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32 II. FUNDAMENTALS OF GROUP REPRESENTATIONS

Definition. If U is a self-conjugate irrep in which all /(z) are simultaneously

real in some basis, we call U a real representation. If U is selfconjugate but not
real, we call it guaternionic. '

While it is no coincidence that Example 1 has the groups of quaternionic units,
the reason for the name is not merely the example but Theorem 11.6.4 below.

Theorem I1.6.2. Let U be an jrrep of G on X. Then IJ is self-conjugate if and
only if there exists an anti-unitary map J on X so that

U(z)Jd = JU(z) . (1L.6.1)

for all z € G. J is unique up to a phase factor, J > e, Moreover, J? = +I with
J*=1ifU isreal and J? = -1 if U is quaternionic.

Remark. One might think that J2 was dependent on phase but since J is anti-
linear,

(e?J)? = éieJeiaJ = =02 — g2,
Proof. Let K be a complex conjugate. Then if (IL.6.1) holds,
KU(z)K(KJ) = (KJ)U(x)
and W = KJis unita'.ry, 50
KU(z)K = WU(z)W 1, (I11.6.2)

. 80 U is self-conjugate. Conversely, let (I1.6.2) hold for a complex conjugate K.
Then . :

U(z)(KW) = (KW)U(z),
so J = KW obeys (I1.6.1) and is anti-unitary.

Thus, (I1.6.1} holds for J anti-unitary if and only if U is self-conjugate. Suppose
(IL.6.1} holds and let J? = L. Then L is unitary and '

LU(z) = J*U(z) = JU(2)J = U(z)J? = U(z)L,

s0 by Schur’s lemma, L = cll. Since L is unitery, ¢ = ¢*. But I commutes with J
80 J(cl) == ¢lJ; that is, € = ¢ s0 ¢ = +1. By Schur’s lemma again, if J;, J, obey
(I16.1), Ly =clor Jy = +chy, s0 J is imique up to phase.

If J? = 41, then by Lemma I1.6.3 below, there is an orthonormal basis where
Jp; = ; and so . '

(05, Ulz)p;} = {(JUgp;, Jo;)
. = (UJ‘Pgi Jtp’i) = (U‘Pja (lpi> = (‘pia U(-T)‘Pj)a

- 80 the matrix elements of U are real. Conversely, if the matrix elements of all U(x)
are real in a basis @; and J(3_ b)) = 3 by, then JU(z) =U(x)J, J? =+1, and
J is a suitable antilinear map. Thus, J2 = +1if U is real and J2 = ~I if U is not
real. O : .
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