
On L -invariants associated to Hilbert modular forms

By Michael Spieß

Abstract

Given a cuspidal Hilbert modular eigenform π of parallel weight 2 and a nonarchimedian
place p of the underlying totally real field such that the local component of π at p is the
Steinberg representation, one can associate two types of L -invariants, one defined in terms
of the cohomology of arithmetic groups and the other in terms of the Galois representation
associated to π. We show that the L -invariants are the same.
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1 Introduction

Let F ⊂ Q be a totally real number field, let D be a quaternion algebra over F and let G/F
be the algebraic group D∗/F ∗. Let d be the number of archimedean places of F where D is
unramified and let p be a fixed nonarchimedean place of F that is unramified in D lying above
a prime number p. Let π =

⊕′
v πv be a cuspidal automorphic representation of G(A) (where A

denotes the adele ring of F ) of parallel weight 2 1 such that the local component πp is the Steinberg
representation of G(Fp) ∼= PGL2(Fp). Moreover we fix a finite extension E/Qp with uniformizer $
so that π∞ =

⊕′
v-∞ πv is defined over E.

Generalizing a construction of Darmon [5], the author (in the case D = M2(F )) and Gehrmann
(for arbitrary D) introduced certain p-adic numbers called automorphic L -invariants Lε(π, ψ)
of π (see [23], [11]). They are defined in terms of the group cohomology of G(F ). Here ε is a
character of the group of connected components of π0(G(F ⊗R)) ∼= (Z/2Z)d and ψ is a continuous
homomorphism from the multiplicative group of the local field F ∗p to the additive group of E.

1By that we mean that the Jacquet-Langlands transfer of π to PGL2(A) corresponds to a cuspidal Hilbert modular
eigenform of parallel weight 2
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On the other hand let ρπ : Gal(Q/F )→ GLE(Vπ) be the Galois representation associated to π.
The fact that πp is the Steinberg representation implies that ρπ is a direct summand of the Tate
module of an abelian variety defined over F with split multiplicative reduction at p. Hence one can
associate an arithmetic (i.e. Mazur-Tate-Teitelbaum type) L -invariant L (Vπ, ψ) to Vπ and ψ. Our
main result (see Theorem 3.7) is the equality between automorphic and arithmetic L -invariants

(1) Lε(π, ψ) = L (Vπ, ψ).

In particular Lε(π, ψ) is independent of the the sign character ε. For the history of this problem
we refer to Remark 3.8.

Our proof consists of three steps. If d = 0 (i.e. if D is totally definite) the L -invariant Lε(π, ψ)
is essentially Teitelbaum’s L -invariant [27] and the equality (1) can be deduced from p-adic uni-
formization of Shimura curves due to C̆erednik (for F = Q) and Boutot-Zink (for arbitrary F ).

If d = 1 our approach is novel and uses as an essential tool the cohomology theory of S -
varieties introduced in [24]. It allows us to construct directly2 infinitesimal deformations of the
Galois representation Vπ involving the automorphic L -invariant. More precisely since both sides
of (1) are linear in ψ and since both sides are = 1 if ψ = vp : F ∗p → Z ⊆ E is the normalized
valuation at p it suffices to see that the vanishing of the left hand side of (1) implies the vanishing
of the right hand side. We will see that the vanishing of (1) is equivalent to the fact that

Ṽπ := H1
$−ad(XD

Q ; Ẽ(Θψ), E)π

is a non-trivial infinitesimal Galois deformation of Vπ. We recall that given an admissible E-Banach
space representation W of the standard maximal torus Tp ∼= F ∗p of PGL2(Fp) we have constructed
in [24] cohomology groups

Hn
$−ad(XD

Q ;W,E), n ≥ 0

associated to a certain S -curve X = XD (i.e. an p∞-tower of Shimura resp. modular curves
equipped with a PGL2(Fp)-action). These are E-vector spaces equipped with a continuous Gal(Q/F )-
action as well as a spherical Hecke action. So we can consider in particular the E-Banach repre-
sentation W = Ẽ(Θψ) where Ẽ = E[ε] denote the dual numbers and Θψ : F ∗p → Ẽ the character

Θψ(x) = 1 + ψ(x)ε. In ([24], §5.6 and 5.7), we have shown that Ṽπ admits a two-step filtration
and that the action of Gal(Qp/Fp) on the associated graded modules factors through the maxi-

mal abelian quotient Gal(Qp/Fp)
ab and can be described explicitly. This enables us to follow the

argument of Greenberg and Stevens ([14], proof of Thm. 3.14) to deduce L (Vπ, ψ) = 0.
In the case d > 1 we reduce the proof of (1) to the case d ≤ 1 by proving a certain Jacquet-

Langlands functoriality for Lε(π, ψ). More precisely if D denotes the quaternion algebra over F
which is ramified at the same nonarchimedean places as D and at all infinite places except possibly
one and if π′ denotes the Jacquet-Langlands transfer of π to G(A) (with G = D

∗
/F ∗) then we will

show (see Theorem 5.1)

(2) Lε(π, ψ) = L (π′, ψ).

Let d̄ ∈ {0, 1} denote the number of archimedean places ramified in D. As a key tool in proving
(2) we study the cohomology groups

Hd
$−ad((XD)an;Ordd̄$−ad((XD)an,O)E , E)

2i.e. without deforming Vπ into a p-adic family first
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The cohomology group Ordd̄$−ad((XD)an,O)E has been introduced in ([24], §4.1). It is an admissible
E-Banach space representation of Tp.

2 Admissible Banach space representations and extensions of the
Steinberg representations

Notation and preliminary remarks Let R be a commutative noetherian ring and let G be a
locally profinite group. Recall that a left R[G]-module W is called discrete (or smooth) if W is
discrete as a G-module, i.e. if the stabilizer StabG(w) = {g ∈ G | gw = g} is open in G for every
w ∈W . A discrete R[G]-module W is called admissible if WU is a finitely generated R-module for
every open subgroup U of G.

Throughout this section F denotes a p-adic field, i.e. a finite extension of Qp. We let vF : F →
Z ∩ {+∞} denote the normalized valuation of F , OF its valuation ring, p its valuation ideal and
UF = O∗F the group of units.

Let G = PGL2(F ) = GL2(F )/Z and let pr : GL2(F ) → G be the projection. Let B be the
standard Borel subgroup of G and let B = TN be the Levi decomposition of B, so T consists of
the diagonal matrices (modulo the center Z of GL2(F )) and N consists of the upper triangular
matrices with 1 as diagonal entries (mod Z). In the following we are often going to identify T with
the onedimensional split torus F ∗ via the isomorphism

(3) δ : F ∗ −→ T, x 7→ δ(x) =

(
x

1

)
mod Z

and N with the additive group F via the isomorphism

(4) n : F −→ N, y 7→ n(y) =

(
1 y
0 1

)
mod Z.

so any b ∈ B can be written uniquely in the form b = δ(x) ·n(y) with x ∈ F ∗, y ∈ F . We denote by
T0 the maximal compact open subgroup of T , so T0 corresponds to UF under (3). We let N0 be the
subgroup of N hat corresponds to the OF under the isomorphism (4), i.e. N0 = {n(y) | y ∈ OF }
and put T+ = {t ∈ T | N t

0 = tN0t
−1 ⊆ N0}.

For an integer n ≥ 0 we let K(pn) = Ker(GL2(OF )→ GL2(OF /pn)) and define K(n) to be the
image of K(pn) under the projection pr : GL2(F )→ G. For a closed subgroup H of T 0 we put

(5) KH(n) = K(n)HN0.

We fix another finite field extension E/Qp with valuation ring O, unifomizer $ ∈ O and residue
field k = O/($). For m ≥ 1 we put Om = O/($m). More generally for an O-module N we denote
its torsion submodule by Ntor its the maximal torsionfree quotient by Nfl and we put NE = N⊗OE.
We also set Nm = N ⊗O Om and N [$m] = HomO(Om, N) for m ≥ 1. Multiplication by $ and
$m induces an exact sequence

(6) 0 −→ N [$] −→ N [$m+1] −→ N [$m] −→ N1 −→ Nm+1 −→ Nm −→ 0

for every m ≥ 1. In this section we will consider certain representation of G and T on O-modules
or E-vector spaces.

3



We briefly review the notion of $-adically admissible representations and admissible Banach
space representations of T and the relation to finitely generated augmented T -modules (for further
details we refer to [24], §2.5). Then we are going to recall the construction of certain canonical
extensions of the Steinberg representation.

$-adically admissible representations of T We fix a closed subgroup H of T 0 and put

T = T/H and T
0

= T 0/H. We briefly review the notion of $-adically continuous and $-adically
admissible O[T ]-modules ([9], §2.4). An O[T ]-module W is called $-adically continuous if (i) W
is $-adically complete and separated, (ii) Wtor is of bounded exponent (i.e. $mW = 0 for m ≥ 1
sufficiently large) and (iii) Wm is a discrete Om[T ]-module for every m ≥ 1. A $-adically admissible
O[T ]-module W is a $-adically continuous O[T ]-module W such that W1 is an admissible k[T ]-
module. The exactness of the sequence (6) implies that Wm is an admissibleOm[T ]-module for every
m ≥ 1. The full subcategory of the category of O[T ]-modules consisting of $-adically admissible
O[T ]-modules will be denoted by Mod$−adm

O (T ). It is an abelian category.
We recall also recall the notion of an augmentedO[T ]-module (see [9], §2). For an open subgroup

U of T we consider the O-algebra

ΛO(U) = lim
←−U ′

O[U/U ′]

where U ′ runs over all open compact subgroups of U . If U itself is compact then ΛO(U) = O[[U ]] is
the usual completed O-group algebra of U . Note that we have ΛO(T ) = O[[T 0]][t±1

0 ] where t0 ∈ T
corresponds to a uniformizer in F under (3). In particular the ring ΛO(T ) is noetherian.

A ΛO(T )-module L is called an augmented O[T ]-module. The category of augmented O[T ]-
modules will be denote by Modaug

O (T ). An augmentedO[T ]-module L is called finitely generated if L
is finitely generated as ΛO(U)-modules (with respect to the canonical embedding ΛO(U) ↪→ ΛO(T ))
for some (equivalently, any) compact open subgroup U of T . The full subcategory of Modaug

O (T ) of

finitely generated augmented O[T ]-modules will be denoted by Modfgaug
O (T ). There exists a natural

(profinite) topology on every objects L of Modfgaug
O (T ) (see [9], Prop. 2.1.3) such that the action

ΛO(T )× L→ L is continuous. This topology is called the canonical topology.

Remark 2.1. Let ψ : F ∗ → O be a continuous homomorphism (i.e. we have ψ(xy) = ψ(x) + ψ(y)
for all x, y ∈ F ∗) and let Õ = O[ε] = O[X]/(X2), ε := X+(X2) be the O-algebra of dual numbers.
The character

(7) Θψ : F ∗ −→ Õ∗, Θψ(x) = 1 + ψ(x)ε.

is again continuous. It induces an F ∗- hence via (3) also a T -action on Õ. We denote the resulting
O[T ]-module by Õ(Θψ). It is clearly $-adically admissible. Note that Õ(Θψ) is an admissible
O[T ]-module if and only if Ker(ψ) is open in F ∗ (this holds if and only if ψ is multiple c · vF , c ∈ O
of the normalized valuation vF of F ). �

Banach space representations Recall that an E-Banach space representation of T is an E-
Banach space V = (V, ‖ · ‖) together with a continuous E-linear action T × V → V, (t, v) 7→ t · v.
An E-Banach space representation V of T is called admissible if there exists an open and bounded
O[T ]-submodule W ⊆ V such that the U -invariant (W/V )U of the quotient V/W are an O-module
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of cofinite type for every open subgroup U of T (i.e. the Pontrjagin dual Hom((W/V )U , E/O) is a
finitely generated O-module).3

The category of admissible E-Banach space representations of T will be denoted by Banadm
E (T ).

It is an abelian category. This can be easily deduced from the duality theorem below or from
the fact that Banadm

E (T ) is equivalent to the localized category Mod$−adm
O (T )E . Recall that for

an O-linear additive category A the E-linear additive category AE has the same objects as A
whereas the morphisms are given by HomAE (A,B) = HomA (A,B)⊗O E. The functor

(8) Mod$−adm
O (T )E −→ Banadm

E (T ), W 7→ (WE , ‖ · ‖)

is an equivalence of categories. Here for W ∈ Mod$−adm
O (T ) we let ‖ · ‖ be the norm on V = WE ,

so that Im(W → V,w 7→ w ⊗ 1) is the unit ball {v ∈ V | ‖v‖ ≤ 1} in V .
Next we review the duality theorem. A ΛO(T )E-module M will be called an augmented E[T ]-

module. Again, Modaug
E (T ) denotes the category of augmented E[T ]-modules. An augmented E[T ]-

module M is called finitely generated if there exists a ΛO(T )-submodule L with L ∈ Modfgaug
O (T )

and LE = M . We equip M with the topology induced by the canonical topology on L, i.e. M is a
topological vector space and the inclusion is L ↪→ M is open and continuous (hence M is locally

compact). As before Modfgaug
E (T ) denotes the full category of Modaug

E (T ) of finitely generated
augmented E[T ]-modules.

For an E-Banach space V = (V, ‖ · ‖) we define D(V ) = V ′ to be the dual space equipped with
the weak topology. It follows immediately from ([22], Thm. 3.5) that the functor

(9) D : Banadm
E (T ) −→ Modfgaug

E (T ), V 7→ D(V ) = V ′

is an anti-equivalence of E-linear abelian categories. Its quasi-inverse is given by

Modfgaug
E (T ) −→ Banadm

E (T ), M 7→ HomE,cont(M,E).

For V ∈ Banadm
E (T ) one can show that the E[T ]-action on V extends naturally to a ΛO(T )E-action

and that the functor (9) is ΛO(T )E-linear.

Remarks 2.2. (a) Let V1, V2 ∈ Banadm
E (T ) and assume that dimE(V1) < ∞. The duality the-

orem implies that the E-vector space HomE[T ](V1, V2) is finite-dimensional as well. In fact any

T -equivariant homomorphism V1 → V2 is automatically continuous so we have

(10) HomE[T ](V1, V2) ∼= Hom
Modfgaug

E (T )
(D(V2),D(V1)).

If U is a compact open subgroup of T then the ΛO(U)E-module (10) is finitely generated, hence
it has finite length since D(V1) has finite length (because of dimE(D(V1)) = dimE(V1) <∞). It is
therefore finite-dimensional as an E-vector space.
(b) Let ψ : F ∗ → E be a continuous character and let Ẽ = E[ε] be the E-algebra of dual numbers.
Since the image of ψ is bounded in E the image of the character

(11) Θψ : F ∗ −→ Ẽ∗, Θψ(x) = 1 + ψ(x)ε.

is bounded in Ẽ. Therefore similar to Remark 2.1 we obtain an admissible E-Banach space repre-
sentation Ẽ(Θψ) of T . �

3Note that this condition implies that we can choose the norm ‖ · ‖ on V so that (V, ‖ · ‖) is a unitary Banach
space representation of T , i.e. we have ‖t · v‖ = ‖v‖ for every t ∈ T and v ∈ V .
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Extensions of the Steinberg representation For a $-adically continuous O[T ]-module W
the $-adically continuous parabolic induction of W is defined by

IndGB,contW = {Φ ∈ Ccont(G,W ) | Φ(tng) = tΦ(g) ∀t ∈ T, n ∈ N, g ∈ G}

where Ccont(G,W ) denotes the O-module of maps G→W that are continuous with respect to the
$-adic topology on W . The G-action on IndGB,contW is induced by right multiplication. By ([9],
Lemma 4.1.3) we have

IndGB,contW = lim
←−
m

IndGBWm.

Moreover, for a $-adically admissible O[T ]-module W the O[G]-module IndGB,contW is $-adically
admissible as well and the functor

IndGB,cont : Mod$−adm
O (T )→ Mod$−adm

O (G)

is exact (see [9], Prop. 4.1.5 and Prop. 4.1.7; the category Mod$−adm
O (G) of $-adically admissible

O[G]-modules is defined in the same way as Mod$−adm
O (T ); see [9], Def. 2.4.7).

Recall that the Steinberg representation StG(R) for any ring R is the admissible R[G]-module
defined by the short exact sequence

(12) 0 −−−−→ R(0)
(?)−−−−→ IndGB R(0)

pr−−−−→ StG(R) −−−−→ 0.

Here R(0) denotes R with the trivial G-action and the map (?) is given by sending x ∈ R to
the constant map G → R, g 7→ x. We may also consider the continuous Steinberg representation
StG,cont(O) defined by the sequence

(13) 0 −−−−→ O(0)
(?)−−−−→ IndGB,contO(0)

pr−−−−→ StG,cont −−−−→ 0.

Remark 2.3. The continuous Steinberg representation is a $-adically admissible O[G]-module.
In fact we have StG,cont(O) = lim

←−
m

StG,cont(O)m and StG,cont(O)m = StG(Om) for all m ≥ 1. �

We now recall the construction of a certain extension of StG,cont associated to a continuous

homomorphism ψ : F ∗ → O (see [23], §3.7). Let Õ(Θψ) be the $-adically admissible O[T ]-module
defined in Remark 2.1. Multiplication by ε induces a short exact sequence of $-adically admissible
O[T ]-modules

0 −→ O(0)
α−→ Õ(Θψ)

β−→ O(0) −→ 0

(i.e. α ◦ β is multiplication with ε). By applying IndGB,cont we obtain a short exact sequence of
$-adically admissible O[G]-modules

(14) 0 −→ IndGB,contO(0) −→ IndGB,cont Õ(Θψ) −→ IndGB,contO(0) −→ 0.

By taking the pull-back of (14) with respect to the map (?) (for R = O) we obtain a short exact
sequence

(15) 0 −→ IndGB,contO(0) −→ Ẽ (ψ) −→ O(0) −→ 0

i.e. Ẽ (ψ) is the O[G]-submodule of IndGB,cont Õ(Θψ) given by Φ ∈ IndGB,cont Õ(Θψ) so that Φ mod ε
is a constant map G(F )→ O.
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Definition 2.4. The ($-adically admissible) O[G]-module E (ψ) is defined as the push-out of (15)
under the projection pr : IndGB,contO(0) → StG,cont(O) so that we have a short exact sequence of
O[G]-modules

(16) 0 −→ StG,cont(O) −→ E (ψ) −→ O(0) −→ 0.

We need the following Lemma.

Lemma 2.5. The map

(17) Homcont(F
∗,O) −→ ExtMod$−adm

O (G)(O(0),StG,cont(O)), ψ 7→ [E (ψ)]∼

is a homomorphism of O-modules.

For the proof of the additivity of (17) see ([10], Lemma 1 (c)).

Remark 2.6. For ψ = vF the sequence (2) consists of admissible O[T ]-modules. Therefore we
may apply usual parabolic induction so we obtain the sequence

(18) 0 −→ IndGB O(0) −→ IndGB Õ(Θψ) −→ IndGB O(0) −→ 0.

By mimicking the construction of the extension (16) we thus obtain a sequence of admissible O[G]-
modules

(19) 0 −→ StG(O) −→ E0 −→ O(0) −→ 0.

We remark that the O[G]-module E0 admits the following resolution

(20) 0 −−−−→ c-IndGK(0)O(0)
T−(q+1) id−−−−−−−→ c-IndGK(0)O(0) −−−−→ E0 −−−−→ 0

This fact will be used in next section. Note that the sequence (16) (for ψ = vF ) is the push-out of
(19) with respect to the natural embedding StG(O) ↪→ StG,cont(O). �

Universal extension of the Steinberg representation Following [10, 1] the definition of
the extension (16) can be refined as follows. Let A be a locally profinite abelian group and let
ψ : F ∗ → A be a continuous homomorphism. There exists a canonical extension

(21) 0 −→ StG,cont(A) −→ E ′(ψ) −→ Z(0) −→ 0

associated to ψ defined as follows. Let R = Z + εA be the topological ring of formal sums m+ εa
with m ∈ Z, a ∈ A. Addition and multiplication is given by (m1 +εa1)+(m2 +εa2) = (m1 +m2)+
ε(a1 +a2) and (m1 +εa1) ·(m2 +εa2) = (m1 ·m2)+ε(m2a1 +m1a2) respectively (the topology is the
product topology with Z being equipped with the discrete topology). Then x 7→ Θψ(x) = 1+ψ(x)ε
can be viewed as a continuous homomorphism Θψ : F ∗ → R∗, so as before we can consider the
continuous parabolic induction IndGB,contR[Θψ] of theR[T ]-moduleR[Θψ]. By applying the functor

IndGB,cont to the short exact sequence

0 −−−−→ A(0)
a7→εa−−−−→ R[Θψ]

m+εa7→m−−−−−−→ Z(0) −−−−→ 0
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we obtain a short exact sequence of G-modules

0 −→ IndGB,contA(0) −→ IndGB,contR(Θψ) −→ IndGB Z(0) −→ 0.

Again by pulling back this sequence with respect to the canonical inclusion Z(0) ↪→ IndGB Z(0)
and then taking the push-out with respect to the projection IndGB,contA(0) → StG,cont(A) :=(
IndGB,contA(0)

)
/A(0) yields (21). In the special case where ψ is the identity id : F ∗ → F ∗ we

obtain the universal extension of the Steinberg representation

(22) 0 −→ StG,cont(F
∗) −→ Euniv −→ Z(0) −→ 0.

3 Automorphic and arithmetic L -Invariants

In this section we mostly recall the definition of automorphic and arithmetic L -invariants and state
our main result. To begin with we introduce some notation.

For the remainder of this paper F denotes a totally real number field with ring of algebraic
integers OF . We fix a nonarchimedian place p of F lying above a prime number p. We denote
by A (resp. Ap, resp. Af , resp. Ap

f ) the ring of adeles of F (resp. ring of prime-to-p, resp. finite,
resp. finite prime-to-p adeles). We let S∞ denote the set of archimedean places of F and put
F∞ = F ⊗Q R. For a nonarchimedean place q of F we let Oq denote the valuation ring in Fq and

we put U
(0)
q = Up = O∗q and U

(n)
q = 1 + qnOq and for n ≥ 1. For a place v of F and an algebraic

group G/F we often write Gv for G(Fv).
Let D be a quaternion algebra over F , let G̃ = D∗ (viewed as an algebraic group over F ), let

Z ∼= Gm be the center of G̃ and put G = G̃/Z (thus G = PGL2/F if D = M2(F ) is the algebra
of 2 × 2 matrices). We let RamD be the set of (archimedian or nonarchimedian) places of F that
are ramified in D. We assume that p does not lie in RamD so that Gp = PGL2(Fp). We denote
by Bp the standard Borel subgroup of Gp and by Tp its maximal torus. We denote by Σ the set of
archimedean places of F that split D (i.e. Σ = S∞ \RamD) and we put d = ]Σ. If D is not totally
ramified then we choose an ordering Σ = {σ1, . . . , σd} of the places in Σ. We let d be the ideal of
OF that is the product of the primes which are ramified in D, so that RamD = (S∞−Σ)∪{q | d}.

For v ∈ S∞ we denote by Gv,+ the connected component of 1 in Gv. Thus Gv,+ = (G̃v)+/Zv
where (G̃v)+ is the subgroup of elements g ∈ G̃v with Nrd(g) > 0. We also put G(F )+ = G(F ) ∩∏
v|∞Gv,+ and define

∆ := G(F )/G(F )+
∼= {±1}d.

A compact open subgroup Kp
f of G(Ap

f ) will be called a (prime-to-p) level. We consider in particular
levels of the form K0(n)p. We recall the definition. Let n 6= (0) be an ideal of OF that is relatively
prime to {p} ∪ RamD. Let OD be an Eichler order of level n in D (if D = M2(F ) then we choose
OD to be the subalgebra M0(n) ⊆M2(OF ) of matrices that are upper triangular modulo n). For a
nonarchimedean place q of F we put OD,q = OD ⊗OF Oq and define K0(n)p to be the image of

(23) K̃0(n)p =
∏
q-p∞

O∗D,q

under the projection G̃(Ap
f )→ G(Ap

f ).
Throughout this section we consider a fixed cuspidal automorphic representation π = ⊗v πv of

G(AF ) of parallel weight 2, i.e. it has following properties
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− πv is the discrete series representation of Gv of weight 2 for all v ∈ S∞ − RamD,

− πv is the trivial representation of Gv for all v ∈ S∞ ∩ RamD.

For simplicity we also assume that πv is a onedimensional representation ofGv for all v ∈ RamD −S∞.

Automorphic L -invariants We put πf = π∞ = ⊗v-∞ πv and π0 = πpd,∞ = ⊗v-pd∞ πv and
assume that its conductor is f(π0) = n. In order to associate to π automorphic and arithmetic
L -invariants we need to assume that π is of split multiplicative type at p, i.e. we assume that the
following holds

(24) πp ∼= StGp(C).

This implies in particular that the conductor of π is f(π) = pn.
The G(Af )-representation πf can be defined over an algebraic number field Qπ ⊆ Q ⊆ C,

i.e. πf (and therefore also π0) admits a Qπ-structure. The spherical (prime-to p) Hecke algebra

T = TS0 = Z[Tq|q - pdn] (where S0 = {q | pdn}) acts on the onedimensional vector space π
K0(n)p

0 via
a ringhomomorphism λπ : T −→ C (the Hecke eigenvalue homomorphism) whose image is contained
in OQπ . We choose a place P of Qπ above p, or equivalently, we choose an embedding Qπ ↪→ Cp
and a subfield E of Cp that is finite over Qp and contains the image of Qπ (we may choose E to be
the completion of Qπ at P). Let O be the valuation ring of E and let $ ∈ O be a prime element.
Then λπ can be viewed as a ringhomomorphism

λπ : TO −→ O.

For a TO-module N we denote by Nπ the localization of N with respect to ker(λπ). We will also
consider T-modules N with an additional ∆-action. If ε : ∆ → {±} is a character then the pair
(λπ, ε) defines a homomorphism (λπ, ε) : T[∆]→ O and we define Nπ,ε to be the localization of N
with respect to its kernel.

As in [23] for a ring R, a level Kp
f and an R[Gp]-module M we let AR(M,Kp

f ;R) denote the

R[G(F )]-module of maps Φ : M × G(Ap
f )/Kp

f → R that are homomorphism of R-modules in

the first component. The G(F )-action is given by (γΦ)(m, gKp
f ) = Φ(γ−1m, γ−1gKp

f ) for Φ ∈
AR(M,Kp

f ;R), γ ∈ G(F ), m ∈M and g ∈ G(Ap
f ). The cohomology groups

(25) H•(G(F )+,AR(M,Kp
f ;R))

where considered in [23]. Since AR(M,Kp
f ;R) is an R[G(F )]-module the groups (25) are natu-

rally R[∆]-modules. There is also a canonical action of the Hecke algebra R[G(Ap
f )//Kp

f ] on (25)
commuting with the ∆-action.

The automorphic L -invariants associated to π are defined in terms of the cohomology groups

Hn(G(F )+,AO(M,K0(n)p,O))E

for n = d, M = StGp,cont(O) and the extension classes (16) (compare [23], 6.1 and [11], 2.5). They
carry a canonical TE [∆]-module structure. In the following we will abbreviate

Hn(M) : = Hn(G(F )+,AO(M,K0(n)p;O))E .
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We recall the connection to certain cohomology groups of S -spaces and S -varieties introduced in
[24] (see Prop. 5.6 and Prop. 5.12 in loc. cit.). If d ≥ 0 and if W is an admissible O[Tp]-module
then we have

(26) H•(Ind
Gp

Bp
W ) ∼= H•(Xan;W,O)E .

Furthermore, if W is an $-adically admissible O[Tp]-module and if V = WE is the associated
Banach space representation of Tp then

(27) H•(Ind
Gp

Bp,contW ) ∼= H•$−ad(Xan;V,E).

where the cohomology groups on the right hand side of (26), (27) have been introduced in ([24],
§4.1, 4.2). Here Xan denotes the (complex) quaternionic Hilbert modular S -manifold (XD

0 (n)p)an

in the sense of ([24], §5.1). Moreover if d ≥ 1 then we also have

(28) H•(Ind
Gp

Bp,contW ) ∼= H•$−ad(XQ;V,E).

where now X = XD
0 (n)p is quaternionic Hilbert modular S -variety. The cohomology groups

H•(Xan;W,O)E and H•$−ad(Xan;V,E) are equipped with a ∆-action and the isomorphism (26),
(27) are Hecke and ∆-equivariant. The groups H•$−ad(XQ;V,E) are equipped with a Galois action.
If W is an admissible O[Tp]-module that is free and of finite rank as an O-module then V = WE is
an admissible Banach space representation of Tp and we have (see [24], Prop. 4.18)

(29) H•(Xan;W,O)E ∼= H•$−ad(XQ;V,E).

Note that if 0 → M1
α−→ M2

β−→ M3 → 0 is a short exact sequence of O[Gp]-modules that
splits as a sequence of O-modules then the sequence of G(F )-modules

0 −→ AO(M3,K0(n)p;O) −→ AO(M2,K0(n)p;O) −→ AO(M1,K0(n)p;O) −→ 0

is exact as well, so we obtain a long exact sequence

(30) . . . −→ Hn(M3)
β∗−→ Hn(M2)

α∗−→ Hn(M1)
δn−→ Hn+1(M3) −→ . . .

of TE [∆]-modules. For example the sequence (19) yields a long exact sequence

(31) . . . −→ Hn(O(0)) −→ Hn(E0) −→ Hn(StGp)
δn0−→ Hn+1(O(0)) −→ . . .

Proposition 3.1. (a) We have

(32) Hn(StGp,cont(O))π = Hn(StGp(O))π =

{
E[∆] if n = d,

0 otherwise

for every n ≥ 0. In particular we get

Hn(StGp,cont(O))π,ε =

{
E if n = d,
0 otherwise

for every character ε : ∆→ {±1} and n ≥ 0.
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(b) The connecting homomorphisms in (31) induces an isomorphisms (δ0)π : Hn(StGp(O))π →
Hn+1(O(0))π. Consequently, we have

Hn(O(0))π,ε =

{
E if n = d+ 1,
0 otherwise

for every character ε : ∆→ {±1} and n ≥ 0.
(c) We have

Hn(Ind
Gp

Bp,contO(0))π,ε = Hn(Ind
Gp

Bp
O(0))π,ε =

{
E if n = d, d+ 1,
0 otherwise

for every character ε : ∆→ {±1} and n ≥ 0.

Proof. (a) For the first equality in (32) note that we have a commutative diagram

(33)

. . .Hn(StGp
(O)) −−−−→ Hn(Ind

Gp

Bp
O(0)) −−−−→ Hn(O(0)) −−−−→ Hn+1(StGp

(O)) . . .y y(29)

yid

y
. . .Hn(StGp,cont(O)) −−−−→ Hn(Ind

Gp

Bp,cont
O(0)) −−−−→ Hn(O(0)) −−−−→ Hn+1(StGp,cont(O)) . . .

where the rows are induced by (12) and (13) respectively. By ([24], 4.18, 5.6 and 5.12) and the
five lemma all vertical maps in (33) are isomorphisms. The second equality in (32) is well-known
(see e.g. [23], 5.8 (b)). For completeness we recall the argument. By ([23], (22)) there exists a long
exact sequence

Hn−1(c-IndGK O(0)) −→ Hn(StGp(O))π −→ Hn(c-IndGK0(p)O(0))wp=− id −→ Hn(c-IndGK O(0)) −→ . . .

where K = G(Op), K0(p) is its Iwahori subgroup and wp is an Atkin-Lehner involution. By ([24],
3.37 (a) and 5.6 (b)) we have

(34) Hn(c-IndGK O(0)) ∼= Hn(Xan
K ,O)E ∼= Hn(Xan

K , E),

and similarly Hn(c-IndGK0(p)O(0)) ∼= Hn(Xan
K0(p), E). Since the conductor of π is pn and πp ∼=

StGp(C) we have for every n ≥ 0

(35) Hn(Xan
K0(p), E)

wp=− id
π =

{
E[∆] if n = d,

0 otherwise

and Hn(Xan
K , E)π = 0 by work of Harder and Reimann (see [16], [20]).

(b) It suffices to show that Hn(E0)π = 0 for every n ≥ 0. For that we use the long exact
sequence induced by the resolution (20) of E0 localized at π

. . .Hn−1(c-IndGK O(0))π −→ Hn(E0)π −→ Hn(c-IndGK O(0))π −→ Hn(c-IndGK O(0))π . . .

and the vanishing of Hn(c-IndGK O(0))π ∼= Hn(Xan
K , E)π for every n ≥ 0.

(c) follows from ([24], Prop. 5.13) or it can be deduced from (a) and (b) using diagram (33).
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Remark 3.2. If D is a totally definite division algebra then the connecting homomorphism

H0(G(F ),AZ(StGp(Z),K0(n)p;Z))E
δ0
0−→

−→ H1(G(F ),AZ(Z,K0(n)p;Z))E = H1(G(F ), C(G(Ap
f )/K0(n)p;Z))E

is an isomorphism for any field E of characteristic 0 (i.e. without passing to the localization at π).
In fact, in this case we have

H0(XK , E) =

{
C(G(Af/K0(n), E) if n = 0,

0 if n ≥ 1

and Tp − (q + 1) id ∈ End(C(G(Af/K0(n), E)) is an isomorphism. �

Let ψ : F ∗p → O be a continuous homomorphism and consider the long exact sequence

(36) . . . −→ Hn(O(0)) −→ Hn(E (ψ)) −→ Hn(StGp,cont(O))
δψ−→ Hn+1(O(0)) −→ . . .

induced by the short exact sequence (16). Recall ([23], Def. 6.3), ([11], 2.1) the automorphic
L -invariant Lε(π, ψ) ∈ E is the uniquely determined scalar satisfying

Lε(π, ψ) · (δ0)π,ε = (δψ)π,ε : Hd(StGp,cont(O))π,ε → Hd+1(O(0))π,ε.

We will show in the next that Lε(π, ψ) independent of the choice of the character ε : ∆→ {±1}.

Lemma 3.3. Let ε : ∆→ {±1} be a character. We have
(a) For the normalized valuation vp : Fp → Z ∪ {+∞} we have Lε(π, vp) = 1.
(b) The map

(37) Lε(π, · ) : Homcont(F
∗
p ,O) −→ E, ψ 7→ Lε(π, ψ)

is a homomorphism of O-modules.

Proof. (a) follows from δvp = δ0. For (b) note that by Lemma 2.5 and standard properties of
δ-functors the map

Homcont(F
∗
p ,O) −→ HomO(Hd(StGp,cont(O))π,ε,Hd+1(O(0))π,ε)ψ 7→ δψ

is a homomorphism of O-modules.

Since Homcont(F
∗
p ,O) ⊗O E = Homcont(F

∗
p , E), Lemma 3.3 implies that (37) extends to an

E-linear functional

(38) Lε(π, · ) : Homcont(F
∗
p , E) −→ E, ψ 7→ Lε(π, ψ).

We need the following criterion characterizing the kernel of (37).

Proposition 3.4. Let ψ ∈ Homcont(F
∗
p ,O) and let ε : ∆ → {±1} be a character. The following

conditions are equivalent

(i) Lε(π, ψ) = 0.

(ii) For either n = d or n = d+ 1 the Ẽ-module Hn
$−ad(Xan; Ẽ(Θψ), E)π,ε is free of rank 1.
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Here the Ẽ-module structure on Hn
$−ad(Xan; Ẽ(Θψ), E) is induced by the Ẽ-module structure

on Ẽ(Θψ).

Proof. Clearly, (i) is equivalent to the vanishing of the homomorphism

(39) (δψ)π,ε : Hd(StGp,cont(O))π,ε −→ Hd+1(O(0))π,ε.

Consider the long exact sequence (30) associated to (14)

. . . −→ Hn(IndGB,contO(0))
β∗−→ Hn(IndGB,cont Õ(Θψ))

α∗−→ Hn(IndGB,contO(0))(40)

δΘψ−→ Hn+1(IndGB,contO(0)) −→ . . .

Prop. 3.1 (c) together with the fact that β∗ ◦ α∗ is multiplication with ε implies

(41) dimE

(
Hn(IndGB,cont Õ(Θψ))π,ε/εHn(IndGB,cont Õ(Θψ))π,ε

)
= 1

i.e. the Ẽ-module Hn(IndGB,cont Õ(Θψ))π,ε is generated by one element if n = d, d + 1. It follows
from standard functorial properties of connecting homomorphisms that the diagram

Hn(IndGB,contO(0))
δΘψ−−−−→ Hn+1(IndGB,contO(0))x y

Hn(StGp,cont(O))
δψ−−−−→ Hn+1(O(0))

commutes for each n ∈ Z. Here the vertical maps are induced by the homomorphisms appearing
in the sequence (13). If n = d the vertical maps are – after localization with respect to (π, ε) –
isomorphisms of onedimensional E-vector spaces by Prop. 3.1 (a), (b). Hence the vanishing of the
map (39) is equivalent to the vanishing of

(42) (δΘψ)π,ε : Hd(IndGB,contO(0))π,ε −→ Hd+1(IndGB,contO(0))π,ε.

Localizing (40) with respect to (π, ε) and using Prop. 3.1 (c) this implies that

Lε(π, ψ) = 0⇔ dimEHd(IndGB,cont Õ(Θψ))π,ε = 2⇔ dimEHd+1(IndGB,cont Õ(Θψ))π,ε = 2.

Using (41) and this yields the equivalence of the conditions (i) and (ii).

Arithmetic L -invariants We recall the definition of the arithmetic (i.e. Mazur-Tate-Teitelbaum)
L -invariant L (Vπ, ψ) (see [19], [14]). It is defined in terms of the $-adic Galois representation Vπ
attached to π. Recall ([3], [28], [25]) that there exists a twodimensional E-vector space V = Vπ
together with a continuous homomorphism ρ = ρπ : G := Gal(F/F )→ GL(Vπ) with the following
properties

(i) ρ is unramified outside the set of primes dividing pdn.

(ii) If Frobq ∈ Gal(F/F ) is a Frobenius for a prime q - pnd then we have

(43) Tr(ρ(Frobq)) = λπ(Tq), det(ρ(Frobq)) = N(q).
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(iii) Let Gp ⊆ Gal(Q/F ) be the decomposition group of a prime above p. Then there exists a short
exact sequence of E[Gp]-modules

(44) 0 −→ E(1) −→ V −→ E(0) −→ 0

where E(m) := E ⊗Zp Zp(m), m ∈ Z, i.e. E(m) = E equipped with Gp-action via the m-th power
of the cyclotomic character χcycl : Gp → Gal(Fp(µp∞)/Fp) ⊆ Z∗p. The Gp-representation V is
semistable but not crystalline4.

By [21] (see also [26], Prop. 3.1) the Galois representation ρ is simple and uniquely determined
by the properties (i) and (ii). We denote by

ξ = ξ(π) ∈ Ext1
E[Gp](E(0), E(1)) = H1(Fp, E(1))

the class of the extension (44). Here H1(Fp, · ) = H1
cont(Gp, · ) denotes continuous Galois cohomol-

ogy. Also the local reciprocity map rec : F ∗p → Gal(Fp/Fp)
ab ∼= Gab

p induces an isomorphism

H1(Fp, E(0)) = Homcont(Gp, E) −→ Homcont(F
∗
p , E), ϕ 7→ ϕ ◦ rec .

We denote the inverse map by

∂ : Homcont(F
∗
p , E) −→ H1(Fp, E(0)), ψ 7→ ∂(ψ).

Following ([14], Def. 3.9) we define

Definition 3.5. The L -invariant of Vπ associated to ψ ∈ Homcont(F
∗
p , E) is the scalar L (Vπ, ψ) ∈

E characterized by
L (Vπ, ψ) ∂(vp) ∪ ξ(π) = ∂(ψ) ∪ ξ(π).

Here the cup-product is Tate’s local duality pairing

H1(Fp, E(0))×H1(Fp, E(1)) −→ H2(Fp, E(1)) ∼= E.

The fact that V is not crystalline implies ∂(ordp) ∪ ξ(π) 6= 0. Indeed, since the image of ξ under
the projection H1(Fp, E(1))→ H1

/f (Fp, E(1)) := H1(Fp, E(1))/H1
f (Fp, E(1)) is non-trivial, its cup-

product with the ∂(vp) ∈ H1
f (Fp, E(0)) is non-trivial as well.

Remark 3.6. The map

L (Vπ, · ) : Hom(F ∗p , E) −→ E, ψ 7→ L (Vπ, ψ)

is an E-linear functional with L (Vπ, vp) = 1. �

Our main result is

4Since V can be realized as a direct summand of Tp(A)E of an abelian variety A/F with split multiplicative
reduction at p.
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Theorem 3.7. We have Lε(π, ψ) = L (Vπ, ψ) for every ψ ∈ Homcont(F
∗
p , E) and every character

ε : ∆→ {±1}.5

Remark 3.8. The equality of L -invariants appeared as a conjecture in [13] (in the case D = M2(F )
and F has class number 1) and in [15] (for D a division algebras). Theorem 3.7 has been known
previously in the following cases: F = Q, D a definite division algebra (see [27]), F = Q, D = M2(Q)
(by [14], [5] and [6]), F = Q, D a definite division algebra (by [7] and [17]) and for F arbitrary,
D = M2(F ), ψ = logp ◦NFp/Qp and ε = 1 (by [23].

Note thought that even in the classical case F = Q and D = M2(Q) our proof is new as it does
not use big Galois representations associated to Hida families. �

4 Proof of the comparison Theorem if d = 0 and d = 1

The case d = 0 The proof of Thm. 3.7 in this case can be deduced from p-adic uniformization of
Shimura curves. If F = Q and π is defined over Q (i.e. if Vπ is the Galois representation associated
to an elliptic curve E/Q) then this has been pointed out already in [27]. The proof in the general
case does not require any new idea.

Note that D is a totally definite quaternion algebra, X is a 0-dimensional S -space and ∆ = 1.
Therefore there exists only one automorphic L -invariant L (π, ψ) associated with π (and ψ and p)
and we can (and will) drop ε from the notation.

We fix an archimedian place v of F . LetD be the quaternion algebra with RamD = RamD \{v}∪
{p}. Let G denote the algebraic group corresponding to D

∗
/F ∗ and fix an Eichler order OD of

level n in D. We choose isomorphism Dq
∼= Dq for every nonarchimedean place q 6= p that respects

the local Eichler orders (i.e. OD,q is mapped onto OD,p), so that we can (and will) identify G(Ap
f )

the groups G(Ap
f ) and G(Ap

f ). Let Kv be a maximal compact open subgroup of Gv ∼= PGL2(R).

For a Kp
f ⊆ G(Ap

f ) we let Y = Y (Kp
f )/F denote the Shimura curve of level Gp × Kp

f as-

sociated to D, i.e. the associated compact Riemann surface Y an = Y (C) is given by Y an =

G(F )\
(
Gv/Kv ×G(Ap

f )/Kp
f

)
. We recall the p-adic uniformization of Y due to C̆erednik [4] if

F = Q and by Boutot-Zink [2] for arbitrary F .

Let Cp = F̂ p = Cp be the completion of the algebraic closure of Fp and let Y (Kp
f )rig be the rigid

analytic Fp-variety associated to Y (Kp
f )⊗ Fp. For Kp

f sufficiently small there exists a Gal(Cp/Fp)-
equivariant isomorphism of rigid analytic Fp-varieties

(45) Y (Kp
f )rig = G(F )\

(
Hp ×G(Ap

f )/Kp
f

)
where Hp = P1

/Fp
\ P1(Fp) is the p-adic upper half plane. Thus the curve Y (Kp

f )rig is a disjoint

union of Mumford curves. This implies that the Jacobian J = Jac(Y (Kp
f )) of Y (Kp

f ) has split
multiplicative reduction at p. Using the work of Manin and Drinfeld [18] we can deduce from the
isomorphism (45) an explicit description of the rigid analytic Fp-torus J rig associated to J ⊗ Fp

hence also of the Tate module Tp(J) = H1(Y (Kp
f )Q,Zp(1)). We use here the reformulation in ([1]

and [6]) of the theorem of Manin-Drinfeld.

5After this work was completed the author was informed that Gehrmann and Rosso have obtained the same result;
see [12].
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Firstly, note that if Kp
f is sufficiently small the Z-module H1(G(F ), Cc(G(Af )/Kp

f ,Z)) is free of

finite rank. Indeed, let g1, . . . , gh ∈ G(Ap
f ) be a system of representatives of G(F )\G(Ap

f )/Kp
f and

put Γi = G(F )∩ giKp
f . If Kp

f is small enough then the groups Γ1, . . . ,Γh are finitely generated and
free hence

H1(G(F ), Cc(G(Af )/Kp
f ,Z)) ∼=

h⊕
i=1

H1(Γi,Z) ∼=
h⊕
i=1

Γab
i

is free-abelian of finite rank. Let T /Fp be the split algebraic torus with character group H1(G(F ),
Cc(G(Af )/Kp

f ,Z)). Since the map

H1(G(F ), C(G(Af )/Kp
f , F

∗
p )) −→ Hom(H1(G(F ), Cc(G(Af )/Kp

f ,Z), F ∗p )

induced by the ∩-product is an isomorphism we can identify H1(G(F ), C(G(Af )/Kp
f , F

∗
p ) with set

of Fp-points of T .
The universal extension of the Steinberg representation (22) induces a homomorphism

(46) j : H0(G(F ),AZ(StGp(Z),Kp
f ,Z)) −→ H1(G(F ), C(G(Af )/Kp

f , F
∗
p )) = T (Fp)

as follows. Firstly, we note that there exists a canonical map

AZ(StGp(Z),Kp
f ,Z) = Hom(StGp(Z),Maps(G(Ap

f )/Kp
f ,Z))(47)

−→ lim
←−

n

Hom(StGp(Z)⊗ F ∗p /U
(n)
p ,Maps(G(Ap

f )/Kp
f ,Z)⊗ F ∗p /U

(n)
p )

−→ lim
←−

n

Hom(StGp(F ∗p /U
(n)
p ),Maps(G(Ap

f )/Kp
f , F

∗
p /U

(n)
p ))

−→ Hom(lim
←−

n

StGp(F ∗p /U
(n)
p ), lim

←−
n

Maps(G(Ap
f )/Kp

f , F
∗
p /U

(n)
p ))

= Hom(StGp,cont(F
∗
p ), C(G(Ap

f )/Kp
f , F

∗
p ))

(for the second map note that StGp(Z) ⊗ A = StGp(A) for any discrete abelian group A). The
extension (22) yields a short exact sequence

0 −→ C(G(Ap
f )/Kp

f , F
∗
p ) −→ Hom(Euniv, C(G(Ap

f )/Kp
f , F

∗
p ))

−→ Hom(StGp,cont(F
∗
p ), C(G(Ap

f )/Kp
f , F

∗
p )) −→ 0

and (46) is defined as the composite

H0(G(F ),AZ(StGp(Z),Kp
f ,Z)) −→ H0(G(F ),Hom(StGp,cont(F

∗
p ), C(G(Ap

f )/Kp
f , F

∗
p )))(48)

−→ H1(G(F ), C(G(Af )/Kp
f , F

∗
p ))

where the first map is induced by (47) and the second is the connecting homomorphism induced
by (48).

By ([1], Thm. 4.9) and ([6], Thm. 2.5) we have an isomorphism of rigid analytic Fp-tori

(49) J rig = Jac(Y (Kp
f )) ∼= T rig/j(Λ)

where Λ = H0(G(F ),AZ(StGp(Z),Kp
f ,Z)).
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We fix ψ ∈ Homcont(F
∗
p ,O). As in ([14], §3) we can associate an L -invariant to L (J rig, ψ) to

J rig and ψ as follows. The homomorphisms vp, ψ induce homomorphisms

(vp)∗, ψ∗ : H1(G(F ), C(G(Af )/Kp
f , F

∗
p ))E → H1(G(F ), C(G(Af )/Kp

f ,O))E .

The L -invariant L (J rig, ψ) is defined as the endomorphism

(50) L (J rig, ψ) : H0(G(F ),AZ(StGp(Z),Kp
f ,Z))E −→ H0(G(F ),AZ(StGp(Z),Kp

f ,Z))E

such that ψ∗◦jE ◦L rig(ψ) = (vp)∗◦jE . Note that for every ψ ∈ Homcont(F
∗
p ,O) the map ψ∗◦jE can

be identified with the connecting homomorphism δ0
ψ in (36). So by Remark 3.2 the L -invariant (50)

can be defined even if Kp
f is not small enough. In particular for Kp

f = K0(n)p the endomorphism
(50) is Hecke equivariant and localizing at π yields

L (J rig, ψ)π = L (π, ψ).

On the other hand (49) implies that there exists a short exact sequence of Gp-module

(51) 0 −→ Tp(T ) = Λ′E(1) −→ H1(Y (Kp
f )Q,Zp(1))E −→ ΛE(0) −→ 0

where Λ′ = Hom(Gm, T ) = H1(G(F ), C(G(Af )/Kp
f ,Z)). Let ξ ∈ Ext1

E[Gp](ΛE(0),Λ′E(1)) denote

the class of (51). By applying the Yoneda pairing we obtain a map

· ·ξ : Λ⊗H1(Fp, E(0)) = Ext1
E[Gp](E(0),ΛE(0)) −→ Ext2

E[Gp](E(0),Λ′E(1)) ∼= Λ′E .

By ([14], Thm. 3.11) the diagram

(52) ΛE

L rig(ψ)

��

λ 7→(λ⊗∂(vp))·ξ

''
ΛE′

ΛE

λ⊗∂(ψ))·ξ
77

commutes. If K0(n)p is sufficiently small the sequence (51) localized at π can be identified with
(44). Hence the commutativity of (52) implies

L (π, ψ) = L (J rig, ψ)π = L (Vπ, ψ).

In the general case this equality still holds as can be seen by choosing an open normal subgroup
Kp
f of K0(n)p that is sufficiently small and passing in (51) and (52) to K0(n)p/Kp

f -invariants.

The case d = 1 We first assume that D is a division algebra. The initial step is to show that
the E-linear functional (38) does not depend on the character ε : ∆→ {±1}. By Lemma 3.3 (a) it
suffices to see that for ψ ∈ Homcont(F

∗
p ,O) the vanishing of Lε(π, ψ) does not depend on ε. We fix

ψ and consider the long exact sequence

. . . −→ Hn
$−ad(XQ;E(0), E) −→ Hn

$−ad(XQ; Ẽ(Θψ), E) −→ Hn
$−ad(XQ;E(0), E)

δnΘψ−→ Hn+1
$−ad(XQ;E(0), E) −→ . . .
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associated to the short exact sequence of 0→ E(0)→ Ẽ(Θψ)→ E(0)→ 0 of admissible E-Banach
space representations of Tp (i.e. the sequence (14) tensored with ⊗OE). By (28) it can be identified
with the sequence (40) as a sequence of Hecke modules.

The localization Hn
$−ad(XQ;E(0), E)π for n = 1, 2 can be identified with the G = Gal(Q/F )-

representation V := Vπ. Indeed, by Prop. 3.1 and ([24], Thm. 5.27) Hn
$−ad(XQ;E(0), E)π is a

twodimensional E-vector space equipped with a continuous E-linear G-action unramified outside
the set of primes dividing pdn such that the Eichler-Shimura relations (43) hold. The uniqueness
of V thus implies

H1
$−ad(XQ;E(0), E)π ∼= V ∼= H2

$−ad(XQ;E(0), E)π.

By using the fact that the E[G]-module V is simple we see that

(53) (δΘψ)π : H1
$−ad(XQ;E(0), E)π −→ H2

$−ad(XQ;E(0), E)

is either injective or = 0. Therefore (in the case d = 1) the vanishing of (53), hence also of (42)
and of Lε(π, ψ) is independent of the character ε : ∆→ {±1} so we will drop ε from the notation.

Since L (π, vp) = 1 = L (V, vp) and L (π, · ), L (V, · ) are E-linear functionals to finish the
proof it suffices to show that for ψ ∈ Homcont(F

∗
p ,O) with L (π, ψ) = 0 we also have L (V, ψ) = 0,

i.e. ∂(ψ) ∪ ξ(V ) = 0. Put Ṽ = H1
$−ad(XQ; Ẽ(Θψ), E)π, Ṽ 0 = H1

$−ad(XQ; Ẽ(Θψ), E)0
π, Ṽ et =

H1
$−ad(XQ; Ẽ(Θψ), E)et

π , V 0 = H1
$−ad(XQ;E(0), E)0

π, V et := H1
$−ad(XQ;E(0), E)et

π so that we
obtain a diagram

(54)

0 0 0y y y
0 −−−−→ V 0 −−−−→ V −−−−→ V et −−−−→ 0y y y
0 −−−−→ Ṽ 0 −−−−→ Ṽ −−−−→ Ṽ et −−−−→ 0y y y
0 −−−−→ V 0 −−−−→ V −−−−→ V et −−−−→ 0y y y

0 0 0

By ([24], Thm. 5.27) the rows are exact and we have V 0 = E(1), V et = E(0) (i.e. the first and
third row can be identified with the sequence (44)). Moreover Gp acts on the Ẽ-modules Ṽ 0 and

Ṽ et via the characters χ̃ · χcycl and χ̃−1 respectively. Here χ̃ : Gp → Õ∗ denotes the character of
Gp that corresponds to Θψ under the reciprocity map, i.e. we have χ̃(σ) = 1 + (∂ψ)(σ)ε for every
σ ∈ Gp.

By Prop. 3.4 the Ẽ-module Ṽ is a free of rank 2 and the middle column of (54) is exact. We claim
that the first and third column is exact as well. If we view them as complexes of Ẽ[Gp]-modules
denoted by C1

• and C3
• then the exactness of the middle column implies Hn(C3

• )
∼= Hn−1(C1

• ) for
every n. However the Gp-action on Hn(C1

• ) and Hn−1(C3
• ) are not compatible: on the first group

Gp acts via the character χ̃ · χcycl and on the second via χ̃−1. It follows Hn(C3
• ) = 0 = Hn−1(C1

• )
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for every n, i.e. the rows of (54) are exact. In particular we see that Ṽ 0 and Ṽ et are free of rank 1
as Ẽ-modules hence Ṽ 0 = Ẽ(χ̃ · χcycl) and Ṽ 0 = Ẽ(χ̃−1).

By twisting the Gp-action of each Ẽ[Gp]-module in (54) with χ̃−1 we see that the first and third
row remain the same whereas the middle row becomes

0 −→ Ẽ(1) −→ Ṽ ′ := Ṽ (χ̃−1) −→ Ẽ(χ̃−2) −→ 0.

Now we follow the argument in ([14], proof of Thm. 3.14). Consider the diagram of Galois coho-
mology groups

H0(Fp, E(0))yδ
H1(Fp, E(1)) −−−−→ H1(Fp, V ) −−−−→ H1(Fp, E(0)) −−−−→

δ′
H2(Fp, E(1))y y yι2 yι1

H1(Fp, Ẽ(1)) −−−−→ H1(Fp, Ṽ
′) −−−−→ H1(Fp, Ẽ(0)) −−−−→ H2(Fp, Ẽ(1))

induced by diagram (54) (twisted by χ̃−1). A simple computation shows that the image of 1 ∈ E =
H0(Fp, E(0)) under δ is equal to −2∂(ψ).

Since H2(Fp,Q(1)) = Qp the map ι1 can be identified with E → Ẽ, x 7→ xε hence it is injective.
Since ι2 ◦ δ = 0 we also have ι1 ◦ δ′ ◦ δ = 0 hence δ′ ◦ δ = 0. It follows

0 = δ′ ◦ δ(1) = −2 δ′(∂(ψ)) = ±2 ξ ∪ ∂(ψ)

and therefore ξ ∪ ∂(ψ) = 0.
Finally, it remains to consider the case F = Q and D = M2(F ). The above proof can be easily

adapted to this case using ([24], Thm. 5.35) instead of ([24], Thm. 5.27) and by noting that

H1
$−ad(XQ;E(0), E)π = H1

$−ad,!(XQ;E(0), E)π,(55)

H1
$−ad(XQ; Ẽ(Θψ), E)π = H1

$−ad,!(XQ; Ẽ(Θψ), E)π.

Indeed, by ([24], Prop. 5.31) all terms of the sequence

0 −→ HomE[Tp](E(0), C1
E)π −→ HomE[Tp](Ẽ(Θψ), C1

E)π −→ HomE[Tp](E(0), C1
E)π

vanish. Therefore by localizing the sequence (see [24], §5.7)

0 −→ H1
$−ad,!(XQ;A(χ), E) −→ H1

$−ad(XQ;A(χ), E) −→ HomE[Tp](A(χ−1), C1
E).

at π for A(χ) = E(0) and A(χ) = Ẽ(Θψ) yields (55). �

5 Jacquet-Langlands functoriality for automorphic L -invariants

In this section we assume that d ≥ 2. Up to isomorphism there exists a unique quaternion algebra
D with

(56) RamD =

{
RamD ∪Σ if d is even;

RamD ∪{σ2, . . . , σd} if d is odd.
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Let d̄ be the number of archimedean places v that split D (thus d̄ ∈ {0, 1} and d̄ ≡ dmod 2).
We denote the algebraic group corresponding to D

∗
/F ∗ by G and put ∆ = G(F )/G(F )+

∼=
{±1}d̄. Let OD be an Eichler order of level n in D. We choose an isomorphism Dv

∼= Dv for every
nonarchimedean place v that respects the local Eichler orders (i.e. OD,v is mapped onto OD,v).
This allows us to view the level K0(n)p ⊆ G(Ap

f ) as a level in G(Ap
f ) and also to view K as a subset

of the set of compact open subgroups of Gp. The associated S -space (resp. S -scheme if d̄ = 1)

will be abbreviated by X = XD
0 (n)p.

By the Jacquet-Langlands correspondence there exists an automorphic representation JL(π) =
π′ = ⊗v π′v such that π′v

∼= πv for all places v of F where Dv
∼= Dv and so that π′v is the trivial

representation of Gv for the places v where Dv 6∼= Dv (i.e. for the places in Σ resp. in {σ2, . . . , σd}
if d̄ = 0 resp. if d̄ = 1). The main result in this section is

Theorem 5.1. We have Lε(π, ψ) = L (π′, ψ) for every ψ ∈ Homcont(F
∗
p ,O) and every character

ε : ∆→ {±1}.

In particular we see that the automorphic L -invariant Lε(π, ψ) is independent of the choice
of the character ε. In the previous section we have shown that Theorem 3.7 holds for π′ (since
d̄ ≤ 1). Since the $-adic Galois representation attached to π and π′ are the same this implies
Lε(π, ψ) = L (Vπ, ψ) thus completing the proof of Thm. 3.7.

Theorem 5.1 follows from the following seemingly weaker assertion

Lemma 5.2. Let ψ ∈ Homcont(F
∗
p ,O) and let V = ker(ψ) ∩ Up. Assume that L (π′, ψ) = 0 and

Up/V ∼= Zp. Then we have Lε(π, ψ) = 0 for every character ε : ∆→ {±1}.

Proof of Thm. 5.1 assuming Lemma 5.2. We fix a character ε : ∆→ {±1}. Note that the E-vector

space Homcont(F
∗
p , E) has dimension r + 1 where r := [Fp : Qp] = dim(U

(1)
p ⊗Zp Qp). We choose a

specific basis of Homcont(F
∗
p , E) as follows. Let V1, . . . , Vr be closed subgroups of Up with Up/Vi ∼= Zp

and so that V1 ∩ . . . ∩ Vr is the torsion subgroup of Up. We can find ψ′1, . . . , ψ
′
r ∈ Homcont(F

∗
p ,O)

so that Ker(ψ′i) ∩ Up = Vi for i = 1, . . . , r. Then ψ′1, . . . , ψ
′
r, vp form a basis of Homcont(F

∗
p , E). If

we put ψi = ψ′i −L (π′, ψ′i) · vp then we have Ker(ψi) ∩ Up = Ker(ψ′i) ∩ Up = Vi and

L (π′, ψi) = L (π′, ψ′i)−L (π′, ψ) ·L (π′, vp) = 0

for i = 1, . . . , r by Lemma 3.3. Therefore ψ1, . . . , ψr, vp form a basis of Homcont(F
∗
p , E) so that

Lε(π, ψi) = 0 = L (π′, ψi) for i = 1, . . . , r and Lε(π, vp) = L (π′, vp) = 1 by Lemmas 3.3 (a)
and 5.2. Using the fact that both types of L -invariants are linear as functions of ψ we obtain
Lε(π, ψ) = L (π′, ψ) for every ψ ∈ Homcont(F

∗
p , E).

The proof of Lemma 5.2 requires some preparation. We put T p = Tp/V and consider the
Iwasawa algebra

(57) Λ = O[[Up/V ]] = lim
←−n

O[Up/V U
(n)
p ].

The augmentation ideal of ΛE , i.e. the kernel of the canonical projection aug : ΛE → E, will be
denote by a. Since Up/V ∼= Zp we see that Λ is non-canonical isomorphic to the power series ring
O[[T ]] in one variable over O. In particular we note that ΛE is a principal ideal domain.
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We fix a character ε : ∆→ {±1} and consider the following E[T p]-module

(58) V = OrdV,d̄$−ad(X
an
,O)E,ε.

By ([24], Prop. 5.20 (b) and Prop. 5.21) the vector space V is an admissible E-Banach space

representation of T p and its dual M = D(V) ∈ Modfgaug
E (T p) is free and of finite rank as a ΛE-

module. The ΛO(T p)E-module V is equipped additionally with an action of the Hecke algebra TE
commuting with the ΛO(T p)E-action. Let

(59) R = Im(TE ⊗E ΛO(T p)E −→ EndBanadm
E (T p)(V)).

If r0 = rankΛEM then using the duality functor (9) yields

R ⊆ EndBanadm
E (T p)(V) ∼= End

Modfgaug
E (T p)

(M) ⊆ EndΛE (M) ∼= Λ
r2
0
E .

Hence R is a finite and torsionfree, hence flat ΛE-algebra. We put X = SpecR and let q : X →
Spec ΛE be the induced finite flat morphism. We denote by

(60) λ : TE −→ RE

the canonical E-algebra homomorphism and by

(61) χ : F ∗p
∼= Tp −→ T p −→ R∗

the canonical (continuous) character. Let |X| be the set of closed points of X. For x ∈ |X| with
residue field k(x) we put

λx := λ mod x : TE
λ−−−−→ R

mod x−−−−−→ k(x)

and

χx := χ mod x : TE
χ−−−−→ R

mod x−−−−−→ k(x)∗.

Lemma 5.3. (a) There exists a point x0 = m0 ∈ |X| that is associated to π, i.e we have, χx0 = 1,
λx0 = λπ and k(x0) = E. The point x0 lies above a and X→ Spec ΛE is étale in x0. Moreover the
Rm0-module Mm0 is free of rank 1.
(b) We have V[m2

0] ∼= Ẽ[Θψ] as E-Banach space representations of T p.

Proof. (a) Since the anti-equivalence of categories D : Banadm
E (T p) → Modfgaug

E (T p) is ΛO(T p)E-
linear we have

M/aM = M⊗ΛE ,aug E ∼= D(V[a]).

By ([24], Prop. 5.20 (e)) we have

OrdV,d̄$−ad(X
an
,O)E [a] = HomE[T p](c-Ind

T p

T
0
p

E,OrdV,d̄$−ad(X
an
,O)E)

= Hd̄
$−ad(X

an
; c-Ind

T p

T
0
p

E,E)

= HomE[T p](c-Ind
T p

T
0
p

E,Ord
T 0
p ,d̄

$−ad(X
an
,O)E) = H d̄(X

an
K0(1),O)ord

E .
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Let D be = D if d̄ = 0 and let D be the totally ramified incoherent quaternion algebra over A
(in the sense [29]) with ramification set RamD = RamD ∪{σ1} = S∞ ∪ RamD if d̄ = 1. Following

([29], bottom of page 70) for a subfield E of C we define the set A(D∗/A∗, E) of automorphic
representations of D∗/A∗ over E as the set isomorphism classes of irreducible representations of
D∗/A∗ such that π ⊗E C is a sum of automorphic representations of D∗/A∗ of weight 0. As in the
proof ([24], Lemma 5.26) we have a decomposition

(62) V[a] = H d̄(X
an
K0(1),O)ord

E,ε =
⊕
π̃∈R

Mord
π̃,p ⊗Oπ̃ (π̃p)K0(n)p

where R denotes the set of π̃ ∈ A(D∗/A∗, E) such that π̃
K(0)
p 6= 0 6= (π̃p)K0(n)p and Mord

π̃,p 6= 0.

Here – as in the proof of ([24], Lemma 5.26) – Mπ̃,p denotes a T+
p -stable Oπ̃-lattice in π̃

K1(n)
p .

Moreover, by ([24], Prop. 2.19) there exists an unramified quasicharacter χπ̃ : F ∗p → O∗ such that

Mord
π̃,p
∼= Oπ̃(χπ̃) for every π̃ ∈ R. Thus we get

(63) V[a] =
⊕
π̃∈R

Eπ̃(χπ̃)⊗Eπ̃ (π̃p)K0(n)p .

In particular the action of TE ⊗E ΛO(T p)E , hence also of R, on V[a] is semisimple. Since R/aR is
a finite ΛE/a = E-algebra we conclude

V[a] ∼=
⊕

m∈SpecR/aR

V[m]

(here and in the following we view SpecR/aR as a subset of |X|). In particular the localization
V[a]m is equal to V[m] for every m ∈ SpecR/aR. Applying again the duality functor D yields

Mm/aMm = D(V[a])m = D(V[m]) = Mm/mMm = M⊗R R/m

hence

(64) aMm = mMm

for every m ∈ SpecR/aR ⊂ |X|. Since f(π′) = f(π) = pn and π′p = πp = StGp(E) the automorphic
representation π corresponds to an element of R that (by abuse of notation) will also be denoted
by π. Since dimE((πp)K0(n)p) = 1 the R-submodule

{v ∈ V[a] | t · v = λπ(h)v, t · v = v ∀h ∈ TE , t ∈ T p}

of V[a] is onedimensional, so it is of the form V[m0] for a unique ideal m0 ∈ SpecR/aR, i.e. a unique
point x0 ∈ X lying above a. It follows k(x0) = E and dimE(M⊗R R/m0) = 1. By Nakayama’s
Lemma we obtain

Mm0
∼= Rm0/AnnRm0

(Mm0) ∼= (R/AnnR(M))m0 .

However since M is a faithful R-module we have AnnR(M) = 0, hence Mm0 is a free Rm0-module
of rank 1. The equality (64) for m = m0 now yields aRm0 = m0Rm0 , i.e. X→ Spec ΛE is unramified,
hence étale in m0 = x0.
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(b) Firstly, we remark that

HomE[T p](Ẽ(Θψ),OrdV,d̄$−ad(X
an
,O)E) ∼= Hd̄

$−ad(X
an

; Ẽ(Θψ), E)

by ([24], Prop. 5.20 (e)). Together with Prop. 3.4 it follows that HomE[T p](Ẽ(Θψ),Vm0) is a free

Ẽ-module of rank 1, so there exists a monomorphism of E[T p]-modules

(65) Ẽ(Θψ) −→ Vm0 .

The source carries a canonical ΛE-module structure and it is easy to see that (65) is ΛE-linear and
that a2Ẽ(Θψ) = 0. It follows that the image of (65) is contained in V[a2]m0 . By (a) we have

Mm0/a
2Mm0 =Mm0/m

2
0Mm0 =M/m2

0
∼= R/m2

0
∼= ΛE/a

2

hence Vm0 [a2] = V[m2
0] and dimE(V[m2

0]) = 2. Therefore (65) can be viewed as an isomorphism

Ẽ(Θψ) −→ V[m2
0].

A point x ∈ |X| will be called classical if χx 6= 1 is a quasicharacter and if there exists a
π(x) ∈ A(D∗/A∗, E)

(i) The π(x) is defined over k(x), i.e. there exists ι : Eπ(x) := EndE(π(x)) ∼= k(x);

(ii) The conductor of π(x)dp,∞ divides n;

(iii) π(x)p is the principal series representation π(x)p = π(χ−1
x | · |

−1/2
p , χx| · |1/2p );

(iv) The Hecke eigenvalue homomorphism λπ(x) : T→ Eπ(x)

ι∼= k(x) is equal to = λx.
The set of classical points of X will be denoted by Xcl.

Lemma 5.4. Xcl is dense in X.

Proof. For n ≥ 1 let Un be the open subgroups of T 0
p of index pn containing V . Put Λn = O[T 0

p /Un]
and an := Ker(ΛE → (Λn)E). Since

⋂
n≥1 an = 0, the set (

⋃
n≥1 SpecR/anR) \ SpecR/aR is dense

in X, so it suffices to see that it consists of classical points. Similar to (62), (63) one shows that for
fixed n ≥ 1 we have

V[an] = H d̄(X
an
KUn (n),O)ord

E,ε
∼=
⊕
π̃∈R

Eπ̃(χπ̃)⊗Eπ̃ (π̃p)K0(n)p

where R denotes the set of π̃ ∈ A(D∗/A∗, E) such that π̃
KUn (n)
p 6= 0 6= (π̃p)K0(n)p and Mord

π̃,p 6= 0.
As in the proof of Lemma 5.3 (a) this implies that the action of R on V[an] is semisimple and that

V[a] ∼=
⊕

m∈SpecR/anR

V[m].

Let m ∈ SpecR/anR \ SpecR/aR. We have V[m] 6= 0 (since AnnR(M) = 0 hence D(V[m]) =
M/mM 6= 0), so there exists a unique6 π̃ ∈ R such that

V[m] = Eπ̃(χπ̃)⊗Eπ̃ (π̃p)K0(n)p = {v ∈ V[a] | t · v = λπ̃(h)v, t · v = χπ̃(t)v ∀h ∈ TE , t ∈ T p}.

The condition m 6∈ SpecR/aR implies that the quasicharacter χπ̃ is ramified hence π̃p = Ind
Gp

Bp
χ−1
π̃ =

π(χ−1
π̃ | · |

−1/2
p , χπ̃| · |

1/2
p ) by ([24], Prop. 2.19). It follows that m is classical.

6Since the Hecke eigenvalue homomorphism λπ̃ determines π̃ uniquely.
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We fix a character ε : ∆ → {±1} and consider the cohomology group Hd(Xan;V, E)ε. It is a
finitely generated augmented E[T p]-module equipped with a TR = TE ⊗E R-action (the R-action
is induced by the R-action on V). For a TR-module N we let Nλ be the maximal quotient of N
where TE acts via λ : TE → R, i.e. Nλ = N ⊗TR,λ⊗idR R.

Lemma 5.5. Let N : = (Hd
$−ad(Xan;V, E)ε)λ.

(a) The R-module N is finitely generated.
(b) There exists an open neighbourhood U of x0 in X such that U ↪→ X→ Spec ΛE is étale and Ñ |U
is an invertible OU-module.7

(c) The canonical map (Hd
$−ad(Xan;V, E)⊗R k(x0))π,ε → N ⊗R k(x0) is an isomorphism of oned-

imensional E-vector spaces. Moreover we have Hd+1
$−ad(Xan;V, E)[m0]π,ε = 0.

Proof. (a) follows immediately from the fact that Hd
$−ad(Xan;V, E) is finitely generated as a ΛE-

hence also as an R-module.
(b) By Lemma 5.3 (a) there exists an open neighbourhood U ⊆ X of x0 such that U ↪→ X →

Spec ΛE is étale and M̃|U is an invertible OU-module. Note that for x ∈ |U| we have dimk(x) V[x] =

dimk(x)D(V[x]) = dimk(x)(M⊗R k(x)) = 1, hence V(x) = k(x)(χx) as T p-representation.
Since U is regular of dimension 1, we have an exact sequence

(66) 0→ Hd
$−ad(Xan;V, E)⊗R k(x)→ Hd

$−ad(Xan;V[x], E)→ Hd+1
$−ad(Xan;V, E)[x]→ 0

for every x ∈ |U| by ([24], Prop. A.8). Since the R-module Hd+1(Xan;V, E) is finitely generated we
may assume – after shrinking U if necessary – that Hd+1(Xan;V, E)[x] = 0 for all x ∈ U−{x0}. So
by applying the functor N 7→ Nλ to the sequence (66) we get

N ⊗R k(x) ∼= Hd
$−ad(Xan; k(x)(χx), E)⊗TE ,λx k(x)

for all x ∈ |U| − {x0}. Let x ∈ Ucl = U ∩ Xcl, put E′ = k(x) and let O′ be the valuation ring of E′.
We claim that

(67) dim(N ⊗R k(x)) ≥ 1

Indeed, by (29) and ([24], Lemma 3.39) we have

Hd
$−ad(Xan;V[x], E)ε = Hd

O(Xan;O′(χx),O)E,ε = Hd
O′(X

an;O′(χx),O′)E′,ε.

so by applying · ⊗TE′ ,λπ(x)
E′ we obtain (67) using ([24], Prop. 5.13).

For the point x0 we have

(68) dimk(x0)(N ⊗R k(x0)) ≤ 1.

For that note that since Hd
$−ad(Xan;V[x0], E) ∼= Hd

O(Xan;O(0),O)E , the E-vector space

Hd
$−ad(Xan;V[x0], E)π,ε = (Hd

$−ad(Xan;V[x0], E)ε)⊗TE ,λπ E

is onedimensional by. Since the sequence (66) for x = x0 remains exact after localizing with respect
to mπ = Ker(λπ) it follows that

(69)
(
Hd
$−ad(Xan,V, E)⊗R k(x0)

)
π,ε

7Recall that M̃ denotes the quasicoherent OX-module associated to an R-module M .
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is an E-vector space of dimension ≤ 1. This implies (68) since N⊗Rk(x0) is the maximal semistable
quotient of (69).

The two inequalities (67) and (68) combined with the facts that x 7→ dimk(x)N ⊗Rk(x) is upper
semi-continuous and Ucl is dense in U yields – after shrinking U if necessary – that dimk(x)(N ⊗R
k(x)) = 1 for every x ∈ U. Hence Ñ |U is an invertible OU-module.

For (c) consider the diagram(
Hd
$−ad(Xan;V, E)⊗R k(x0)

)
π,ε
−−−−→ Hd

$−ad(Xan;V[x], E)π,εy y
N ⊗R k(x0) −−−−→ Hd

$−ad(Xan,V[x], E)⊗TE ,λπ E.

The upper horizontal map is injective with cokernel ∼= Hd+1
$−ad(Xan;V, E)[m0]π,ε. As already

seen in the proof of (b) the first vertical map is surjective and the second is an isomorphism.
Hence the first vertical map is injective as well. The fact that dimk(x0)(N ⊗R k(x0)) = 1 =

dimE(Hd
$−ad(Xan;V[x], E)π,ε) implies that all maps are isomorphisms and Hd+1

$−ad(Xan;V, E)[m0]π,ε
= 0.

Proof of Lemma 5.2. There exists an exact sequence

0 −→
(
Hd
$−ad(Xan;V, E)⊗R R/m2

0

)
π,ε
−→ Hd

$−ad(Xan;V[m2
0], E)π,ε

−→ Hd+1
$−ad(Xan;V, E)[m2

0]π,ε −→ 0.

(see [24], Prop. A.8). The third group vanishes by Lemma 5.5 (c). Together with Lemma 5.3 (b)
we obtain

Hd
$−ad(Xan; Ẽ[Θψ], E)π,ε ∼=

(
Hd
$−ad(Xan;V, E)⊗R R/m2

0

)
π,ε
.

Thus by Prop. 3.4 it suffices to see that the group on the right is a free Ẽ-module of rank 1. For
that let a ∈ ΛE be a generator of the prime ideal a, put N ′ = Hd

$−ad(Xan;V, E) and consider the
diagram

(N ′ ⊗R R/m0)π,ε
a·−−−−→ (N ′ ⊗R R/m2

0)π,ε
pr−−−−→ (N ′ ⊗R R/m0)π,ε −−−−→ 0y y y

0 −−−−→ N ⊗R R/m0
a·−−−−→ N ⊗R R/m2

0
pr−−−−→ N ⊗R R/m0 −−−−→ 0

where the vertical maps are induced by the canonical projection N ′ → N ′λ = N . By Lemma 5.3 (a)
and Lemma 5.5 (b), (c) the rows are exact and the first and third vertical maps are isomorphisms.
Hence the middle vertical map is an isomorphism and we get(

Hd
$−ad(Xan;V, E)⊗R R/m2

0

)
π,ε

∼= N ⊗R R/m2
0
∼= R/m2

0
∼= ΛE/a

2 ∼= Ẽ.
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