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Background § Proxy small objects
A ring is regqular if every finitely gen- A triangulated category T consists of = A complex X € D(R) is small if
erated module has finite projective di- The derived category D(R) has: > a category T jry Examples

mension.

l>objects:X:---%Xn%)(n_l%...

>small = proxy small.
> R = k[z,y]/(2%, y°), then

B 1 N . . o . . f | >an autoequivalence X: T — T, 2 A complex X € D(R) is proxy small if there exists a
morphisms: chain maps with quasi-isomorphisms forma : .

xamples invefted p q p y > a collection of exact triangles small object W, such that )
X S3Y 57 %X X=W and Suppp(W)=Suppp(X). KR:O%RARQﬂR%OEthiCkR(R)

Some important properties:

This complex has finite length homology:

>X ~0 < H(X)=0 >every morphism f: X — Y can be . -

> Suspension/Translation: “move X to the left”: completed to an exact triangle Lemma (Letz) Ho(KT) =k, H(KT) =k, Ha(Kg)=0
A local ring R is a complete inter- 9 Y L v s cone f) > NX . . and so k = K.

. ; n : For X € D the foll lent
section 1if there exists a regular local A Ap —> Xp-1 —> -+ ) o 6 y(R) the following are equivalen > (R, m, k) local, and K* = Koszul complex. Then
ring ) and a regular sequence f = X e X, 2 X (1) X I.S proxy small, okE—= KR
fi, ..., f. such that the completion of Examples (2) Xy is proxy small Vp € Spec(R). o Suppp(K*) = {m} = Suppp(k).
R is R > Mapping cone: X i> Y a chain map > the derived cat D(R)
R=0Q/f. o e derived category
A rine . cone(f) : - — X, @Y, ( f 3Y)\X DY, — ... >the derived category Ds(R) of . . . .
ring 1s a locally complete intersec- ' e Pl | b Frrite] o] The following are equivalent The following are equivalent
tion if for every prime ideal p the local- > Exact triangles: COHIPIERES AWV ILLELy gerielated, DR 1 . .
bounded cohomology (1) R regular, (1) R a locally complete intersection,

1zatlon Ry 1s a complete intersection.

f . . .
¢ Prototype: X =Y — cone(f) — X (2) every object in Dy(R) is small. (2) every object in Df(R) is proxy small.

>the category of vector spaces over

¢ Every short exact sequence of complexes a fixed field
0=>X—>Y —>7—=0 >the stable homotopy category in Main Th
induces an exact triangle topology e e

X —Y -7 —=>2X.

Theorem (Letz)

Let R be a k-algebra essentially of finite type over k. Then the following are equivalent

(zeneration (1) R is a locally complete intersection,

''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''' (2) R is proxy small in D(R®) where R = R ®;. R.
> A full subcategory S is thick it it is closed under: .

¢ direct summands, Examples Proof sketch:
' (1) = (2): Rci = R°ci. = Ris proxy small in D(R°).

< suspensions, >G = R
p— o | o (2) = (1): For X € Dy(R) one has
o thickp(R) O finitely generated projective modules : )
> thick7(G) = smallest thick subcategory of T o Given a complex P =0 — P, — --- — P, — 0 of are finitely generated projective D(R°) Bl > D(R)
containing G. modules then: 6

>If X € thicky(G), then G generates X. -0 — P, — P, — 0 =cone(P,,; — P,) € thickh(R) REE=W — &R X =R®p X Ly ®% X € thickg(Add(R))

Write G /== X. This is constructive: -P=0— P, — -+ — P, = 0 € thick}, “"'(R) and level(P) < b+a — 1. . i

finite direct sums For a finitely generated R-module: level (M) = pdp(M) + 1. R W = Rep X =X Wep X < Dy(R).
G /\/W X This does not hold for complexes: So W @% X is small. It remains to show Suppz(X) = Suppz(W ®% X). Idea:
cones RAY'R=0—>R—>0—.---—30—=R—0¢€ thickl( R). SUpport < > Localizing subcategory. ]

The ring R generates precisely the bounded complexes of finitely generated projective
modules.

> level7(X) = minimal number of cones

If R =Q/I with @) regular, then

L . . . e
Theorem (Letz) >R ®g R is a small object in D(R¢),

>G = k over a local ring (R, m, k)

- - ~ > R generates R ®F R with
If X, Y € Df(R) then the following are equivalent Given X' € Dy(R) with m".X 2 0 then : ° “ i .
1) X =Y Oem"X Cm™ X C...CmXCX sup{codim(Ry)m € Max(R)} + 1 < levelp.(R ®¢ i) < sup{ht(/)|m € Max(R)} + 1.
| 1+1 ? ? 1+1 1+1 :
(2) X, ==Y, for all prime ideals p. mTA S mX = W —amTA
Moreover GthiCk}#k) : R f
i evelS%(,) | prime ideal) Now m"X € thick%(k) and by induction: X € thick’;(k). e e ———————
evelp(X) = sup{levelp/(X,)|p prime ideal} . For a finitely generated R-module: levely,(M) = lz(M) = inf{n > 0jm"M = 0} the| 3 N | | | o
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