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Polytope : convex hull of finite} many vertus
111

bounded intersection of finito} manyhalfspaassimiia.aeËË EËËÏËÏ ËËÎËÏI simple

simple

Face : intersection with supportiez halfspace
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Determined by verte -faut incidences



Combinatorial type :

☐ ≈
. ☐ ≈ ¥

Labeled combinatorial type :

÷ ≠
.

whatisthenumberoffllabeledlcombinatorialfypesoI.de- polytopes with n œrtices ?
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F-1
-4Mt [ Steinitz 1922]
G is the graph of a 3- polytope ËËË geometric condition

IÂ
G is 3-connected & planar ☐¥É! Combinatorial/topological

condition

Thm : [ Whitney 1932]

Àface lattice of a 3- polytope is determined by its graph



_hm [Tutte 1962]
The number of noted simplicial 3- polytopes
with ntl vertus is :

214 n - H) !
=-

↳n'7) ! In - 2) !
≈ÎT (2¥)
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THI : [ Wormald - Bender 1988]
The number of rooted 3- polytopes with uti ventiles
& mutants is:

= ( . . . ) ~Ém (ÎÎ) ( ¥3)
d the number of combinatorial types of 3- polytopes with
ut I ventiles & mtl facefs is 1È+Ë) ! !!)



|d≥ Universality
Realization Space :

P d- polytope n vertus

☒ (P) = 4 Q polytope x-P } ≤ R
"

J
parametrized by ventes cardinales

-1hm :[ Mnëv 1988 ;
Richter- Gebert 1995]

ftp.narybasicsemialgebraic set s
7 4- polytope P whose realization space is

stably equivalent to S .

It is hard ( 3-R-hard ⇒ NP- hard)

/todecidepdytopalityofafacelalticè/



U-pperB-dTY.frMcMullen 1970 , Stanley 1975]
The number of facts of a d- polytope ( or a simplicial
(d-D -Sphere) with n venti ees is O ( n "

'"
)

The upper
bound is altained by simplicial

neighbor} polytopes /spheres.

Evey subset of ≤ UN ventiles forms a free .

e.g. Cg clic polytopes
8 : t ↳ (t.tt?-...td)

Cd (n) = conv (84) , - - -, 8 (tn))



EEG :

The number of simplicial (d - l) - Spheres with
n ventices is

≤ ( I )
" ""'")

= no ( n
"'")

Prof [ Kalai 1988]

The number of simplicial (d - l) - Spheres with
n ventices is

≤ n
2h
"" ] (1+04))



Many simplicial spheres

Thm: [ Kalai 1988
,
Nero -Santos -Wilson 2016]

-

The number of simplicial (d - l) - Spheres with
invertie is

≥ 2d ( n
"'"
)

Kalai
≥ 2
±, n
""""

(Adn)

Necro -Santos -Wilson

d eaeu ≥ 2¥ n
"' (1+04))



Summiy up :

Oln
""
)n / ntt") # simplicial

2 ≤ Cd - i) - spheres ≤ n
with noertices

" '
# simplicial
d- polytopes
with nœrtices



Not so many polytopes !

Goodman & Pollack 1986

There are asymptote
-cally far fener polytopes

than we though

Thin :[ Alon 1986]
The number of d- polytopes with in ventiles is

= 20K1g
n)

≤ ( u ! )
d? ◦( i)



Oriented matroids

A- Ca, , _ . . /an) c-R
"" point configuration

chirotope :

x : (I .)- H
.
- ici }

il
/
- -

- sida ↳ sign ( det (Lii tria - - - la:*))iii.

chirotope⇒ face lattice

I.jo#vs.&h./*polytopesEH-chirotopes-/-



TIM: [Milnor 1964 ; Thom 1965]

P
, ,

_ . . / Pu d- variable real polynomial of degree ≤D

The number of sign patterns of p , ,- - / Pu ranging

through ✗c- Rd is ≤ (SODÉ)
d

d? Oli)
n -- la:p
D= du

⇒ # polytopes ≤ §°ᵈ{Î
"

= (n :) = zocnlgn
)

"

JMostspheresare.no/-polgtopal!/--



Many polytopes

Thin : [Shemer 1982]

The number of neighbor1g d- polytopes with in vertus is

≥ (n ! )
¥ °")

=
zrcn 1gal)

Î✗#À
"⇒
⇒ma. .



Thin : [ Alon 1986]

The number of simplicial d- polytopes with in vertus is

≥ (n ! )
/¥ ◦a)



Thin : [P. 2013]

The number of neighbor1g d- polytopes with in vertus is

≥ (n ! )
#+ ◦ ( i)

••

• Positive lexicographie
liftings

• Change the
arder way

two dimensions

↑#Ë
3 6 1 4 2 5



Thin : [ P. - Philippe -
Santos 2022T]

The number of simplicial d- polytopes with in vertus is

≥ (n ! )
d -2 + ◦ ( i)

By showing that
the previous polytopes have

many regular triangulations .
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Regular triangulation :

"
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iÏÏÏÏÏËËÈd+ I polytopes
with



When two ventices v2 w are very Use

ËË
¥_¥Ë-¥⇒

each triangulation of P is determined by a triangulation

T of Paw & a section of The, its link at v



↑ #✗
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n
• Not euery

section gives rise
to a regular triangulation

There is a path of regular sections from
of.

to 1.

flipping over
cells of Tlv

EE-t.EE#.f-E-n..-A-E-n..-Aq-E
⇒ the number of regular sections is ≥ the

number of cells



If Phr is neighbor} ⇒ Tlv
has

many
cells

⇒ Each triangulation of
P- w entends

to many triangulations of
P

Use this argument inductive} :

⇒ P has many regular triangulations .

☐



Summiy up :

(GP 1986]
[Alon 1986]

d'
± LÉ ) 1kt d-2 # d- polytopes < n !
u ! ≤ n ! ≤ n ! ≤ n ! ≤ with nœrtios -

[P.-Philippe - Santos 2022f]
[8.2013]

[Shearer /982)

""" ""

T
"niet"

[
neighbor}



Some open questions :

• Are there In !)
"""

many polytopes ?

• Now many
d- polytopes with n vertical mfacets are there ?

• Do most d-polytopes have Of n
"") Facts ?

Thank you !


