Logic and Set Theory Universitéat Bielefeld
Solutions 3 SS 2019

1. With the completeness theorem at the back of our mind, the following arguments
are clearly sufficient. Without using it, we would have to argue more carefully why
our proof system F really has all the properties implicitly used below.

(a) Let ¥ = (Pr(z) — ¢) and use (i) to obtain an S-sentence 7 with
() Tk (r o p(r)).
Now (ii) together with (iv) easily yield with x = Pr(" ("))

T (Pr("n7) — x) .

From this together with the fact that T+ (x — (Pr("Pr("77)") — Pr(T¢"))) by (iv)
and T+ (Pr("n") — Pr("Pr("# ")) by (iii) we can conclude

T F (Pr("n") — Pr("¢")) .
So if we assume T F (Pr("¢") — ¢) = (") this leads to
(%) T = (Pr(Tm) =) =¢(m),
so T+ by (), so T+ Pr("n") by (ii), so T F ¢ by ().
(b) Given that T't/ L, we get Tt (Pr("L") — L) = =Pr("L") by (b).
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3. Let e (z) ={ve X:v<z}forxe X. Then
el(z) = {{O,l,...,x—l} for X = N,

(—o0, x) for X = R.
Axioms X =N X=R
Yes! Yes!
(EXT) r=|e"(2)| r =supe(z)
Yes! No!
(EMP) E~1(0) =0 e H(z) #0 for all z € R
No! No!
(PAT) Elz)={2}=>2=12=0 E71(2)] > 2 forall z € R
| |
(UNT) 0Yes. ’ . Yes!
| |z = = | Jxr =2
xr—1 else
Yes! Yes!
(POW) P(x)=x+1 P(x) ==x
(INF) No! No!
< has no maximum in N (EMP) already failed
(CHO) Yes! Yes!
“vacuously” satisfied “vacuously” satisfied
| |
(REG) Yes! No!

0 minimal in 7! (z) if z # 0

no minimal elements in £71(x)



4. Define for Y C X
Xfﬁz{xeX;f(x)gx}, Xy ={ze X :z<infY},
Xslh = {reX:z< f(x)}, XY ={re X :supY <z}

Let’s begin with proving the hint:
Lemma. For Y C X< and Z C X=/ we have:

(1) infY € X/S and sup Z € X</,
(2) inf X/= is a least element and sup X</ a greatest element of X/ .
(3) Xy and XZ are complete sublattices of X stable under f.

Proof. In each item we will only prove the first part of the statement given that the
second part is dual everywhere. Let y = inf Y.

(1) We have f(y) < f(z) < z for all x € Y where the first inequality uses y < x and
that f is an endomorphism and the second one Y C X/<. Hence, f(y) < infY =y.

(2) Since f(y) <y by (1), it follows that f(y) € X/ because f is an endomorphism.
IfY = XS, we get y =infY < f(y), so y = f(y) is a least element of X/ C X/=.

(3) Clearly, Xy has as a least element inf X and as a greatest element y = inf Y,
which readily implies that suprema and infima of subsets of Xy in X are suprema
and infima in Xy. Consequently, Xy forms a complete sublattice of X. Moreover,
given that f(y) <y by (1), it follows that f maps Xy into itself. O

The lemma shows that for Y C X/ = X/= N XS/ the set (Xy)/, which consists of
the lower bounds of Y in X/, has a greatest element. The existence of suprema can
be proved dually. It follows that X/ forms a complete lattice.



