derys(M,,) implies that

pn € Conv (S, )° € Xu(Thq,)(Cp) ®z R, (4.2.2)

where Conv (S, )° is the interior of the convex hull of S (see [Pin98, Theorem

HHT
(2.3)]).
As a connected normal Qp-subgroup S(M,) < G, (see Remark 4.2.5), take
THT,v = S(Mv) n Tv,Qp ’

which is a maximal torus of S(M,) such that Tyr, € T, v,Qp- This induces an injec-
tive homomorphism X, (Tut,0) < X+(Ty,q,). Together with the abundance of Newton
cocharacters, we can conclude that the Frobenius torus 7T, is generated by Hodge—Tate
cocharacters by the Galois action.

Lemma 4.2.10. Under the injective homomorphism X.(Tnt) < X« (Tv,q,), the lattice
X.(Tyq,) ®z Q is generated by the Gal(Q/Q)-orbits of X.(Tur,v)-

Proof. Denote V = X, (T HT ».Q ) as the group of cocharacters (over @p) for simplicity.
1Y p

As noted in Remark 4.2.5, the Hod_gefTate cocharacter ugt € V and S(M,) is a normal
subgroup of Gy, ,. Thus the Gy, (Q,)-conjugates of ugr factors through S(Mv)@ and
P

all u € S, are cocharacters of S(./\/lv)Q . Moreover, as u factors through T, g we
P 7%p
have y € V. For this reason, the subset S, ¢V, and also the convex hull

Conv (S,p) cVezZR.

The Galois orbit Gal(Q/Q) - un of the Newton cocharacter generates X.(T.q,) ®z Q
(see [Ser86, p.9., Théoréme] or [Pin98, Proposition (3.5)]). Therefore, the Q-vector space
X.(T,q,) ®z Q is generated by the Gal(Q/Q)-orbits of X.(Twr,) by the inclusion
(4.2.2). 0

Theorem 4.2.11. Suppose that X is a hyper-Kdhler variety. Fix a place v € YXpax.
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(1) The projection mp, 2: Gp(Xy) > Gp2(Xy) induces a bijective homomorphism between
the groups of cocharacters

X, (T,g ) 92Q - X.(T,,5 )8z Q.

(2) Let G;f’g C Gp(Xy) be a Levi subgroup. Under the projection mp 2, G;‘ff} 18 isogenous

onto Gp2(Xy).

Proof. By Proposition 4.1.5 (a), Gp2(X,) and Gp,(X,) are connected. According to
Lemma 4.1.2 (and its proof), the projection 7,2 induces a surjective homomorphism of
Frobenius tori

Tvap v727Qp ?

which is in fact defined over Q. Consequently, we obtain a surjective group homomor-
phism

X (T.g,) 82Q@— X (T,50,) 02 Q. (4.2.3)

which is Aut(Q,/Q)-equivariant. It remains to show that (4.2.3) is injective. We split
the proof of (1) into two steps.

Step 1. We firstly claim that for any peV = X*(Tv@ ), there is a lift
1p

fie Vo =X, (GSpin@p) ®7 Q
such that u = p*™ o 7. Here we may view V as a subgroup of X*(GLQ(HB(X)))(QP).
Also note that Lemma 4.2.10 implies that Vg is generated by cocharacters in
X (Tar,) € X+ (S(Xy))
under the Aut(Q,/Q)-action as in 4.1.3.

If p e X4(S(Xy)), then the required lift 7 follows from [IIK*25, Theorem 6.2]. In
general, a quasi-cocharacter in Vg is of the form

= ai(% i), a;€Q
7

for some p; € X, (S(X,)) and 0; € Aut(Q,/Q). In this case, we can take i = Y; a; (7' [1;).

Since the twisted LLV representation p*V is defined over Q, we have p™ o i = p as

required.

Step 2. Let peV and @m@ - GSpin@ be the quasi-cocharacter which lifts p as in

p P

Step 1.

Assume that 7,90 p = 0, then we have p¥ o i = 0. Then it is clear that y and I are not

given by the weight cocharacter under the assumption. Thus 17 factors through Spin@ .
P

By the construction of p™ (see 3.2.3), the restriction p§¥|spi, is the composition of
Spin - SO - GL(H*(X)),

where the first arrow is the universal covering of the special orthogonal group, and the
second one is the standard representation of the special orthogonal group. So p5¥|spin

induces an injective homomorphism Vg < X, (GL(H*(X ))g ) ®z Q. Therefore 7i = 0 in
P
V@, and in particular =0 in Vg.

(2) We can assume that T}, q, (resp. Ty2,q,) is @ maximal torus of the connected reductive
group G;‘fﬂ (resp. Gpay). Therefore, we can conclude that 7, is an isogeny, which is
multiplicative as G;fg is reductive. (]
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4.3. Rank bounds for hyper-Kéhler varieties. Recall that the rank of a connected
algebraic group G over a field F' is the dimension of a maximal subtorus Ty € G-

Lemma 4.3.1. Let f:G — H be a surjective homomorphism between connected algebraic

groups. Then rkG > rk H. Moreover, for a short exact sequence 1 - Z - G ER H -1,
we have

tkG=1rkZ° +1k H ;
and in particular, if f is an isogeny, then rk G =rk H.

Proof. For these statements, we may assume F = F. For any maximal torus T' c G,
the image f(7) ¢ H is a maximal torus of H (see [Mill7, Proposition 17.20]). Thus
rkG >rk H.

Let Ty ¢ Z° be a maximal torus. We may assume that a maximal torus T of G
is chosen such that Tp € 7. In this case, Ty is a maximal torus of the multiplicative
subgroup ker(f|r) ¢ Z. In particular, dim 7Ty = dimker( f|7), which implies

dim Ty + dim (7)) =dim T. O
Theorem 4.3.2. Let X be a hyper-Kdihler variety over a finitely generated field over Q
with by > 4. For any rational prime £, we have
tk Gy(X) =1tk Gy (X) =1tk Gy2(X).

Moreover, the identity component of the even {-adic defect group Py (resp. P} ) is the
unipotent radical of G¢(X)° (resp. G+ (X)°).

Proof. As before, we may assume that these three groups are connected by Theorem 2.3.5
after a finite field extension.

(1) First, we treat the case that K is a number field. By Proposition 4.1.5, there exist
a prime ¢ and a place v | £ such that tk G;(X) = rk G¢(X,). Thus we have the following
(in)equalities of ranks

rk Gy(X) =tk G,(X,)
=1k Gy2(Xy)
<1k Gya(X),
where the second equality is obtained from Theorem 4.2.11 and Lemma 4.3.1. On the
other hand, applying Lemma 4.3.1 on the short exact sequence
1 — P — Gy(X) — Gpa(X) — 1,

we have tk G/(X) = rk Gy 2(X) + rk P;. Therefore, combining these two relations, we
have
1k Gy(X) =1tk Gya(X).

This also implies that rk P, = 0. Similarly, we also have rk Py , = 0.

Therefore the identity components P; and P;, are connected unipotent groups by
[Mil17, Theorem 20.1 (a)]. The reductivity of Gg2(X) implies that Py, = R,(G/ (X))
and P} = Ry(G(X)).

(2) If K/Q is not a finite extension, then we choose a normal model B of K as follows:
Take a polarization £ on X. The pair (X, £) defines a K-rational point x € M, where M
is an irreducible component of some moduli space ° of polarized hyper-Kéhler varieties
that contains (X, £). Let B be the normalization of the Zariski closure {z} € M.

Consider the projective family X — B of hyper-Kéhler varieties, obtained by pulling
back the universal family along B — {x} € M. From the construction, we have that the

5Strictly speaking, M is the étale atlas of a moduli stack, where a universal family of hyper-K&ahler
varieties exists.
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generic fiber satisfies X, = X, with n € B the generic point. As discussed in 2.3.8, we
may take a closed point s € BY, so that G¢(X)° = G¢(X,)°® under cospecialization. This
implies
rk GZ(X) =1k Gg(:{s) =rk G&Q(%s)
<rk G&g(X) .
Here the second equality follows from (1). Therefore, rk G,(X) =1k G 2(X). O

Corollary 4.3.3. The projection m9:Gy(X) - Gya(X) induces isogenies of Q-
algebraic groups for any Levi subgroup Gzed(X) c Gy(X):

(1) GFUX) > Gea(X);

(2) Z(GFPU(X))° > Z(Gea(X))*;

(3) GEd(X)der o Gy p(X ).

The same statement also holds for the projection Gy (X) - Gya2(X).

Proof. The restriction of projections on any Levi subgroup is a surjective homomorphism
between reductive groups with the same rank by Theorem 4.3.2, and thus is an isogeny.
O

5. MUMFORD—TATE CONJECTURE FOR HYPER-KAHLER VARIETIES

Let X be a hyper-Kéhler variety over a finitely generated field K with bs > 4. In this
section, we will focus on the proof of our main results for X. As before, we fix a field
embedding K — C. We assume that K = K™ for h(X) throughout this section.

5.1. Monodromy group of family of hyper-Kahler varieties. A fruitful approach,
inspired by [And96a] and [Mool7], to address the Mumford-Tate conjecture is to reduce
it to a simpler situation using a smooth family with “large monodromy.” In the following,
we recall several basic properties of the monodromy group associated with families of
hyper-Kéhler varieties.

5.1.1. Let B be a geometrically connected smooth variety over K. Fix a field embedding

K c C, and a QVHS V on B¢ = B xx C. Recall that a complex point s € B(C) is Hodge

generic (with respect to V) if the Mumford-Tate group MT(V;) is maximal under

monodromy conjugation. As a Q-local system, the algebraic monodromy group of V

(with a base point s € B(C)) is the identity component of the Zariski closure of
p:m(Bg,s) — GLq(Vs),

denoted by M(V). If one chooses a different base point, the monodromy representation
changes by conjugation via parallel transport, and therefore the algebraic monodromy
group stays isomorphic. In what follows, we sometimes suppress the base point when it
causes no ambiguity.

5.1.2.  Let us recall some general features of M(V):

— It is a normal subgroup M(V) < MT (V)% if s is Hodge generic in B(C). See
[And92, Theorem 1]. If there is a point s € B(C) such that MT(Vy) is abelian,
then M(V) = MT(V,)der,

— If there is a Q-local system V, on S such that V® Q, = V7", then it induces an
isomorphism of Qg-algebraic groups:

M(V)q, 2 M(Vy). (5.1.1)

See [Urb22, Lemma 3.3.] for details. Here M(V;) is the identity component of
the Zariski closure of the image of

7" ( B, 5) - GLq, (Vs ® Q).
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Remark 5.1.3. Motivic Galois groups of André motives in a family share similar fea-
tures of those of Mumford—Tate groups. Let S be a geometrically connected smooth
variety over K ¢ C and M/S be a family of motives over S. Assume that the generic
motivic Galois group G,ot(M/S) is connected. Then the algebraic monodromy group
of its Betti realization satisfies

M(Hp(M/S)) <4 Gt (M/S)de

as a normal subgroup. If there is a point s € S(C) such that Gmoet(Ms) is abelian, then
M(Hp(M/S)) = Guot(M/S). See [And96b, Theorem 0.6.4].

5.1.4. Let V; be an f-adic local system on B. Consider the subset of points of B whose
f-adic algebraic monodromy group is strictly smaller than that of the generic fiber under
the specialization n ~ s, i.e.,

Excy = {S eB ‘ G&S & Ggﬂ} .

The subset Excy is called the (¢-adic) exceptional locus of Vy; and any point s € S\ Excy
is called a (¢-adic) Galois generic point. Clearly, the generic point 1 € B is Galois generic
with respect to any f-adic local system on B by the definition.

Example 5.1.5. Let f: X — B be a smooth projective family of hyper-Kéhler varieties
(with by > 4). For the f-adic local system Vjo = R?f.Qq, a point s € B is Galois
generic with respect to Vo if and only if s¢ € B(C) is Hodge generic with respect to
Vg = R?f¢..Q for any field embedding k(s) = C, by (MTCz) (= Theorem 1.2.3) for
hyper-Kéhler varieties.

Remark 5.1.6. Our definition of the exceptional locus coincides with the traditional
one based on the dimension of /-adic monodromy groups. While the latter is standard in
the literature, Bogomolov’s theorem guarantees that for the geometric local systems con-
sidered here, the images are Zariski-dense open subgroups, rendering the two approaches
equivalent.

5.1.7. In a general set-up, the reductivity of Gy s is missing. It is convenient to consider
the following two variants of the exceptional loci for an ¢-adic local system

— Excj’ = {s eB ’ sstk Gy s < ssrngm};

- EXCEk = {s €eB ‘ tk Gy s <1k Ggw},

which take the semisimple rank and rank into account respectively. Clearly, Exc}® ¢ Exc,
and ExcEk ¢ Excy.

Lemma 5.1.8. Suppose Vi = V®Q, for some Q-local system V that supports a polariz-
able QVHS. If s € S~ (Exc}® UEXCEk), then there is a Levi subgroup chsd and a natural

injective homomorphism is: M(V,) — Gze;j’der whose image is a normal subgroup.
Proof. There is a short exact sequence
1 —— 7' (Sz) —— m$(S) Gk 1.
~_ !
Grm

The Galois action on V5 factors through the surjection G,y 7$t(S), and therefore

& Zar,o
Gy, = Im (7{*(S) - GLq, (V7)) ,

It induces an injective homomorphism i,:M(V,;) — Gy, whose image is a normal
subgroup.
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As V supports a Q VHS, the Artin comparison implies that M(V,) 2 M(V)q, is

semisimple, and thus M(V,) ¢ Gzes der g1 some Levi subgroup fo]l ¢ Gy,. The condi-

tion s € S\ (Exc}® UExc)®) implies that rk Gy, = rk Gy, and Gzej’der = Gze;l’der by Borel-

I

de Siebenthal theorem for some Levi subgroup GI°d ¢ Gy ;. Hence Py« (M(Vy)) €
GZ‘?’der. We can thus take is = sp, , . oiy. O
Lemma 5.1.9. Let X - B be a smooth projective family of hyper-Kdhler varieties with
by >4. If se S is l-adic Galois generic with respect to Vo, then s € S\ (Excy® UEXCEk)
with respect to Vp = Rf,Qy.

Proof. The cospecialization along 1 ~ s provides us a commutative diagram

Gf,s > Gﬂ,n

l i

GE,Q,S — GZ,2717

where the vertical arrows are the restriction of 7,2 on derived subgroups, and are both
surjective. The bottom arrow is an isomorphism as s € S\ Excy for V5. The projections
me2 are isogeny at both s and n after being restricted on Levi subgroups and the their
derived subgroups by Corollary 4.3.3. Hence

sstk Gy s =sstk Gy, 1tk Gy =1k Gy O

5.2. Families of maximal monodromy. Let V be a Q VHS on S. If the algebraic
monodromy group M(V) = MT(V,)4" for Hodge generic points s, then we say V has
mazximal monodromy.

If V arises from a family of hyper-Ké&hler varieties in degree 2, then it is a Q VHS
of K3-type. According to Zarhin’s results [Zar83], MT(Vq )9 is simple over Q when
dim Vs is sufficiently large. Let F = Endqvus(V2) the endomorphism algebra.

Lemma 5.2.1. [Mool7, Proposition 6.4 (iii)] Let X — S be a non-isotrivial family of
hyper-Kdéhler varieties. Then Vo has mazimal monodromy if tkpVo +4 or E is a CM
field.

Remark 5.2.2. In the case that F is totally real and dimg Vo = 4, if the discriminant of
BBF form q on Vy is not a square in £, then the special orthogonal group SO g/q(Vs, gs)
is still Q-(almost) simple, so Va also has maximal monodromy.

5.2.3. Asrecalled in 5.1.2, in Hodge theory, the derived subgroup of the generic Mumford—
Tate group of a (polarized) Q-VHS contains the algebraic monodromy group as a normal
subgroup, which follows from Deligne’s theorem of fixed part. For a family of hyper-
Kahler varieties, this makes it possible to determine the derived subgroup of the ¢-adic
monodromy group in degree 2 for a Galois generic fiber, assuming the Mumford—Tate
conjecture holds in degree 2.

With the estimation of ranks for ¢-adic algebraic monodromy groups, we have seen

the derived subgroups Gzed’der and fo’der are both isogenous to the derived subgroup

in degree 2 (Corollary 4.3.3). Here we give a more precise description for the isogenies
at the Galois generic fibers.

Proposition 5.2.4. Let f:X — B be a smooth projective family of hyper-Kdhler varieties
over a smooth geometrically connected variety B over K which is of mazximal monodromy
in degree 2. Let Grodder . G;eg(%s)der be the derived group of a Levi subgroup of the

4,0
l-adic algebraic monodromy group of the fiber X at some point s € S\ Excpo. Then

MTD(st)der = Mg (V) _ Gred,der

¢o
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in Gmot,n(Xs). Moreover,

e projection Ty o: N — is an isomorphism.

1) Th ] t ’ Gzeii der G?Er . ; hi

(2) Suppose that the fibers have non-zero odd degree cohomologies. Let 0 € Gy, be the
involution as in Lemma 3.3.5. The projection

0 o Gzed,der . G?Er

)

s an isogeny of degree 2, whose kernel is generated by ¢.

Proof. Let Vo = Rf)r f+Q¢ be the f-adic local system of primitive cohomologies on the
family f, and similarly for the even part. Let M(V;3) and M(V,,) be the geometric
(-adic algebraic monodromy groups of V, , and V5 respectively (with 7 the base point).
By Lemma 5.1.8, there is an injective homomorphism i2: M(V,2) — Gy 2 whose image
is a normal subgroup. Under the isomorphisn Gy — Gmot,2,q,, the image of M(V, )
is equal to the derived group of MT; g, under the maximal monodromy assumption on
V.

(1). The projection of algebraic monodromy group M(V,) - M(V3) is an isomor-
phism since it is the restriction of the isomorphism 79: MT, —> MT5. Then the Artin
comparison (5.1.1) implies that

2 M(Vy ) = M(Vy2),

The following diagram commutes

i+ red,der
M(V€,+) > Ggﬁ_ > Gmot,+,Qg

l: l UJQZ (5.2.1)

M(Vl,2) ; G?fe?r GHIOt,2,Qg .

Here i exists by Lemma 5.1.8 as s is f-adic Galois generic (with respect to V,2); and
i+ exists by Lemma 5.1.9. We set gy =1, o 71'2% o 151, which is the splitting required.

(2). Again, by Lemma 5.1.8 and Lemma 5.1.9, there is a commutative diagram

M(Vz) i Gzed,der
Jos 1 (5.2.2)
M(Vi2) —2— Gy

The left vertical two-to-one isogeny is from the isogeny mo: MT(X¢g) - MT2(X¢) in
Lemma 3.2.5. In fact, the equality M(Vy) = MTo(X¢)%" from the maximal monodromy
assumption forces the equality M(V) = MT(X¢)" which provides us the isogeny by
the Artin comparison.

In both (1) and (2), since dim G}"**" = dim G{Y by Theorem 4.3.2, i and i, are
actually isomorphisms. In particular,

MTD(X@)der _ MD (V) _ Gred,der )

4,0

under the comparison isomorphism. The rest statements then follow from the situation
for Mumford—Tate groups, as in Lemma 3.2.5. U

Combining with the (local) Torelli theorem of hyper-Kéhler varieties and the descent
results given in [And96b], we can deduce the following result on the existence of a family
of maximal monodromy.
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Proposition 5.2.5. Let X be a hyper-Kdihler variety over K with bo > 4. There is a
smooth projective family X — B of hyper-Kdhler varieties with maximal monodromy over
a smooth geometrically connected variety B such that X, = X for some be B\ Excy .

Proof. Fix a field embedding K ¢ C. Fix a polarization £ on X and a polarized universal
family (f:X — B, L) such that f71(b) 2 X and L, for some point b € B(K). The period
map

(I)QZ BC —> F\DA 5
has open image and is finite étale onto its image, by the local Torelli theorem (see [Bea83,

§81)-

If X is of CM-type, i.e., MT5(X) is abelian, then its derived subgroup is trivial
and the requirements trivially hold for X — Spec(K). So we may further assume that
MT,(X) is not abelian. Under the assumption, the derived subgroup Gy = MTy(X )
is non-trivial as a subgroup of SO(L;). Let U ¢ B be the connected component of the
preimage of the special subvariety I'"\ D¢, € T'\Dy such that be € U(C), along ®2. Then
b e U is a point such that b € U(C) is Hodge generic with respect to the QVHS L*|y.
Clearly, U is smooth as ®9 is étale onto its image. On the other hand, since I''\Dg,
is a connected component of a Shimura variety, U(C) contains points whose image in
I"\Dg, are special points (=Hodge structures of CM-type).

Moreover, @3 is defined over a finite extension of K by the descent results in [And96b].
Therefore, after a finite extension of K, we may assume that U is defined over K and b
is a K-rational point. By Example 5.1.5, we can see that b is -adic Galois generic with
respect to QQAU' O

Corollary 5.2.6. For a hyper-Kdhler variety over K with bo > 4, the derived subgroup
GE(X)red,der — MT(XC)der c Gmot(X)

Proof. This is a combination of Proposition 5.2.5 and Proposition 5.2.4. ([

5.3. Hyper-Kihler varieties with real multiplication. Let T(X) ¢ H?(X¢, Q) be
the transcendental part, i.e., the smallest Q-sub Hodge structure such that T'(X) ®q C
contains the 1-dimensional C-vector space HQ’O(X@). Then the endomorphism field

E = Endpqae(T(X)) c C
is a number field by [Zar83, Theorem 1.6], and is equipped with an involution * on E
such that
qlex,y) =q(x,e’y), VeeF and x,yeT(X).
Definition 5.3.1. A hyper-Kéhler variety X has real multiplication if the endomorphism
field E of X is totally real.

Remark 5.3.2. In the literature, the condition that X has real multiplication typically
also includes the requirement that E # Q. For the sake of simplicity, we will omit this
assumption here.

5.3.3. Let Ey = E ®q Q. The f-adic algebraic monodromy group Gyz(X) can be
classified into two cases, by Zarhin’s results in loc. cit. and MTCy for X (or Theorem
2.6 in [Mool7]).

(SO) If the involution * on F is trivial, i.e., E is totally real, then we have the almost
direct product

G 2(X)® 2 Gnm,q, SOg,/q,(T(X),dx)

with T'(X) viewed as an E-vector space and ¢ the E-bilinear form on T'(X)
extending the BBF-form ¢x, and SOg, q,(T(X),qx) is viewed as a Q-algebraic
group by taking the Weil restriction.
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(U) If the involution * on F is non-trivial, then we have the almost direct product

G2(X) 2 Gnq, Ug,q(T(X),0x)
with gx the F-Hermitian form extending the BBF-form ¢x.

In both cases, the subgroup Gy, q, € G¢2(X)° is the group of homotheties. Consider
the decomposition

G (X) = Z(GF (X)) - G (X
In the case (SO), the corresponding decomposition for Gy o(X)° is

Gm,q, " SOg,/q,(T(X),qx) -

In the case (U), let Ey = E* the invariant subfield of E under the involution. The
corresponding decomposition for Gy 2(X)° is

(G, Rest)y, (Gm)a, ) -SU, (T(X).x).

where the 1-dimensional Ey-torus

Res(l)

Ng/E,
/o (Gyp) = ker (ReSE/EO(Gm) — Gm)

is the center of Ugq(T'(X),qx)-

As an example, we can consider a universal family of polarized hyper-Kéhler varieties,
i.e., a projective smooth family X — S, which is the base change along a finite étale
covering S — M, onto some connected component M of the moduli space of polarized
hyper-Kéhler varieties.

Proposition 5.3.4. Let X - S be a universal family of polarized hyper-Kdhler varieties
with by > 4.

(1) The generic fiber X, has endomorphism field E = Q. In particular, it is of real
multiplication.

(2) We have G;e;l’der = MT(X,,)q, for some Levi subgroup qu‘;, under the comparison
isomorphism.

Proof. (1) Let Aj, = h* be the sublattice of H*(X,,,Z) obtained by the orthogonal
complement. The local Torelli theorem of hyper-Kéhler varieties implies the monodromy
representation

771(‘5@) - GLQ (H2(%ncv Q))
has dense image in O(Ap)q or SO(Ay)q (see [And96b, Corollary 3.3.3.]). Therefore,
the algebraic monodromy group M(V3) = SO(Aj)q. The geometric generic point ng¢ is
Hodge generic as C-point, and thus M(V3)< MT5(X,,). On the other hand, the special
Mumford-Tate group MT2(X,.) € SO(A;)q , which forces an equality MTa(X,,) =

SO(Ap)q as a Q-algebraic subgroup. Compare its dimension with Zarhin’s computation,
we can see T'(X,,) 2 Ay, and E = Q.

(2) We may assume H™(X) # 0. Notice that M(V,) 2 M(V)q, 2 Spin(Ap)g,.- On
the other hand, we have § € MT(X,,) = M(V). Hence 6 € M(V,) under the Artin

comparison. Consider the commutative diagram

Spin(An)q, = M(Vy) — Gy

5 |

SO(An)q, 2 M(Vay) —— GJY, .
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d,d . . .
Therefore, an’ R G?}e;’n is the two-to-one covering of a special orthogonal group,

and J € G?i]r is the generator of the kernel. O

Recall that there is an isogeny
Z(G (X)) — Z(Gya(X)) (5.3.1)

by Corollary 4.3.3. According to Zarhin’s computation, the center of f-adic algebraic
monodromy group of a hyper-Kéhler variety with real multiplication is relatively easily
to be described.

Lemma 5.3.5. Suppose that X has real multiplication. Then
Z2(G(X)) 2 (G (X)) 2 Gy,

Proof. Since X has real multiplication, we have Z(Gy2(X)) = Gy,,q, as the subgroup
of homotheties by Zarhin’s results. This also implies that dim Z(Gy(X)) = 1 since the
centers are isogenous. As the group of homotheties G, q, € Z(G¢(X)), we can conclude
that the connected component Z(Gy(X))® = Gy,,q,- For Gy (X) the argument is the
same. g

Proposition 5.3.6. Suppose that X has real multiplication. There is an injective ho-
momorphism between the centers

Z(Ge2(X)) — Z(Gea (X)),
which splits (5.3.1) with the image equal to the connected component Z(Gy(X))°.

Proof. If X has real multiplication, then Z(Gy2(X)) = G, q, is given by the group of
homotheties on HZ(X). Then the required statement follows from Lemma 2.2.11, i.e.,
the image of weight cocharacter G, q, ¢ Z (Gg’+(X )) Moreover, as the restriction of
the projection 79 on Gy, q, ¢ Z (ng.(X)) is given as

(17Z27"'7 ZZk 7"'7z4n) ind (22,"',2’2)7
——
HEM(X)
which is injective. Therefore, we can define Z(Gy2(X)) 2 Gy q, = Z(Gr+(X)) as
(t77t) = (17t7"'7tk7”'7t2n) .

We can directly check that this is the injective homomorphism as we required. The
image is a connected component by Lemma 5.3.5. O

5.3.7. We show that the action of the Levi subgroup G;ed factors through the twisted
LLV representation. For general hyper-Kéahler varieties, this is a direct consequence of
Proposition 5.3.4. In addition, we employ a specialization argument similar to that in
previous sections.

Consider a universal family X - S (over K) of hyper-Kéhler varieties which contains
X as a fiber at a K-rational point s € S(K'). By Proposition 5.3.4, the generic fiber X,, ad-

SPy s
mits real multiplication. The specialization isomorphism He (X5, Qr) —% He (X5, Q)
on (-adic étale cohomology can be chosen to be motivated (see [Cadl3, Lemma 4.6]).
Therefore, there is a commutative diagram
Gy —— G
[ [ (5.3.2)

*
SPy,s

(Gmot,s)Qg — (Gmot,n)Qg .
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Proposition 5.3.8. Keep the notations same as in Notation 3.2.2. For a hyper-Kdhler
variety X over K with b > 4, we have

G*(X) € p™(GSpiny)
for some Levi subgroup GI*4(X) € Gy(X).

Proof. Consider the generic fiber X,. Proposition 5.3.4 implies that X, has real multi-
plication, and

G = G Gy = (G- MT,),, .

by Lemma 5.3.5 and Proposition 5.3.4. Therefore, GE‘;‘? c p"™(GSpiny) by Remark 3.2.4.

Now we can deduce the inclusion for hyper-Kéhler variety X = X, by applying Lemma 3.2.7
on (5.3.2). O

Corollary 5.3.9. There is a unique Levi subgroup Gied(X) c Gy(X).

Proof. By [Hoc81, Theorem 4.3], all Levi subgroups of G,(X) are Pj-conjugate to
Gfged(X) in Proposition 5.3.8. However, Lemma 3.3.2 implies the conjugate action of Py
on Gy(X) is trivial as GI*4(X) ¢ p™(GSpiny). O

Remark 5.3.10. Corollary 5.3.9 implies the Levi subgroups chosen in Proposition 5.2.4
and Proposition 5.3.4 are canonical.

5.4. Connectivity of P, . Consider the short exact sequence

1— Py —> Gy (X) 225 Gya(X) — 1. (5.4.1)

The kernel P, is called the (-adic even defect group of X. Since P, is the unipotent
radical of the connected algebraic group Gy .(X) by Theorem 4.3.2,, we have a semi-
direct product

Ge.+(X) = GEH(X) % P,
which is unique up to Py, -conjugation (see [Hoc81, Theorem 4.3]). The projection
fo(X ) > Gy2(X) is an isogeny with the kernel equal to the group of connected
components mo(Fp ).

In this subsection, we will prove that P . is connected and that the semi-direct product
is actually a product, which is compatible with the decomposition (3.3.3).

5.4.1.  As a reductive group, the second degree ¢-adic monodromy group Gy 2 admits a
decomposition
Goo = Z(Ge2) G{5

where Z(Gy2) is the center and G?egr is the derived subgroup of Gys. The projection
72 induces surjective homomorphisms

2(Giy) — Z(Gez)  and  GIT — G5

To obtain a splitting of my o, it is sufficient to construct splittings for these two homo-
morphisms separately.

Firstly, we deal with the case that X has real multiplication.

Theorem 5.4.2. Let X be a hyper-Kdhler variety over a finitely generated field K with
ba(X) > 4. Suppose that X has real multiplication. There is a direct product

G (X) =Gl x Py
with G 2 Gy o(X)°, such that
GE?E = 0Q, (Gmot,2(X)) = MT.(X¢)q,
as a subgroup of Gmot+(X) by the inclusion Gy (X) < Guot,+(X).
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Proof. Corollary 5.2.6 together with Proposition 5.3.6 provide an injective homomor-
phism

0r: Gra(X) = G+ (X)
such that w2 0 0p = 1g,, and 0¢(Gy2(X)) = MT,(X¢)q,- By Lemma 3.3.2 and
Remark 3.2.4 (or Proposition 5.3.8), we can see that P, ¢ P, q, commutes with
0¢(Gy2(X)). Therefore, oy induces the direct product decomposition as required. [

5.4.3. If Eis a CM field (Case (U)), the center of Gy 2(X) receives a non-trivial contri-
bution from the special Mumford-Tate group. Consequently, constructing the splitting
oy for the center is not as straightforward a priori as in Proposition 5.3.6. However, the
connectivity of Py, can be established by reducing to the case of real multiplication.

Theorem 5.4.4. Let X be a hyper-Kdihler variety over a finitely generated field K with
by > 4. For any prime £, the £-adic defect group Py, is connected. In particular, Py is
the unipotent radical of G+ (X) and GI*4(X) 2 Gy2(X).

Proof. Let X — S be a universal family of polarized hyper-Kahler varieties such that
Xs 2 X for some K-rational point s:Spec(K) — S, where S is a geometrically connected
smooth variety over a number field. The generic fiber X;, is a hyper-Kéhler variety over
the finitely generated field k(n) with real multiplication by Proposition 5.3.4.

For a point ¢t € S, we denote P, ¢ for the f-adic even defect group of the fiber X;.
There is a decomposition
GZ,+,77 = GZ,Q,n x PE,+,17
by Theorem 5.4.2. In this case, I, , is connected, and thus the unipotent radical of
Gy, by Theorem 4.3.2. Therefore, Gy 2, is isomorphic to the maximal reductive quotient

fon, and the splitting Gy 2, = Gy, is unique.

At the K-rational point s, take a decomposition Gy ¢ = Grd x P? . The special-

l,+,s l,+,s
ization 1 ~ s provides a commutative diagram

"
d SPy.s
Gre GZ7+7S G£7+777

l,+,s
\ l?‘(’e’g lﬂ'g’g
/
T2 *

SPn,s
Ge,2,8 GZ)QJ] °

Since GZ’J‘}’” € Gy,+,y is the unique Levi subgroup, the image sp; (G;‘ff}s) c G;?Sm'
Therefore, the surjective homomorphism 7 , is injective, which also implies that Py,
is connected since Gy ; is connected. Hence P, s is the unipotent radical of Gy, s by

Theorem 4.3.2 again. O

Corollary 5.4.5. Suppose X is a hyper-Kahler variety over K with bo(X) > 4. The
exact sequence

1 — Py — Gi(X) — Ga(X) —1
admits a unique splitting o¢: Gp2(X) = Gy (X), which induces a direct product decom-
position Gy (X) = oy (GM(X)) x Pyy.

Proof. Since Py, is the unipotent radical of Gy .(X), there is a semi-direct product
decomposition

Gy (X) 2 Py x Gea(X), (5.4.2)
and the inclusion Gy 2(X) < Gy (X)) is unique up to conjugation under the Py ,-action
(see [Hoc81, Theorem 4.3]). However, Py, € Py g, commutes with the o (Gg2(X)) =
GE?S(X ) by Lemma 3.3.2 and Proposition 5.3.8, which implies the semi-direct product
(5.4.2) is actually a direct product and the splitting is unique. O
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Remark 5.4.6. The uniqueness of the splitting implies that o, coincides with the one
constructed in Theorem 5.4.2 when X has real multiplication, and thus is compatible
with the splitting o for motivic Galois groups.

5.5. Semisimple Mumford—Tate conjecture and semisimplicity. In this subsec-
tion, we will split the usual Mumford—Tate conjecture into two parts.

5.5.1.  The Mumford-Tate group MT;(X¢) of a smooth projective complex variety X¢
is a reductive group over Q by the existence of Hodge-Riemann relations. It follows that
the f-adic algebraic monodromy group Gy ;(X)° is also reductive, assuming (MTC;).

The reductivity of G ;(X)° implies that the Galois representation Hét(X?, Q) is
semisimple. As we already mentioned in the introduction, the semisimplicity of the
Galois representation V, ; is still widely open, except for the Galois representations arising
from M € Moty («7) (see [FWG'92, VI, §3, Theorem 1 (a)] for the case of abelian
varieties). It is also well-known to be a consequence of Tate’s conjecture, i.e., the cycle
class maps

cly: CH'(Yy) ®q Qe — HE (Y, Qu(7))
are surjective onto the subgroups of Tate classes for all smooth projective varieties over
a finitely generated field F' over Q, by [Mool9, Theorem 1].

5.5.2. To simplify the problem into only the cases of reductive groups, consider the
following process.

Let p* be the semisimplification of a Galois representation p:Gx - GLqg, (V), ie., a
semisimple representation of G (on V') such that

Trp®(g) =Trp(g) VgeGk.

In the following we also denote V*®° for the Gx-module structure on V' given by p®. Let
Gfid(X ) be the connected component of the Zariski closure of the image of

Pt G — GLe, (Vi) -

The connected algebraic group G;‘fid(X ) is reductive, as the faithful representation V;f

is completely reducible. The reductive group Gzeid(X ) is a Levi subgroup of Gy ;(X).
In particular, there is a natural surjective homomorphism Gy ,;(X) - Gfl»d(X ) whose
kernel is unipotent. The following is well known to experts. We record it here for the

sake of completeness.

Lemma 5.5.3. Let X be a smooth projective variety over K, and 0 <1< 2dim X be a
positive integer. The Mumford—Tate conjecture for X in degree i holds if and only if

(SS) Vi is semisimple as a Gg-module, and

(SMTC) G(X) = MT;(X¢)q,-

Proof. As discussed in 5.5.1, the Mumford-Tate conjecture for h*(X) implies (SS) and
(SMTC).

Now, assume the condition (SMTC), then it is sufficient to see that the condition (SS)
would imply that the identity component Gy ;(X)° of Gy ;(X) is reductive. Since the
image p(G ) is Zariski dense in Gy ;(X)(Qy), Vi is semisimple as a G'g-module if and
only if it is semisimple as a Gy ;(X)°-module. If the unipotent radical Ry of Gy ;(X)°
is non-trivial, then Vﬁe # 0. As Vp,; is assumed semisimple by (SS), we may take the
decomposition 7

Vii=@ Vi
%
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into irreducible representations. For all V4, the invariant space VkRé + 0 as Ry is unipo-
tent, and is stable under Gy ;(X)°-action since Ry is a normal subgroup. This implies
that V = VkR‘Z. Therefore Ry lies in the kernel of p: Gy ;(X)° - GL(V,;), which implies
that Ry = 0. O

If the condition (SMTC) in Lemma 5.5.3 holds for X and a positive integer 0 < i <
2dim X, then we say that the semisimple Mumford—Tate conjecture holds for X in degree
i.

Lemma 5.5.4. Let X be a hyper-Kdhler variety over a finitely generated field K. Then
the semisimplicity (SS) holds for X in degree 2k if and only if the action of Py, on

Hgf (X?, Q) is trivial.

Proof. Consider the surjective homomorphism Gy, - Ggar. As Py € Gy, is the
unipotent radical, the image of Py, is also the unipotent radical of Gy o (see [Hoc81,
Chapter VIII, Theorem 4.4]). By the definition, the action of P, on Hzf(X?, Q) is
trivial if and only if the image of P . is trivial in Gy o, is trivial, which is also equivalent
to the reductivity of Gy ox. So we can conclude. O

5.5.5. It is also common to consider the following condition:
(FSS) Almost all Frobenius elements F, € G act semisimply on V.

Clearly, for any Galois representation, (FSS) implies (SS) by the Chebotarev density
theorem when K is a finitely generated field over Q. Conversely, it is not clear whether
V;f is (FSS) or not in general. Fortunately, the opposite direction is true for hyper-
Kaéhler varieties.

Proposition 5.5.6. Let X be a hyper-Kdhler variety over a finitely generated field K,
with by > 4. The semisimplification Hgf(X?, Q)% is Frobenius-semisimple (FSS) for
any 0 <k <dim X.

Proof. With the Tannaka duality, we can see H?f(X?, Q)™ € <H§t(XFa Qp)) as Gk-
representations by Theorem 5.4.4. Then the G g-representation HZ (X7, Q) is (FSS)

by the Kuga—Satake construction in [And96a]. Therefore, H%f(Xf, Q)* is (FSS) as
being (FSS) is stable under tensor product and subquotient. O

5.5.7.  Applying the results of Cadoret [Cadl5], we can see the deformation invariance
of the semisimplicity in a family.

Theorem 5.5.8. Let f:X — S be a smooth projective family of hyper-Kdhler varieties
over a smooth and geometrically connected variety S. Let £ be a prime. If there exists
a finite-type point sg € S such that G¢(Xs,)° is reductive, then Gy¢(X)° is reductive for
any point s € S.

Proof. For the f-adic local system V, = Rf.Qp, denote Excy, c S for the exceptional
locus of V. Since V; is abstractly motivic by [Cadl5, Theorem 3.5], Theorem 1.2 (3)
in loc. cit. implies that Gy(Xs)° is reductive for all s € S \ Excy, in particular for the
generic point 7 € S.

Suppose that s € Excy. We have the following commutative diagram
1 Pf,s GZ(%S) — GZ,2(£S) — 1

| [ l

1 Py, Gi(X,) — Ga(X,)) — 1.




MONODROMY RANK AND SEMISIMPLE MTC FOR HK VARIETIES 38

Since the ¢-adic defect group Pﬂo,n is the unipotent radical of G(X,)° by Theorem 4.3.2,
the reductivity of G,(X,)° implies that the group Py, is finite. Therefore P, is also
finite, which implies that G¢(X;)° is reductive by applying Theorem 4.3.2 again. O

5.6. Proof of main results. In this section, we will focus on proving Theorem B and
Theorem C. As before, we consider a hyper-Kéhler variety X over a finitely generated
field K. We also assume that K = K°"" for h(X).

5.6.1. Theorem 5.4.4 together with Lemma 3.2.5 implies that there are abstract iso-
morphisms of Q-algebraic groups

G7H(X) 2 MT, (X¢)q,

via the second degree projection. Then to verify the semisimple Mumford—Tate conjec-
ture for h* (X)), it remains to see that these two Qg-algebraic subgroups actually coincide
as subgroups in the motivic Galois group Gmot,+ (X )q,. The case with real multiplication
can be deduced from the discussions in Section 5.4.

5.6.2. As afirst step toward the remaining cases, we can verify the semisimple Mumford—
Tate conjecture for hyper-Kéhler varieties over CM-type via LLV representation.

Proposition 5.6.3. Let X over K be a hyper-Kdhler variety with bay(X) >4. Then we
have

Z(Gyr4(X)) = Z(MT(Xc)q,)°

inside Gmot(X)q,. In particular, if X is of CM-type, i.e., MTo(X¢) is abelian, then
the semisimple Mumford—Tate conjecture holds.

Proof. Let Z; = Z(Gied(X))O and Z = Z(MT(X¢))°. Use the notations in Nota-
tion 3.2.2. Let Tgpin be a maximal torus of the spin group Spin and 750 its image under
the universal covering Spin — SO.

Firstly, we show that Z, ¢ Zg,. Let u e X.(Z;) be any cocharacter. It is sufficient to
see that the image of ;1 is contained in Zgq,. Since the image of the weight cocharacter is
contained in MT(X¢)q,NG4(X), we may assume that 4 is not the weight cocharacter.
Under this assumption, the image of y lies in p"™ (Tspin.q,) by Proposition 5.3.8. Take
1o to be the composition

Gm,q, = Z1 € Gmot (X)q, = Zt,2 € Gmot2(X)a, -

Under the assumption that p is not the weight cocharacter, the image of us lies inside
T50,q,; and p is the unique cocharacter of Spin, that lifts po: Gy, q, — SOy.

Let 1i: @m,Qe — Zq, be the unique quasi-cocharacter that lifts us along the isogeny
Zq, > Z2,q, < Gmot,2(Xc) -

We have MT(X¢)q, € p™(GSping) as in 3.2.4. Thus I = p € Xu(Tspinq,)q by the
uniqueness. Here we view p as a quasi-cocharacter. This implies that the image of u is
contained inside Zg, as required.

For the inclusion Zg, € Z;, the argument is the same, just switching the roles of
MT(X¢)q, and GI4(X). a

Now, we are ready to prove the semisimple Mumford—Tate conjecture for general
hyper-Kéhler varieties.
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Theorem 5.6.4. For a hyper-Kdhler variety X over a finitely generated field K over
prime field Q, with bo(X) > 4, the semisimple Mumford—Tate conjecture holds for X.
Namely, for any integer 0 < i < 2dim X, the comparison isomorphism induces an iden-
tification of algebraic groups

G5 (X) =MTi(Xc)q, -

for any prime £ and 0 <7 <2dim X.

Proof. Let G?er be the derived subgroup of G?ed(X ). Consider the decomposition
GIU(X) = 7 (X)) - G
~ Corollary 5.2.6 implies G{* = MT(X¢)§" in Guot(X)q,-
— Proposition 5.6.3 implies that
Z(GH(X)) = Z (MT(Xe)q,)” € Gt (X

Hence GI*4(X) = MT(X¢)q, in Gmot(X)q,, ie., the semisimple Mumford-Tate con-
jecture holds for h(X), which in particular implies the Mumford-Tate conjecture for
each even degree i: Under the projection 7;: Gmot(X)q, = Gmot,i(X)q,, the image of

GI*d(X) is a Levi subgroup G1%(X), which is the same as the Mumford-Tate group
MT;(X¢). O

Remark 5.6.5. We can actually obtain a natural isomorphism
GP(X) 2 G (X) Vi<k<2n-1
under the projection 7y of, and its image mp o, (Pg7+) is the unipotent radical of Gy 2, (X)°.
Combing Theorem 5.6.4 and the invariance of reductivity in families (Theorem 5.5.8),

we can see that it is sufficient to prove the Mumford—Tate conjecture for a single member,
especially the part (SS), for the Mumford-Tate conjecture of the deformation type.

Corollary 5.6.6. Let f:X — S be a smooth projective family of hyper-Kdhler varieties
over a smooth and geometrically connected variety S. If there is a point of finite-type
sp € S such that (MTC;) holds for Xs,, then (MTC;) holds for all fibers of X5, s€S.

Proof. By Theorem 5.6.4, it is sufficient to prove that Gy;(Xs)° is reductive for any
prime ¢. As (MTC;) holds for X,,, Gyi(Xs,)° is reductive for any prime ¢. Therefore,
Gy 2(X;)° is reductive for any prime ¢ by Theorem 5.5.8 as required. O

5.6.7. Proof of Theorem C.
— (a) = (b) and (c) trivially.
- (b) = (a) by (SMTC;), which is verified in Theorem 5.6.4.
— (a) <= (c) by Corollary 5.6.6. O

5.7. Semisimplicity for known examples. For hyper-Kéhler varieties belonging to
the four established deformation types, semisimplicity can be deduced just from their
cohomological structure, without using the full power of the information of their motives.

Using Theorem 5.5.8, we may therefore restrict our attention to any concrete con-
struction representing each of these deformation types.



MONODROMY RANK AND SEMISIMPLE MTC FOR HK VARIETIES 40

5.7.1. Let S be a smooth projective surface over a finitely generated field K. By classical
results from Nakajima [Nak97] and Grojnowski [Gro96] (see also [Nak99, Chapter 8]),
the direct sum of the ¢-adic étale cohomologies:

D HL (S, Q)

n>0

is an irreducible representation of the Heisenberg superalgebra generated by Hfélt_ ¢ (Sﬁ, Qg),
the (co)homology ring of the surface S. Moreover, the highest weight vector is given by
the class [Spec(K)] of Hgt(S%], Q). The action of the Heisenberg superalgebra is given
by some classes

Po[i] = w. (T an [P[i]]) € He (S x 51", Qo)

where a € Hg (5%, Q¢), i € Z, [P[i]] is an algebraic (2n -1+ 1)-cycle on Slr=ilx slnl x g,
and

gln—i] y glnl « g
4/w
gln-il y gln] i s

are the projections respectively. From this, we can deduce that, for any 0 < k < 4n,

HE (S, Qo) € (HE (S5, Q) °
as a G-representation after a finite field extension.

If S is a K3 or abelian surface, then it is well-known that the Gg-representation
HZ, (S7, Q¢) is semisimple by [Del72], which implies the semisimplicity of H’gt(S%], Q)
for all n > 1 in this case.

Remark 5.7.2. In fact, we have motivic decompositions for Hilbert schemes of points on
a smooth algebraic surface [dCMO02], which shows that the motive h(S[™) is generated
by h(S) by taking a direct sum of subquotients. Then we can see the semisimplicity of
Galois representations of S from that of S. This motivic decomposition was also used
in [Sol22] and [FFZ21] to establish the abelianicity of the André motives of K3["-type
varieties and Kum,,-varieties.

Remark 5.7.3. We thank Floccari for pointing out that for the Hilbert scheme of n-
points X = S[™ on a K3 surface S, the go-equivariant decomposition defined by Markman
in [Mar08, §4.2] can be used to establish the semisimplicity of X (see also [Flo22b,
Theorem 6.2]). In fact, the full cohomology Hg, (X7, Q) is generated as a Qg-algebra
by a subspace
CZ = @ Clé>
i1

where C’z c Hét(Xf, Q) is a go -subrepresentation. For X = § ("] the odd cohomology
vanishes, and the irreducible factors in each C?* (as SO(H?)-module) appear with multi-
plicity at most one. Arguments similar to those in the proof of Proposition 5.7.10 imply
that the Galois action on C} is semisimple. Therefore, X satisfies the semisimplicity
conjecture.

5.7.4. If S = Ais an abelian surface, then the semisimplicity of Hg (K,(A)z%, Q) can
be deduced from that of Hét(A[?nH], Q) by viewing K,(A) as a fiber of the isotrivial
fibration Al"*Y] - A given by taking the sum of points.

5.7.5. Asin [Sol22, §4.2], for a hyper-Kéahler variety of OG 6-type, semisimplicity follows

from the corresponding result for varieties of K3[3)-type, using a dominant generically
finite rational map from a K3[®)-type variety constructed in [MRS18].
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5.7.6. We can also use the LLV representation to study the semisimplicity of Galois
representations for hyper-Kéahler varieties, especially for those of OG 10-type.

Since the LLV algebra g = so(H(X)) is semisimple, one may consider the decomposi-
tion of the g-module H*(X') into irreducible g-modules

H (X)epE= @ V™. (5.7.1)

peAd
where r = |b2(X) /2], A} is the set of dominant weights of g and p = ¥I_, ui€e; € At is
the highest weight of the irreducible representation V,,. Here {+¢;} is the set of all the

weights of the standard representation H(X), and the decomposition (5.7.1) is called
the LLV decomposition of X.

Example 5.7.7. According to the Weyl construction, V(, is the “largest” irreducible
subrepresentation of Sym"V. Moreover, Verbitsky has shown that for a hyper-Kéhler
variety X of dimension 2n, the subalgebra SH(X) c H*(X) generated by H?(X) is
isomorphic to the irreducible g-module V,,y c¢ Sym" V' of the highest weight p = (n).
Then SH(X) = V|, is called the Verbitsky component of H(X). Actually, according to
the construction, SH(X) ¢ H" (X).

Since g is semisimple, the cohomology admits a g-module decomposition
H(X) =V, eV’ (5.7.2)

For arbitrary hyper-Kéhler manifold X, the multiplicity of V{,) in H*(X) is one, that
is, V' does not contain an irreducible g-module of highest weight p = (n), and moreover,
actually any u that appears in V' satisfies |u| < n — 1, see [GKLR22, Proposition 2.34].
In loc. cit., the authors compute the LLV decomposition for K3["!, Kum,, OG6 and
OG 10-varieties.

Example 5.7.8. According to [GKLR22, Theorem 3.26], the LLV decomposition of
0G10 is

H(X) =Vi5y @ V22,
i.e., V' = V(g9 is irreducible. For OG 6-type, we have
VI _ ‘/(1’1’1) ® V@135 ® E@240
by Theorem 3.39 in loc. cit..

Lemma 5.7.9. For any L € gy, we have gLg™" = L for all g € P,.

Proof. For any x ¢ Hegt(X?, Q) satisfying the Hard Lefschetz property, the Lefschetz
operator L, commutes with p;(g), Vg € Py, since g acts trivially on x and is compatible
with the cup product on Hg (X, Q) according to the definition. Moreover, A, also
commutes with those g since the Galois action preserves the shifted degree operator h
and (L, h,A;) is the unique sly-triple that extends L. O

Proposition 5.7.10. If all irreducible factors in the LLV decomposition (5.7.1) of X
have multiplicity < 1, then the Galois representations of Hg (X7, Qe) is semisimple.

Proof. As P; is the unipotent radical of G¢(X) by Theorem 4.3.2, it is sufficient to see
that P,(Q,) = mo (P) is finite. For any irreducible factor V,, and g € P;(Q,), we can see
g(V,) € H(X )@ is also a gq,-representation by Lemma 5.7.9, which is isomorphic to
Vi Under the assumption that m, = 1, we have g(V,) =V, ¢ H(X)Q. Thus the action
of any g € P,(Q,) induces an Q,-linear automorphism of V. as a gq,-representation.
By Schur lemma, we can see the action g O V,, is given via the multiplication by some
cu*0e¢ QE. However, as the identity component P; is unipotent, the action g O H(X )Q
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is quasi-unipotent by Theorem 4.3.2, which forces cﬁ =1 for all V,, with k = |mo(Fr)]|.
Thus any g € Py(Q,) is torsion of order k, and P, is thus a finite group scheme. O

As we have seen in Example 5.7.8, the factors in LLV decomposition of an OG 10-
variety have multiplicity < 1. Thus, we can conclude the Mumford—Tate conjecture for
OG 10-varieties.

Corollary 5.7.11. Let X be an OG 10-variety over K. Then the Galois representation
HE, (X5, Qe) is semisimple and thus Mumford—Tate conjecture holds for X.

Remark 5.7.12. Actually, the arguments in Proposition 5.7.10 are similar to those in
[Flo22b, Proposition 6.1], for the (motivic) Mumford-Tate conjecture of OG 10-varieties.
For this reason, Corollary 5.7.11 doesn’t give an essentially new proof for Mumford—Tate
conjecture for OG 10-varieties.

6. APPLICATONS

6.1. Arithmetic Nagai conjecture. Recall that a hyper-Kahler variety X over a p-
adic local field K, is of Type I reduction if

Hgt (Xfa Qf’)

is potentially unramified for some prime ¢’ # p (and thus for all primes # p by Corollary
5.3 in [IIK*25]).

The semisimple Mumford-Tate conjecture enables us to extend [IIK*25, Corollary
4.3], which was originally established for the four known deformation types, to any
hyper-Kéhler variety with by > 4. Consequently, we can establish the arithmetic Nagai
conjecture (Conjectures 1.3 and 1.4 in loc. cit.) in this general framework.

Theorem 6.1.1. Let X be a hyper-Kihler variety over a p-adic local field K, with
ba(X) > 4 and Type I reduction. Then H (X7, Q) is potentially unramified for any
0<i<4n and prime £ # p.

Firstly, we note that Theorem 5.6.4 implies the £-adic local Galois representation of a
hyper-Kéahler variety (after Frobenius semisimplification) is also partially controlled by
the Mumford—Tate group.

Proposition 6.1.2. Let X be a hyper-Kdhler variety over a p-adic local field K, with
ba(X) > 4. Then any Levi subgroup Gi*4(X) of the (-adic algebraic monodromy group
Gy (X) satisfies

G(X) cMT(X¢)q,
for any field embedding K, - C.

Proof. Fix a field embedding K, — C. The standard spreading out argument shows that
there is a smooth projective variety Xg over a finitely generated subfield K ¢ K, such
that Xo xx K, 2 X as K,-varieties. It is clear that Xy is a hyper-Kéhler variety over K,
thus GI*Y(Xy) 2 MT(X¢)q, by Theorem 5.6.4 for the field embedding K - K, - C.
On the other hand, we have the natural injective homomorphism GI*4(X) < GI*d(Xy)
along the field extension K ¢ K,. This implies that G}*(X) ¢ MT(X¢)q, - O

Remark 6.1.3. In contrast to the global field case, the f-adic monodromy group Gy(X)
(¢ # p) for X over a local field K, is not expected to be reductive. This is because the
inertia representation py|z, could probably contribute a normal subgroup of G;(X) via
the short exact sequence

1—>Iv—>GKU—>GFq—>1

when HZ, (va, Q) is not (potentially) unramified, which is quasi-unipotent by Grothendieck’s
monodromy theorem.
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For this reason, the Levi subgroup Gzed(X ) is not the f-adic algebraic monodromy
group of the Frobenius-semisimplification in general.

Proof of Theorem 6.1.1. Keep the notation same as in the proof of Proposition 6.1.2.
Let Ny € go(X) be the f-adic monodromy operator of Hét(va,Qg) for a prime ¢ # p.
Under the assumption that X has Type I reduction, we have m;2(Ny) = Ny = 0. In
other words, Ny € Lie(Fy), where P, is the f-adic defect group of Xy via the inclusion
Gy(X) = Gy(Xp). Proposition 6.1.2 implies the semisimplification

pe(Frob,)™ € GI4(X) € MT(X¢)q,(Qr)

of a lift of Frobenius Frob, € Gk,, whose adjoint action on Lie(P) ¢ Lie(P)q, is trivial
by Proposition 5.3.8 and Lemma 3.3.2. However, we have the equality

p - pe(Frob,)® o Ny = Ny o py(Frob, )™

from the fundamental relation between Frobenius action and ¢-adic monodromy opera-
tor, which implies that Ny = 0. U

6.2. Maximality of Galois action. In this final subsection, we prove Conjecture 1.5.5
for hyper-Kéhler varieties. We retain the notation introduced in 1.5.4.

Let G¢(X)% denote the simply connected cover of the adjoint group of G¢(X). Recall
that T% is defined as the preimage of p*(Gr) ¢ GI*4(X)(Q,) under the composition
red,der

of the simply connected covering map G¢(X)* - G, (X) and the natural isogeny
d,d

G (X) — G(X)™.

Theorem 6.2.1. Let X be a hyper-Kdhler variety over a finitely generated field K with

ba(X) > 4. Then the L-adic Lie group T'}° ¢ Gy(X)*(Qy) is a hyperspecial mazimal
compact subgroup for all sufficiently large primes .

Proof. Corollary 4.3.3 implies that the projection G¢(X) — Gy 2(X) induces an iso-
morphism of simply connected Qg-algebraic groups

5 Gy (X)™ =5 Gyao(X)™.
According to [HL20, Theorem 1.3 (b)], the compact subgroup I'}% is hyperspecial and
maximal in Gy 2(X)*(Qc). Therefore, its preimage I'5¢ = (75¢)~1(I%S,) is also a hyper-
special maximal compact subgroup in G(X)*(Q) via this isomorphism. O

Remark 6.2.2. In [HL20], the authors also address the case where ba(X) = 3. If the
base field K is a number field, the assumption by > 4 in the proof of Theorem 4.3.2 (and
also Corollary 4.3.3) can be removed. Consequently, the conclusion of Theorem 6.2.1
remains valid for bs = 3 over number fields. Unfortunately, we are unable to establish
this case here in full generality.
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