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Example: Projective Dimension

M a finitely generated module of finite projective dimension.

0→ Pn → · · · → P1 → P0 → M → 0

' M

• generator: R

• generation time = n + 1 = pdR(M) + 1

• 0→ P1 → P0 → 0 = cone (P1 → P0) ∈ thick2(R)

• 0→ P2 → P1 → P0 → 0

= cone



· · · 0 P2 0 · · ·

· · · 0 P1 P0 · · ·


 ∈ thick3(R)

• levelR(M) ≤ n + 1
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Example: Loewy length

(R,m, k) a local ring and M a finite length module.

0 = mnM ( mn−1M ( · · · ( mM ( M

• generator: k

• generation time = Loewy length = n = inf{i ≥ 0|miM = 0}

• M ∈ thickn(k) that is levelk(M) ≤ n

• If M is a module then levelk(M) = n
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Setting

T = triangulated category with suspension Σ

Example

T = D(R) (or Df (R)) the derived category (of complexes with
finitely generated bounded homology)

• Objects: Complexes of R-modules

• Morphisms: Chain maps with quasi-isomorphisms formally
inverted
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Setting

T = triangulated category with suspension Σ

Example

T = D(R) (or Df (R)) the derived category (of complexes with
finitely generated bounded homology)

• Suspension/Translation: “move X to the left”:

X : · · · Xn Xn−1 · · ·

ΣX : · · · Xn Xn−1 · · ·

∂n

−∂n
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Setting

T = triangulated category with suspension Σ

Example

T = D(R) (or Df (R)) the derived category (of complexes with
finitely generated bounded homology)

• Mapping cone: X
f−→ Y a chain map

cone(f ) : · · · → Xn ⊕ Yn+1

(
−∂X 0
f ∂Y

)
−−−−−−−→ Xn−1 ⊕ Yn → · · ·

and X
f−→ Y → cone(f )→ ΣX is an exact triangle
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Definition: Generation

A full subcategory S is thick if it is closed under:

• direct summands,

• suspensions,

• cones.

thick(G ) := smallest thick subcategory containing G .
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Definition: Generation

Definition (Bondal–van den Bergh, 2003)

• thick1(G ) := smallest subcategory containing G , closed under
finite direct sums, suspensions and direct summands.

• thickn(G ) := smallest subcategory containing all X such that
there exists an exact triangle

Y → X ⊕ X ′ → Z → ΣY

with Y ∈ thickn−1(G ) and Z ∈ thick1(G ) .

• levelG (X ) := inf{n ≥ 0|X ∈ thickn(G )}

{0} ⊆ thick1(G ) ⊆ thick2(G ) ⊆ . . . ⊆
⋃

n≥1

thickn(G ) = thick(G )
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Example: Projective Dimension

M a perfect complex.

0→ Pn → · · · → P1 → P0 → 0 ' M

• generator: R

•
• 0→ P1 → P0 → 0 = cone (P1 → P0) ∈ thick2(R)

• 0→ P2 → P1 → P0 → 0

= cone



· · · 0 P2 0 · · ·

· · · 0 P1 P0 · · ·
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• levelR(M) ≤ n + 1
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Example: Projective Dimension, Part 2

• If M a finitely generated module then
levelR(M) = pdR(M) + 1.

• For complexes this need not to hold:

R ⊕ ΣnR = (0→ R → 0→ · · · → 0→ R → 0) ∈ thick1(R)

• thick(R) = Perf(R)
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Example: Loewy length

(R,m, k) a local ring and M a finite length module.

0 = mnM ( mn−1M ( · · · ( mM ( M

• generator: k
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Example: Loewy length

(R,m, k) a local ring and M a complex with mnM ' 0.

0 ' mnM ( mn−1M ( · · · ( mM ( M

• generator: k

•
• M ∈ thickn(k) that is levelk(M) ≤ n

• If M is a module then levelk(M) = n
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Example: Loewy length

(R,m, k) a local ring and M a complex with mnM ' 0.

0 ' mnM ( mn−1M ( · · · ( mM ( M

• generator: k

• mi+1M → miM → miM/mi+1M︸ ︷︷ ︸
∈thick1(k)

→ Σmi+1M

• M ∈ thickn(k) that is levelk(M) ≤ n

• If M is a module then levelk(M) = n
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Motivation

Question

What happens to level under an exact functor?

If f : S → T is an exact functor of triangulated categories then

levelGS (X ) ≥ level
f(G)
T (f(X )) .

Question

When is this an equality?
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Theorem 1

Theorem (L.)

Let ϕ : R → S be a faithfully flat ring map. For X ,G ∈ Df (R), one
has for ϕ∗ := S ⊗L

R −:

levelGR (X ) = level
ϕ∗(G)
S (ϕ∗(X )) .

Corollary (L.)

Let (R,m, k) be a local ring and let (̂−) be the completion with
respect to m. Then for any X ,G ∈ Df (R) one has

levelGR (X ) = levelĜ
R̂

(X̂ ) .
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Theorem 2

Theorem (L.)

For G ,X ∈ Df (R) one has

levelGR (X ) = sup{level
Gp

Rp
(Xp)|p ∈ Spec(R)} .

Moreover

levelGR (X ) <∞ ⇐⇒ level
Gp

Rp
(Xp) <∞ for all p ∈ Spec(R) .
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(Co)ghost maps

Definition

A map f : X → Y is G -ghost if

HomT (ΣiG ,X )→ HomT (ΣiG ,Y ) = 0 for all i .

The ghost index with respect to G is

ginC(X ) := inf{n|all n-fold C-ghost maps X → Y are zero} .

A map f : X → Y is G -coghost if

HomT (Y ,ΣiG )→ HomT (X ,ΣiG ) = 0 for all i .

The coghost index with respect to G is

coginC(Y ) := inf{n|all n-fold C-coghost maps X → Y are zero} .
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Example: R-coghost Maps

G = R = k[x , y ]

R = Y2 : 0 R 0

Y1 : 0 R2 R 0

k ' Y0 : 0 R R2 R 0

f2

f1

( x y )

(−yx ) ( x y )

• Hom(Y1,R) = 0 =⇒ f2 is R-coghost

• Hom(Y2,ΣR) = 0 =⇒ f1 is R-coghost

=⇒ coginR(k) ≥ 3
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(Co)ghost Lemma

(Co)ghost Lemma (Kelly, 1965)

ginG (X ) ≤ levelG (X ) and coginG (X ) ≤ levelG (X ) .

Converse Coghost Lemma (Oppermann–Šťov́ıček, 2012)

Let R be a Noether algebra. Then for any G ,X ∈ Df (R) one has
the equality

levelG (X ) = coginGDf (R)(X ) .
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Proof idea

Theorem (L.)

Let ϕ : R → S be a faithfully flat ring map. For X ,G ∈ Df (R), one
has for ϕ∗ := S ⊗L

R −:

levelGR (X ) = level
ϕ∗(G)
S (ϕ∗(X )) .

Proof idea:

• ϕ∗ preserves G -coghost maps

• ϕ∗ is a faithful functor

levelGR (X ) = coginG
Df (R)(X ) ≤ cogin

ϕ∗(G)
Df (S) (ϕ∗(X )) = level

ϕ∗(G)
S (ϕ∗(X ))

Equality holds, since levelGR (X ) ≥ level
ϕ∗(G)
S (ϕ∗(X )) always holds.
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Application: Hopkins–Neeman

Theorem (Hopkins, 1987; Neeman, 1992)

For perfect complexes X and Y :

levelY (X ) <∞ ⇐⇒ SuppR(X ) ⊆ SuppR(Y ) .

Corollary (L.)

For complexes X and Y of finite injective dimension with finitely
generated homology:

levelY (X ) <∞ ⇐⇒ SuppR(X ) ⊆ SuppR(Y ) .

Proof idea: If the ring R has a dualizing complex ω:

{perfect complexes} RHomR(−,ω)←−−−−−−→
{

complexes of injective dimension
with finitely generated homology

}

Using Theorem 1 & 2: Reduce to complete local rings.
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Application: Smallness Properties and Locally Complete
Intersections

Come to the AWM poster session: Today 5:00–6:16 p.m. in Upper
Lobby D

LATEX TikZposter

Smallness properties and locally complete intersections
Based on: Local to global principles for generation time over Noether algebras, arXiv:1906.06104
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Smallness properties and locally complete intersections
Based on: Local to global principles for generation time over Noether algebras, arXiv:1906.06104
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Background

A ring is regular if every finitely gen-
erated module has finite projective di-
mension.

Examples

. k[x1, . . . , xn]

. kJx1, . . . , xnK

A local ring R is a complete inter-
section if there exists a regular local
ring Q and a regular sequence f =
f1, . . . , fc, such that the completion of
R is

R̂ = Q/f .

A ring is a locally complete intersec-
tion if for every prime ideal p the local-
ization Rp is a complete intersection.

Example

. k[x, y]/(x2, y2)

The derived category D(R) has:

. objects: X = · · · → Xn
∂n−→ Xn−1 → · · ·

.morphisms: chain maps with quasi-isomorphisms formally
inverted.

Some important properties:

.X ' 0 ⇐⇒ H(X) = 0

. Suspension/Translation: “move X to the left”:

X : · · · Xn Xn−1 · · ·

ΣX : · · · Xn Xn−1 · · ·

∂n

−∂n

.Mapping cone: X
f−→ Y a chain map

cone(f ) : · · · → Xn ⊕ Yn+1

(
−∂X 0
f ∂Y

)

−−−−−−−→ Xn−1 ⊕ Yn → · · ·

.Exact triangles:

�Prototype: X
f−→ Y → cone(f )→ ΣX

�Every short exact sequence of complexes

0→ X → Y → Z → 0

induces an exact triangle

X → Y → Z → ΣX .

A triangulated category T consists of

. a category T ,

. an autoequivalence Σ: T → T ,

. a collection of exact triangles

X → Y → Z → ΣX

. every morphism f : X → Y can be
completed to an exact triangle

X
f−→ Y → cone(f )→ ΣX .

Examples

. the derived category D(R)

. the derived category Df(R) of
complexes with finitely generated,
bounded cohomology

. the category of vector spaces over
a fixed field

. the stable homotopy category in
topology

Generation

.A full subcategory S is thick if it is closed under:

� direct summands,

� suspensions,

� cones.

. thickT (G) = smallest thick subcategory of T
containing G.

. If X ∈ thickT (G), then G generates X .

Write G X . This is constructive:

G X .

finite direct sums
summands

suspensions
cones

. levelGT (X) = minimal number of cones

Theorem (Letz)

If X, Y ∈ Df(R) then the following are equivalent

(1)X Y ,

(2)Xp Yp for all prime ideals p.

Moreover,

levelGR(X) = sup{level
Gp

Rp
(Xp)|p prime ideal} .

Examples

.G = R

� thick1
R(R) ⊇ finitely generated projective modules

�Given a complex P = 0 → Pb → · · · → Pa → 0 of are finitely generated projective
modules then:

- 0→ Pa+1 → Pa→ 0 = cone(Pa+1 → Pa) ∈ thick2
R(R)

-P = 0→ Pb→ · · · → Pa→ 0 ∈ thickb−a+1
R (R) and levelRR(P ) ≤ b + a− 1.

For a finitely generated R-module: levelRR(M) = pdR(M) + 1.

This does not hold for complexes:

R⊕ ΣnR = 0→ R→ 0→ · · · → 0→ R→ 0 ∈ thick1(R) .

The ring R generates precisely the bounded complexes of finitely generated projective
modules.

.G = k over a local ring (R,m, k)

Given X ∈ Df(R) with mnX ' 0 then

0 ' mn ⊆ mn−1 ⊆ . . . ⊆ mX ⊆ X

mi+1X → mi→ mi/mi+1X︸ ︷︷ ︸
∈thick1R(k)

→ Σmi+1X

Now mnX ∈ thick0
R(k) and by induction: X ∈ thicknR(k).

For a finitely generated R-module: levelkR(M) = llR(M) = inf{n ≥ 0|mnM = 0} the
Loewy length.

The residue field generates precisely the complexes with finite length homology.

Proxy small objects

A complex X ∈ D(R) is small if

R X .

A complex X ∈ D(R) is proxy small if there exists a
small object W , such that

X W and SuppR(W ) = SuppR(X) .

Lemma (Letz)

For X ∈ Df(R) the following are equivalent

(1)X is proxy small,

(2)Xp is proxy small ∀p ∈ Spec(R).

Examples

. small =⇒ proxy small.

.R = kJx, yK/(x2, y2), then

KR = 0→ R
(−yx )−−−→ R2 (x y )−−−→ R→ 0 ∈ thickR(R)

This complex has finite length homology:

H0(K
R) = k , H1(K

R) = k , H2(KR) = 0

and so k KR.
. (R,m, k) local, and KR = Koszul complex. Then

� k KR,

� SuppR(KR) = {m} = SuppR(k).

The following are equivalent

(1)R regular,

(2) every object in Df(R) is small.

The following are equivalent

(1)R a locally complete intersection,

(2) every object in Df(R) is proxy small.

Main Theorem

Theorem (Letz)

Let R be a k-algebra essentially of finite type over k. Then the following are equivalent

(1)R is a locally complete intersection,

(2)R is proxy small in D(Re) where Re = R⊗k R.

Proof sketch:
(1) =⇒ (2): R c.i. =⇒ Re c.i. =⇒ R is proxy small in D(Re).
(2) =⇒ (1): For X ∈ Df(R) one has

D(Re) D(R)

Re Re

W =⇒ Re ⊗L
R X = R⊗k X

R
W ⊗L

R X ∈ thickR(Add(R))

R
Re

W =⇒ R⊗L
R X = X

R
W ⊗L

R X ∈ Df(R) .

−⊗L
RX

So W ⊗L
R X is small. It remains to show SuppR(X) = SuppR(W ⊗L

R X). Idea:

Support Localizing subcategory.

If R = Q/I with Q regular, then

.R⊗L
Q R is a small object in D(Re),

.R generates R⊗L
Q R with

sup{codim(Rm)|m ∈ Max(R)} + 1 ≤ levelRRe(R⊗L
Q R) ≤ sup{ht(Im)|m ∈ Max(R)} + 1 .
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Thank you!
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