SMALLNESS PROPERTIES AND LOCALLY COMPLETE INTERSECTIONS

Based on: Local to global principles for generation time over Noether algebras, arXiv:1906.06104
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Generation Theorem Proxy small objects

oA tull subcategory S is thick if it is
closed under: (1) R is a locally complete intersection,

R—X.
- 2) R 1s proxy small in D(R®) where R° = R Q. R.
- direct summands, 2 S R ' A complex X € D(R) is proxy small if

Let R be a k-algebra essentially of finite type over k. Then TFAE A complex X E D( R)1ssmall 1f --------------

- Suspensions,

Proof sketch: there exists a small object W, such that

- CONEs. (1) = (2): Rci. = R°ci = R is proxy small in D(R°). XF=W and Suppp(W) = Suppp(X).
o thicks(X) = smallest thick subcategory (2) = (1): For X € D¢(R) one has

of T containing X. _ghx
olf Y € thicky(X), then X generates Y. D(E) » DR) Examples

Write X /= Y'. Thls 1S constructive: e R’ W o pe ®% X = R®p X | T T ®% X € thickp(Add(R)) 1.small = proxy small.

ﬁmtsiiffgfjsms . - 2. (R, m, k) local, and
X N s Y. R W = RIEX=XE—=W®LX € Di(R). K = Koszul complex. Then

So W @% X is small. It remains to show Suppz(X) = Suppz(W ®@% X). Idea:

olevel7 (Y) = minimal number of cones Support < > Localizing subcategory. ]

Examples

I[f R=Q/I with @) regular, then
o R ®g R is a small object in D(R),

1. Perf( R) = perfect complexes
Then thickp(R) = Perf(R).
If M isafg. R-module then

level }(M) = pdp(M) + 1.

For X € D;(R) TFAE
(1) X is proxy small,
(2) X, is proxy small Vp € Spec(R).

o R generates R ®5 R with
sup{codim(Ry)|m € Max(R)}+1 < levelRe(R@%R) < sup{ht(ly)|m € Max(R)}+1.

2.thickr(k) = complexes with bounded
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