On Z-invariants associated to Hilbert modular forms

By Michael Spief3

Abstract

Given a cuspidal Hilbert modular eigenform 7 of parallel weight 2 and a nonarchimedian
place p of the underlying totally real field such that the local component of 7 at p is the
Steinberg representation, one can associate two types of .Z-invariants, one defined in terms
of the cohomology of arithmetic groups and the other in terms of the Galois representation
associated to m. We show that the Z-invariants are the same.
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1 Introduction

Let F C Q be a totally real number field, let D be a quaternion algebra over F and let G/F
be the algebraic group D*/F*. Let d be the number of archimedean places of F' where D is
unramified and let p be a fixed nonarchimedean place of F' that is unramified in D lying above
a prime number p. Let m = @) 7, be a cuspidal automorphic representation of G(A) (where A
denotes the adele ring of F') of parallel weight 2 |I| such that the local component 7, is the Steinberg
representation of G(F,) = PGLy(F}). Moreover we fix a finite extension £/Q), with uniformizer w
so that 7 = @:ﬂ(oo 7y is defined over E.

Generalizing a construction of Darmon [5], the author (in the case D = M3(F')) and Gehrmann
(for arbitrary D) introduced certain p-adic numbers called automorphic £-invariants Z.(mw, 1)
of m (see [23], [I1]). They are defined in terms of the group cohomology of G(F'). Here € is a
character of the group of connected components of 7o(G(F ®@ R)) = (Z/27)? and v is a continuous
homomorphism from the multiplicative group of the local field £ to the additive group of E.

!By that we mean that the Jacquet-Langlands transfer of m to PGL2(A) corresponds to a cuspidal Hilbert modular
eigenform of parallel weight 2



On the other hand let p, : Gal(Q/F) — GLg(V;) be the Galois representation associated to 7.
The fact that m, is the Steinberg representation implies that pr is a direct summand of the Tate
module of an abelian variety defined over F' with split multiplicative reduction at p. Hence one can
associate an arithmetic (i.e. Mazur-Tate-Teitelbaum type) Z-invariant £ (Vy, 1) to V; and 9. Our
main result (see Theorem |3.7] . is the equality between automorphic and arithmetic .Z-invariants

(1) Le(m, ) = L (Ve ¥).

In particular Z,(m, ) is independent of the the sign character e. For the history of this problem
we refer to Remark 3.8

Our proof consists of three steps. If d =0 (i.e. if D is totally definite) the Z-invariant £, (m, )
is essentially Teitelbaum’s Z-invariant [27] and the equality (1)) can be deduced from p-adic uni-
formization of Shimura curves due to Cerednik (for F = Q) and Boutot-Zink (for arbitrary F).

If d = 1 our approach is novel and uses as an essential tool the cohomology theory of .-
varieties introduced in [24]. It allows us to construct directlyﬂ infinitesimal deformations of the
Galois representation V, involving the automorphic Z-invariant. More precisely since both sides
of are linear in 1 and since both sides are = 1 if ¢ = v, : F; — Z C F is the normalized
valuation at p it suffices to see that the vanishing of the left hand side of implies the vanishing
of the right hand side. We will see that the vanishing of is equivalent to the fact that

‘7 - Hw ad( g;ﬁ(eiﬁ):E)ﬂ'

is a non-trivial infinitesimal Galois deformation of V;. We recall that given an admissible £-Banach
space representation W of the standard maximal torus Ty, = F; of PGL2(F},) we have constructed
in [24] cohomology groups

t XS WE),  n>0

associated to a certain .#-curve X = X (i.e. an p™-tower of Shimura resp. modular curves
equipped with a PGL2(F})-action). These are E-vector spaces equipped with a continuous Gal(Q/F')-
action as well as a spherical Hecke action. So we can consider in particular the E-Banach repre-
sentation W = E(@w) where E = Ele] denote the dual numbers and Oy : Fy — E the character
Oyp(r) = 1+ 9(x)e. In ([24], §5.6 and 5.7), we have shown that Vr admits a two-step filtration
and that the action of Gal(@p/ F,) on the associated graded modules factors through the maxi-
mal abelian quotient Gal(Q,/ F,)® and can be described explicitly. This enables us to follow the
argument of Greenberg and Stevens ([14], proof of Thm. 3.14) to deduce Z(Vy, ) = 0.

In the case d > 1 we reduce the proof of to the case d < 1 by proving a certain Jacquet-
Langlands functoriality for .Z,(m,v). More precisely if D denotes the quaternion algebra over F
which is ramified at the same nonarchimedean places as D and at all infinite places except possibly
one and if 7’ denotes the Jacquet-Langlands transfer of w to G(A) (with G = D" /F*) then we will
show (see Theorem [5.1)

(2) Le(m,p) = L (7', ).

Let d € {0,1} denote the number of archimedean places ramified in D. As a key tool in proving
we study the cohomology groups

HL o (XP)™0rds_, (XP)™,0)p, E)

%j.e. without deforming V; into a p-adic family first



The cohomology group @rdg_ad((X Dyan () ; has been introduced in ([24], §4.1). It is an admissible
E-Banach space representation of T},.

2 Admissible Banach space representations and extensions of the
Steinberg representations

Notation and preliminary remarks Let R be a commutative noetherian ring and let G be a
locally profinite group. Recall that a left R[G]-module W is called discrete (or smooth) if W is
discrete as a G-module, i.e. if the stabilizer Stabg(w) = {g € G | gw = ¢} is open in G for every
w € W. A discrete R[G]-module W is called admissible if WV is a finitely generated R-module for
every open subgroup U of G.

Throughout this section F’ denotes a p-adic field, i.e. a finite extension of Q,. We let vp : F' —
Z N {400} denote the normalized valuation of F', O its valuation ring, p its valuation ideal and
Ur = O7F the group of units.

Let G = PGLy(F) = GLo(F)/Z and let pr : GLa(F) — G be the projection. Let B be the
standard Borel subgroup of G and let B = T'N be the Levi decomposition of B, so T consists of
the diagonal matrices (modulo the center Z of GLy(F')) and N consists of the upper triangular
matrices with 1 as diagonal entries (mod Z). In the following we are often going to identify 7" with
the onedimensional split torus F™* via the isomorphism

(3) 5:F*—>T,x'—>5(x):<x 1) mod Z

and N with the additive group F' via the isomorphism

(4) n:F—>N,yr—>n(y):<(1) ‘7{) mod Z.

so any b € B can be written uniquely in the form b = §(x) -n(y) with z € F*, y € F. We denote by
Ty the maximal compact open subgroup of T', so Ty corresponds to Ur under . We let Ny be the
subgroup of N hat corresponds to the Op under the isomorphism (), i.e. No = {n(y) | y € Op}
and put T+ = {t € T | N} = tNot~! C No}.

For an integer n > 0 we let K (p") = Ker(GL2(OFp) — GL2(Op/p™)) and define K (n) to be the
image of K (p™) under the projection pr : GLa(F) — G. For a closed subgroup H of T° we put

(5) Kpy(n) = K(n)HN.

We fix another finite field extension £ /@p with valuation ring O, unifomizer w € O and residue
field k = O/(w). For m > 1 we put O, = O/(w™). More generally for an O-module N we denote
its torsion submodule by Nie: its the maximal torsionfree quotient by Ng and we put Np = N®p E.
We also set Ny, = N ®0 Oy, and N[w™] = Homo(Oy,, N) for m > 1. Multiplication by w and
@™ induces an exact sequence

(6) 0 — N[w] — N[@™"] — N[@™] — N; — Nyy1 — Ny — 0

for every m > 1. In this section we will consider certain representation of G and T" on O-modules
or E-vector spaces.



We briefly review the notion of w-adically admissible representations and admissible Banach
space representations of 7" and the relation to finitely generated augmented T-modules (for further
details we refer to [24], §2.5). Then we are going to recall the construction of certain canonical
extensions of the Steinberg representation.

w-adically admissible representations of 77 We fix a closed subgroup H of T° and put
T=T/H and 70 = 70 /H. We briefly review the notion of w-adically continuous and w-adically

admissible O[T]-modules ([9], §2.4). An O[T]-module W is called w-adically continuous if (i) W
is w-adically complete and separated, (ii) Wi, is of bounded exponent (i.e. @™W = 0 for m > 1

sufficiently large) and (iii) Wy, is a discrete O,,[T]-module for every m > 1. A w-adically admissible

O[T]-module W is a w-adically continuous O[T]-module W such that W is an admissible k[T]-
module. The exactness of the sequence @ implies that W), is an admissible O,,[T]-module for every
m > 1. The full subcategory of the category of O[T]-modules consisting of w-adically admissible
O[T']-modules will be denoted by Modg_adm(T). It is an abelian category.

We recall also recall the notion of an augmented O[T]-module (see [9], §2). For an open subgroup
U of T we consider the O-algebra

Ro(U) = lim OU/V|

where U’ runs over all open compact subgroups of U. If U itself is compact then Ap(U) = O[U] is
the usual completed O-group algebra of U. Note that we have Ap(T) = O[To[[tF"] where tg € T
corresponds to a uniformizer in F under (3). In particular the ring Ap(T') is noetherian.

A Ao(T)-module L is called an augmented O[T|-module. The category of augmented O[T-
modules will be denote by Mod(y®(T'). An augmented O[T]-module L is called finitely generated if L
is finitely generated as Ap(U)-modules (with respect to the canonical embedding Ap(U) — Ap(T))
for some (equivalently, any) compact open subgroup U of T. The full subcategory of Mod{®(T) of

finitely generated augmented O[T]-modules will be denoted by Mod?)gaug (T). There exists a natural

(profinite) topology on every objects L of Modfégaug(T) (see [9], Prop. 2.1.3) such that the action
Ao(T) x L — L is continuous. This topology is called the canonical topology.

Remark 2.1. Let ¢ : F* — O be a continuous homomorphism (i.e. we have ¥ (xy) = ¥ (x) + ¥ (y)
for all z,y € F*) and let O = O] = O[X]/(X?), € := X + (X?) be the O-algebra of dual numbers.
The character

(7) Oy : F* — O, Oy(x) =1+ ¢(x)e.

is again continuous. It induces an F™*- hence via also a T-action on O. We denote the resulting
O[T]-module by (5(@@. It is clearly w-adically admissible. Note that (5(@@ is an admissible
O[T]-module if and only if Ker(¢)) is open in F™* (this holds if and only if ¢ is multiple ¢- v, c € O
of the normalized valuation vp of F'). O

Banach space representations Recall that an E-Banach space representation of T is an E-
Banach space V = (V, || - ||) together with a continuous E-linear action T x V — V, (t,v) + t - v.
An E-Banach space representation V of T is called admissible if there exists an open and bounded
O[T]-submodule W C V such that the U-invariant (W/V)V of the quotient V/W are an O-module



of cofinite type for every open subgroup U of T (i.e. the Pontrjagin dual Hom((W/V)V, E/O) is a
finitely generated O- module)ﬁ

The category of admissible E-Banach space representations of T will be denoted by Banadm(T).
It is an abelian category. This can be easily deduced from the duality theorem below or from
the fact that Ban™(T) is equivalent to the localized category Modg_adm(T) g- Recall that for
an O-linear additive category &/ the E-linear additive category o/ has the same objects as &
whereas the morphisms are given by Hom, (A, B) = Hom (A, B) ®o E. The functor

(8) Mod% ™™ (T) g — Ban®™(T), W+ (Wg,|| - |)

is an equivalence of categories. Here for W & Modw_adrn (T') we let || - || be the norm on V = Wg,
so that Im(W — V,w — w ® 1) is the unit ball {v eVl <1} in V.

Next we review the duality theorem. A Ap(T)g-module M will be called an augmented E[T-
module. Again, Mod%'®(T') denotes the category of augmented E[T]-modules. An augmented E[T)-

module M is called finitely generated if there exists a Ap(T)-submodule L with L € Modfgaug (T)
and Ly = M. We equip M with the topology induced by the canonical topology on L, i.e. M isa
topological vector space and the inclusion is L < M is open and continuous (hence M is locally
compact). As before Modfgaug( T) denotes the full category of Mod®(T) of finitely generated
augmented E[T]-modules.

For an E-Banach space V = (V|| - ||) we define D(V) = V' to be the dual space equipped with
the weak topology. It follows immediately from ([22], Thm. 3.5) that the functor

(9) D : Baniy™(T') — ModiE™(T), V s D(V) = V'
is an anti-equivalence of E-linear abelian categories. Its quasi-inverse is given by
Mod88(T) — Band™(T), M — Hompg cont(M, E).

For V € Ban®™(T) one can show that the £ [T)-action on V extends naturally to a Ao (T) g-action
and that the functor (9) is Ao(T') g-linear.

Remarks 2.2. (a) Let Vi, V5 € Ban®™(T) and assume that dimg(V;) < co. The duality the-
orem implies that the E-vector space HomEm(Vl, V5) is finite-dimensional as well. In fact any

T-equivariant homomorphism Vi — V5 is automatically continuous so we have
(10) HOmE[T} (VI, V2) = HOmModegaug(T) (D(‘/Q) 5 D(‘/l))

If U is a compact open subgroup of T then the Ap(U)g-module is finitely generated, hence
it has finite length since D(V}) has finite length (because of dimg(D (V1)) = dimg(V;) < o0). It is
therefore finite-dimensional as an E-vector space.

(b) Let ¢ : F* — E be a continuous character and let E = E[e] be the E-algebra of dual numbers.
Since the image of ¢ is bounded in F the image of the character

(11) Oy : F* — E*, Oy(x) =1+ ¢(x)e.

is bounded in E. Therefore similar to Remark [2 . 1| we obtain an admissible F-Banach space repre-

sentation E(@¢) of T. O
3Note that this condition implies that we can choose the norm || - || on V' so that (V,|| - ||) is a unitary Banach

space representation of T, i.e. we have ||t - v|| = ||v|| for every t € T and v € V..



Extensions of the Steinberg representation For a w-adically continuous O[T]-module W
the w-adically continuous parabolic induction of W is defined by

IndG cone W = {® € Ceons (G, W) | ®(tng) =tP(g) ¥Vt € T,n € N,g € G}

where Ceont (G, W) denotes the O-module of maps G — W that are continuous with respect to the
w-adic topology on W. The G-action on Indg,cont W is induced by right multiplication. By ([9],
Lemma 4.1.3) we have

Ind§ o W = {iinlndg Wi

m

Moreover, for a w-adically admissible O[T]-module W the O[G]-module Ind%COnt W is w-adically
admissible as well and the functor

A% ¢ : ModS ™ (T') — Mod ™ (G)

is exact (see [9], Prop. 4.1.5 and Prop. 4.1.7; the category Modg_adm(G) of w-adically admissible
O[G]-modules is defined in the same way as Modgfadm(T); see [9], Def. 2.4.7).

Recall that the Steinberg representation Stg(R) for any ring R is the admissible R[G]-module
defined by the short exact sequence

(12) 0 —— R(0) =1 mdS R(0) —¥— Sta(R) —— 0.

Here R(0) denotes R with the trivial G-action and the map (%) is given by sending z € R to
the constant map G — R, g — x. We may also consider the continuous Steinberg representation
St cont (O) defined by the sequence

(13) 0 —— 0(0) = Mdf o O(0) —2 St coms —— 0.

Remark 2.3. The continuous Steinberg representation is a w-adically admissible O[G]-module.
In fact we have Stg cont(O) = {iinStgﬁcont(O)m and Stg cont (O)m = Sta(Op,) for all m > 1. O

m

We now recall the construction of a certain extension of Stg cont associated to a continuous
homomorphism ¢ : F* — O (see [23], §3.7). Let (5(@@ be the w-adically admissible O[T]-module
defined in Remark [2.1] Multiplication by ¢ induces a short exact sequence of w-adically admissible
O[T]-modules

0 — 0(0) -2 O(0,) - 0(0) — 0

i.e. a o f is multiplication with ). By applying Ind§ we obtain a short exact sequence of
B,cont
w-adically admissible O[G]-modules

(14) 0 — Ind% copt O(0) — IdF s O(Oy) — IndF o O(0) — 0.

By taking the pull-back of with respect to the map (x) (for R = O) we obtain a short exact
sequence

(15) 0 — Ind§ s O(0) — E(¥) — O(0) — 0

i.e. £(1p) is the O[G]-submodule of Ind%corlt (5(@¢) given by ® € Indg,cont (5(@@ so that ® mod ¢
is a constant map G(F) — O.



Definition 2.4. The (w-adically admissible) O[G|-module & (1) is defined as the push-out of
under the projection pr : Ind%Cont O(0) — Sta.cont(O) so that we have a short exact sequence of
O[G]-modules

(16) 0 — Stg,cont(O) — & () — O(0) — 0.
We need the following Lemma.
Lemma 2.5. The map
(17) Homeont (F*, 0) — EXtMOdgfadm(G)(O<O), StG.eont(0)), ¥ — [&(Y)]~
is a homomorphism of O-modules.

For the proof of the additivity of see ([10], Lemma 1 (c)).

Remark 2.6. For ¢y = vp the sequence consists of admissible O[T]-modules. Therefore we
may apply usual parabolic induction so we obtain the sequence

(18) 0 — Ind§ O(0) — Ind% O(0,,) — d§ O(0) — 0.

By mimicking the construction of the extension (16]) we thus obtain a sequence of admissible O[G]-
modules

(19) 0 — Stg(0) — & — O(0) — 0.

We remark that the O[G]-module &y admits the following resolution

(20) 0 —— cIndf, O(0) 5

c-Ind 4, 0(0) & 0
This fact will be used in next section. Note that the sequence (for ¢ = vp) is the push-out of
with respect to the natural embedding Stg(O) — Stg cont(O). d

Universal extension of the Steinberg representation Following [10, [1] the definition of
the extension can be refined as follows. Let A be a locally profinite abelian group and let
1 F* — A be a continuous homomorphism. There exists a canonical extension

(21) 0 — Stg.cont(A) — &' (¢) — Z(0) — 0

associated to 1 defined as follows. Let R = Z + €A be the topological ring of formal sums m + €a
with m € Z, a € A. Addition and multiplication is given by (mj +¢ca1)+ (ma+eag) = (m1 +ma) +
g(ay+ag) and (mq+eaqy)-(mao+eaz) = (my-ms)+e(meay +myaz) respectively (the topology is the
product topology with Z being equipped with the discrete topology). Then z +— Oy (z) = 1+(x)e
can be viewed as a continuous homomorphism ©, : F* — R*, so as before we can consider the
continuous parabolic induction Indg’Cont R[O©y)] of the R[T]-module R[©,]. By applying the functor

Ind%Cont to the short exact sequence
0 —— A(0) 222% R[O,] I 7(0) —— 0

7



we obtain a short exact sequence of G-modules
0 — Ind% on A(0) — Ind . R(Oy) — Ind§ Z(0) — 0.

Again by pulling back this sequence with respect to the canonical inclusion Z(0) — Ind% Z(0)
and then taking the push-out with respect to the projection Imdgcm1t A(0) — Stgcont(A) :=
(IndgCont A(0)) /A(0) yields (21). In the special case where ¢ is the identity id : F* — F* we
obtain the universal extension of the Steinberg representation

(22) 0 — Stg,cont(F*) — Eumiv — Z(0) — 0.

3 Automorphic and arithmetic Z-Invariants

In this section we mostly recall the definition of automorphic and arithmetic .Z-invariants and state
our main result. To begin with we introduce some notation.

For the remainder of this paper F' denotes a totally real number field with ring of algebraic
integers Op. We fix a nonarchimedian place p of F' lying above a prime number p. We denote
by A (resp. AP, resp. Ay, resp. A’}) the ring of adeles of F' (resp. ring of prime-to-p, resp. finite,
resp. finite prime-to-p adeles). We let S, denote the set of archimedean places of F' and put
F = F'®g R. For a nonarchimedean place q of F' we let Oy denote the valuation ring in Fy and
we put Uq(o) = Uy = Oy and Uq(n) =1+ 9"0q and for n > 1. For a place v of F' and an algebraic
group G/F we often write G, for G(F,).

Let D be a quaternion algebra over F', let G =D* (viewed as an algebraic group over F), let
7 = Gy, be the center of G and put G = G/Z (thus G = PGLy,p if D = M(F) is the algebra
of 2 x 2 matrices). We let Ramp be the set of (archimedian or nonarchimedian) places of F' that
are ramified in D. We assume that p does not lie in Ramp so that G, = PGLy(F,). We denote
by B, the standard Borel subgroup of G}, and by T, its maximal torus. We denote by ¥ the set of
archimedean places of F' that split D (i.e. ¥ = Sy \ Ramp) and we put d = §X. If D is not totally
ramified then we choose an ordering ¥ = {o1,...,04} of the places in X. We let ? be the ideal of
Or that is the product of the primes which are ramified in D, so that Ramp = (S — %) U {q | 0}.

For v € S5 we denote by G, + the connected component of 1 in G,. Thus G, = (éU)Jr/ZU
where (G,)4 is the subgroup of elements g € G, with Nrd(g) > 0. We also put G(F); = G(F) N
[1jc0 Go,+ and define

A= G(F)/G(F); = {x1}<.
A compact open subgroup Kfe of G (A'}) will be called a (prime-to-p) level. We consider in particular
levels of the form Ky(n)P. We recall the definition. Let n # (0) be an ideal of O that is relatively
prime to {p} URamp. Let Op be an Eichler order of level n in D (if D = Ms(F) then we choose
Op to be the subalgebra My(n) C M2(Op) of matrices that are upper triangular modulo n). For a
nonarchimedean place q of F' we put Op 4 = Op ®o, Oq and define Ky(n)? to be the image of

(23) Km? = [] 05,4
afpoo
under the projection é(A’}) — G(A’}).
Throughout this section we consider a fixed cuspidal automorphic representation 7 = ®, m, of
G(AF) of parallel weight 2, i.e. it has following properties



— Ty is the discrete series representation of GG, of weight 2 for all v € S, — Ramp,
— Ty is the trivial representation of G, for all v € Soo N Ramp.

For simplicity we also assume that 7, is a onedimensional representation of G, for all v € Ramp —Sq.

Automorphic Z-invariants We put 7y = 7 = Qo T and m = PO — Qufpoco v and
assume that its conductor is f(mp) = n. In order to associate to m automorphic and arithmetic
Z-invariants we need to assume that 7 is of split multiplicative type at p, i.e. we assume that the
following holds

(24) Ty & Stg, (C).

This implies in particular that the conductor of 7 is f(7) = pn.

The G(Aj)-representation 7; can be defined over an algebraic number field Q. C Q cc,
i.e. m¢ (and therefore also mp) admits a Qg-structure. The spherical (prime-to p) Hecke algebra
T = T% = Z[Ty|q t pon] (where Sy = {q | pon}) acts on the onedimensional vector space wé( o(w)?
a ringhomomorphism A\ : T — C (the Hecke eigenvalue homomorphism) whose image is contained
in Og,. We choose a place P of Qr above p, or equivalently, we choose an embedding Q, — C,
and a subfield E of C, that is finite over @, and contains the image of Q, (we may choose E to be
the completion of Q at ). Let O be the valuation ring of E and let @ € O be a prime element.
Then A can be viewed as a ringhomomorphism

via

Ar: To — O.

For a To-module N we denote by N the localization of N with respect to ker(\;). We will also
consider T-modules N with an additional A-action. If € : A — {£} is a character then the pair
(Ar, €) defines a homomorphism (Ar,€) : T[A] — O and we define N, . to be the localization of N
with respect to its kernel.

As in [23] for a ring R, a level K;i and an R[Gp]-module M we let Ap(M, K}E; R) denote the

R[G(F)]-module of maps & : M x G(A’}) /K;i — R that are homomorphism of R-modules in
the first component. The G(F')-action is given by ('y<I>)(m,gK§) = <I>(fy*1m,'yflg[(?) for ® €
Agr(M, K;;R), vy€e€G(F),meM and g € G(A’}). The cohomology groups

(25) H*(G(F) 1, (M, K¥ R))

where considered in [23]. Since Ag(M, K;Q;R) is an R[G(F)]-module the groups are natu-
rally R[A]-modules. There is also a canonical action of the Hecke algebra R[G (A’}) // K}E] on (125
commuting with the A-action.

The automorphic .Z-invariants associated to 7 are defined in terms of the cohomology groups

H"(G(F)+, Ao(M, Ko(n)", 0)) g

for n = d, M = Stg, cont(O) and the extension classes (compare [23], 6.1 and [I1], 2.5). They
carry a canonical Tg[A]-module structure. In the following we will abbreviate

HMM): = H(G(F)+, Ao(M, Ko(n)";0)) .



We recall the connection to certain cohomology groups of .#-spaces and .#-varieties introduced in
[24] (see Prop. 5.6 and Prop. 5.12 in loc. cit.). If d > 0 and if W is an admissible O[T}]-module
then we have

(26) HO(Ind}? W) = H*(X™ W, 0)p.

Furthermore, if W is an w-adically admissible O[T,]-module and if V' = Wp is the associated
Banach space representation of 7}, then

(27) H*(IndS?

By,cont

W) ~ ° (Xan,v'?E)

w—ad

where the cohomology groups on the right hand side of , have been introduced in ([24],
§4.1, 4.2). Here X" denotes the (complex) quaternionic Hilbert modular .#-manifold (XJ (n)P)an
in the sense of ([24], §5.1). Moreover if d > 1 then we also have

(28) H*(Ind%?

By ,cont

W) = HE, .(Xg: V. E).

ww—ad

where now X = X(])j (n)? is quaternionic Hilbert modular .#-variety. The cohomology groups
He (X2, W,0)p and H? __(X?*";V, E) are equipped with a A-action and the isomorphism ,

w—ad
are Hecke and A-equivariant. The groups H? _ ad(X@; V., E) are equipped with a Galois action.
If W is an admissible O[T},]-module that is free and of finite rank as an O-module then V = W is
an admissible Banach space representation of T}, and we have (see [24], Prop. 4.18)
(29) H*(X*™ W, 0)p = HE,_4(Xg: V. B).

w—ad

Note that if 0 — M; — M, N M3 — 0 is a short exact sequence of O[Gp]-modules that
splits as a sequence of O-modules then the sequence of G(F')-modules

0 — Ao(Ms, Ko(n)F; O) — Ao(Ma, Ko(n); O) — Ao(M1, Ko(n)"; O) — 0
is exact as well, so we obtain a long exact sequence
(30) o W (M) S U (M) S Hr (M) s H T (M) —
of Tg[A]-modules. For example the sequence yields a long exact sequence
(31) oo H(O(0)) — H"(&0) — H"(Ste,) i H L (O0) — ...
Proposition 3.1. (a) We have

E[A] ifn=d,
0 otherwise

(32) H" (St cont(O))r = H"(Stg, (0))r = {

for every n > 0. In particular we get

E ifn=d,
0 otherwise

Hn(StGp,cont(O))ﬂ,e = {
for every character e : A — {£1} and n > 0.

10



(b) The connecting homomorphisms in induces an isomorphisms (00)r : H"(Stg,(O))r —
H" 1 (O(0)),. Consequently, we have

Hn((’)(()))ﬂe =

)

E ifn=d+1,
0 otherwise

for every character € : A — {£1} and n > 0.
(c) We have

" (Ind 7P

By ,cont

O(0))re = H"(Ind? O(0))rc = { E ifn=dd+1,

0 otherwise

for every character € : A — {£1} and n > 0.

Proof. (a) For the first equality in note that we have a commutative diagram

LH(StG, (0) —— H(Ind 0(0)  —— H(O(0)) ——  H'™(St, (0)). .

o o J l

L H (St cont (0) —— HM(IndG? . O0)) ——— HMO(0)) —— H™(Sta, cont(O)) . .-

By, ,cont

where the rows are induced by and respectively. By ([24], 4.18, 5.6 and 5.12) and the
five lemma all vertical maps in are isomorphisms. The second equality in is well-known
(see e.g. [23], 5.8 (b)). For completeness we recall the argument. By ([23], (22)) there exists a long
exact sequence

H" ! (c-Ind§ O(0)) — H"(Ste, (0))r — H"(c-Ind%)(p) O0))»="4 — H"(c-IndG 0(0)) — ...

where K = G(O,), Ko(p) is its Iwahori subgroup and wy is an Atkin-Lehner involution. By ([24],
3.37 (a) and 5.6 (b)) we have

(34) H"(c-Indf O(0)) = H™(X}, 0)p = H' (X, E),

and similarly ’H”(C_Indgo(p) 0(0)) = H"(X?;:)(p),E). Since the conductor of 7 is pn and m, =

Sta, (C) we have for every n >0

wivan w——id [ E[A] ifn=d,
(35) A (X o) B —{ 0 otherwise

and H"(X3, E)r = 0 by work of Harder and Reimann (see [16], [20]).
(b) It suffices to show that H"(&y)r = 0 for every n > 0. For that we use the long exact
sequence induced by the resolution of &y localized at

HY Y (e IndS 0(0))r — HY(E0)r — H™(c-IndG O(0))r — H™(c-IndF O(0)) . ..

and the vanishing of H"(c-Ind% 0(0)), = H*(X3, E), for every n > 0.
(c) follows from ([24], Prop. 5.13) or it can be deduced from (a) and (b) using diagram (33). O

11



Remark 3.2. If D is a totally definite division algebra then the connecting homomorphism
§9
HY(G(F), 5(Stc, (Z), Ko (W) Z)) g —
— HY(G(F), #(Z, Ko(n)*; Z))p = H'(G(F), C(G(A}) [ Ko(n)"; Z2))

is an isomorphism for any field F of characteristic 0 (i.e. without passing to the localization at 7).
In fact, in this case we have

HO(XK,E) _ { C(G(Af/of(o(ﬂ),E) iiff:il:z%

and T, — (¢ + 1)id € End(C(G(Af/Ko(n), E)) is an isomorphism. O

Let ¢ : F — O be a continuous homomorphism and consider the long exact sequence

(36) con > HM(O(0)) — H"(E(W)) — H"(Stay,cont(O)) SN H(O(0) — ...

induced by the short exact sequence (16). Recall ([23], Def. 6.3), ([LI], 2.1) the automorphic
L-invariant Z.(m,1) € E is the uniquely determined scalar satisfying

L7, ) - (00)me = (6p)mye Hd(StGp,cont(O))ﬂ,e - %d+1(0(0))7r,6~
We will show in the next that % (m, ) independent of the choice of the character e : A — {£1}.

Lemma 3.3. Let € : A — {£1} be a character. We have
(a) For the normalized valuation vy, : Fy — Z U {400} we have Z (7, vp) = 1.
(b) The map

(37) Ze(m, ) : Homeont (Fy, O) — E, ¢ Ze(m,9)
is a homomorphism of O-modules.

Proof. (a) follows from §,, = do. For (b) note that by Lemma and standard properties of
o-functors the map

Homcont (Fy, ©) — Homo (H Sty cont (O))mes HTHO(0))re) ¥ — by
is a homomorphism of O-modules. 0

Since Homcont(Fp*, 0) ®p E = Homcont(Fp* ,E), Lemma implies that extends to an
E-linear functional

(38) Ze(m, -) s Homeont(Fy, E) — E, ¢ Ze(m, ).
We need the following criterion characterizing the kernel of .

Proposition 3.4. Let ¢ € Homeont(Fy', O) and let € : A — {£1} be a character. The following
conditions are equivalent

(1) Z(m,4) =0.
(ii) For either n = d orn = d+ 1 the E-module HY  q(Xo E(Gd,), E)rx e is free of rank 1.

12



Here the E-module structure on HZ g (X2 E(Gd,), E) is induced by the E-module structure
on E(@¢)

Proof. Clearly, (i) is equivalent to the vanishing of the homomorphism

(39) (80)me : H(StGy,cont (O))me — HTHO(0))r e

Consider the long exact sequence associated to ((14))

(40) e M (NG o O(0)) 5 H (10 g O(O)) 5 H(Indl g O(0))
2oy HH(Ind§ cone 0(0)) — ...

Prop. (c) together with the fact that f* o @* is multiplication with e implies

(41) dimyg (H" (104 cony O(O)) e /eH" (N o, OO ) = 1

i.e. the E-module ’;’-["(IndgyCont 6(@¢))m6 is generated by one element if n = d,d + 1. It follows
from standard functorial properties of connecting homomorphisms that the diagram

0
H" (Indg,cont O(O)) i} Hn+1(1ndg,cont O(O))

I l

H (St com(0)) —2s  HH(O(0))

commutes for each n € Z. Here the vertical maps are induced by the homomorphisms appearing
in the sequence . If n = d the vertical maps are — after localization with respect to (m,€) —
isomorphisms of onedimensional E-vector spaces by Prop. 3.1 (a), (b). Hence the vanishing of the
map is equivalent to the vanishing of

(42) (591;;)7T7€ : Hd(lndg,cont O(O))ﬂ',e — %d+1(1ndg,cont O(O))EG'
Localizing with respect to (7, €) and using Prop. [8.1] (¢) this implies that
Zo(m,1) = 0 & dimp HY(IndG on; O(Oy))me = 2 & dimp H (10§ on O(Oy))re = 2.

Using and this yields the equivalence of the conditions (i) and (ii). O

Arithmetic Z-invariants We recall the definition of the arithmetic (i.e. Mazur-Tate-Teitelbaum)
L-invariant £ (Vy, 1) (see [19], [I4]). It is defined in terms of the w-adic Galois representation V;
attached to 7. Recall ([3], [28], [25]) that there exists a twodimensional E-vector space V = V,
together with a continuous homomorphism p = p, : & := Gal(F/F) — GL(V;) with the following
properties

(i) p is unramified outside the set of primes dividing pon.

(ii) If Frobg € Gal(F'/F) is a Frobenius for a prime q{ pnd then we have

(43) Tr(p(Frobg)) = Ar(Ty), det(p(Frobg)) = N(q).

13



(iii) Let &, C Gal(Q/F) be the decomposition group of a prime above p. Then there exists a short
exact sequence of E[®,]-modules

(44) 00— F(1l) —V —FE0) —0

where E(m) := E ®z, Zy(m), m € Z, i.e. E(m) = E equipped with &,-action via the m-th power
of the cyclotomic character Xcya : & — Gal(Fy(pp=)/Fy) € Z;. The Gp-representation V' is
semistable but not crystallind’}

By [21] (see also [26], Prop. 3.1) the Galois representation p is simple and uniquely determined
by the properties (i) and (ii). We denote by

¢ = &(m) € Extpe, (E(0), E(1)) = H'(Fp, E(1))

the class of the extension (44). Here H'(F}, -) = HY (&, -) denotes continuous Galois cohomol-
ogy. Also the local reciprocity map rec : Fy — Gal(F,/ Fp)ab = Gﬁgb induces an isomorphism

H'(F,, E(0)) = Homeont(®p, E) — Homeont(Fy, E), ¢ — g orec.
We denote the inverse map by
8 : Homeont (Fy, E) — H'(F, E(0)), v = 0(¥)).
Following ([14], Def. 3.9) we define

Definition 3.5. The Z-invariant of V. associated to ¢ € Homcont(Fp*, E) is the scalar £ (Vy, ) €
FE characterized by

L (V) O(vp) U () = 9(v) UE(m).
Here the cup-product is Tate’s local duality pairing
H'(F,,E(0)) x H'(F,, E(1)) — H*(F,,E(1)) £ E.

The fact that V' is not crystalline implies d(ordy) U () # 0. Indeed, since the image of £ under

the projection H'(F,, E(1)) — H/lf(Fp, E(1)) := Hl(Fp,E(l))/H}(Fp, E(1)) is non-trivial, its cup-

product with the d(vy) € H}(Fp, E(0)) is non-trivial as well.

Remark 3.6. The map
ZL(Vr, -) : Hom(F;, E) — E, ¢ 2L (Vr,¢)

is an E-linear functional with .2 (Vy,vy) = 1. O

Our main result is

“Since V can be realized as a direct summand of T,(A)r of an abelian variety A/F with split multiplicative
reduction at p.
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Theorem 3.7. We have Z(m,¢) = ZL(Vr,v) for every ¢ € Homeont(F}y', E) and every character
e: A — {£1}]]

Remark 3.8. The equality of .Z-invariants appeared as a conjecture in [I3] (in the case D = Ms(F)
and F' has class number 1) and in [I5] (for D a division algebras). Theorem has been known
previously in the following cases: F' = Q, D a definite division algebra (see [27]), F = Q, D = M>(Q)
(by [14], [5] and [6]), FF = Q, D a definite division algebra (by [7] and [I7]) and for F' arbitrary,
D = My(F), ¢ =log,oNp, g, and € = 1 (by [23].

Note thought that even in the classical case F' = Q and D = M>(Q) our proof is new as it does
not use big Galois representations associated to Hida families. O

4 Proof of the comparison Theorem if d =0 and d =1

The case d =0 The proof of Thm. in this case can be deduced from p-adic uniformization of
Shimura curves. If F' = Q and 7 is defined over Q (i.e. if V; is the Galois representation associated
to an elliptic curve E/Q) then this has been pointed out already in [27]. The proof in the general
case does not require any new idea.

Note that D is a totally definite quaternion algebra, X is a 0-dimensional .#-space and A = 1.
Therefore there exists only one automorphic Z-invariant .2 (7, 1) associated with 7 (and ¢ and p)
and we can (and will) drop € from the notation.

We fix an archimedian place v of F. Let D be the quaternion algebra with Ramp = Ramp \{v}U
{p}. Let G denote the algebraic group corresponding to D" /F* and fix an Eichler order O of
level n in D. We choose isomorphism ﬁq = D, for every nonarchimedean place q # p that respects
the local Eichler orders (i.e. Op , is mapped onto Op,), so that we can (and will) identify G (A’})
the groups G(A’}) and @(A’}). Let K, be a maximal compact open subgroup of G, = PGLa(R).

For a Kfe - G(A’}) we let YV = Y(K;)/F denote the Shimura curve of level G, x K;i as-
sociated to D, i.e. the associated compact Riemann surface Y = Y (C) is given by Y =
G(F)\ (év /K, x G(A’}) / K;i) We recall the p-adic uniformization of ¥ due to Cerednik [4] if
F' = Q and by Boutot-Zink [2] for arbitrary F.

Let C, = F}, = C,, be the completion of the algebraic closure of F}, and let Y(K;)rig be the rigid

analytic F-variety associated to Y(K;i) ® F,. For Kfc sufficiently small there exists a Gal(C,/Fy)-
equivariant isomorphism of rigid analytic F,-varieties

(45) Y () = GUR)\ (Hy x G(AR)/KY)

where H, = IP’} F, \ P1(F}) is the p-adic upper half plane. Thus the curve Y(Kj'ﬂ)]“ig is a disjoint
union of Mumford curves. This implies that the Jacobian J = Jac(Y(K;i)) of Y(KJE) has split
multiplicative reduction at p. Using the work of Manin and Drinfeld [I§] we can deduce from the
isomorphism an explicit description of the rigid analytic Fj-torus J'& associated to J ® Fy
hence also of the Tate module T},(J) = HI(Y(K;)@, Zp(1)). We use here the reformulation in ([IJ
and [6]) of the theorem of Manin-Drinfeld.

5 After this work was completed the author was informed that Gehrmann and Rosso have obtained the same result;
see [12].
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Firstly, note that if K;i is sufficiently small the Z-module H;(G(F), CC(G(Af)/K;i, Z)) is free of
finite rank. Indeed, let g1,...,95 € G(A’}) be a system of representatives of G(F)\G(A’})/K;i and

put I'; = G(F)N giK;i. If K;i is small enough then the groups I'y, ..., 'y are finitely generated and
free hence

h
Hy(G(F),Ce(G(Af) /K @Hl W 7)) @I‘?b
i=1

is free-abelian of finite rank. Let 7/F, be the split algebraic torus with character group H(G(F),
CC(G(Af)/Kfc, Z)). Since the map

HY(G(F),C(G(Ay)/ K}, ) — Hom(H1(G(F), Ce(G(Ap)/ K}, Z), Fy)

induced by the N-product is an isomorphism we can identify H'(G(F),C(G(As)/K?, Fy) with set
of Fy-points of T.
The universal extension of the Steinberg representation induces a homomorphism

(46) j: HY(G(F), Az(Ste, (Z), K}, 2)) — H'(G(F),C(G(Ay)/ K}, ) = T(F)
as follows. Firstly, we note that there exists a canonical map
(47) Az(Ste, (Z2), K}, Z) = Hom(Stg, (Z), Maps(G(A})/ K}, Z))

— lim Hom(Stg, (Z) ® Fy JUS Maps(G(AR) /K5, Z) @ Fy JUS™)

n

— lim Hom(St, (5 /U§")), Maps(G(A%)/ K2, Fy /U5"))

n

— Hom(lim StGp(F;/Uén)),{iinMaps(G(A’})/Kp,F; JUM))

= Hom(StG’p,cont(Fp*)a C(G(A’})/va Fp*))
(for the second map note that Stg,(Z) ® A = Stg,(A) for any discrete abelian group A). The
extension yields a short exact sequence
0— C(G(A'})/KP, Fy) — Hom(&Euiv, C(G(A'})/KP, Fy)
— Hom(Stg, cont (F}), C(G(A'})/KP, Fy) —0

and is defined as the composite

(48)  H'(G(F), Az(Ste,(Z), K§,Z)) — H(G(F), Hom(Stc, cont (Fy

), C(G(A)/KY, Fy)))
— H'(G(F),C(G(Af)/K}, Fy))

where the first map is induced by and the second is the connecting homomorphism induced

by-

y ([, Thm. 4.9) and ([6], Thm. 2.5) we have an isomorphism of rigid analytic Fj-tori
(49) JUE = Jac(Y (K})) = T8 /j(A)

where A = HY(G(F), Az(Ste, (Z), K;i, Z)).
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We fix ¢ € Homeont (Fy', O). As in ([14], §3) we can associate an Z-invariant to ZL(J18 1) to
J"& and 1 as follows. The homomorphisms vp, ¥ induce homomorphisms

(vp)as 0+ H' (G(F),C(G(Af)/ K}, F))p — H'(G(F),C(G(Af)/K},0)).
The Z-invariant £ (J'8,4)) is defined as the endomorphism
(50)  ZL(J"8, ) : HY(G(F), Az(Ste, (Z), K§,2)) g — H(G(F), Az(St, (2), K}, 2)) g

such that 1,0 jpo £"8()) = (vp)+0jE. Note that for every ¢ € Homeont (Fy, O) the map .0 jg can
be identified with the connecting homomorphism (51% in . So by Remarkthe Z-invariant

can be defined even if K¥ is not small enough. In particular for K;i = Ko(n)? the endomorphism
is Hecke equivariant and localizing at 7 yields

X(Jrig,w)ﬂ_ - g(”ﬂﬂ)
On the other hand implies that there exists a short exact sequence of &,-module
(51) 0 — Tp(T) = A(1) — H'(Y(K})g: Zp(1)g — Ap(0) — 0

where A" = Hom(Gy,, T) = H'(G(F),C(G(Ay)/K}, Z)). Let £ € Extyy 1(Ap(0), Alp(1)) denote
the class of . By applying the Yoneda pairing we obtain a map

&A@ H' (Fy, E(0)) = Extpg 1(E(0), Ap(0)) — Extfg (E(0), Ap(1) = Alp.
By ([I4], Thm. 3.11) the diagram

(52) Ap
= (A®I(vp))-€
278 (1) Ap
A®I(Y))-
Ag

commutes. If Ky(n)? is sufficiently small the sequence localized at m can be identified with
(44). Hence the commutativity of implies

j(waw) - g(Jrig7¢)7r = K(Vm?ﬂ)

In the general case this equality still holds as can be seen by choosing an open normal subgroup
Kfc of Ko(n)? that is sufficiently small and passing in and to Ko(n)p/K;—invariants.

The case d =1 We first assume that D is a division algebra. The initial step is to show that
the E-linear functional does not depend on the character € : A — {£+1}. By Lemma (3.3 (a) it
suffices to see that for 1) € Homeont (F}y', O) the vanishing of Z(m, 1)) does not depend on e. We fix

1 and consider the long exact sequence
N H;—ad(X@; E(O)a E) — H;—ad(X@; E(G)’LZJ): E) — H;—ad(x@; E(0)7 E)

n

24 HH (X B(0),B) — ...

w—ad
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associated to the short exact sequence of 0 — E(0) — E (©y) = E(0) — 0 of admissible £-Banach
space representations of T, (i.e. the sequence tensored with ® o E). By it can be identified
with the sequence as a sequence of Hecke modules.

The localization H, _(Xg; E(0), E)r for n = 1,2 can be identified with the & = Gal(Q/F)-
representation V' := V. Indeed, by Prop. and ([24], Thm. 5.27) HY (Xg: £(0), E)r is a
twodimensional F-vector space equipped with a continuous FE-linear &-action unramified outside
the set of primes dividing pon such that the Eichler-Shimura relations hold. The uniqueness
of V' thus implies

Hi oa(Xgi B(0),E)r 2V = HZ_(Xg; B(0), E)r.

w—ad w—ad

By using the fact that the E[®]-module V is simple we see that

wo—ad w—ad

(53) (o, )r + HL,_a(Xg (0), B)r — B2 _ (X B(0), B)

is either injective or = 0. Therefore (in the case d = 1) the vanishing of , hence also of

and of Z(m, ) is independent of the character € : A — {£1} so we will drop € from the notation.

Since Z(m,vp) = 1 = Z(V,vp) and ZL(m, -), Z(V, -) are E-linear functionals to finish the

proof it suffices to show that for ¢ € Homeont (£}, O) with £ (7,¢) = 0 we also have £ (V,v) = 0,

ie. O(P) UEV) = 0. Put V = HL_ (Xgi E(©y),E)r, VO = HL_ (Xg E(0y),E)), Vet =
) E)?T?

w—ad w—ad

HY, _.a(Xgs E(©y),E), VO = HY,_,.(Xg: E(0) Ve = HL_4(Xg; E(0), B)y so that we
obtain a diagram
0 0 0
0 —— VO 1% yet > 0
(54) 0 —— VO 1% y Vet s 0
0 —— VO 1% > Vet 0
0 0 0

By ([24], Thm. 5.27) the rows are exact and we have V0 = E(1), V¢ = E(0) (i.e. the first and

third row can be identified with the sequence (44)). Moreover &, acts on the E-modules VO and
Vet via the characters X * Xeyel and X! respectively. Here Y : &, — O* denotes the character of
&, that corresponds to ©, under the reciprocity map, i.e. we have (o) = 1+ (0¢)(o)e for every
o€ G,

By Prop. the E-module V is a free of rank 2 and the middle column of is exact. We claim
that the first and third column is exact as well. If we view them as complexes of E [®,]-modules
denoted by C! and C2 then the exactness of the middle column implies H, (C3) = H,,_1(C}l) for
every n. However the ®y-action on H,(CL) and H,,_1(C?) are not compatible: on the first group
®, acts via the character X - Ycya and on the second via Y~ '. It follows H,,(C3) = 0 = H,_1(C})
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for every n, i.e. the rows of are exact. In particular we see that V0 and V° are free of rank 1
as E-modules hence V0 = E(X - Xeyel) and VO=E(xY).

By twisting the &-action of each E[ﬁp]—module in with ¥ ! we see that the first and third
row remain the same whereas the middle row becomes

0— EQ1) —V =V ") — EX? —o.
Now we follow the argument in ([I4], proof of Thm. 3.14). Consider the diagram of Galois coho-
mology groups
HO(Fy, E(0))
|s

HY(Fy, B(1)) —— HY(F,V) —— H'(F, E(0)) —— H*(F,, B(1))

l l L [

H'(F,, E(1)) —— H'Y(F, V') —— H'(F,, E(0)) —— H?(F,, E(1))
induced by diagram (twisted by ¥~!). A simple computation shows that the image of 1 € E =
HY(F,, E(0)) under ¢ is equal to —29(1)).
Since H?(F,,Q(1)) = Q, the map ¢; can be identified with E — E,z ~— e hence it is injective.
Since 19 0§ = 0 we also have 11 06’ 0§ = 0 hence §' o § = 0. It follows

0=2406(1) = —280)) = £26U ()

and therefore £ U d(¢)) = 0.
Finally, it remains to consider the case F' = Q and D = Ms(F'). The above proof can be easily
adapted to this case using ([24], Thm. 5.35) instead of ([24], Thm. 5.27) and by noting that

(55) Hy, —oa(Xgi E0), E)r = H_pq,(Xg; E(0), E)a,
Hilﬂ—ad(X@; E(@w), E)r = Hvlz—ad,!(X@E E(@w), E),.

Indeed, by ([24], Prop. 5.31) all terms of the sequence

0 — Hompz,)(E(0), Ch)x — Homppr,) (E(Oy), Ch)r — Hompz,)(E(0), Ch)x
vanish. Therefore by localizing the sequence (see [24], §5.7)

0 — H} (Xg: A(X), E) — H;, (Xg: AX), E) — HOIHE[TP](A(XA)’ Cp).-

w—ad,! ww—ad

at m for A(x) = E(0) and A(x) = E(0y) yields (55). O

5 Jacquet-Langlands functoriality for automorphic Z-invariants

In this section we assume that d > 2. Up to isomorphism there exists a unique quaternion algebra
D with

- Ramp UX if d is even,;
(56) RamD - { Ramp U{UQ, el Ud} if d is odd.
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Let d be the number of archimedean places v that split E (thus d € {0,1} and d = dmod 2).

We denote the algebraic group corresponding to D /F* by G and put A = G(F)/G(F), =
{il}d Let O be an Eichler order of level n in D. We choose an isomorphism D,, = D, for every
nonarchlmedean place v that respects the local Eichler orders (i.e. ODW is mapped onto Op ).
This allows us to view the level Ky(n)? C G (A'}) as a level in G(A’}) and also to view % as a subset
of the set of compact open subgroups of G,. The associated .#-space (resp. .#-scheme if d=1)
will be abbreviated by X = X (n)®.

By the Jacquet- Langlands correspondence there exists an automorphic representation JL(7w) =
' = ®, 7, such that 7, = 7, for all places v of F where D, = D, and so that 7, is the trivial
representation of G, for the places v where D, 2 D, (i.e. for the places in ¥ resp. in {o9,...,04}
if d = 0 resp. if d = 1). The main result in this section is

Theorem 5.1. We have Z.(7,v) = L (n',4) for every 1 € Homeons (Fy', O) and every character
e: A — {1}

In particular we see that the automorphic Z-invariant % (7, 1) is independent of the choice
of the character e. In the previous section we have shown that Theorem holds for 7’ (since
d < 1). Since the w-adic Galois representation attached to = and 7’ are the same this implies

L7, ) = ZL(Vr, 1) thus completing the proof of Thm.
Theorem [5.1] follows from the following seemingly weaker assertion

Lemma 5.2. Let ¢ € Homeont(Fy, O) and let V = ker(y)) N Uy. Assume that £ (n',4p) = 0 and
Upy/V = Zyp. Then we have Z.(m, ) =0 for every character e : A — {£1}.

Proof of Thm. [5.1] assuming Lemma[5.3 We fix a character € : A — {+1}. Note that the E-vector
space Homcont(Fp , E) has dimension 7 + 1 where r := [F}, : Q)] = dlm(Up( ®z, Qp). We choose a
specific basis of Homont (F;, E) as follows. Let Vi, ..., V; be closed subgroups of U, with U, /V; = Z,
and so that Vi N...NV, is the torsion subgroup of U,. We can find 9], ..., ¢ € Homeont (£, O)
so that Ker(¢;) NUp = V; for i = 1,...,r. Then ¢,...,4;, v, form a basis of Homeont(Fy', E). If
we put ¢; =, — L (7' ,4)) - vy then we have Ker(¢;) N U, = Ker(¢)) N U, = V; and

L' i) = L(n' ) = L7 ) ZL(n' vp) = 0

fors=1,...,7 by Lemma Therefore 41, ...,19,, v, form a basis of Homcont(F E) so that

Lo(m ) = L(7 ;) for i =1,...,r and Z(m,v) = L(7',v,) = 1 by Lemmas .3 (a
and [5.2] Usmg the fact that both types of Z-invariants are linear as functions of i we obtaln
Z(m, ) = ZL(n',4) for every ¢ € Homeons(Fy, E). O

The proof of Lemma requires some preparation. We put Tp = T,/V and consider the
Iwasawa algebra

(57) A = O[U,/V] = lim O[U,/VU].
The augmentation ideal of Ag, i.e. the kernel of the canonical projection aug : Ap — E, will be

denote by a. Since U,/V =2 Z, we see that A is non-canonical isomorphic to the power series ring
O[T] in one variable over O. In particular we note that Ag is a principal ideal domain.

20



We fix a character € : A — {£1} and consider the following E[T,]-module

(58) Y = ord? (X, 0)pe.

w—ad

By ([24], Prop. 5.20 (b) and Prop. 5.21) the vector space V is an admissible E-Banach space
representation of Ty and its dual M = D(V) € Modegaug(Tp) is free and of finite rank as a Ag-
module. The Ap(T})g-module V is equipped additionally with an action of the Hecke algebra Tg
commuting with the Ao (T)g-action. Let

(59) R = Im(TE XE A@(Tp)E — El’ldBan%dm(Tp)(V)).

If ro = ranky , M then using the duality functor @D yields

2

R g EndBan%dm(Tp)(V) = EndMOdegaug(Tp)(M) g EndAE (M) = ATEO

Hence R is a finite and torsionfree, hence flat Ag-algebra. We put X = Spec R and let ¢ : X —
Spec Ag be the induced finite flat morphism. We denote by

(60) A TE — RE
the canonical E-algebra homomorphism and by
(61) x:F 2T, —T, — R

the canonical (continuous) character. Let |X| be the set of closed points of X. For z € |X| with
residue field k(x) we put

A= A mod z:Tp —— R —2°0% k(z)

and

Xe:=x modz:Tg —— R mod k(x)*.

Lemma 5.3. (a) There ezists a point xo = mg € |X| that is associated to 7, i.e we have, Xz, = 1,
Azo = Ar and k(zo) = E. The point xq lies above a and X — Spec Ag is étale in xo. Moreover the
R, -module My, 1s free of rank 1.

(b) We have V[mi] = E[©4] as E-Banach space representations of T).

Proof. (a) Since the anti-equivalence of categories D : Bani™(T,) — Mod8*"8(T,) is Ao(T)e-
linear we have

M/Cl./\/l =M ®AE,augE = D(V[Cl])
By ([24], Prop. 5.20 (e)) we have

ord"? (X, 0)pla] = HomE[Tp](c—Incgé E, @rdl‘gfad (X™ 0)p)

w—ad

= WL (X" clnd} B, B)
P

T).d

w—ad

- HomE[TP](c—Ind;SE,@rd (X, 0)5) = HUX 1), 0)3°.
p
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Let D be = D if d = 0 and let D be the totally ramified incoherent quaternion algebra over A
(in the sense [29]) with ramification set Ramg = RampU{o1} = Soo URamp if d = 1. Following
([29], bottom of page 70) for a subfield E of C we define the set A(D"/A* E) of automorphic
representations of D" /A* over E as the set isomorphism classes of irreducible representations of
D" /A" such that 7 ® C is a sum of automorphic representations of D" JA* of weight 0. As in the
proof ([24], Lemma 5.26) we have a decomposition

(62) Via = B (X0, 0% = @ Mgy @0, (@)
TER

where R denotes the set of # € A(D"/A* E) such that %f(o) £ 0 # (7°)Ko” and Mgrpd # 0.

Here — as in the proof of ([24], Lemma 5.26) — M5, denotes a T, -stable Oz-lattice in %fl(n).

Moreover, by ([24], Prop. 2.19) there exists an unramified quasicharacter yz : Fy — O* such that
M;‘-r’r;i = Oz(xz) for every ™ € R. Thus we get

(63) V[a] = @ Bx(xz) ®p. (7)50®"
7ER

In particular the action of Tg @ Ao (Ty)E, hence also of R, on V[a] is semisimple. Since R/aR is
a finite Ap/a = E-algebra we conclude

V= @ Vm

meSpec R/aR

(here and in the following we view Spec R/aR as a subset of |X|). In particular the localization
V(a]m is equal to V[m] for every m € Spec R/aR. Applying again the duality functor D yields

Mup/aMy = DV[a])m = DV[m]) = Mp/mMy = M@ R/m
hence
(64) aMpy = mMy,

for every m € Spec R/aR C |X|. Since f(n’) = f(7) = pn and 7, = m, = Stg, (E) the automorphic
representation 7 corresponds to an element of R that (by abuse of notation) will also be denoted
by 7. Since dimg((7?)%0(M") =1 the R-submodule

{fveVa|t-v=XA(h)v,t-v=0vVh€TpteTy}

of V[a] is onedimensional, so it is of the form V[m] for a unique ideal my € Spec R/aR, i.e. a unique
point o € X lying above a. It follows k(z¢) = E and dimgp(M ®gr R/mp) = 1. By Nakayama’s
Lemma we obtain

M, = Rmo/Anano (Mumg) = (R/ Anng(M))m,-

However since M is a faithful R-module we have Anng(M) = 0, hence My, is a free Ry,-module
of rank 1. The equality for m = mp now yields aRy, = moRuy,, i.e. X = Spec Ag is unramified,
hence étale in mg = xg.
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(b) Firstly, we remark that

Hom 7, (E(©y), 0rdS? (X™,0)p) = HL_4(X™; E(Oy), E)

by ([24], Prop. 5.20 (e)). Together with Prop. it follows that HomE[Tp](E(@¢)7Vmo) is a free

E-module of rank 1, so there exists a monomorphism of E [T),]-modules

(65) E(©y) — Vi,

The source carries a canonical A g-module structure and it is easy to see that (65) is Ag-linear and

that a2F (©y) = 0. It follows that the image of is contained in V[a?]y,- By (a) we have

Mmo/a My = Mmo/mOMmo = M/m(% = R/mg = AE/a2

hence Vi, [0?] = V[m2] and dimg(V[m3]) = 2. Therefore can be viewed as an isomorphism

E(@w) — V[mg] O
A point = € |X| will be called classical if x, # 1 is a quasicharacter and if there exists a

m(x) € A(D*/A* E)

) The m(z) is defined over k(x), i.e. there exists v : Er(,) := Endg(m(x)) = k(z);
ii) The conductor of m(x)%>° divides n;

(i

(

(iii) m(«)p is the principal series representation m(x), = m(x5 Xz - )5
(

iv) The Hecke eigenvalue homomorphism Az @ T — Er () ~ k:(a;) is equal to = A,.
The set of classical points of X will be denoted by X.

Lemma 5.4. X is dense in X.

Proof. For n > 1let U, be the open subgroups of TS of index p™ containing V. Put A,, = O[TS/Un]
and a, := Ker(Ag — (Ayn)g). Since (),,~; an = 0, the set (U,,~; Spec R/a,R) \ Spec R/aR is dense
in X, so it suffices to see that it consists of classical points. Similar to , one shows that for
fixed n > 1 we have

Via] = HU(X, 0, 0% = P Bx(xz) @p, (@)
TER
where R denotes the set of 7 € A(D*/A*, E) such that WKU" £ 0 # (ﬂ-P)KO and M%orgl £ 0.
As in the proof of Lemma (a) this implies that the actlon of R on V[a,] is semisimple and that
Vl]a] = @ V[m].
meSpec R/an R

Let m € SpecR/a,R \ Spec R/aR. We have V[m] # 0 (since Anng(M) = 0 hence D(V[m]) =
M/mM # 0), so there exists a uniqudﬂ 7 € R such that

Vim| = Ex(xz) Q. (T )KO(n ={veV|t-v= z(h)v,t-v=xz(t)vVheTg, te Tp}.

The condition m ¢ Spec R/aR implies that the quasicharacter x is ramified hence 7, = Indgg X= =
W(X;r1| o 1/27X%| . ;/2) by ([24], Prop. 2.19). It follows that m is classical. d

5Since the Hecke eigenvalue homomorphism A;z determines 7 uniquely.
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We fix a character ¢ : A — {£1} and consider the cohomology group H%(X*;V E).. It is a
finitely generated augmented E[T)]-module equipped with a Tp = Tg ®p R-action (the R-action
is induced by the R-action on V). For a Tr-module N we let N, be the maximal quotient of N
where Tg acts via A : Tg — R, i.e. Ny = N @1, \oidg 1

Lemma 5.5. Let N: = (H? __ (X*;V, E)e)x.
(a) The R-module N is finitely generated. N
(b) There exists an open neighbourhood Y of xy in X such that 4 — X — Spec Ag is étale and Ny
s an tnvertible Ou—moduleﬂ

(c) The canonical map (HE

ww—ad

(X V, E) ®p k(x0))re = N ®@g k(zo) is an isomorphism of oned-

imensional E-vector spaces. Moreover we have Hf;_lad(Xan; V,E)mglre = 0.

Proof. (a) follows immediately from the fact that HL __ (X V, E) is finitely generated as a Ap-
hence also as an R-module.

(b) By Lemma (a) there exists an open neighbourhood { C X of zg such that & — X —
Spec A is étale and M|y is an invertible Oy-module. Note that for x € |U| we have dimy,,) V[z] =
dimy,y D(V[z]) = dimy(,) (M @ k(x)) = 1, hence V(z) = k(z)(x.) as Ty-representation.

Since 4 is regular of dimension 1, we have an exact sequence

(66) 0—HL (X V,E)®gk(z) = HL (X2 V[z], E) — HE (X3, E)[z] = 0

w—ad w—ad w—ad

for every = € |8| by ([24], Prop. A.8). Since the R-module H*(X?*;V, E) is finitely generated we
may assume — after shrinking [ if necessary — that H! (X2 Y, F)[z] = 0 for all z € & — {x0}. So
by applying the functor N — N to the sequence we get

N @p k() 2 HE,_ g (X k(2)(xa), B) @1y, k(@)

for all z € || — {xo}. Let = € thy = UN X, put E' = k(x) and let O’ be the valuation ring of E’.
We claim that

(67) dim(N @ k(z)) > 1
Indeed, by and ([24], Lemma 3.39) we have
HE, oa (X V2], B)e = HH(X™;0'(xa), O)p.e =Hp (X0 (xa), O)pr.e-

so by applying - ®r,, x,, £’ we obtain using ([24], Prop. 5.13).
For the point zg we have

(68) dimk(m)(./\/ ®pr k(zg)) < 1.

For that note that since H¢

w—ad

(X V[z), E) = H(%(Xaﬂ; 0(0), O)g, the E-vector space

HE,_aa (X V20), B)re = (HG_o(X™; VIxo], E)e) @1y, B

ww—ad w—ad

is onedimensional by. Since the sequence for x = x( remains exact after localizing with respect
to m; = Ker(\;) it follows that

(69) (HL _oa(X™ V. B) & k(x0))

€

"Recall that M denotes the quasicoherent Ox-module associated to an R-module M.
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is an E-vector space of dimension < 1. This implies since N ®@gk(z0) is the maximal semistable

quotient of .
The two inequalities and combined with the facts that x — dimy,,) N @prk(z) is upper

semi-continuous and &l is dense in il yields — after shrinking 4l if necessary — that dimy,,, (N ®pr

k(z)) = 1 for every z € 8. Hence Ny is an invertible Oy-module.
For (c) consider the diagram

(B _a(X*5V, B) ®nk(xo),, —  HL_q(X™3Vfa], B)r.e
N XRR k(xo) R Hdw_ad(Xan, V[x], E) Tz Ar E.

The upper horizontal map is injective with cokernel = Hdwtlad(X Y E)[mglre.  As already
seen in the proof of (b) the first vertical map is surjective and the second is an isomorphism.

Hence the first vertical map is injective as well. The fact that dimy.)(N ®r k(zg)) = 1 =

dimp(HE (X V[z], E)r.e) implies that all maps are isomorphisms and Hd;_lad(Xan; V, E)[mo)r .
= 0. O

Proof of Lemma 5.9, There exists an exact sequence

0— (Hd (X*.V, E) g R/mg) S HE (X Vm], B)re

w—ad w—ad
€

— HE (XY, E)[md], . — 0.

w—ad

(see [24], Prop. A.8). The third group vanishes by Lemma (c). Together with Lemma (b)
we obtain N
HY (X B[Oy), E)re = (Hd (X*™V,E) ®g R/mg)

w—ad w—ad
€

Thus by Prop. it suffices to see that the group on the right is a free E-module of rank 1. For
that let a € Ag be a generator of the prime ideal a, put N/ = Hdw_ad(Xan; V, E) and consider the
diagram

W' @R R/mo)re —— (N'@p R/mf)re —— (N @p R/mo)rec —— 0

| l !

0 —— N®rR/my —*5 NopR/m¢ 25 NegpR/mgy —— 0

where the vertical maps are induced by the canonical projection NV — N{ = AN. By Lemma (a)
and Lemma (b), (c¢) the rows are exact and the first and third vertical maps are isomorphisms.
Hence the middle vertical map is an isomorphism and we get

I

w—ad E.

(HL_a(X™V, B) @ Rjm) = N @g R/mf = R/mf = Ap/a®

)
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