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Probability Theory III - Homework Assignment 3
Due date: Friday, November 7, 12:00 h

Solutions to the assigned homework problems must be deposited in Diana Kämpfe’s drop box 84
located in V3-128 no later than 12:00 h on the due date. Homework solutions must be completely
legible, on A4 paper, in the correct order and stapled, with your name neatly written on the first
page.

Exercise 3.I [4 pts]
Show that for each d ≥ 2, the Bessel family with dimension d is a strong Markov family (where we
modify the definition of a strong Markov family to account for the state space [0,∞)).

Exercise 3.II [4 pts] (Example of a local martingale which is not a martingale)
Let (Rt)t≥0 be a Bessel process with dimension d ≥ 3, starting at r = 0. Show that (Mt)t≥1 given
by Mt := 1/Rd−2

t for all 1 ≤ t <∞

a) is a local martingale;

b) satisfies sup1≤t<∞ E(Mp
t ) <∞ for every 0 < p < d/(d− 2) (and is thus uniformly integrable);

c) is not a martingale.

Exercise 3.III [4 pts] (Exponential martingales)
Let (Ut)t≥0 be a bounded, one-dimensional stochastic process and (Wt)t≥0 be a standard one-
dimensional Brownian motion. Assume that both processes are adapted to a given filtration (Ft)t≥0.

a) Show that the process (Mt)t≥0 defined by

Mt := exp
{
−1

2

∫ t

0
U2

s ds−
∫ t

0
UsdWs

}
(1)

satisfies the (stochastic differential) equation

dMt = −MtUt dWt,

i.e.
Mt = M0 −

∫ t

0
MsUs dWs,

and conclude that (Mt)t is an (Ft)t-martingale.

b) Consider the process
dXt = Utdt + dWt,

i.e.
Xt := X0 +

∫ t

0
Usds + Wt.
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It can be shown that (Xt)t≥0 is not an (Ft)t-martingale, unless Us(ω) = 0 for almost all
(s, ω) ∈ [0,∞)× Ω. However it turns out that the martingale property can be recaptured by
multiplying (Xt)t by a suitable exponential martingale. More precisely define

Yt := XtMt,

where (Mt)t is defined as in equation (1). Show that (Yt)t≥0 is indeed an (Ft)t-martingale.

Remark:
This result is a special case of the Girsanov theorem, which in this context roughly states that
one can ’transform away’ the ’drift term’ Utdt (which we would like to get rid of, since it
destroyed the martingale property) by changing the underlying probability measure from P into
a ’martingale measure’ Q defined for every T > 0 on FT by dQ := MT dP.

Exercise 3.IV
Let (Rt)t≥0 be a Bessel process with dimension d ≥ 2 starting at r ≥ 0. Show that for d = 2 the
limit limt→∞Rt does P-a.s. not exist, while for d ≥ 3 we have P[limt→∞Rt =∞] = 1.
(This is an oral exercise, to be prepared for a mini-presentation on Wednesday, November 12)


