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Motivation: Well-generated triangulated categories

Let T be a triangulated category with arbitrary coproducts and α a
regular cardinal.

X ∈ T is α-small if

T α is the maximal α-perfect class of α-small objects of T .
An object X ∈ T α is called α-compact.

T is α-compactly generated, if there exists a set G of α-compact
objects and Loc(G) = T .

T is well-generated, if it is α-compactly generated for some regular
cardinal α.
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Motivation: Well-generated triangulated categories, part 2

• Every compactly generated category is well-generated.

• Let T be a well-generated triangulated category and S ⊆ T a
localizing subcategory generated by a set of objects. Then

• When T is α-compactly generated, then T α is essentially
small.
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Motivation: Filtration of the spectrum

Radc(T c) Spcc(T c)

Rad(T ) Spc(T )

Janina C. Letz The spectrum of a well-generated tt-category 5 / 24



































Background: Classification of Radc(T c)

Let K be an essentially small tensor triangulated category.

Radc(K) =

{
radical thick tensor

ideals of K

} {
Thomason subsets

of Spcc(K)

}
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Background: Frames

A poset (L,≤) is a lattice, if the join and the meet of any
non-empty finite set exists.

A lattice is distributive, if the greatest and least element exist, and

a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c) for all a, b, c ∈ L .

A lattice (F ,≤) is a frame, if joins and finite meets exist, and

a ∧
∨

B =
∨
b∈B

(a ∧ b) for all a ∈ F and B ⊆ F .

Frm = category of frames

morphisms: maps that preserve order, joins, finite meets, greatest
and least element
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Background: Spatial frames

A point of F is a frame morphism x : F → {0, 1}.
pt(F ) is the set of points of F . It is a topological space with open
sets

U(a) := {x ∈ pt(F ) | x(a) = 1} for any a ∈ F .

Top Frmop
Ω

pt

A frame F is spatial, if for all a, b ∈ F satisfying a 6≤ b there is a
point x such that x(a) = 1 and x(b) = 0.

SpFrm = category of spatial frames

morphisms: morphisms of frames
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Background: Coherent frames

a ∈ F is compact, if

F c is the set of compact elements of F .

A frame F is coherent, if

1 every element is the join of compact elements,

2 the greatest element 1 is compact, and

3 the compact elements are closed under finite meets.

Coh = category of coherent frames

morphisms: morphisms of frames, that restrict to morphisms on
the compact elements

Fact

coherent =⇒ spatial
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Background: Classification of Radc(T c), reinterpreted

{
sober

spaces

}
SpFrmop

Cohop DLatop

Ω

≡
pt

⊆

(−)c
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Radα(K): Definition

Let K be an essentially small tensor triangulated category with
α-coproducts and α a regular cardinal.

A full subcategory I ⊆ K is

• a tensor ideal if for X ∈ I and Y ∈ K also X ⊗ Y ∈ I,

• α-localizing if I is triangulated, closed under α-coproducts
and closed under direct summands, and

• radical if whenever X⊗n ∈ I for some n ≥ 1 also X ∈ I.

radα(X ) =

Radα(K) =
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Radα(K): Properties

Radα(K)

1 has a partial order

2 has a greatest element

3 has a least element

4 has α-joins

5 has finite meets

6 satisfies the infinite-join distributive law

7 every element is a join of elements radα(X ) for X ∈ K
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Radα(K): Infinite-join-distributive law

Lemma

Radα(K) is a frame.

Proof.

Need to show:

I ∧
∨

A =
∨
J∈A

(I ∧J ) for any I ∈ Radα(K) and A ⊆ Radα(K) .
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Radα(K): α-coherent frames

a ∈ F is

α-

compact, if for every set A ⊆ F with a ≤
∨

A there
exists B ⊆ A with

a ≤
∨

B and |B| <∞ .

F c is the set of

α-

compact elements of F .

A frame F is

α-

coherent, if

1 every element is the join of

α-

compact elements,

2 the greatest element 1 is

α-

compact, and

3 the

α-

compact elements are closed under finite meets.

Fact

α-

coherent =⇒ spatial
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Radα(K): α-coherent frames

a ∈ F is α-compact, if for every set A ⊆ F with a ≤
∨

A there
exists B ⊆ A with

a ≤
∨

B and |B| < α .

Fα is the set of α-compact elements of F .

A frame F is α-coherent, if

1 every element is the join of α-compact elements,

2 the greatest element 1 is α-compact, and

3 the α-compact elements are closed under finite meets.

Fact

α-coherent ���XXX=⇒ spatial
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Radα(K): α-compact elements

Lemma

The α-compact elements of the frame Radα(K) are precisely those
of the form radα(X ) for some X ∈ K.

Proof.

Let I ∈ Radα(K) be an α-compact element.

Let I = radα(X ) with
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Radα(K)

Theorem (Krause, L)

Let K be an essentially small tensor triangulated category with
α-coproducts and α a regular cardinal. Suppose that

radα(X ⊗ Y ) = radα(X ) ∧ radα(Y )

for any X ,Y ∈ K.
Then Radα(K) is α-coherent and the map

Obj(K) −→ Radα(K) , X 7→ radα(X )

is an α-support and it is initial among all α-supports on K.
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Spc(T ): Direct system of Radα(T α)

Let α be a regular cardinal and T an α-compactly generated
tensor triangulated category.

For a regular cardinal β ≥ α there is a pair of maps

(−)�βα : Radα(T α) Radβ(T β) : (−)�βα

Fact (Thomason’s localization theorem)

(I�βα)�βα = I and (J �βα)�βα ≤ J
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Spc(T ): Spatial frames

Lemma

Let α ≤ β be regular cardinals and T α-compactly generated.
Suppose that

radβ(X ⊗ Y ) = radβ(X ) ∧ radβ(Y )

for any X ,Y ∈ T α.
Then

1 T α satisfies the α-radical tensor property,

2 the extension map (−)�βα is a morphism of frames, and

3 if Radβ(T β) is spatial, then Radα(T α) is spatial.
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Spc(T ): Inverse System of spaces

Suppose that T is α-compactly generated, Rad(T ) is spatial and

rad(X ⊗ Y ) = rad(X ) ∧ rad(Y )

for any X ,Y ∈ T .

Radα(T α) Radβ(T β) . . . Rad(T )

pt(Radα(T α)) pt(Radβ(T β)) . . . pt(Rad(T ))
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Spc(T ): α-compactly stratified

Definition

Let T be tensor triangulated category, and assume the localizing
tensor ideals that are generated by sets of objects form a set. We
call T α-compactly stratified if

1 the triangulated category T is α-compactly generated,

2 the frame Rad(T ) is spatial,

3 for any X ,Y ∈ T

rad(X ⊗ Y ) = rad(X ) ∧ rad(Y ) ,

4 the induced map pt(Rad(T ))→ pt(Radα(T α)) is a bijection,
and

5 every point of Radα(T α) is locally closed.
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Spc(T )

Theorem (Krause, L)

Let T be a tensor triangulated category and α ≤ β regular
cardinals. If T is α-compactly stratified, then T is β-compactly
stratified.

Lemma

Suppose

F
ϕ−→ G

ψ−→ H

are injective maps of spatial frames and every point of F is locally
closed. Then

pt(ϕ) and pt(ψ) bijective ⇐⇒ pt(ψ ◦ ϕ) bijective .
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Spc(T ): Verdier quotients

Corollary

Let T be a tensor triangulated category. Suppose that T is
α-compactly stratified and S ⊆ T a radical localizing tensor ideal
generated by β-compact objects.
Then the quotient T /S is β-compactly stratified.
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Spc(T ): Next steps and open questions

pt(Radα(T α)) pt(Radβ(T β)) . . . pt(Rad(T ))

Janina C. Letz The spectrum of a well-generated tt-category 23 / 24









































Thank you

Paul Balmer, The spectrum of prime ideals in tensor
triangulated categories, J. Reine Angew. Math. 588 (2005),
149–168.

Joachim Kock and Wolfgang Pitsch, Hochster duality in
derived categories and point-free reconstruction of schemes,
Trans. Amer. Math. Soc. 369 (2017), no. 1, 223–261.

Amnon Neeman, Triangulated categories, Annals of
Mathematics Studies, vol. 148, Princeton University Press,
Princeton, NJ, 2001.

Janina C. Letz The spectrum of a well-generated tt-category 24 / 24


