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Tropicalization ) Tropical Semiring

tropical semiring T = (RU {o0},®,®) = (R U {o0}, min, +)

Tropical Positivity and Determinantal Varieties | Marie Brandenburg



Tropicalization ) Tropical Semiring

tropical semiring T = (RU {o0},®,®) = (R U {o0}, min, +)

a ® b = min(a,b)
a®b=a+b

tropicalization: transform algebraic varieties into polyhedral fans
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Tropicalization ) Valuations

complex Puisseux series C := C{t}}

z(t) e C —= x(t) = Z ert® e € C
k=ko
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Tropicalization ) Valuations

complex Puisseux series C := C{t}}

z(t)€C <= INEN:a2(t)= 3 etV €C
k=ko
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Tropicalization ) Valuations

complex Puisseux series C := C{{t}}

z(t)eC <= INeN:z(t)= Z ckt£,ck€(c
k=ko

valuation val(x(t)) = kﬁo

val : C" — T"
(x1(t), ..., 2n(t)) — (val(z1(2)), ..., val(z,(t)))
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Tropicalization ) Valuations

complex Puisseux series C := C{{t}}

z(t)eC <= INeN:z(t)= Z ckt£,ck€(c
k=ko

valuation val(z(t)) = %o

val : C" — T"

(1(t), ..., xn(t)) — (val(z1(t)),...,val(z,(t)))

Example.

- 1—t 2t3 ~ 0 -3
2X2 _ _
oz i (gt ) = ([ )

Tropical Positivity and Determinantal Varieties | Marie Brandenburg



Tropicalization ) Valuations

complex Puisseux series C := C{{t}}

z(t)eC <= INeN:z(t)= Z ckt£,ck€(c
k=ko

valuation val(z(t)) = %o

val : C" — T"
(1(t), ..., zn(t)) — (val(z1(2)),. .., val(z,(t)))
I ideal, V(I) C C™ variety
tropicalization trop(V (1)) := {val(y) | y € V(I)}

Example.

- 1—¢ 2t3 -
C2%2 35 A= <t1/2+t2 3 ) val(A)
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Tropicalization ) Example

£= >4~6+1
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Tropicalization ) Example

!iwm-am vy - i) (m\m < e |

) val yal

< \ﬁ—v >(m'\n (\% ,O)>
ma (32, 0) \‘—;,’-
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Tropicalization ) Example

g- %—6+1 N(§) - a(*:ﬂd) (mlmi\ \ i) e g

val val
< \;,_J) ><m§“(‘—s— ,o)>
mio (35, 0) ke

N

3)

—

z|& 2|
—

G zir
S~——
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Positive Tropicalization ) Valuations

complex Puisseux series C := C{{t}}

z(t)eC <= INeN:z(t) = cht%,cke(l,
k=ko

valuation val(z(t)) = %2

val : C — T"
(1(t), ..., xn(t)) — (val(z1(t)),...,val(z,(t)))

I CClxy,...,xy,) ideal, V(I) C C™ variety.
tropicalization trop(V (1)) := {val(y) |y € V(I)}

Example.

- 1—¢t 2t73 - 0 -3
2X2 _ _
i (phte ) = () )
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Positive Tropicalization ) Valuations

positive complex Puisseux series C := C{{t}}
o0

x(t) S C+ <— dNeN: .’L‘(t) = Z th%,ck S (C,Cko € Ryg
k=ko

ko

valuation val(z(t)) = 52

val : C — T"
(1(t), ..., xn(t)) — (val(z1(t)),...,val(z,(t)))

I CClxy,...,xy,) ideal, V(I) C C™ variety.
tropicalization trop(V (1)) := {val(y) |y € V(I)}

Example.

- 1—¢t 2t73 - 0 -3
2X2 _ _
i (phte ) = () )
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Positive Tropicalization ) Valuations

positive complex Puisseux series C := C{{t}}
o0

x(t) S C+ <— dNeN: .’L‘(t) = Z th%,ck S (C,Cko € Ryg
k=ko

ko

valuation val(z(t)) = 52

val : C — T"
(1(t), ..., xn(t)) — (val(z1(t)),...,val(z,(t)))

I CClxy,...,xy,) ideal, V(I) C C™ variety.
tropicalization trop(V (1)) := {val(y) |y € V(I)}

Example.

: 1—t 273 : 0 -3 .
C>?35 A= <t1/2 L2 s > val(A) = (1/2 0 ) positive
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Positive Tropicalization ) Valuations

positive complex Puisseux series C := C{{t}}
o0

x(t) S C+ <— dNeN: .’L‘(t) = Z th%,ck S (C,Cko € Ryg
k=ko

valuation val(x(t)) = kﬁo

val : C — T"
(1(t), ..., xn(t)) — (val(z1(t)),...,val(z,(t)))

I CClxy,...,xy,) ideal, V(I) C C™ variety.
pos. tropicalization trop™ (V (1)) := {val(y) |y € V(I)N(C,)"}

Example.

: 1—t 273 : 0 -3 .
C>?35 A= <t1/2 L2 s > val(A) = (1/2 0 ) positive
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Positive Tropicalization ) Initial Ideals

tropicalization trop(V (I)) = {val(y) |y € V(I)}

pos. tropicalization trop™ (V (1)) = {val(y) | y € V(I)N(C;)"}
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Positive Tropicalization ) Initial Ideals

tropicalization trop(V (I)) = {val(y) |y € V(I)}

pos. tropicalization trop™ (V (1)) = {val(y) | y € V(I)N(C;)"}

Theorem (Fund. Th. of Algebraic Tropical Geometry)
trop(V (1)) = {w € R" | in(I) Z monomial}
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Positive Tropicalization ) Initial Ideals

tropicalization trop(V (I)) = {val(y) |y € V(I)}

pos. tropicalization trop™ (V (1)) = {val(y) | y € V(I)N(C;)"}

Theorem (Fund. Th. of Algebraic Tropical Geometry)
trop(V (1)) = {w € R" | in(I) Z monomial}

Theorem (Speyer-Williams '05)

Let w € trop(V (I)). Then w € trop™(V(I))
<= all polynomials in in,,(I) have coefficients of both signs.
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Positive Tropicalization ) Example

£=><~6+1 vy - i) (m\m < e |
\%\)\m\ \‘\[(o.\;

N} Mo { N ,O)
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Positive Tropicalization ) Example

g- 74—6+1 N(§) - 3(7::11) (xﬁlmi\ \ i) e g

val val
< %VJ >(m;}(\% ,o)>
mio (35, 0) L

N

3)

—

z|& 2|
—

G zir
S~——
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Determinantal Varieties

Determinantal variety

V(I,) = {Aec¥"|1k(A) <r}
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Determinantal Varieties

Determinantal variety

V(I,) = {Aec¥"|1k(A) <r}

Determinantal ideal

I, ={((r+1) x (r+ 1)-minors)

Tropical Positivity and Determinantal Varieties | Marie Brandenburg



Determinantal Varieties

Determinantal variety

V(I,) = {Aec¥"|1k(A) <r}

Determinantal ideal

I, ={((r+1) x (r+ 1)-minors)

Tropical determinantal variety

trop(V (1))
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Determinantal Varieties ) Hypersurfaces

Cased=n=r-+1.
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Determinantal Varieties ) Hypersurfaces

Cased:n~:1“+1.~
V(det) = {A | det(A) = 0},
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Determinantal Varieties ) Hypersurfaces

Cased:n~:1“+1.~ ) .
V(det) = {A [ det(A) =0}, det(A) =3 ,cg, sgn(o) [[21 Aisi)
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Determinantal Varieties ) Hypersurfaces

Cased:n~:r+1.~ ) .
V(det) = {A | det(A) = 0}, det(A) = 35cg, sgn(o) [Ti1 Aiog:)
Newton polytope of det: Birkhoff polytope

B, = conv((n x n)-permutation matrices) C R"*"
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Determinantal Varieties ) Hypersurfaces

Cased=n=r+1. ) .
V(det) = {A [ det(A) = 0}, det(A) = 3 ¢, sgn(o) [Tz Ais(s)
Newton polytope of det: Birkhoff polytope

B,, = conv((n x n)-permutation matrices) C R"*"

)
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Determinantal Varieties ) Hypersurfaces

Cased=n=r+1. ) .
V(det) = {A [ det(A) = 0}, det(A) = 3 ¢, sgn(o) [Tz Ais(s)
Newton polytope of det: Birkhoff polytope

B,, = conv((n x n)-permutation matrices) C R"*"

C'is a maximal cone of trop(V (det)) <=
C'is normal cone of edge conv(o, ) of B,

)
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Determinantal Varieties ) Hypersurfaces

Cased=n=r+1. ) .
V(det) = {A [ det(A) = 0}, det(A) = 3 ¢, sgn(o) [Tz Ais(s)
Newton polytope of det: Birkhoff polytope

B,, = conv((n x n)-permutation matrices) C R"*"

C' is a maximal cone of trop " (V(det)) <=
C'is normal cone of edge conv (o, 7) of B, and sgn(o) # sgn(m)

)
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Determinantal Varieties ) Hypersurfaces

Cased=n=r+1._ . .
V(det) = {A ] det(A) = 0}, det(A) = Yoes, sgn(o) [Ti1 Aioi)
Newton polytope of det: Birkhoff polytope

B,, = conv((n x n)-permutation matrices) C R"*"

C' is a maximal cone of trop " (V(det)) <=
C'is normal cone of edge conv (o, 7) of B, and sgn(o) # sgn(m)

)
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Determinantal Varieties ) Hypersurfaces

Cased=n=r+1._ . .
V(det) = {A ] det(A) = 0}, det(A) = Yoes, sgn(o) [Ti1 Aioi)
Newton polytope of det: Birkhoff polytope

B,, = conv((n x n)-permutation matrices) C R"*"

C' is a maximal cone of trop " (V(det)) <=
C'is normal cone of edge conv (o, 7) of B, and sgn(o) # sgn(m)

)
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Point Configurations

A e rk(A) <r
— columns of A = n points on r-dim’l linear space in C¢
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Point Configurations

A e rk(A) <r
— columns of A = n points on r-dim’l linear space in C¢
> n points on (r-1)-dim’l linear space in CP4~!
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Point Configurations

A e rk(A) <r
— columns of A = n points on r-dim’l linear space in C¢
> n points on (r-1)-dim’l linear space in CP4~!

A =val(A)
— columns of A = n points on (r-1)-dim’l tropical linear space
in TP~ =R"/(R+ (1,...,1))

Tropical Positivity and Determinantal Varieties | Marie Brandenburg



Determinantal Varieties ) Rank 2

Tropical Lines
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Determinantal Varieties ) Rank 2

Tropical Lines

F o Ao
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Determinantal Varieties ) Rank 2

Tropical Lines
b 3 4 S
Theorem (follows from [Ardila "04])

Let A € trop(V(I3)). Then A € trop™(V (I3))
<= points form "consecutive chain” on tropical line
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Determinantal Varieties ) Rank 2

Tropical Lines
b 3 4 S
Theorem (follows from [Ardila "04])

Let A € trop(V(I3)). Then A € trop™(V (I3))
<= points form "consecutive chain” on tropical line

ok ?rslwa

JEPSIPE M
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Determinantal Varieties ) Rank 2

Tropical Lines
b 3 4 S
Theorem (follows from [Ardila "04])

Let A € trop(V(I3)). Then A € trop™(V (I3))
<= points form "consecutive chain” on tropical line

(<= A has Barvinok rank 2)
(<= the ass. bicolored phylogenetic tree [Markwig-Yu'09] is a caterpillar tree)

nok ?ﬁ‘\\»iw;

,-»fJ‘“--‘ D ¢ }_* y

Tropical Positivity and Determinantal Varieties | Marie Brandenburg



Determinantal Varieties ) Rank 3

A tropical plane is a 2-dimensional polyhedral complex.
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Determinantal Varieties ) Rank 3

A tropical plane is a 2-dimensional polyhedral complex.

Definition.

A point configuration of 3 points form a
starship on a tropical plane if they lie on
3 distinct 2-dimensional faces, which
intersect in an unbounded 1-dimensional
face.
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Determinantal Varieties ) Rank 3

A tropical plane is a 2-dimensional polyhedral complex.

Definition.

A point configuration of 3 points form a
starship on a tropical plane if they lie on
3 distinct 2-dimensional faces, which
intersect in an unbounded 1-dimensional
face.
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Determinantal Varieties ) Rank 3

A tropical plane is a 2-dimensional polyhedral complex.

Definition.

A point configuration of 3 points form a
starship on a tropical plane if they lie on
3 distinct 2-dimensional faces, which
intersect in an unbounded 1-dimensional
face.

AN

Theorem (B.-Loho-Sinn’22, "Starship Criterion”)

A € trop™(V(I3))
= the point configuration does not contain a starship
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Determinantal Varieties ) Higher Ranks

For ranks r > 4, higher-dimensional analogues of }_~ may occur:
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Determinantal Varieties ) Higher Ranks

For ranks r > 4, higher-dimensional analogues of }_~ may occur:

Counterexamples for rank r > 4 of a positive point configura-
tion A € trop™(V (1)) containing an analogue of )_..
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Determinantal Varieties ) Higher Ranks

For ranks r > 4, higher-dimensional analogues of }_~ may occur:

Counterexamples for rank r > 4 of a positive point configura-
tion A € trop™(V (1)) containing an analogue of )_..

Recap
® Rank 2: positive = no }_..
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Determinantal Varieties ) Higher Ranks

For ranks r > 4, higher-dimensional analogues of }_~ may occur:
Counterexamples for rank r > 4 of a positive point configura-
tion A € trop™(V (1)) containing an analogue of )_..

Recap

® Rank 2: positive = no }_..
® Rank 3: positive = no starship
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Determinantal Varieties ) Higher Ranks

For ranks r > 4, higher-dimensional analogues of }_~ may occur:
Counterexamples for rank r > 4 of a positive point configura-
tion A € trop™(V (1)) containing an analogue of )_..

Recap

® Rank 2: positive = no }_..
® Rank 3: positive = no starship

® higher ranks: everything can happen
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Determinantal Varieties ) Higher Ranks

For ranks r > 4, higher-dimensional analogues of }_~ may occur:
Counterexamples for rank r > 4 of a positive point configura-
tion A € trop™(V (1)) containing an analogue of )_..

Recap

® Rank 2: positive = no }_..
® Rank 3: positive = no starship

® higher ranks: everything can happen

Thank youl!
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