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Motivation: Well-generated triangulated categories
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Let 7 be a triangulated category with arbitrary coproducts and « a
regular)cardinal. ¥
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T is the maximal a-perfect class of a-small objects of 7.
An object X € T% is called a-compact.  whw o=X: xs,,-mn/uaé

= ),- runk © cmp.d
T is a-compactly generated, if there exists a set G of a-compact
objects and Loc(G) = T.

T is well-generated, if it is a-compactly generated for some regular
cardinal a.
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Motivation: Well-generated triangulated categories, part 2

® Every compactly generated category is well-generated.
e : DR), Sthol (kC)

® let 7 be a well-generated triangulated category and S C 7 a
localizing subcategory generated by a set of objects. Then

8§, T/ wr well- pusekod
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® When T is a-compactly generated, then T is essentially
small.
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Motivation: Filtration of the spectrum
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Background: Classification of Rad“(7°)

g &
Let I be an essentially small tensor triangulated category.
1 U supp X
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Background: Frames

VA A

oV b oA b
A poset (L, <) is a lattice, if the join and the meet of any
non-empty finite set exists.

1 o

A lattice is distributive, if the greatest and least element exist, and
an(bvec)=(anb)Vv(aAc) forall a,b,cel.

A lattice (F, <) is a frame, if joins and finite meets exist, and

an\/B=\/(anb) forallacFand BCF. dlibute
beB

Frm = category of frames

morphisms: maps that preserve order, joins, finite meets, greatest
and least element
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Background: Spatial frames

poime  cluek
A point of F is a frame morphism x: F — {0,1}. Px=Vx0)
pt(F) is the set of points of F. It is a topological space with open

sets ;::1
U(a) :=={x ept(F)|x(a) =1} foranyac F.
R — frmace
o puc nehs
_
Top | adjownt Frm®P
ul Pt ul

g,;'f;,} e!:t_’ SpF™®  Slme Aoy

A frame F is spatial, if for all a, b € F satisfying a € b there is a
point x such that x(a) = 1 and x(b) = 0. "F ha> wuorghe poick "

SpFrm = category of spatial frames

morphisms: morphisms of frames
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Background: Coherent frames

ac Fiscompact, if a2VA => atVA' b A'cA with Ul

F€ is the set of compact elements of F. Fom b
el Jom F

A frame F is coherent, if

@ every element is the join of compact elements,

. F b a
@ the greatest element 1 is compact, and Ll
© the compact elements are closed under finite meets. | luffice

Coh = category of coherent frames

morphisms: morphisms of frames, that restrict to morphisms on
the compact elements

Fact
coherent = spatial
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Background: Classification of Rad“(7), reinterpreted
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Rad“(KC): Definition

Let IC be an essentially small tensor triangulated category with
a-coproducts and « a regular cardinal.

A full subcategory Z C K is
® atensorideal if for X €eZ and Ye Kalso X®Y €7,

® o-localizing if Z is triangulated, closed under a-coproducts
and closed under direct summands, and

e radical if whenever X®" € T for some n > 1 also X € T.

)l.,'“/aa
thide

rad®(X) = swellst aolical tx-ﬁcaﬁ'ut-g, Yunor iolee! CMM X

Rad“(K) = ‘{/ M el ot-/a(a/'w,ig, fuor ithals sf K
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Rad“(K): Properties

Rad*(KC) ineur

)= R
/

® has a greatest element ,- 2d“(0)

@ has a partial order
homce
©® has a least element
® has a-joins
@ has finite meets
@ satisfies the infinite-join distributive law
/0 every element is a join of elements rad®(X) for X € K

auext wlick T= \V rad®X)

xel
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Rad“(/C): Infinite-join-distributive law

Lemma

Rad®(K) is a frame.

Need to show:

ZA\/ A=\ (ZAJ) foranyT e Rad*(K)and AC Rad*(K).
JEA
(2 A/Way.o
(£) Xe Ia VA
b= 1VEVA | x®Y € V. (1493 rodical w-Aocabsaiy tuurr el

Jele ¥JeA =2 VA €l = X@Kel. =7XKé&
Ol
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Rad“(KC): a-coherent frames

a€ Fis compact, if for every set A C F with a </ A there
exists B C A with

ag\/B and |B| < .
F¢ is the set of compact elements of F.

A frame F is  coherent, if
@ cvery element is the join of compact elements,
® the greatest element 1 is compact, and

© the compact elements are closed under finite meets.

Fact
coherent — spatial
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Rad“(KC): a-coherent frames

a € F is a-compact, if for every set A C F with a <\/ A there
exists B C A with

a< \/B and |B|< «a.
F% is the set of a-compact elements of F.

A frame F is a-coherent, if
@ cvery element is the join of a-compact elements,
® the greatest element 1 is a-compact, and

© the a-compact elements are closed under finite meets.

Fact
«a-coherent === spatial
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Rad“(K): a-compact elements

Lemma

The a-compact elements of the frame Rad®(KC) are precisely those
of the form rad®(X) for some X € K.

Let Z € Rad“(K) be an a-compact element.
1=V d“X) = V radH(X) = re*( LX)
RE L %€ xeX

be Ll withe 1K< K thored woler .z-(qwoo&w(a
Let Z = rad“(X) witp
rad*( X) ‘.—3\4 :K Ly \/mﬂ{“(){) lar powe XE T

xex
= rad () = U md(X) =2 md (X% vacl “( 96:)
kAP s s-foin e aunre 14
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Rad“(K)

Guondizer [ Kock, Prbck; 2017]

Theorem (Krause, L)

Let IC be an essentially small tensor triangulated category with

a-coproducts and o« a regular cardinal. Suppose that
w-compuch owids,

rad*(X ® Y) = rad®(X) A rad(Y) ~ o clnes woler

for any X, Y € K. .
Then Rad®(K) is c-coherent and the map “wypor? of X

~—"\
Obj(K) — Rad®(K), X — rad®(X)

is an a-support and it is initial among all ci-supports on K.
~> Dad(R) iy Mo bt pormbl Jmoee to oy Hhe
ks oty W binuguclakiol rumclecre
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Spc(T): Direct system of Rad*(7)

Let « be a regular cardinal and 7 an a-compactly generated
tensor triangulated category.

7. UT e ()
For a regular cardinal § > « there is a pair of maps
(-)la: Rad*(T®) " Rad’(77): ()l
1 > radl (1)

FoTt —

M‘-%M.{/M/ﬂawo mb"//’m

Fact (Thomason's localization theorem)

ZIENE =T and (JIENE<T
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Spc(T): Spatial frames

Lemma

Let o < [ be regular cardinals and T a-compactly generated.
Suppose that

rad’(X @ Y) = rad®(X) A rad®(Y)
for any X, Y € T,
Then

@ T satisfies the a-radical tensor property,
@® the extension map (—)[5 is @ morphism of frames, and

© if Rad’(T?) is spatial, then Rad®(T*®) is spatial.
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Spc(T): Inverse System of spaces

Suppose that 7 is a-compactly generated, Rad(7) is spatial and
rad(X ® Y) = rad(X) A rad(Y)

foranyX,YE'T

/\

Rad®(7®) ——— Rad?(T") » Rad(7)

u exausplos /fﬁoé'm of 2y

pt(Rad®(7?)) +—— pt(Rad?(T7?)) S 4 pt(Rad(7))
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Spc(T): a-compactly stratified

Definition
Let 7 be tensor triangulated category, and assume the localizing
tensor ideals that are generated by sets of objects form a set. We
call 7 a-compactly stratified if

@ the triangulated category T is a-compactly generated,

@ the frame Rad(7) is spatial,~? soesls Ve Pad*(T)

© forany X, Y €T

ehunion 4
rad(X ® Y) =rad(X) Arad(Y);” tjuj:mu
@ the induced map pt(Rad(7’)) — pt(Rad®(7)) is a bijection,

and

> = u "V
@ every point of Rad“(7) is(locally closed) = i 7 X
e ol
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Spc(T)

Theorem (Krause, L)

Let T be a tensor triangulated category and o < [ regular

cardinals. If T is a-compactly stratified, then T is 3-compactly
stratified.

RadH(T) ——— Racl *T)

? (an((iT)

PR TT™) e opmd® (7)) «— ot(Zacl (DY)
\
u-cmfno“y Nu.b}téh ,a,;a&m vj ek

=> gb o fillnkin of ol (Rad (7)) whoe the wolobyusy
st o e pauw pr( VW “polyy @ "%“”{
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Theorem (Krause, L)

Let T be a tensor triangulated category and o < [ regular
cardinals. If T is a-compactly stratified, then T is 3-compactly

stratified.
Suppose
FAHGYH

are injective maps of spatial frames and every point of F is locally
closed. Then

pt(p) and pt(y) bijective <= pt(¢ o p) bijective.
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Spc(T): Verdier quotients

Corollary

Let T be a tensor triangulated category. Suppose that T is
«a-compactly stratified and S C T a radical localizing tensor ideal
generated by [3-compact objects.

Then the quotient T /S is -compactly stratified.
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Spc(T): Next steps and open questions

We tae a MMZM :

pt(Rad®(7T?)) +—— pt(Rad?(T7?)) Sk pt(Rad(7))

O ek > W ety m pllTad(T*)) 2

#H: In DIR) : Kip) = 'Qf/f,TZP qehivlus }W o pru,ou /‘oéa/lp
b W ool P dwd i pt (Fad (DR
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