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Probability Theory 111 - Homework Assignment 2
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Let W = (W;)s0 be a d-dimensional Brownian motion starting P*-a.s. in z € R? and ||z|| the
Euclidean norm in R%.

Exercise 2.1 [6 pts] (Recurrence and transience of Brownian motion)

a) Apply the multidimensional 1té rule in order to show that for f € C%(R¢,R) and any initial
point = € RY we have:

FOV,) = +§j/8 YAW @) 4 /Af \)ds, P-as. (1)

where A := Y% | §?/0x? denotes the d-dimensional Laplace operator.

b) Given the previous setup and the additional assumption of f having a compact support
(f € C3(R4,R)), conclude that for any integrable stopping time 7, i.e. E¥(7) < oo, we have

B (F(00)) = S(2) + 55 ([ Afovds) @)

Hint: First look at the finite stopping times 7% := 7 A k and afterward employ the [t6 isometry

in order to show convergence in the limit of £ — oo.

c) Argue that for the special case of an integrable stopping time 7 satisfying 7 < 7p, with
7p :=inf{t > 0 | W, ¢ D} being the first exit time of (IV,), from a bounded set D, equation
holds true even if f does not have a compact support.

d) Given a fixed radius ||z|| < R < 0o, we want to study 7z := inf {t > 0 | W, ¢ KR}, the first
exit time of (W;); from the ball Ky := {y eRY: |yl < R}. Show that

B (ra) = 5(R” ~ [a]]?) < oo. )

Hint: Make use of equation with f(z) := ||=||* and ag) := 7r A k and first deduce that
E (a?) < L(R? — ||z||*), before then taking the limit k& — ooc.

e) Given a fixed radius 0 < R < |||, we want to estimate T := inf {t > 0 | W; € KR}, the first
hitting time, and show that

1 ifd <2

pr{TR@o}_{(R”) . a2 @)
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from which it follows that Brownian motion is recurrent in dimension d € {1,2} and transient
in all higher dimensions d > 2.
In order to prove statement ({]), look at the first exit times oy, := inf {t > 0 | W; ¢ A} from

the annulus A, := {y eERY: R < |y < QkR} and employ equation , using a harmonic
function f, defined (depending on the dimension d) by

x ifd=1
fx) =8 —In(||z]]) fd=2.
|z||>~¢ ifd>2

Deduce from the resulting equation the value of limy_,, p, where py := P* {||W,, || = R} is
the probability that the Brownian motion leaves the annulus at the 'inner’ boundary, i.e. by
hitting K.

Generalize equation to the case of first hitting a ball Kg(a) := {y € R: ||y —a|| < R}
centered at a point a € R?.

Exercise 2.1l [6 pts] (Harmonic measure of BM on a sphere and the mean-value property)

Recall that by definition of the shift-operator 6 : Q2 — Q, we have X, ((w) = X;(0sw). For a finite
random time o we define a random shift 0,, by setting 0, := 0, on {o = s}.

a)

b)

c)

Show that for any F' € FV, any optional time ¢ and all z € R? we have

P* [0, F | Fpe] = PY7(F), P™-as. on {0 < oo}

Conclude that for any bounded, Fg—measurable random variable Y, for all z € R and any
optional time o we have

E*[Y 00, | F,r] =E" [Y], P*-as. on {0 < oo}.

Deduce that for any bounded and measurable function f : R? — R, any finite optional time T,
for all x € R? and any optional time o we have

E” [f(W,) 0 by | For] = EW [f(W,)], P™-a.s. on {0 < oo} .

Given x € G C H C R¢, where G and H are bounded, open sets, we now consider the special
case of 7 := 7y, 0 := 7, where 7 :=inf {t > 0| W, ¢ H} denotes the first exit time from the
set H and 7¢ analogously the first exit time from G.
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Sample path of Brownian motion exiting first G and afterward H

i) Show that for any bounded and measurable f : R? — R we have f(W,,) 00, = f(W,,)
P*-a.s. and conclude that

() =B [f(Wy,)] = B [BW7e [£(W,,,)]] (5)

ii) The harmonic measure ¢, on the boundary G is defined by p&(F) := P* {W,, € F'} for
F C OG measurable. Show that the function ¢ : RY — R defined in equation ([5)) satisfies the
mean value property with respect to the harmonic measure

¢(r) = /8 ; o(y) e (dy).

iii) We finally specialize to the case of G := Kg(z) :=={y € R| ||[y — a|| < R} C W being a ball
centered at the starting point x. Use the rotational invariance of Brownian motion (cf. exercise
2.111 below) to show that the harmonic measure 1% now coincides with the normalized surface
measure o on 0G. We thus recover the classical mean-value property

o) = [ olwoldy).

Exercise 2.11l (Rotational invariance of Brownian motion)

Let (W;); be a d-dimensional Brownian motion starting at z = 0 and let Q € R%*¢ be an orthogonal
matrix (QT = Q~!). Show that W, := QW, is also a d-dimensional Brownian motion.
(This is an oral exercise, to be prepared for a mini-presentation on Wednesday, November 5)



