DERIVED ISOGENIES AND ISOGENIES FOR ABELIAN SURFACES

ZHIYUAN LI AND HAITAO ZOU

ABSTRACT. In this paper, we study the twisted Fourier—Mukai partners of abelian surfaces.
Following the work of Huybrechts [33], we introduce the twisted derived equivalences (also
called derived isogenies) between abelian surfaces. We show that there is a twisted derived
Torelli theorem for abelian surfaces over algebraically closed fields with characteristic # 2, 3.
For this we firstly extend a trick given by Shioda on integral Hodge structures, to rational
Hodge structures, f-adic Tate modules and F-crystals. Using this trick, we can confirm the
Tate conjecture in a special case. Then we make use of Tate’s isogeny theorem to give a char-
acterization of the derived isogenies between abelian surfaces via so called principal isogenies.
As a consequence, we show the two abelian surfaces are principally isogenous if and only if they
are derived isogenous.
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1. INTRODUCTION

1.1. Background. In the study of abelian varieties, a natural question is to classify the Fourier—
Mukai partners of abelian varieties. Due to Orlov and Polishchuk’s derived Torelli theorem for
abelian varieties in (cf. [56, 58]), there is a geometric/cohomological classification of derived
equivalences between them. More generally, one can consider the twisted derived equivalence or
so called derived isogeny between abelian varieties in the spirit of [33].

Definition 1.1.1. Two abelian varieties X and Y are derived isogenous if they can be con-
nected by derived equivalences between twisted abelian varieties, i.e. there exist twisted abelian
varieties (X;, a;) and (X, 5;) such that there is a sequence of derived equivalences

D’(X,a) = Db(Xy, 1)

DY(X, a2) —= DY(Xs, B) (1.1.1)

D (X, ang1) = DY, Bn)
where D?(X, a) is the bounded derived category of a-twisted coherent sheaves on X.
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In [66], Stellari proved that derived isogenous complex abelian surfaces are isogenous using
the the Kuga—Satake varieties associated to their transcendental lattices (c¢f. Theorem 1.2 in
loc. cit. ). However, the converse is not true as there are isogenous abelian surfaces which are
not derived isogenous (cf. Remark 4.4 (ii) in loc. cit. ). The main goal of this paper is to give
a cohomological and geometric classification of derived isogenies between abelian surfaces over
algebraically closed fields of arbitrary characteristic.

1.2. Twisted derived Torelli theorem for abelian surfaces in characteristic zero. Let
us first classify the derived isogenies between abelian surfaces in term of isogenies. For this
purpose, we need to introduce a new type of isogeny: We say two abelian surfaces X and Y are
principally isogenous if there is an isogeny f from X to Y of square degree. For example, X
and its dual abelian variety X are principally isogenous since any polarization £ on X induces
an isogeny fr: X — X of degree x(£)2.

The first main result is

Theorem 1.2.1. Let X and Y be two abelian surfaces over k = k with char(k) = 0. The
following statements are equivalent.

(i) X and Y are derived isogenous.
(ii) X andY are principally isogenous.

A notable fact for abelian surfaces is that besides their 1% cohomology groups, their 27¢
cohomology groups also carry rich structures. In the untwisted case, Mukai and Orlov have
showed [49, 56] that

DY(X) = DY(Y) & H(X,Z) Zpge H(Y,Z) & T(X) Zhag T(Y),
where H(X,Z) and H(Y,Z) are the Mukai lattices, T(X) C H2(X,Z) and T(Y) C H2(Y,Z)
denote the transcendental lattices, =p4, means integral Hodge isometries (cf. [12, Theorem
5.1]). The following result can be viewed as a generalization of Mukai and Orlov’s result.

Corollary 1.2.2. The statement (i) and (ii) of Theorem 1.2.1 is also equivalent to the following
equivalent conditions

(iii) the associated Kummer surfaces Km(X) and Km(Y') are derived isogenous;

(iv) Chow motives h(X) = h(Y') are isomorphic as Frobenius exterior algebras;

(v) even degree Chow motives hV"(X) = h*V™(Y) are isomorphic as Frobenius algebra.
When k = C, then the conditions above are also equivalent to

(vi) H2(X,Q) = H%(Y,Q) as a rational Hodge isometry;

(vii) H(X,Q) = H(Y, Q) as a rational Hodge isometry;

(viii) T(X) @ Q=2 T(Y) ® Q as a rational Hodge isometry.

Here, the motive h(X) admits a canonical motivic decomposition produced by Deninger—
Murre [20]

4
h(X) = ' (x) (12.1)
=0

such that H*(h*(X)) = HY(X) for any Weil cohomology H*(—). It satisfies hi(X) = A" bH(X)
for all 4, h*(X) ~ 1(—4) and A\"h*(X) =0 for i > 4 (cf. [37]). The motive h(X) is a Frobenius
exterior algebra objects in the category of Chow motives over k and the even degree part

2 2%

b () = @D A\ b' () (1.2.2)
k=0

forms a Frobenius algebra object in the sense of [25].

The equivalences (i) < (iv) < (v) are motivic realizations of derived isogenies between
abelian surfaces, which can be viewed as an analogy of the motivic global Torelli theorem on K3
surfaces (cf. [33, Conjecture 0.3] and [25, Theorem 1]). The equivalences (i) < (iii) < (viii) can
be viewed as a generalization of [66, Theorem 1.2]. The Hodge-theoretic realization (i) < (vi)
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follows a similar strategy of [33, Theorem 0.1], which makes use of Shioda’s period map and
Cartan—Dieudonné decomposition of a rational isometry. The equivalences (vi) < (vii) < (viii)
follow from the Witt cancellation theorem (see §5.4).

1.3. Shioda’s trick. The proof of Theorem 1.2.1 is concluded by a new ingredient so called
rational Shioda’s trick on abelian surfaces. The original Shioda’s trick in [63] plays a key role
in the proof of Shioda’s global Torelli theorem for abelian surfaces, which links the weight-1
integral Hodge structure to the weight-2 integral Hodge structure of an abelian surface. We
generalize it in the following form.

Theorem 1.3.1 (Shioda’s trick, see §4). Let X and Y be two complex abelian surfaces. Then
for any admissible Hodge isometry

v HA(X,Q) = HX(Y,Q)
we can find an isogeny f:Y — X of degree d*> such that ¢ = %*.

As an application, the generalized Shioda’s trick gives the algebraicity of some cohomological
cycles. For any integer d, one can consider a Hodge similitude of degree d

H*(X,Q) = H*(Y,Q),

called a Hodge isogeny of degree d. Due to the Hodge conjecture on products of abelian surfaces,
we know that every Hodge isogeny is algebraic. Our generalized Shioda’s trick actually shows
that it is induced by certain isogenies. Similarly, we prove the ¢-adic and p-adic Shioda’s trick,
which gives a proof of Tate conjecture for isometries between the 2"?-cohomology groups (as
either Galois-modules or crystals) of abelian surfaces over finitely generated fields. See Corollary
4.6.3 for more details.

1.4. Results in positive characteristic. The second part of this paper is to investigate the
twisted derived Torelli theorem over positive characteristic fields. Due to the absence of a sat-
isfactory global Torelli theorem, one cannot follow the argument in characteristic zero directly.
Instead, we need some input from p-adic Hodge theory. Our formulation is the following.

Theorem 1.4.1. Let X and Y be two abelian surfaces over k = k with char(k) = p > 3. Then
the following statements are equivalent.

(i) X and Y are prime-to-p derived isogenous.

(i") X and Y are prime-to-p principally isogenous.
Moreover, in case that X is supersingular, then Y is derived isogenous to X if and only if Y is
supersingular.

Here, we say a derived isogeny as (1.1.1) is prime-to-p if its crystalline realization is integral
(see Definition 3.1.1 for details), which is a condition somewhat technical. The main ingredients
in the proof of Theorem 1.4.1 are the lifting-specialization technique, which works well for prime-
to-p derived isogenies. Actually, our method shows that there is an implication (i') = (ii") for
derived isogenies which are not necessarily being prime-to-p (see Theorem 6.4.1). Conversely, we
believe that the existence of quasi-liftable isogenies will imply the existence of derived isogeny
(see Conjecture 6.4.2). The only obstruction is the existence of the specialization of non-prime-
to-p derived isogenies between abelian surfaces. See Remark 6.2.2.

Another natural question is whether two abelian surfaces are derived isogenous if and only
if their associated Kummer surfaces are derived isogenous over positive characteristic fields.
Unfortunately, we cannot fully prove the equivalence. Instead, we provide a partial solution of
this question. See Theorem 6.5.1 for more details.

Similarly, one may ask whether such results also hold for K3 surfaces. Let I, be a finite
field with ¢ = p* a power of some prime p. Recall that two K3 surfaces S and S’ over F, are
(geometrically) isogenous in the sense of [70] if there exists an algebraic correspondence I which
induces an isometry of Gal(F,/k)-modules

F;: Hgt(SFp7Q€) = Hgt(S{F‘pva)7
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for all £1 p and an isometry of isocrystals

I}t Haya(Sk/K) = Henyo (St/ K,

crys

for some finite extension k/F, and the fraction field K of W = W (k). More generally, we can
take a finitely generated field k over I, and a Cohen ring of k. Then we say that the isogeny is
prime-to-p if the isometry I'} is integral, i.e., T') (ngys(Sk/W)) = ngys(S,’C/W). This leads us
to a formulation of the twisted derived Torelli conjecture for K3 surfaces.

Conjecture 1.4.2. For two K3 surfaces S and S’ over a finitely generated field k, then the
following are equivalent.

(a) There exists a derived isogeny D°(S) ~ DP(S").

(b) There exists an isogeny between S and S’

The implication (a) = (b) is clear, while the converse remains open if char(k) > 0. In the case
of Kummer surfaces, our results provide some evidence of Conjecture 1.4.2. We shall mention
that recently Bragg and Yang have studied the derived isogenies between K3 surfaces over
positive characteristic fields and they proved a weaker version of the statement in Conjecture
1.4.2 (c¢f. [10, Theorem 1.2]).

Organization of the paper. We will start with two preliminary sections, in which we include
some well-known constructions and facts: In Section 2, we perform computations for the Brauer
group of abelian surfaces using the Kummer construction. This allows us to prove the lifting
lemma for twisted abelian surfaces of finite height.

In Section 3, we collect the knowledge on derived isogenies between abelian surfaces and
their cohomological realizations, which include the motivic realization, the B-field theory, the
twisted Mukai lattices, a filtered Torelli theorem and its relation to the moduli space of twisted
sheaves. At the end of this section , we follow Bragg and Lieblich’s twistor line argument in [8]
to conclude the supersingular case of Theorem 1.4.1.

In Section 4, we revise Shioda’s work and extend it to rational Hodge isogenies. This is the
key ingredient for proving Theorem 1.2.1. Furthermore, after introducing the admissible ¢-adic
and p-adic bases, we prove the f-adic and p-adic Shioda’s trick for admissible isometries on
abelian surfaces. In an application, we prove the algebraicity of these isometries on abelian
surfaces over finitely generated fields.

Sections 5 and 6 are devoted to proving Theorem 1.2.1 and Theorem 1.4.1. Theorem 1.2.1 is
essentially Theorem 5.1.3 and Theorem 5.3.4. The proof of Theorem 1.4.1 is much more subtle.
We establish the lifting and specialization theorem for prime-to-p derived isogeny. Then we can
conclude (') < (i7") from Theorem 1.2.1 for abelian surfaces of finite heights.

Acknowledgement. The authors are grateful for the useful comments by Ziquan Yang. The
authors thank the referees for their careful reading and valuable suggestions, which improved
this article.

Notations and Conventions.

(1). Throughout this paper, we will use the symbol k to denote a field. If k is a perfect field and
char k = p > 0, we denote W := W (k) for the ring of Witt vectors in k, which is equipped with
a morphism o: W — W induced by the Frobenius map on k. If k is not perfect, we consider
the Cohen ring W with W/pW = k. Inside the ring of Witt vectors in a fixed algebraic closure
k of k, we get a fixed Frobenius lift o: W — W of k.

(2). Let X be a smooth projective variety over k. We denote by H?, (X, Z) the (-adic étale
cohomology group of Xj. The Z,-module HZ, (X}, Z¢) has been endowed with a canonical
G = Gal(k/k)-action. We use H{, . (X/W) to denote the i-th crystalline cohomology group of

X over the p-adic base W — k, which is a W-module.



DERIVED ISOGENIES AND ISOGENIES FOR ABELIAN SURFACES 5

(3). For any abelian group G and an integer n, we denote G[n] for the subgroup of n torsions
in G and G{n} for the union of all n-power torsions. For a lattice L in Z or Q and an integer
n, we use L(n) for the lattice twisted by n, that is, L = L(n) as Z or Q-module, but

<CL‘, y>L(n) = n<$a y>L

The reader shall not confuse it with the Tate twist.

(4). Let X and Y be abelian surfaces. Here is a list of all various notions of isogenies between
X and Y.

Isogeny: a surjective homomorphism X — Y with finite kernel.

Quasi-isogeny: a QQ-isogeny.

Prime-to-{ quasi-isogeny: a Z-isogeny.

Principal quasi-isogeny: a quasi-isogeny whose degree is a square.

Derived isogeny: a chain of twisted derived equivalences from X to Y.

Prime-to-¢ derived isogeny: a derived isogeny whose cohomological realization is
prime-to-£.

2. TWISTED ABELIAN SURFACE

In this section, we give some preliminary results in the theory of twisted abelian surfaces,
especially those of positive characteristics. Many of them are well-known to experts.

2.1. Gerbes on abelian surfaces. Let X be a smooth projective variety over a field k£ and
let 2" — X be a u,-gerbe over X. This corresponds to a pair (X, «) for some o € H3(X, pin,),
where the cohomology group is with respect to the fppf topology. Since u, is commutative,
there is a bijection of sets

H3 (X, ) = {ptn-gerbes on X}/ ~
where o~ is the p,-equivalence defined as in [27, IV.3.1.1]. We may write o = [Z']. For any
integer m, let 2" (™ be the gerbe corresponding to the cohomological class m[Z] € Hﬁ (X, pin).
The Kummer exact sequence induces a surjective map
H3 (X, 1) — Br(X)[n] (2.1.1)

where the right-hand side is the cohomological Brauer group Br(X) := H% (X, G,,). There is
an associated Gy,-gerbe on X via the map (2.1.1), denoted by Z2g,,. Let [Zg,,] denote the
corresponding class in Br(X)[n]. If [2g,,] =0, we will call 2" an essentially-trivial p,-gerbe.

Following [39, §2], one can define the twisted coherent sheaves and the twisted derived cate-
gory of them in terms of gerbes.

Definition 2.1.1. Let 2~ — X be a ji,-gerbe or G,,-gerbe over X. Let Coh(™(2") be the
abelian category of 2 (™) -twisted coherent sheaves consists of m-fold coherent sheaves on the
stack 2. We define D(™)(.2") as the bounded derived category of Coh(™ ().

As shown in [39, Proposition 2.1.2.6, Proposition 2.1.3.3|, there are natural equivalences

Coh(l)(%) ~ Coh(l)(%((}m) ~ Coh(X, [Z2G,,])

where the last is the abelian category of twisted sheaves defined by Caldararu [15]. Throughout
this paper, we mainly use Lieblich’s terminology.

For two G-gerbes 2~ — X and % — Y, we denote by 2" A\; ; % the G-gerbe on X x Y given
by the image of G x G-gerbe 2~ x % under

H3(X xY,G x G) = H(X x Y,G)
induced by the multiplication G x G — G, (g1, 92) — (gt g%) There is an equivalence
ConM (2 Ay ; @) =5 con)( 2 x @),

where the right-hand side is the subcategory of (i, j)-fold coherent sheaves on 2" x % (cf. [29,
Corollary 2.3.2]). When i = j = 1, we simply write 2" A ¥ for 2" N1 ¥
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A derived equivalence means a k-linear exact equivalence between triangulated categories in
the form
&: DW(2) =S D).
If @ is of the form
o7 (&) = Ra.(p*E @ P),
then we call it a Fourier-Mukai transform with a kernel P € D" (2" x %) and the projections
p: X XY -5 X, q¢: X XY — % and Z,% are called a pair of Fourier—Mukai partners.
If these gerbes are (essentially) trivial, then by Orlov’s result, any k-linear exact equivalence
between between bounded derived categories of smooth projective varieties is of this form.
Similarly to Orlov’s theorem, Canonaco and Stellari show that any twisted derived equivalence
is also of Fourier—Mukai type.

Proposition 2.1.2 ([16]). Any derived equivalence DV(27) = DY(%) can be uniquely (up
to isomorphism) as a Fourier—Mukai transform

7 DW(2) = DL (@),
whose kernel P is a perfect complex in DTVY(2 x %),

2.2. Kummer construction. If £ has characteristic p # 2, there is an associated Kummer
surface Km(X) constructed as follows:

X —% X
lﬂ l (2.2.1)
Km(X) —2— X/

where

e . is the involution of X given by sending = to —uz;

e o is the crepant resolution of quotient singularities;

e 7 is the blow-up of X along the closed subscheme X[2] C X. Its birational inverse is
denoted by 1.

Let E C X be the exceptional locus of . For a classical cohomology theory H*(—) (such as
Betti, étale and crystalline) with coefficients in R, if 2 is invertible in R, we have a canonical
decomposition

H?(Km(X)) = H*(X) @ m.Xx, (2.2.2)

where Y x is the summand in H2(X) generated by irreducible components of E.
Moreover, we have a composition of the sequence of morphisms

(G~ 1* : Br(X) — Br(X \ E) 2 Br(X \ X[2]) = Br(X).
Here, the last isomorphism Br(X) — Br(X \ X[2]) is due to Grothendieck’s purity theorem
(cf. 28, 68]).

Proposition 2.2.1. When k = k and p # 2, the (67 1)*n* induces an isomorphism between
cohomological Brauer groups

O: Br(Km(X)) — Br(X). (2.2.3)
In particular, when X is supersingular over k, then Br(X) is isomorphic to the additive group

k.

Proof. For torsions of (2.2.3) whose orders are coprime to p, the proof is essentially the same as
[65, Proposition 1.3] by the Hochschild-Serre spectral sequence and the fact that H?(Z/2Z, k*) =
0 (cf. [69, Proposition 6.1.10]) as char(k) > 2. See also [66, Lemma 4.1] for the case k = C. For
p-primary torsion part, we have

Br(Km(X)){p} = Br(X)"{p}
from the Hochschild—Serre spectral sequence, where Br(X)* is the ¢-invariant subgroup. Hence,
it suffices to prove that ¢ acts trivially on Br(X). This is well-known to experts and works for
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any abelian varieties over an algebraically closed field (See the proof of [53, Lemma 8.1] for
example).

In fact, H3(X, up) can be t-equivariantly embedded to H3, (X/k) by de Rham-Witt theory
(cf. [51, Proposition 1.2]). The action of ¢ on H3,(X/k) = A*HLg (X/k) is the identity, as its
action on H} (X/k) is given by z — —z. Thus the involution on H3(X, ) is trivial. Then by
the exact sequence

0 — NS(X) ® Z/p — Hi(X, up) — Br(X)[p] — 0,

we can deduce that Br(X)[p| is invariant under the involution. Furthermore, for p”-torsions with
n > 2, we can proceed by induction on n. Assume that all elements in Br(X)[p?] are t-invariant
if 1 < d < n. By abuse of notation, we still use ¢ to denote the induced map Br(X) — Br(X).
For o € Br(X)[p"], pa € Br(X)[p"~!] is t-invariant. This gives

pa = ipa) = pia),
which implies o — ¢(«) € Br(X)[p]. Applying ¢ on o — ¢(x), we can obtain
a—ia)=a) - a.

It implies that o — ¢(«) is also a 2-torsion element. Since p is coprime to 2, we can conclude

that a = ().
If X is supersingular, then Km(X) is also supersingular. We have already known that the
Brauer group of a supersingular K3 surface is isomorphic to &k by [2]. Thus, Br(X) = k. O

Remark 2.2.2. In the case where X is supersingular, the method of [2] cannot be applied
directly to show that Br(X) = k as H}(X, ypn) is not trivial in general for an abelian surface
X.

2.3. A lifting lemma. In [7], Bragg has shown that a twisted K3 surface can be lifted to
characteristic 0. Though his method cannot be applied directly to twisted abelian surfaces, one
can still obtain a lifting result for twisted abelian surfaces via the Kummer construction. The
following result will be used frequently in this paper.

Lemma 2.3.1. Let 2y — Xo be a G,,-gerbe on an abelian surface Xo over k = k. Suppose
char(k) > 2 and X has finite height. Then there exists a complete discrete valuation ring V
whose residue field is k and fraction field is K such that

e there is a smooth projective abelian scheme 2y — Xy over Spec(V) whose special fiber of
Xy — Xy is isomorphic to Zy — X,
e There is a sequence of isomorphisms

NS(X7%) <~ NS(Xy) = NS(Xo).

Here NS(Xv) is the group the Cartier divisors on Xy modulo the numerical equivalence over
V' and the morphisms are given by pull-backs.

Proof. The existence of such lifting is ensured by [7, Theorem 7.10], [38, Lemma 3.9] and
Proposition 2.2.1. Generally speaking, let %) — Km(Xy) be the associated twisted Kummer
surface via the isomorphism (2.2.3) in Proposition 2.2.1. Then [7, Theorem 7.10] (by taking
the Pic(Km(Xp)) as the saturated sublattice of itself) asserts that there exists some discrete
valuation ring V and a projective family of K3 surfaces

47\/—>SV

~ |

Spec(V)

such that the special fiber is .y — Km(X() and the specialization map of Néron—Severi lattices
NS(S%) — NS(Km(Xp)) is an isomorphism, where K = Frac(V). Now we can apply [38,
Lemma 3.9] to get a lifting Xy — Spec(V') of X such that Km(Xy) = Sy over Spec(V).
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Note that we have the isomorphism NS(Xy ) = NS(Xg) since Xy is regular. Consider the
following commutative diagram (see [44, Proposition 3.3] and its proof):

NS(Xj) «—— NS(Xg) = NS(Xy) —— NS(Xo). (2.3.1)

w

The morphism NS(Xy ) — NS(Xp) is injective by [44, Proposition 3.6] since NS(X) is torsion-
free. The morphism NS(Xgx) — NS(X3) is a primitive embedding since Br(V)) = 0. Thus,
it is sufficient to see that the specialization map sp is an isomorphism. The relative Kummer
construction Km(Xy ) = Sy canonically identifies the NS(X ) (resp. NS(Xp)) as a sublattice
of NS(S%) (resp. NS(Km(Xp))) after dividing 2 (see [51, Lemma 7.11] or [64, Proposition 3.1]).
Moreover, the identification is compatible under specialization. Then we can conclude it by the
isomorphism NS(S%) = NS(Km(X))).

To lift the Gy,-gerbe 2y — Xo to Spec(V), it is equivalent to find a Brauer class in Br(Xy)
such that its restriction to Xy is [Zp]. Analogous to the proof of Proposition 2.2.1, there is a
canonical map between the cohomological Brauer groups

0 = (¢ YH*7*: Br(Km(Xy)) — Br(Xy)
as in (2.2.3). Taking the image O([.#y]) € Br(Xy), this is the lifting of [Z] as desired. O

2.4. Flat cohomology of abelian surfaces. Finally, we consider the representability of the
flat cohomology of abelian surfaces. Let f: X — S be a flat and proper morphism of algebraic
spaces of finite type over k. Consider the sheaf of the abelian groups R’ f«ptp on the big fppf
site (Sch/S)q, which can be expressed as the fppf sheafification of

S = H%(XSU :up)

for any S-scheme S’. The representability of R’ f, tp is difficult to determine due to the complex-
ity of flat cohomology with p-torsion coefficients. In this part, we will prove the representability
for abelian surfaces.

Proposition 2.4.1. Let f: X — 5 be an abelian S-scheme of relative dimension 2. Then
R fupp = X[p] is a finite flat S-group scheme.

Proof. It suffices to check them affine locally on the base. Assume S is an affine scheme of finite
type over k. Taking the Stein factorization, we can further assume f,Ox = Og. Then fipu, = pp
also holds universally. Under this assumption, we have an exact sequence of fppf-sheaves by
Kummer theory:

0 — R'fupy, = R'£G, — RHAG. (2.4.1)

Since R!f,G,, computes the relative Picard scheme Picy /s and the Néron-Severi group of X
is torsion-free, we can see

le*,u,p = ker (PicX/S 2, PicX/S> = ker (Picg(/s 2, Picg(/s) .

On the other hand, it is well known that Picg( /8 is representable by the dual abelian S-

scheme X (cf. [50, Corollay 6.8]). Thus, R!f.u, is representable by the commutative finite
group S-scheme X [p]. O

Proposition 2.4.2. Let f: X — S be a proper smooth family of abelian surfaces over an
algebraic space S. Then RQf*up is representable by an algebraic space, which is separated and
locally of finite presentation over S.

Proof. This is a consequence of [9, Theorem 1.8, Example 5.9] as R! f«ltp is representable by
Lemma 2.4.1. U
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Remark 2.4.3. The case in which X — S = Spec(k) is a smooth surface for some field k
is claimed by Artin in [2, Theorem 3.1] without proof. Bragg and Olsson provide a proof
(Corollary 1.4 in [9]). For relative K3 surfaces, there is a moduli-theoretic proof given by Bragg
and Lieblich using the stack of Azumaya algebras (cf. [8, Theorem 2.1.6]). Their proof cannot
be used directly for relative abelian surfaces as the essential assumption R! £, tp = 0 fails in the
fppf site (Sch/9)s.

Remark 2.4.4. An alternative proof for Proposition 2.4.2 is to apply Artin’s representability
criterion [1, Theorem 5.3]. The most technical part is to see the separatedness.

The following observation is essential in the construction of the twistor space of supersingular
abelian or K3 surfaces.

Corollary 2.4.5 ([8, Proposition 2.2.4]). Suppose that each geometric fiber of f: X — S is
supersingular. The connected components of any geometric fiber of R2f*,up — S are isomorphic
to the additive group scheme G,.

Proof. Note that the completion of each geometric fiber of R?f, Hp at 5 € S, along the 1dent1ty

section, is isomorphic to the formal Brauer group BrXs /k(s)» Which is isomorphic to (G The
only smooth connected p-torsion group scheme at k(5) with this property is G,. O

3. COHOMOLOGICAL REALIZATIONS OF DERIVED ISOGENY

In this section, we provide a summary of the derived isogenies on the cohomology groups of
abelian surfaces and introduce the notion of prime-to-¢ derived isogenies. This action can be
described in two ways:

(1) the motivic realization, which provides rational isomorphisms on the cohomology groups;
(2) the realization on the integral twisted Mukai lattices.

Moreover, following the work in [30, 41], we extend the filtered Torelli theorem to twisted
abelian surfaces over an algebraically closed field k with char(k) # 2. As a corollary, we show
that any Fourier—-Mukai partner of a twisted abelian surface is isomorphic to a moduli space of
stable twisted sheaves (cf. Theorem 3.5.3).

3.1. Motivic realization of derived isogeny on cohomology groups. It is known that
(twisted) derived equivalent smooth projective surfaces over a field & have isomorphic Chow
motives (see [32, §2.4] and [25, §1.2] for example). We record these results for the convenience
of the reader, focusing on abelian surfaces over k as an example.

For any algebraic surface X over a field k, one may consider idempotent correspondences
ngg,X and 7Tt2r7X in CH*(X x X)q defined as

1
2 . 2 2 2
T = E —FE;xFE;, «w =75 -7
alg, X " deg(EZ . EZ) ? ) tr,X X alg, X
1=

where 7r§( is the idempotent correspondence given by the Chow—Kiinneth decomposition (1.2.1)
and F; are divisors generating the Néron—Severi group NS(Xjs) such that E; - E; # 0 and
E;-E; =0 for any i # j. Consider the decomposition of h%(X):

b*(X) = b2, (X) @ b (X)

given by wzlg y and 7rt2r - It is not hard to see f)ilg(X ) is a Tate motive after base change to
the separable closure k°, whose Chow realization is

CHY (b2, (Xks)) = NS(Xps)g-

Let ®7: DW(27) = DW(#) be a derived equivalence between two twisted abelian surfaces
over k. Consider the cycle class

chp (-1 n (P) - v/ Tdxxy = chy 1,y (P) € CH (X x Y)q. (3.1.1)
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Here ch y-(-1) 55 (—) is the twisted Chern character defined same as in (3.3.2), this provides an
isomorphism

h(X) = h(Y),
which preserves the even-degree parts
2 2k

2
b (=) = Pr* () =P Av' ().
k=0 k=0
(cf. [25, §§1.2.3]). For a Weil cohomology theory H, its cohomological realization
HeV™ (X)) = HOV(Y) (3.1.2)

preserves the Mukai pairing. The cohomological realization (3.1.2) is not integral in general.
We can introduce the prime-to-¢ derived isogeny via the integral cohomological realizations,
which will be used in the rest of the paper.

Definition 3.1.1. Let £ be a prime and char(k) = p. When £ # p, a derived isogeny D°(X) ~
D’(Y) given by
D'(X,a) = D*(X1,51)
D*(X1, a2) =+ D"(X2, B2)

D (X, an41) = DY, Bn)
is called prime-to-£ if each cohomological realization in the sequence
Do Hgtven(Xi—u’m@é) = HE?“(XZ-@@@)
is integral, i.e. @y (HE*" (X7, Zy)) = HG" (Y%, Z¢). In the case ¢ = p, it is called prime-to-p if
each ¢, HGTH (Xi-1/K) = HE e (Xi/K) is integral.

Remark 3.1.2. Note that the correspondence (3.1.1) does not necessarily preserve the cohomo-
logical degrees. However, it admits a modification, that is an isomorphism between degree two
parts: Consider the cycle class [I'y,] € CH*(X x Y)g, given by the codimension two component
of (3.1.1). It induces an isomorphism of transcendental motives by a weight argument

[Ftr}? = ’/thr,Y o [Ftr] 0 Wgr,X: hgr(X> = h?r(Y)

It extends to an isomorphism h?(X) = h2(Y") since their algebraic parts are abstractly isomor-
phic as X and Y have the same Picard number. This supports the implication (v) = (vii) in
Corollary 1.2.2.

3.2. Mukai lattices and B-fields. Let k& be an algebraically closed field with char(k) # 2.
Let X be an abelian surface over k. When k = C, the Mukai lattice of X is defined as

H(X,Z) = H(X,Z(-1)) ® H3(X,Z) ® H (X, Z(1))
with the Mukai pairing
<(’l“1, bl, 81), (1"2, b2, 82)> = b1 . b2 — 7182 — 1281, (3.2.1)

and a pure Z-Hodge structure of weight 2. In general, we have the following notion of Mukai
lattices [41, §2]. Note that the definition there is only for K3 surfaces, but works well for any
smooth surface with trivial canonical bundle in fact.

e Let ﬁ(X) be the extended Néron—Severi lattice defined as
N(X) =Z®NS(X) @ Z,
with Mukai pairing

<(T1701751)7 (7“2,C2>82)> =C1°C—T182 —T281.
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The Chow realization of
67(X)(~1) @ b2, (X) @ h*(X)(1)
can be identified with ﬁ(X)Q.

e if char(k) = 0 or if char(k) = p > 0 and ¢ is another prime as usual, then the (-adic Mukai
lattice is defined on the even degrees of integral ¢-adic cohomology of X for ¢ coprime to
char (k)

Hgt(X7 Zo(-1)) @ Hgt(X, Zy) ® H;’lt(X7 Zy(1)),
with Mukai pairing defined in a similar formula as (3.2.1) denoted by H(X, Z); or
o if char(k) = p > 0, then the p-adic Mukai lattice H(X, W) is defined on the even degrees of

crystalline cohomology of X with coefficients in W (k)
0 2 4
Hepys(X/W(E))(—1) & Hepyo(X/W(E)) © Hepyo(X/W(K)) (1),

where the twist (i) is given by changing the Frobenius F + p~*F, and the Mukai pairing is
given similarly in the formula (3.2.1).

Hodge B-field. Assume k = C. For any G,,-gerbe 2" — X, one can find a lift B € H*(X, Q)
of [Z'] € Br(X) from the exponential sequence. Such B is called a B-field lift of a. We define
the twisted Mukai lattice of 2~ as

H(X,Z; B) := exp(B) - H(X,Z) c H(X,Z) ®7 Q,

which is isomorphic to ﬁ(X ,Z). For simplicity of notation, we still use (r,¢,s) to denote the
vector exp(B)(r,c,s). There is an induced pure Hodge structure of weight 2 on H(X,Z; B)
given by

H?(X; B) = exp(B)H*(X),
(¢f. [35, Definition 2.3]). It is clear that a different choice of such lift B’ satisfies B — B’ €
H?(X,Z) and thus there is a Hodge isometry

exp(B — B'): H(X,Z: B') = H(X, Z; B).

This means that, up to isomorphisms, ﬁ(X ,Z; B) is independent of the choice of the B-field
lifting and can also be denoted by H(.2Z",Z).
As shown in [72, Corollary 4.4], for any derived equivalence ®: DM (27) = DW(#) be-
tween two twisted abelian surfaces, the Fourier-Mukai kernel induces a Hodge isometry
¢ =vpp: H(X,Z;B) = H(Y,Z; B) (32.2)
for suitable B-field lifts B, B’. It provides the cohomological realization as in (3.1.2) rationally.

f-adic and crystalline B-field. Let us briefly recall the generalized notions of B-fields in
both ¢-adic cohomology (cf. [40, §3.2]) and crystalline cohomology (cf. [6, §3]) as analogues in
Betti cohomology. The complete considerations for the cases ¢-adic and p-adic are given in [10,
§2], which are applicable to both K3 and abelian surfaces. Therefore, we omit some technical
details here.

For a prime ¢ # p and n € N, the Kummer sequence of étale sheaves

NG
1= jign = Gy 22 G — 1, (3.2.3)
induces a long exact sequence
-+ Pie(X) L5 PieX — HZ (X, en) — Br(X)["] — 0.

Taking the inverse limit l'&nn7 we get a map

7o B2 (X, Ze(1)) = Bm HZ (X, ) — HE (X, ) — Br(X)["].

Lemma 3.2.1. The map 7y is surjective.
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Proof. We have a short exact sequence (cf. [45, Chap.V, Lemma 1.11])
0 — HE (X, Ze(1)) /€ = HE(X, pun) — Hg (X, Ze(1))[€"] = 0.
Since HZ (X, Z(1)) is torsion-free for any abelian surface X, we have an isomorphism
HE (X, Zo(1) /0" = HE (X pun).
Therefore, the reduction morphism H, (X, Z,(1)) — H2, (X, j1¢») can be identified with
HE (X, Zo(1)) = HE(X, Zo(1) /7,

which is surjective. The assertion then follows from it. O

For any a € Br(X)[¢"] such that £ # p, let By(a) = 7, (@), which is nonempty by Lemma
3.2.1.

For Brauer class a € Br(X)[p"], we need the following commutative diagram via the de
Rham-Witt theory (cf. [36, 1.3.2, I1.5.1, Théoreme 5.14])

0 —— H2(X,Z,(1)) —— H2, (X/W) 255 12, (X/W)

crys crys

l lpn::(@)wn) (3.2.4)

dlo
Hﬁ (X7 ,upn) - H(Q:rys (X/Wn)

where H?(X, Z,(1)) = lim HZ (X, ptpn). The map dlog is known to be injective by flat duality
(¢f. [51, Proposition 1.2]). Since the crystalline cohomology groups of an abelian surface are
torsion-free, the mod p™ reduction map p, is surjective. Consider the canonical surjective map
mp: Ha (X, ppn) — Br(X)[p"],

induced by the Kummer sequence. We set

pn(b) = dlog(t) for some
(X/W) |t € H3(X,pupn) such that

m(t) =«

Following [10, Definition 2.16, 2.17], we can introduce the (mixed) B-fields for twisted abelian

surfaces.

Definition 3.2.2. Let 2" — X be a py,-gerbe and [2g,,] € Br(X)[n].

e If n = ¢! for some prime ¢, an ¢-adic B-field lift of 2" — X is an element B = g%, where
b e By([Z2g,,])- When £ = p, it is also called a crystalline B-field lift.
e In general, a mixed B-field lift of 2" — X is a collection B = { By} consisting of a choice
—t
of an f-adic B-field lift By of [,%GEZZ z)] for all prime factors ¢ | n, where t; is the ¢-adic
valuation of n.

By(a) = { b e H?

crys

Remark 3.2.3. Not all elements in HZ,(X/ W)[%] are crystalline B-fields since the map dlog

is not surjective. From the first row in the diagram (3.2.4), we can see B € ngys(X/W)[%] is a
B-field lift of some Brauer class if and only if F'(B) = pB.

3.3. Twisted Mukai lattice over arbitrary fields. Let 7: 2~ — X be a u,-gerbe and

ord([Zg,,]) = n, B = {B¢} a mixed B-field lift of [2¢, . ]. We define the f-adic twisted Mukai
lattice as

N exp(B)H(X,Z,) i L#p
fi(X, B)) = (3.3.1)

exp(By)H(X, W) ifl=p
endowed with the Mukai pairing (3.2.1), where exp(By) =1+ By + BT‘?.

Up to isomorphisms, the twisted Mukai lattice ﬁ(X , By) is independent of the choice of the
B-field lift. We may use H(.2", Zy) or H(Z", W) to denote the twisted Mukai lattices to highlight
the coefficients, irrespective of the choice of the B-field lift.
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Definition 3.3.1. Let Kél)(ﬁ?f) be the Grothendieck group of Coh™ (2"). The map of twisted
Chern character is the unique additive group homomorphism

chy: KP(27) = N(X)g
such that for any locally-free 2 -twisted sheaf £ on 2~ with positive rank

chy (€)= /m(E5") € N(X)g, (33.2)
where {/— means a choice of n-roots such that the 0-codimension component of ch o (£) is equal
to rank &.

Denote by N(2) the image of K(()l)(% ) in N(X)g under the twisted Chern character map
chy, called extended twisted Néron-Severi lattice. For € € DW(2), we define v(£) = ch 4 ([£]) €
N(Z') to be the Mukai vector of £.

One can also define the map of twisted Chern character to cohomological twisted Mukai
lattice

chp: KV (2) = H(X, By),
see [40, §3.3] and [6, Appendix A3] for f-adic and crystalline cases, respectively. For any mixed
B-field lift B of [2g,,], the twisted Chern character chp factors through N(.27):

ChBe ~

K\"(2) H(X, Be)
Ch% A)(Be)cll{
N(Z)

where cly is the cycle class map to the cohomology theory H(—). The following result is
essentially proved in [10].

Proposition 3.3.2. Let B be a mized B-field lift of [Zg,,] € Br(X). Then

m

~ ~ 1. ~
N(2) =) (N(X) ® Z[Z]NH(X, Bg)) .
L
where the intersection N(X) @ Z3n H(X, By) is taken in N(X) @ Q; and the intersection MNe
is taken in N(X)® Q. In particular, the lattice N(Z") only depends on the associated Gy, -gerbe
Za., , up to a lattice isomorphism.

Proof. This is [10, Proposition 3.5]. O

m?

Similarly, one can define the relative extended twisted Mukai lattice on smooth projective
families of twisted abelian surfaces.

3.4. A filtered Torelli Theorem. In [41, 42], Lieblich and Olsson have introduced the filtered
derived equivalence and demonstrated that K3 surfaces with such equivalence are isomorphic.
We will present an analogous result for (twisted) abelian surfaces. The proof is simpler than
for K3 surfaces, as the bounded derived category of a (twisted) abelian surface corresponds to
a generic K3 category [34].

Let 2~ — X be a py-gerbe. The rational numerical Chow ring CH},,, (£ )o = CH}m(X)o
is equipped with a codimension filtration

Fil' CH}(2)g = @ CHE (2o
k>i

As X is a surface, we have a natural identification N(%)@ = CH},,, (2 )o-

num

Definition 3.4.1. Let ®7: DU (2) — DW(#) be a Fourier-Mukai transform. The derived

equivalence ®” is called filtered if its induced isomorphism ®%y;: N(2) = N(%) preserves the
induced codimension filtrations.
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Since the isomorphism ﬁ(% ) = N(%) preserves the Mukai pairing, it is not hard to see that

®% is filtered if and only if it sends the Mukai vector (0,0, 1) to (0,0,+1). At the cohomological

level, the codimension filtration on H(X )[7] (the prime ¢ depends on the choice of f-adic or

crystalline twisted Mukai lattice) is given by F? = EBQZHQT(X)[%]. The filtration on H(.2", Z)
is defined by

. ~ . 1
P2, 20) = B2, 2,) 0 FR(X, 2[5
By choosing a B-field lift By, a direct computation shows that the graded pieces of F'® are

_ 2
Gr%H(%, ZLy) = {(r, r By, T?)

GryH(2,Ze) = {(0,b,b- By) | b € HX(X,Z)} = H*(X, Z),
GriH(2,Ze) = {(0,0,5) | s € HY(X,Z(1))} = HY(X, Z(1)).

re HY(X, Zg(—l))},
(3.4.1)

Lemma 3.4.2. A Fourier-Mukai transform ®F: DM (27) — D(l)(@/) is filtered if and only if
its cohomological realization is filtered for any B-field liftings.

Proof. A Fourier—-Mukai transform that is filtered implies that it is cohomologically filtered.
This is because the map

exp(By) - clip: N(2) — H(Z, Zy)
preserves the filtrations for any B-field lift B of [2g,.].

For the converse, just notice that ®% is filtered if and only if the induced map <I>75H takes
the vector (0,0,1) to (0,0,%1). As ®7 is cohomologically filtered for B, the cohomological
realization of ®” preserves the graded piece Gr% in (3.4.1). This implies that 7 takes (0,0,1)
to (0,0,+1). O

Proposition 3.4.3 (filtered Torelli theorem for twisted abelian surfaces). Suppose k = k is such
that char(k) # 2. Let ' — X and % — Y be u,-gerbes on abelian surfaces. The following
statements are equivalent.

(1) There is an isomorphism between the associated Gy,-gerbes Zg,, and %, .

(2) There is a filtered Fourier-Mukai transform ®F : DM (27) — DW(#).

Proof. For untwisted case, i.e. 2 = X and # =Y, this is exactly [30, Proposition 3.1]. Here
we extend it to the twisted case. As one direction is obvious, it suffices to show that (2) can
imply (1).

Firstly, we claim that all semi-rigid objects in D) (%) are in Con™) (%) up to shift. According
to Remark 3.13 in [34], it is sufficient to show that there are no stable spherical sheaves in
Coh(#Z'(M). If £ is a spherical Z(D-twisted sheaf with rank £ = 0, then ¢1(£)? = —x(&,&) = -2,
which is impossible for the abelian surface. Suppose that there is a stable spherical % -twisted
sheaf £ with Mukai vector v = (r, ¢, s) such that » > 0. Choose a polarization H € Pic(Y") so
that £ is H-semistable. Let My (% ,v) be the moduli space of H-semistable % -twisted sheaves
on Y. Then My (% ,v) is non-empty. Consider the determinant morphism to the Picard stack
of invertible % (")-twisted sheaves

det: . #y(¥ ,v) — Pic(# ).

For any £ € Pic’(Y) and € € .#5 (% ,v), the tensor product £ @ L is still a stable % -twisted
sheaf with the Mukai vector v. Thus, the map det dominates the component of Pic(% (") con-
taining det(€), which is of dimension 2. Therefore, the deformation theory of twisted coherent
sheaf implies
dimy, Ext!(£,&) > dim A4y (% ,v) > 2,

contradicting the assumption that £ is spherical.

Let ®7: DY(2° (W) — DY@ (M) be a Fourier-Mukai transform. For a closed point = € X,
denote

Pr =07 (k(2)) = Plisyxa
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by image of the skyscraper sheaf k(x). Since k(z) is semi-rigid, P, is also semi-rigid. The
previous discussion implies that there is an integer m such that H*(P,) = 0 for any i # m and
closed point = € Y. Therefore, there is a 2"~ A & -twisted sheaf £ € Con(2 (Y x &) such
that P = E[m)].

Suppose ®7 is filtered. Composing it with the shift functor F ~ F[1] if necessary, we may
assume that the cohomological realization of ®* sends (0,0,1) to (0,0,1). In this case, &, is just
a skyscraper sheaf on {zx} x Y. The same argument as in [16, Corollary 5.3] or [31, Corollary
5.22, 5.23] shows that there is an isomorphism f: X — Y such that f*([%g,.]) = [Zc,.]- O

3.5. Twisted FM partners via moduli space of twisted sheaves. In the rest of this
section, we will always assume that k = k and char(k) = p # 2. Let 2~ — X be a twisted
abelian surface over k.

Definition 3.5.1 ([71, Definition 0.1]). Let v = (r,c,s) € N(2) be a primitive Mukai vector
such that v? = 0. If one of the following holds

(1) »>0.

(2) r =0, c is effective and s # 0.

(3) r=c=0and s > 0.

then v is called positive.

We denote by #y (2 ,v) the moduli stack of H-semistable 2 -twisted sheaves with the
Mukai vector v € N(% ), where H is a v-generic ample divisor on X. Here, we record a well-
known non-emptiness criterion for .#y (2", v) when X is not supersingular. We will extend this
result to the supersingular case in Proposition 3.6.6, using the theory of supersingular twistor
space.

Proposition 3.5.2 (Minamide—Yanagida—Yoshioka, Bragg-Lieblich). Suppose X is an abelian
surface over k that is not supersingular. If v is positive with v> = 0, then for any v-generic
polarization H, the coarse moduli space My (Z ,v) is an abelian surface, and the moduli stack
My (X, v) is a Gy-gerbe on My (2 ,v).

Proof. For the case where char(k) = 0, Yoshioka has proved this result in [72, Theorem 3.16].
When char(k) = p > 2, the nonemptiness can be seen through a lifting argument, as shown
in [8, Proposition 4.1.20] and [46, Proposition A.2.1]. Since X is of finite height when char(k) =
p > 0, Lemma 2.3.1, implies exists a DVR V with residue field k_and a projective lifting
2y — Xy of ' — X over Spec(V'), together with an extension vy € N(Zy/) and a polarization
Hy € NS(Xy) such that Hy[gpecr)y = H. Consider the relative moduli space of twisted sheaves
M, (Zv,vy) over Spec(V). Its (geometric) generic fiber is a moduli space of twisted sheaves
with positive Mukai vector in characteristic zero, which is nonempty by Yoshioka’s result. Thus
its special fiber, which is isomorphic .#x (%2 ,v), is also nonempty by Langton’s semi-stable
reduction theorem. O

The following is an extension of [30, Theorem 1.2].

Theorem 3.5.3. Assume k = k with char(k) # 2. Let 2 — X and % — Y be G,,-gerbes
over an abelian surface defined over k. Then DU () ~ DX if and only if #-V) — Y
is isomorphic to the moduli stack M (2 ,v) — My (2 ,v) for some v € N(Z') and v-generic
polarization H.

Proof. For the "if" part, just note that the universal family of twisted sheaves on 4 (2 ,v)x 2
induces a derived equivalence.
For the other direction, suppose D()(27) ~ DU)(#) are equivalent. We let

7. DW(@) - DV(2)

be a Fourier-Mukai transform. Let v € N(2") be the image of (0,0,1) € N(#) under ®”. Up
to a shift, we can assume that v is a positive vector. By Proposition 3.5.2, My (2 ,v) is an
abelian surface and Ay (2 ,v) - Muy(2",v) is a Gy,-gerbe over it.
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Let £ be a universal 2 -twisted sheaf on .#Zy (2", v) x 2, which is a (1, 1)-fold twisted sheaf
and induces a derived equivalence

o DUV (M (2 ,v)) — DI(2),
whose cohomological realization maps the Mukai vector (0,0,1) to v. Composing ®¢ with the
derived equivalence
(@7) '~ aP'[2]: DW(2) —» DY (@),

we obtain a filtered derived equivalence from .#y (2 ,v)"Y to %, which induces an isomor-
phism from .#y (2 ,v)"Y to % by Theorem 3.4.3. O

3.6. Supersingular twisted abelian surfaces. Finally, we discuss the case of supersingular
twisted abelian surfaces. In this part, we extend the construction the supersingular twistor
space as [8] via the Ogus’s crystalline Torelli theorem for supersingular abelian (see [51, §2]).

Definition 3.6.1. Let p be a prime # 2. Let A be an indefinite p-elementary even lattice, i.e.,
o disc(A®Q) = —1,
e AY/A is p-torsion.
Then [AY/A| = p?°®) for 1 < op(A) < 2 and the integer oo(A) is called the Artin invariant of
A. We define My to be Ogus’ moduli space of characteristic subspaces of pAY /pA.

When A has the signature (1,n — 1),n > 2, as shown in [61, Section 1], A is uniquely
determined by its Artin invariant. When n = 6, we may call it supersingular abelian surface
lattice. This is because for every supersingular abelian surface X, its Néron-Severi lattice NS(X)
is a supersingular abelian surface lattice (cf. [52, (1.6)].

From now on, let us assume that A is a supersingular abelian surface lattice. Denote o for
the Artin invariant og(A) for simplicity. We set

A=A U(p),

where U(p) is the twisted hyperbolic plane generated by the vectors e and f such that e? =
f2=0ande-f = —p. Let M%@ C M5 be the moduli space of characteristic subspaces of

pAY /pA that do not contain e.

Proposition 3.6.2 ([8, §3]). The moduli stack M/S\@ and My are representable by schemes over

Fp, which are smooth of dimensions oo and og — 1, respectively. Moreover, there is a smooth
morphism

Te: M/S\@ — M.
whose fiber at a closed point is isomorphic to a group scheme with connected components Al.

Proof. The first assertion is given in [52, Proposition 4.6]. Let us sketch the construction of 7.
Given any K € M/i\@ (T') over an F)-scheme T, a characteristic subspace

K C (pAY /pA) ® Or

can be formed as the image of KN(et®Or) in (e+/e)@Or (see [8, Lemma 3.1.9]). Consequently,
the map K — K defines a morphism

e M;{e) — M.
The rest of the assertion is a consequence of [8, Lemma 3.1.15 |. O

Definition 3.6.3. The twistor line in M7z ®p, k is an affine line Al C M5 ®p, k that is a
connected component of a fiber of 7. over a k-point of My (k) for some isotropic vector e € A.
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The moduli functor Sp of A-marked supersingular abelian surfaces is representable by a
locally separated and smooth algebraic space of dimension og — 1 over k by the crystalline
Torelli theorem [51, Theorem 7.3] together with the argument in [52, Theorem 2.7]. Consider
the universal family of supersingular abelian surfaces

u:X—)SA,

that is smooth with relative dimension 2. By Proposition 2.4.2, the higher direct image R2u*up
is representable by an algebraic group space over Sy, denoted by

W:yA—)SA.

The connected component of the identity .Y C #A parameterizes the p,-gerbes which are not
essentially-trivial except the identity, on each A-marked supersingular abelian surface in Sy (k).
Then there are (twisted) period morphisms following the approach in [52, §3].

Proposition 3.6.4. There are (twisted) period morphisms p: Sy — My = My ®p, k and
p: LR = M;\@ = M/%@ ®F, k such that the following commutative diagram is Cartesian
7T|yX
S ——— Sa
lﬁA J/PA (3.6.1)
M ey B
Moreover, p and p are étale surjective when p > 2.

Proof. This was proved by Bragg and Lieblich in the case of supersingular K3 surfaces (cf. [8,
§3 and §5]. But everything works for supersingular abelian surfaces as well. We shall mention
that one can also use the Kummer construction to deduce the statement from the K3 case.
For the ease of the reader, let us briefly sketch the construction of pp and pa. Let (X,n) be a
A-marked supersingular abelian surface. The K3-crystal ngyS(X /W) determines a characteristic
subspace
Kz (x) = ker(NS(X) ® k — H?

crys

(X/W) ®E).
Then pp (X, n) is the characteristic subspace n_l(lCHz(X)) in (pAY/pA) ®F, k. Suppose 2~ — X
is a p,-gerbe. We define
N(2)V
PN(Z)”
pN(Z')

as the strictly characteristic subspace of I:I(ﬁ&" ,W). Note that there is an extended map of K3
crystals:

() = ker(N(2) @ k — H(Z', W) @w k) C

ARZ, 5N @2, — H(Z , W)
where 7] is given by
e (0,0,1) crnlc) fr (p,0,0)

for any ¢ € A. Then pp (2", n) = 'ﬁ_l(lCﬁ(%)) is the characteristic subspace of (pKv/pK)@)k. O

Remark 3.6.5. In one view, the moduli space M}, is a crystalline analog of the classical period
domain. Let H be a supersingular K3 crystal. The associated Tate module Ty C H is a
supersingular K3 Z,-lattice in the sense of Ogus (¢f. [51, 3.13]). According to [51, Theorem
3.20], the functor

H ~ (Ty,Kg)
where K = ker(Ty ® k — H ® k) defines an equivalence between the category of supersingular
K3 crystals and the category of strictly characteristic subspaces of a supersingular K3 Z,-lattice.

Using the twisted period map, we can obtain the following.

Theorem 3.6.6. Let 2" — X be a p,-gerbe over a supersingular abelian surface X over k.
Then
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(1) If a primitive vector v € KT(%) is positive and isotropic, the coarse moduli space
My (Z ,v) is an abelian surface.
(2) If % =Y is another twisted abelian surface, DV(2Z) ~ DW(%) if and only if there is
an isomorphism
H(Z , W)~ H(#%,W)
of K3 crystals.
(8) There is a derived equivalence

DY (25) ~ DY(X)
where Zo — Xo is a p,-gerbe over the unique superspecial abelian surface Xo.

Proof. For (1), if 2 — X is an essentially-trivial j,-gerbe over a supersingular abelian surface
X, this can be proved by a standard lifting argument (see also [24, Proposition 6.9]). When
2" — X is non-trivial, we can take the universal family of j,-gerbes

f:x— Al

on the connected component A' € R? u, pp that contains 2~ (c¢f. Corollary 2.4.5). The fibers of f
contain 2~ — X and the trivial p,-gerbe over X. By taking the relative moduli space of twisted
sheaves (with suitable v-generic polarization) on X — Al one can obtain the nonemptiness of
My (Z ,v) from the case of essentially trivial gerbes.

For the proof of the forward direction of (2), we notice that by Remark 3.6.5, it is sufficient
to find an isomorphism between pairs

(N2 Ksi)) = (N@), Ki))

which is provided by the de Rham realization of the derived equivalence DM (27) ~ DM ().
The proof of the other direction is identical to the case of K3 surfaces proved in [6, Theorem
3.5.5]. The key is that if H(2",W) = H(%,W), then there exists v € N(2) such that the
induced isomorphism

H( (2 ,0) Y, W) 2 H(Z, W)
of K3 crystals sends (0,0,1) to (0,0,1). The assertion then essentially follows from Ogus’

crystalline Torelli theorem for supersingular abelian surfaces (c¢f. [51, Theorem 7.3]), as in [6,
Theorem 3.5.2]. We omit the details here.

For (3), due to (2), it suffices to find a p,-gerbe Zy — X such that there is a supersingular

K3 crystal isomorphism

H(2,, W) = H(X,W).
By Remark 3.6.5, this is equivalent to find 2y — Xy and an isometry ﬁ(%) ® Ly = N(X) ® Ly
sending Kﬁ({%) to lCﬁ(X).

Let us give an explicit construction of Zy — Xy via the twisted period map. If X is
superspecial, no further proof is necessary. Suppose X is not superspecial. Then o¢(NS(X)) = 2
by [64, Proposition 3.7]. Let A be the supersingular abelian surface lattice with Artin invariant
2 and let n: A = NS(X) be a A-marking. As shown in [61, Section 2] (see also [24, Proposition
6.1]), A = U(p)® A’ contains U(p) as a direct summand and the image of U(p) in (pAY/pA) @k
is not contained in the strictly characteristic subspace pa(X,n).

Note that the lattice Ag = U @ A’ is a supersingular abelian lattice with Artin invariant 1.
There is a natural isomorphism

N(X) Y AU =A@ Up) = Ao (3.6.2)
and we can identify Kz . with pa(X,n) via the isometry n @ id. Let

()
K C (pAy /pAo) @ k

be the image of ICﬁ( through the map induced by (3.6.2). By our assumption, X does not

X)
contain the image of some isotropic vector e € U(p) and therefore can be viewed as a point in
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M}\@(k). As py, is surjective, there is a Ag-marked supersingular abelian surface (2o — Xo,70)
0
such that pa,(Zo,m0) = K. It is easy to see that 2y — X is as desired. O

4. SHIODA’S TORELLI THEOREM FOR ABELIAN SURFACES

In [63], Shioda discovered that there is a way to extract information about the 15*-cohomology
of a complex abelian surface from its 2"d-cohomology, called Shioda’s trick. This established a
global Torelli theorem for complex abelian surfaces via 2"d-cohomology, which is also a key step
in Pjateckii-Sapiro-Safarevi¢’s proof of the Torelli theorem for K3 surfaces (cf. [57, §5 Lemma
4, §5 Theorem 1]).

The aim of this section is to generalize Shioda’s method to all fields and establish an isogeny
theorem for abelian surfaces via the 2d-cohomology. We will deal with Shioda’s trick for Betti
cohomology, étale cohomology and crystalline cohomology separately.

4.1. Recap of Shioda’s trick for Hodge isometry. We first recall Shioda’s construction.
Suppose X is a complex abelian surface. Its singular cohomology ring H®(X,Z) is canonically
isomorphic to the exterior algebra A®H'(X,Z). Let V be a free Z-module of rank 4. We denote
by A the lattice (A?V, q) where g: A2V x A2V — A*V 22 Z is the wedge product. After choosing
a Z-basis {v;}1<i<4 for HY(X,Z), we have an isometry of Z-lattice A — H?*(X,Z). The set of
vectors
{vij = vi ANvjto<icj<a

clearly forms a basis of H2(X,Z), which will be called an admissible basis of A for its second
singular cohomology. For another complex abelian surface Y, a Hodge isometry

¢o: B3(Y,Z) = H*(X,7Z)

will be called admissible if det(¢) = 1, with respect to some admissible bases on X and Y. It
is clear that the admissibility of a morphism is independent of the choice of admissible bases.

In terms of admissible bases, we can view ¢ as an element in SO(A). On the other hand, we
have the following exact sequence of groups

1 {£1} = SLy(Z) 25 SO(A) (4.1.1)

Shioda observed that the image of SL4(Z) in SO(A) is a subgroup of index two and does not
contain —ida. From this, he proved the following (cf. [63, Theorem 1))

Theorem 4.1.1 (Shioda). For any admissible integral Hodge isometry 1, there is an isomor-
phism of integral Hodge structures

¢ HA(Y,Z) = °H' (X, Z)
such that A2() = ¢ or —.

This is what we call “Shioda’s trick”. As we can assume that a Hodge isometry is admissible
after possibly taking the dual abelian variety for one of them (see Example 4.2.3 below), we
can obtain the Torelli theorem for complex abelianAsurfaces by using the weight two Hodge
structures, that is, X is isomorphic to Y or its dual Y if and only if there is an integral Hodge
isometry H?(X,Z) = H%(Y,Z) (cf. [63, Theorem 1]).

4.2. Admissible basis. To extend Shioda’s work to arbitrary fields, we must define admissi-
bility for different cohomology theories (e.g., étale and crystalline cohomology).

Let k be a field with char(k) = p > 0. Suppose X is an abelian surface over k and 1 p is a
prime. For simplicity of notations, we will denote H®*(—)pg for one of the following cohomology
theories:

(1) if k — C and R = Z or any number field E, then H*(X )z = H*(X(C), R) the singular
cohomology.

(2) if R =7y or Qg, then H*(X)r = HE, (X}, R), the (-adic étale cohomology.

(3) if char(k) = p > 0, then we can take R = W a Cohen ring of k or the fraction field K
of W, then H®*(X)r = Hg,s(X/W) or HE, ((X/W) ® K, the crystalline cohomology.

crys
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There is an isomorphism between the cohomology ring H®*(X)r and the exterior algebra
A*HY(X)r. We denote by trx: H*(X)gr = R the corresponding trace map. Then the Poincaré
pairing (—, —) on H?(X)pr can be realized as

<Oé,,8> = trx(Ol A ﬁ)
Analogous to §4.1, a R-basis {v;} of H}(X)g will be called a d-admissible basis if it satisfies
trx (v Ava Avg Avg) =d

for some d € R*. When d = 1, it will be called an admissible basis. For any d-admissible
(resp. admissible) basis {v;}, the associated R-basis {v;; == v; A v;}icj of H*(X)g will also be
called d-admissible (resp. admissible).

Example 4.2.1. Let {v1,v2,v3,v4} be a R-linear basis of H'(X)r. Suppose
trx(vi Ave Avg Avy) =t € R™.
For any d € R*, there is a natural d-admissible R-linear basis {%vl, V2, U3, V4 }

Definition 4.2.2. Let X and Y be abelian surfaces over k.
e a R-linear isomorphism : HY(X)r — HY(Y)R is d-admissible if it takes an admissible
basis to a d-admissible basis.
e a R-linear isomorphism ¢: H2(X)r — H?(Y)g is d-admissible if
try o A? (@) = dtrx
for some d € R*, or equivalently, it sends an admissible basis to a d-admissible basis.
When d = 1, it will also be called admissible.
The set of d-admissible isomorphisms are denoted by Isom®@ (H!(X) g, HY(Y)g) accordingly.
For any isomorphism ¢: H?(X)r = H?(Y)g, let det(y¢) be the determinant of the matrix

with respect to some admissible bases. It is not hard to see det(¢p) is independent of the choice
of admissible bases, and ¢ is admissible if and only if det(y¢) = 1.

Example 4.2.3. Let {v;} be an admissible basis of H!(X)g. For the dual abelian surface X,
the dual basis {v}} with respect to the Poincaré pairing naturally forms an admissible basis of

~

X, under the identification H'(X)Y, 2 H'(X)g. Let
¢" H(X)n — HA(X)R

be the isomorphism induced by the Poincaré bundle P on X x X. A direct computation (see
e.g. [31, Lemma 9.3]) shows that ¢” is nothing but

—D: H3(X)p = HX(X)}, 2 HX(X)g,
where D is the Poincaré duality. For an admissible basis {v;} of X, its R-linear dual {v}} with
respect to Poincaré pairing forms an admissible basis of X. By our construction, we can see
D(v12, v13, V14, V23, V24, V34) = (V34, —V3y, V33, V145 —V13, V1a),

which implies that D is of determinant —1 under these admissible bases. Thus the determinant
of ©” is not admissible.

Example 4.2.4. Let f: X — Y be an isogeny of degree d for some d € Z>p between two
abelian surfaces. If d is coprime to ¢, then it will induce an isomorphism
frHA(Y)z, = HA(X)z,,

that is d-admissible. If, in addition, d = n?, then % f* will be an admissible Z,-integral isometry

with respect to the Poincaré pairing. Moreover, if d = k?, then % will be a Zy)-isogeny such
that its pull-back is admissible integral.
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Example 4.2.5. Suppose X is an abelian surface over a perfect field k& with char(k) = p > 0.
Then F-crystal H!(X )y together with the trace map

trx: HY( X))y = W

form an abelian crystal (of genus 2) in the sense of [51, §6]. We can see that an isomorphism
of F-crystals H'(X)y — HY(Y)w is admissible if and only if it is an isomorphism between
abelian crystals, i.e., it is compatible with trace maps.

4.3. More on admissible basis of F-crystals. In contrast to ¢-adic étale cohomology, the
semilinear structure on crystalline cohomology from its Frobenius is more tricky to work with.
Therefore, it seems necessary for us to spend more words on the interaction of Frobenius with
admissible bases.
Suppose k is a perfect field with char(k) = p > 0, we have the following Frobenius pull-back
diagram:
Fx

X
XQ‘)

XM X

| |

Spec(k) —=— Spec(k)
Via the natural identification Hg,o (X W) /W) = He,ys(X/W)® W, the o-linearization of Frobe-
nius action on HY  (X/W) can be viewed as the injective W-linear map

crys crys

*
FO = (F)((l)) CHL (X)W s HL (X/W).
If k is not perfect, then after passing to W (k) or equivalently choosing a Frobenius lift on the
Cohen ring W, we also get a Frobenius action on ngys (X/W), whose linearization is given by
the relative Frobenius morphism.
There is a decomposition HL.  (X/W) = Ho(X) ® H1(X) such that

crys

FO (Hl x® /W)) ~ Ho(X) @ pHy(X), (4.3.1)

crys

and ranky H; = 2 for ¢ = 0,1, which is related to the Hodge decomposition of the de Rham
cohomology of X/k by Mazur’s theorem; see [4, §8, Theorem 8.26].

The Frobenius map can be expressed in terms of admissible basis. We can choose an admis-
sible basis {v;} of Hérys(X /W) such that

v1,v9 € Hy(X) and ws,vq € Hy(X).

Then {p®v;} == {v1,va,pv3, pvs} forms an admissible basis of H, (X (1) /W) under the identi-
fication (4.3.1), since try 1) o At FO) = p2oy o trx. In term of these basis, the Frobenius map
can be written as

FO(piv) =Y eijpvj, (4.3.2)
J

where C'x = (¢;;) forms an invertible 4 x 4-matrix with coefficients in W.
Suppose Y is another abelian surface over k, 1: HL ((X/W) — HL. . (Y/W) is an admissible

crys crys
map, and ¢ is the induced map ¢ ®, W: HL (XM /W) — HL. . (YM/W). Denote by M

crys crys
and M’ the matrix of ¥ and /() with respect to the chosen admissible bases, respectively.

Lemma 4.3.1. The map v commutes with Frobenius if and only if C’yM’C’)_(1 =M.

Proof. By definition, ¢ commutes with Frobenius if and only if (FX(/I))* o)) = ¢ho (F)((l))* The
statement is then clear from (4.3.2) . O
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4.4. Generalized Shioda’s trick. Let us review some basic properties of the special orthog-
onal group scheme over an integral domain. Our main reference is [17, Appendix C].

Let A be an even Z-lattice of rank 2n. Then we can associate it with a vector bundle A on
Spec(Z) with constant rank 2n equipped with a quadratic form ¢ over Spec(Z) obtained from
A. Then the functor

A {g€ GL(A4)|qalg - x) = qa(z) for all z € Ag}
is representable by a Z-subscheme of GL(A), denoted by O(A). There is a homomorphism
between the Z-group schemes
Dp: OA) — Z)27Z,
which is called the Dickson morphism (see p313 in loc. cit. for the definition). Roughly speaking,

0 if g is a product of an even number of reflections
Dy(g) =

1 if g is a product of an odd number of reflections

for a point g € O(A) over a field in characteristic zero. The Dickson morphism is surjective
as A is even and its construction is compatible with any base change (see Proposition C.2.8 in
loc. cit.). The special orthogonal group scheme over Z with respect to A is defined to be the
kernel of Dy, which is denoted by SO(A). Moreover, we have

It is well-known that SO(A) — Spec(Z) is smooth in relative dimension "(n;l) and with con-

nected fibers; see Theorem C.2.11 in loc. cit. for example.
For any ¢, the special orthogonal group scheme

SO(Az,) = SO(A)z,

is smooth over Z, with connected fibers, which implies that its generic fiber SO(Ag,) is con-
nected. Thus, SO(Ag,) is clearly connected as a group scheme over Z,; as SO(Ag,) C SO(Az,)
is dense.

The special orthogonal group scheme admits a universal covering (i.e., a simply connected
central isogeny)

Spin(A) — SO(A).

See Appendix C.4 in loc. cit. for construction.

Lemma 4.4.1. Let V be free Z-module of rank 4 and A = A*V. Let R be a ring of coefficients
as listed in §4.2. There is an exact sequence of smooth R-group schemes

A2 (=)r
—

1— H2. R — SL(V)R SO(A)R — 1.

(as fppf-sheaves zf% ¢ R.) Moreover, there is an exact sequence
2(_
1 {+ids} — SLOV)(R) 2225 SO(A)(R) — R*/(R")>. (4.4.1)

Proof. For the first statement, it suffices to assume R = Spec(k) for an algebraically closed field
k, where it is clear from a computation. Note that we have an exact sequence on rational points
(cf. [27, Proposition 3.2.2])

1 — pa(R) — SL(V)(R) — SO(A)(R) — H'(Spec(R), u2).
Notice that for the rings of coefficients listed in §4.2, we have Pic(R)[2] = 0. Therefore,
Hji(Spec(R), u2) = R*/(R*)?

from the Kummer sequence for po.
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For the last statement, it is sufficient to see that there is an isomorphism of R-group schemes
SL(V)r = Spin(A)g such that the following diagram commutes

SL(V)(R) = Spin(A)(R)

\ /

SO(A)(R)

The group scheme SL(V) is simply-connected (as its geometric fibers are semisimple algebraic
group of type As). Thus, the central isogeny SL(V)r — SO(A)g forms the universal covering
of SO(A)g, which induces an isomorphism SL(V)r — Spin(A)g by using the Isomorphism
Theorem over a general ring (see, e.g.,[17, Theorem 6.1.16, 6.1.17]). O

Remark 4.4.2. When R = Zy, we have
{1} if £ £ 2,

i/ (Zi) {{ﬂ} x {5} if£=2.
Thus the image of SL(V)(Z,) is a finite index subgroup in SO(A)(Zy).
Remark 4.4.3. When R = W(k), we have

{l,e} ifk=Fp forp>2,s5>1

W (k)"/ (W (k)")* = {{1} if ki =k or k* = k, char(k) > 2.

where € € Z such that € # y? mod p* for an integer y, as W (k) is Henselian. Thus, the wedge
map SL(V)(W) — SO(A)(W) is surjective when k = k.
Let X and Y be abelian surfaces over k. Let Vg = H!(X)g. We can see the set
Tsom* @) (H!(X) , H (V) )
is a (right) SL(Vg)-torsor if it is nonempty. The wedge product provides a natural map
A% Tsom®™ @ (HY(X) g, H(Y) ) — Isom® @D (HA(X) g, H2(Y)R) .

Let {v;} be an admissible basis of H!(X)g and let {v/} be a d-admissible basis of H!(Y)g,
respectively. There is an d-admissible isomorphism v € Isom®®(@ (H!(X) g, H'(Y)g) such that
Yo(v;) = v]. For a d-admissible isometry ¢: H?(X, R) — H?(Y, R), we can see

0 = N%(g) o g, for some g € SO(AR).

In this way, any d-admissible isomorphism ¢ can be identified with the (unique) element
g € SO(A)(R) when the admissible bases are fixed. This allows us to deal with d-admissible iso-
morphisms group-theoretically. In particular, we have the following notion of the spinor norm.

Definition 4.4.4. The spinor norm of the d-admissible isomorphism ¢ is defined to the image
of g under SN: SO(A)(R) — R*/(R*)?, denoted by SN(¢p).

Lemma 4.4.5. The spinor norm SN(y) is independent of the choice of admissible bases.

Proof. For different choice of admissible bases, we can see the resulted § = KgK ! for some
K € SO(AR). Therefore, SN(g) = SN(g). O

Remark 4.4.6. When R is a field, the spinor norm can be computed by the Cartan—Dieudonné
decomposition. That means we can write any g € SO(A)(R) as a composition of reflections:

Ry, oRp, 0+ o Ry,
for some non-isotropic vectors by, -« , b, € Ag, and SN(g) = [(b1)? - -+ (bp—1)*(bn)?].

Lemma 4.4.7. The d-admissible isomorphism ¢ is a wedge of some d-admissible isomorphism

Y: HY(X, R) — HY(Y, R) if and only if SN(p) = 1.



24 ZHIYUAN LI AND HAITAO ZOU

Proof. The exact sequence (4.4.1) shows that if SN(¢) = SN(g) = 1, then there is some h €
SL(VRg) such that A%2(h) = g. Thus, we can take 1) = 1)y o h when SN(y) = 1, and see that

N2(1h) = A (o) o A2(R) = .

The converse is clear. O

4.4.1. Isogenies category. Recall that the isogeny category of abelian varieties AVq  consists of
all abelian varieties over a field k£ as objects, and the homomorphism sets are

HomAva (X, Y) = HOInAvk (X, Y) Xz Q,

where Homyy, (X,Y") is the abelian group of homomorphisms from X to Y with the natural
addition. We may also write Hom®(X,Y") for Homyy,, , (X,Y) if there is no confusion in the
definition field k.

Definition 4.4.8. Let R be a commutative ring with units. A R-isogeny from X to Y is an
invertible element f € Homyy, (X,Y) ® R i.e., there is an g € Homyy, (Y, X) ® R such that
fog:idy andgof:idx.

A Q-isogeny is called a quasi-isogeny, while Z-isogeny is called a prime-to-¢ quasi-isogeny.
For any (prime-to-¢) quasi-isogeny f, we can find a minimal integer n (resp. £ { n) such that

nf: X =>Y
is an isogeny (resp. of degree prime-to-¢).

When k£ = C, with the uniformization of complex abelian varieties, we have a canonical
bijection
Homyyg (X, Y) = Hompgg (H'(Y, Q),H'(X, Q) ,
where the right-hand side is the set of Q-linear morphisms that preserve Hodge structures. Then
the integer n for f is also the minimal integer such that (nf)*(H'(Y,Z)) C H'(X, Z).

4.5. Shioda’s trick for Hodge isogenies. Suppose £k = C. Let d be an integer. A Hodge
isogeny of degree d is an isomorphism of Q-Hodge structures

p: HA(X,Q) = H*(Y,Q)

such that

(z,y) = d(p(x), o))

In particular, if d = 1, then it is the classical Hodge isometry that we usually talk about.
Clearly, a d-admissible rational Hodge isomorphism is a Hodge isogeny of degree d. In terms of
spinor norms, we can generalize Shioda’s theorem 4.1.1 to admissible rational Hodge isogenies.

Proposition 4.5.1 (Shioda’s trick on admissible Hodge isogenies).
(1) A d-admissible Hodge isogeny of degree d

p: HA(X,Q) = H*(Y,Q)

is a wedge of some rational Hodge isomorphism 1: HY(X,Q) = HY(Y,Q), if its spinor
norm is trivial. In this case, the Hodge isogeny is induced by a quasi-isogeny of degree
d?.

(2) When d =1, any admissible Hodge isometry ¢ : H*(X,Q) = H2(Y, Q) is induced by an
isogeny f:Y — X of degree n? for some integer n such that o = %

Proof. Under the assumption of (1), we can find a d-admissible isomorphism 1 by applying the
Lemma 4.4.7. It remains to prove that 1 preserves the Hodge structure, which is essentially
the same as in [63, Theorem 1].

For (2), we suppose the spinor norm SN(¢) = nQ*? € Q*/Q*2. Let E = Q(y/n). We can see
that the base change H?(X, E) = H?(Y, E) is a Hodge isometry with coefficients in E such that
SN(¢) =1 € E*/(E*)2. Then by applying Lemma 4.4.7, we will obtain an admissible (fixing
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the admissible bases for H' (X, Q) and H'(Y,Q)) Hodge isomorphism «: H' (X, E) = H\(Y, E).

Let
o:a+byn~a—by/n
be the generator of Gal(E/Q). As we have fixed the Q-linear admissible bases, the wedge map

SL4(E) 255 SO(A)(E)

is defined over Q, and so is o-equivariant. Let g be the element in SL4(FE) that corresponds to

. As A%(g) € SO(A) € SO(Ag), we can see

(A*(a(9)) = a(r*(9)) = A*(g).
which implies that o(g)g~! = 4 idy since ker(A?) = {+id4}. If o(g) = g, then g € SL4(Q) and
the statement is trivially valid. If o(g) = —g, then gy = \/ng is lying in GL4(Q). Let

vo: H'(X, Q) — H'(Y,Q)

be the corresponding element of gy in Tsom?d (") (Hl(X,Q),Hl(Y, Q)) As A%ty = nyp is a
Hodge isogeny, part (1) then implies that vy is also a Hodge isomorphism. Thus, 1y increases
to a quasi-isogeny fo: Y — X and we have

o =N =0 w2 (x,0) - Q).

Replacing fo by multiplication m fo for some integer m, we can get an isogeny of degree (m?n)?.

O

Remark 4.5.2. If a Hodge isometry v¢: H?(X,Q) = H?(Y,Q) is not admissible, that is, its
determinant is —1 with respect to some admissible bases, then we can take its composition with
the isometry ¥” induced by the Poincaré bundle as in ExaAmple 4.2.3. After that, we can see
that 17 o) is admissible and is induced by an isogeny f: Y — X.

4.6. ¢-adic and p-adic Shioda’s trick. For the integral ¢-adic étale cohomology, we have the
following statement similar to Shioda’s trick for integral Betti cohomology.

Proposition 4.6.1 (¢-adic Shioda’s trick). Suppose ¢ # 2. For any d-admissible Zg-linear
isomorphism

oo B2, (Yis, Zg) = H2,(Xps, Zg),
there are an integer u and a (u?d)-admissible Zg-isomorphism vy, such that N*(y) = upy.
Moreover, if ¢y is Gal(k®/k)-equivariant, then 1y is also Gal(k®/k)-equivariant after replacing
k with some finite extension.

Proof. One can choose an element u € (Z \ {0}) N Z; that is not a square in Zg, e.g., those
satisfying equation w5 = -1 mod £ as ¢ # 2. As Z3 /(Z})? = {£1} for any £ # 2, ¢, or upy
is of spinor norm one. Then the first statement follows from Lemma 4.4.7.

Suppose ¢y is Gal(k®/k)-equivariant. We may assume A2(3);) = ¢y for simplicity. For any
g € Gal(k®/k), we have

N9~ eg) = 971 A2 (e)g = N2 (te).

Therefore, g~ '4pyg = +1p. By passing to a finite extension k'/k, we always have g~ 11,g = 1)y
for all g € Gal(k®/K') which proves the assertion. O

For F-crystals attached to abelian surfaces, we can also use Shioda’s trick.

Proposition 4.6.2 (p-adic Shioda’s trick). Let k be a finite field or an algebraically closed field,
such that char(k) = p > 2. For any d-admissible W -linear isomorphism

ot Hags(Y/W) = Hy (X/W),

crys

there exist an integer u and a W-linear isomorphism by : Heyo(Y/W) = He (X/W) that is

(u?d)-admissible, satisfying A%(,) = upp. Furthermore, if k is algebraically closed, then u = 1.
Moreover, if @, is compatible with Frobenius and F2 C k, then there is § € Z;} C W (k) such

that &1y, is compatible with Frobenius and £2 € L.
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Proof. The first statement follows from a similar reason as in Proposition 4.6.1 as W* /(W *)2 C
{1,€} (see Remark 4.4.3).

For the second statement, we assume /\2(wp) = ¢p. If ¢, commutes with the Frobenius
action, then we have

N (Cx" ) - Cy) = oy
as in §4.3. Thus C’)_(1 . 1(;1) -Cy = :I:sz(;l), which implies

bpo FY) = RN o gD
by Lemma 4.3.1.

If F)((l) o ¢1()1) =po F}(,l), then we need to do nothing. If F)((l) o @bz()l) = —1po F}(,l), then we
can take § € Z7, C W (k) such that ¢P~1 = —1. This implies

FO o (gup)M = &FP 0 = (euy) o Y.
Note that £2 € L, as o (&%) = €% and €272 = 1. Therefore, we can conclude. O

Combined with Tate’s isogeny theorem, we have the following direct consequences of Propo-
sitions 4.6.1 and 4.6.2. It includes a special case of Tate’s conjecture.

Corollary 4.6.3. Suppose k is a finitely generated field over F), with p > 2. Let £ # 2 be a
prime not equal to p.

(1) For any admissible isometry of Gal(k®/k)-modules
oot H, (Yis, Zg) = H3, (Xis, Zg),

we can find a Zy-isogeny fo € Homy (X, Yir) ® Zy for some finite extension k' /k, which
induces upy for some integer u prime-to-£. In particular, py is algebraic.
(2) If k is finite, then for any admissible isometry

ot Hayo(Y/W) = Hay (X/W),

crys
which is compatible with Frobenius, we can find a Zy-isogeny f, € Homy (X, Yir) ® Z),
over some finite extension k' [k, such that

efplmz. (v/w) = wpp

crys

for some prime-to-p integer u and € € Zy,. In particular, ¢, is algebraic.

Proof. For (1), Proposition 4.6.1 implies that there is an isomorphism
ngi Hc}t(Yksﬂ Zf) = Hét(XkJSvZK)v
that induces upy, which is Gal(k®/k)-equivariant after a finite extension of k. Then f; exists by
the following canonical bijection (c¢f. [73] and [22, VI, §3 Theorem 1])
Hom® (X, Y) @ Zg = Homgai(ee /i) (Hen (Ve Ze), By (Xpe, Ze)) -

For (2), we may assume that Z,» C W (k) after taking a finite extension of k. The Proposition
4.6.2 implies that there is an isomorphism

Upt Hepgs(V/W) = Hepy (X/W)

crys crys
that induces uyp,, and £ € Z;Q such that {1, is compatible with Frobenius.
Since k a finite field, there are canonical isomorphisms
Hom’(X,Y) ® Z, = Homy, (X [p>],Y[p™]) = Hompy (Hiye(Y/W), Hyyo(X/W)) . (4.6.1)
Here the first isomorphism is from p-adic Tate’s isogeny theorem (cf. [19, Theorem 2.6]) and the
second from the faithfulness of Dieudonné functor over W (cf. [18, Theorem]). The canonical
bijection (4.6.1) implies that £, is induced by a Z,-isogeny f, € Hom’(X,Y) ® Z,. Therefore
Faluz, ryw) = E2ugpp.

The Z,-isogeny f, is what we require. O
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Remark 4.6.4. In [74], Zarhin introduces the notion of almost isomorphism. Two abelian
varieties over k are called almost isomorphic if their Tate modules Ty are isomorphic as Galois
modules (replaced by p-divisible groups when ¢ = p). The proposition 4.6.1 and 4.6.2 imply
that it is possible to characterize almost isomorphic abelian surfaces by their 2"d-cohomology
groups.

5. DERIVED ISOGENY IN CHARACTERISTIC ZERO
In this section, we follow [25] and [33] to prove the twisted Torelli theorem for abelian surfaces

over algebraically closed fields of characteristic zero.

5.1. Over C: Hodge isogeny versus derived isogeny. Let X and Y be complex abelian
surfaces. Throughout this section, let A = U®3 be the direct sum of three hyperbolic lattices.

Definition 5.1.1. A rational Hodge isometry ¢: H?(X,Q) — H2(Y, Q) is called reflective if it
is a reflection on A along a non-isotropic vector b € A:

2(x,b)

(b,b)

after choosing the markings H2(X,Z) = A and H?(Y,Z) = A.

Rb:AQ;AQ T T —

A key lemma is

Lemma 5.1.2. Any reflective Hodge isometry ¢ induces a Hodge isometry on twisted Mukai
lattices

p: H(X,Z; B) - H(Y,Z; B),
for some B € H?(X,Q) and B' = —p(B) such that the restriction of ¢g: H(X,Q) = H(Y,Q)
on H2(X, Q) is equal to .

Proof. This is due to the work in [33, §1.2]. Since this is a purely linear-algebraic argument for
twisted Mukai lattices, it works for abelian surfaces without changes. Let us briefly recall the
construction of @. By definition, there are markings f: H?(X,Z) = A and g: H*(Y,Z) = A such
that the composition
Ao L5 H(X,Q) & H(Y,Q) & Ag
is a reflection Ry, with b € A a primitive vector.
Let B = w € H?(X,Q) and B’ = # € H2(Y,Q), where n = %. The map

p: H(X,Z; B) - H(Y,Z; B),
defined by sending a vector (r,¢, s) to (n(B,c) —r —ns,p(c) —n((B,c) — s)B’, —s) is a Hodge
isometry. In particular,
(0,¢,(B,¢)) = (0,¢(c), (B, ¢(c)),
(0,0,1) = (—n,—nB’, —1),
which gives last assertion. O
The following result characterizes the reflective Hodge isometries between abelian surfaces.

The idea of the proof is based on [33, Theorem 1.1], along with some necessary modifications
for abelian surfaces.

Theorem 5.1.3. Let X and Y be two complex abelian surfaces. If there is a reflective Hodge
isometry

p: (X, Q) = H(Y,Q),
then up to sign, ¢ is induced (in the sense of §3.1) by a derived isogeny
Db(X) ~ DU(Y). (5.1.1)
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Proof. According to Lemma 5.1.2, there is a Hodge isometry
7 H(X,Z; B) = H(Y, Z; B'),

whose restriction on H?(X, Q) is just . Let vp = (—n,—nB’, —1) be the image of the Mukai
vector (0,0, 1) under ¢. From our construction, the Mukai vector

v=exp(—B') vp = (-n,0,0) € H(Y, Z)
satisfies vgr = exp(B’) - v. We can assume that v is positive (see Definition 3.5.1) up to the
shift of DM ().

Let % — Y be a G,,-gerbe which admits a B-field lift B’. For some v-generic polarization H,
the moduli stack .#y (%, v) of % -twisted sheaves on Y with Mukai vector v forms a G,,,-gerbe on
its coarse moduli space My (% ,v). Let € be a universal (1, 1)-twisted sheaf on % x Ay (% ,v).
It induces a twisted Fourier—-Mukai transform

o¢: DUV (it (# ,v)) - DW(),
(¢f. [72, Theorem 4.3]) and a Hodge isometry
0 H(My (% ,v), Z; B") & H(Y,Z; B),

where B” is a B-field lift of .y (% ,v)"Y — My (% ,v). The composition

(¢°) "o @ H(X,Z; B) = H(My (¥ ,v),Z; B"), (5.1.2)
defines a Hodge isometry, which maps the Mukai vector (0,0,1) to (0,0,1) and preserves the
Mukai pairing. In addition, it sends (1,0,0) to (1,b, %) for some b € H2(Y,Z). Changing B”
by B” + b, one can obtain a Hodge isometry that simultaneously maps (1,0,0) to (1,0,0) and
(0,0,1) to (0,0,1). This restricts to a Hodge isometry

H?(X,7Z) = H?(My/ (% ,v), 7). (5.1.3)
If Hodge isometry (5.1.3) is admissible, then we can apply Shioda’s Torelli Theorem to the
abelian surfaces (Theorem 4.1.1) to conclude that there is an isomorphism
f: MH/(@,U) l> X
such that (p°)~' o @ = f* up to sign. Take 2 — X as the G,,-gerbe /(% ,v)"D —
Mpy/(%,v). Then the Hodge realization of the derived equivalence
¢ o f*: DM (2) = DW(@) (5.1.4)
is ¢ up to sign.

Otherwise, the composition

H2(X,Z) =2 H2(X,Z) = H2(My (% ,v), Z)
is admissible as explained in Example 4.2.3, which can be realized as the pull-back under an
isomorphism f: My (% ,v) = X up to sign. Thus, the Hodge realization of derived equivalence
f*o®%: DV(X) = DY(Mg(#,v)) yields Hodge isometry (5.1.3), where P is the Poincaré

bundle. We can consider the following derived isogeny
*opP
DY (X) L2 DY (M (7, ) 5.15)
. 1.

DO (A (7, 0)) T DY (@),
From the construction, its rational Hodge realization on second cohomology yields ¢ up to
sign. ([

Remark 5.1.4. If ¢ is induced from a reflection of a vector with norm 2n, let 2" — X and
% — Y be the equivalent twisted abelian surfaces obtained in Theorem 5.1.3. Then we have

[Z]" = exp(nB) =1 € Br(X),
which implies [27] € Br(X)[n|. Similarly, the order of [#] divides n.
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Next, we are going to show that any rational Hodge isometry can be decomposed into a chain
of reflective Hodge isometries. This is a special case of Cartan—Dieudonné theorem which says
that any element g € SO(Ag) can be decomposed as products of reflections:

g=Rp oRp,0---0Ry,, (5.1.6)

such that b; € A, and (b;)? # 0. From the surjectivity of period map [63, Theorem II], for any
rational Hodge isometry
H(X,Q) = H(Y,Q),
we can find a sequence of abelian surfaces {X;} with A-markings and Hodge isometries
pi: H(X;1,Q) = H*(X;,Q),

where Xg = X and X,, =Y, such that ¢; is induced by some reflection Ry, € O(A ® Q). We
can arrange them as (1.1.1):

H?(X,Q) 5 H%(X1,Q)

2 P2 2
H?(X1,Q) — H?*(X»,Q) (5.1.7)

H2(X-1,Q) 2% H2(Y,Q).
As a consequence, we get

Corollary 5.1.5. If there is a rational Hodge isometry ¢ : H*(X,Q) = H%(Y,Q), then there
is a derived isogeny from X to'Y, which induces ¢ up to sign as in (5.1.7).

Remark 5.1.6. An application of Corollary 5.1.5 is that any rational Hodge isometry between
abelian surfaces is algebraic, which is a special case of Hodge conjecture on product of two
abelian surfaces. Unlike the case of K3 surfaces, the Hodge conjecture for product of abelian
surfaces was known for a long time. See, for example, [60, Theorem 3.15].

Corollary 5.1.7. There is a rational Hodge isometry H?(X, Q) = H2(Y, Q) if and only if there
is a derived isogeny from Km(X) to Km(Y).

Proof. Any rational Hodge isometry induces a rational isometry of Néron—Severi lattice NS(X)g =~
NS(Y)g. Let T(—) be the transcendental part of H?(—). Applying Witt’s cancellation theorem,
we can see
H*(X,Q) ~ H*(Y,Q) & T(X)g =~ T(Y)q,

as Hodge isometries. According to [33, Theorem 0.1], Km(X) is derived isogenous to Km(Y) if
and only if there is a Hodge isometry T(Km(X))g ~ T(Km(Y))g. Then the statement is clear
from the fact that there is a canonical integral Hodge isometry T(X)(2) ~ T(Km(X)) (cf. [48,
Proposition 4.3(i)]). O

5.2. prime-to-¢ Hodge isometries.
Definition 5.2.1. We say that a rational Hodge isometry
o (X, Q) = H(Y,Q)
is prime-to-¢ if it descends to an isometry H*(X, Z,) — H(Y, Z().
An easy observation is
Lemma 5.2.2. Assume ¢ : H*(X,Q) = H2(Y, Q) is a reflective H(oc)ZQQe isometry, induced by a
b

primitive vector b € A. Then ¢ is prime-to-£ if and only if £{n = 5.

Proof. One direction is obvious. For the other, suppose ¢ is prime-to-¢. By definition, there
are markings H?(X,Z) = A and H2(X,Z) = A such that the isometry

ARQ=H(X,Q) 5 HY(Y,Q) =2 A®Q
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is the reflection Ry € O(A ® Q). As ¢ is prime-to-/, the reflection Ry, is lying in O(A ® Z(y)).
If ¢ | n, one must have ¢ | (z,b) for any = € A. However, this is contradictory, as A is
unimodular and any primitive vector has divisibility 1. (]

Another useful tool is as follows.

Lemma 5.2.3 (prime-to-¢ Cartan—Dieudonné decomposition). Let A be an integral lattice over
Z whose reduction mod { is still non-degenerate. Any orthogonal matriz A € O(A)(Z) C
O(A)(Q), with (£ > 2), can be decomposed into a sequence of prime-to-£ reflections.

Proof. To prove the assertion, we will follow the proof of [62] to refine Cartan—-Dieudonné
decomposition for any field of characteristic # 2. In general, if A is a quadratic space on a
field k of characteristic # 2 with the Gram matrix G, let I be the identity matrix.
The proof of Cartan—Dieudonné decomposition in [62] relies on the following facts: for any
element A € O(Ay), we have
i) A is a reflection if rank(A — I) =1 (¢f. [62, Lemma 2]);
ii) Suppose that rank(A—1I) > 1. If S = G(A—I) is not skew symmetric, then there exists
a € A satisfying a'Sa # 0 and
1
atSa
In this case rank(ARy, — I) = rank(A — I) — 1 and G(ARy, — I) is not skew symmetric
with b = (A — I)a satisfying b> = —2a'Sa (cf. [62, Lemma 4, Lemma 5)).
iii) If S = G(A —I) is skew symmetric, then there exists b € A such that G(AR;, — I) is not
skew symmetric (c¢f. the proof of [62, Theorem 2]).

S+ St # (Sa-a'S + Sa-a'S").

Then we can decompose A as a series of reflections using ii) repeatedly. In our case, it suffices
to show that if kK = Q and A is coprime to ¢, i.e. nA is integral for some n coprime to ¢, then
i) A is a prime-to-¢ reflection if rank(A — I) = 1;
ii") Suppose that rank(A — I) > 1. If the matrix S = G(A — I) modulo ¢ is not skew
symmetric, then there exists a vector a € A satisfying £ { a'Sa, and

1
t
S+ 85" # %
In this case, Ry is prime-to-¢ with b = (A — I)a, rank(ARy, — I) = rank(A — I) — 1 and
G(ARy — I) is not skew symmetric;
iii’) If the matrix S = G(A—1I) modulo / is skew symmetric, then there exists b € A such that
ARy, is coprime to ¢ and the modulo ¢ reduction of G(AR, — I) is not skew symmetric.

(Sa-a'S + S'a-a'Sh).

For i’), this is obvious. -

For ii’), if the modulo ¢ reduction G(A —I) of G(A —I) is not skew symmetric, we can apply
ii) to the matrix A € O(Ap,) to obtain a non-zero vector a € Ay, such that a’Sa # 0 € Fy and
1 o _
S(&r¢5+§aﬁwﬂ (5.2.1)

atSa

S+ St A4

Let a € A be a lifting of a. It is easy to see that this is as desired.
For iii’), the argument is similar to ii’). O

As a result, we get the following.

Theorem 5.2.4. Let £ > 2 be a prime. If there is a prime-to-f rational Hodge isometry
0: H3(X,Q) = H2(Y,Q), then there exists a prime-to-f derived isogeny from X to Y, which
can induce p up to sign. Moreover, if X and Y are prime-to-f derived isogenus, then there is a
prime-to- derived isogeny, in which the orders of Gy -gerbes are all prime-to-£.

Proof. By using the prime-to-¢ Cartan—-Dieudonné decomposition given in Lemma 5.2.3, one
can decompose the Hodge isometry

©: H*(X, Z)) = HX(Y, Zy),
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into a chain of prime-to-£ reflective Hodge isometries. The Lemma 5.2.2 implies that the lift ¢
extends to an integral isometry

H(X, Zy) = H(Y, Z)

In the first case of the proof in Theorem 5.1.3, the derived isogeny (5.1.4) induces @ up to sign,
and is thus prime-to-£. In the second case, the derived isogeny (5.1.5) is also prime-to-¢, since
the Poincaré dual

H(X,Z) = H(X,Z)
is integral and switches (0,0,1) and (1,0,0).

If X and Y are prime-to-¢ derived isogenous, then there is an isometry T(X) ® Z) =
T(Y)®Zy). Since £ > 2, there is a prime-to-¢ rational Hodge isometry H*(X, Z) — H*(Y, Z(y))
by [47, Theorem 3.2]. We can use the prime-to-¢ Cartan-Dieudonné decomposition again to
obtain a derived isogeny, in which all the reflexive Hodge isometries are prime-to-£. Then we
can conclude the assertion by Lemma 5.2.2 and Remark 5.1.4. O

5.3. Isogeny versus derived isogeny. Let us now describe derived isogenies through suitable
isogenies.

It is well known that the functor Hom(X,Y) of group homomorphisms from X to Y (not
just as scheme morphisms) is representable by an étale group scheme over k (see [21, (7.14)] for
example). Therefore, via Galois descent, we have

Homyy, (X, Yg) — Homay, (Xg, Yg), (5.3.1)
for any algebraically closed field K D k. A similar statement holds for derived isogenies.

Lemma 5.3.1. Let X and Y be abelian surfaces defined over k with char(k) = 0. Let KDk
be an algebraically closed field containing k. Let k be the algebraic closure of k in K. Then if
Xg and Yg are twisted derived equivalent, so are X3 and Yz.

Proof. As X is twisted derived equivalent to Yy, by Theorem 3.5.3, there exist finitely many
abelian surfaces Xo, X1, ..., X, defined over K with Xy = Xz and

XigMHi(,%_l,Ui) Yf(gMHn(%nvvn)

for some [Z;_1] € Br(X;_1)[r]. Let us construct abelian surfaces over k to connect X and Y;
as follows:

Set Xj = Xj, then we take Xi = My (2, v]) where 2y, Hj and v are the descent of
Zo,H1 and v through the isomorphisms Br(Xf)[r] = Br(Xp)[r], NS(Xg) = NS(X;) and
H(X g) = H(X3z). The invariance of Brauer group and (f-adic)Mukai lattice under extension
k C K is from the smooth base change theorem. For Néron—Severi group, see [44, Proposition

/

3.1]. Then inductively, we can define X/ as the moduli space of twisted sheaves M m:( 2! ,0)
(or its dual, respectively) over k. Note that we have natural isomorphisms

(MHf(%,—lv Uz/‘))f( = MHi(%*17Ui)
over K. In particular, (Mp (2, v) g = Y- 1t follows that My (2, v;) = Y. O

ny» g ny Yg

For any abelian surface X¢ over C, the spreading out argument shows that there is a finitely
generated field k& C C and an abelian surface X over k such that X x; C =2 Xc. We have the
following Artin comparison

HY, (X3, Ze) = H'(Xc, Z) @z Ze, (5.3.2)

for any ¢ € Z and £ a prime. Suppose Y is another abelian surface defined over k. Suppose
J:Ye — Xc is a prime-to-¢ quasi-isogeny. By definition, it induces an isomorphism of Z)-
modules

[ Y (Xc, Z) @ Zgy = H' (Y, Z) © L),
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such that there is a commutative diagram

H'(X¢,Z) ® Ly —— H' (Y, Z) ® Zgp

[ l

HY (X3, Zy) ——— HL (Y, Zo)

for any ¢, under the comparison (5.3.2). For the converse, we have the following simple fact
given by a faithfully flat descent of modules along Z,) < Z, and the f-adic Shioda thick.

Lemma 5.3.2. A (quasi-)isogeny f: Yo — Xc is prime-to-C if and only if it induces an iso-
morphism of integral £-adic realizations

fr H?et(XwaZ) — Hgt(Y,;,Zg).
Inspired by Shioda’s trick for Hodge isogenies 4.5.1, we introduce the following notions.

Definition 5.3.3. Let X and Y be g-dimensional abelian varieties over k.
e X and Y are (prime-to-¢) principally isogenous if there is a (prime-to-£) isogeny f from
X to Y of square degree, that is, deg(f) = d? for some d € Z. This f is called a principal
isogeny.
e Anisogeny f: X — Y is quasi-liftable if f can be written as the composition of finitely
many isogenies that are liftable to characteristic zero.

Now, we can state the main result in this section, which yields in particular Theorem 1.2.1.

Theorem 5.3.4. Suppose char(k) = 0. Let £ > 2 be a prime. The following statements are
equivalent:

(1) X is (prime-to-£) principally isogenous to Y over k.

(2) X and Y are (prime-to-{) derived isogenous over k.

Proof. (1) = (2): we can assume that f: X — Y is a principal isogeny defined over a finitely
generated field k. By embedding &’ into C, two complex abelian surfaces X¢ and Y¢ are derived
isogenous since there is a rational Hodge isometry

%f* ®Q:H(Ye,Z) ® Q 2 H(X¢,Z) © Q

where deg(f) = n%. By Lemma 5.3.1, one can conclude that X; and Y; are derived isogenous,
with rational Hodge realization % fFeQ.
If f is a prime-to-¢ isogeny, the map % f* restricts to an isomorphism

H*(Ye, Z) ® Ziy = B (X, Z) ® Zy).

The assertion then follows from Theorem 5.2.4.

To deduce (2) = (1), we may assume X and Y are derived isogenous over a finitely generated
field ¥’. Embedding k¥’ into C, X¢ and Y are derived isogenous as well by Lemma 5.3.1.
According to Remark 3.1.2, there is a Hodge isometry

©: H(Ye, Q) = H2(Xc, Q). (5.3.3)

According to Example 4.2.3, we can assume ¢ is admissible after replacing X by its dual X. By
Proposition 4.5.1, they are principally isogenous over C. It follows that X and Y are principally
isogenous over k by (5.3.1).

If D’(X) ~ Db(Y) is prime-to-¢, then we can choose a motive isomorphism h?(X) ~ h2(Y)
whose f-adic realization @y is integral by the cancellation theorem over Z; (see [54, Theorem
92:3]). The principal isogeny that induces ¢ is prime-to-¢ by Lemma 5.3.2. This proves the
assertion. U

5.4. Proof of Corollary 1.2.2. Let us summarize all the results which conclude Corollary
1.2.2. Using an argument similar to the one in Theorem 5.3.4, we can reduce them to the case

k=C.
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i) < (i7). This is Theorem 5.3.4.
i) &

(vi). This is Corollary 5.1.5

i) < (ii). This is Corollary 5.1.7.

i) = (iv) = (v). This is from the computation in [25, Proposition 4.6]. In fact, one may take

(
(
(vi) & (vii) < (viii). It follows from the Witt cancellation Theorem.
(
(1
the correspondence

T = @1—\%: heven(X) A heven(y),

where
D= o f* 0¥ B(X) = H(Y),
and f: X — Y is the given principal isogeny.
(v) = (ii). Let T': p*°(X) = h®°"(Y) be an isomorphism of Frobenius algebra objects.
The Betti realization of its second component is a Hodge isometry by the Frobenius condition

(cf. [25, Theorem 3.3]). Thus, X and Y are derived isogenous by Corollary 5.1.5, and hence are
principally isogenous.

6. DERIVED ISOGENY IN POSITIVE CHARACTERISTIC

In this section, we prove the twisted derived Torelli theorem for abelian surfaces over odd
characteristic fields. The primary strategy is to lift everything to characteristic zero. Through-
out this section, we let k denote an algebraically closed field with characteristic p > 3.

6.1. Lifting of derived isogenies and quasi-isogenies. Let us start with a lifting result for
derived isogenies, which is the only place we may require p > 3.

Proposition 6.1.1. Let Zy — Xy and % — Yy be twisted abelian surfaces over k, which are
of finite height. If there is a derived equivalence ®g: DM (25) — DW(%), then there exists a
discrete valuation ring V whose residue field is k and twisted abelian surfaces

%V E— XV @V _— YV
\ l and \ l
Spec(V Spec(V

over V so that
e the special fibers are geometrically isomorphic to 2y — Xo and % — Yy respectively.
o there is a Fourier-Mukai transform ®yv: D (2y) — DW(%,) whose Fourier-Mukai
kernel restricting to 2 X % induces Dg.

Moreover, if ® is prime-to-p and p > 3, the derived equivalence ®x: DM (Xy) — DU (@K)
on the generic fiber is also prime-to-p where K is the fraction field of V.

Proof. The proof proceeds similarly to [10, Theorem 5.8], which proves the existence of liftings
of derived isogenies between K3 surfaces. By Theorem 3.5.3, we know that that

2V = (%, v)

is a moduli stack of #p-twisted coherent sheaves for some vector v € N(%) By Lemma 2.3.1,
we can find a DVR V and a projective lift %4, — Yy over V such that NS(Yy ) = NS(Yp). Let
Hy be the element in NS(Yy ) that extends H. Following the description of twisted extended
Néron-Severi lattice as in Proposition 3.3.2, we can see N(%4,) = N(%) and hence the twisted
Mukai Vector v can be extended over V, still denoted by v.

Let % = My, (%, v) be the relative moduli stack of Zy -twisted coherent sheaves. The
universal obJect in DL (25 x %) induces a derived equivalence ®y: DM (27) — DM (%4,)
as desired.
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For the last assertion, we need to prove that the p-adic realization of ®x is integral. This can
be deduced from a similar argument as in the proof of Theorem 1.5 in [10], based on Cais—Liu’s
crystalline cohomological description for the integral p-adic Hodge theory (cf. [13, 14]). Let us
sketch the proof. As @ is prime-to-p, its cohomological realization restricts to an isometry of
F-crystals

op: Hoye (Xo/W) ~ HETE (Yo/W)
by our definition. The base extension ¢, ® K can be identified with the de Rham cohomological
realization of ® g

Bict H (X /K) ~ H™ (Vi /K)
by Berthelot—Ogus comparison (c¢f. [3, Corollary 2.5] or [26, Theorem B.3.1]). It also pre-
serves Hodge filtrations. Let S be the p-completion of the divided power envelope of the pair
(Wu],ker(W[u] — Ok)). Then the map

B @ St HEN(Xo/S) = HEEM (Y, /S) (6.1.1)

crys crys
is an isomorphism of strongly divisible S-lattices (cf. [13, §4]). If p > 3, according to [13,
Theorem 5.4], one can apply Breuil’s functor on (6.1.1) to see that ¢ restricts to an Z,-integral
Gal(K /K)-equivariant isometry HY"(X g, Z,) — HE (Y, Zy). O

Remark 6.1.2. The technical requirement for p > 3 is needed in [13, Theorem 4.3 (3),(4)].
When O = W (k) is unramified, this condition can be released to p > 2 by using Fontaine’s
result [23, Theorem 2 (iii)]. In general, when p = 3, a possible approach is to prove Shioda’s
trick as in §4 for strongly divisible S-lattices (cf. [11, Definition 2.1.1]), which can reduce the
statement to crystalline Galois representations of Hodge—Tate weight one.

Next, one can lift separable isogenies between abelian surfaces.

Proposition 6.1.3. Let f: Xo — Yy be a separable isogeny between two abelian surfaces over
k. Let W = W (k) be the ring of Witt vectors. Then there exist liftings Xyw — Spec(W) and
Yw — Spec(W) such that isogeny f can be lifted to an isogeny fw: Xw — Yw such that
deg f = deg fw. In particular, every prime-to-p isogeny can be lifted to a prime-to-p isogeny.

Proof. According to [55, Proposition 11.1], there is a projective lifting Xy — Spec(W) of Xj.
Given that f is separable, ker f C X constitutes a finite étale group scheme over k, which is
liftable. Choosing a lifting Gy C Xy of ker f, we obtain an isogeny

fwi XW — YW = Xw/Gw,
which serves as a lifting of f. If f is prime-to-p, then we have ker fiy C Xy [n] for some n that
is coprime to p. Consequently, fy is also prime-to-p. O

6.2. Specialization of prime-to-p derived isogenies. Next, we shall show that prime-to-p
geometrically derived isogenies are preserved under reduction. The idea is to show that the
specialization of a moduli space of stable twisted sheaves on an abelian surface or K3 surface
remains a moduli space.

Theorem 6.2.1. Let V' be a DVR with residue field k and K = Frac(V'). Let Xy — Spec(V)
and Yy — Spec(V) be projective abelian surfaces or K3 surfaces over Spec(V') satisfying
NS(XI-{) =~ NS(Xg) (6.2.1)

where Xy, is the special fiber of Xy — Spec(V). If their generic fibers Xx and Yi are (geomet-
rically) prime-to-p derived isogenies, so are the special fibers Xy and Y.

Proof. With Theorem 5.2.4, it is sufficient to consider the case where there is a derived equiva-
lence

oy DU (2%) = DV (%)
for some prime-to-p G,,-gerbes Zx — Xg and % — Yg. From Theorem 3.5.3, we know that
there is an isomorphism

@f( = ///H(%[(,UK)(_D,
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for some twisted Mukai vector vi € N(ﬁ&" x) and Hg € NS(X ) being v-generic. Up to taking
a finite extension, we may assume that everything can be defined over K.

We claim that there exists a G,,, gerbe 27 — Xy whose restriction to Spec(K) is Zx — Xk.
It suffices to show that the class [Zk] € Br(Xx) can be extended to an element in Br(Xy).
By the Chinese remainder theorem, we may assume ord([Zk]) = ¢" for some prime ¢ # p. For
each prime ¢ # p, from the Kummer sequence, we have the following commutative diagram

0— PiC(Xv)/fn — Hét(Xv,/un) — Br(XV)[E”] — 0

! ! l

0 — Pic(Xg)/0" — HY (X, pron) — Br(Xg)["] — 0

The second vertical morphism is an isomorphism by smooth and proper base change. Therefore,
Br(Xv)[¢"] — Br(Xg)[¢"] is surjective, which proves the claim.

By our assumption (6.2.1), we can pick extensions vy € N(27/) and Hy € Pic(Xy) of vk and
Hyg. Let Mr, (Xy,vy) — Spec(V) be the relative moduli space of Hy-stable twisted sheaves.
Then we have the following commutative diagram

MHv(%V7UV> — MHK(%K,’UK) = > YK > YV

! ! ! !

Spec(V') «———— Spec(K) —— Spec(K) — Spec(V)

According to Matsusaka—Mumford [43, Theorem 1], the isomorphism between the generic
fiber can be extended to Spec(V'). In particular, Y} is isomorphic to My, (£, vr) where
U = Uy |Spec k and Hy = Hy|spec k- It follows that there is a prime-to-p derived equivalence
D(l)(%k) ~ D(_l)(./lHk(%k,Uk)). O

Remark 6.2.2. Our proof fails when the twisted derived equivalence is not prime-to-p. This
is because if the associated Brauer class « has order p™, the map

Br(Xv)[p"] = Br(Xx)[p"]
may not be surjective (cf. [59, 6.8.2]).

6.3. Proof of Theorem 1.4.1. When X or Y is supersingular, the assertion follows from
Proposition 3.6.6 (2). So we can assume that X and Y both have finite height.

(¢') = (i7"). By Proposition 6.1.1, we can find projective liftings Xy — Spec(V) and Yy —
Spec(V) of X and Y over some DVR V such that there is a prime-to-p twisted derived equiva-
lence between generic fibers X and Y.

By Theorem 5.3.4, the generic fibers X and Yx are geometrically prime-to-p principally
isogenous. Up to a finite extension of K, we can find a prime-to-p principal isogeny fx: Xx —
Y. The Néron extension property of smooth models Xy, Yy ([5, §7.3, Proposition 6]) ensures
that fx can be extended to an isogeny

fv: XV — Yv.

The restriction f : X — Y over the special fibers is still a principal isogeny and we can conclude
that fy is prime-to-p by using Tate’s spreading theorem for p-divisible groups (cf. [67, Theorem

4)).

(ii") = (i'). Suppose that there is an isogeny f: X — Y, which is prime-to-p of degree d?. By
Proposition 6.1.3, we can lift it to a prime-to-p isogeny of degree d* over W:

fwi Xw — Yw.

Set K = Frac(W). The induced isogeny fx between the generic fibers is a prime-to-p principal
isogeny, which induces a G i-equivariant isometry

T

d : Hgt(Y[oZp) = Hgt(Xf{aZp)'
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By Theorem 5.3.4, there exists a prime-to-p derived isogeny D?(X ) ~ D?(Y%) whose p-adic
cohomological realization is fTK. The assertion follows from Theorem 6.2.1.

6.4. Further remarks. From the proof of Theorem 1.4.1 (i) = (i), we can see that the
lifting-specialization argument also works for non prime-to-p derived isogenies. Thus we have

Theorem 6.4.1. Suppose Xy and Yy are abelian surfaces over k with finite height. If Xo and
Yo are derived isogenous, then they are quasi-liftable principally isogenous.

Moreover, we believe that the converse of Theorem 6.4.1 also holds.

Conjecture 6.4.2. Two abelian sufaces Xog and Yy are derived isogenous over k if and only if
they are quasi-liftable principally isogenous.

For this conjecture, our approach remains valid provided that there is a specialization theorem
for non prime-to-p derived isogenies. According to the proof of Theorem 6.2.1, it suffices to
establish the existence of specialization of Brauer classes of order p. Adhering to the notations
in Theorem 6.2.1, this needs the restriction map

BI‘(Xv) — BY(XK>
is surjective. See Remark 6.2.2 for further details.

6.5. Derived isogeny for Kummer surfaces. We now proceed to explore the interrelations
between the derived isogenies of abelian surfaces and their associated Kummer surfaces. Us-
ing the lifting argument, the following theorem is an immediate consequence of the result in
characteristic 0.

Theorem 6.5.1. Assume p > 2. If Xg and Yy are prime-to-p derived isogenous abelian sur-
faces over k, then the associated Kummer surfaces Km(Xo) and Km(Yy) are prime-to-p derived
isogenous. Moreover, if there is a derived equivalence

D*(Km(Xo), ag) = D*(Km(Yp), o) (6.5.1)
with ord(ag) and ord(SBy) prime-to-p, then X and'Y are prime-to-p derived isogenous.

Proof. For the first assertion, as before, we can quasi-lift the prime-to-p derived isogeny between
X and Y to characteristic 0. By Theorem 1.4.1 and Lemma 6.1.1, their liftings are geometrically
prime-to-p derived isogenous. According to [66, Corollary 4.3], we get that the associated
Kummer surfaces are prime-to-p derived isogenous. It follows from Theorem 6.2.1 that Km(Xy)
and Km(Yp) are prime-to-p derived isogenous.

For the last assertion, if Xg and Y[ are supersingular, then ag and S5y are trivial under our
assumptions. In this case, the result follows from [38, Theorem 1.2]. Suppose Xy or Yj is of
finite height (then both are of finite height). According to [10, Theorem 5.8], we can find a
DVR V with residue field k£ and projective twisted K3 surfaces over V

(Sv,ay) — Spec(V) and (S}, By) — Spec(V),

satisfying that
e the special fibers are (Km(Xy), ) and (Km(Yp), Bo) respectively,
e the generic fibers (Sk, ax) and (S, fk) are geometrically derived equivalent.
e NS(Sg) = NS(Km(Xp)) and NS(S%) = NS(Km(Yp)).
Note that NS(Sk) and NS(S}%) contain Kummer lattices. As seen in the proof of Lemma
2.3.1, this implies that there exist projective liftings of X and Yp, denoted by Xy — Spec(V)
and Yy — Spec(V), such that

Sk = Km(Xg) and S% = Km(Yy).

Choose an embedding K — C, set X¢ = Xg ®x C and Yo = Y ®x C. Then we have a
prime-to-p Hodge isometry

H?(Km(X¢), Zg,)) — H2(Km(Ye), Z,)) (6.5.2)
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induced from the prime-to-p derived equivalence. Based on the Kummer construction, for any
abelian surface X¢, as p > 2, there is a natural Hodge isometry

H*(Km(Xc), Z)) = H*(Xc, Z)) @ (Sxe ® L)),

16
where ¥ x. = €D Ze; with (e;, ej) = —20;; is the Kummer lattice. Then one can obtain a Hodge
i=1

isometry

HQ(X((j, Z(p)) — Hz(Y(c, Z(p))
from (6.5.2) through the Witt cancellation procedure. By Theorem 5.3.4, Xx and Yx are
geometrically prime-to-p derived isogenous. The assertion follows from Theorem 6.2.1. U

Remark 6.5.2. It is natural to consider if one can apply the lifting method to prove the
converse of Theorem 6.5.1. Specifically, one may wonder if Km(Xy) and Km(Y)) are prime-to-p
derived isogenous, as are X and Y.

However, the issue is that the derived isogeny between Km(Xyp) and Km(Yp) is merely quasi-
liftable, not known to be liftable. In other words, although we can lift every derived equivalence
between twisted abelian surfaces or K3 surface to characteristic 0, we cannot necessarily find
some liftings of X and Yy respectively such that the generic fibers of their associated Kummer
surfaces are prime-to-p geometrically derived isogenous.

REFERENCES

1. M. Artin, Algebraization of formal moduli. I, Global Analysis (Papers in Honor of K. Kodaira), Univ. Tokyo
Press, Tokyo, 1969, pp. 21-71. MR 0260746 9
, Supersingular K3 surfaces, Ann. Sci. Ecole Norm. Sup. (4) 7 (1974), 543-567 (1975). MR 371899

7,9
3. P. Berthelot and A. Ogus, F-isocrystals and de Rham cohomology. I, Invent. Math. 72 (1983), no. 2, 159-199.
MR 700767 34
4. Pierre Berthelot and Arthur Ogus, Notes on crystalline cohomology, Princeton University Press, Princeton,
N.J.; University of Tokyo Press, Tokyo, 1978. MR 0491705 21
5. Siegfried Bosch, Werner Liitkebohmert, and Michel Raynaud, Néron models, Ergebnisse der Mathematik und
ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 21, Springer-Verlag, Berlin, 1990.
MR 1045822 35
6. Daniel Bragg, Derived equivalences of twisted supersingular K3 surfaces, Adv. Math. 378 (2021), Paper No.
107498, 45. MR 4184293 11, 13, 18
, Lifts of twisted K3 surfaces to characteristic 0, Int. Math. Res. Not. IMRN (2023), no. 5, 4337-4407.
MR 4565668 7
8. Daniel Bragg and Max Lieblich, Twistor spaces for supersingular K8 surfaces, arXiv:1804.07282 (2018). 4,
9, 15, 16, 17
9. Daniel Bragg and Martin Olsson, Representability of cohomology of finite flat abelian group schemes,
arXiv:2107.11492 (2021). 8, 9
10. Daniel Bragg and Ziquan Yang, Twisted derived equivalences and isogenies between K38 surfaces in positive
characteristic, Algebra Number Theory 17 (2023), no. 5, 1069-1126. MR 4585353 4, 11, 12, 13, 33, 34, 36
11. Christophe Breuil, Représentations semi-stables et modules fortement divisibles, Invent. Math. 136 (1999),
no. 1, 89-122. MR 1681105 34
12. Tom Bridgeland and Antony Maciocia, Complex surfaces with equivalent derived categories, Math. Z. 236
(2001), no. 4, 677-697. MR 1827500 2
13. Bryden Cais and Tong Liu, Breuil-Kisin modules via crystalline cohomology, Trans. Amer. Math. Soc. 371
(2019), no. 2, 1199-1230. MR 3885176 34
, Corrigendum to “Breuil-Kisin modules via crystalline cohomology”, Trans. Amer. Math. Soc. 373
(2020), no. 3, 2251-2252. MR 4068298 34
15. Andrei Horia Caldararu, Derived categories of twisted sheaves on Calabi-Yau manifolds, ProQuest LLC, Ann
Arbor, MI, 2000, Thesis (Ph.D.)-Cornell University. MR 2700538 5
16. Alberto Canonaco and Paolo Stellari, Twisted Fourier-Mukai functors, Adv. Math. 212 (2007), no. 2, 484
503. MR 2329310 6, 15
17. Brian Conrad, Reductive group schemes, Autour des schémas en groupes. Vol. I, Panor. Syntheéses, vol. 42/43,
Soc. Math. France, Paris, 2014, pp. 93-444. MR 3362641 22, 23
18. A. J. de Jong, Finite locally free group schemes in characteristic p and Dieudonné modules, Invent. Math.
114 (1993), no. 1, 89-137. MR 1235021 26
, Homomorphisms of Barsotti-Tate groups and crystals in positive characteristic, Invent. Math. 134
(1998), no. 2, 301-333. MR 1650324 26

14.

19.




38

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.
40.

41.

42.

43.

44.

45.

46.

47.

48.

ZHIYUAN LI AND HAITAO ZOU

Christopher Deninger and Jacob Murre, Motivic decomposition of abelian schemes and the Fourier transform,
J. Reine Angew. Math. 422 (1991), 201-219. MR 1133323 2

Bas Edixhoven, Gerard van der Geer, and Ben Moonen, Abelian varieties, http://van-der-geer.nl/
~gerard/AV.pdf. 31

Gerd Faltings, Gisbert Wiistholz, Fritz Grunewald, Norbert Schappacher, and Ulrich Stuhler, Rational points,
third ed., Aspects of Mathematics, E6, Friedr. Vieweg & Sohn, Braunschweig, 1992, Papers from the sem-
inar held at the Max-Planck-Institut fiir Mathematik, Bonn/Wuppertal, 1983/1984, With an appendix by
Wiistholz. MR 1175627 26

Jean-Marc Fontaine, Cohomologie de de Rham, cohomologie cristalline et représentations p-adiques, Algebraic
geometry (Tokyo/Kyoto, 1982), Lecture Notes in Math., vol. 1016, Springer, Berlin, 1983, pp. 86-108.
MR 726422 34

Lie Fu and Zhiyuan Li, Supersingular irreducible symplectic varieties, Rationality of Algebraic Varieties,
Progress in Mathematics, vol. 342, 2021, pp. 191-244. 18

Lie Fu and Charles Vial, A motivic global Torelli theorem for isogenous K3 surfaces, Adv. Math. 383 (2021),
Paper No. 107674, 44. MR 4232546 2, 9, 10, 27, 33

Henri Gillet and William Messing, Cycle classes and Riemann-Roch for crystalline cohomology, Duke Math.
J. 55 (1987), no. 3, 501-538. MR 904940 34

Jean Giraud, Cohomologie non abélienne, Springer-Verlag, Berlin-New York, 1971, Die Grundlehren der
mathematischen Wissenschaften, Band 179. MR 0344253 5, 22

Alexander Grothendieck, Le groupe de Brauer. III. Exemples et compléments, Dix exposés sur la cohomologie
des schémas, Adv. Stud. Pure Math., vol. 3, North-Holland, Amsterdam, 1968, pp. 88-188. MR 244271 6
Katrina Honigs, Max Lieblich, and Sofia Tirabassi, Fourier-Mukai partners of Enriques and bielliptic surfaces
in positive characteristic, Math. Res. Lett. 28 (2021), no. 1, 65-91. MR 4247995 5

Katrina Honigs, Luigi Lombardi, and Sofia Tirabassi, Derived equivalences of canonical covers of hyperelliptic
and Enriques surfaces in positive characteristic, Math. Z. 295 (2020), no. 1-2, 727-749. MR 4100024 9, 14,
15

D. Huybrechts, Fourier-Mukai transforms in algebraic geometry, Oxford Mathematical Monographs, The
Clarendon Press, Oxford University Press, Oxford, 2006. MR 2244106 15, 20

, Motives of derived equivalent K3 surfaces, Abh. Math. Semin. Univ. Hambg. 88 (2018), no. 1,
201-207. MR 3785793 9

Daniel Huybrechts, Motives of isogenous K3 surfaces, Comment. Math. Helv. 94 (2019), no. 3, 445-458.
MR 4014777 1, 2, 3, 27, 29

Daniel Huybrechts, Emanuele Macri, and Paolo Stellari, Stability conditions for generic K3 categories, Com-
pos. Math. 144 (2008), no. 1, 134-162. MR 2388559 13, 14

Daniel Huybrechts and Paolo Stellari, Fquivalences of twisted K3 surfaces, Math. Ann. 332 (2005), no. 4,
901-936. MR 2179782 11

Luc Illusie, Compleze de de Rham-Witt et cohomologie cristalline, Ann. Sci. Ecole Norm. Sup. (4) 12 (1979),
no. 4, 501-661. MR 565469 12

Klaus Kiinnemann, On the Chow motive of an abelian scheme, Motives (Seattle, WA, 1991), Proc. Sympos.
Pure Math., vol. 55, Amer. Math. Soc., Providence, RI, 1994, pp. 189-205. MR 1265530 2

Zhiyuan Li and Haitao Zou, A note on Fourier-Mukasi partners of abelian varieties over positive characteristic
fields, Kyoto J. Math. 63 (2023), no. 4, 893-913. MR 4643008 7, 36

Max Lieblich, Moduli of twisted sheaves, Duke Math. J. 138 (2007), no. 1, 23-118. MR 2309155 5

Max Lieblich, Davesh Maulik, and Andrew Snowden, Finiteness of K3 surfaces and the Tate conjecture, Ann.
Sci. Ec. Norm. Supér. (4) 47 (2014), no. 2, 285-308. MR 3215924 11, 13

Max Lieblich and Martin Olsson, Fourier-Mukai partners of K3 surfaces in positive characteristic, Ann. Sci.
Ec. Norm. Supér. (4) 48 (2015), no. 5, 1001-1033. MR 3429474 9, 10, 13

, A stronger derived Torelli theorem for K38 surfaces, Geometry over nonclosed fields, Simons Symp.,
Springer, Cham, 2017, pp. 127-156. MR 3644252 13

T. Matsusaka and D. Mumford, Two fundamental theorems on deformations of polarized varieties, Amer. J.
Math. 86 (1964), 668-684. MR 0171778 35

Davesh Maulik and Bjorn Poonen, Néron-Severi groups under specialization, Duke Math. J. 161 (2012),
no. 11, 2167-2206. MR 2957700 8, 31

James S. Milne, Etale cohomology, Princeton Mathematical Series, vol. 33, Princeton University Press, Prince-
ton, N.J.; 1980. MR 559531 12

Hiroki Minamide, Shintarou Yanagida, and Kota Yoshioka, The wall-crossing behavior for Bridgeland’s sta-
bility conditions on abelian and K3 surfaces, J. Reine Angew. Math. 735 (2018), 1-107. MR 3757471 15
Karl A. Morin-Strom, Witt’s theorem for modular lattices, Amer. J. Math. 101 (1979), no. 6, 1181-1192.
MR 548876 31

D. R. Morrison, On K3 surfaces with large Picard number, Invent. Math. 75 (1984), no. 1, 105-121.
MR 728142 29



http://van-der-geer.nl/~gerard/AV.pdf
http://van-der-geer.nl/~gerard/AV.pdf

49

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.
71.

72.

73.

74

DERIVED ISOGENIES AND ISOGENIES FOR ABELIAN SURFACES 39

. S. Mukai, On the moduli space of bundles on K3 surfaces. I, Vector bundles on algebraic varieties (Bombay,
1984), Tata Inst. Fund. Res. Stud. Math., vol. 11, Tata Inst. Fund. Res., Bombay, 1987, pp. 341-413.
MR 893604 2

D. Mumford, J. Fogarty, and F. Kirwan, Geometric invariant theory, third ed., Ergebnisse der Mathematik
und ihrer Grenzgebiete (2) [Results in Mathematics and Related Areas (2)], vol. 34, Springer-Verlag, Berlin,
1994. MR 1304906 8

Arthur Ogus, Supersingular K3 crystals, Journées de Géométrie Algébrique de Rennes (Rennes, 1978), Vol.
II, Astérisque, vol. 64, Soc. Math. France, Paris, 1979, pp. 3-86. MR 563467 7, 8, 12, 16, 17, 18, 21

, A crystalline Torelli theorem for supersingular K3 surfaces, Arithmetic and geometry, Vol. I, Progr.
Math., vol. 36, Birkhduser Boston, Boston, MA, 1983, pp. 361-394. MR 717616 16, 17

Martin Olsson, Twisted derived categories and rouquier functors, 2025. 7

O. T. O’Meara, Introduction to quadratic forms, Die Grundlehren der mathematischen Wissenschaften,
Bd. 117, Academic Press, Inc., Publishers, New York; Springer-Verlag, Berlin-Gottingen-Heidelberg, 1963.
MR 0152507 32

Frans Oort, Lifting algebraic curves, abelian varieties, and their endomorphisms to characteristic zero, Alge-
braic geometry, Bowdoin, 1985 (Brunswick, Maine, 1985), Proc. Sympos. Pure Math., vol. 46, Part 2, Amer.
Math. Soc., Providence, RI, 1987, pp. 165-195. MR 927980 34

D. O. Orlov, Derived categories of coherent sheaves on abelian varieties and equivalences between them, 1zv.
Ross. Akad. Nauk Ser. Mat. 66 (2002), no. 3, 131-158. MR 1921811 1, 2

I. 1. Pjateckii-Sapiro and I. R. Safarevi¢, A Torelli’s theorem for algebraic surfaces of type K3, Izv. Akad.
Nauk SSSR Ser. Mat. 35 (1971), 530-572. MR 0284440 19

A. Polishchuk, Symplectic biextensions and a generalization of the Fourier-Mukai transform, Math. Res. Lett.
3 (1996), no. 6, 813-828. MR 1426538 1

Bjorn Poonen, Rational points on varieties, Graduate Studies in Mathematics, vol. 186, American Mathe-
matical Society, Providence, RI, 2017. MR 3729254 35

José J. Ramén Mari, On the Hodge conjecture for products of certain surfaces, Collect. Math. 59 (2008),
no. 1, 1-26. MR 2384535 29

A. N. Rudakov and I. R. Shafarevich, Surfaces of type K3 over fields of finite characteristic, Current problems
in mathematics, Vol. 18, Itogi Nauki i Tekhniki, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform.,
Moscow, 1981, pp. 115-207. MR 633161 16, 18

Peter Scherk, On the decomposition of orthogonalities into symmetries, Proc. Amer. Math. Soc. 1 (1950),
481-491. MR 36762 30

Tetsuji Shioda, The period map of Abelian surfaces, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 25 (1978), no. 1,
47-59. MR 480530 3, 19, 24, 29

, Supersingular K3 surfaces, Algebraic geometry (Proc. Summer Meeting, Univ. Copenhagen, Copen-
hagen, 1978), Lecture Notes in Math., vol. 732, Springer, Berlin, 1979, pp. 564-591. MR 555718 8, 18
Alexei N. Skorobogatov and Yuri G. Zarhin, The Brauer group of Kummer surfaces and torsion of elliptic
curves, J. Reine Angew. Math. 666 (2012), 115-140. MR 2920883 6

Paolo Stellari, Derived categories and Kummer varieties, Math. Z. 256 (2007), no. 2, 425-441. MR 2289881
2, 6, 36

J. T. Tate, p-divisible groups, Proc. Conf. Local Fields (Driebergen, 1966), Springer, Berlin, 1967, pp. 158
183. MR 0231827 35

Kestutis Cesnavi¢ius, Purity for the Brauer group, Duke Math. J. 168 (2019), no. 8, 1461-1486. MR 3959863
6

Charles A. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Mathematics,
vol. 38, Cambridge University Press, Cambridge, 1994. MR 1269324 6

Ziquan Yang, Isogenies between K3 surfaces over Fp, International Mathematics Research Notices (2020). 3
Kota Yoshioka, Moduli spaces of stable sheaves on abelian surfaces, Math. Ann. 321 (2001), no. 4, 817-884.
MR 1872531 15

Kota Yoshioka, Moduli spaces of twisted sheaves on a projective variety, Moduli spaces and arithmetic ge-
ometry, Adv. Stud. Pure Math., vol. 45, Math. Soc. Japan, Tokyo, 2006, pp. 1-30. MR 2306170 11, 15,
28

Ju. G. Zarhin, Abelian varieties in characteristic p, Mat. Zametki 19 (1976), no. 3, 393-400. MR 422287 26
. Yuri G. Zarhin, Almost isomorphic abelian varieties, Eur. J. Math. 3 (2017), no. 1, 22-33. MR 3610262 27

SCMS, FupAN UNIVERSITY, N0,2005 SONGHU ROAD, SHANGHAI, CHINA
Email address: zhiyuan_li@fudan.edu.cn

UNIVERSITAT BIELEFELD, UNIVERSITATSSTRASSE 25, 33615, BIELEFELD, GERMANY
Email address: hzou@math.uni-bielefeld.de



	1. Introduction
	2. Twisted abelian surface
	3. Cohomological realizations of derived isogeny
	4. Shioda's Torelli theorem for abelian surfaces
	5. Derived isogeny in characteristic zero
	6. Derived isogeny in positive characteristic
	References

