On certain cohomology groups attached to p*°-towers of
quaternionic Hilbert modular varieties

By Michael Spief3

Abstract

For a totally real number field F' and a nonarchimedean prime p of F' lying above a prime
number p we introduce certain sheaf cohomology groups that intertwine the p°°-tower of a
quaternionic Hilbert modular variety associated to a quaternion algebra D over F' that is split
at p and a p-adically admissible representation of PGLy(F}). Applied to infinitesimal p-adic
deformations of the local factor at p of a cuspidal automorphic representation 7 of D*(A) this
yields a natural construction of infinitesimal deformations of the Galois representation attached
to .

Contents

Introductionl

(1

Representations of locally profinite groups|

1.1 Notation and preliminary remarks| . . . . . ... . ... .. ... ... ... ...
1.2 Locally admissible R|G|—modules|. . . . . . ... ... ... oL
1.3 Locally finite R[X, X ']-modules| . . . . .. ... .. ... ... ... ..

Representations of ,, and PGLs of a p-adic field|

2.1 Finiteness properties for Ext-groups of admissible R|7T|-modules.| . . . . . . .. ...

2.2 The ﬁ]]] ctor Eordl

2.4 The right derived functors ot Ord|. . . . . . . . . . . . .. .. ... ... ... ....
[2.5  w-adically admissible and Banach space representationsof 7] . . . . ... ... ...

(3

Cohomology of .7 -spaces and schemes|

3.1 Notation and preliminary remarks| . . . . ... ... ... .. ... .. 0L
I;i.z :i“f:s QI !i‘ls!:ls:lf: (;‘SS:!SI ...................................
[3.3  The topos associated to an .#-object inasitef . . . . . .. .. ... .. ... ... ..
[3.4  Morphisms between #-objects| . . . . . . ... oo oo
3.5  Change of the group G|. . . . . . . . . . . .
3.6  Cohomology of .#-objects| . . . . . . . . . . ...
3.7 The cohomology groups Hp (X5 M, )| . . . . .. ...
[3.87 F-spaces and .F-schemes| . . . . . . . ... e
3.9 Galois operation on Hp(Xm M, Z5)| - - . . . . oo
3.10 I'-equivariant .-spaces| . . . . . . . ... e e e e

10

16
17
21
24
29
38



[4 Ordinary and w-adic cohomology| 79

(4.1  Ordinary cohomology| . . . . . . . . . . 79
4.2  w-adic cohomology| . . . . . . . . . 87
[> Quaternionic Hilbert modular .#-varieties| 92
[>.1  Definitions and basic properties| . . . . . . . . .. . L Lo 92
[5.2  Borel-Serre compactification| . . . . . . .. ... o 96
[>.3  w-adic cohomology and group cohomology|. . . . . . ... ... o000 100
[>.4 Relation to cuspidal automorphic forms| . . . . . . ... ..o o000 102
b Thecased=0and d=1 . ... ... ... ... . . . . ... . ... ..., 105
[5.6 Cohomology of .-Shimura curves| . . . . .. . ... .. .. ... ... ........ 110
[5.7  Cohomology of .-modular curves| . . . .. . ... ... .. ... ... ... ..., 116
A ppend 121
Introduction

In this paper we introduce certain categories of (étale) sheaves associated to a "locally pro-étale
tower” of algebraic varieties equipped with an action of a locally profinite group G. Typically,
the sheaves we consider are sheaves on a site without a final object. By ”intertwining” the tower
with a representation of G we construct new cohomology theories and thereby interesting Galois
representations that are usually not motivic, i.e. that do not occur in the étale cohomology of a
single algebraic variety. Our main motivation to develop the theory presented here is to produce
custom fit infinitesimal deformations of Galois representations associated to automorphic forms.
Our method can be applied to construct ”big” Galois representations associated to p-adic families
of automorphic forms as well. Of course the construction of such Galois representations has a long
history starting with the work of Hida and Wiles (see e.g. Hid2], [Wi2]). Our approach
differs from earlier methods insofar that we work completely within the framework of topos theory
as developed in [SGA4].

The results of this paper have been applied in the companion paper |[Sp2| where we prove
the equality of automorphic and arithmetic .Z-invariants associated to Hilbert modular forms (of
parallel weight (2,...,2)). We like to point out that together with (Thm. 6.7, )E| one obtains
a proof of the exceptional zero conjecture for modular elliptic curves over totally real fields that
avoids the use of p-adic families of Hilbert modular forms completely. Further applications of the
method introduced here will be given in a sequel to this paper.

In this work we apply our construction only to the case of a tower of quaternionic Hilbert
modular varieties over a single place p (i.e. we vary the level only at one place). Thus in order
to describe our method and results in some detail we focus for the rest of the introduction on
this situation. Specifically we consider the following set-up. We fix a totally real field F' and a
quaternion algebra D over F. We assume D is not totally definite and let ¥ = {v1,...,v4}, d > 1
be the set of archimedian places of F' that split D (i.e. D ®p F, is isomorphic to the matrix algebra
M (R) for v € ¥). Let G = D*/F* viewed as an algebraic group over F' and let K 4 be a maximal
compact and connected subgroup of G(F ® R). We denote the adele ring of F' by A = H; F, and

!We like to point out that the results of the main technical section 4.2 of have been clarified and simplified
in ([DS], §3).



let Ay = H;*Oo F, be the finite adeles. For a small enough compact open subgroup Ky of G(Ay)
the group G(F') acts properly discontinuously on the symmetric space G(A)/(Kf x K +). The
quaternionic Hilbert modular variety X, of level Ky is a d-dimensional smooth quasi-projective
variety defined over a specific algebraic number field L (= the reflex field of the corresponding
Shimura datum). The associated complex analytic manifold X ?(I} is the space of left G(F)-orbits
in G(A)/K¢ x Kooy If d=1 (resp. d = [F : Q]) then L = F (resp. L = Q).

We fix a nonarchimedean place p of F' that is unramified in D so that we can (and will) identify
Gy = G(Fp) with the group PGLa(F}). We assume that Ky is of the form Ky = K x K;i where
K = K, (resp. K;i) is a compact open subgroup of G} (resp. of G(A’}) where A’} = H;*Oop F,). In
the following we keep K;i fixed and vary K. So we consider the p>®-tower X := { Xk }x where we
have abbreviated Xg = X K- The tower is equipped with an action of Gy.

We introduce a topos Sh(Xe), i.e. a category of étale sheaves on a site associated to X and
study certain cohomology groups defined in terms of Ext-groups of sheaves in Sh(X,t). The category
Sh(Xet) may be viewed as the category of Gp-equivariant étale sheaves on

Xoo = lim Xpe = lm Xy,

K f

or also as sheaves on the "quotient” G,\ X (note that the latter does not exists as an algebraic
variety). Given a discrete (i.e. smooth) representation M of G}, — say over an Artinian local ring A
with finite residue field of characteristic p — we can associate a sheaf of A-modules on X, i.e. an
object of Sh(Xet, A) that will be denoted by My ,. We then consider the cohomology groups

(1) HA(X@, M, ﬁ) = EXtéh((X@)ﬁ,A) (MX’Gp, y)

with coefficients in an arbitrary sheaf .%. These cohomology groups are equipped with an action of
the absolute Galois group ® = Gal(Q/L) of L. They are also equipped with an action of a Hecke
algebra. For the latter let us assume that K}’Z = Ko(n)? where n is an ideal of Op that is relatively
prime to p and the discriminant 9 of D (for the definition of Ko(n)? see section [5.1)). Then the
groups are equipped with an action of a spherical Hecke algebra T = Z[T | q { pnd].

We also consider a variant of these cohomology groups for the p™-tower X*" := {X#}x of
complex analytic manifolds defined similarly by

(2) H(.Q(Xan; M7 9) = EXtéh(Xan,(’)) (MXanpr s 9)

Here it is useful to allow more generally a complete noetherian local ring O with finite residue field
of characteristic p as coefficient ring.

We now list some basic properties of these cohomology theories.

Comparison with the étale cohomology of a single variety Xg. Let K be a (sufficiently

small) compact open subgroup of G, and let M = c—IndIG(p A (compact induction). For # €
Sh(Xe, A) let ZFx be the "restriction” of .# € Sh((Xg)et, A) to Xg. Then we have

HY(Xg:eIndi? A, 7) = H*(Xk)g, TK)-
Covering spectral sequence. There exists a spectral sequence

By = Extfy 4(M, H*((Xg)eo, F)) = H (X M, F)

3



where H*((Xg)oo, F) = liHmK H*((Xk)g: #K). Here by Extg; 4(-, ) we denote the Ext-groups

in the category Mod"(Gy) of discrete A[Gp]-modules. If M = c—Indgp A for K C Gy sufficiently
small the spectral sequence can be identified with the Hochschild-Serre spectral sequence (see [Ar],
3.4.7) for the "covering” X, — Xg with ”group of deck transformations” K.

Comparison between étale and analytic cohomology. Assume that .# € Sh(Xe, A) is con-
structible, i.e. F is constructible for one (hence every) sufficiently small compact open subgroup K
of Gy. As in the case of usual étale cohomology one can associated to .# a sheaf #*" € Sh(X*", A)
and there exists a comparison isomorphism

(3) H)(Xgs M, 7) = HJH(X™ M, 7).

Comparison with group cohomology. Let (D*); be the subgroup of elements of D* with
totally positive reduced norm and put G(F')y = (D*)4/F*. If M is a discrete O[Gp]-module that
is projective as an O-module then we have

(4) HY(X™; M, 0) = H*(G(F)4, Ao(M, K*; 0)).
Here the coefficients on the left hand side are O = Oxan g,, the sheaf on X" associated to the

trivial Gp-module O. The coefficients Ao (M, K;i;(’)) on the right hand side is the O[G(F)4]-

module of maps G (A’}) / K’; X M — O that are O-linear in the second component. The cohomology
groups on the right hand side of have been introduced and studied in [SpI]. The comparison
isomorphisms and imply in particular that they are equipped with a canonical Galois (i.e.
®-) action in case where O = A is an Artinian local ring.

Relation to p-ordinary cohomology Let B, be the standard Borel subgroup of G, = PGLa(F})
and let T, = G, (F,) = Fy be the maximal torus in By. In this paper we focus mainly on the

case M = Indgz W (parabolic induction) where W is a discrete A[T,]-module (or more generally a
discrete O[T,]-module). We abbreviate

. . G
HY (X W, #) = Hi(XgIndg W,.7),
Hg(X* W, F) = H('Q(Xan;lndg‘; W, F).
We also define the n-th p-ordinary cohomology group @rdffl(X@, F) of X with coefficient in . €

Sh((Xk)et, A) as the n-th right derived functor of .7 Olrd(HO((X@)007 #)) where Ord = Ordp, :

Mod¥*(Gy) — Mod! 4™ (T;,) denotes Emerton’s functor of ordinary parts [Em2]. These cohomology
groups are linked by a spectral sequence

(5) Ey® = Extly 1 (W', 0rdy(Xg, F)) = H*(Xgz W, F)
(here W* = W with reversed Ty-action given by ¢-w = t~1w). If .Z is constructible then we show

(6) Ord(Xg, ) = lim  H"(Xk,(m))g Frci (m) "

m

Here K1 (m) := K;(p™) is defined as usual as the subgroup of A € PGLy(0,) with A = (} 1) mod p™
(and modulo the center) and the superscript ”ord” denotes the ordinary part in the sense of Hida.



If .# is constructible then the groups @ are admissible A[T,]-modules. Moreover if W is admissible
then the cohomology groups H$% (X@; W, F) are equipped with a canonical profinite topology and
the Galois action is continuous. If W is finite then the groups HE(X@; W, F) are finite as well.

w-adic cohomology We will also introduce a version of ¢-adic cohomology adapted to our context.
Let O be the valuation ring of a p-adic field E and put O,, = O/(w™) where w denotes a
uniformizer. Similarly to the classical case one can define the notion of an étale constructible w-
adic sheaf F = (Fp)n on X. If W is a w-adically admissible O[T,]-module without w-torsion (see
[Em2|, 2.4.7) then we set

(7) n ( W, F) = lmH”(X@;W@)@ Omys Fm).

ww—ad —
This defines a contravariant J-functor (in the component .%). The groups (7)) are again equipped
with a canonical profinite topology and the Galois action is continuous.
By inverting w we can replace W in by an admissible E-Banach space representation V' of
T,. Concretely, we define

(8) X Vo F @ E) = Hy,_ (X W, F) ®o B

where W is a Tj-stable lattice in V. The cohomology groups define a §-functor in both variables
(contravariant in V). If # = O is constant and if V' is a finite-dimensional and discrete T}-
representation admitting a Tj,-stable lattice then we have (Prop. and Lemma |5.15])

9) w-ad X V. B) = Hg_og(X™V, E) = Hp(X™;V, E).

Relation to automorphic forms Let x : T, = F; — E* be a unitary quasicharacter (i.e.
ker(x) is open and the image of y is contained in O*). We consider the cohomology groups @D for
the one-dimensional discrete T,-representation V' = E(x). We show that a cuspidal automorphic
representation m = ®; 7y of G(A) of parallel weight 2,2,...,2 occurs in the cohomology group
H} (X E(x), E) (i-e. the m-isotypical component H7 (X*"; E(x), E)7r is non-trivial) if and only
n =dorn =d+ 1, the local component of m at p is equal to IndB x and if the conductor of

P = Q) oo Mo divides n (see Prop. [5.13| for the precise statement).
If we consider instead e.g. the case V = E[©] where E = E[e] is the ring dual numbers over E
and © : Fy — E* is an infinitesimal deformation of x of the form ©(z) = x(z)- (1 +¢(z)e), » € Fy

with ¢ € Homeont(Fy, Zp), then for n = d,d + 1 and a suitable choice of 1 the E[®]-module
(10) L aa(Xg: B[O, E)x

is a non-trivial deformation of H';(X*"; E(x), E)Wﬂ Here the subscript 7 indicates that we localize
with respect to ker(A; : T — E).

Action of the decomposition group at p Assume that d = 1 so that each Xg is either a
Shimura curve (if D is a division algebra) or a modular curve (if /' = Q and if D = M(Q)

2For a precise statement in the case where x = 1 see [Sp2]; the techniques employed there can be generalized to
prove that for an arbitrary quasicharacter x there exists an — up to scalar — unique ¢ with given kernel ker(z|o, «)

such that is a free E-module of rank dimp HE(X*"; E(X), E)x.



is the 2 x 2-matrix algebra). For the action of the decomposition group &, = Gal(Q,/F;) on
H, := H! (Xg: E[6], E)r we show that there exists a short exact sequence of E[&,]-modules

w—ad
0 —H — H, — H* -0

so that the ®p-action on HY factors through the maximal abelian quotient of &, and can be
described explicitly in terms of the local reciprocity map and of © (for a more general and precise
statement see Theorems and .

Now we describe briefly the content of each section. In Chapters [I| and [2| we deal with certain
aspects of the representation theory of G = PGLo(F') and its maximal torus 7' over a complete
local ring O. Here F' is now a fixed p-adic field. Specifically in section [1.2| we establish some basic
properties of the category of locally admissible representations of certain locally profinite groups
and monoids. Sections and [2.2] consists of preparatory material from commutative algebra that
will be used in sections and where we review and study the functor Ord : Mod®'(G) —
Modlgdm(T) and its right derived functors. In section we investigate the Ext-groups in the
category of locally admissible representations of 7' and in section we recall the notions of w-
adically admissible and of admissible Banach space representations of 7.

The key technical result of the first two chapters is Lemma It is a purely representation-
theoretic result contributing towards the proof of @ It also implies (see Cor. that the n-th
right derived functor of Ord when applied to a locally admissible representation V' of G over an
Artinian local ring A agrees with Emerton’s n-th higher functor of ordinary parts introduced in
[Em3]. We note though that rather than in ([Em3], Conj. 3.7.2) we consider Ord here as a functor
on the whole category of discrete representations G. However our methods can also be adapted to
give a proof of Emerton’s conjecture for G = PGLa(F') (see Remark (b); however this proof is
simpler than that of Cor. as it does not rely on Lemma [2.22)).

In chapter [3| we develop a general framework for constructing the topoi Sh(Xe) and Sh(X?")
and the cohomology groups and . For that we consider again an arbitrary locally profinite
group G together with a set £ of ”small enough” open subgroups of G satisfying certain conditions
and a site C that has fibre products, equalizers and coproducts. In section we discuss some basic
properties of the site .7 = .7 » (equipped with the canonical topology) of discrete left G-sets S
such that the stabilizer of each element in S is contained in .#". In section 3.3 we introduce the
notion of an .-object in C. It is a continuous functor X : . — C that commutes with coproducts.
We show that there exists a natural construction of a site C/colim X so that X ”lifts” to a functor
X ¥ — C/colim X. For an arbitrary coefficient ring R the topos Sh(X, R) is defined as the
category of sheaves of R-modules on C/ colim X. We show that this construction is independent of
the choice of . Moreover if .7 has a final object pt, i.e. if G € J# then Sh(X, R) can be identified
with category of sheaves R-modules on the site C/ X (where Xg := X (pt)). The category of
sheaves R-modules on . can be identified with the category Mod%"(G) of discrete R[G]-modules.
Under this identification we denote the pair of adjoint functors (X5, X*) by

Mod$™(G) —» Sh(X, R), M — Mxg,  H°(Xw, ) :Sh(X,R) — Mod®(G).

An Y-object X will be called ezact if it commutes with equalizers. In this case we show that the
functor M — Mx ¢ is exact. In section we introduce the notion of a morphism f: X — Y of
#-objects and establish basic properties of the induced morphism of topoi (f*, fi) : Sh(X, R) —
Sh(Y, R). In section we consider more generally functorial properties of Sh(X, R) with respect



to both changing X and the underlying group G. Here the advantage of working with the category
< rather than with just the collection of open subgroups J# of G comes fully to bear. In section
the cohomology groups are introduced and their basic properties discussed in the context of
arbitrary .#-objects. In the subsequent sections and we introduce the notion of an .#’-space
and .¥’-scheme by specifying the underlying site C and we discuss the Galois action on the groups
. In the final section of the chapter the isomorphism will be established within a rather
general framework.

In Chapter [4 the general theory developed in the previous chapter is specified to the case
G = PGLy(F) (where F' is a p-adic field) and M is parabolically induced. Furthermore we consider
only the case where R = O is a complete noetherian local ring. In section [£.1] we introduce ordinary
cohomology Ordy,(X,.#) of an .-space (or scheme) X. If X is exact then we prove that a spectral
sequence of the type exists. Moreover we show that @ holds if either X is an .%-scheme,
O = A is Artinian and .# is constructible or if X is an .#-space, dim(©) < 1 and the sheaf .7
satisfies certain finiteness conditions. In section [4.2] we introduce the w-adic cohomology groups
and .

Finally, in Chapter [5| we consider the case of a quaternionic Hilbert modular .#-variety X. By
applying X to S = G,/K with K sufficiently small the variety X (S) is equal to the Hilbert modular
variety X g considered at the beginning of the introduction. In section [5.1f we prove the existence of
X and show that it is an exact .#’-scheme. Occasionally, we also consider the case d = 0, i.e. when D
is a totally definite quaternion algebra. In this case there exists only an associated (0-dimensional)
Y-space X = X?" and it is not exact anymore. If d > 1 then the varieties X are proper except
if D = My(F). In this case one can view the collection of Borel-Serre compactifications of each
X(8)a for S € . also as an .#-space. We denote it by XBS. In section we study the
cohomology of the boundary 9X = XBS \ X and in two subsequent we establish a variant of
for w-adic cohomology, prove @D and investigate which automorphic representations m ”occur” in
the cohomology H?® (X@; E(x), F) = Hy(X*; E(x), F) when x is a unitary quasicharacter. In

w—ad
section (5.5 we consider the case d = 0,1. We study in particular the groups
(11) OrdL_,4(X*,0) := lim Ord}, (X, O,,)
—

m

where O denotes again the valuation ring of a p-adic field E. We prove that is a w-adically
admissible O[T},]-module and that the dual of the associated E-Banach space OrdS,_,4(X*", O)@oFE
is a module under a certain Iwasawa algebra A ®» E and as such is finitely generated and projective
(see Prop. for the precise statement).

In the final two sections we consider the case d = 1. We study in particular the action of
the decomposition group &, on H}/_V,fad(X@; A(x), E) where A is an Artinian local F-algebra and
x : T, — A* is a bounded character. Using and (@ it will be shown that for any F-Banach
space representation V' of T, we have

HY,_0q(Xg; Vs E) = Hompgg, (V*,Ord},_,q(Xg, O) ®0 E)

w—ad w—ad
and that (D)rd}ﬂfad(X@, O) is the w-adic completion of h—1>nn1<21 HY((X K1 (n)) g O,n)°d. This to-
gether with a trick of Hida allows us to deduce Theorem from a result of Wiles ([Wil], Thm.
2.2).
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1 Representations of locally profinite groups

1.1 Notation and preliminary remarks

Unless otherwise stated all rings are commutative with 1 # 0. If ¢ : R — R’ is a ringhomomorphism
and N an R-module then we put Ngr = N ®@g R'. If M is an R’-module then we can view it as an
R-module via ¢ and as such denote it by M.

Let R be noetherian ring and let G be a locally profinite group or a locally profinite monoid.
By the latter we mean that G is a topological monoid so that its maximal subgroup G is open and
locally profinite. If G is only a monoid then we will assume that ¢G° = G% holds for every g € G.

The category of left R[G]-modules will be denoted by Modg(G). A left R[G]-module V is called
discrete (or smooth) if V is discrete as a G-module, i.e. if the stabilizer Stabg(v) = {g € G° | gv = g}
is open in G for every v € V. A discrete R[G]-module V is called admissible if VU is a finitely
generated R-module for every open subgroup U of G°.

The full subcategory of Modr(G) of discrete R[G]-modules will be denoted by Mod#"(G).
Furthermore we denote by ModR"(G) respectively Mod%™(G) the subcategory of discrete R[G]-
modules that are finitely generated as R-modules resp. admissible. The category ModZ%"(G) is
abelian and Mod%flf(g) is a Serre subcategory of Mod%"(G).

Then the category Mod3"(G) has enough injectives. Indeed, the category Modg(G) has enough
injectives and the embedding Mod3"(G) < Modr(G) is exact and left adjoint to the functor

Modg(G) — Mod#*(G), Ve Vi = |J VY
U<GO,U open

So if V€ Mod®"(G) and V' < I is a monomorphism in Modg(G) with I injective then it factors
as V — Iy — I and Iy, is an injective object of Mod%"(G).
We note the following useful

Lemma 1.1. Let G be a second countable locally profinite group and let R be a principal ideal
domain. Let W € Mod%)dm(G) and assume that W is torsionfree as an R-module. Then W is a
free R-module.

Proof. Since G is second countable there exists a sequence of open subgroups of Ko O K1 O K9 D
... 2 K, 2 ... f G with ), K, = 1. The R-submodule WHn of W is finitely generated and
torsionfree hence free. Also the fact that W is torsionfree implies that P, := WHXn+1 /IWEn ig 5
torsionfree, hence free R-module as well. Therefore we have WHn+1 = WWE» ¢ P ag R-modules. It
follows W = |5 WEr 2 WEo g @, - P, so W is free as an R-module. O

1.2 Locally admissible R[G]—modules

Let G be a locally profinite group or a locally profinite monoid. A discrete R[G]-module V is
called locally admissible if V' is the union of its admissible submodules. Equivalently, V is locally
admissible if the submodule R[G]v is admissible for every v € V. The full subcategory of Mod%"(G)
of locally admissible R[G]-modules will be denoted by Mod'34™(G). We will show that the category
Mod!34™(G) is abelian under the following assumption.



Assumption 1.2. Every open subgroup U of G contains an open normal subgroup ofgﬂ Moreover
for any open normal subgroup N of G the quotient group (resp. monoid) G/N is finitely generated.

Note that holds if G is a profinite group but not e.g. for G = PGL2(Q)).

Lemma 1.3. Assume that G satisfies condition and let V- € Mod®*(G). The following condi-
tions are equivalent

(1) V is a finitely generated and admissible R[G]-module.

(ii) V is finitely generated as an R-module.

Proof. Assume that (i) holds and let vy,...,v, € V with V = "' | R[GJv;. There exists an

open normal subgroup U of G such that v1,...,v, € VY. Since U is normal we have gv; C VY for
i=1,...,mand g € G hence also V = V¥ and therefore V ¢ Mod%"¢(G). The converse implication
is obvious. O

It follows that a discrete R[G]-module V is locally admissible if and only if V' is the union of its
submodules that are finitely generated as R-modules. For an arbitrary discrete R[G]-module V' let
Viadm denote its maximal locally admissible R[G]-submodule, i.e.

Viadm: Z V' = U Vv’

Ve Vex
where 2 be the collection of its R[G]-submodules V' C V' with V' € Mod%"().

Lemma 1.4. Assume that G satisfies condition [1.3.

(a) The category Mod'3¥™(G) is a Serre subcategory of Mod$*(G). It is in particular an abelian
category.

(b) The category Mod'39™(G) has enough injectives.

«

Proof. (a) Let 0 — V' — V Ly V" 5 0 be a short exact sequence in Mod%'(G). We
have to show that V € Mod¥™(G) if and only if V/, V" € Mod2d™(G). Firstly, assume that
V is locally admissible. Then V' is obviously locally admissible. That V" is locally admissible
follows immediately from the fact that quotients of objects in Mod%"(G) lie again in ModR"(G).
Conversely, assume that V', V" € Mod39™(G). Let v € V and put Vp = R[G]v, V] = a~*(Vp) and
Vy' = B(Vo). Let U be an open normal subgroup of G with v € VY. Then V{ is a submodule of
the R[G/U]-module Vj, hence it is finitely generated as an R[G/U]-module (since the ring R[G /U]
is noetherian). Therefore as an R[G]-module V{ is finitely generated and it is admissible (as a
submodule of V’). Also, as submodule of V", the R[G]-module V' = R[G]S(v) is admissible. Hence
the extension Vj of V|’ by V is admissible, too.
(b) Note that the functor

(12) Dladm : Mod3(G) — Mod%¥™(G), V — Viadm

is right adjoint to the embedding Mod 9™ (G) < Mod}*(G) hence it maps injectives objects to
injectives objects. Let V € Mod'3¥™(G). There exists a monomorphism of R[G]-modules y: V < I
with I an injective object in Mod%"(G). Then p factors in the form V < laqm < I and laam is
an injective object in Mod'ad™(T). O

3A subgroup H of a monoid G is normal if gH = Hyg for every g € G.



1.3 Locally finite R[X, X !]-modules

We now consider the case G = Z, so that the group ring R[G] can be identified with the localization
R[X, X~!] = S7'R[X] of the polynomial ring R[X] with respect to S = {X" | n > 1}. We will
write Modllg[r}(y X-1] instead of Modﬁdm(Z) and call an object M of Modllg[r}(’ x-1) @ locally finite

R[X, X~ Y-module. Note that an R[X, X !]-module M is locally finite if R[X, X ~!]m is finitely

generated as an R-module for every m € M. For M € Modlg[%( X1y we denote by Mg, its maximal

locally R[X, X ~!]-finite submodule.
For G = Z we will study the left exact functor , i.e. the functor

(13) F]ﬁn : MOdR[X,X—l] — Modlg[r}(vX_l], M — M]ﬁn.

Let Si (resp. S2) be the multiplicative subset of R[X, X ~!] consisting of polynomials a, X" +
an1 X" 1. +ag #0 (resp. an X " +a, 1 X "4, +ag # 0) with leading coefficient a,, = 1.

Lemma 1.5. For M € Modpgx x-1] we have
Mg, = ker (M 5 STIM @ Sy M, m o (? ?)) .
Proof. For m € M we have

m € My, < R[X,X 'Im = R[X]m+ R[X " 'Im € Modg ¢
& R[X]|m, R[X '/m € Modg ;

n—1 n—1
& In>1: Y RX'm=R[X]m and > RX 'm=R[X 'Im
=0 1=0

=4 381651,82652: s1-m =0 = s9-m.

As a consequence of the above characterization of the functor I'ig, we get
Proposition 1.6. (a) The embedding Modgﬁ){jx_l} < Modpgx x-1) preserves injectives.
(b) If M € Modllg[rkx_l} then M is DTigy-acyclic, i.e. we have (R"Tg,)(M) =0 forn > 1.

We need the following

Lemma 1.7. Let R be a noetherian ring, let S be a multiplicative subset of R consisting of non-zero
divisors and let I be an injective R-module. We have

(a) J:=ker (I — S™'I, x— ¥) is an injective R-module.

(b) The sequence of R-modules

]

(14) 0 LN gRns Sy LSY gmm—

1 exact and splits.
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Proof. (a) It suffices to see that for any ideal b C R and any homomorphism ¢ : b — J there exists
a homomorphism ¢ : R — J extending ¢. Since b is finitely generated and ¢(b) lies in J there
exists s € S such that s-p(b) =0. Let a=R-sand put I'y(I) ={z €I |In>1: a"z =0} =
{rel|dn>1:s"-x=0}. Notethat ¢(b) CT'4(I) C J. By ([Hs|, Ch. III, Lemma 3.2), I'q(]) is
an injective R-module. Hence there exists a homomorphism ¢ : R — I'q(I) that extends ¢. Since
I'q(I) C J we conclude that J is an injective R-module.

(b) Since s € S is not a zero divisor the map I — I,z + s - x is surjective. Hence the second
map in is surjective. That the sequence splits follows from (a). O

Proof of Prop.[1.6. (a) Let I be an injective R[X, X ~!]-module. By applying Lemma twice we
see that I, is an injective R[X, X ~']-module as well. Indeed firstly Ip := ker(I — S;'I) is an
injective R[X, X ~!]-module, so by Lemma the R[X, X !]-module Iz, = ker(lp — S;'Ip) is
injective, too.

Now let J be an injective object in Mod£&7 X1 and let p : J < I be a monomorphism into an
injective R[X,X_l]—module I. Then p factors as J < Iig, < I. Since J is in Modg&x,l} it is a
direct summand of Ijg,. Since the latter is an injective R[X, X ~!]-module the same holds for .J.

(b) follows immediately from (a) and the fact that I'jg, is the identical functor when restricted
to Modlgy v 1. O

Now assume that R = O is a complete noetherian local ring with maximal ideal m and residue
field k. Let M be an O[X, X !]-module that — as an O-module — has support contained in {m}
(i.e. for every m € M, m # 0 we have /Annp(m) = m). In this case the submodule Mg, admits

a simpler description than the one given in Lemma [I.5] For that consider the multiplicative subset
S ={zecO[X, X ]|z+#0}
of O[X, X~!] where z +— Z denotes the residue map mod m, i.e. the map
O[X, X' — kX, X '], 2~ Z:=2 mod m.

Lemma 1.8. Let M be an O[X, X ~']-module whose support — as an O-module — is contained in
{m}. We have

(15) Mg, = ker (M — STIM, m— ?)
Proof. Since S1,59 C S we have Mg, C ker (M — S7IM, m— %) by Lemma Conversely,
let m € M so that there exists s € S with s - m = 0. By Lemma [[.5] we have to show that there
exists s1 € 51, s9 € Sy with s1-m = 0 = s3 - m. The assumption on M implies that there exists a
positive integer n such that m™ - m = 0.

After multiplying s with a high enough power of X we may assume s € O[X]|. We decompose
5 € k[X] in the form § = gy - X™ where n > 0 and gp € k[X] is a polynomial with non-zero
constant term. By Hensel’s Lemma there exists polynomials g,h € O[X] with s = g - h, § = go,
deg(g) = deg(go) =: d and h = X™. The element h is — modulo m" — a unit (i.e. there exists
h' € O[X, X! such that hh' — 1 € m"O[X, X 1)) since h = X™ € k[X, X '] is a unit and since
the ideal mO[X, X 1]/m"O[X, X 1] of (O/m™)[X, X 1] is nilpotent. Hence g-m="h"-g-h-m =
h'-s-m = 0. We write g = agX? 4 ... + a1 X + ag. The assumptions deg(g) = deg(go0), § = 9o
and go(0) # 0 imply that ag, ap are units in O. Hence s1 := a;lg € 51, 89 := aalT_dg € Sy and
s1-m = 0 = sy -m. This proves . ]
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For the right derived functors of we deduce the following

Lemma 1.9. Let O be a complete noetherian local ring with maximal ideal m and residue field k
and let M be an O[X, X ~Y-module. Assume that dim(O) < 1 and that the support of M — as an
O-module — is contained in {m}. Then for n > 0 we have

ker (M — S™'M, m—2) ifn=0,
(16) R'TignM = { coker (M — S'M, m— ) ifn=1,
0 if n > 2.

Proof. Firstly, assume that dim(OQ) = 0, i.e. O is Artinian. Let 0 — M — I°® be an injective
resolution. By Lemmas and the sequence of complexes 0 — I — I* — S7* — 0 is
exact. Passing to the long exact cohomology sequence and yields .

Now assume that dim(Q) = 1 and let Sy be the multiplicative set of non-zero divisors of O so
that S, 10O = [Toespec 0 pem Op- Therefore an arbitrary O-module N has support contained in {m}
if and only if S;' N = 0. Let 0 — M — I® be an injective resolution and put J® = ker(I® — Sy 'I°).
Since, by assumption, we have S 'M =0, Lemma implies that 0 — M — J*® is an injective
resolution as well. Moreover for every n > 0 the support of J” — as an O-module — is contained
in {m}. Again by Lemmas and the sequence of complexes 0 — J§ — J* — S71J* = 0is
exact and the associated long exact cohomology sequence and yields . O

Let R be again an arbitrary noetherian ring. We will now study certain properties of the right
derived functors of the right adjoint of the forgetful functor

(17) Modjgfy x-1) — Modgixj, N = N.

Our results will be used in section [2.4] and when we the study the derived functors of Emerton’s
functor Ord and in section where we consider ordinary cohomology.
We need the following simple

Lemma 1.10. (a) The functor

(18) Mod g(x] — Modgpx,x-1], M + Hompx)(R[X, X '], M)
is right adjoint to the forgetful functor Modpg(x x-1) —* Modg(x]-

(b) Let M € Modpg(x) and ¢ > 0. We have

_ . X . x.
xthx (BIX, X7, M) = {El(‘”(... — M =5 M — ... =5 M).

n

E

In particular we have Ext?%[x] (RIX, X Y, M)=0ifqg>2.

(c) Let ... - Myy — M, — ... — My — M; be an inverse system of R[X]-modules such that
X" M, =0 for alln > 1 and let M = @Mn Then we have

n

Ext?

R[X](R[XvX_l]aM) =0

for every q > 0.

12



Proof. (a) is obvious. For (b) we remark that

Hom gy (RIX, X7, M) = lim (... 25 M 25 M 25 0 255 M)

n

i.e. the functor is the composite of the exact functor

with @ : (ModR[X])N — Modpgx). Here (ModR[X])N denotes the category of inverse systems

.= M, - M,_1 — ... = My of R[X]-modules. Note that an injective R[X]-module I is
mapped onto a lim-acyclic objects in Modgm since the map I — I,m — X - m is surjective (see
<—

[Wei], Cor. 3.5.4 and Prop. 3.5.7). The assertion follows.
(c) The group Exth[X} (R[X, X~1], M,,) vanishes for every ¢ > 0 and n > 1 since X" acts as an
isomorphism and annihilates it. It follows

Extd

—1 1 q —1 _
b (RIX X1 M) = lim Exty o (RIX, X 1), M) = 0

R[X]

for every ¢ > 0. O
Now we discuss the existence and basic properties of the right adjoint of .
Lemma 1.11. (a) The functor

(19) Fg—ord : MOdR[X] — MOdI}%[I}(’Xfl]’ M — FX‘Ord(M) — HomR[X] (R[X,X_IL M)lﬁn

1s right adjoint to .

(b) The functor commutes with direct limits.

(c) There exists a spectral sequence

(20) E3® = R'Tign Exty o (R[X, X 1], M) = E™"* = (RT3 ")(M)
for every M € Modgx.

Proof. (a) follows immediately from Lemma [1.10] (a). (b) is essentially ([Em2], Lemma 3.2.2 (2)).
The proof given there can be easily adapted to our slightly different framework. For (c) note that
(19) can be factored as

Hom (R[IX,X™1],-) N n
(21) MOdR[X] fx MOdR[X’Xfl] FL) MOdg[X,X—l] .

By Lemma (a) the first functor preserves injectives. So there exists a Grothendieck spectral
sequence (20)) associated to the decomposition . ]

Remark 1.12. More generally the g-th right derived functor of IT'X °"d commutes with direct limits
for every ¢ > 0. We only need a special case namely if (My)p>1 = (M1 — My — ... = M, — ...)
is a direct system of R[X]-modules then we have

(22) lim RITX-ordpg, =~ RITX-od)im M,

n n

13



for ever ¢ > 0. In fact it is easy to construct a sequence of direct systems of R[X]|-modules
(23) 0— (Mn)n21 — (12)n21 — (Iyll)nZI — ...

such that 0 — M,, — I? — I! — ... is an injective resolution of M, for every n > 1. Since R[X] is
noetherian, passing to direct limits in (23| yields an injective resolution of lim M,,. By applying
gl

X-ord to it and using then Lemmam (b) yields (22). O

Let ¢ : R' — R be a ring homomorphism between noetherian rings. It induces a homomorphism
R'[X] — R[X], R'[X,X '] — R[X, X! which — by abuse of notation — will be denoted by ¢ as
well. Note that for M € Modgx] we have I'fy °*4(M), = T'%"4(M,,). Since M — (R*I'%5 ") (M),
and M +— (R°T'%,°™)(M,,) are both §-functors and the first one is universal there exists canonical
homomorphisms

(24) (R"TR (M) — (R"T ) (M,)
for every M € Modpg(x) and n > 0.

Proposition 1.13. Let ¢ : R = O’ — R = O be an epimorphism of complete noetherian local
rings with mazximal ideals m' and m respectively and let M € Modp(x). Assume that dim(0') <1
and that the support of M — as an O-module — is contained in {m}. Then the homomorphism
is an isomorphism for every n > 0. In particular if M s I%( ord_geyclic then My is Fé(,'ord—acyclic.

Proof. By Remark [1.12 since M = lim M [m"] where M[m"] = Homp(O/m", M), it suffices to
R

n
prove the assertion for each O[X]-module M[m"]|. Thus we may assume m"”M = 0 for some n > 0.
It is easy to see that there exists a morphism of spectral sequences

(Egs _ Rrrlﬁn EXt?Q[X](O[XyX_l],M)QD — FTts = (RT—FSFg-Ord)(M)(p) —
(Egs — Rrr‘lﬁn EX’C%,[X](O/[X,XilLMgo) — ETts — (Rr+sré{/—ord)(M¢)>

where the induced maps on the limit terms are the maps (compare with the proof of Prop.
in section . So it suffices to see that the induced maps on the Es-terms are isomorphisms.
This follows immediately from Lemmas [1.9] and Lemma [L.10] (b). O

Proposition 1.14. Let R = O be a complete noetherian local ring and let M be an O]X]-module
that is finitely generated as an O-module. For n > 0 we have

1 XIM ifn =0,

e A A

We need two Lemmas

Lemma 1.15. (a) The O[X]-submodule MX - .= N1 XM of M is a direct summand of M,
i.e. there exists a (unique) O[X|-submodule M’ of M such that

M _ MX—OI‘d EBM/

14



Moreover the O[X]-action on M*X % extends to an O[X, X ~']-action.

(b) The map ev : Hompx)(O[X, X ], M) — M, ¥ — (1) is injective with image MX-ord
induces an isomorphism of O[X, X ~1]-modules

(25) Hompx(O[X, X '], M) — M+
In particular we have Homex)(O[X, X'], M) € Modl(gFX’X_l].

Proof. (a) This is essentially ([Em2], Lemma 3.1.5). For completeness we recall argument. Put
h:=X-:M — M and let A be the image of O[X] in Endp(M). Then A is a finite commutative
O-algebra so it is a product of finitely many local O-algebras A = [[;c; A;. We decompose h =
(hi)ier € Hz’e 1 A; accordingly. Let J C I be the subset of indices ¢ € I such that h; is a unit in
Aj;. We have a corresponding decomposition of M, namely M = [],.; M; and it is easy to see that
MX-ordis the submodule [, ; M; of M. Thus we get M = M* ‘@M’ with M’ = [T, ; M;. The
proof shows that M’ is uniquely determined. Since the restriction of h|y;x-ora : MX-0d — pfX-ord
is an isomorphism the O[X]-action extends to an O[X, X !]-action. Thus we have MX-rd ¢
Modl(giFX’X,l].

(b) Let ¥ € Homppy)(O[X, X 1], M). Since ¥(1) = X"¥(X ™) for every n > 1 we have
U(1) € MX°d 50 the image of is contained in MX 4. To prove surjectivity of let
m € MX-°" and define ¥ ¢ Hompx)(O[X, X', M) by ¥(z) = 2 -m for 2 € O[X,X "] (note
that ¥ is well-defined since M*X-°"d is an O[X, X ~!]-module by (a)). We have ev(¥) = 1-m = m.

If ¥ € Hompy)(O[X, X '], M) lies in the kernel of then we have ¥(x) =z - ¥(1) =0 for
x € O[X]. Since X"U(X ") = V(1) =0, we get ¥(X ") = X "¥(1) =0 for every n > 1, whence
U(z) =0 for all z € O[X, X !]. Thus ¥ = 0 and is bijective. The last assertion follows from
the fact that MX-°'d is — as a submodule of M — finitely generated as an O-module. O

Lemma 1.16. Let
Qn+1

o= My 25 M, 2 — M2 M

be an inverse system of finitely generated O-modules. Then we have lim® M, = 0.
—

n

Proof. Let m be the maximal ideal of O and put M := ang M,,. Recall that l{iin(l) M, is the

cokernel of the map
A:M— M, (mp)n>0 — (Mp — ant1(Mpt1))n>0-
By ([Mat], Thm. 8.7) we have M,, = {Elk(Mn ® O/mk) for every n > 0 hence also M = lgak(M ®
O/m*). Note that the sequence
A@Oido/mk

(26) 0 —— li;n(Mn@O/mk) — s M®0/mf —— M ®O0/mF —— 0

n

is exact for every k > 1 since (M, ®p O/m* a,, ®p idn /mk)n is an inverse system of O-modules of
finite lenght so it satisfies the Mittag-Leffler condition. Note also that the transition maps in

... — lim (M,, ® O/wm**) — lim (M,, ® O/m*) — ... — lim (M,, ® O/m)
— — —

n n n
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are surjective so lim™® of this inverse system vanishes. Therefore by passing in (26)) to the inverse
—

limit over all £ > 1 we obtain a short exact sequence

0 — lim <lim (M, ® (’)/mk)> — M2 M —0,
o \"

n

hence lim™") M,, = coker(A) = 0. O
«—

Proof of Prop.[I.1j, By Lemmas[1.10] (b), (b) and we have

MX-ord if g =0,

Ext?o[X1(O[X’X_1]’M):{ 0 ifs>0.

Thus the spectral sequence degenerates and we have

MX-ord if p =0,

nX -ord . n X -ordy __
R'TH (M) = R"Tgn(M )—{ 0 if n > 0.

for every n > 0 by Prop. (b). O

2 Representations of G,, and PGL, of a p-adic field

Throughout this chapter F' denotes a p-adic field, i.e. a finite extension of Q,. We let vp : F' —
Z U {+o0} denote the normalized valuation of F', O its valuation ring and p its valuation ideal.
We also put U™ = UM =14 p7 and Up = UV = O%.

Let G = PGLy(F) = GLo(F)/Z and let pr : GLy(F) — G be the projection. Let B be
the standard Borel subgroup of G and let B be the opposite Borel. Let B = TN be the Levi
decomposition of B, so T' consists of the diagonal matrices (modulo the center Z of GLy(F')) and
N consists of the upper triangular matrices with 1 as diagonal entries (mod Z). In the following
we are often going to identify 7" with the onedimensional split torus F™* via the isomorphism

(27) (52F*—>T,1"—>5(x)=(x 1) mod Z
and N with the additive group F' via the isomorphism

(28) n:F—>N,yn—>n(y):((1) Zi) mod Z.

Any b € B can be written uniquely in the form b = §(x) - n(y) with € F*, y € F. We also remark
that the map

(29) F*x F — B, (z,y) — <‘g i’) mod Z.

is an isomorphism. Here we let the multiplicative group F* act on the additive group F by
multiplication.
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We let Ny be the subgroup of N hat corresponds to the O under the isomorphism , ie.
No={n(y) |y € Op}and put TT ={t € T | N, =tNot ™' C No}, T~ ={t € T | N} 2 Ny} and
T® = Tt NT~. Thus T (resp. T°) corresponds to the monoid O — {0} (resp. the group Ur)
under the isomorphism .

For a positive integer n we let K (p™) = ker(GL2(Of) — GL2(Op/p™)) and put

Ki(p") = {Ac GLy(OF) | A= <(1] I) mod p" } resp.

*

Ko(p") = {A € GLy(Op) | A= (0 :) mod p" }.
We define the compact open subgroups K (n) resp. Ki(n) resp. Ko(n) of G as the image of the
group K (p") resp. K1(p™) resp. Ko(p™) under the projection pr: GLy(F) — G, i.e. we have
K(n) = K(p")Z(F)/Z(F) and Kq(n) = K:(p")Z(F)/Z(F)

for 7 € {0,1}. We also put K(0) = PGL2(Op).
More generally for a closed subgroup H of TY we put

For example if H =1 (resp. H = 6(Up)) then Kg(n) = Ki(n) (resp. Kg(n) = Ko(n)).

2.1 Finiteness properties for Ext-groups of admissible R[T]-modules.

Let R be a noetherian ring. In this section we establish some basic properties of the category of
locally admissible R[T]-modules and then — under certain assumptions on R — prove some finiteness
properties for the Ext-groups Exty (W1, W2) of two admissible R[T]-modules W7 and Ws. In fact
we work here — and throughout the paper — in a slightly more general framework, namely we fix a

compact subgroup H of T° and we put T = T/H, T =1H, T  =T+/H, T =T /H. We
denote by § the composite map
(30) 5. B E

Note that T satisfies the condition so that Mod29™(T') is a Serre subcategory of Mod$*(T)
with enough injectives.

Let W be a R[T]-module and let w € W. We fix a prime element 7 € Op and put ¢y =
5(m) € T, Recall (see [Em2], Def. 2.3.1) that w € W is called t5'-finite if R[tF'w = R[to,taiw
is a finitely generated R-module. The subset thzl—ﬁn of all ta—Ll—ﬁnite elements of W is an R[T]-

]
T
submodule of W. If W = Wtatl_ﬁn then W is called locally tad—ﬁnite.

Lemma 2.1. Let W be a discrete R[T]-module. Then we have

(31) Wiaam = Wyt gy

In particular W is locally admissible if and only if it is locally toﬂ—ﬁmte.
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Proof. The inclusion Wigm C Wt§17ﬁn is obvious. Conversely if w € Wil _gp andif U = Stab o(w)

then R[T|w = R[TO/ Ul(R[tEw) is a finitely generated R-module since R[T /U] is a finite R-
algebra. O

Proposition 2.2. (a) The embedding Mod 2™ (T) < Mod}*(T) maps injectives to injectives.

(b) Let W be a locally admissible R[T)-module. Then W is ['jaqm-acyclic, i.e. we have (R"Tjaqm ) (W)
=0 for everyn > 1.

We need the following

Lemma 2.3. Let I € Mod¥™(T) (resp. I € Mod3¥™(T)). Then I is an injective object of Mod$(T')
(resp. of Mod®4™(T)) if and only if IV is an mjectzve object of Mod%*(T/U) = Mod rTyu) (T€SD-

of Mod8d™(T'/UT) ) for every open subgroup U ofT .

Proof. We give the proof only for the category Mod$*(T) (the proof in the other case is similar).
For an open subgroup U of 7" the functor Mod$*(T) — Mod RIT/U]’ W — WY maps injectives to
injectives since it has an exact left adjoint, namely the obvious embedding Mod RIT/U] Mod$*(T).
Conversely, assume that IV is an injective R[T/U]-module for every open subgroup U of T°. Let
W € Mod3*(T), let W’ be an R[T]-submodule of W and let ¢ : W’ — I be a homomorphism of
R[T]-modules. We have to show that ¢ extends to homomorphism ¢ : W — I. Using a standard
argument involving Zorn’s Lemma it suffices to consider the case where W = W'+ R[T]wyq for some
wp € W. Let U be a compact open subgroup of T with wg € WY. Since W} = W' N R[T/U]wy
is an R[T/U]-submodule of R[T|wy = R[T /U]wy we see that the image of ¢q := elwy : Wy — 1 is
contained in IV, i.e. we can view (g as a homomorphism of R[T/U]-modules W} — IV. Because
of the assumption g extends to a homomorphism g : R[T/UJwy — IYV. If we define ¢ : W =
W' + R[Twy — I by ¥(w) = p(w1) + to(we) if w = w1 + wy with w; € W’ and we € R[T /U]wy
then 1 is well-defined and extends . O

Proof of Prop.[2.3 The second statement follows immediately from the first. Foia) let I be an

injective object in Modladm( ) and let U be an open subgroup of 7’ By Lemma [2.3| we have IV €
Mod!adm (T @ and we have to show that I U is an injective R[T/U]-module. However this follows
(a

from Prop. ) since the ring R’ = [T /U] is noetherian and we have R[T /U] = R'[to, ty']. O

Remark 2.4. The Lemma implies that a direct limit of injective objects in Mod3*(T) is again

injective. This follows from the fact that the ring R[T /U] is noetherian if U C 70 s open so any
direct limit of injective R[T'/U]-modules is again injective. O

We now turn to the Ext groups. Recall that for Wy, Wy € Mody" (T) and n > 0 we have defined
Extzj(Wl, Wa) = EXtK/{odSRm(T)(Wl’ Ws). By Prop. H we have

Xt;{,T(Wl’ Wg) = Ext? Wr, WQ)

Mo dladm (T) (

if Wy, Wy € Modlﬁdm(T). Now assume that Wi is finitely generated as an R-module and that W5
is admissible. Then there exists an open subgroup U of 7" so that Wy = WY, hence

Exct =(W1, Wa) = Hom g (W1, W)
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is a finitely generated R-module. Thus one might expect Ext?, (W1, W2) € Modg for every

n > 0. We prove this in two cases namely (i) when T is discrete (i.e. the subgroup H of T° is open)
and (ii) when R is an Artinian local ring with finite residue field of characteristic p.

Lemma 2.5. If T is discrete then ExtzT(Wl,Wg) is a finitely generated R-module for every
n > 0. 7

Proof. We fix n > 0. The assumption implies that R[T] is noetherian, that W5 is also finitely

generated as an R-module and that EXt%,T(WL’ Ws) = Ext"R[T](Wl, WE) Thus if a = Ann g (Wh)

then Ext?, —(W1, W) if a finitely generated R[T]/a-module. Since R[T]/a is a finite R-algebra the
assertion follows. ]

In the second case the following holds

Proposition 2.6. Let R = A be an ATti’n,iCLﬁ local ring with mazimal ideal m and finite residue
field k of characteristic p. Let W1 € Mod"(T') and W € Mod®™(T). Then Ext’} =(W1, Wa) is a
finitely generated A-module for every n > 0.

Proof. The assumptions imply that W has finite length. We may thus assume that Wi is a simple
object of Modf‘ff (T). This implies then that the maximal pro-p-subgroup of T acts trivially on Wy
(because W7 is a p-group) and also mW; = 0. Thus if A" = A[A] where A is the prime-to-p-part of
TO, we can view Wj as a simple object in the category of Mod AftE) These can be easily classified:
there exists a finite extension ¢/k, a character xp : A — ¢* and an element o € ¢, a # 0 so that
W1 = ¢ with A-action given by Yo and so that ty acts by multiplication with «. It follows that
there exists a resolution in Mod**(T')

0 —— C—Ind;o 2(x0) to—e, c—Ind?o 2(x0) % 0.

Thus by Lemma [2.5] it suffices to show that the A-module

Bt oo (7 (Tl o £(x0), W2) = Bt o o0, (€0x0), Wa)
is finitely generated for every n > 0. This follows immediately from ([Em3], Prop. 2.1.9). O

We are now going to study the groups Ext’ (W1, W2) when both R[T]-modules W7 and W

are admissible. For that we recall the notion of an augmented R[T]-module (see [Em2], §2). For an
open subgroup U of T' we consider the R-algebra

(32) Ag(U) = lim R[U/U"]

— U

where U’ runs over all compact open subgroups of U. If U itself is compact then Ar(U) = R[U] is
the usual completed R-group algebra of U. Note that we have

Ar(T) = RITN(t3):

In particular the ring Ar(T) is noetherian (more generally Ar(U) is noetherian for any open
subgroup U of T').
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Following ([Em2], §2) a Ag(T)-module will be called an augmented R[T]-module. The category
of augmented R[T]-modules will be denote by Mod®'®(T). Let W be a discrete R[T|-module.
The fact that every element w € W has an open stabilizer in T implies that the R[T]-action
on W extends naturally to a Ag(T)-action. Thus we have a natural fully faithful embedding
Mod#*(T') < Mod%"®(T)). An augmented R[T]-module L is called finitely generated if L is finitely
generated as Ag(U)-modules for some (equivalently, any) compact open subgroup U of T. The
full subcategory of Mod®'®(T) of finitely generated augmented R[T|-modules will be denoted by

Modlcgaug (T). If R = O is a complete, noetherian local ring with finite residue field of characteristic

p then there exists a natural (profinite) topology on every objects L of Mod%’raug(T) (see [Em2],
Prop. 2.1.3) such that the action Ap(7") x L — L is continuous. This topology is called the canonical

topology.
Assume that R = A is an Artinian local ring as in Prop. and let Wy, Wy € Mod?™(T). By

([Em2], Lemma 2.2.7), Pontrjagin duality induces an anti-equivalence of categories
Mod%™ (T) — Mod®™&(T), W s D(W) = Hom (W, Q,/Z,)

hence
thj(Wl,WQ) = HomAm(Wl,WQ) = HOHlAA(T)(D(W2),D(Wl))

is a finitely generated augmented A[T]-module. More generally we have

Proposition 2.7. Let R = A be an Artinian local ring with finite residue field k of characteristic p
and let Wi, Wo € Mod3™(T). Then Ext” (Wl, Ws) is a finitely generated augmented A[T|-module
for every n > 0.

Proof. Let U be an open torsionfree subgroup of T and put A = A4(U). Note that A is a complete

(m)
oUx ). We have
W1 = U1 Wl(m) and Wl(m) € Mody, ¢(T) for every m > 1. There exists a short exact sequence of

noetherian local A-algebra with residue field k. For m > 1 we put I/V1 m =W,

augmented A[T]-modules

0 — lim" EthTTl(Wl(m),Wg) — Bxt’, (W1, W) — lim Ext’ —(Wlm) W) — 0

(this can be deduced from ([Wei], Thm. 3.5.8) in the same way as Application 3.5.10 in loc. cit.).
Since, by Prop. [2.6] (a), the groups EthT(Wl(m), Ws) are finite for all m,n > 0 the h;n(l)-term

m

vanishes so we get

Ext’) 7(Wh, W) = {iﬂlEthj(Wl(m)’ Wa)

for every n > 0. In particular we see that Eth’T(Wl, Ws) carries a profinite topology thus providing
it with the structure of a compact A-module.

Let O denote the image of A in End A[T](Wl)' Note that O is — as a quotient of A — a complete
noetherian local A-algebra with residue field k. To prove that EthT(Wl, Ws) is a finitely generated
A-module for every n > 0 we use induction over dim(O). If dim(OQ) = 0 then O is an Artinian
local A-algebra. Hence the A-action on Wj factors over A[U/U’] for some open subgroup U’
of U. Thus U’ acts trivially on Wy and we get Wi € Mody ¢(T) (since Wi is admissible) and

EXth(le W) € Mody, ¢ by Prop. (a).
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If dim(OQ) > 0 we choose A in the maximal ideal of O such that dim(O/\O) = dim(O) — 1. Put
Wi\ = ker(Wq 2 Wi) and W1 = im(W 2 W1). Since the images of A in End 7 (W1[A]) and
End 7 (W1/ W) are quotients of O/AO, the assertion holds for Wi [A] and W3 /W] by the induction

hypothesis and the fact that the quotient of an admissible A[T]-module is again admissible ([Em2],
Prop. 2.2.13; here we use the fact that A is Artinian). By considering the long exact Ext-sequences
associated to the two short exact sequences

0 — Wi\ — W) — W] — 0, 0— W — Wy — Wy /W] —0

we conclude that kernel and cokernel of the map Ext’} 7(W1, Wa) — Ext’} (W1, W),z — X -z are
finitely generated A-modules. Since EthT(Wl, W) @4 k is a quotient of the cokernel we conclude

dimy, Ext'} (W1, W2) @4 k < o0

for every n > 0. By the topological Nakayama Lemma (see e.g. [Balo]) this implies that Ext'} =(W1,
Ws) is a finitely generated A-module. O

2.2 The functor I°*d

In this section we assume that R = O is a complete noetherian local ring with maximal ideal m and
residue field k& (the ring O has no connection to the valuation ring Op in F'). We fix again closed

subgroup H of T° and define T (TO etc.) as before as the image of the monoid Of \ {0} (the
group Up etc.) under the epimorphism . Note that the monoid T satisfies condition and
that the O-algebra O[Tﬂ is isomorphic to a polynomial ring in one variable over the group ring
O[TO]. An O[Tﬂ—module V is discrete (resp. admissible) if and only if and only if V' is discrete

(resp. admissible) as an O[TO]—module.

Definition 2.8. Let V' be a discrete O[Tﬂ—module. We define the O[T+]—subm0dule verd of V by
ved = () v
m>0

We consider the map

(33) evy : Hom (O[T], V) — Ve ¥ — W(1).

ol
The image is contained in Vo' since W(1) = tW(t;™) € toV for all m > 0.
Lemma 2.9. Let V € Mo %rjf[TJr].

(a) The O[Tﬂ—submodule verd s a direct summand of V, i.e. there erists a (unique) O[Tﬂ—
submodule V' of V' such that

V — Vord @ V/.
Moreover the T -action on Vo' extends to a T-action.

(b) The map is an isomorphism of O[T]-modules. Thus we have

H (O[T],V) = Vot € Mody (T).

OmO[T-F]

21



Proof. (a) can be proved as ([Em2], Lemma 3.1.5) or it can be deduced from Lemma (a).

(b) To prove surjectivity of let v € Vo4 and define ¥ € HomO[T+](O[T], V) by ¥(z) =
x-v for x € O[T] (note that ¥ is well-defined because V¢ is a O[T]-module by (a)). We have
evi(¥)=1-v=nw.

If ¥ e HomO[T+](O[T],V) lies in the kernel of then we have ¥(z) = x - ¥(1) = 0 for

€ O[T"). Fort € T we have t~1W(t) = U(1) = 0 hence U(¢) =0 for all t € T as well. Thus

¥ =0 and is injective. The last assertion follows from the fact that Hom O[T+](O[T]’ V) = yord
is finitely generated as an O-module. O

Definition 2.10. For V € Mod%n(T+) we set

IG4(V) := Hom g (O[T], V) 1 _g,.

o)
When we are dealing with a fixed coefficient ring O we will often drop it from the notation, i.e.
we write I'"4(V) instead of T%4(V).

Proposition 2.11. (a) For V € Mo %?f(TJr) we have
Ford(v) _ Vord.
In particular we get T"Y(V) € Mod®'s(T).

(b) For any V € Mod%m(TJr) the O[T)-module T°"Y(V) is locally admissible.
(¢) The functor

(34) o s Mod(T") — ModB¥™(T), V s T4(V)

is right adjoint to the forgetful functor Moda™(T) — Modﬁgm(TJr).
(d) The functor commutes with direct limits.
Proof. (a) By Lemma [2.9) we have

rodvy) = Homom(O[T],V)toﬂ_ﬁn = (VOlfd)t(j)ﬂ_ﬁn — yord,

The last equality follows from the fact that V' is — as direct summand of V - finitely generated
as an O-module.
(b) Let ¥ € T°'4(V) and let n > 1 such that {t} - ¥ | —n < i < n} generates O[tF']¥. Let U

be an open subgroup of T such that U(th) e VU for all i € Z with —n < i < n and put

Vo = Zn: O’ U1 (t) = W (an o[’ tg) .

=—n it=—n

Note that Vp € Modp, s and Vy C im(¥). We claim im(V) = Vp. For that it suffices to see that
U(t) € Vp for every t € T. Fix t € T and let m € Z, u € T° with ¢ = tJ'u. There exists a; € O for
i €7Z,—n <i<nsuchthat tf*- ¥ = Y0 q;(t]- V). It follows

i=—n

U(t) = wl(ty) = ulty - O)(1) = > au(th-¥)(1) € V.

i=—n
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The equality im(W¥) = Vj implies that Vj is a O[Tﬂ—submodule of V and that ¥ lies in the image of
the canonical map VP = T'ord(1p) < To"4(V). Tt follows that O[T]¥ C im(I'°"(Vp) — Io"(V)),
hence it is a finitely generated as @-module by (a). Therefore O[T]¥ is admissible and "' (V) is
locally admissible.

For (c) let W € Mod3™(T) and let V' € Mod3*(T ) Since W is tF!-finite we have

(O[T],V))
(OlTlv V)tgﬂ_ﬁn)

Hom —+](VV,V) = Hom gz (W, Hom

o o[

so the assertion follows from (a).
For (d) see ([Em2], Lemma 3.2.2 (2)). Note that the proof given there remains valid if the
coefficient ring O is a noetherian local ring. O

We finish this section with the following result which is helpful in studying the derived functors
of the functor Ord in section [

Proposition 2.12. (a) The restriction of the functor T°' to the subcategory Modl(%dm(T+), i.e.

the functor

Mod§™(T") — Mod§™ (T), V = Hom y) (O[T, V)iaam

o)
18 exact.

(b) Any locally admissible (’)[Tﬂ-module is T acyclic.

Proof. (a) We first consider the restriction of '™ to the subcategory Mode. f(TJr JU) of Moda4m (T+)
where U is an open subgroup of T°. The O- algebra 0= O[TO /U] is finite, so it is a product of
a finite number of local O-algebras o= [Lic; Oi. We decompose every object V' = [[,c; Vi in

Modp, f(T /U) accordingly. We then have

Ford(V) _ Hrzégi—ord(vi).
el

Together with Prop. it follows that the restriction of T°" to Mod" (T JU) is exact.

[0}

Let 0 — V' -% vV 25 ¥ —4 0 be a short exact sequence in l\/lodl(%dm(T+). We can
write V' as a direct limit V = ll_r>n V; where each Vj is a O[T+]-subm0dule of V that is finitely
jeJ
generated as an O-module. If for j € J we put V] := a~!(V;) and V" := B(V;) then the sequence
aly: Blv, . .
0— V' —3V =2 V" 5 0is exact and lies in Mod@,f(TJr/U) for some open subgroup U of T
It follows (as we have already seen) that

0 — TYV)) — TOYV;) — TYV)) — 0
is exact. Passing to the direct limit over all j € J using Prop. (d) yields the exactness of

0 — Iord(V') — T (V) — Tod(V) — 0.
(b) follows from (a) and Prop. (a). O
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2.3 Parabolic induction and the functor Ord

Let R be a noetherian ring. As in the last section H denotes a compact subgroup of 70 = Ur and
we put T =T/H, T =71+ /H. We consider the parabolic induction functor

(35) Ind% : Mod$™(T) — Mod$*(G), W — Ind% W.

It is the composite of the natural embedding Mod$®(T') < Mod%"(T), the inflation functor InfiZ :
Mod$¥™(T) — ModS®(B) — sending a discrete R[T]-module W to the R[B]-module Infi¥ (W) = W
with B-action structure induced by the projection B — T,b = t-n +— t — and the (smooth)
induction functor Ind% : Mod$*(B) — Mod$®(G). By abuse of notation the functor will also be
denote by Ind%. Recall that the elements of Ind% W are functions ® : G — W such that there

exists m > 0 so that ®(tngk) = t®(g) for t € T, n € N, g € G and k € K(m). The G-action on
Indg W is induced by right multiplication, i.e. we have

(h-®)(g) = ®(gh)
for g,h € G and ¢ € Indg W. The functor is exact, commutes with inductive limits and with
base change of the ring R. More precisely we have

Lemma 2.13. (a) Let ¢ : R — R’ be a ring homomorphism and let W € Mod$*(T). The canonical
map
(IndG W)

is an isomorphism of discrete R'[G]-modules.

R — Indg WR/

(b) Let {W;}tier be an inductive system of discrete R[T]-modules and let W = lim  W;. The

—iel
canonical map of R|G|-modules
lim  Ind% W, = Ind% W
—riel
s an isomorphism.
Proof. (a) If s: B\G — G is a continuous section of G — B\G, g — Bg then the map
(36) md§ W — C(G/B,W), &+ dos

is an isomorphism of R-modules (see [Vi], §4). Here C(G/B, W) is the R-module of locally constant
maps G/B — W. Thus it suffices to show that the canonical map

C(G/B,W)p — C(G/B,Wg).
is an isomorphism. For that note that we have
(37) C(G/B,W) = lim C(K(n)\G/B,W)

and C(K(n)\G/B,W)r = C(K(n)\G/B,Wg:) since K(n)\G/B finite for every n > 0.
(b) can be proved similarly. Using the isomorphisms , the assertion follows from the
fact that the functor W — C(K(n)\G/B, W) commutes with inductive limits for every n > 0. O

Remarks 2.14. (a) By ([Vi], Lemma 4.7) a discrete R[T]-module is W is admissible if and only if
the R[G]-module Ind% W is admissible.

(b) Let W € Mod3*(T). Since W = |J; WY (U ranges over all open subgroups of To) we have

G 1 G iU
Indg W = thU Indg W
by Lemma (b) above. O
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The functor of ordinary parts We now consider the restriction of the parabolic induction
functor to the full subcategory Modad™(T) of Mod3"(T), i.e. we consider the functor

(38) Ind% : Mod®4™(T) — Mod*(G), W — Ind$ W.

By ([Vi], Prop. 4.3) if H = 1 then the functor admits a right adjoint RS : Mod}*(G) —
Mod%*(T"). Therefore the functor

(39) Mod$*(G) — Mod¥™(T), V = RE(V)iadm

is right adjoint to . If H # 1 then it follows that composing with the functor W — W,
i.e. the functor

(40) Mod3®(G) — Mod2™(T), V s (RE(V )1adm)

is right adjoint to (38)).

By ([Em2]; see also [Vi]) the functors and admit a rather explicit description which
we are going to review. Let V € Mody"(G). Recall that N denotes the unipotent radical of
B. Given two compact open subgroups N1 C Na of N the homomorphism hpn, n, : | EAER VAP
is defined by hn, N, (v) = > ,cn, /N, 7. If N3 is another compact open subgroup of N then
hng N, © ANy N, = hig n,- Recall that N denotes the image of Op under the isomorphism .
The submodule Vo of Ny-invariant elements of V' carries a canonical R[TF]-module structure given
as follows: for t € T define hy,; : VNO — Vo by hy, 1 (v) = hg, Nt (tv) (where N = tNot™1).
If t € T° then the map hnyt is just given by the action of ¢ on VNo. For ty,ty € Tt we have
BNoty © hNg 15 = hNg t1to- Thus the maps hy, ; induce an action of the monoid 7% on VN0 —i.e. an
R[T]-module structure — that extends the T%-action.

We now assume that R = O is a complete noetherian local ring with maximal ideal m and
residue field k. Emerton’s functor of ordinary parts

Ord = Ordp : Mod3"(G) — ModBd™ (7).

is defined as the composite of Mod®*(G) — Mod®*(T"),V + V™o with the functor (34), i.e. for
V € Mod3y'(G) we have

Ordo (V) = Homopr+](OT], V)21 _g, = TEHV™).
If H # 1 then we define
Ord4 = Ord : Mod¥'(G) — Mod2™(T), V +— Ord(V)X.

It is easy to see (using e.g. Lemma and Prop. below) that Ordg does not depend on
the coefficient ring O in the following sense: if ¢ : O — O’ is an epimorphism between complete
noetherian local rings then Ord{ (V) = OrdZ(V,,) for every V€ Mod}(G). Therefore we will
often drop the ring O from the notation.

For an O[T]-module W we let W* be the O[T]-module W* = W but with the new T-action

given by t - w = t~'w. We have
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Proposition 2.15. (a) The functor (in the case for H = 1) is isomorphic to the functor
V = Ord(V)', i.e. there are canonical isomorphisms

(41) Hompg)(Indg W, V) = Homeyry (W, Ord(V)")

for every W € Mod@¥™(T) and V € ModF"(G).
(b) More generally, the functor Mod3(G) — ModB™(T), V +— Ord™ (V)" is right adjoint to ([33).

Proof. (a) is proved in ([Em2], Thm. 4.4.6) in the case where O is an Artinian local ring with finite
residue field of characteristic p and in ([Vi], Cor. 7.3 and Remark 7.6) for arbitrary (noetherian)
O. Note that in loc. cit. the adjunction property is stated for the functors W +— Indg w
and V +— Ordgz(V') where B C G denotes the opposite Borel subgroup to B. However if wy € G

denotes the element wg = ((1) é) mod Z, then the map V' — V, v — wp-v induces an isomorphism
Ordz(V) = Ordg(V)".

(b) follows immediately from (a). O
Remarks 2.16. We list a few properties of the functors Ord and Ord*.
(a) By Prop. (c) (see also [Em2], Prop. 3.2.4) Ord commutes with direct limits.
(b) For V- € Modg'(G) we have (see [Vi], Remark 8.1)

Oord (V) = Hom , -+, (O[T, Vo )i i

(c) If V € Mod®*(G) is admissible then Ord (V) is admissible as well by ([Em2], Prop. 3.3.3) and
(IVil, Thm. 8.1).

(d) Let V be a finitely generated O-module equipped with the trivial G-action. If the residue field
k of O is of characteristic p then we have Ord(V) = 0 = Ord® (V). Indeed, in this case ty acts on
(VNo) = V by multiplication with N(p) = [OF : p] so we have by Prop. m

Oord(V) = vord = .

(e) Assume that O = E is a field of characteristic 0 and let p : T — Q* C E* be the modulus
quasicharacter of T given by u((** ,,) mod Z) = N(p)~vr(@)+vr(z2) (where N(p) is the order of
the residue field of Op). It follows immediately from ([Cas|, Cor. 4.2.5) that

Ordp(V) = J(V)(u)

for any admissible E[G]-module V' where J(V) =V/(n-v—wv |v € V,n € N}) denotes the Jacquet
module of V. This allows us to describe Ordg(V) explicitly if V' is an irreducible admissible
E[G]-module such that dimp V' = cc.

If V is a principal series, i.e. if V 2 Ind§ E(x) for a quasicharacter y : T — E* with x? # 1, 2
then we have (see e.g. [BHI, §9)

Ordp(Ind3 E(x)) = E(x™ ") @ E(xu ™).

If V is a special series representation, i.e. if it is isomorphic to the unique co-dimensional quotient
o(x) of Indg E(x) where x : T — E* is a quasicharacter with y? = 1 then

Ordge(o(x)) = E(x).
Finally, if V' is supercuspidal then we have Ordg (V) = 0. O
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Proposition 2.17. Let V be a discrete O[G]-module. Assume that H is an open subgroup of T
and let n > 1 with 5(U}n)) C H. Then we have

(a) VER®M is an O[T |-submodule of VMo,

(b) The functor
ModF(G) — Modg™ (T), V +» T (V)

is isomorphic to Ord™

Proof. (a) This is statement 2 in the proof of ([Vi], Prop. 8.2). It follows from the fact that
for t € TT a system of representatives {n;}ic; of No/N{ is also a system of representatives of
Ku(n)/Ku(n) N Kyg(n)t so that the restriction of t- : VHNo — VHNo to VEu() ig given by the
Hecke operator [K g (n)tKg(n)] : VEa() 5 yEa®) 4 > icr nitv.

(b) By Remark (b) it suffices to see that the map

(42) red(vinmy — pord(y Aty = ord” (V)

induced by the inclusion VF# () — VVHNo js an isomorphism. Firstly, note that is injective
since ' is left exact.
For the surjectivity put Ny = Néo so N7 is the image of the maximal ideal p C Op under the

isomorphism (28)). Note that K (n) N I('H(7z)t51 = Kg(n+ 1) so that the map
(43) hi= (hig o)y g o« VER® 5 yEa®)
decomposes in the form

B VErm) By Kytl) T,y K(n),
Here 7,41 is the composite map

Ty 2 VEH(OAD) P00y Ky () o N K ()

where Ky (n)? = Ky (n) N Ky(n) = K(n)HN;. Note that

VKH (n+1) incl VKH (n+2)

J{Tn+1 J/Tn+2

VKH (n) incl VKH (n+1)

is a commutative diagram of (’)[Tﬂ—modules. By applying the functor Hom o] (O[T, -) we obtain

a commutative diagram of O[T]-modules

Al n incl, "

[ - (rt2)-

e i incly e .
HOIIIO[T+](O[T],VKH( )) — HOHIO[T+](O[ ]aVKH( +1))'
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O[T*}(O[T]’ VEr(+1)) s the map incly o(Tpi1)s = (Tna2)«oincl, = hy,

it follows that h, is an isomorphism (because to is a unit in O[T']). Hence

Since the action of ¢ty on Hom

incl, : Hom , O[T, vEamy —, Homoﬁﬂ(o[ﬂ’ yKun+)y

]
is surjective, whence bijective. Therefore incl, : To"d(VEr () — Tord(yKu (1)) i5 an isomorphism
as well. Thus the transition maps in the inductive system

Ford(vKH (n)) incl. Ford(vKH (n—l—l)) incl, ; Ford(vKH (n+2)) o

are isomorphisms. Since () Ky (m) = HNy, we have VNl = | J VEa(m) and we conclude

with Prop. (d)
I‘Ofd(VKH(n)) ~ lim Ford(VKH(m)) ~ Ford(VHNo) — Ol"dH(V)

—m>n

m>n m>n

O

Remark 2.18. If V is an admissible O[T]-module then the fact that is an isomorphism has
already been pointed out in the proof of ([Vi], Thm. 8.1). O

We now assume that O denotes a valuation ring of a p-adic field E, i.e. O is a complete discrete
valuation ring with finite residue field k of characteristic p and quotient field F of characteristic 0.
The following result will be used in the proof of Theorem [5.27] in section [5.6

Proposition 2.19. Let V be an irreducible admissible E|G]-module. We assume that there exists
an open subgroup H of T°, an integer n > 1 and an O[T+ /H]-submodule M of VK with, the
following properties:

(i) S(U) C H and VE#®) 2 0;

(i) M s finitely generated as an O-module and we have MO # 0.

Then there exists a quasicharacter x : T — O* with H C ker(y) such that

Ve { Ind§ BE(x7") i x> #1,
a(x) if x* = 1.

Moreover in this case we have M°¢ = O(x) as an O[T]-module.

Proof. Tt is easy to see that the inclusion M < VE#() induces an T/ H-equivariant monomorphism

(44) Mo (vEam)yerd — orgH (V) C Ordp(V).

In particular (ii) implies that Ord (V') # 0 hence V is either a principal series or a special repre-

sentation by Remark (e).
Firstly, consider the case when V is a principal series representation. Then there exists a

quasicharacter x : T — E* with x2 # 1, 42 so that V = Ind% E(x~!), hence Ordg(V) = E(x) @

E((xp)™1) by Remark (e). Since Ord¥ (V) # 0 we have E(x)? # 0 or E((xp)™ ") # 0 hence
H C ker(x) and Ord# (V) = Ordg (V). The injectivity of implies that we can view M°'4 as a
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non-trivial T-stable finitely generated O-submodule of E(x)® E((xu)~!). This is impossible except
if either y or yu has values in O*. Since Indg E(x™1) = Indg E(xp) we may assume that x has
values in O*. Hence (xu)(T) € O* and therefore M4 N E((xpu)™') = 0. It follows M° C E(y),
whence M 2 O(x).

Now assume that V' is a special representation, so that V' = o(x) for a quasicharacter x : T' — E*
with x? = 1. Note that the values of y lie in {#1} € O* and we have 0 # M°d C OrdZ (V) C
Ordg (V) = E(x) by Remark (e). As above, we get H C ker() and M = O(y). O

2.4 The right derived functors of Ord

We again assume that O is a complete noetherian local ring with maximal ideal m. We will denote
the n-th right derivative of the functor Ordp by Ordp (- ), i.e. we put

Ord (V) = (R" Ordo)(V)

for V€ Mod*(G). More generally for a closed subgroup H of T° the n-th right derivative of
the functor Ordg will be denoted by Ordg’n. Again we often drop the coefficient ring O from the
notation.

Since Ord’ is the composite of the functors V + VNoH and T°'d one may ask whether there
exists a corresponding Grothendieck spectral sequence. For the applications in sections [4| and | it
suffices to establish part (b) of the following

Proposition 2.20. Let V € Mod3'(G).

(a) We have Ordg’"(V) = hi>nUopen,H§U§T0 Ordg’"(V) for every n > 0.

(b) Assume that H be an open subgroup of TV and that dim(O) < 1. Let n be a positive integer
with §(Up, (n )) C H. Then there exists a spectral sequence

(45) Er = RTOYH (K (n),V)) = Ordrs (V).

For the proof we need some preparation. As before we put 7 = T/H, 7’ = T°/H, T = Tt/H
and ty = §(w) € T' where @ € Op is a prime element. Let T be an O[TO]—module. We can
view W as a O[Kg(n)]-module via the projection Ko(n) — Ko(n)/Ky(n) = T/H = T’ so we can
consider the discrete O[G]-module

c—IndIG(O(n) W = {®:G — W | supp(®)is compact and ®(kg) = k®(g9)Vk € Ko(n),g9 € G}.

The G-action on c—Ind%)(n) W is induced by right multiplication. Moreover c—IndIG(O(n) W is equipped

with an (’)[To]—action — denote by x — induced by the O[TO]—action on W and with a Hecke action,
i.e. with an action of O[Tﬂ defined as follows: for t € T+ and & € c—Ind%)(n) W the function ¢ -
is given by

Z@t n; g Vge G
el

where {n;}icr is a system of representatives of No/N{. For t € T we have t - ® = t x ®.
We now consider the case where O = k is a field and W is one-dimensional as a k-vector space.
Thus T° acts on W via a character X : 0 = k. By abuse of notation we denote the character
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Ko(n) 25 Ko(n)/Kg(n) = T°/H = T° - k* also by x so we have W = k() as k[K((n)]-modules.
We provide c—Ind?{O(n) k(x) with an k[X]-module sturcture by letting X acts via multiplication with
to.

Lemma 2.21. (a) The k[X]-module c—Ind%O(n) kE(x)/ <C—Indg0(n) k(X)){X} is torsionfree (hence
flat).

(b) If I is an injective object of Mody™(G) then the k[X]-module Homyg (C—Ind%o(n) k(x),I) is

Ff‘ord-acyclic.

Here for a k[X]-module M, i.e. we put M{X} := (J,~; M[X?] where M[X?] := ker(M X M)
for 1 > 1. B

Proof. (a) We recall some basic facts about the Bruhat-Tits tree 7 of G. Its set of vertices V is the

set of homothety classes of lattices in F2. For n > 1 we call a sequence of vertices ¢ = (vg, v1, .. ., V)
an n-path in 7T if v; is adjacent to v; 1 and if and v;41 # v;_1 fori = 1,...,n—1. We denote the set of
all n-paths in 7 by ™. If n > 2 (resp. n = 1) and if ¢ = (vo, v1,...,vp),c = (V),V],...,0,) € En)
then we say that ¢ is a successor of ¢ if v;41 = v} for i =0,...,n—1 (resp. if vy = v}, and v} # vp).

Thus if n = 1 then €Y = £ is the set of oriented edges of T

We use the height function h : V — Z introduced in [Bal] (see also [Spl], §3.3). It is defined as
follows. For v € V the geodesic ray from v to oo has a non-empty intersection with the standard
apartment A = {v¥, | m € Z}[[] If v}, is any element of the intersection then we have h(v ) =
m — d(v,v%,) where d(v,v%,) is the distance between v and v*,. For ¢ = (vg,v1,...,v,) € EM w
define h(c) := h(vy,).

For i € {0,...,n — 1} we set

EM = {(vo,v1,- .. vn) € EM | h(v;) > h(vig1) > ... > hivy)}-

and (£M)0 .= £n) \g(n)l By ([Spl], Lemma 3.6) we have

—

(EN0 = {(vg,v1,...,vn) € EM™ | h(vg) < h(v1) < ... < h(vy)}.
&)

Also if c € c‘:’;( " and i > 1 then every successor ¢’ of c lies in £;"}. If c € é:(n) then all its successors
d lie in g;()n) and we have h(c/) = h(c) — 1. Finally if ¢ € (£()° then there exists a unique successor
~ denoted by s(c) — that lies again in (£()? and we have h(s(v)) = h(c) + 1. All other successors
lie in 6_';(;1)1

Moreover for m € Z we define an increasing sequence of subsets of ggn) and (5 (”))0 by 587:7)1 =
{c € E™ | h(c) < m} and (EM)0 = {c € (E™)0 | h(c) > —m} respectively. If ¢ € 5_’(()2 then its
successors lie in 5( ") _, whereas for ¢ € ()9 we have s(c) € (£M)0

Put M = c—Ind Ko(n) k(x). Note that the support of any function ® : G — k in M is the union
of finitely many left K((n)-cosets. Since G acts transitively on M) and the stabilizer of the n-path

*

¢ = (vh,vi_q,...,v],v4) is the group Ko(n), this fact may be rephrased as follows: the support
of any ® € M is of the form v~1(Y) where

v:iG—EM, g gl

“The vertex v}, is the homothety class of the lattice Or @® p™; see [Spl], §3.3
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and Y C €™ is finite. A simple computation shows that for ® € M with supp(®) = v~1(¢) for
some ¢ € £™ we have

(46) supp(X - @) = v ({c € £™ | ¢ is successor of c}).
We set M® = {& € M | supp(®) C v~ 1((E)0)} and
Mi = {2 € M | supp(®) € v~ (E]")}

for i € {0,...,n —1}. We have Mo C M; C ... C M,_1 and M = M,,_; & M°. Tt follows from
that the subspaces Mg, My, ..., M,_1 are k[X]-submodules of M that satisfy

X -M; ST M4

for every i € {1,...,n — 1}. The subspace M" is not a k[X]-submodule of M but by identifying
M?O with the quotient M/M,,_1 we can provide M° with a k[X]-module structure as well.
Furthermore for m € Z we set

Mom = {€M|supp(®) C v (EM)}
M, = {® e M |supp(®) C v ((E™))}

so that {Mom}tmez and {M? },,cz are increasing, separating and exhausting sequence of k[X]-
submodules of Mg and MO respectively. By we have

X Moy CMomoy and  X-MO MO,

for every m € Z.

To show that the k[X]-module M/M{X} is torsionfree it suffices to show that if P € k[X] is
a polynomial with constant term 1 and if ® € M with P-® = 0 then we have ® = 0. Note that P
acts as the identity on each of the quotients Mg,/ Mo m—1, M% /MO | and M;/M;_; since X
annihilates them. So if ® := ® mod M,,_1 € M/M,_1 = M lies in MY, for some m € Z then
it lies in M2, _; hence in M2 _, etc. This shows ® € (), MY, = {0}, i.e. ® € M,,_1. Similarly
we deduce successively ® € M,,_2, ® € M,,_3 etc. hence ® € My. Finally if & € M, for some
m € Z then we get ® € (), Mo, = {0}, so & =0.

(b) Since I is injective the sequence of k[X]-modules

(47) 0 — Homyg (M/M{X},I) — Homy g (M, I) — Homk[G](M{X},I) — 0

is exact. The first k[X]-module is injective since, by (a), the left adjoint of Homyg(M/M{X}, -) :
Mod;™ (G) — Mody,x], namely the functor

is exact. For the k[X]-module Homyq(M{X},T) = @Homk[g] (M[X™],I) we get

RITY " (Homyg (M{X}, 1)) = 0

for every ¢ > 0 by Lemmas (c) and (b). It follows
R " (Homyq) (M, 1)) = RT3 " (Homyg) (M/M{X},1)) = 0

for every g > 1. O
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As a consequence of the previous Lemma we obtain

Lemma 2.22. Assume that dim(O) < 1. Let I be an injective object of Mody'(G) and let W €
MOdO[TO],f' Then the (’)[Tﬂ—module Homgg (C—Ind%o(n) W, ) is T°"-acyclic.
Proof. Firstly, some preliminary observations. The finite O-algebra O[TO] is a product of a finite

number of complete noetherian local O-algebras O[TO] =1] jed 6j. Every W € Mod,, Ve

Mod

")

oty @ well as the ring O[T+] decomposes accordingly

w=[[w;, v=][[v, or=][]ltl

jeJ jeJ jeJ
Note that for V € Mod%m(T+) = MOdO[T*] we have
(48) RV =[] Rqrgjjorda/j) Vq>0.
jed

For W € MOdO[To] we have

Hompg (C_Ind?(()(n) W, I) = H Hompg (C—Indgo(n) W;, I) = H Hom@ ] (c-Ind%O(n) W;, 1)
JjEJ jeJ

where I := Home (O i, I). Note that I, is again an injective object of Mod®%"(G) since the functor
J J J 0,

Homo((aj, -) + Modyy'(G) — Mod'(G) has an exact left adjoint, namely the forgetful functor
Modséj(G) — Mod@'(G). Thus by we obtain

T -ord
(49) R (Hompg(c-IndF, ) W, 1)) = HRqrgi or (Hom@[G](c—Ind?{O(n) W;, 1))
jed
for every g > 0.
Let ¢ : O — O be an epimorphism of complete noetherian local rings of dimension < 1, let
W e MOdO/[TO] and let I is an injective object of Mody'(G). Put I’ := Homp(O', I) = I[a] (note
that I’ is an injective object of Mody (G)). We claim that

(50) Home (g (c-Ind %,y W, I')  is Tg-acyclic

= HomO[G](c—Ind?(O(n) Wy, I) is I%d-acyclic

Indeed, if (53 = (5j / a@» where a = ker(y) then the decomposition of O’ [TO] into a product of
complete local rings is given by O’ [TO] = [l;c; O0j. Thus if W = [],.; W is the corresponding
decomposition of W then we have (W,); = (W;),. Since I} = Hom@/((a;, I'= Hom@j(@;-,lj) we
get
G G
Hom@_[G](c—IndKO(n)(W@j,Ij) = Hom@[G}(c—IndKo(n) W, I5) .

Jr7g
Thus together with Prop. implies (0)).
Let Sy denote the set of non-zero divisors of O. For the assertion it suffices to prove
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Claim 2.23. The O[Tﬂ-module Hompg (C—Indf(o(n) W, I) is in the following cases T%-acyclic:
(i) dim(O) =0 and W € MOdO[TO] -

(ii) dim(0O) = 1, W € Mod, o, such that Sy 'W =0 and W[m™] € Modo s for all m > 1.

(i7i) dim(O) =1 and W € Mod

(iv) dim(O) =1 and W € Mod

(S5 ONT°)f°
omr’)f°

In case (i) note that dim(OQ) = 0 implies that each of rings 6j, j € J is an Artinian local ring.
By it suffices to see that for j € J and an Oj-module W; of finite length we have

RIS (Homg, ¢ (c-Indf, ) Wi 1)) = 0 ¥q= 1.

Since the functor Wj — Hom@_ ] (C—Ind%)(n) W;, I;) is exact it is enough to prove if W; has
lenght 1. In this case it follows from Lemma (b) and Prop. [1.13]
For (ii), firstly we remark that the assumption Sy 'W = 0 implies W = lim W{m™]. For

—m>1
m > 1 we have

Homg) (c-Ind, ) W[m™], I) = Homo,, () (c-IndF, ) W[m™], I[m™])
where O, = O/m™. Since I[m™] = Homo(Op,, I) is an injective object of Mod@! (G), case (i)

together with implies that Homg, (¢ (C—Indf(o(n) Wm™], I'm™]) is T%4-acyclic for every m > 1.
Also since the functor W’ — Hom@[G}(c—Ind?{O(n) W' I) is exact we see that the transition map

Homopygy(c-Indf, ,,y W[m™ '], I) — Hompyg) (c-Ind%, .y Wm™], I)

n n

is surjective for every m > 1 and that the kernel is isomorphic to
Homop g (c-Ind§, .y Wm™ /W m™], T) 2 Homo, g)(c-Tndf, .y Wm™ ] /W [m™], Im])
hence it is I'*-acyclic as well. Therefore we can apply Lemma of the appendix to deduce that

Homopyg)(c-Ind§, ,y W, T) = lim Hom g (c-Ind%, () Wm™), 1)

m

n)

is Tord_acyclic as well.
For the case (iii) note that (S, 1(’))[70] has dimension 0, so it is a finite product of Artinian local
rings SO*IO[TO] = [l¢ez Ae. We denote the residue field of A¢ by Ee. Any W € MOd(S”O)[TO} ;
0 ’
admits a corresponding decomposition W = ngE We. Again the exactness of the functor W'
Hompyg (c—Ind?(O(n) W, I) implies that it suffices to consider the case when W is a (Sy 1(’))[T0]_

module of length 1. In this case there exists £ € = such that W = E¢ and Wg = 0 for all {' # €.
If we put F := E¢ then we have

Homopygy(c-Indf, ,y W, I) = Hompjgy(c-Ind§, .y E, Io)
where Iy := Homp(E, I). It is an injective object of Mod%"(G). There exists j € J such that the

canonical map (’)[TO] =1les (5]- — (So_l(’))[TO] 2 A¢ 25 F factors in the form (’)[TO] 2 (5]- —
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E. Let O = im(éj — E). Note that E is the quotient field of O'. By Prop. it suffices to show

(51) RTE " (Hom gy (c-Ind, () B, L)) = 0 Vg >1

n)

where M = Hompgg (C—Ind?{O(n) E,Iy). The proof of Lemma [2.21f (b) shows (see (7)) that there
exists an exact sequence of E[X]-modules

(52) 0 — M — Hompgy(c-Ind, () B, Io) — lim N — 0

m

where M is an injective E[X]-module and where N, is an E[X]-module with XN, for every m >
1. Since E[X] is a flat O'[X]-algebra, M is also injective as an O'[X]-module hence Rng,'ordM =0
for every ¢ > 0. Moreover we have Rng,‘Ord/\/ = 0 for every ¢ > 0 by Lemma m (c) and
(b). Thus by applying the J-functor R*T'5, to yields (51)).

For (iv) let W € MOdO[TO},f and put W, = ker(W — S;'W), Wy = im(W — Sy'W),
W3 = Sy 'W and Wy = coker(W — Sy 'W) so that there exists short exact sequences

(53) 0—-W, =W =Wy —0, 0— Wy — W3 — W4 — 0.

Clearly, we have SO_IW1 =0= S’O_IW4, and W3 € MOd(S”O)[TO} e Also since W € Modp,; we
0 ’

have Wy, W € Modp, s hence Wi [m™] € Modp, r and Wy[m™] & Extg (O, Wa) € Mode 5 for every
m > 1. By (ii) the claim holds for W; and Wj and it holds for W3 by (iii). Thus the sequences
yield that the claim holds for W5 and W as well. O

Proof of Prop.[2.20. (a) Let U denote the set of all open subgroups U of T° containing H. We
have

Ord?(V) = Ord(V) = lim  Ord¥Y(V)
—Ueld

for every V- € Mod*(G). Thus if 0 — V' — I*® is an injective resolution then we get

ord®™(v) = H™Ord"(1*) = H"(li OrdY (I*)) = li H™(OrdY (1*
rd™" (V) (Ord™ (I%)) (glUGMr()) glUGM(r())
= lim  OrdY™(V).
—UeS

For (b) let I be an injective object of Mody'(G). We have

[Ku() o Hompg (C—Indf(H (n) O,1) = Hompg ((:—IndIG(0 (n) Ind?j{(("g) 0,I)

so by Lemma [2.22| (applied to W = Ind?(n) O) the O[T+]-module IKa(™) i Tord_acyclic. Thus by

H(n)

Prop. 2.17] (b) there exists a Grothendieck spectral sequence associated to the decomposition

Vi VERM®)
_—

sm 7t rord ladm (7
Mody' (G) Modp(T") —— Mod5™(T)

of the functor Ord”. 0O
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Remark 2.24. Let O = k be a field of characteristic p. The k[X]-module (and G-representation)
c—Ind?(O(l) k can be identified with C.(&, k), the set of maps ® : £ — k with finite support. If

e = (vg,v1) is an oriented edge of T then we put o(e) = vo, t(e) = v; and & = (v1,1vp). For e € €
we let 1. € C.(&, k) be the function 1.(¢') = 1 if ¢/ = e and 1.(e’) = 0 otherwise. Fix v € V and

define ® € C,(€, k) by ® := Zeegt(e):v le. We have
X-o= Y Xl= )Y > lo = [OF:p] Y 1l.=0.
eeg,t(e):v eeg,t(e):v 6’65,0(6’):11,6’765 eeg,t(e):v

This example shows that the X-primary torsion submodule of C—Ind[G(O(n) k(x) considered in Lemma

2.21| (a) above can be non-trivial. Thus, in general, the functor Mod3'(G) — Modo(T+), V=
VEE(™) does not have an exact left adjoint.

As a first consequence of the existence of the spectral sequence [45 we remark

Corollary 2.25. Let ¢ : O — O be an epimorphism of complete noetherian local rings. If
dim(0) <1 and dim(O’) = 0 then the canonical homomorphisnﬂ

(54) Ord;y™(V), — Ordg™(V,,)
is an isomorphism for every V. € Mody (G) and n > 0.

Proof. By Prop. (a) it suffices to consider the case where H is an open subgroup of 7°. Choose
m > 1 with 5(U1(:,m)) C H. As in the proof of Lemma we write (’)[TO] (with 7 = T°/H) as

a product of complete noetherian local rings O[TO] =[Ljes O; and decompose O’ [TO] = [Les 6;
accordingly. By and Prop. we have for W € Modyr (T+)
d to -ord ~ to-ord d
) g = [IRTE ). = LRS00, = 1S
J€ JjE

where ¢; : 6]- — (5; denotes the j-component of the map O[TO] — O [TJ] induced by .

Since Ordf,(V), = Ord3(V,,) for every V € Mod®(G) and since V + Ordg"(Vp) is a J-
functor it suffices to see that for an injective object I € Mody/(G) we have Ordg’"(Lp) = 0 for
every n > 1. Consider the spectral sequence for I,

Ey = RTEYH (Kg(m),I),) = Ord?"5(1,)

Since V' +— H"™(Kg(m),V) is the n-th right derived functor of Mody (G) — Mod@/(TJr),V —
VEn(m) we have E5® =0 for s > 0. Together with and Lemma it follows

Ordy™(I,) = R'TEY(1Kn(m) = Rrpgd(1Ku(m)y = g

for every n > 1. O

5The definition of is similar to the definition of .
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Assume now that O = A is an Artinian local ring with finite residue field of characteristic
p. If H is an arbitrary closed subgroup of T° then the fact that Ord” is the composition of the
functors V =+ VHNo and T4 together with ([Em3], Prop. 2.1.11) implies that there are canonical
homomorphisms

(56) Ord?™(V) —s To"Y(H™(HNy, V))
for every V- € Mod3'(G) and n > 0.

Corollary 2.26. If V is a locally admissible A[G]-module then the homomorphism s an
isomorphism for every n > 0. Moreover if V is an admissible A[G]-module then Ord™™ (V) is an
admissible A[T]-module for every n > 0.

Proof. As a first step we consider the case where H is an open subgroup of 70 and V € Modl(%dm(G).
Let m > 0 with 6(U™)) C H. By Prop. (b) there exists a spectral sequence

(57) By = R'TYH(Ky(m),V)) = E™ = Ord®"5(V).

By ([Em3|, Lemma 3.4.4 and Thm. 3.4.7 (a)) the A[T+]—modules H*(Kg(m),V) are admissible
(resp. locally admissible). By Prop. 2.12] (b) we have E4* = 0 if » > 0. Hence the edge map
E"™ — E{" is an isomorphism for every n > 0. Moreover if V is admissible then we obtain using
Prop. (a) that

Oord®™(V) = H"(Kg(m),V)ord

is finitely generated as an O-module, hence admissible as an O[T]-module.
To simplify the notation we now consider only the other extreme case H = 1 (the proof for
arbitrary H is essentially the same). Consider the diagram

lim Ord®@" (V) —=— lim ToY(H"(K,(m),V))

—m —m

- -

Ord™(V) T (H™(Np, V).

The upper horizontal map is the limit of edge morphisms of the degenerating spectral sequence
(for H = 6(U™))) so it is an isomorphism. The left vertical map is an isomorphism by Prop.
(a). The right vertical map is induced by the restriction maps H"(K;(m),V) — H™(Np, V).
It is an isomorphism by Prop. [2.11| (d) since we have H"(Np, V) = h_r}n H"(Ki(m),V) (see e.g.
[Em3|, Lemma 3.4.3). "

It remains to prove that Ord™(V) € Mod¥™(T) if V € Mod%™(G). We will prove this by
induction on n. The assertion holds for n = 0 by Remark (c). Assume that n > 1 and that
Ord" (V) is admissible for every r < n. We fix a compact open subgroup U of TV. There is a
Grothendieck spectral sequence

Ey = H"(U,0rd*(V)) = Ord""5(V).

By ([Em3], Lemma 3.4.4) we have E3° = H"(U,Ord*(V)) € Mody4 ¢ for every r > 0 and s < n. It
follows that E]¥ € Mod g, s for every r > 0, s <n and m € {2,3,...,00} as they are subquotient of
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E%s. Since E™ = Ord""™(V)) € Mody,; as shown above and since EX? = EO" | is a quotient of E"
we have EX"; € Moda ;. The exact sequences

don _
0 Eq(—)nn+1 Eg:z m Eg(n m+1)

for m =n,n —1,...,2 now allow us to deduce that the A-modules EX", EO" . ... EJ" are finitely
generated. Hence EJ" = (Ord™(V))Y € Mod 4, #- Since this holds for every open subgroup U of T
we conclude that the A[T]-module Ord™ (V') is admissible. O

Remarks 2.27. (a) The canonical homomorphism also exists if A = E is a field of char-
acteristic 0 (instead of ([Em3|, Prop. 2.1.11) one can use here the fact the functor C—IHd%NG :
Mod%"(H Ny) — Mod%'(G) is exact, so that the restriction Mod%"(G) — Mod%" (H Ny) preserves
injectives). Also Cor. holds in this case as well and its proof requires very little modification.
Indeed, in this case the spectral sequence degenerates, i.e. we have E5® = 0 if s > 0. Since the
functor Mod3*(G) — Mod3™(T+), V +— Vo is exact it thus follows

Ord(V) = 0
for every V € Mod'3d™ (@) and n > 0.

(b) In ([Em3], Conj. 3.7.2) Emerton has given the following conjectural description of the right de-
rived functors of Ord when restricted to the subcategory Mod3¥™(@): if Ord denotes this restriction
then we have

(58) R"Ord(V) = TY(H"(Ny,V))

for every V' € Mod'44™ (@) (so together with Cor. this implies R" (71"?1(‘/) = R"Ord(V)).

This can be deduced from Prop. (a) as follows. Firstly, note that for V' € Mod3™(G) the
AT -module Vo =, -, VK1(") s locally admissible (since VK™ € Mod3"(T*) for every
m > 1). Since every locally admissible A[G]-module is the union of its admissible submodules we
also have Vo € Mod®34™(T+) if V € Mod%4™ (@), i.e. the functor Ord factors as

Mod5%™ (@) Mod!3dm(7+) L%, Nodl3dm (7).

Hence Prop. 2.12] (a) together with ([Em3], Prop. 2.1.11) implies (58). A proof of ([Em3], Conj.
3.7.2) for G = GLa(F) (and implicitly also for G = PGLa(F)) by completely different means has
been given in [EP]. In [Sp3] the derived functors of the functor of ordinary parts will be studied
for general p-adic reductive groups. O

VsV No
2

Let d = [F : Qp] and let V' be an admissible A[G]-module. By Cor. and (|[Em3], 3.6.1,
3.6.2) we have
Vn(a) ifn=d,
0 if n>d.

Here Vjy denote the N-coinvariants of V' and « the character

Ord™(V) = {

(59) a:T S, e S0, g o A

Q

(where v, : Qp — Z U {oo} is the normalized valuation of Q). In particular we obtain

37



Corollary 2.28. For W € Mod*™(T) we have

Wt ifn=0,
Ord™(Ind%(W)) = { W(a) ifn=d,
0 ifn>d.

Proof. For n = 0 this follows from ([Em2], Prop. 4.3.4). For n = d it suffices to show that the
evaluation map

(60) IndGW — W, & — &(1).

induces an isomorphism (Indg W)y = W. Note that is an epimorphism of A[B]-modules.
Hence it suffices to see that the N-coinvariants of the kernel vanish.

Let U be this kernel. It consists of those ¢ € Indg W that have support in the big cell BwN
(where w = (9§)). So by mapping ® € U to the function F — W,y — ®(wn(y)) the module U can
be identified with the A[N]-module C.(F,W) of locally constant maps f : FF — W with compact
support. The N-action is given by (n(y) - f)(z) = f(z +y) for x,y € F, f € C.(F,W). As an
A[N]-module C.(F, W) is generated by functions 1ym - w for m € Z, w € W (where 1,m € C.(F,Z)
denotes the characteristic function of p"). Let g be the order of the residue field of F' and choose
an integer N > 1 so that ¢V = 0 in A. Since lym - w = >y n(y) - Lym+1 - w (where y ranges over a
system of representatives of p™/p™*1) we see that we have

Lym - w = lymir - (qw) = Tymya - (Pw) = ... = Lymin - (Nw) =0

in Uy. Hence Uy = 0. ]

2.5 w-adically admissible and Banach space representations of 7'

In this section R = O denotes the valuation ring of a p-adic field F, i.e. O is a complete discrete
valuation ring with finite residue field k of characteristic p and quotient field E of characteristic
0. We denote the maximal ideal of O by m and fix a prime element @w € m. For m > 1 we put
Oy = O/m™. We denote the normalized absolute value on E by | - | : E — R (so |w| = #k71).

For an O-module N we denote its torsion submodule by Ni,, = N[m™]| and the maximal
torsionfree quotient by Ng so that there exists a short exact sequence

0— Nior — N — Ny — 0.

We also set N, = N ®p O, and N[m™| = Homp (O, N). The kernel-cokernel exact sequence for
themapsN&Nw—mM\fis

(61) 0 — N[m] — N[m™"] — N[m™] — N; — Npp1 — Npyy — 0

for m > 1.
As before let H be a closed subgroup of 7% and put T = T/H. We are going to review the

notion of w-adically continuous and w-adically admissible O[T]-modules (see [Em2], §2.4). Firstly,

an O[T]-module W is called w-adically continuous if (i) W is w-adically complete and separated,
(ii) Wior is of bounded exponent, i.e. w™W = 0 for m > 1 sufficiently large and (iii) W,, is a

discrete O,,[T]-module for every m > 1.
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A w-adically admissible O[T]-module W is a w-adically continuous O[T']-module W such that
W1 € Mod24™(T). The exactness of the sequence implies then that we have W, € Mod%iwfl(f)
for every m > 1. The full subcategory of the category of O[T]-modules consisting of w-adically
continuous (resp. w-adically admissible) O[T]-modules will be denoted by Mod% " (T') (resp.
Modg_adm (T)). The category Modg_adm(T) is closed under the formation of kernels, images and
cokernels. It is in particular an abelian category. It is also closed under extensions in the category
Mod% ~“"(T).

For an O[T]-module W define (W) := Homep (W, O). By ([Em2], Prop. 2.4.10) the assignment
W — 2(W) induces an anti-equivalence of categories

(62) 2 : ModZ 2™ (T)g — Mod5™8(T)g, W s Z(W).

Here for an O-linear abelian category </ we denote by o the subcategory of torsionfree objects
A € o (i.e. objects so that w - : A — A is a monomorphism).

Remarks 2.29. (a) Let W € Modg_adm(T). The fact that W,, is discrete when viewed as an
O[T]-module implies that the O[T]-action on W = lim ,, W, extends naturally to a Ao (T)-action,
H

i.e. any w-adically admissible O[T]-module W can be viewed as an augmented O[T]-module. In
particular the category Modg_adm(f) as well as the functor are Ao(T)-linear.

(b) Let W € Modg*adm(f) and assume that W is torsionfree (i.e. Wiy = 0). Using the exact
sequence (61)) one can easily see that the O,,-module W, is free for every m > 1.

(c) Simple examples of w-adically admissible O[T]-modules are those associated to continuous
characters. For that let A be an O-algebra that is w-adically complete and separated and let
X : F* — A* be a continuous character (i.e. x is continuous with respect to the w-adic topology
on A). We attach to x the following O[T]-module A(x). For that we identify T" with F™* via the
isomorphism , so that we can view y as a character of T'. For t € T and a € A define

(63) t-a:=x(t)a.

Then A(x) is the O-module A equipped with the T-action given by (63)). If A is a finite O-algebra
then we have A(x) € Mod% ™ (T)). Moreover if ¥ is a quasicharacter (i.e. if ker(x) is open in F*)
then A(x) € Mod%™(T). If x = 1 : F* — A* is the trivial character then we will also write A(0)
rather than A(x).

(d) Let ¢ : F* — O (i.e. we have (zy) = (z) 4+ (y) for all z,y € O) and let O = Ol¢] =
O[X]/(X?), e := X + (X?) be the O-algebra of dual numbers. The character

Oy : F* — OF, Oy(x) = 1+ ¢(a)e.

is obviously continuous so as a special case of the above construction we obtain the w-adically
admissible O[T]-module O(0Oy). It is an admissible O[T]-module if and only if ker(z)) is open in
F* (note that this holds if and only if ¢ is some multiple ¢ - vg, ¢ € O of the normalized valuation
(ya of F ) O

Banach space representations Recall that an E-Banach space representation of T is an FE-
Banach space V = (V, || - ||) together with a continuous E-linear action T'x V — V, (t,v) — t - v.
An E-Banach space representation V of T' is called admissible if there exists an open and bounded
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O[T]-submodule W C V such that the U-invariant (W/V)Y of the quotient V/W are an O-module
of cofinite type for every compact open subgroup U of T (i.e. the Pontrjagin dual D((W/V)Y) =
Hom((W/V)V, E/O) is a finitely generated O-module). ﬁ

The category of admissible E-Banach space representations of T will be denoted by Banadm(T).
It is an abelian category. This can be easily deduced from the duality theorem ([Sch], [ST], Thm.
3.5) or from the fact that Ban™(T') is equivalent to the localized category Modgfadm(f) £ (see
Lemma [2.32] n below).

We first review the duality theorem. By slight abuse of notation, a Ap(T)g-module M will
be called an augmented E[T]-module. Again, Mod%®(T) denotes the category of augmented
E[T)-modules. An augmented E[T]-module M is called finitely generated if there exists a A(T)-
submodule L with L € Modfgaug (T) and Lg = M. We equip M with the topology induced by the
canonical topology on L, i.e. M is a topological vector space and the inclusion is L < M is open
and continuous (hence M is locally compact). As before Modfgaug( T') denotes the full category of
Mod%'®(T) of finitely generated augmented E[T]-modules.

There is a canonical contravariant functor

(64) D : Banid™(T) — ModE™8(T), V s D(V) = V.

Here for an E-Banach space V- = (V| - ||), D(V) = V' denotes the dual Banach space equipped
with the weak topology.

Lemma 2.30. The functor s an anti-equivalence of E-linear categories. Its quasi-inverse is
given by

(65) Mod'8*"8(T) — Ban¥™(T), M +— Hompg cont(M, E).
Proof. This follows immediately from ([ST], Thm. 3.5). O

Remark 2.31. Let Vi, 15 € Ban%dm(T) and assume that dimg(V7) < co. The Lemma implies
that the FE-vector space HOHlEm(Vl, V3) is finite-dimensional as well. In fact any T-equivariant
homomorphism V; — V5 is automatically continuous so we have

(66) HOmE[T} (VI, VQ) g HOmMOdegaug(T) (D(VQ), D(‘/l))

If U is a compact open subgroup of T then the Ap(U)g-module is finitely generated, hence it
has finite length (since D(V}) has finite length because of dimg(D (V1)) = dimg (V1) < o0) and is
therefore finite-dimensional as an E-vector space. ]

Recall that for an O-linear additive category A the E-linear additive category Ag has the same
objects as A whereas the morphisms are given by Homu, (A, B) = Hom4(A, B) ®0 E. If A is
abelian then Ag is abelian as well (see Lemma of the appendix).

Note that Loy = L[m*] is of bounded exponent for any object L € Modfgaug(T). Indeed,
since Ap (7) is noetherian and L is finitely generated as Ao (7T)-module the sequence of submodules
Lm] C Lm?] C ... C L[m™] C ... becomes stationary. Therefore the induced functor

(Modfgaug(f))E — Mod®™(T), L+ Lg

SNote that this condition implies that we can choose the norm || - || on V' so that (V,|| - ||) is a unitary Banach
space representation of T, i.e. we have ||t - v|| = ||v|| for every t € T and v € V..
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is an equivalence of categories. Similarly, the categories Modg_adm(T )& and Ban®™(T) are equiv-
alent.

Lemma 2.32. For W € Modg™ adm () et || - || be the norm on V = W so that im(W — V,w
w ® 1) is the unit ball {v € V | [v]| <1} in V. Then (V|| - ||) is an admissible E-Banach space
representation of T. The induced functor

(67) ModZ "™ (T) ; — Banm™(T)
is an equivalence of categories. Moreover for W € Modg~ aLdm( ) and V.= Wg we have
IW)®o E = D(V)

Proof. Since W = (Wg)g we may assume that Wi, = 0,1i.e. W C V (note that Wy € Modg*adm (T)
by [Em2], Cor. 2.4.13). Let U be a compact open subgroup of T. The fact that W; € Modzdm(T)
implies that dimy D((V/W)Y) ®e k = dimy, Homy (WU, k) < oo, hence D((V/W)Y) € Modo,; by
the topological Nakayama Lemma. This proves that V is admissible.

To show that the induced functor (65)) is an equivalence we have to see that every V € Bani™(T)
lies in its essential image. For that we Choose anorm || - || so that ||t-v|| = ||v|| foreveryt € T and v €
V. Let W be the unit ball in V. Then (W/ V)U is of cofinite type for every compact open subgroup
U of T (as shown in [ST] prior to Thm. 3.5). Passing in the sequence 0 — W; — V/W = VIW
to U-invariants and Pontrajagin duals implies that dimy D(WY) = dim;, D((V/W)Y) @0 k < oo
for every compact open subgroup U of T. Hence Wy € Mod} ™~ adm (T and W e Modg5™~ adm 77y
The last assertion is obvious. O

Remarks 2.33. (a) The fact that the unit ball W of an admissible E-Banach space representation
V of T is w-adically admissible implies that it carries a canonical Ap(T)-action (see Remark
above). Hence the E[T]-action on V extends naturally to a Ap(T)g-action and the functor is
Ao(T) g-linear.

(b) Let A be a finite-dimensional commutative F-algebra equipped with the canonical topology
(induced by any choice of a norm || - || : A — R>¢). Let x : F* — A* be a continuous character.
As in Remark (c) we define the E-Banach space representation A(y) of T' by A(x) = A with
T-action given by (63). We have A(x) € Ban®™(T) if and only if the image of x is bounded.

Indeed if the latter holds then there exists an O-subalgebra A of A that is a lattice in A so that
X(F*) € A*. In this case A(x) is the image of A(x) under the functor (67).

(c) Let ¢ : F* — E be a continuous character and let E = Ele| be the E-algebra of dual numbers.
Since the image of 1 is bounded in E the image of the character

Oy : F* — E*, Oy(z) =1+ (x)e.

is bounded in E. Therefore similar to Remark - we obtain an admissible F-Banach space
representation E(@d,) of T (even if )(F™*) is not contamed in O). O

3 Cohomology of . »-spaces and schemes

3.1 Notation and preliminary remarks

Let R be aring, let G be a locally profinite group and let H be a closed subgroup of G. The smooth
induction functor
Ind% : Mod$*(H) — Mod™(G)
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is the right adjoint of the forgetful functor Res$ : Mod*(G) — Mod¥*(H). Recall that Ind$ M
for M € Mody"(H) consists of maps ® : G — M satisfying ®(hg) = h®(g) forall h € H, g € G
and such that there exists an open subgroup K of G with ®(gk) = ®(g) for all g € G, k € K. The
G-action is induced by right multiplication. Also if H = K is an open subgroup of G then Res?(
has a left adjoint

c-Ind$ : Mod$(K) — Mod(G)

For M € Mod$*(K), c-Ind$ M is the R[G]-submodule of Ind% N consisting of maps ® € Ind% N
that have compact support (modulo H).

Let C be a site, i.e. C is a category equipped with a (Grothendieck) topology (see [A1], Def. 1.2).
We denote by PSh(C) the category of presheaves (of sets) on C and by Sh(C) the category of sheaves
on C. For a ring R we let PSh(C, R) resp. Sh(C, R) denote the category of presheaves (resp. sheaves)
of R-modules on C. By PSh(C,R) — Sh(C, R),.Z + .Z* we denote the sheafification functor. An
object of Sh(C, R) will be called an R-sheaf for short. Note that if O denotes the sheafification of
the constant presheaf of rings U € C — R then the category Sh(C, R) can be identified with the
category of sheaves of O-modules on C (see [Stal, Tag 03CY).

Recall that an (R-)topos is the category of R-sheaves on a site. By a morphism of (R-)topoi

(f*, f«) : Sh(C, R) — Sh(D, R)

(where C and D are sites) we mean a pair of adjoint R-linear functors f* : Sh(D, R) — Sh(C, R)
and fy : Sh(C, R) — Sh(D, R). Note that we do not require f* to be exact. For an object X € C
and F € Sh(C, R) we denote by H*(X, F) the cohomology groups of F over X. Also if C/X denotes
the localization of C at X (see [Sta], Tag 00Y0) and if 7 € Sh(C/X, R) then we define H*(X, F) as
the cohomology of F over the object X 1% x of C /X. If F = %|x is the restriction of an R-sheaf
on .# on C then we have H*(X,F) = H*(X,.%) by ([Stal], Tag 03F3).

Let u : C — D be a continuous functor giving rise to a morphism of topoi (u*,us) = (us, u®) :
Sh(D, R) — Sh(C, R) (i.e. we assume that us is exact). Let X € C and let Y = u(X). The functor
W :C/X =5 D)Y,(p:U = X)) (u(p) : w(U) = Y) induces a morphism of topoi as well (see
[Stal, Tag 03CF). By abuse of notation it will be denoted by (u*,us) : Sh(D/Y, R) — Sh(C/X, R)
too. For F € Sh(C/X, R) there exists a canonical homomorphism

H™(X, F) — H"(Y,u"(F))

for every n > 0 defined as the the composite of the morphism H"(X,F) — H"(X,u.u*(F))
(induced by the unit of adjunction) with edge morphism H™(X, u.u*(F)) — H"(Y,u*(F)) of the
Leray spectral sequence.

Let f : X — Y be a morphism in a site C. Then the site C/X can be identified with the

localization of the site C/Y at (X N Y) e C/Y ([Stal], Tag 04BB). So there exists a morphism of
topoi

(68) (f*,f.) : Sh(C/X, R) — Sh(C/Y, R).

Here f* = f* where f denotes the functor C/X — C/Y,(U = X) — (U = X N Y). By ([Stal,
Tag 03DI) the functor f* is exact as it has a left adjoint as well. If C has fibre products then the
base change functor with respect to f: X — Y

v:ClY —C/X, (V-=Y)—(VxyX—X).
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is continuous and right adjoint to f By ([Sta], Tag 00XY) this implies f, = v, i.e. for F €
Sh(C/X, R) we have

(69) (F)V=Y) =FV xy X = X)
for all (V —Y) € C/Y. Moreover we remark that given a commutative diagram in C

X1L>Y1

f2
X2 —_— Y2

and F € Sh(Xa2, R) there exists a canonical morphism of Leray spectral sequences (see [Sta], Tag
0E46)

(E5* = H' (Y2, R°(f2): F) = H' (X3, F)) —
(E5* = H'(Y1,R°(f1)+9" F) = H"™*(X1,4°F)).

3.2 Sites of discrete G-sets

Let G be a locally profinite group and let R be a ring. We denote by .#5 the category of discrete
left G-sets and G-equivariant maps. Recall that a left G-set S is discrete if the stabilizer Stabg(s)
of any s € S is open in G. Note that the category % admits fibre products. We equip . with the
canonical topology ([Ar], 1.1.2), i.e. we consider .7 as a site. Recall ([Ar], 1.1.5) that a family of
morphisms {Si L8 } in .7 is a covering if | J; pi(S;) = 5. A set S € .7 will be called connected
if G acts transitively on S, i.e. if S = G/K for some open subgroup K of G. Note that if K, Ky
are open subgroups of G then every G-equivariant map p : G/K; — G/K» is necessarily of the
form p(hK7) = hgK, for some element g € G with K7 C K.

The category of sheaves of R-modules on ./ is equivalent to the category of discrete R|G]-
modules and we will sometimes identify the two. Indeed, the functors

Mod®(G) — Sh(“4, R), M — Mapsqg(-, M)
Sh(Fg, R) — ModS™(G), M s lim M(G/U)

—U<G, U open

are mutually quasi-inverse equivalences of categories.

Let ¢ : G — G’ be a continuous homomorphism of locally profinite groups. Then any discrete
left G'-set S becomes a left G-set S, via ¢, so we obtain a continuous functor ¢ : S — ¢, S — S,
between sites. It induces a morphism of R-topoi

(90*790*) : Sh(yGrR) — Sh(yG’aR)

=S

where p* = @, and @, = ©°.
Under the identifications Mod%*(G) = Sh(#g, R) and Mod3*(G’) = Sh(-#¢/, R) the functors
@« and ¢* are given as follows. For M € ModR"(G) we have

(M) = {® € Maps(G', M)|3U" < G’ openVg € G, ¢ € G,/ € U : ®(p(9)g'v') = g®(¢') }
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with G’-action induced by right multiplication. For M’ € Mod%*(G’) the pull-back ¢*(M’) is the
G-module M.

If H is a closed subgroup of G and ¢ = ¢ : H < G is the inclusion then ¢, = Ind$% : Mod*(H) —
Mod%*(G) is the (smooth) induction functor. If H is a closed normal subgroup of G and ¢ = 7 :
G — G/H is the projection then 7* is the inflation functor Inﬂg/H : Mod3*(G/H) — Mod®*(G)
and 7, is given by 7. (M) = M for M € Mod$*(G).

Now we assume that H = K is an open subgroup of G and ¢ = ¢+ : H — (G is again the
inclusion. In this case the functor v: .%g — Yk, S — S, has a left adjoint defined as follows. Given
S" € .Yk we define a right K-action on G x S’ by k- (g,5') = (gk,k~'s’) and a left G-action by
h-(g,s") = (hg,s’). The latter induces a discrete left G-action on G x S" := K\(G x S’). If for
example S’ = K/K' for some open subgroup K’ of K then G xx S’ =2 G/K'. Thus we obtain a
functor

(70) u: S — Sa, S GxgS.

that is easily seen to be cocontinuous. By ([Sta], Tag 00XY) we get ¢* =7 = u®.

Now we consider certain full subcategories of .7 associated to a cofinal system of open sub-
groups of G. More precisely we consider a subset J# of the set of open subgroups of the locally
profinite group G satisfying the following

Assumption 3.1. (i) # is cofinal in the set of all open subgroups of G, i.e. for every open subgroup
U of G there exists a K € ¢ with K CU.

(ii) £ is closed under conjugation, i.e. for every K € %, g € G we have K9 € % .

(iii) For K € # and an open subgroup K’ of K we have K’ € .%.

We denote by .7 _» the full subcategory of S € .7 such that Stabg(s) € #". Condition (ii)
guarantees that for K € ¢ the left G-set G/K lies in . . Condition (iii) implies that if S’ — S
is a morphism in . then S € .Y » implies S’ € S5 » as well. It follows that . » has fibre
products and equalizers.

We equip %, » with the canonical topology. Condition (i) implies that any S € ¢ ad-
mits a covering by objects in .# 4. Therefore the inclusion v : Sg » — Y induces mutually
quasi-inverse equivalences of categories u® : Sh(-¢ », R) — Sh(7g, R) and su : Sh(SG », R) —
Sh(-#G, R). Recall ([Stal, Tag 00XH) that (su)(F) is given by

(sw)(F)(S) = lim — F(5)

(8"p)

where the limit is taken over the category of pairs (S, p) where S’ € S5 » and p: S" = Sis a
morphism in .%5.
Hence we can identify Sh(-7G », R) also with the category of discrete R[G]-modules via the
equivalences of categories
Mod®"(G) — Sh(Sg », R), M +— Mapsg(-, M)

(71) Sh(SG,20, R) — Modif'(G), Mlim _ M(G/K).

For S € Y, » consider the localization morphism

jg:yg7%/s—>yg’9g/, (p:S/—>S)0—>S/.
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It induces a morphism of topoi
(Us: (4s)«) : Sh(FG,x /S, R) — Sh(SG. ., R).

The functor jg := j¢ is exact. Indeed, by ([Stal, Tag 03DI) it has also a left adjoint (jg):.
Now assume that S = G/K where K € J. In this case the localization .75 _» /S can be
identified with the site .#k of discrete left K-sets. Indeed, the functors

Sox]S— T, (p:8 = G/K)—p (1 -K)
(72) yK—>¢7G’Py/S, S’ (G XK Sl—>S)
are mutually quasi-inverse equivalences of sites. Here for S’ € ., the morphism G xx S’ — S

is induced by the unique map S’ — pt = K/K. It follows that the category Sh(.#/S, R) can be
identified with the category Sh(.”x, R) (and hence with Mod®"(K).

Lemma 3.2. Let K € J#, put S = G/K and let v : K — G be the inclusion. Under the
identifications Sh(.%k, R) = Sh(” /S, R) we have an equality of morphisms of topoi

(45, (Js)«) = (t*,ts) : Sh(.#/S, R) = Sh(Sk, R) — Sh(., R).

Proof. Since the composition of with jg is the functor we get jg = j& = v’ = 1*. The
equality ¢, = (jg)« follows from the adjointness property. O

Remarks 3.3. (a) Let K € # and put S = G/K. By identifying the category Sh(“¢ » /S, R)
with Mod%"(K) and Sh(Z¢ », R) with Mod%"(G) we see that the functors (js), js* and (js)«
and correspond to compact induction, the restriction and the (smooth) induction functor

c-Ind$ - Mod$®(K) — Mod3*(G),
Res% : ModS®(G) — Mod3™(K),
Ind$ : Mod*(K) — Mod$(G)

respectively.

(b) Let ¢ : G — G’ be a continuous homomorphism of locally profinite groups and let #” be a
subset of the set of open subgroups of G’ that satisfies the hypotheses The fact that the topoi
Sh(-7G,», R) and Sh(Zg »7, R) can be identified with Sh(#g, R) and Sh(-%¢, R) respectively,
implies that ¢ induces a morphism of topoi

(73) ((p*v 90*) : Sh(yG,lfv R) — Sh(yG’,f’a R)

In general the morphism is not induced by a continuous functor S/ — #G ». The functor
¢ has the following concrete description. For S” € Sh(“4r », R) let ¢+ J denote the category of
pairs (S,¢) where S € Y5 » and £ : S — S:O is a G-equivariant map. A morphism between two
objects (51,&1), (S2,&2) in ¢ J is a G-equivariant map p : S — Sz such that £ 0 p = &. For
F € Sh(SG », R) we define a functor

S’]:: Slepp — MOdR, (S, f) — .F(S)
We then have
() (F)(S') = lim s F.

— g1 gorp
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3.3 The topos associated to an .¥-object in a site

Let G be a locally profinite group. As in the last section we fix a subset J# of the set of open
subgroups of G such that assumption holds and denote by . = .75 _» the associated site of
discrete left G-sets whose stabilizers are contained in JZ". Let C be a site. Associated to an object
U of C are the two functors (co- and contravariant respectively) hY = Home (U, -) : C — sets and
hy = Home(-,U) : C — sets. We make the following

Assumption 3.4. C has fibre products, equalizers and coproducts.

The first two conditions imply that arbitrary connected finite limits exists in C ([Stal], Tag
04AT). The last condition implies in particular that C has an initial object.

Definition 3.5. (a) A continuous functor X : . — C that commutes with coproducts will be called
an .7 -object in C]
(b) An .7 -object X in C is called (left) exact if it commutes with equalizers.

Let X be an .-object in C. For S € . we will write Xg rather than X (5). Also for K € ¢
we write X instead of Xqg k. If p: S1 — S3 is a morphism in %’ then the induced morphism will
be denoted simply by p : Xg, — Xg,. Since every morphism in . is part of a covering the functor
X commutes with fibre products. So by ([Stal, Tag 04AT), X is exact if and only if X commutes

with connected finite limits. If G € J# then .¥ = /¢ » = Y has a final object pt = G/G. In
this case every .#-object in C is exact.

Remark 3.6. Let .7 denote the full subcategory .#¢ of .# with set of objects {G/K | K € '},
let X be an .#-object in C and let

(74) S —=C, G/K— Xk, (p:G/K—G/K)— (p: Xk — X1)

be the restriction of X to .¢. The fact that X commutes with coproducts implies that the latter
completely determines X. The functor has the following properties

(i) p: Xg — X, is a covering for every morphism p: G/K — G/L in .%°.

(ii) Let G/K1 — G/L and G/K; — G/L be morphism in ¢ and let G/K1 xq/, G/Ks =
[l;c; G/M; be their fibre product in .. Then the induced diagram

Hiel XMZ- E— XK1

! |

X Ko — X L
is cartesian.
If X is exact then we also have

(iii) For two different morphisms p1, p2 : G/K — G/L in . the equalizer of p1, p2 : Xk — X, is
the initial object in C.

Conversely, a functor with the properties (i) and (ii) extends to an .#-object X in C (i.e.
the restriction of X to .7¢ is (74))). Moreover if additionally (iii) holds then X is exact. O

"For the definition of a continuous functor between sites see ([Sta], Tag 00WV).
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Let X be an .“-object in C. For U € C we consider the colimit of the functor hY 0 X : .¥ — sets,
i.e. the set
colim hY o X = colimge & Home (U, Xg).

A morphism ¢ : Uy — Uy in C induces a morphism of functors h¥2 — hYT hence a map
¢ : colim hY? o X — colim hY" o X.

Definition 3.7. Let X be an -object in C.
(a) We introduce the site C/ colim X .
(i) Objects of C/colim X are pairs (U, o) where U € C and a € colimh? o X.

(i) A morphisms in C/ colim X
¢ (Ur,a1) — (Uz, 2)

is a morphism ¢ : Uy — Us in C such that ¢*(ae) = ay.

(1i1) A family of morphisms {¢; : (Ui, i) — (U, )} in C/ colim X is a covering if {¢; : Uy — U} is
a covering in C.

(b) The category Sh(X, R) of R-sheaves # on X is defined as the category of R-sheaves of the site
C/ colim X .

Remarks 3.8. (a) Note that the category C/ colim X also satisfies assumption

(b) For every object (U, ) of C/ colim X the obvious functor between localizations
(75) (C/colim X)/(U,a) — C/U, (¢: (U, &) = (U,a)) — (¢ : U = U)

is an isomorphism of sites.

(c) If G € # then we can identify colim h¥ o X with Home (U, Xg), the site C/ colim X with the
localization C/X¢ and the category Sh(X, R) with Sh(C/X¢, R).

(d) Let U € C and let a € colimh? o X. Let T = Z(w,a) be the category of pairs (S,1) where
S e and ¥ : U - Xg is a morphism representing «, i.e. the image of ¢ under the canonical
map Hom (U, Xg) — colimg/c » Home (U, Xg/) is a. A morphism 7 : (S1,%1) — (S2,%2) in Z is a
morphism 7 : S; — Ss in . such that

U
R

X X,

commutes. Objects of Z(y; ) are called representatives of (U, a).
Note that the category Z(y,,) has fibre products and is connected, i.e. any two objects (S, 1)),
(S7,4") can be linked by a chain of morphisms

(Sﬂj}) = (50711}0) l> (Slﬂj)l) <T—2 (52711)2) £> s E (STL)d}n) = (Slad/)‘
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By replacing every pair of morphisms (S;—1, ;1) i1 (Si,1h;) 2= (Si41,1ir1) in the chain succes-
sively by its fibre product we see that every two objects (S, ), (S’,4’) can be linked by a diagram
of the form /

(S, w) L (S//, wl’) L> (5/71/}/).
Moreover, if X is exact then the category IF&I;) is filtered. For that we are left to show that given
two morphism 71,72 : (S,¥) — (5',¢') in Z(ya) there exists a morphism & : (S”,¢") — (5,7)
with 71 0 £ = 9 0 &, We define € : 8” — S to be the equalizer of 71,75 : S — S’. The fact that

11019 = 9 = 175 01 and that X commute with equalizers implies that there exists a morphism
" U — Xgn with Eo )" = ). ]

Let X be an .-object in C, let D be another site that satisfies assumption and let
u : C — D be a continuous functor commuting with fibre products, equalizers and coproducts.
Then u(X) := wo X is an .-object in D. For U € C the collection of maps Hom¢(U, Xg) —
Homp (u(U), u(X)s), ¥ — u(y) for S € .7 defines a morphism of functors h¥ o X — h*(V) o v(X)
hence a map
colimh? o X — colim h*Y) o u(X), a — u(a)

Thus v induces a continuous functor between sites

(76) u:C/colimX — D/colimu(X), (Ua)— (u(U),u(a))

that commutes with fibre products, equalizers and coproducts. It induces a morphism of topoi
(77) (u*,uy) := (us,u’®) : Sh(u(X), R) — Sh(X, R).

Proposition 3.9. The functor u* :=u, : Sh(X, R) — Sh(u(X), R) is exact.

Proof. For an object (V,3) € D/ colimu(X) let Z = Ity ) be the category of triples (U, «, ¢) where
(U,a) € C/colim X and ¢ : V — u(U) is a morphism in D such that (*(u(a)) = f. A morphism
n: (U,a1,() — (Usz,00,(2) in IELV,B) is a morphism 7 : (Uj,a1) — (Usz,az) in C/ colim X such
that u(n) o (; = (2. By ([Stal], Tag 00X5) it suffices to show that the category Z°PP is filtered.

Since u commutes with fibre products and equalizers, the category Z has the following properties
(see [Sta], Tag 00X4)

(i) For every pair of morphism 7y : ji — 4, 72 : jo — ¢ in Z there exists an object k¥ € Z and
morphisms & : k — j1, &2 : kK — jo in Z such that 1y 0 &5 = 19 0 &o.

(ii) For every 4,7 € Z and morphisms 7y : j — ¢, 72 : 7 — @ in Z there exists k € Z and a morphism
E:k—jsuchthat mpoé&=mof:k—i.

It remains to show
(iii) For every 41,12 € Z there exists ¢ € Z and morphisms ¢ — i1, ¢ — g2 in Z.

For that let i1 = (U1, a1,(1), i2 = (Ua,a2,(2) and let (S1,¢1) and (S2,¢2) be representative
of (Uy, 1) and (Usa, ag) respectively. Then (S7,u(p1) o (1), (S2,u(p2) o (2) are representatives
of (V,5). By Remark [3.8 (d) there exists a representative (5, ¢) of (V, ) and morphisms 7 :
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(S,(p) — (Slau(sol) © Cl) and T2 (S)QD) — (SQ,U(QDQ) o CQ) Note that] = (X57O[S7S0)) jl =
(Xsy, sy, u(pr) o (1), jo = (Xs,, as,, u(p2) o (2), are objects of Z. So we have a diagram in Z

3 J i2
NN
J J2
Thus applying property (i) three times yields (iii). O

The continuous functor X : . — C can be “lifted” to a functor . — C/colim X. For that let
S € .7 and let ag € colim h*S o X be the image of 1x, € Home(Xg, Xg) under the canonical map

Home(Xg, Xg) — colimgre v Home(Xg, Xg/) = colim s o X.
The assignment
(78) X: 7 —C/colimX, S~ (Xg,as5).

is a continuous functor between sites, lifting the functor X : . — C (i.e. the composition of Z
with the forgetful functor C/ colim X — C, (U, «) — U is the functor X). If G € J# then X can be
identified with the functor

(79) S —C/Xq, S— (Xg— Xg)

(the morphism Xg — X is the image under X of the unique map S — pt).
The functor induces a morphism of topoi

(80) (Xs, X*) : Sh(X, R) —> Sh(., R).

As in the previous section we can identify the categories Sh(.#, R) and Mod%"(G). Under this
identification we denote the first component of by

Mod™(G) —» Sh(X, R), M — Mx.¢

If M € Mod%'(G) is equipped with the trivial G-action then we will write Mx instead of Mx q.
The second component of will be denoted by and the second by

(81) H°( X, ) : Sh(X, R) — Mod$™(G), Z +— H°(Xs, 7).
So there exists a natural isomorphisms

Hom gy (M, H(Xoo,.7)) = Homgy(x,r) (Mx,c,-F)
for every . € Sh(X, R) and every M € Mod®*(G).
Remark 3.10. For .# € Sh(X, R) we have

H°(Xo,.Z) = lim Fr(Xk).
— Ke. g opp

This follows immediately from the definition of X* and of the isomorphism . Moreover for
K € ¢ the K-invariants of H%( X, %) can be identified with #x (Xkg). O
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We now assume that X is exact. Then can be viewed as a special case of the functor .
Namely for u:= X : . — C and X = id &~ the identical .#-object we obtain a continuous functor

u: . /colimidy — C/ colim X.

Since the obvious functor . — ./ colimidy is an equivalence of sites the functor X can be
identified with u. So by Prop. we obtain

Corollary 3.11. Let X be an exact .”-object in C.Then the functor Mod%"(G) — Sh(X, R), M
Mx ¢ is exact.

By (75), for S € .7 the localization of C/colim X at (Xg,g) can be identified with the
localization of C at Xg. Therefore the (continuous and cocontinuous) functor

Jjxs:C/Xg —C/colimX, (¢:U — Xg)+— (U, ¥"(s))
induces a morphism of topoi
(Jxq> (Jxs)s) : Sh(C/Xs, R) — Sh(X, R).
The functor j will be denote by
resg : Sh(X,R) — Sh(C/Xg,R), F+— Zs, (u:F —9G)— (us: Fs— Ys).

Also for K € J# we put Fk := Fg/x € Sh(C/Xk,R). For an R-sheaf % on X the sheaves
Fg € Sh(C/Xg,R), S €. will be called the layers of .Z.

The right adjoint (jx4)« of resg is called direct image functor. By ([Sta], Tags 03DI and 03DJ)
resg also has an exact left adjoint

(Jxs) == (Jxg)s : Sh(C/Xg, R) — Sh(X, R).
This implies part (a) of the following Lemma.
Lemma 3.12. Let X be an #-object in C and let S € . be non-empty.
(a) The functor resg is exact and preserves injectives.
(b) The functor resg is faithful.
Proof of (b). Tt suffices to show for each % € Sh(X, R)
(82) Fs=0 = F =0.

Since every object of C/colim X lies in the image the functor jx,, for some S’ € . it is enough
to see that .Zg = 0 implies Fg = 0 for every S’ € .. We first consider the case when there
exists a morphism p : S — S in .. Let p : C/Xg — C/Xg denote the continuous functor
(U= Xg)—~ (U— Xg -+ Xg). Since the diagram

C/Xs ,
&
7 ‘ C/ colim X
IXg
C/Xs
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commutes we have resgr = p* oresg hence g = p*(Fg) = 0.
Now assume that S’ is an arbitrary discrete left G-set in .. It is easy to see that there exists

a diagram in .%
S/l
SN
S S’

such that p is a covering (i.e. a surjective map). We have already seen that #g» = 0 and we want
to deduce Fg» = 0. Let U — X g be an object of C/Xg/. We have

Ts(Xgn xx1 U= Xgr) = F(jxg (Xsn xx, U = Xgr))
= ﬂ(jxs,,(XSn XX/S U— XS//)) = ﬂS/I(XSN XX/S U— XSN) =0

hence also Zg/(U — Xg/) = 0 since Xgn X x1, U — U is (as a base change of p : Xg» — Xg/) a
covering in C. O

A consequence of the previous Lemma is that exactness of a sequence in Sh(X, R) can be checked
at one layer.

Lemma 3.13. Let X be an .#-object in C and let S € . be non-empty.
(a) Let

u

(83) T = F 5T

be a sequence of morphism in Sh(X, R). If the sequence F§ 25, Zg 5 F¢ is exact then 18
exact as well.

(b) Let A be an R-linear abelian category and let F : A — Sh(X, R) be an R-linear functor. If the
functor resgoF : A — Sh(C/Xg, R) is exact (resp. = 0) then F' is exact (resp. =0) as well.

Proof. (b) follows immediately from (a) (resp. Lemma (b)). For (a) note that (vowu)s =
vg o ug = 0, hence part (b) of Lemma implies that v ou = 0. Let % denote the homology of
(83). We have #5 = ker(ug)/im(vg) = 0 by Lemma (a) hence 22 = 0 by ({82). O

Remarks 3.14. (a) Let X be an .#-object in C and let S € .# be non-empty. The continuous
functor X /S : . /S — C/Xg induces a morphism of topoi

((X/S)s, (X/S)*) : Sh(C/Xg, R) —> Sh(.#/S, R).
By ([Sta], Tag 03CF) the diagram of topoi

(g (x5))
T

Sh(C/Xs, R) Sh(X, R)
| (@91 %197 e
Sh(7/S,R) 22U gy o R

commutes.
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(b) Assume that X is exact. An R-sheaf on X can be defined in more concrete terms (i.e. without
introducing the site C/ colim X). Namely, we could define an R-sheaf .#' on X as

e A collection of sheaves .Z € Sh(C/Xg, R) for each S € . and

e A collection of isomorphisms

(84) pp: 0" T, — Fg,

for every morphism p : S; — S in ¥ that satisfy the cocycle condition
Cpr © P1(Pps) = Ppaopy t (P20 1) Ty, — T,

for all morphisms p; : S1 — Ss, p2 : So — S3 in .&.

Given two R-sheaves . 7', 4’ on X as defined above a morphism « : %' — 4’ consists of
collection of morphisms ag : F§ — ¥4 for every S € . that are compatible with the isomorphisms

, i.e. the diagram
P*ﬂ!qz Pp ﬂ\él

J{P*OCSQ J{asl
PGy, — G
commutes for all morphisms p: S7 — Sy in 7.

Let Sh'(X, R) denote the category of R-sheaves .#’ in this sense. To explain why this notion is
equivalent to the one given in Def. (b) we define mutually quasi-inverse equivalences of categories

Sh(X,R) —» SK'(X,R), SW(X,R)— Sh(X,R)

Given .# € Sh(X,R) we define .#' € Sh'(X,R) by F{ := resg.# for every S € .. For a
morphism p : S1 — Sy there exists also canonical isomorphism p*(resg, (%)) — resg, (% ). Indeed,
if p:C/Xg, — C/Xs, denotes the continuous functor (U — Xg,) — (U = Xg, - X, ) then we
have p* oresg, = resg, (see the proof of Lemma .

Conversely, given an R-sheaf .#’ in the sense above we define .% € Sh(X, R) as follows. For an
object (U, a) of C/ colim X define a functor

(85) I — Modp

by mapping (S,v¢) € L) to Fg(U N Xgs) and a morphism 7 : (S1,%1) — (S2,%2) to the
isomorphism

(86)  Fh(U - Xs,) = Fh(U ™S Xs,) = 7°(F,) (U 2 Xs,) 25 F4 (U2 Xs,)

(the category Z(y,,) has been defined in Remark (d); it is filtered since X is exact; note that
in order for to define a functor we need the cocycle condition (3.14)). We define .Z((U, a))
as the colimit of the . It is then easy to see that this construction defines a sheaf on the site
C/ colim X. O
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To conclude this section we show that the topos Sh(X, R) does not depend on the choice of JZ".
More precisely we show that shrinking " does not effect Sh(X, R). So let .#” be a subset of %
that satisfies assumption and let X’ denote the restriction of X to the subcategory ./ = %z
of #q,». Consider the continuous and cocontinuous functor
(87) w:C/colim X' — C/colim X, (U,d)— (U,a)
where o denotes the image of o/ under the canonical map
(88) colim h¥ o X' — colimhY o X.

By ([Sta], Tags 09W7, 03DI and 03DJ) the functor u yields a morphism of topoi
(g%, 9+) : Sh(X’, R) — Sh(X, R)
with ¢* = u®. The functor g* is exact since it has a left adjoint wu.
Proposition 3.15. The functors g* and g. are mutually quasi-inverse equivalences of categories.

For the proof we need

Lemma 3.16. The functor is fully faithful.

Proof. Firstly, we show that the map is injective. For that let o/, a” € colim hY o X’ with the
same image o under (88)). Let (5’,4’) and (S”,v") be representatives of the objects (U,a’) and
(U, ") of C/ colim X' respectively. Then (S’,%') and (S”,4") can be viewed as representatives of
the object (U, «) of C/colim X. By Remark (d) there exists a diagram of the form

(8',4') < (S.9) T (S",4")
in Zy,o). The fact that 7 is a morphism with target in ./ " implies that its source lies in ./ as well,
ie. S e Y. Tt follows o = (¢¥')*(ag) = (¥)*(ag) = (") *(agr) = .

Let (U1, o), (Uz, o) be objects of C/ colim X’ and let (Uy, a1), (Us, a2) be their images under
u. We have to see that the natural map

HomC/colimX’((U17 O/l)? (U27 al2)) — HomC/colimX((Ula 041); (U27 Ctg))

is bijective, i.e. for a morphism ¢ : Uy — Uz in C we have to show that ¢*(az) = «; implies
¢*(ah) = o). Let (5,¢%) be a representative of (Ua,af). If ¢*(ag) = aq then (Ur,ph o ¢)
is a representatives (Uy, 1) hence also of (Ui, o) because of the injectivity of (88). It follows
¢*(ah) = af. O

Proof of Prop.[3.15 By (|Sta], Tag 00XT) and Lemma the counit of adjunction ¢ : g* o g, —
lsn(x,r) is an isomorphism. We have to show that the unit n : 1gy(x gr) — g« © g™ is an isomorphism
as well. Since ¢g*(n) = g+(¢)~! is an isomorphism, it suffices to see that g* is faithful. For that
choose a non-empty S’ € . and consider the diagram

Sh(X, R)
&
g* Sh(C/XS/, R)
Sh(X', R)
By Lemma (b) the vertical functors are faithful. Hence g* is faithful as well. O
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3.4 Morphisms between .”-objects

We keep the notation and assumptions of the last section.

Definition 3.17. Let X, Y be #-objects in C. A morphism f: X — Y of #-objects in C is a
morphism of functors such that the diagram

f
XSl i} Y51

(89) lp lp

f
XS2 i} Y52

is cartesian for every morphism p:S; — Sy in .

Let f: X — Y be a morphism of C-objects in C’. It induces two functors

u:C/colimX — C/colimY, (U,a)w— (U, foa),

(90) v:C/colimY — C/colim X, (V,5)+— (V,B) xy X
For the first note that f induces an obvious morphism of functors hY o X — hY o Y hence a map
between colimits colimhV o X — colimh? oY, a +— f o a. The functor is defined a follows.
Let (V,5) € C/colimY and let (S,9 : V — Yg) be a representative of (V,3). Then we defined
(V,B) xy X) == (Xg xyg V, pri, (ag)), ie. the pair (S,pr: Xg Xy, V — Xg) is a representative of
(V,B) xy X. That this definition is independent of the choice of the representative (.S, ) follows
easily from Remark (d) and the fact that the diagrams are cartesian. One easily verifies

that u is continuous and cocontinuous and that v is continuous and right adjoint to w. By ([Stal,
Tags 00XO, 00XR and 00XY) the functors u and v induces the same morphism of topoi

(f*, f«) = (u*, su) = (vs,v%) : Sh(X, R) — Sh(Y, R).
Proposition 3.18. Let f : X — Y be a morphism of .¥-Objects in C.
(a) The functor f*:Sh(Y,R) — Sh(X, R) is ezact.
(b) For S € .7 the diagram of topoi

(j§(s7(jXS)*)
575

Sh(C/Xs, R) Sh(X, R)
|00 [
(Gyg-(ivg)=)
Sh(C/Ys, R) —=5" Sn(Y, R)
commutes.
(c) The diagram of topoi
Sh(X, R) t) Sh(Y, R)
(Xa,X?) (Ya,Y9)
Sh(.7, R)
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commutes, i.e. we have
H (Yoo, fo(7)) = H'(Xeo, ) and  f"(Myg) = Mxg
for every M € Modz"(G) and .# € Sh(X, R).

Proof. (a) is a consequence of the fact that f* has a left adjoint (namely us) and (b) follows from
the commutativity of the diagram

C/Xs s, C/ colim X

T
C/Ys ERALEN C/colimY

together with ([Sta], Tag 03L5) where the left vertical functors is given by (U — Xg) — (U —

Xs s, Ys). Finally (c) is a consequence of the commutativity of the diagram

7N

C/colimY ° C/ colim X.

3.5 Change of the group G

As in the previous section C denotes a site that has fibre products. In this section we consider
several functorial properties of .7-objects in C and their associated topoi with respect to changing
the group G. To begin with let G’ be a second locally profinite groups and let ¢ : G — G’ be a
continuous homomorphism. Let JZ (resp. #”) be a subset of the set of open subgroups of G (resp.
G’) that satisfies assumption and put ¥ = S5 » and ' = Sy

Definition 3.19. Let X be an . -objects and let Y be an .#'-object in C. A morphism f: X —Y
compatible with ¢ consists of a collection of morphism in C

stXS — Yo

for every G-equivariant morphism £ : S — S:O with S € % and S" € #'. We require that the
following two conditions hold

(1) If

S1——p——>52

(91) l& l&

/
/ p !
ST —— 5
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is commutative where p and p' are morphisms in . and ' respectively and where & and & are
G-equivariant maps then the diagram

X51 % XS2
(92) |7 |7
o
Ysi —_— YSé
commutes as well.

(ii) If the diagram is cartesian (as a diagram in the category S¢) then is cartesian as
well.

Remark 3.20. If G = G', # = " and if ¢ =idg : G — G then it is easy to see that the notion
of a morphism compatible idg is equivalent to the notion of a morphism between .#-objects given
before. Indeed if f' : X — Y is a morphism in the sense of Def. then we obtain a morphism
f + X — Yas above by defining fr : Xg — Yo as the composite Xg N Xgr i Ys: where
£:8 — S is a morphism in .. Conversely, if f : X — Y is a morphism in the sense of Def.
then the collection of morphism f§ = fiqs : Xg — Yg, S € . defines a morphism between
S-objects. O

We are going to show that a morphism f : X — Y compatible with ¢ induces a morphism of
topoi

(93) (f*, f.) : Sh(X, R) — Sh(Y, R).

For that we may assume that every K € # is contained in ¢~ !(K’) for some K’ € .#. Indeed, by
Prop. 3.15| replacing J# with the subset

o ={K € # | 3K’ € " such that K C ¢ ' (K")}.

does not change the topos Sh(X, R).
The above hypothesis on .#  implies that for every object S € . there exists an object S’ € .’
and a G-equivariant map & : S — S;,. Hence for U € C the morphism f¢ : Xg — Ys induces a map

(94) WU (Xg) L2t

It is easy to see that is independent of the choice of £&. Thus the collection of maps for
varying S € . induce a map

Y (Ys) —=2 colimhV oY

(95) colimhY o X — colim hY o Y.
Hence we obtain a functor
u:C/colimX — C/colimY, (U,a) — (U, foa)

Here f o o denotes the image of o under . Clearly, u is continuous and cocontinuous so it
induces the morphism of topoi with (f*, fi) = (u®, su).
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Proposition 3.21. Let X be an S y-object, let Y be an S yr-object in C and let f: X =Y
be a morphism compatible with ¢ : G — G'.

(a) The functor f*:Sh(Y,R) — Sh(X, R) is exact.
(b) For S € .7, 8" € %" and a G-equivariant map £ : S — S|, the diagram of topoi

(j}k(s’(jXS)*)
B

Sh(C/Xs, R) Sh(X, R)
|zt [

(b, (Grgr))

commautes.
(¢) The diagram of morphism of topoi

Sh(x,R) I

Sh(Y, R)
| %% |9
(0" ) /
Sh(.7,R) 22 Sh(.7" R)

commautes.

Proof. The proofs of (a) and (b) are similar to the proofs of the corresponding statement in Prop.

B.I8
For (c) note that it suffices to prove one of the equalities Y* o f, = Y* f* oY, = X,. Firstly,

we consider the case G € ¥, G' € .’ so that .¥ = Yq, /' = .Y and so that the morphism
(f*, f«) : Sh(X, R) — Sh(Y, R) can be identified with (fg,(fg)*) : Sh(C/Xg, R) — Sh(C/Yer, R)
where £ is the unique map G/G = pt — G'/G’ = pt. Consider the following diagram of continuous
functors _

yg/ L> “a

lS/H(YS/%YG/) J/S’_}(YS%XG)

C/Yg/ L} C/XG
where ¢ is given by " — S, and v is the base change functor with respect to f¢ : X¢ — Yor. It
commutes since condition (ii) of Def. above implies that

U(YS/ — YG’) = (YS’ XYG, XG — XG) = (XS(;Xptpt — Xpt) = (XS<P — XG’)
By we have v® = (f¢)« so we obtain
Too fu= T 0 (Jo)e = P ou® = 3 0 X' = poo K.

In the general case we choose K € ¥, K' € #' with ¢(K) C K. Put S = G/K, S' = G'/K'
and let £ : S — S gK — ¢(g)K’'. Let ¢ : K — G and // : K" — G’ denote the inclusions and let
©o : K — K’ be the restriction of ¢ to K. We have already seen that

(fo) o (Y[r)s = (X]x)s o (20)".
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Together with (b) and Prop. we get

ressof oY, = jx, 0 f oV, = (fo) oy, oYs = (fo) o (Yk)so (V)

= (X|x)s o (po)* o () = (X[x)s 0t 0" = ji, 0 Xs0 9" = resgoXy 0"
hence f* oY, = X, 0 ¢* by Lemma [3.13[ (b). O
Push-out of an .“-object We keep the assumption of the previous paragraph and assume
additionally that

p U (K) e x
holds for every K’ € #’. This implies that
p: S =7, S — Sfp

is a continuous functor between sites. Let X : . — C be an .#-object in C. Then X, := X o0 ¢:
" — C is an .¥’-object in C. Tt will be called the push-out of X with respect to ¢. We define a
(continuous and cocontinuous) functor

$ : C/colim X, — C/colim X, (U, a) — (U, )
where f is the image of o under the canonical map (see ([Stal], Tag 002K))
colim hY o X, — colim nY o X.
We denote the image of an R-sheaf .# on X under Ps by Fx, so that ®° can be written as
Sh(X, R) — Sh(X,, R), # — Fx,.
Lemma 3.22. The functor is an equivalence of categories.

Proof. Assume first that for every K € . there exists K’ € J¢” such that K C ¢ '(K’). Then
the category ./ is cofinal in .%, so the map (3.5]) is bijective (see [Sta], Tag 04E7) and ® is an
equivalence of sites. In the general case we may replace J# by the subset

o ={K € # | 3K’ € " such that K C ¢ }(K")}.
By Prop. this does not effect the category Sh(X, R). O

Note that the diagram of continuous functors

C/ colim X, LN C/ colim X

| i

! 7 S
commutes. This implies that the diagram of topoi
(96) Sh(X, R) = Sh(X,, R)
(Xs,X*)

(" o)

Sh(#", R)
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Induced .¥-objects Now we consider a special instance of the previous construction namely
the case where ¢ = 1 : H — G is the inclusion of a closed subgroup H of G. We let .# be the
collection of open subgroups of H of the form K N H for K € /. Let Y be an .¥y ,u-object in

C. We define the induced .#-object Ind% Y as the push-out of Y with respect to ¢, so it is the
functor

(97) IndgY :. ¥ —C, S~ Yy
where we view a left G-set S as an H-set via ¢. The commutativity of yields
Lemma 3.23. Let Y be an Sy _yu-object in C and put X = Ind$ Y. We have
H(Xeo, Fx) = Ind§ H' (Yoo, F)  and Mx = ((Res§ M)y.n)x
for every # € Sh(Y, R) and M € Mod3"(G).
Restriction of .#-objects Let G be a locally profinite group, let J# be a subset of the set of

open subgroups of G that satisfies hypothesis and put & = S5 ».

Definition 3.24. Let X be an .#-object in C and let K € . The restriction X|g of X to Sk is
defined as the composite of the continuous functor with X, i.e. X|k is defined as

(98) X|K2<5ﬂK—>C, SIHXGXKS/.

Note that we have G x i S’ € . for every S’ € .Sk so that is well-defined. Note also that
we have (X |k ) g = X for every open subgroup K’ of K. Moreover since the category .k has a
final object we can identify the topos Sh(X|x, R) with Sh(C/Xk, R).

Lemma 3.25. Under the identifications Sh(.7k, R) = Sh(.# /S, R) and Sh(X |k, R) = Sh(C/ Xk, R)
we have an equality of morphisms of functors

(X[ (X[K)*) = ((X/S)s,(X/S)°) : Sh(X |k, R) — Sh(Lk, R).
Proof. By the definition of X | the diagram of continuous functors between sites

(72)

S 718

Xk X/s
C/Xk
commutes. The assertion follows. O
As a consequence of Lemmas and Remark (a) we obtain

Proposition 3.26. The following diagram of topoi commutes

(o i)+

Sh(C/Xk, R) Sh(X, R)
l(()ﬂ})sxﬂm lo?s,fm
Sh(.x, R) W) Sh(o, R)

commutes. Here 1 : K — G denotes the inclusion.
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Remark 3.27. Since jx, o )f(\& = Xou: Sx — C/ colim X where u is the functor we have
X]KS oresg = u® o X5 = 1* o X*. Therefore we get

Res$ H(Xoo, ) = H((X|K)oor Fi)-

for every .# € Sh(X, R). O

3.6 Cohomology of .”-objects

As in the previous section G denotes a locally profinite group, J# a subset of the set of open
subgroups of G satisfying hypothesis and . = .Y » the associated site. Let C be a site that
satisfies hypothesis

Definition 3.28. Let X be an .-object in C and let n > 0.
(a) We denote the n-th right derived functor of by

H"(Xs, ) : Sh(X, R) — ModS(G).

(b) The n-th right derived functor of
(99) H°(X, ) :Sh(X,R) — Modpg, .Z7 — H°(X,#) = H' (X, 7)“
will be denoted by

H"(X,-):Sh(X,R) — Modg.

Remark 3.29. If G € # then.¥ = .4 and the topos Sh(X, R) can be identified with Sh(C/X¢, R)
and the functor with H%(X¢, -). So in this case we have H"(X,.#) = H"(Xq, ) for every
n > 0. O

For n > 0 the n-th right derived functors of the functor Mod$*(G) — Modg, M ~ MY will be
denoted by H"(G, -).

Proposition 3.30. For .# € Sh(X, R) we have

n ar _ 3 n or
(a) H'(Xe, ) = lim _H" (X, F).

(b) For K € % we have Res$ H"(X oo, F) = H"((X | )oos Tk )-
(c) (Covering spectral sequence) Assume that X is exact. Then there exists a spectral sequence
(100) Ey = H' (G, H* (X, F)) = H'™(X, 7).

Proof. (a) Let 0 - % — .#° be an injective resolution. By Lemma (a) the sequence 0 —
Fr — Fg is an injective resolution of Fk for every K € .. Together with Remark (a) it
follows

H"(Xoo,F) = H'(H* (X0, #*)) = lim H"(H°(Xg, #%)) = lim H"(Xg, FK).
— K

— K
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(b) follows from Remark
(c) The functor H°(X, -) is the composite of two left exact functors

HY(Xoo, -) = HY(G, -) 0o H* (X, - ) : Sh(X, R) — Mod$™(G) — Modpg.

By Cor. the functor H°( X, -) has an exact left adjoint. Hence the corresponding Grothendieck
spectral sequence ((100)) exists. O

Remarks 3.31. (a) By Prop.[3.30|(a) and ([Sta], Tag 03FD) the cohomology groups with coefficient
in an R-sheaf .7 introduced in Def. (a) and (b) depend only on the underlying sheaf of abelian
groups on X.

(b) If G is compact (hence profinite) and if G € # then by Remark the limit terms of ({100))
can be identified with the cohomology groups H®*(X¢, F) where F = Z¢. In this case the spectral
sequence is of the form

E}Y =H" (G, H(Xo, F)) = H¥(Xg, Zq).

so we recover the Hochschild-Serre spectral sequence of ([Ar], 3.4.7). O

By using the spectral sequence (100) we get the following criterion for the cohomology groups
H* (X, -#) to be admissible R[G]-modules.

Corollary 3.32. Let X be an exact .7 -object in C and let F € Sh(X, R). Assume that
(i) R = A is an Artinian local ring with finite residue field k of characteristic p.

(i1) G is a p-adic (i.e. the Qp-valued points of a) reductive group.

(1it) H"( Xk, k) € Mod a5 for every K € & and n > 0.

Then the discrete A[G]-module H" (X0, F) is admissible for every n > 0.

Proof. We first remark by applying Prop. (b), (c) to the restriction X |k : .-#x — C we obtain
a covering spectral sequence

(101) E}Y = H (K,H*(Xoo, F)) = H ™(Xg, k)

for every K € J#. We prove the assertion by induction on n. Assume that n > 0 and that
H"(X,#) is admissible for every r < n. For K € J# we have H" (K, H*(Xw,-#)) € Mody ¢
by ([Em3|, Prop. 2.1.9. and Lemma 3.4.4) for every r > 0 and s < n. It follows that the terms
ET5 of the spectral sequence are finitely generated A-modules for every » > 0, s < n and
m € {2,3,...,00} as they are subquotient of E3°. Since E™ € Mody ¢ by assumption and since
EY" = EX%, is a quotient of E"™ we have EJ"; € Mod, . The exact sequences

dOn
On On “m m(n—m+1
0— B — EO Ty g )

for m =n,n—1,...,2 imply that the A-modules EX", EO" ... EJ" are finitely generated. Hence
EJ" = H" (X0, )% € Mody, s. Since this holds for every K € # we conclude H" (X, F) €
Mod3™(G). O

Now assume that H is a closed subgroup of G and put # % = {K N H | K € #}. Regarding
the cohomology of induced .#-objects we have
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Lemma 3.33. Let Y be an exact Sy yn-object in C and let X = Ind% Y. For # € Sh(Y,R)
there exists a spectral sequence

(102) Ey = R°Ind$G H* (Yoo, F) = H" (X0, Fx).

In particular if the functor Ind$; : Mod*(H) — Mod}*(G) is exact then we have
H"(Xoo, Zx) = IndY H" (Yoo, F)

for every n > 0.

Proof. By Lemma (3.23)) the functor Sh(Y, R) — Mod}{*(G), F + H°(X, Zx) can be factored
as

0 ) ndC
Sh(Y, R) %) Nodasm () U Mod (@),

By Cor. the functor H%(Y,, - ) has an exact left adjoint so the associated Grothendieck spectral

sequence ((102]) exists. O
Remark 3.34. In general the functor Ind% : Mod$®(H) — Mod$*(G) is not exact. It is exact
however if the quotient space G/H is compact or if R is a field of characteristic 0. O

Double edge homomorphism Let G’ be a second locally profinite group, let ¢ : G — G’ be a
continuous homomorphism and let f : X — Y be a yp-compatible homomorphism in the sense of
Def. with X exact. By Prop. (a) there exists a canonical homomorphism

(103) H" (Yoo, f+7) — 0 H" (X oo, F)
for every . € Sh(X, R) and n > 0. It is defined as the composite of the two edge morphisms
H" (Yoo, [+.F) — R*(Y® 0 f)(F) = R"(ps 0 X°)(F) — 0 H (X oo, F).

We are interested in the case when G’ is a quotient of G. B B
So let us assume that H is a closed normal subgroup of G, put G = G/H and let 7 : G — G
denote the projection. We set # = {n(K) | K € '} and ¥ = /5. Note that the set %

of open subgroups of G satisfies hypothesis Also note that for S € % the set of H-orbits
S := H\S becomes a discrete left G-set and in fact S lies in .. Thus we obtain a functor

7 =7, S+ S=H\S, (p:81 — S2)— (p:S1 — Sa).

Let f: X — Y be a m-compatible morphism between an exact .#-object X and a .-object Y
in C. For # € Sh(X, R) the target of (103]) are the H-invariant elements of H"(X.,#). Thus
(103) can be viewed as a G-equivariant map

(104) H" (Yoo, f+F) — H" (X0, F).
For S € . let {5 : S — S denote the map s — H - s and define

fg = fés : XS — Yg.
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Also for K € ¢ we put K = 7(K), (i = §a/k G/K — G /K and fg := ok Xk — Y
By Prop. [3.21] (b) associated to {x there is a base change homomorphism
BCzk =BCse; : (fi(F))g — (fK)«(FK).
for every . € Sh(X, R). Also for K, Ky € % with Ko C K associated to the diagram

p
XK2 —_— XK1

lsz lf}(l

YF2 L} YFI
(with p : G/Ky — G/K; and p : G /K1 — G /K2 being the obvious maps) there exists a base
change morphism (see [Sta], Tag 0736)
(105) BCZ‘,KLKQ ;p*R”(le)*(ﬂKl) — Rn(fK2)*(yK2)'

The following criterion for (104)) to be an isomorphism will be applied in section to compute
the cohomology of the boundary of Hilbert modular .’-schemes.

Proposition 3.35. Let # € Sh(X, R) and assume that for every K € J we have

(i) BC# i is an isomorphism.

(i) There exists K' € ', K' C K such that BC' ;¢ r = 0 for alln > 1.

Then the homomorphism is an isomorphism for every n > 0 (in particular H acts trivially
on H"( X0, F)).

Proof. More generally than (105)) given Ki, Ky € J# with Ko C K; there exists a base change
morphism in the derived category D* (Y , R) := D*(Sh(C/Y% , R))
(106) BCrk, ks : 7 RUK)+ (Fis) — RUfia)o(Ficy).
hence a morphisms
BCKl,KQ,[m,n] :ﬁ*t[m,n]R(fK1)*<gZK1) — t[m,n}R(fIQ)*(ﬁIQ)'

for every pair of integers (m,n) with 0 < m < n (where t,, ,) = t>m 0 t<pn). So for m = n we have
in particular BCg, g, [nn)[n] = BCk, k,- We claim that for every K € " and n > 1 the following
holds

(iii) There exists K' € # with K’ C K such that BCg g/ 1, = 0 and BC} g, = 0 for all
m>n+ 1.

We prove this by induction. For n = 1 this is assumption (ii). Assume that n > 2 and that the
assertion holds for n — 1. We fix K € J#. By the induction hypothesis there exists K; C K that
satisfies (iii) for K and n — 1 and also Ky C K; that satisfies (iii) for K7 and n — 1. We claim
that (iii) holds for Ky C K and n. Consider the diagram of morphisms between triangles (where
p:G/Ky — G/K and p2 : G/K; — G /K3 are the obvious maps)

Pt -y R(fx)«Fx  —— ptpnR(fx)«Fx ——— p"R'(f)«Fx[-n] —— ptpn-1R(fx)«Fk[l]

lPS(BCK,Kl,[l,n—l]) lP§<BCK,K1,[1,n]) lp§<BC?{‘K1)[7”] l

* o * B8 * PN *

patp - R(fry)«Fr, — patpmR(fry)«Fr, —— p3R"(fK,)« T [-n] ——— patp -1 R(fK, )« Fk, [1]
J{BCKl,KQ,[l,nfl] J/BCKl,Kg,[l,n] lBC}Lq,KQ[—n] l

thn-yR(fKs)«Fr, —— tuaR(fK)«Fr, ——  R"(fKy)« Tk, — tua-R(fry)«Fr, (1]
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The vertical morphisms in the first, third and fourth column vanish. The vanishing of BCf x,
implies 8 o p5(BCk i, [1,n]) = 0 hence there exists p : p*t1 ) R(fK)«F K — p5tpn—1) R(fKy )« F K,
such that p5(BC,, 1,,)) = a0 p. It follows

BCk k,,[1,n] = BCky k,[1.0) ©P2(BCk 1, 11,n)) = BCkey iy [1,n) 0 0 o = 7 0 BCy fy 1,017 010 = 0.

This proves (iii).
Now for K € ¢ consider the following distinguished triangle in D (Yz, R)

(107) (f)«Fx — R(fK)«Fx — t>1R(fKx)+FKx — Frll].

Because of assumption (i) the first term can be identified with (f..#)z. By applying the coho-
mological functor H(Yg, ) : DT (Y%, R) — Modg to the triangle (L07) we obtain the long exact
sequence

o= H' (Y, (e F)) = H' (XK, i) = H" (Y, t>1R(fx )« FK) — H"’Ll(Yf, (fsF)g) = -
By passing to the direct limit over all K yields
H Voo, 1.7) B B (X, P) 5l HY (Vi 151 R ) Fic) = H™ (Yoo, £ 7) ..
K >
Thus it suffices to show
: n a ar J—
(108) liy  H" (Ve 21 RUfic). Fi) = 0
for every n > 0. Note that

H"(Yg, t>1R(fx)«FKk) = H" (Y, tp o) R(fK)+F k)
for n > 0 and K € J# . Therefore (108)) follows from (iii). O

3.7 The cohomology groups Hy(X; M, )

As in the last section G denotes a locally profinite group, -# a subset of the set of open subgroups
of G satisfying hypothesis C a site that satisfies and R an arbitrary ring. Let % = S5 _»
be the associated site of discrete left G-sets and let X be an .“-object in C. For M € Mod%"(G)
and .Z € Sh(X, R) we put

Hy(X; M, F) := Hompig) (M, H(X oo, F)) = Homgy(x,r) (Mx.c, 7).
Thus we obtain a bifunctor
HY(X; -, -) : Mod$™(G)°PP x Sh(X, R) — R.
We denote the n-th right derived functor of H%(X; M, -) (for fixed M € Mod}{"(G)) by
H™(X; M, -) : Sh(X, R) — Modp.
Thus we have
(109) HA(X; M, F) = Extly oy p(Mxc, ) n>0.
If X then by Cor. the bifunctor
Hy(X; -, ) : Mod®(G)°PP x Sh(X,R) — R, (M, %)— Hp(X;M,F)

is a d-functor in both arguments M and .Z#.
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Remark 3.36. If M = R is equipped with the trivial G-action then we have
Hy(X;R,.7) = H'(Xs, 7)" = H'(X, F)
hence H}(X; R, #) = H"(X,.F) for every n > 0. O

The Ext groups for the category Modz"(G) will be denoted by Exty (-, -).
Proposition 3.37. (a) Let K € %, M € Mod®"(K) and .% € Sh(X, R). We have
HY(X;c-Ind% M,.F) = Hy(X|x; M, Fr).
In particular if M = R is equipped with the trivial K-action then we get
Hy(X;c-Ind% R,.7) = H*(Xk, Fk).
(b) Assume that X is exact. For M € Mod®*(G) and .F € Sh(X, R) there exists a spectral sequence

(110) E3® = Exth (M, H*(Xoo, F)) = Hp(X; M,.7).

(c) Let f : X — Y be a morphism of .#-objects in C, let M € Modz"(G) and let .7 € Sh(X, R).
There exists a spectral sequence

(111) By = HRp(Y;M,R°f.7) = Hp™(X; M, F).

Proof. (a) We have
Homgy(x gy ((c-Indf M) x ¢, F) = Hompg(c-Ind§ M, H (X, F))
= Hompg)(M, H*((X|K)oo, Fk)) = Hp(X|x; M, FK)

for all .# € Sh(X,R) and therefore (c-Ind% M)y = c-Ind% Mx, k. The assertion follows now

from Lemma (a).
(b) The functor H%(X; M, -) : Sh(X, R) — Modpg can be factored as

0 . H M, -
Sh(x, R) 2 ) pogem(qy 2mma )y ody,
and (110)) is the associated Grothendieck spectral sequence.
(¢) The functor H%(X; M, -) can be factored as
HY(Y;M, -
Sh(X,R) —— sh(y,r) 22U Nody
by Prop. |3.18| (¢) so we obtain a Grothendieck spectral sequence (111)). O

Remark 3.38. Let f : X — Y be a morphism of .”-objects in C, let M € Mod#"(G) and let
Z € Sh(Y, R). There exists a canonical homomorphism

(112) HR(Y; M, F) — Hp(X; M, [*.7)
for n > 0 defined as the composite
Hp(Y; M, 7) — Hg(Y; M, [ f*F) — Hr(X; M, [*.F).

The first map is induced by the unit of adjunction % — f, f*% and the second is an edge morphism
of the spectral sequence ((111)). O
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Change of the coefficient ring Let ¢ : R — R’ be a ringhomomorphism. A discrete R'[G]-
module can be viewed as a discrete R[G]-module via the homomorphism ¢ : R — R', i.e. ¢ induces
a homomorphisms of group rings R[G] — R'[G], hence an exact functor

Mod%# (G) — Mod®"(G), M +— M.,.
Also given an R'-sheaf .# on X we may view it as an R-sheaf via ¢. So we get an exact functor
(113) Sh(X,R') — Sh(X,R), F — Z,.

Note that (My)x.¢ = (Mx.g)y and HY (X, Z,) = HY(Xeo, F ), for every M € Mody(G) and
Z € Sh(X, R'). The functor (113]) has the right adjoint

(114) Sh(X, R) — Sh(X,R), 4 — Homg(R,¥)
and the left adjoint
(115) Sh(X,R) — Sh(X,R), 4 — Y =9 @ R.

Lemma 3.39. Let ¢ : R — R’ be a ringhomomorphism, let M be a discrete R'|G]-module
and let % € Sh(X,R). Assume that R’ is free and of finite rank as an R-module and that
Hompg(R', R) is free of rank 1 as an R'-module. Then the choice of an R'-module isomorphism
¥ : R = Hompg(R/, R) induces isomorphisms

Hy(X; My, #) = Hp/(X; M, Fri)
for every n >0 and . € Sh(X, R).

Proof. The isomorphism v induces an isomorphism between the functors (114) and (115]). Hence
we have

Homgy(x,r) (M) x,a, -) = Homgyx,p) (Mx,q),, ) = Homgy(x g (Mx,g, R @R -).
so the right derived functors are isomorphic as well. O

Now assume that ¢ : R — R’ is an arbitrary ringhomomorphism. Let M be a discrete
R[G]-module and put Mp: = M ®pr R. Because of (Mpr/)x ¢ = (Mx,g)r the functor & —
Homgy,(x,r)(Mx G, #,) is isomorphic to .F +— Homgy,(x r)((Mpr/)x,g,- 7). Note that F +— Hp(X;
M, #,) is a é-functor whereas .# +— H}, (X; Mp,.%) is a universal a J-functor. Hence there are
canonical homomorphisms

(116) H}y (X; My, #) — Hj(X; M, 7,)
for every n > 0.

Proposition 3.40. Assume that X is exact and that M is projective as an R-module. Then the
map (116]) is an isomorphism for every n >0 and % € Sh(X, R/).

We need some preparation. Since Hompgjg (M, Ny) = Homp g (Mg, N) for M € Modz"(G)
and N € Mod%/(G) there exists canonical homomorphisms

(117) Extly o(Mp, N) — Ext} o(M, N,)

for all n > 0.
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Lemma 3.41. Assume that M € Mod3"(G) is projective as an R-module. Then the homomor-
phisms (L17)) are isomorphisms.

Proof. Since Ind{ : Modg — Mod3*(G) is exact and preserves injectives we have
Exth o (M, Indf’ Q) 2 Ext},(M, Q)

for all @ € Modg. Because M is projective as an R-module this implies Ext} (M, md{ Q) =0
for all n > 1. In particular we obtain

(118) Extf o(M, (Ind{' Q")) = Extf (M, Indf(Q},)) = 0

for every ' € Modpg and n > 1.
The functor Mod%? (G) — Modg, N = Hompg (M, N,,) factors in the form

N— Ny

Hom M, -
(119) Mod (@) Y2Ney Nogse () Sommelh),

Mod R

The first functor is exact and maps injective objects to Hompig) (M, - )-acyclic objects. Indeed, if I €
ModS# (@) is injective then it is a direct summand of Ind{ I hence by (T18) we get Extlh (M, 1,) =
0 for n > 1. Therefore there exists a degenerating Grothendieck spectral sequence corresponding
to the composite of functors (119). The assertion follows. O

Proof of Proposition[3.40. 1t suffices to show that for an injective object .# € Sh(X,R’), the
object J, € Sh(X,R) is Homgp(x,r)(Mx,q, - )-acyclic. The functor Sh(X, R') — Modg, #
Homgyx,r)(Mx G, #,) factors in the form

HO(Xoo,-) Hompg) (M, -)
—= —

(120) Sh(X, R') Mods(G) M2 Modsi (@)
The first has an exact left adjoint so it preserves injectives. As shown in the proof of Lemma
m the second functor maps injective objects to Hom R[G](M , - )-acyclic objects. If we denote the
composition of the first two functors in by T : Sh(X, R") — Mod#"(G) then there exists a
Grothendieck spectral sequence

MOdR .

Ey° = Exthy (M, RIT(F)) = Hp™(X; M, Z#,).
For the injective object .# € Sh(X, R') we have R*T(¥) = H*( X, #), = 0 for s > 1 hence
Hp(X; M, 9,) = Exty (M, ¥(Xwx)y) = 0
for n > 1. Hence . — Hp}(X; M,.%,) is also a universal d-functor. O
Change of the underlying site Let R be a ring, let C and D be two sites that satisfy hypothesis
and let v : C — D be a continuous functor commuting with fibre products, equalizers and

coproducts. Let X be an .#-object in C, let u(X) := v o X be the induced .#-object in D and let
u:C/colim X — D/ colimu(X) be the functor (76| induced by u. Note that the diagram of topoi

(u*ux)

Sh(u(X), R) Sh(X, R)



commutes. Since u* is exact by Prop. there exists a Grothendieck spectral sequence
(121) EY = H(Xoo, R"us9) = H ™ (u(X)oo,9)

for every ¢ € Sh(u(X),R). Also we get u*(Mx g) = Myx) g for M € Modz"(G). Thus the
functor u* induces canonical homomorphisms

(122) HR(X; M, 7) — Hp(u(X); M, u"(F))
for every .# € Sh(X, R). Furthermore there exists canonical homomorphisms
(123) H*(Xoo, ) — H*(u(X) oo, u"(F))

defined as the composite of the map H*(X,.#) — H®*(Xoo, usu* (%)) (induced by the unit of
adjuction) with an edge morphism of the spectral sequence (121)). We have

Proposition 3.42. Assume that X is exact. Then there is a morphism of spectral sequences

(124) (Exth o(M,H*(Xoo, F)) = HRP(X;M,.7)) —
(Ext’j%,G(M, H* (u(X)oo, u*(F))) = Hp*(u(X); M,u*(F))).
Proof. Let 0 — .% — Z° be an injective resolution of .% in Sh(X, R). By Prop. applying

u* yields a resolution 0 — w*(#) — u*(#*) of u*(F). Let 0 — u*(F) — _#* be an injective
resolution of u*(.#) in Sh(X, R) and let o : w*(.#®*) — _#°* be a morphism such that

B

0 —— u(F) —— u*(F*)
id
0 — w(F) — g

commutes. Consider the homomorphism of complexes of discrete G-modules

(123)

I (Xoo) = u(I) (X)) —— F*(u(X)x)-

It induces a morphism between G-hypercohomology spectral sequences
(Extg%,G(M, HY(I*(Xo0))) = Extyy§(M, f'(Xoo))) s
(Exthe(M, H*(F*(u(X)x))) = Bxtils(M, 7*(w(X)x)) ).

The first spectral sequence can be identified with the source of (124)) and the second with the
target. O
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3.8 .Y-spaces and .-schemes

As in the last section G denotes a locally profinite group, J# a subset of the set of open subgroups
of GG satisfying hypothesis and . the site ¥ = Y ». In this section we consider ./-objects
in certain sites of topological spaces and schemes. We first consider schemes.

Let B be a reduced noetherian base scheme. By (Sm /B)e; we denote the following site. The
objects of (Sm /B)et are smooth B-schemes that are locally of finite type. The morphisms are étale
morphisms of B-schemes and the coverings are étale coverings. The empty scheme is the initial
object of (Sm /B)et. For X € (Sm /B)et the localization (Sm /B)et/X is the small étale site of X.
Clearly, the category (Sm /B)et has fibre products and coproducts. We also have

Lemma 3.43. The category (Sm /B)et has equalizers.

Proof. Let f,g: X1 — X3 be two morphism in (Sm /B)e. It is sufficient to consider the case where
X is connected. Recall that the equalizer ' : Z — X of the pair (f,g) exists in the category of
B-schemes. Namely, it is the base change of diagonal embedding Ay, /g : X2 — X2 xp X2 with
respect to the morphism X; — X3 xp Xy with components f and g. Since Ay, p is an immersion

the same holds for /. Therefore ./ can be factored in the form Z’' 2 U -2 X; with j; a closed
and jo an open immersion. Now if there exists a morphism h : Y — X in (Sm/B)e with YV
non-empty, then ¢/ is an open immersion. Indeed, since the image of h is open and non-empty it is
dense in X7, hence Z' is dense in X7, whence in U, so j1(Z') = U. It follows that j; : Z’ — U is
an isomorphism because U is reduced. Thus the equalizer of (f,g) in (Sm /B)e is ¢/ : Z" — X if
it is an open immersion and () — X otherwise. O

Definition 3.44. Let B be a reduced noetherian scheme. We call an .#-object X in (Sm /B)et an
S -scheme (over B). For a ring R the category of R-sheaves on X will be denoted by Sh(Xet, R).

We call an .#-scheme X over B to be of finite type, if Xg is a B-scheme of finite type for every
K € . An R-sheaf # € Sh(Xgt, R) will be called constructible if F is constructible for every
Kex.

Remarks 3.45. (a) Assume that f : X — Y is a finite morphism of .-schemes over a base B,
i.e. we assume that fg : Xg — Yg is finite (and étale) for every S € .. Then f, : Sh(Xe, R) —
Sh(Yet, R) is exact and also left adjoint to f*. By Prop. [3.37] (¢) the canonical map

(125) Hp(Y; M, £.4) — Hp(X; M, 9)

is an isomorphism for every n > 0, M € Mod®"(G) and ¢ € Sh(Xt, R).
For .7 € Sh(Yet, R) and n > 0 we define a trace map

(126) HY(X; M, f*F) —— HL(Y; M, f.f*F) —— HJ(Y; M,.F)

where the first map is the inverse of ((125)) and the second is induced by the counit of adjunction.

(b) Let u : B" — B be a morphism between reduced noetherian schemes. The functor
(127) (Sm/B)et — (Sm/B’)et, X—>XB/ =X XB B’

is continuous and commutes with fibre products and coproducts.
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Now assume that u is a faithfully flat and quasi-compact morphism. Then commutes also
with equalizers. This follows from the proof of Lemma together with ([JEGA4], Prop. 2.7.1).
Let X is an .#-scheme over B. We define the base change Xp/ of X with respect to u : B — B
as the composite of X : . — (Sm /B)et with (127). We obtain an induced morphism of topoi (see

(7))
(u*,1s) : Sh((Xpr)er, R) — Sh(Xer, R).

We denote the image of .% € Sh(X, R) under u* also by % — Zp.

(c) Let k' /k be an extension of separably closed fields and let A is an Artinian local ring with finite
residue field of characteristic # char k. Let X be an exact .%-scheme over Speck, let .7 € Sh(Xe, A)
and let M € Mod"(G). We put Xy = Xgpecr and Fpy = Fgpecks- Since for any K € 7 the
canonical homomorphisms H®*( Xk, Zx) = H*((Xk)w, (FK)i) are isomorphisms by the smooth
base change theorem, Prop. [3.30| (a) and Prop. imply that the homomorphism (see )

Hy(X; M, .7) — Hy(Xp; M, Fp)

is an isomorphism as well. ]

Now we are going to define the notion of an .-space. We denote by Top , the following site.
Objects of Top , are arbitrary topological spaces and the morphism in Top , are local homeomor-
phisms, i.e. continuous maps f : X — Y such that every x € X has an open neighbourhood which
is mapped homeomorphically under f onto a neighbourhood of f(x). Note that the morphism
in TopCl are open maps. Coverings in @cl are families of morphisms {f; : X; — X} such that
U, fi(X;s) = X. The category Top , has fibre products and coproducts. Also equalizers exists in
@d, Indeed, if f,g : X — Y are two morphisms in @cl then the interior (i.e. the maximal open
subset) of {z € X | f(x) = g(z)} is the equalizer of f and g.

Definition 3.46. An .¥-space is an . -object in Top ;.

We now state and prove a comparison theorem between the cohomology of an .¥-scheme over
C and the associated .#-space. Recall that for a locally algebraic C-scheme X, the set of C-points
X (C) carries a canonical topology. We denote X (C) with this toplogy by X?". We obtain in
particular a functor

(128) Sm /C — Mang, X — X*",  f— f*"

from the category of smooth, locally algebraic C-schemes to the category of complex manifolds with
holomorphic maps as morphisms. If f : X — Y is an étale morphism between smooth schemes
over C then f#" is a local homeomorphism. So ([128)) induces a continuous functor between sites

(129) €:(Sm/C)ey — Top , X — X*"

It commutes with fibre products, coproducts and equalizers.

Let X be an .#-scheme over C and let X" := ¢(X) be the associated .-space. Then ((129))
induces a morphism of topoi (¢*,€,) : Sh(X?", R) — Sh(Xet, R). We denote the image of .# €
Sh(Xe, R) under €* by 2", By there exists canonical comparison homomorphisms

(130) H3(X; M, F) — Hi(X*%; M, F°0)
for every M € Mod%*(G) and .# € Sh(X®", R). Note that X is exact if and only if X*" is exact.
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Proposition 3.47. Assume that X is exact and that Xg is of finite type for every K € & . Let
A be an Artinian local ring with finite residue field, let M € Mod{*(G) and let .# € Sh(Xet, A) be
constructible. Then the comparison homomorphisms (130) are isomorphisms.

Proof. By Prop. there exists a morphism of spectral sequences
(131) (Ext)y (M, H*(Xoo, F)) = HP(X;M,.7)) —
(Extly (M, H*(X3,.7)) = HP(X™ M,u*(F))).
By ([SGA43], Arcata, (3.5.1)) the assumptions imply that the canonical maps H®*(Xg, Fx) —

H* (X3, Fi) are isomorphisms for every K € J# . Hence by Prop. (a) the maps between
Es-terms of (131)) are isomorphisms and ((131)) is an isomorphism of spectral sequences. O

The site @big In order to compute the cohomology of the boundary of the Borel-Serre compacti-
fication of Hilbert modular .%-varieties in section [5.2] we need to consider a second site of topological
spaces which will be denoted by @big. It is defined as follows. Objects of @big are arbitrary
topological spaces and morphisms are open and continuous maps. Coverings in @big are again
families of local homeomorphisms {f; : X; — X} such that |J; fi(X;) = X. The category @big
has fibre products. This follows from the fact that the base change of an open and continuous map
is again open and continuous, i.e. if f: X — Z, g : Y — Z are continuous maps between topological
spaces such that g is open then the projection pry : X xzY ={(z,y) e X xY | f(z) =9(y)} - X
is open as well. Indeed, if U C X and V C Y are open then pr(UxVNX xzY)=UNf"1(g(V)) is
open in X. Also the category @big has coproducts and equalizers (the equalizer of two morphisms
in f,g: X >Yin Top, . is again the interior of {z € X | f(z) = g(x)}).

The inclusion functor ¢ : @d — @big is continuous and commutes with fibre products,

equalizers and coproducts. If X is a topological space then ¢ induces a continuous functor between
localizations. It will be denoted by ¢ : Top /X — Topbig /X as well (note that it is continuous,

cocontinuous, fully faithful and commutes with fibre products). We obtain a morphisms of topoi

(ext,res) := (1g,0%) : Sh(X/@big,R) — Sh(X/ Top , R).

Recall that Sh(X/Top  , R) can be identified with the category of usual sheaves of R-modules on
X. By (see [Stal], Tag 00XU) the functor res is exact, ext is fully faithful and we have resoext = id.
Let f : X — Y be an arbitrary continuous map between topological spaces. If U — Y is
an object in Y/Top  (resp. Y/@big) then X xy U — X lies in X/ Top  (resp. X/@big)
hence base change with respect to f yields continuous functors v : Y/ Top, — X / Top and
v:Y/ Top, .. — X/ Top, - For ? € {cl, big} the associated morphism of topoi will be denoted by

(f* fx) = (vs,v°) : Sh(X/ Top,, R) — Sh(Y/ Top,, R).
By ([Sta], Tag 03CY) the derived functors of f. commute with res, i.e. we have
(R" fi)(res(F)) = res(R" f(F))
for every F € Sh(X/ @big, R)andn >0. If f: X — Y is open then f induces also a continuous

and cocontinuous functor f : @big /X — @big JY (¢p:U— X)) (fop:U —Y) that is left
adjoint to the base change functor. It follows (see [Stal], Tag 00XY)

(f%, fo) = (f*,sf) : Sh(X/ Top,, , R) — Sh(Y/ Top,_ . R).
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Now assume that X is an .#-space. Composing X with ¢ yields an .#-object ¢(X) = 1o X in Topbig
and we define the category of big R-sheaves on X by

Shpig (X, R) := Sh(@big /colim¢(X), R).

Again the functor ¢: X/ Top  — X/ Topbig induced by ¢ (see (7)) is continuous, cocontinuous,
fully faithful and commutes with fibre products. Thus for the associated morphism of topoi

(ext,res) :=: (s, ¢") : Shpig(X, R) — Sh(X, R)

we have: resoext & id, res is exact and ext is fully faithful. The proof of the following comparison
result is straight forward.

Proposition 3.48. Let X be an .7 -space, let M € Mod3"(G) and let F € Shyie(X, R).
(a) We have H"(Xoo,1es(F)) =2 H"(L(X )00, F) for every n > 0.
(b) If X is exact then Hp(u(X); M,.F) =2 HLY(X; M, res(F)) for every n > 0.

3.9 Galois operation on H}(Xg; M, F5)

As in the last section GG denotes a locally profinite group, % a subset of the set of open subgroups
of GG satisfying hypothesis and . the site .7 4. In this section we consider an .#-scheme X
over a field F' (i.e. an .-scheme over Spec F’). For simplicity we assume that F' is perfect. We fix
an algebraic closure F of F' and let & = & = Gal(F /F) denote the absolute Galois group of F.
Similarly to usual étale cohomology our aim is to show that for M € Mod#"(G) and .# € Sh(Xet, R)
the cohomology groups H,(Xg: M, Z%) carry a canonical &-action.

Recall that the small étale site (Spec F)ey can be identified with the site ./ of discrete left
®-sets. We let # be the set of open subgroups of G' x & of the form K x U4 where K € % and U

is an open subgroup of . We put . = ., T By Remark there exists a unique .#scheme

X&al characterized by (X&)gyg = X5 @ S’ for every S € .# and S’ € .7y = (Spec F)e;. Then
X is the push-out of X&' with respect to the projection 7 : G x & — G, so by Lemma the

functor
Sh(X&' R) — Sh(Xe, R), F — Zr

(see (3.5))) is an equivalence of categories. The quasi-inverse will be denoted by
(132) Sh(Xe, R) — Sh(XE' R), F — 5L
If .7 € Sh(X, R) then the layers of .78 are given by

Trr = Fine,, = (Fx)p = (Fr)k

where K € % and where F'/F is a finite subextension of F /F (here for an étale R-sheaf F on a
scheme Y € Sm /F we denote by Fg the pull-back of F with respect Y — Y').

We consider the composite of the functor (132) and the functor HO((X&),, -), i.e. we consider
the functor

(133) Sh(Xet, R) — Mod$(G x &), .F — HO(X5Y),, F5Y).
Its n-th right derived functor is therefore

Sh(Xet, R) — Mod$™(G x &), .7 — H™((X5Y),.78%).
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Lemma 3.49. Let .# € Sh(Xet, R). As R[G]-modules we have
Hn((Xgal)oo’{g'gal) ~ Hn((Xf)oo,yf)

for every n > 0. In particular the discrete R[G]-module H"((X§)oo, F5) carries additionally a
discrete &-action (commuting with the G-action).

Proof. Using Prop. (a) we obtain

HY(X8) o, 78 = lim  H"(Xgp, Trp) = lim lm  H'((Xg)p, (Fr) )

— K F — K —F

= lim H"(XK)7: (Fk)F) = H"(X§)oo, FF)-
where F’ ranges over all finite extensions of F' contained in F and K ranges over all subgroups in
H O]

Now assume that X is exact. Note that X&' and X7 are exact as well. We will show that the
spectral sequence in Prop. [3.37| (b) for X and an étale R-sheaf that is the pull-back of an R-sheaf
on X, is Galois-equivariant. To begin with, for M € Mod3"(G) we consider the left exact functor

(134) Sh(Xet, R) — Modpg), # — Hompg (M, H°(X#), Z84)).

Here the &-action on the image of .# € Sh(Xe, R) under (134)) is induced by the ®-action on
HO((X5), 75,

Proposition 3.50. Assume that X is exact and let .F € Sh(Xet, R) and M € Mod%*(G).

(a) The image of F under the n-th right derived functor of (134) is isomorphic to the R-module
H"((X%)oos M, F5). In particular the latter is equipped with a canonical &-action.

(b) There exists a spectral sequence of R[®&]-modules
E3° = Exth (M, H*((X5)s0, F5)) = Hp*(Xg; M, Fp).

Here the &-action on the E*-terms is induced by the &-action on H®*((X5) e, Fg) provided for by

Lemma[3.79

We need the following
Lemma 3.51. The following diagram commutes

R+ HOIHR[G] (M, . )

D+(M0d§%m(G X @)) D+(MOdR[@]>

| !

RT Hom M, -
D+ (Mod (@) G ) Dt (Modg).

Here the vertical maps are induced by the forgetful functors.

Here as usual for a left exact functor ® : & — % between abelian category with enough
injectives RT® : D (&) — D* (%) denotes the (total) right derived functor of ®.
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Proof. This follows immediately from the fact that the two forgetful functors Mod3"(G x &) —
Mod%*(G) and Modr(®) — Modp are exact and admit an exact left adjoint. O

Proof of Prop.[3.50. Let ® denote the functor (134). We factor it as

Hom M, -
Sh(Xe, R) ModSI (G x &) —omne (), Mod e -
So there exists a Grothendieck spectral sequence (of R[&]-modules)
(135) By = Extp (M, H3 (X8, F8) = E" = (R™T0)(.%).

By Lemma we have
Hom gy (M, HO((X®") oo, #8%)) = Hompig) (M, F5((Xg)oo) = Homsy(x, vy (Mx,.cr )
= H°(Xg; M, F5)

for every .# € Sh(Xe, R). Let 0 — % — #° be an injective resolution of % in Sh(Xe, R) and
let 0 — F& — 7° be an injective resolution of F5 € Sh((Xg)et, R). Since 0 — Fp — S is a
resolution there exists a morphism « : JF‘ — _#° such that

0 — Fg —— S
L
0 —— F5 — J°
commutes. We obtain homomorphisms of complexes of R[G]-modules
(LN (X2 o) 2 IR ((Xp)oo) —— () (Xp)eo)-

It induces a morphism between hypercohomology spectral sequences
(136) (EXtTG7R(M7 HS((Jgal)'((Xgal)oo))) = Ext’;é(M, (el (xeh) ) ) —
(Bxth (M, (7 (Xp)))) = BxUE(M, 7 (Xp)oo)) )

By Lemma the first spectral sequence can be identified with (135]) (so it is in particular &-
equivariant). The second spectral sequence is the spectral sequence (110 (for X3 and ). By
Lemma the morphism of spectral sequences (136]) is an isomorphism. This proves (a) and
(b). O

3.10 T'-equivariant .”-spaces

As in the previous section J# denotes a subset of the set of open subgroups of a locally profinite
group G satisfying hypothesis and . = Y _» the associated site of discrete left G-sets. We
fix a group I'' and a ring R. A (left) action of I on an .’-space Y consists of an action I' x Yg —
Ys,(v,y) — v -y on Yg for every S € ., such that p : Ys, — Yg, is I'-equivariant for every
morphism p : S; — Sz in .. Equivalently, a I-action on Y is a group homomorphism I"' — Aut(Y")
where Aut(Y') denotes the group of automorphisms of Y. For an .#-space Y equipped with a
I'-action we consider the following
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Assumption 3.52. (i) The space Ys is a locally compact Hausdorff space for every S € & with
S #0.

(i) The group I' acts properly discontinuously on Ys for every S € % with S # @ﬁ

(11i) Let p1,p2 : S — S' € % be two morphisms in . Assume that S is connected and that
p1 # p2. Then the interior of {y € Yo | Iy € T': pa(y) =~ p1(y)} is empty.

We equip I' with the discrete topology. We put 7 = S er. 7 Where A is the of set of open
subgroups of G x I' of the form K x H with K € % and H is any subgroup of I

Lemma 3.53. (a) Let Y be an ./-space equipped with a T'-action so that[3.59 (i), (ii) holds. Then
there exists a unique . -space Y such that

(137) Youg = I\(Yg x §)

for every S € .7 and every left T'-set S’.
(b) If moreoverY is exact and (iii) holds then Y is exact.

Proof. (a) We denote by .7 the full subcategory of . whose objects are G/K xI'/H with K x H €
. Consider the functor

(138) F°C, (G/K xT/H) s T\(Yx xT/H) = H\Yg.

It is easy to see that |3 - ), (il 1mphes that ( satlsﬁes the properties (i) and (ii) of Remark
Therefore a unique .- space Y exists that satlsﬁes if S and S’ are connected. Since YV
commutes with coproducts ([137] , holds for arbitrary S and S/ .

(b) To show property (iii) let (p1,71),(p2,72) : G/K xT'/H — G/K' x T'/H' be two
different G' x I'-equivariant maps with K, K’ € J#. There exists v1,72 € I' with HY ' C H' and
7i(6H) = 0v;H' for i = 1,2 and every 6 € I'. For i = 1,2 the pair (p;, 7;) induces the map

(139) H\Yx — H'\Yir, H-y— H (77 pi(y)).

We denote by Z the subset of points of H\Yx where the two maps (i.e. for ¢ = 1,2) coincide. If
p1 = po2 then 71 # 7 hence v H' # v H' and (ii) yields Z = ). If on the other hand p; # po
then (iii) implies that the interior of Z is empty so the equalizer of the two maps in the
category Top , is the empty set. O

In the following Y denotes an .¥-space equipped with a ['-action satisfying hypothesis (i),
(ii) and Y denotes the associate .”-space satisfying (137). We denote by X =: I'\Y the push-out
of Y with respect to the projection ¢ : G x I' = G, so X is the .”-space given by

Xs = Yoxpt = I'\Vs.

for every S € .. Condition (ii) implies that the canonical projection 7g : Yg — Xg,y — Iy
for every S € % defines a morphism of .#-spaces 7w : Y — X. If additionally Y is exact and
(iii) holds then X is exact as well.

8Recall that a group I acts properly discontinuously on a locally compact Hausdorff space Y if every point y € Y
has a neighbourhood U such that gU NU = ( for every g € G, g # 1.
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By Lemma the functor Sh(Y,R) — Sh(X,R), & — 4 is an equivalence of categories.
We denote its quasi-inverse by

Sh(X,R) — Sh(Y,R), F — Z.
Consider its composite with HO(Y, -)
(140) Sh(X,R) — Mod*(G x I'), .F — H(Yso, F).
Note that we have
(141) H' (Yoo, Z)' = H*(Xoo, F)
for every .7 € Sh(X, R). We let
Sh(X,R) — Mod*(G x I'), F — H"(Yao, F).

denote the n-th right derived functor of (140)). By a simple adaptation of the proof of Lemma
we obtain

Lemma 3.54. Let .7 € Sh(X, R). As R|G]|-modules we have

H"(Yoo, F) = H" (Yoo, 7°(F))

for every n > 0. In particular H" (Yoo, 7*(F)) carries additionally a T'-action (commuting with the
G-action).

We now assume that additionally that Y is exact and that (iii) holds so that ¥ and X are
exact as well. For M € Modx"(G) we consider the left exact functor

(142) Sh(X, R) — Modgyy, F + Hompe)(M, H*(Yeo, 7).
Similar to Prop. [3.50] one shows

Proposition 3.55. (a) The n-th right derived functor of (142)) is isomorphic to the functor F —
H"(Yoo; M, (7). In particular for F € Sh(X, R) the cohomology group H"(Yeo; M, 7*(-)) is
equipped with a canonical R[T]-action.

(b) For .7 € Sh(X, R) there exists a spectral sequence of R[I']-modules
By = Bxth o(M, H" (Yoo, 7"(F))) = Hp"(Y; M, 7"(F)).
Here the T-action on the E*-terms is induced by the T'-action on H®(Yeo, 7*(F)).

By (141) we have for M € Mod%"(G) and .# € Sh(X, R) we have

(143)  HY(Y; M,z (F))' = HomR[G](M,HO(f/OO,%F) = Hompig (M, H*(Xoo, F))
= HYX; M, 7).

Proposition 3.56. Assume thatY is exact and that[3.59 (i)(iii) holds. Let M € Mod#*(G), let
Z € Sh(X, R) and assume that M is flat as an R-module. Then there exists a spectral sequence

(144) By = H'(D, Hy(Y; M, 7(%))) — H(X; M, %),
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Proof. By (143)) the functor # — HY%(X; M,.Z) factors in the form

FsHY (Y ;Mm% (F)) N—NT

(145) Sh(X, R) Modg(T) 222 Modg.

The first functor can be identified with .7 + Hompgq (M, HO (Yo, %), so for N € Modg(I') and
F € Sh(X, R) we get
Hom gy (N, Hy (Vs M, 7*(F)) = Hompgigxr)(M @ N, H Ve, 7))
= HomSh(f/,R)((M R N)?’er, F).
Here the G x I'-action on M ®@p N is given by (g,7) - m®n = (gm)® (yn). So the assumption on Y’

and M implies that the first functor in (145 has an exact left adjoint and ((144) is the Grothendieck
spectral sequence associated to the decomposition (145)). ]

Cohomology of uniformizable .”-spaces We now consider a particular example of an .¥-space
Y equipped with an action of group. Let I' be a subgroup of G and let 2" be a locally compact
Hausdorff space with contractible connected components, equipped with a continuous action of I
(i.e. v-Z — Z is continuous for every v € I'). We define an .#-space Y with a I'-action as follows.
For S € . we set

YS =Sx Z.

For a morphism p : .Sy — S5 in . we define
p:Ys, — Ys,, (s,x) — (p(s), ).
The left I'-action on Yy, S € . is given by v - (s,x) := (v - 8,7 - x). We consider the following

Assumption 3.57. (i) I' N K acts properly discontinuously on Z for every K € ..
(i1) The interior of {x € Z | Stabr(z) # 1} is empty.

Lemma 3.58. (a) If[3.57 (i) holds then conditions (i) and (ii) of[3.59 hold for'Y .
(b) If additionally[3.57 (ii) holds then condition[3.59 (iii) holds for Y as well.

Proof. (a) is clear. For (b) let p1,p2 : S — S’, p1 # p2 be morphisms in . and assume that S is
connected. Then we have p1(s) # pa(s) for every s € S. Thus if for z € 2 there exists v € I with
v(p1(s),z) = (p2(s),x) then v € Stabr(x) and v # 1. It follows

{yeYs|Iyel: pa(y) =7 -,my)} © S x{xe 2 [Stabp(z) # 1}
so (ii) implies that the last condition of holds as well. O

For the rest of this section we assume that the conditions[3.57] (i) and (ii) hold. Welet X =: T'\Y
be the .#-space associated to Y and let # : ¥ — X be the projection. We will describe the
cohomology groups Hj(X; M,.%) in terms of the group cohomology of I in the case where .# = Rx
is the constant sheaf and M € Mod%"(G) is projective as an R-module. We write Hi(X; M, R)
rather than H}(X; M, Rx). Note that 7*(Rx) = Ry.
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Lemma 3.59. There exists a canonical isomorphism of discrete I' X G-modules

Ind{ Maps(mo(2°), R) ifn =0,

H" (Yoo, R) = { 0 otherwise.

Recall that Ind{ = Ind{ : Modg — Mod%"*(G) denotes the right adjoint of the forgetful functor
Mod$"(G) — Modg. The T-action on IndY Maps(mo(:2), R) is induced by the I'-action on mo(2").

Proof. For K € J# note that that connected component of Yy are contractible and that 7o(Yx) =
G/K x my(Z"). Hence we have

H"(Y, R) = Maps(G/K x mo(Z7),R) ifn= F),
0 otherwise
for every K € . Tt follows
H"(Ys,R) = ILHKG%OPP Maps(G/K x mo(X),R) if n =0,
0 otherwise,

Ind$ Maps(mo(2°), R) if n =0,
0 otherwise.

O]

For M € Mod®(G) we define a left I-module Cr(M, R) as follows. Elements of Cr(M, R) are
maps ¢ : M x mo(Z2) — R that are homomorphisms of R-modules in the first component (i.e.
Y(-,z): M — R is an R-linear map for every x € mo(Z")). The I'-action on Cr(M, R) is given by
(y)(m,z) = (v~ tm,y tx) for y € T, ¢ € CR(M, R), m € M and z € mo(Z").

Proposition 3.60. Let M € Mod®*(G) and assume that M is projective as an R-module. Then
we have:

(a) There exists a canonical isomorphism of discrete I' x G-modules

Cr(M,R) ifn=0,

n/y. ~
Hp(Y; M, R) = { 0 otherwise.

(b) For n >0 we have

Proof. (a) Consider the spectral sequence (see Prop.|3.55| (b))

E3® = Extlh (M, H*(Yo, R)) = HR™(Y; M, R).
By Lemma |3.59] it degenerates and we have

Ext}, (M, Ind{ Maps(mo(2°), R)) = Hy(Y; M, R).

Since functor Ind{ : Modr — Mod$®(G) is exact and has an exact left adjoint and since the
composition

Hompg(g) (M, )
— 5

n G .
Modp —% Modi™ (@) Modp
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can be identified with the exact functor Hompg (M, -) : Modr — Modg we obtain

(146) HE(Y; M,R) = Exth(M,Maps(m(Z2),R))
B Hompg (M, Maps(mo(Z°),R)) if n =0,
a 0 otherwise

Cr(M,R) ifn =0,
0 otherwise.

By tracing through the definitions one verifies that (146|) is an isomorphism of I'-modules.
To prove (b) we use the spectral sequence (144)). By (a) it degenerates so we get Hp(X; M, R) =
H™(T,Cr(M,R)). O

4 Ordinary and w-adic cohomology

Throughout this chapter F' denotes a p-adic field, i.e. F//Q,, is finite extension for some fixed prime
p. We use the notation as in section [2 so O denotes the valuation ring and p the valuation ideal
of F. Also recall that for n > 1 we have U™ = Ul(yn) =1+4p% and Ur = U}O) = 0. We let G be
the group PGLa(F'), B the standard Borel subgroup of G and T' the maximal torus in B. If H is
a closed subgroup of T then we will write T = T/H, T = T+ /H etc.

We fix a subset # of the set of open subgroups of G that satisfies assumption [3.1] and let
& = Sa,» be the associated site of discrete left G-sets whose stabilizers are contained in .

4.1 Ordinary cohomology

Ordinary cohomology of .#-spaces Let X be an .#-space and let O be a complete noetherian

local ring with residue field k. For a locally admissible O[T]-module W and .# € Sh(X,O) we
consider the cohomology groups

(147) HY(X; W, .Z) = H3(X,IndG W, .7)

for n > 0. Since the functor Ind% : Modep(T) — Mode(G) is exact the cohomology groups (T47)
define for a fixed .# € Sh(X, Q) an O-linear §-functor

Modo(T)PP —s Modp, W — HS(X; W, ZF) n>0

As explained in section a locally admissible O[T]-module W can be viewed as an augmented
O[T]-module (i.e. it carries a natural Ap(T)-module structure; see for the definition of Ap(T)).
It induces also on Homgy, X7O)((Indg W)x,F) astructure of an augmented O[T]-module for every
Z € Sh(X,0). Hence we may view the assignment .# — HomSh(X’@)((Indg W)x, %) as a functor

(148) Homgy,(x,0)((Indg W)x, ) : Sh(X, 0) — Mod%*(T).

Therefore for fixed W € Modl(%dm(T) the cohomology groups (147 can be viewed as the n-th right
derived functor of (148)) evaluated at .# so they are equipped with the structure of an augmented

O[T]-module as well.
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By Prop. [2.15| (a) we have

1

Homgy,(x.0)((Indf W) x, F) Homog)(IndG W, 7 (X))

Homy (W*, Ord™ (F (X))

2

so the functor (148)) (for fixed W) can be decomposed as

HY(Xoo,") Ord# Homo[T](WL,‘)

Sh(X,0) —=="% Mod¥(G) —— Moda™(T) Mod®(T).

We denote the composite of the first two functors by
(149) OrdZ (X, -) : Sh(X, ©0) — Mod4¥™(T).

It is left exact since it has a left adjoint. We define the n-th ordinary cohomology of X — denoted by
@rdg’n(X, -) — as the n-th right derived functor by Ord4 (X, -), i.e. for .Z € Sh(X, ©) we define

(150) Ord3"™(X,.#) = R"Ord4 (X, -)(F) € Mod3¥™(T).

If H =1 then H will be dropped from the notation, i.e. we will write Ordg(X,.#) for the coho-
mology group (150).

Proposition 4.1. Let .7 € Sh(X,0) and W € Moda¥™(T).

(a) We have

Ordj™(X, #) = lim
— U open, HKULT?Y

Ord}™(X, 7)

(i.e. U ranges over all open subgroups of T° containing H ).

b) If X is exact then there exists two spectral sequences

(b) P q

(151) E5 = 0rd)" (H* (X oo, F)) = Ordia" (X, .7),
(152) E5® = Exty, (W*, Ordy* (X, 7)) = Hy *(X; W, 7).

Proof. (a) Let U denote the set of all open subgroups U of T° containing H. We have

H _ H N U 1 U
Ordf(X.9) = Ord" (9 (Xo) =lm _ Ord”(#(Xo)) =lm _ Ord(X.9)

for every ¥ € Sh(X, ). Thus if 0 — .# — #* is an injective resolution then we have
ord™(X,#) = H"(OrdZ(X,.7°%) = H"(li ord%(Xx,.7°
rdy™ (X, 7) (Ordo ( ) (lim _, Ordo( )

= lim H"(O0rd%(X,.#*%) = lim  Ord%"(X, %).

im  HOMG(X, 57) =l OrdS"(X, )
(b) As ([149)) is the composite of two left exact functors the first one preserving injectives by Cor.
the corresponding Grothendieck spectral sequence exists. Also we can decompose (148)) as
the composite of (149) and HomOm(W‘, -) + Modo(T)d™ — Mod'®(T). The exactness of

parabolic induction functor implies that @rdg (X, -) has an exact left adjoint as well. Hence the
corresponding Grothendieck spectral sequence ([152)) exists, too. ]

80



Corollary 4.2. Let ¢ : O — O’ be an epimorphism of complete noetherian local rings and assume
that dim(O) < 1 and dim(O’) = 0. Then the canonical homomorphism

Ordg™ (X, F), — Ordig"™ (X, 7,)
is an isomorphism for every % € Sh(X,O’) and n > 0.

Proof. As in the proof of Prop. it suffices to see that for an injective O’-sheaf .# on X we have
@rdg’”(X ,#,) = 0. For that consider the spectral sequence ([151)) for # = .7,. By Remark
(a) we have E5® =0 for s > 0. Hence together with Cor. we get

Ordiy"(X, 7,) = Ordpy™(F (X o)) = Ordin (S (X o))y = Ord 5™ (X, )y = 0
for n > 1. O

We will study finiteness properties of the groups ((147)). For that consider the following conditions
for a sheaf .# € Sh(X, O).

Assumption 4.3. (i) We have H"(Xk, #k) € Modp s for every K € & and n > 0.
(11) There ezists d € N such that H"( Xk, Fx) =0 for every K € # and n > d+ 1.

Remark 4.4. Condition|4.3|(i) and (ii) holds e.g. in the case where X is a d-dimensional compact
topological manifold with boundary for each K € % and where .% is a constant sheaf .% = Nx
associated to a finitely generated O-module N (see [Iv], Ch. III, 9.11 and Thm. 10.1). O

Condition (i) yields good finiteness properties for the cohomology groups (147)) in the fol-
lowing cases: (i) W is finitely generated as an O-module and (ii) W is admissible and O = A is
Artinian.

Proposition 4.5. Assume that X is exact and that dim(O) < 1.

(a) Assume is an open subgroup of T° and let m > 1 such that 5(U™) C H. Then there exists a
spectral sequence

(153) By = RTH* (Xge,y(mys Prcy(ny) = Ordg (X, F)
for every F € Sh(X, ©). Moreover if F € Sh(X, Q) satisfies condition[{.5 (i) then
(154) Ordg™(X, Z) = H" (X (mys iy (m)) ™™

In particular in this case @rdg’n(X, F) is finitely generated as an O-module for every n > 0.

(b) Let W € Modo ¢(T) and let F be an O-sheaf satisfying condition (i). Then the O-module
HZ (X5 W, F) is finitely generated for every m > 0.

Recall that K (m) denotes the compact open subgroup K (p")H Ny of G for any closed sub-
group H of T° and any m > 1.
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Proof. (a) By Prop. (b) the functor (149)) can be decomposed as

HO(XOOV) HO(KH(m)")
R T

Sh(X, 0) Mod% (@) Modo(TF) %5 Modlad™ (7).
The composite of the first two functors is the functor
(155) Sh(X,0) — Modo(T "), F = H( Xk (mys F ks (m))-

By Cor. and Lemma it maps injective objects of Sh(X, ) onto I'°-acyclic objects of
Modp(T ). By Lemma (a) its n-th right derived functor is

Sh(X,0) — Modo(T "), F v H™"(Xiyy(m)> Fic sy (m))-

Also by Cor. and Lemma the functor maps injective objects of Sh(X, ©) onto I'°"d-
acyclic objects of Modp (T+). Hence there exists a Grothendieck spectral sequence . Now if
& is an O-sheaf on X such that H"(Xg, %) € Modp,; for every K € J# and n > 0 then we
have E5° = 0 if » > 1 by Prop. (a). Hence the spectral sequence degenerates and follows

from Prop. (a).
(b) If W € Modp ¢(T) then there exists an open subgroup U of T° with H C U and WY = W,

so that we can view W as a O[T/U]-module. Lemma together with (a) implies that the Es-
terms of the spectral sequence (152)) (for H = U) are finitely generated O-modules. So the limit
terms are finitely generated O-modules as well. O

Remarks 4.6. (a) Let X and O be as in the Prop. Assume that .# € Sh(X, O) satisfies
condition (i) and that H is an arbitrary closed subgroup of 7. Then §(UM)-H D §(U®)-H D
(UG- H D ... is a decreasing sequence of open subgroups of T° with (-, s(U™). H = H.
Thus by combining Prop. [4.1] (a) and Prop. [4.5] (a) we obtain B

Hn : n ord
(156) Ordp™ (X, #) = lim H"(Xiyy(m), Fp(m)”
This implies in particular for H =1
(157) Ordp (X, #) = lim H™"(X1¢,(m)s T (m)) -
where K1(m) = K1(p™) denotes the congruence subgroup (30) of G. We note that for n = 0 (156)
and (157) hold even if X is not exact.
(b) Note that if additionally condition (ii) holds then ((156|) implies

Hmn
Ordy,™ (X, #) =0

for every n > d + 1. O

We now turn to the case when O = A is Artinian and W is admissible.

Proposition 4.7. Let X be exact and let A be an Artinian local ring with finite residue field k of
characteristic p. Let W € Mod3™(T), let & € Sh(X, A) and assume that (i), (ii) hold.

(a) The A[T]-module @rdg’n(X, F) is admissible for every n € N. It vanishes if n > d + 1.

(b) The augmented A[T|-module H)(X; W, %) is finitely generated for every n > 0.

Proof. (a) The first assertion follows from Cor. and Cor. using the spectral sequence (151
(for O = A) and the second from Remark (b) above.

(b) follow from (a), Prop. and Prop. using the spectral sequence ((152)). O
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Ordinary cohomology with compact support Next we introduce ordinary cohomology with
compact support Ordy, (X, -) using a rather ad hoc definition (we only consider the case H = 1
so we drop H from the notation). In the following we assume that O is a complete noetherian
local ring of dimension < 1 with finite residue field of characteristic p and that Xg is a locally
compact Hausdorff space for every S € .. It is then easy to see that for .# € Sh(X,O) and
K,K' € & with K’ C K the induced monomorphism H®(Xy, Zx) — H°(Xf, Fx+) maps the
submodule H?(Xf, Zx) C HY( Xk, Fk) into H) (X, Fr) € H(Xg/, Frr) so that we can
define an O[G]-submodule

H)(Xoo, F) = li_n)1KE%/HS(XK,§K)

of HY(Xw, 7). Furthermore it is easy to see that we have H)(Xs, #)% = HY(Xk, Zk). By
Prop. (a) we obtain a left exact functor

Sh(X,0) — Mod®(T"), F = HY(X i, (m)s Frcym) = HE(Xoo, F)F10.
for every m > 1. By Lemma its n-th right derived functor is # — H(Xg, (m), Z K, (m))- For
Z € Sh(X, O) the canonical homomorphism of O[T "]-modules

HY(X 5, (mys Ficr(my) = HY(Xoo, F)F1M s HY(X oo, 7)) = HY(X i, (ms1) Ty (mr1))

[

induces a morphism of d-functors
(158) H?(Xfﬁ(m)’ yKl(m)) - HCTL(XK1(m+1)’ yKl(m‘i‘l))? n > 0.

Let Si.(X, O) denote the full subcategory of Sh(X, O) consisting of O-sheaves .# such that H' (X,
FKk) € Modp ¢ for every K € # and n > 0. For .# € S;.(X,0) and m > 0 we define the n-th
ordinary cohomology of X with compact support by

Ordp (X, ) = lim  HY(X g my): Ficy )™

(the transitions maps of the direct system are induced by ) If the layers X of X are compact
then Ordg (X, %) can be identified with Ordy (X, .#) by Remark (a). Also the fact that the
functor Modp ¢(TF) — Modp ¢,V Vord ig exact implies that if 0 = .F1 — Fo — F3 — 0 is a
short exact sequence of O-sheaves on X all lying in Si.(X, Q) then there exists an associated long
exact Ordy, (X, -)-sequence.

Now assume that U is an open .¥-subspace of X, i.e. Ux is an open subset of Xg for every
K € # and we have p~!(Ug,) = Uk, for every morphism p : K1 — Ko in .. Then K + Yy :=
Xk \ Uk defines a (closed) .#-subspace Y of X. For an O-sheaf .# on X we put 7|y = j*(.%)
and Z|y =i*(#) where j : U — X, i:Y — X denote the inclusions.

Lemma 4.8. Let F € Si.(X,O0) and assume that F|y € Si.(U,O) and Fly € Si(Y,0). There
exists a natural long exact sequence

. — Ordp, (U, Z|y) — Ordp (X,.F) — Ordp (Y, Fly) — Ordg N (U, Flv) — ...
Proof. This follows by passing in the long exact sequence
e HS(UK1(m)? yfﬁ(m)) — HS(XK1(m)’ yKl(m))
— HS(YKMm)a (ﬁKl(m))’Y) — H2L+1(UK1(m)a cngl(m)) — ..

to ordinary parts and then passing to the direct limit over all m > 1. O
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Remark 4.9. A more natural definition for ordinary cohomology of X with compact support would
be to consider the right derived functors of

Ordp,. : Sh(X,0) — Modg™ (1), F — Ord(H?(Xes, F)).
For # € Si.(X, ) it is easy to see that there exists a canonical homomorphism
(159) (R"Ordp ) (F) — Ordg (X, F)

that is an isomorphism if n = 0. In general it seems however that (159) is not an isomorphism.
O

Ordinary cohomology of .#-schemes In the following L denotes a subfield of C, L C C the
algebraic closure of L and & = Gal(L/L) the absolute Galois group of L. We consider an exact .-
scheme X of finite type over L and denote by X?" = (X)?" the associated .-space. Let A be an
Artinian local ring with finite residue field of characteristic p. Otherwise we keep the notation and
assumptions from the beginning of this section. As explained in section the étale cohomology
groups

(160) HY (X7 W, F) = H3(Xg: (Ind§ W)y, ¢, Fp)

for W € Mod%4™(T), .# € Sh(X, A) and n > 0 carry a canonical & = & -action. We will now
show that there exists an étale variant of p-ordinary cohomology and a Galois equivariant version
of the spectral sequence .

Note that the locally profinite group T x & satisfies condition Therefore the category
Mod34™ (T x &) is a Serre subcategory of ModS™(T x &) with enough injectives. Moreover using
Lemma one shows that a discrete A[T x &]-module W is locally admissible if and only if W is

locally admissible when viewed solely as an A[T]-module.

Let W € Mod*™(T x &) and let V € Mod**(G x &). It is easy to see that the A[T x &]-module
Ord (V) is locally admissible and (using Lemma ﬁ (b)) that the A[G x ®&]-module Ind% W is
discrete. Therefore by Prop.

ModS™ (G x &) — Mod$9™(T x &), V — Ord™ (V),
Mod®¥4™ (T x &) — Mod¥™(G x &), W — IndG W*

is a pair of adjoint functors.
Consider the composite of functors

FrHO (X8l Feal) Oord#

Mod™(G' x &) —— Mod$9™(T x &)

(161) Sh(Xer, A)
where the first functor (132)) has been considered in section ([3.9)).
Definition 4.10. We denote the n-th right derived functor of (161]) by

Ord"™ (X7, -) : Sh(Xer, A) — Mod59™(T x 8), Z s Ord'|" (X1, 7).

The A[T x &]-module @rdg’n(Xf, ) will be called étale ordinary cohomology of X with coefficients
in F € Sh(Xet, A). If H=1 then, as before, H will be dropped from the notation.
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Similar to Prop. [f.I] and Prop. [£.5] we have
Proposition 4.11. Let .7 € Sh(Xe, A) and let W € Mod'$9™(T).

(a) Assume that % is constructible and that H is an open_subgroup of T°. Let m > 1 so that
S(U™) C H. Then there exists a natural isomorphism of A[T x &]-modules

Ord{ (X7, F) = H'(Xkyim)) 1> (Frcir(m) )

for every n > 0. In particular @rdg’"(Xf, F) is finitely generated as an A-module.

(b) We have

Ord™( X+, F) = lim 0rdY"™( X+, F
A ( L ) — U open, HKULT?Y A ( L )

(c) There exists a spectral sequence of A[B]|-modules

E3* = Ext, z(W", 0rd " (X7, 7)) = HP (X5 W, 7).

Here the &-action on the Fo-terms is induced by the G-action on @rdf"(Xf, F).
(d) If F is constructible and if W € Mod$"(T) (resp. W € Mod3™(T))) then we have

H (X5 W, Z7) € Moda ((T)  (resp. WY (X1 W, F7) € ModS™8(T))

and the &-action on H'(X1; W, F1) is discrete (resp. continuous with respect to the canonical
topology) for every n > 0.

Proof. The proofs of (a) and (b) are simple adaptations of the proofs of (a) and (a). For
(c) we use the fact that the functor

Sh(Xeg, A) — Mod g(g), -F + Homyg (IndG W, HO((X8%) o, 78%))

is isomorphic to the composite
_ Hom , 7 (W*, )
Sh(Xet, A) Modd™(T x &) —"—"% Mod (g
so there exists an associated Grothendieck spectral sequence. By Prop. (a) the limit terms
can be identifies with the R[®]-modules H',"*(Xt; W, %7). Using Lemma (for G = T) the
E%*-term can be identified with the A[@]—mﬁdule Ext;lm(WL, @rdf’s(Xf, FT))-

For (d) assume first that W € Mod}";(T). Then there exists an open subgroup U of T with
WU = W, i.e. we may assume that H is open and that T is discrete. So the assertion follows
from (a) and (c). Now assume that W € Mod%™(T). By Remark (c), Prop. and
Prop. the cohomology group H'j (X7; W, %) = Hu(X*", W, #2") is finitely generated as an
augmented A[T]-module, so it is equipped with a canonical (profinite) topology. To see that the
®-action on H(X7; W, #7) is continuous we put W™ = WOWUE™) g0 that W = U1 W) and
W) € Mody ¢(T) for every m > 1. As in the proof of Prop. (a) one shows that there exists
an exact sequence

0 — lm W HY (X5 W™, Fp) — HR(Xg: W, ) — lmHY (X WO, 77) — 0

m m

The assertion now follows from the fact that H'} (X7; wm), 1) is finitely generated as an A-module
for all m,n > 0, so the first term vanishes. O
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Finally, we have the following comparison result between étale ordinary cohomology of X7 and
ordinary cohomology of X?".

Proposition 4.12. (a) There exists a natural homomorphism
(162) Ord"{"™ (X1, F) — Ord} (X, Fon)

for every F € Sh(Xe, A) and n > 0 (where F2" .= (Fc)*™). If F is constructible then (162)) is
an isomorphism.

(b) Let F € Sh(X,A) and let W € Mod$9™(T). There exists a natural morphism of spectral
sequences

(163) (Ext’”A’T(WL,@rdZ’S(XZ, F)) = W (X W,y)) —
(Bxtr, (W, Ordlf (X, F) = B (X W, ) ).

It is an isomorphism if F is constructible.

Proof. (a) For n = 0 the canonical homomorphism H%((X¢)so, Zc) — HO(X22,.#3) induces a
homomorphism

(164) Ord (X7, .Z) = Ord"(H'((Xp)eo, Zp)) = Ord" (H((Xc)oo, Fc))

— Ord?(HO(X2, 7)) = Ord} (X, 7).
Since ¥ — @rdg’”(X an  Zan) n >0 is a d-functor the homomorphisms (164) extend uniquely to
the morphism (162)) of §-functors. That (162)) is an isomorphism when .# is constructible follows
immediately from Prop. (a), Prop. (a) and Prop. 4.11

(b) The existence of the morphism (163]) can be proved in the same way as in Prop. (a).
That it is an isomorphism if .% is constructible follows then from (a). O

Remark 4.13. In section we also need étale ordinary cohomology with compact support (only
in the case H = 1). Again we will give an ad hoc definition: for a constructible sheaf .7 € Sh(Xe, A)
and n > 0 we define the A[T" x &]-module

Ord} (X7, ) = h_T)Hm HMN(Xky ()T (Frcy () 7)™

That the group H ((Xg,(m))z: (FK1(m))7) lies in Mod3"(T™) (so that it makes sense to consider
its ordinary part) can be seen e.g. by using the comparison isomorphism

ch((XKl(m))fv (gKl(m))f) = HS(X?E(m), f&?(m))

and by using the fact that .#?" lies in the category S (X", A) introduced earlier in this section.
The assignment % + Ord (X7, %), n > 0 is a §-functor from the category of constructible étale

A-sheaves on X to the category Modfdm(T x 8) and there exists natural comparison isomorphisms
of locally admissible A[T]-modules

Ordly (Xp, F) = Ordj (X, 7).
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4.2 w-adic cohomology

As at the end of the previous section X denotes an exact .#-scheme of finite type defined over a
subfield L of C and & = Gal(L/L) the absolute Galois group of L. Let d be the dimension of X,
i.e. the dimension of Xy for some (hence all) K € J#. Let O be a complete discrete valuation
ring with maximal ideal m = (w), finite residue field k& of characteristic p and quotient field E of
characteristic 0. As before for m > 1 we put O,, = O/m™. We aim to extend the definition of
the cohomology groups @ to the case where W is a w-adically admissible O[T]-module W with
Wior = 0 (compare section @ and where the coefficients % are étale constructible w-adic sheaf
on X.

As before we put O,, = O/m™ for m > 1. Also for any O-module N we put N,, = N @0 O,
for m > 1. We denote by Sh (Xet, O) the full subcategory of Sh(Xet, O) consisting of O-sheaves .7
such that @™ -.% = 0 for some m > 0. By Shg, o(Xet, O) we denote the full subcategory of sheaves
F € Shy(Xet, O) that are constructible. It follows easily from Lemma that She o(Xet, O) is
an O-linear abelian subcategory of Sh(Xet, O) that is closed under extensions. Moreover any object
of She o(Xet, O) is noetherian.

Before we extend the definition of the cohomology groups (160) we introduce some notation
and review basic notions and facts about Artin-Rees categories (see [SGA5|, Exp. V). Let A be an
O-linear abelian category. We assume that A is noetherian, i.e. every object is noetherian. The
objects of the Artin-Rees category AR-.A of A are projective systems Aq = (Ap)mez in A with
Ay, =0 for m < 0. Morphisms in AR- A are

HompRg. 4(Ae, Bs) = lim Hom(A4[d], B)
—d

where Aq[d] := (Am4q) for d € Z and Hom(A,[d], Be) denotes the abelian group of morphisms of
projective systems. The transition maps of the direct system (Hom(A,[d], Bs))q>0 are induced by
the canonical morphism ¢ : Ag[d 4+ 1] — Ae[d]. The Artin-Rees category of A is again abelian. A
projective system Ao, = (A;)mez in A is called a strictly w-adic system if A,, = 0 for m < 0,
w™ A, = 0 for m > 0 and the natural map A,,11/@w™ A1 — Ay, is an isomorphism for all m > 0.
A projective system B, is called AR-w-adic if it is AR-isomorphic (i.e. isomorphic in AR-.A) to
a strictly w-adic system. The full subcategory of AR-w-adic objects of AR- .4 will be denoted by
AR-w-A. It is a noetherian abelian subcategory of AR- A (i.e. the inclusion AR- w-A4 — AR- A is
exact). If inverse limits exists in A then we can consider the functor Ae = (Ap,)mez — {iLnAm. It

m

induces a functor
lim: AR- A — A, Ae — lim A,.
Let H= (H") : A — B be an O-linear §-functor between O-linear noetherian abelian categories.
Then H extends to an O-linear §-functor AR-.4 — AR~ B which — by abuse of notation — will be
denoted by H = (H") as well. For A, € AR- A and n > 0 we have H"(As) = (H"(Am))mez-
Returning to our task of extending the definition of the cohomology groups , let W be a

w-adically admissible O[T|-module with Wi, = 0 and let .# € Sh(Xet, O). We choose m > 1
with @w™.# = 0, so that .# € Shy(Xet, On) and we define

(165) zm}(XfaI/Vag) = Hbm(Xf; Wmvy)

By Remark [2.29) (a) and Lemma [2.13| the O,,-module Indgz W is projective for every m > 0.
Hence, by Prop.|[3.40} this definition is independent of the choice of m. By Prop. and Prop.
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(d) the cohomology groups (165]) are finitely generated augmented O[T]-modules equipped with a
continuous ®-action. Thus we obtain an O-linear d-functor

(166) She o(Xet, O) — ModE"E(T)(8), F = Hpy(XpW,.Z)  n>0.

Here Modfgaug( T)(®) denotes the category of pairs (M, p) where M € Modfgaug( T)and p: & —
Aut(M) is a homomorphism so that the action & x M — M, (o, m) — p(o)(m) is continuous. We
need the following

Lemma 4.14. (a) The functor

lim : AR- ModE™8(T) — Mod3®(T), M, — lim My

15 exact.
(b) Let M, € AR- Modfgaug( T) and assume that (hmM ) ®o k € ModfgaUg(T). Then EiLnM. €
ModE*"8(T).

Proof. (a) follows from Lemma applied to projective systems of finitely generated modules of

the complete noetherian local ring Ap(U) (where U is any open subgroup of TO) For (b) note

that lim M, is a compact Ap(U)-module so the assertion follows from the topological Nakayama
%

Lemma. O]

Definition 4.15. We define the category Sh(Xet,w-ad) of étale constructible w-adic sheaves on
X by
Sh(Xet, w-ad) := AR-w-Shg o(Xet, O).

As explained above (166 extends to a d-functor AR-Shg (Xet, O) — AR- Mod%aug(f). We
compose it with the functor (4.14)) and restrict it to the subcategory Sh(Xet, w-ad). So for an étale
constructible w-adic sheaf .% = %, on X and n > 0 we consider the group

(167) (X W, F) o= iy (X7 W, 7).

m

Proposition 4.16. The assignment F > H"

w—ad

(X1 W, F), n >0 defines a §-functor
(168) Sh(Xe, @-ad) — Mod§"8(T)(®), (F = HL_q(X5; W, 7)) o -

Proof. By Lemma (a) we only have to show H __(XT: W, %) € Modfgaug( T) for & = %, €
Sh(Xe, w-ad) and n > 0. Firstly, we consider the case w.# = 0, i.e. we assume that w.%,, = 0
holds for every m € Z. There exists a strictly w-adic system ¥ = %, in Shg (Xet, O) that is
AR-isomorphic to .#, i.e. there are morphisms of projective systems ¢ : Z¢[d1] — Yo, 1 : D[d2] —
Fo for some dy,dz2 > 0 such that ¢ o¢ (resp. o)) is equal to id# (resp. idy) in AR- Shg o(Xet, O).
Thus there exists d > dj + do so that the composite

Gold] -5 Gldy + do] L5 Foldi] 2> %

is equal to the canonical map 7 : %[d] — ¥, induced by the transition maps of the projective
system 4,. The condition w.%,, = 0 for all m € Z thus implies that the image of the transition
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map tmidm : Yatm — Ym is annihilated by . On the other hand ¢,,, 14, is surjective since ¥ = %,
is a strictly w-adic. It follows that @w%,, = 0 and tr1.m @ Ym+1 — % is an isomorphisms for
every m > 1. Hence we have

~ n fgaug /=
(169) w— ad(XL’ W’ ) w— ad(XL’W g) = 4o, (Xf; legl) € MOdkg g(T)'
Now let %, be an arbitrary strictly w-adic system in She (Xet, O). Put
F —ker(F Z5 7)), P .=im(F =5 Z), ZO .= coker(F T5.F).

Note that .ZM, 7@ Z0G) ¢ She o(Xet, w-ad) and that we have wFM =0 = wZO. By
considering the long exact sequences for the J-functor associated to the two short exact
sequences 0 — .Z1) .7 5 Z@) 5 0and 0 - .F® - .7 - FG) - 0 and using (for the
coefficients .# (1) and .#(®)) we obtain

coker (]H[w WX W,.Z) Z5 (X W,.F )) € Mod!"¢(T),

for all n > 0. Together with Lemma (b) we conclude H? __ (X7; W, .Z) € Mod%aug (T). O

We will now discuss the functorial properties of the cohomology groups with respect to W.
Let ¢ : W — W be a homomorphism of w-adically admissible O[T]-module with Wi, = 0 = W,
(i e. we have W, W’ € Mo dw_adm(T)ﬂ). Then ¢ induces a morphism of the associated J-functors
(168), so for every .Z € Sh(Xe, w-ad), n > 0 there exists a canonical homomorphism

()0 Hw ad(Xf; VVv J) — Hw ad(Xf; W,a ﬁ)
We have
Proposition 4.17. Let

¥

0 w2 W W’ — 0

be a short exact sequence in Modg_adm(T)ﬂ. Then there exists a B-equivariant long exact sequence
of augmented O[T]-modules

(170) S HL (X W, F) S HL (X W, F) S HE (X W, F)
Hg—i_lad( f’ W”, 9’) —_— ...

that is functorial in F € Sh(Xet, w-ad).

Proof. This follows from the exactness of the sequence

0o —— W/, W, W/ — 0

for every m > 1, the fact that parabolic induction is an exact functor and from Lemma[4.14] (a). O
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As before let X*" = (X¢)*" be the .#-space associated to X. We let Shg (X*", O) be
the category of O-sheaves of X*" of the form .#*" with .# € Shg ((Xc)et,O) and we put
Sh(X* w-ad) := AR-w-Shg (X*,0). Similarly to and we define the groups
{m}(XaI1 W, #) and HL __(X* W, F) for F# € Shg (X, 0O) and F € Sh(X*",w-ad) re-

spectively. Again the latter defines a é-functor
Sh(X®" ww-ad) — ModEV8(T), F s H._4(X* W,.F) n>0

We note that the analog of Prop. holds for this J-functor as well. Of course if F = Z, €
Sh(Xet, w-ad) and if #2" = 2" € Sh(X*" w-ad) with F2" .= ((F)c)*™ for m € Z then by

Remark (c) and Prop. we have
voad(Xp W, F) = HE,_ g(X™ W, 7).

w—ad

Here the groups on the left are equipped with a continuous ®-action. To justify introducing the
cohomology groups on the right separately we like to point out that they are sometimes equipped
with an additional structure defined purely analytically.

The projective system of constant sheaves O = ((Op,) x )m defines an étale constructible w-adic
sheaf on X. We put

(171) w— ad(XL’WO) w ad(XL7WO ) - hmH ad(XL7WO )

m

and
(X¥™W,0) = HY _ 4(X* W, 0,) = hm]HI

m

ww—ad o — ad(Xan;vV?Om)'

Now assume that W is a discrete O[T that is free and of finite rank as an O-module. Then W is also
a w-adically admissible O[T]-module so we can compare the cohomology groups Hp(X* W, 0)

and HZ __(X* W, 0).

Proposition 4.18. Assume that W € Mod%’}f(T) with Wior = 0. Then the canonical homomor-
phism

(172) H (X705 W, 0) — HY_, (X% W, 0)

is an isomorphism of finitely generated augmented O[T)-modules for every n > 0.

Proof. The map ([172) is defined as follows: for m > 1 the canonical projection O — O,,, induces a
homomorphism

(173)  HH(X™W,0) — Hp(X™ W, 0,,) = Hpy (X* Wi, O > {m}<xw W, 0,)

where the second isomorphism follows from Prop. Passing in ) to the projective limit
over all m > 1 yields the map (172)). For n > 0 consider the short exact sequence

(174) 0 — H"(W) @0 O — HLH(X™ W, O,,) — H' W) [@™] — 0

induced by 0 — O % O — O,, — 0 where we have abbreviated H*(W) = Hg,(X*; W,0). B
Prop. (b) we have H"(W) € Modp, ¢ for every n > 0. Hence H"(W) is w-adically complete
with finite torsion, so we get

H*(W) = ImH"(W) ®0 Op, and lHm H"(W)[w™] = 0
— —

m m

for every n > 0. The assertion follows by passing in ([174]) to projective limits. O
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The cohomology groups H7 _ ad(Xf9 V,E). Finally, we show that inverting w allows us to
replace W € Modg ™~ adm(T)ﬂ in with an admissible E-Banach space representation of T.
Namely, glven Ve Banadm(T) we can choose W € Modgfadm(T) that is mapped to V under the
functor and we define

w ad(XL7VE) Hw ad(Xf;Wf‘bO)E

for n > 0. Recall that the O-torsion subgroup Wi, of W is of bounded exponent so the projection
pr: W — Wy = W/W;,, becomes an isomorphism in the category (Modg_adm(T)) E-

Proposition 4.19. The assignment V — HZ (X33 V,E), n > 0 defines a contravariant 6-

functor
Ban"™(T) — ModF"8(T)(®), (V= HL_ (X5 V. E)), -,

Proof. For n > 0 the assignment W — H? __(X7; Wy, O)g induces contravariant functors
(175) ModZ 4™ (T) — ModE™"8(T)(&), W s HY_q(X1; Wa, O)p n > 0.

We want to show that they give rise to a d-functor. Let 0 — Wi —— W i> W3 — 0 be a short
exact sequence in Modgfadm(T) and consider the diagram

B

«

0 W1 W2 — W3 — 0
(176) | | |
0 Wi —— (Wa)g == (Wa)g —— 0.

where W] := ker(fg). The first vertical arrow induces a map v : (Wi)g — W] whose kernel and
cokernel are O-torsion modules of bounded exponent so the induced maps

Y HY, g (X W, 0)p — HYg(X7 (Wh)a, O)p

ww—ad

are isomorphisms. By Prop. there exists a long exact sequence (170]) associated to the lower

row of (and .# = O,). Let
8" H,_oq (X7 W1, 0) — HEFL (XT3 (Wa)a, O)
be the connecting homomorphism. Then the sequence
- Hg (X7 W), O)p = HL_oq(X75 (Wa)a, O)p — HE (X7 (Wh)s, O

—>Hn+1 ( R (Wg)ﬂ,@) — ...

w—ad

is exact where § := v* o (§')g o (v*)~!. Hence (175]) defines a d-functor. Now the assertion follows
from Prop. and Lemma [2.32 O

Similarly, the functors W — HZ __,(X®*"; Wy, O) give rise to a d-functor

Bani™(T') — ModE™(T), V — HZ_ (X*;V,E) n > 0.
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5 Quaternionic Hilbert modular .¥-varieties

5.1 Definitions and basic properties

Let Q be the algebraic closure of Q in C and let I C Q be a totally real number field. The ring
of integers of F' will be denoted by Op. Let S be a finite set of nonarchimedean places of F. We
denote by A (resp. A® resp. Ay resp. A}g ) the ring of adeles of F' (resp. ring of prime-to-S resp.
finite resp. finite prime-to-S adeles). We let S, denote the set of archimedean places of F' and put
Fy = F'®g R. For a nonarchimedean place q of I we let Oy denote the valuation ring in Fy and
we put Uq(o) = Uy = Oy and Uq(n) =1+49"0q4 and for n > 1.

Let D be a quaternion algebra over F', let G = D* (viewed as an algebraic group over F), let
Z = G, be the center of G and put G = G/Z (thus G = PGLy /F if D = My(F) is the algebra of
2 x 2 matrices). We put Gs = G(Fs) where Fs = [[,.g Fy. Let Ramp be the set of (archimedian
or nonarchimedian) places of F' that are ramified in D. We assume that S and Ramp are disjoint
so that Gs = PGLy(Fs). We denote by ¥ the set of archimedean places of F' that split D (i.e.
¥ =8 \ Ramp) and we put d = #3. If d > 1, i.e. if D is not totally ramified then we choose an
ordering ¥ = {01, ...,04} of the places in X.

We identify So with the set of embeddings Hom(F,R) and assume that o; is the inclusion (if
d > 1). We let 0 be the ideal of Op that is the product of the primes which are ramified in D, so
that Ramp = (Seo \ ) U {q | 0}.

For v € So we denote by G, 4 the connected component of 1 in G,,. Thus G, 4 = CNJ(FU)JF/Z(FQ))
where G(F,), is the subgroup of elements g € G(F,) with Nrd(g) > 0. We choose a maximal
compact subgroup K, of G,. If v € ¥ we choose an isomorphism G, = PGL2(R) that maps
K, to O(2)Z(F,)/Z(F,) = 0(2)/{#1}, so that G,/K, 4 can be identified with H*, the union of
the upper and lower complex half plane. If v € Soc N Ramp we have G, = G, + = K,. Put
Koo,—‘r = Hv|oo Kvﬁ_ and Goo,+ = Hv|oo GU7+ so that Goo,—i—/Koo,—i- = Hd.

We fix a compact open subgroup K}g of G (A‘? ) (called a prime-to-S level) and put

2% = G(A%)/ (KT x Ko 1) -
For a compact open subgroup K of Gs and g € G(A‘?) we put
Ty = G(F)N (K x gKfg™').

The group I'k 4 contains only finitely many torsion elements. If it is torsionfree then it acts properly
discontinuously on the symmetric space Goo/ Koo +-

Definition 5.1. By JZ we denote the set of compact open subgroups K of Gs such that I'i g4 is
torsionfree for every g € G(A‘?).

Clearly, %" is closed under conjugation and if K € .# and K’ C K is an open subgroup then
K’ is also contained in .#". Thus ¢ satisfies assumption because of the following

Proposition 5.2. The set £ is a cofinal subset of the set of all compact open subgroups of Gs.

Note that the reduced norm Nrd : G — (G F induces homomorphisms
(177) v:G(A) — A*J(AY)?

for every F-algebra A. We need the following
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Lemma 5.3. For every compact open subgroup K of Gs the homomorphism (177)) induces a bi-
jection
G(F)\G(Ay)/(K x Kf) ~ coker(F* — A’}/(A’})z/ﬁ(K X Kf))

In particular there exists a finite number of elements g1,...,gn of G(A‘?) such that

T

GF\G(Ag)/(K x KF) = [ G(F)(1,0) (K x KF).
i=1

holds for every K.

Proof. The first assertion can be easily deduced from ([De], Théoréme 2.4). The second follows
from the fact that the group coker(F* — (A*/(A*) ) JU(1 x K}S)) is finite. O

Proof of Prop.[5.3 By Lemma a compact open subgroup K of Gs lies in J¢ if and only if I'r g,
is torsionfree for ¢ = 1,..., h. Since there exists only finitely many torsion elements in each I'k 4,
for a given K we can shrink it so that all groups ' 4, become torsionfree. O

As in section let .7 = S, be the site whose objects are discrete left Gs-sets S such that
the stabilizer Stabg,(s) of any s € S lies in J# and whose morphisms are Gs-equivariant maps.
For S € . we define

(178) Xg = Sx 2% = 8xGA)/KF x Goo/ Koo 1.
Also for a morphism p € Hom (57, S2) we define
(179) pr XE— X8, (s.z) = (p(s), 7).

The collection of d-dimensional complex manifolds and maps ) defines an .%-space de-
noted by X. The embeddings G(F) — Gs and G(F ) — G(A%) ylelds a left G(F)-action on X
given by

v (s,2) = (v-8,7-2)
for Se.7, s€S, xe€ 2% and vy G(F).

Proposition 5.4. (a) Passing in (178) to G(F)-orbits yields an ./ -space
X(K§)™ = G(F)\X.
(b) If d > 1 then X(K}g)an is exact.

Proof. By Lemmas and it suffices to verify that the conditions (i) and (if d > 1)
(ii) hold for the G(F)-action on 2°S. The first follows from the fact that I'y, acts properly
discontinuously on Goo/Ko + for every K € # and g € G (A‘? ). For the second note that if d > 1
then the interior of the set {Zoo € Goo/ Koo+ | Stabg(p)(x) # 1} is empty since G(F') is countable
and since every non-trivial element of G(F') has at most two fix points acting on Goo /Ko 4. Since
{z € 2% | Stabg(p)(x) # 1} is a subset G(As)/KS X {Too € Goo/ Koot | Stabgpy(z) # 1} its
interior is empty as well. O
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Unless stated otherwise we assume in the following d > 1 (the case d = 0 will be considered
again only in section . We will often drop the level K]‘? from the notation and just write X"
for X (K }S)an. Note that X§" is a d-dimensional complex manifold for every non-empty S € . and
that the map p : X§' — X§ induced by a morphism p : S; — Sp in .’ is holomorphic. As before
for K € & we write X% for ng/K = G(F)\Xg. There is a natural action of the group

A= GF)/G(F)s = G(F)/G(F)s = KoofKoor = {£1)1

(where G(F)4+ = G(F)NGso,+) on X, It is induced by right multiplication of Ko, on Goo /Koo 4+ =
(H*)4. As an immediated consequence of Lemma |5.3| we obtain the following description of the set
of connected components m(X%") of X&".

Lemma 5.5. The map (177) induces a bijection
mo(XE) = (A%/(A5)%) /7(K x K5)

for every K € J . In particular the set mo(X3) stabilizes for small K, i.e. there exists Ko € &

such that the covering X&' — X3 induces a bijection mo(Xg") = mo(X ) for every open subgroup
K Of K().

For every S € . there exists a smooth scheme Xg over Spec Q such that X &" is the complex
manifold associated to Xg ®@(C. For K € J# the scheme X is a Shimura variety, the quaternionic
Hilbert modular variety of level K x K }s associated to the reductive group Resp/q D*/F*. If S € %
has only finitely many Gg-orbits then Xg has a finite number of connected components and it is
quasi-projective. The scheme Xg is defined (i.e. it admits a canonical model) over the reflex field
L, i.e. the fixed field of the group {7 € Gal(C/Q) | 7% = ¥}. It is a subfield of 82! the normal
closure of F/Q in Q. If ¥ = S, i.e. if D is totally indefinite then we have L = Q. If d = 1 (the
case of Shimura curves) then L = F'.

Also for every morphism p : 51 — Sy in . the morphism p : X' — Xg is induced from an
étale morphism p : Xg, — Xg, of L-schemes. If p: S; — S2 is a surjective then p: Xg, — Xg, is
an étale covering. Hence S — Xg is an .-scheme X = X(K}S) defined over L. For K € ¢ the
variety X is projective if and only if D is a skew field, i.e. if Ramp # 0.

Let R be a ring and let M be an R[Gs]-module. We let Ag(M, K}S;R) denote the R[G(F)]-
module of maps

¢ M x GA})/KS =M xmo(2°) — R

that are homomorphism of R-modules in the first component. The G(F')-action is given by
(v)(m, gKF) = ¢(y'm, v gKT)
for ¢ € Ar(M, K%;

§iR),y€GF), meMandge G(A‘?).
The cohomology groups

(180) H*(G(F)+, Ar(M, K7; R))

where considered in [Spl]. Since Agr(M, K J‘? ; R) is an R[G(F)]-module the groups (180]) are natu-
rally R[A]-modules. There is also a canonical action of the Hecke algebra R[G(A‘; )// K}S] on ([180)
commuting with the A-action.
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Proposition 5.6. Assume that d > 1. Let R be a noetherian ring and let M be a discrete R[Gs]-
module.

(a) Suppose that R = A is an Artinian local ring with finite residue field. Then there exists a
canonical isomorphism

(181) HY(Xg: M, ) = H}(X™; M, F™)

for every constructible sheaf F € Sh(Xet, A) and every n > 0.

(b) Assume that M is projective as R-module. Then there exists a canonical isomorphism of R[A]-
modules

(182) HE(X™ M,R) = H"(G(F)+, Ar(M, K§; R))
for every n > 0.

Proof. (a) follows from Remark (c) and Prop. [3.4

For (b) put 275 = G(A?)/K]‘? X Goo+/Koo+. Note that mo(275) = G(A}g)/K]‘c9 and that the
space X8 for K € . can be identified with G(F);\(Gs/K x 25). The assertion now follows
from Prop. [3.60| (b) since we have Ar(M, K]‘?; R) = Maps(G(A‘;)/KS, Homp(M, R)). O

Remarks 5.7. (a) As explained in section under the assumption in (a) above the cohomology
groups HA(X@; M, .F) carry a canonical & := & = Gal(Q/L) action. Note though that in general
it does not commute with the A-action induced by the isomorphism ((181]).

(b) If d = 0 then Xg = X" = G(F)\Xg is just a discrete space for every S € .. In this case
S — Xg may be viewed as a 0-dimensional .”-space. It will also be denoted by X = X (K}S) It is
easy to see that the proof of Prop. can be modified so that it also covers the case d = n = 0,
i.e. we have

HIO%(XanvM7 R) = HO<G(F)7AR(M7 K}SvR))
(|

We will consider in particular the following type of level K}S = Ko(n)° C G (A‘?) Let n # (0)
be an ideal of Op that is relatively prime to S URamp. Let Op be an Eichler order of level n in
D (if D = My(F') then we choose Op to be the subalgebra Ms(n) C My(OF) of matrices that are
upper triangular modulo n). For a nonarchimedean place q of F' we put Op 4 = Op ®o, Oq and
define Ko(n)® to be the image of

KEom)® = [ 0Oby,
qESUS

under the projection G(A‘?) — G(A‘;). For KJ‘? = Ko(n)S we write X (n)S for the .#-scheme
X (Ko(n)®) and o/g(M,n; N) for o/r(M, K}S; N). The R-modules appearing in (181 (for # = Ax)
and (182]) are equipped with an action of a spherical prime-to-(n,S) Hecke algebra

T =T = Z[G(AF)//K)
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and the isomorphism are T-equivariant. Here So = SU{q | on} and K}SO = Ko(Op)® is a maximal
compact open subgroup of G(A?O). The multiplication in T is given by convolution (the Haar
measure on G(A‘;‘)) is normalized so that Vol(KJ‘?O) = 1). The algebra T can be identified with
the polynomial ring Z[T | q ¢ So]. Here the variable Ty corresponds to the characteristic function
of the double cosets K quK fO where the idele z; € G (A‘?O) has the component = 1 at all places
except at q where its component lies in Oy and has reduced norm = N(q).

Though the definition of the action of T on the cohomology groups appearing in and
is given by standard arguments, for completeness, we will briefly recall it for the groups
H(XP (n)%)an; M, R). For a nonarchimedean place of F' with q ¢ Sy there exists two canonical
finite étale morphisms of .#-schemes

pry, pry : Xg' (ng)° — X§'(n)°

induced by the two canonical maps between the levels Ko(nq)® and Ko(n)® namely the inclu-
sion and the map induced by conjugation with the idele z; respectively. The action of T on
HB(XP (n)%)an; M, .F) is given by the homomorphism

HE((XP %)™ M, R) 25 HE(XP (ng)%)™™ M, R) P2 H((XP ())™; M, R)

where the first map is the homomorphism (112]) (with respect to pr;) and the second the homo-
morphism ([126]) (with respect to pry).

5.2 Borel-Serre compactification

In this section we consider the case D = Mz(F') (so that G = PGLy/p and d = [F' : Q]). We fix a
level of the form Ko(n)® C G (A‘? ) where n # (0) is an ideal of O that is relatively prime to & and
let X®" = X (Ko(n)®)2". As in section [2| we denote by B the standard Borel subgroup of G' with
Levi decomposition B = T'N. Let J# be the set of compact open subgroups of Gs defined in
and let .7 = S »-

For S € 7 let X¢ BS denote the Borel-Serre compactification of X &". It can be written as

XS = G(F)4\ (S x G(AS)/Ko(n)S x §9)

where $HBS denotes the partial Borel-Serre compactification of the symmetric space Goo 4 /Koo + =
H? (see [BJ], I11.5). The space X5% is a compact real analytic manifold with corners. By ([BlJ],
Prop. I11.5.14) and Lemma the assignment S > X BS defines an exact .-space as well which
will be denoted by XBS. Tt contalns X?" as an open Y subspace. Indeed, Xg" is an open dense
subspace of X§" for every S € . and the inclusion Xg" — XE’S is a homotopy equivalence.

The boundary of XBS ie. the complement of X an i XBS will be denoted by 0X. It has
the following concrete description. Put B+ = B(Fx) N Goo+ and Too 4+ = T(Fo) N Goo 4
Let A be the maximal split subtorus of Resp/gT (so A = (Gp)g) and let AY C Ti 4 be the
connected component of 1 of the R-valued pomts of A. If we identify T, + with the group (Rsg)?
via the isomorphism T(F..) = FZ% = (R*)? (induced by oy, ...,04) then A% corresponds to the
subgroup Rso embedded diagonally into (R*)¢. The quotient b := Boo + /AgO carries a canonical
left B(F); = B(F) N G(F)4-action. By ([BJ], II1.5.8) and Lemma [3.53] we have

0Xs = B(F)4\ (S x G(AF)/Ko(n)° x b)
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for every S € .. Note that the projection h = Be +/A% — b := T /A% is a principal
N(Fy) = R%bundle. The action of the Hecke algebra T = Z[Ty | q & So] (with So = SU{q | n})
on the cohomology of X extends naturally to an action on the cohomology of XB5 and 9X.

Put Bs = B(Fs), Ts = T(Fs) and Ns = N(Fs) an let ¢ : Bs — Gg denote the inclusion
and m : Bs — Ts = Bg/Ns denote the projection. We let H#B and #7T denote the set of
compact open subgroups of Bs and Ts respectively. For S € .5, the group B(F), acts properly
discontinuously from the left on S x G (A‘; )/ Ko(n)® x b by part (a) of the following Lemma (applied

to % =85 x G(A‘?)/Ko(n)s).

Lemma 5.8. Let ) be a discrete left B(Ay)-set such that StabB(Af)(y) is compact for everyy € Y
and put Z = N(Ap)\V.

(a) The group B(F)4 acts properly discontinuously on Y x .

(b) The left T(Ay)-set Z is discrete and StabT(Af)(z) is compact for every z € Z.

(c) The group T(F). acts properly discontinuously on Z x b.

(d) The canonical map

(183) B(F)\(Y x b) — T(F)£\(Z x b)
is a fibration. The fibers are d-dimension (real) tori.

Proof. (a) Recall (see (29)) that there exists a canonical isomorphism between the semidirect prod-
uct G;, X G, and the Borel subgroup B of PGLsy. Given a fractional ideal a of F' we denote by
Ky(a) the subgroup of B(Ay) that corresponds to the subgroup [[,., OF x a of A% x Ay (here
a:=a®, [Loio Ou)- It is easy to see that any compact open subgroup of B(Ay) is contained in
one of the groups K¢(a). Thus the assertion follows from the fact that the group B(F)4 N K¢(a)
acts properly discontinuously on .

(b)If z=N(Af)-y € Z,y € Y then StabT(Af)(z) is the image StabB(Af)(y) under the projection
B(Ay) = T(Ay), so Stabps,)(2) is compact and open.

(c) We identify T' with G,,, via . Since for any compact open subgroup of A% is contained
in ][, O} the assertion follows from the fact that the group of totally positive units in OF act

properly discontinuously on h by Dirichlet’s unit theorem.
(d) Since N(F) = F is dense in N(Af) = Ay we have N(F')\)Y = Z. Hence the left and
therefore also the right vertical map in the diagram

To(B(F):\(Y x b)) —— B(F);\Y
mo(T(F)4\(Z x B)) —— T(F):\2

is bijective. Let y € ¥, 2 = N(Ay) -y € Z and put I'y = B(F)4 N Stabpy,(y), I'» = T(F)4+ N
Stabp(a,)(2). We have seen that the diagram

Ly\b —— B(F);\(Y x b)
(184) l 1183
D\b —— T(F):\(Z x b)
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is cartesian and that the horizontal maps are open, closed and injective (they are induced by the
obvious maps h — h x {y}, h — b x {z}). Note that ', = ', x A where A := N(F)N StabN(Af)(y).
Hence A = Z4 is a lattice in N(F,,) = R?. It follows that the left vertical map in is a fibration
whose fiber can be identified with N(Fy)/A = R¢/7Z%. O

Similar to Prop. one shows that by setting
(185) Ys = B(F),\ (S x G(AS)/Ko(n)® x b)

for S € .7 we obtain an exact .#P-space Y. Note that the boundary X is equal to the induced
S-space Indgg Y (see section . Lemma thus implies

Lemma 5.9. Let R be a ring. We have
H™(0X s, R) = Ind§$ H" (Yoo, R)
for every n > 0.

Under certain assumptions on R and S the computation of H"(0X, R) can be further simpli-
fied. For that we define the (non-exact) .#%-space Z by

Zg = T(F)4\ (8" x N(AZ)\G(AF)/Ko(n)° x )

for S’ € .#T. Note that Zg is a disjoint union of (real) d — 1-dimensional tori.
For S € B, 8" € T and a Bs-equivariant map ¢ : S — S’ we define

fe:Ys — Zg, B(F)4-(s,2) = T(F)4 - (§(s),pr(z))
where pr : G(A‘?)/K’o(n)‘S xbh — N(A?)\G(A‘?)/Ko(n)s x b denotes the canonical projection. If
we view Y and Z as -objects in @big (see the end of section | then the collection of maps

fe define a m-compatible morphism f : Y — Z in the sense of Def.[3.19] Recall that by Prop. [3.48]
viewing 0X, Y and Z either as .¥-objects in @Cl or @big does not effect the cohomology groups
H*(0Xw,R), H*(Yy, R) and H*(Z, R).

As in section for S € .78 we put fg = fes 1 Ys — Zg where S = Ns\S and where
£g: S — S is the projection. Also for K € # P we put fx = IBs/K + Yk — Z7z so that fk is the
obvious map

fic e BIF)L\(G(Af) /(K x Ko(n)%) x b) — T(F)3\ (N(Ap\G(Ayg) /(K x Ko(n)®) x ) .

Note that fx induces a bijection mo(Yx) = mo(Z%) and that mo(Yx) is finite.
n,S .
By C" we denote idele class group

(186) Op = Ay [T Ug™)
agS
where n =[], g denotes the prime factorization of n. For a nonarchimedian place q ¢ S, q {n we

denote by [q] € C’?;’S the class of an idele with components = 1 at all places except at q where its

component is a local uniformizer.
Since T' is abelian the left T'(Af)-action on S’ x N(A?)\G(A?)/Ko(n)s induces a left T'(Af)-

action on Zg for every S’ € .#T. By identifying T with G,, via it is easy to see that the
T'(Ay)-action on Z induces a C?;S—action on the cohomology H®(Z, R) for any ring R.
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Proposition 5.10. Let A be an Artinian local ring with finite residue field of characteristic p and
assume that one prime p in S lies above p.

(a) We have
(187) H™M(0X o, A) = Ind5S H"(Zoo, A)

for every n >0 (here Indgi : Mod%{"(T’s) — Mod%"(Gs) denotes parabolic induction).

(b) Under the identification (187)) the action of the Hecke operator Ty, q & So is induced by the map
H™(Zoo, A) —> H"(Zoo, A), x> [q] " -2+ N(q) - [q] - 2.

Proof. (a) We will verify that conditions (i) and (ii) of Prop. hold for the constant sheaf
F = Ay on'Y, i.e. we show that

(i) For Ko € #T and K € #P with K = K the base change morphism BCk : (feAy)i, —
(fK)+Ayy is an isomorphism.

(ii) For K € ¢ B there exists an open subgroup K’ C K such that the base change homomorphism
BCk g : p*R"(f)«(A) = R"(fx)«(A) vanishes for every n > 1.

To prove (i) we fix Ko € #T and put J = {K € #P | n(K) = Ko}. Note that (J,C) is a
directed set (i.e. for every Ky, Ky € J there exists K3 € J with K, Ko C Kj3). The collection
of sheaves {(fx)«Ayy }kes together with base change morphism (fr,)«(Axy, ) = (fro)«(Axy,)
for Ko C K; define a projective system over (7,C). By unwinding the definitions it is easy to
see that (f*AY)KO = thKEJ(fK)*AYK. Now for K € J the map fx : Yx — Z, has connected
fibers by Lemma (d), hence we have (fx)«Ay, = A e, for every K € #B. In particular for
any pair K1, Ko € J with K9 C K7 the base change morphism (le)*(AXxl) — (fK2)*(AXK2) is
an isomorphism. Hence for fixed K € J we have (f.Ay)g, & (fx)«Ayi = AZ?o' Thus we also
obtain

(188) fildy = Ag.

To keep the notation simple we give the proof of (ii) only in the case when S consists of the single
place p lying above p (the following argument can be easily adapted to the case of an arbitrary S).

For r,s € Z, r > 1 let K(r,s) € B be the image of Up(r) x p*O, under the isomorphism and

K(r) the image of Up(r) under the isomorphism . Since any K € .# P contains a group K (r, s)
for r, s sufficiently large it suffices to prove (ii) for K = K(r,s).
For t > s and fixed r consider the base change homomorphism

(189) BC™ : R*(fk (r,5))+(A) = RB" ([ (r))+(A).

By Lemma (d) its stalk (BC™), : (R"(fr(rs))x(A)z = (R"(fi(rp))«(A)): at a point 2 € 2%
can be identified with a homomorphism of the form

(190) 7 H"(RY/Ay, A) — H"(R?/Ag, A)
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where Ay C A; are cocompact lattices and 7 : R?/Ay — R%/A; is the projection. For n = 1 the
map ((190)) can be identified with

¢* : Hom(A1, A) — Hom(Ag, A), p+— @ou

where ¢ : Ay < Aq is the inclusion. Let pV be the order of A. By choosing ¢ sufficiently large we
can arrange that Ay is contained in C pVA; and (BC'), = 0. In fact since the source and target of
(189)) are locally constant sheaves and since ZF(T) has only finitely many connected components,

the map BC! vanishes for ¢ sufficiently large. Moreover the vanishing of BC' also implies the
vanishing of BC™ (since H*(RY/A, A) = ASH'(RY/A, A) for any cocompact lattice A C R9).
Now (i) and (ii) together with Lemma [5.9] Prop. and (188]) imply

H"(0Xoo, A) = Ind3S H" (Yoo, A) = Ind5S H"(Zoo, fsA) = IndGS H"(Zso, A)
(b) is proved by unwinding the definitions. O

Remark 5.11. Note that the manifold Zg is a disjoint union of (real) d — 1-dimensional real tori
for every S’ € ST. Thus under the assumption of Prop. we have

H"(Zoo,A) =0 VYn>d-—1.

If S C S, consists only of primes lying above the prime number p and if » denotes the Z,-rank of
the closure of O% N [[,cs Up(l) in [[pes Up(l) then one can show that H9 " (Zs, A) # 0 and

H" (Zso,A) =0 Vn>d—r.

Thus if S = S, then the vanishing of H"(Z, A) for n > 1 is equivalent to Leopold’s conjecture
(see [Hil], Cor. 5 for the case S = Sp). O

5.3 w-adic cohomology and group cohomology

As in section (4| we consider the cohomology groups Hp(X*"; M,.%) and Hﬁ(X@; M, .Z) in the case
where M is a parabolically induced representation and S consists of a single place p of F' lying above
a prime number p. We will write Gy, A’}, Ko(n)?, X = XP(n)? etc. instead of Gs, A}g, Ko(n),
XP () ete. As before T = Z[T, | q { pon] denotes the spherical prime-to-pdn Hecke algebra. We
denote by B, the standard Borel subgroup of G, and by T}, its maximal torus. We identify T}, with
Fy using the isomorphism and let TpJr (resp. T’?) denote the submonoid (resp. the subgroup)
that correspond to O, \ {0} (resp. to U, = Oy). More generally, as in section for a closed
subgroup H of T, we put Ty = T,/H, T: =T,F/H and Tg =T)/H.

Let O be a complete discrete valuation ring with maximal ideal 8 = (w), finite residue field k
of characteristic p and quotient field E of characteristic 0. Recall that we considered several types
of cohomology groups in section 4} In section for a locally admissible O,, [Tp]—module W and
an Op,-sheaf . on X?" and X respectively we have defined

HY, (X W,7) = Hp (X Indf W, 7)
° G
HY, (Xg:W,.F7) = Hp (XgiIndg W,.7).
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In section for a w-adically admissible O[T,]-module W with Wi, = 0 we have introduced
the w-adic cohomology H” (X W, ) and H”wfad(X@; W, ). Moreover we introduced coho-

w—ad
mology groups H? __(X*;V,FE) and H (X@; W, E) where V an admissible E-Banach space

w—ad
representation of Tp.

In this section we establish the following variant of the comparison isomorphism between
w-adic cohomology and group cohomolgy.

Proposition 5.12. Assume that d > 1 and let W € Modg_adm(i,)ﬁ. There exists a canonical
isomorphism of finitely generated augmented O[Ty)-modules

(191) L a(XTW,0) = HY(G(F)y, Ao(Ind§y? . W, Ko(n)’; 0)).

ww—ad
for every n > 0.

Here Indg‘;’contW = {® € Ceont(Gp, W) | ®(tng) = tP(g) Vt € Ty,n € Np,g € Gy} where

Ceont(Gp, W) is the O-module of maps G, — W that are continuous with respect to the w-adic
topology on W.

GP
By ,cont

Proof. Put M = Ind

W so that M, = Indgi Wi. By Prop. there exists a canonical
isomorphism

w—ad (X W, 0n) = Hp,, (X* Wi, O) = H”(G(F)+~40m(1ndg§ Win, Ko(1)"; Om))

w—ad

= H"(G(F)+, Ao, (Mm, Ko(n)"; Om)) = H"(G(F)+, Ao(M, Ko(n)"; On))

for every m > 0. Since the left hand side of (191]) is the projective limit of the inverse system
{H _ (X* W, Opn) b it suffices to see that the canonical map

wo—ad

(192) H"(G(F)4,Ao(M,Ko(n)?;0)) — lim  H™(G(F)+, Ao(M, Ko(n)?; Op,))

Sm

is an isomorphism for every n > 0. Note that

A@(M,Ko(u)p;O) =~ lim Ao(M,Ko(ﬂ)p;Om)

—m

and that the transition maps Ao (M, Ko(n)?; Opmi1) = Ao(M, Ko(n)?; O,,) are surjective for m >
0. Indeed, they can be identified with the maps

Maps(ﬁ&”}’, Homo,, , (Mpmi1, Omy1)) — Maps(%f, Homo,, (M1, Om))

where 2 Jf = G(A'}) /Ko(n)P, so surjectivity follows from the fact that M, is free as an O,,-module
for every m > 1. Hence we have lim™") Ax (M, Ko(n)?; O,,) = 0. Note also that by Prop. (b)
—

the inverse system
(193) {H"(G(F)+, Ao(M, Ko(n)"; Om)) b = {HD,, (X Win, Om) b

consists of finitely generated A@(Up(l))—modules for every n > 0. Hence by Lemma this implies
that the lim™"-term in (193) vanishes. Now we can apply Lemma [A.1|to deduce that (192)) is an
H

isomorphism. ]
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5.4 Relation to cuspidal automorphic forms

We keep the notation and assumption of the end of last section, so S consists of a single place
p of F' lying above a prime number p, X denotes the .#-scheme Xé:)(n)’J and X®" the associated
7 -space. We fix a finite extension of £/Q, contained in C, with valuation ring O, maximal ideal
(w), finite residue field k. We fix an isomorphism C, = C so that we can view E as a subfield of C.

Let D be the totally ramified incoherent quaternion algebra over A := Ap (in the sense [YZZ])
with ramification set Ramp = Ramp US. Following ([YZZ], bottom of page 70) for a subfield
E of C we define the set A(D*/A*, E) of automorphic representations of D*/A* over E as the set
isomorphism classes of irreducible representations of D* /A* such that 7@ gC is a sum of automorphic
representations of D*/A* of weight 0 (i.e. under the Jacquet-Langlands correspondence they are
associated to cuspidal automorphic representations of PGLgy(A) whose archimedian components are
the discrete series representation of PGLy(R) of weight 2 and whose components at nonarchimedian
places v that are ramified in D are square-integrable). For © € A(D*/A* E) the field E, :=
Endgp+/a« (7) is a finite extension of E. We denote the valuation ring of E, by O;.

Similar to ([YZZ], Thm. 3.4 (3)) one shows that every m € A(D*/A*, E) has a decomposition
T = ®; m, and the 7, are irreducible admissible representations of D, defined over E. As usual we

/

put 7y = 1% = Qoo M- Also for an ideal a # 0 of O we put 7§ = Xy T Let m € A(D*/A* E)

vfoo
and assume that the conductor | = f(ﬂ';) divides no, i.e. we have (W?)KO(“)P # 0. Then we get

S
dimpg_ (ﬂ'?nb)KfO =1

where So = {q | pnd}. The spherical Hecke algebra Ty acts on 7T(I)< g(n)pa

homomorphism

via the Hecke eigenvalue

)\W:T@ —)OW.

For a Tg-module H we denote by H, the localization of H with respect to the kernel of (\;)g :
Tg — Er. Also, for a Tg[A]-module H and a character € : A — {£} we denote by H . the
localization of H with respect to homomorphism Tg[A] — E induced by the pair (A, €).

The aim of this section is to prove the following

Proposition 5.13. Let x : T, = F;y — O* be a quasicharacter and e : A — {£1} be a character.
Let m € A(D*/A*, E) such that the conductor of ﬂ'; divides nd.

(a) We have
w—ad (X, E(X), E) = HE(X™, E(x), E)

for every n > 0.

(b) We have
Hg _aa(X*, E(X), E)re # 0

w—ad

if and only if n # d,d+ 1 and 7, is a subquotient of Indg;’ E(x).

(c) If n € {d,d+ 1} and if m, is a subquotienﬂ of Indg:: E(x) then the action of the Hecke al-
gebra Tg on HY_ (X*, E(X), E)re factors through Ar so that H __ (X*,E(x), E)r. can be
viewed as Er-vector space (i.e. the Hecke action on HZ __ (X* E(x),E)xe is semisimple). The

“Recall that the representation Indgi E(x) is irreducible except if x? = 1.
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dimension of H __(X*, E(x), E)r . is independent of € and n € {d,d + 1}. Moreover we have

w—ad
dimpg,_H (X* E(x), E)r.e = 1 if and only if the conductor of W?P equals n.

n
w—ad

Remarks 5.14. (a) It is easy that the proof below can be modified so that Prop. |5.13| (a), (b)
holds as well if d =n =0, i.e. if D is a totally definite quaternion algebra.

(b) If D is a division algebra then the description of H" __ (X", E(x), F) above for n € {d,d+ 1}

w—ad

can be strengthen as follows. Let R be the set of 7 € A(D*/A*, E) such that the conductor of 7'(‘;
divides nd and so that m, is a subquotient of Indgz E.(x). We then have

L (X B(x), B 2 @) () Ko,
TER

for n = d,d+ 1 and every character € : A — {£1}.

(¢) By ([Car], [Ta]) there exists a twodimensional w-adic Galois representation V' = V. associated
to 7, i.e. there exists a twodimensional E-vector space V together with a continuous homomorphism
p=pr:Gal(Q/F) — GL(V), so that p is unramified outside the primes dividing p - n and so that

Tr(p(Frobg)) = A (T3), det(p(Frobg)) = N(q).

for all g p-n (where Froby € Gal(Q/F) denotes a Frobenius for the prime q). Following (|[Ne], 5.12)
we denote by Ind% p the (partial) tensor induction of p (so Indg p is a 29-dimensional representation

of &1). If 8! denotes the normal closure of F/Q in Q and &1, . ..,54 € Gal(Q/F8&) are lifts of the
embeddings o1, ...,04 : F — Q then the restriction of Ind% p to Gal(Q/F gal) is the representation

®§l:1 V. Ifn+#d,d+1 and 7y is a subquotient of Indgs E(x) then one can show that there exists
an isomorphism of E[&[]-modules

w—ad

n (X@v E(X)a E)W = (Ind% p)m

where m = dimg(H2 __;(X*", E(x), E)r.c)- s

We need the following

Lemma 5.15. Let W € Mody's(T},) and assume that W is free as an O-module. Then the natural
map
H(X* W, 0)p — Hp(X*;, Wg, E)

is an isomorphism for every n > 0.
Proof. We first remark that for every K € J# the natural map
(194) H" X%, 0)p — H" (X%, E)

is an isomorphism. This follows from ([Iv], Ch. III, Thm. 5.1) if D is a division algebra. If D is the
matrix algebra Ms(F), we use the fact that the corresponding statement holds for the Borel-Serre
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compactification XIB;S and that the inclusion ¢ : X7 — XES is a homotopy equivalence. In fact the
first vertical and the horizontal maps in the diagram

HY(XPS,0)p —— H"(X32,0)p
l J{194
HY(XPB B) —“— HY(X{,E)

are isomorphism by ([Iv], Ch. III, Thm. 5.1) and ([Iv], Ch. IV, Thm. 1.1). Hence (194)) is an
isomorphism as well.
Next we show that the canonical map

(195) Orda™(X,0)p — Ordg™(X, E)

is an isomorphism for every n > 0. Here H is an arbitrary open subgroup of Tpo. Put T;— = Tp+ /H,

Ty = Ty/H and let m > 1 such that §(U(™)) C H. Note that the fact that (T94) is an isomorphism
and that H" (X, (m),O) is finitely generated as an O-module implies that H"(Xg, (), E) is

locally admissible as (’)[T;_ ]-module. Hence by Propositions m (d),[2.12| (b) and (a) we have
Ordy"™ (X, E) 2= TG (H™ Xk y(m)» B)) = TEHH (X ieyy(m), O)p = Ord"™ (X, 0)p.
Now choose H with W = W and consider the natural morphism of spectral sequences
r L H, 7
(196) (Extojp(w LOrd2* (X, 0))p = HI (X W, O)E) —
r L H,s r+s
(Extojp(W ,Ord??(X, B)) = HIy (X;W,E)) .

Here the source and target spectral sequence is the spectral sequence for .# = O (tensored
with E) and .% = E respectively. Note that the functors EX‘%TP (we, - = Ext’(’o[ﬂ](W‘, -) for
r > 0 commute with direct limits (since O[Ty] is noetherian). Together with the fact that
is an isomorphism this implies that is an isomorphism on Fs-terms. Hence the first of the
canonical maps

H (X W,0)p — HH(X™; W, E) — HE(X™; W, E)

is an isomorphism for every n > 0. That the second is an isomorphism as well follows from Prop.
3.40 O

We also use the following elementary

Lemma 5.16. Let x1,x2: Ty = Fy — E* be quasicharacters. Then we have

E ifn=0,1and x1 = x2
n o )
EXtE,Tp(E(Xl)aE(XQ)) - { 0 otherwise.

Proof of Prop.[5.13 (a) follows from Prop. and the Lemma For (b) and (c) we use the
covering spectral sequence (see Prop. (c)

Exth , (Indg? B(x), H* (X322, B)) = Hy" (X, Indg E(x), B) = H ™ (X™, E(x), E).
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By Matsushima’s Theorem (see e.g. [Hal, [Re]) we have

(mp @ (7)oM) @ EA] if n = d,

HS XanEﬂ_:
(Koo, E) { 0 if n #d.

Put V =m,, m = dimpg, (ﬂ;)KO(“)p and E' = E,. We obtain

Hip (X, B(x), E)xc 2 Bxtly 4 (Indg E(x), HY(X2, E)r.)
= Extid, (Indg B'(x), V)™ = Bxt}y . (B'(x™"), Ordg (V)™

Therefore by Remark (e) and Lemma we obtain

(E")™ if n=d,d+ 1 and if m, is a subquotient of Indgg E'(x),

o™ Xan7E 7E re =
E( (x), E) , { 0 otherwise.

for every character € : A — {£1} and n > 0. This together with (a) implies (b) and (c). O

55 Thecased=0and d=1

In this following we assume that O is a complete noetherian local ring of dimension < 1 with finite
residue field of characteristic p. In this section we mainly consider the case d =1 and d =0, i.e. D
is totally definite in which case Xx = X3 is a finite discrete space for each K € . We will study
the cohomology groups and for n = 0 and n = 1 with trivial coefficients .% = Oxan.
We begin with

Lemma 5.17. Assume that d > 1.

(a) The group H(X21, O) is free and of finite rank as an O-module. Moreover the Gy-action on
HOY(X2 O) is trivial.

(b) We have @rdg’O(Xan, O) = 0 for every closed subgroup H of T,?.
Proof. (a) By Lemma [5.3[ we have

HY(X2, 0) = hg1K Maps(mo(X%'), O) = Maps(mo(XF, ), O)

for Ko € 2 sufficiently small. Now the assertion follows from the fact that mo(X}?) is a finite set.
For (b) note that (O)rdg’o(X an 0) = Ord? (HO(X22,0)) so the assertion follows from (a) and
Remark (d). O

Let Hy, Hs be closed subgroups of Tp0 with Hy C Hj and put I' = Hy/Hs. The functor
OrdH1 (X2 .) is equal to the composite

Ordf2(x,.) HOT, )
—5 —5

S(X*, 0) Modg*™ (Ty/ Ha) Mod&™™ (T, / Hy)

If d > 1 then the first functor has an exact left adjoint so there exists a corresponding Grothendieck
spectral sequence

(197) E5* = H"(T,0rd)* (X, 7)) = Ordjy"*(X™, 7).
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Here H*(T', - ) denotes the cohomology of the profinite group I' computed using continuous cochains.
Indeed, by Prop. the r-th derived functor of Mod@™ (T}, /Ha) — Mod@¥™ (T, /Hy), W +— W' is
isomorphic to the functor W — H"(I', W).

By Lemma Remark (b), Prop. 4.5/ (a) and by considering the five term exact sequence
associated to and we obtain

Lemma 5.18. (a) The canonical map
(198) Ordg!"(X™, 0) — Ordg>"(X™, O)F

is an isomorphism for n =0 or forn =1 ifd > 1.

b) Let H be a closed subgroup of T. The O[T, /H]-module Ord2" X2 0) is admissible forn =0
p p (@
and formn=1ifd > 1.

Note that both groups in (198)) vanish if n =0 and d > 1.

Lemma 5.19. Assume that d =1 and let H be a closed subgroup of TPO. Then
Ord3™ (X, 0) = 0

for every n > 2 and every closed subgroup H of Tpo.

Proof. By Remark it suffices to consider the case where n = 2 and H is open in Tp0 . Now if we
choose m > 1 such that ¢ (Up(m)) C H then we have to show

Ordg(X™,0) = HX (X2 (), 0) = 0.

The assumption d = 1 implies that either (i) F' = Q and D = M>(Q) (in which case X#" is an open
modular curve for each K) or (ii) D is a division algebra (when each X%" is a Shimura curve). In
the first case we have H2(X2",0) = 0 for every K € . It remains to consider the case when D
is a division algebra. Then we have

H2(X?(H,O) = MapS(?To(X?(n),O).

Let tg € T, p+ be the image of a uniformizer of F, under the isomorphism and let 4 > 0. Since
K, (H)N Km(H)tE1 = Kyn+1(H), the action of ¢y on Hi(X?(nH(m), O) is given by

(

7 an 1 7 an Ttg )+ 7 an (m2)s 77i an
(199) H (XKH(m)7O) —1>H (XKH(m+1)?O) i> H (XKH(m—i-l)tO?O) i> H (XKH(m)7O)-

Here 7, and 7 denote the coverings X?(HH(mH) — X?H(m) and X?;lH(mH)to — X?(HH(m) correspond-
ing to the inclusion Ky(m + 1) < Kg(m) and Kg(m + 1)% — Ky (m) respectively.

By Lemma we can identify the group of connected components of X ?(HH (m)’ X ?an( and

m+1)
XKy (m+1)t0 With the same finite quotient mo of the group A}Z/(A})? (since 7(Kg(m)) = v(Kg(m+
1)) = v(Kg(m + 1)%)). For i = 2 the first homomorphism in can be identified with the map
Maps(mp, Q) — Maps(mo, O),z — [Kg(m) : Kg(m + 1)] - © whereas the second and third with the
identity map on Maps(mo, O). Since [Kg(m) : Kg(m+1)] = N(p) is a power of p we conclude that
H* (X520, 0)7¢ = 0. O
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For the remainder of this section we assume that d =0 or d = 1 and also that O is a complete
discrete valuation ring with maximal ideal m = (w), finite residue field k of characteristic p and
quotient field E of characteristic 0. As before for an O-module N and m > 1 we put N,,, = N0 Oy,
where O,, = O/m™.

Proposition 5.20. Assume that d = 0 or d = 1. Let H be a closed subgroup of Té) and put

(a) If d = 1 then there are short exact sequences
(2000 0 —— Ordg™(X™,0) = 0rdh™(X™,0) —— Ord5" (X, 0p) —— 0

for everym > 1 and n > 0. If d =0 then (200) is exact for every m > 1 and n = 0.
(b) The O[Ty]-module

(201) Ord?4 (x2 0) .= @@rdgj(xan, Om)

w—ad
m

is w-adically admissible. It is isomorphic to the w-adic completion of @rdg’d(Xan, O) and we have

Ord?? (X O)yor = 0. Moreover if d =1 then Ord™,_,(X* O) =0 for all n # 1.

w—ad

(¢c) The O[Ty]-module @rdg’d(Xan, O) is admissible. It is free as an O-module.

(d) If H is open in T, and if n > 1 such that 5(Up(n)) C H then we have

Ord2? (X, 0) = Ordy(X™,0) = HYXGE ), 0)".

ww—ad

(e) Assume that d =1. For W € Modg_adm(fp) we have

B aa (X W,0) = lim Exty - o (W, Ord"(X™, 0,,))

my
m

for every n > 0. In particular if V € Ban™(Ty,) then we get

HL ad(Xg; V. E) = Homg, )(VL Ordl __ (X*, 0)p).

Proof. (a) First assume d = 1. The short exact sequence 0 — O 25 0 — 0, —> 0 induces a
long exact sequence

= Ordy ™ (X 0) — Ordly™ (X, 0) — Ordiy ™ (X, 0,) — Ordd" (X2, 0) — ...

Moreover if d = 1 then by Cor. We have Ord3™ (X2, 0,,) = @rdH"(Xa“rl @ ) for every m > 1
and n > 0. Thus the assertion follows from Lemmas|[5.17 u ﬂ 5.19|and Remark |4.6} - ) since the groups
(O)rdH”(X“m O) and (O)rdH"(Xan O,n,) vanish except for n = 1. For d = 0 the assertion can be
proved easily using formula 6) (for n = 0 of Remark (a)

(b) follows immediately from (a) and Prop. (c) follows from Lemmas and and (d)
follows from (b) and Prop. (a).
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For (e) note that by (b) and Lemma (b) we have
w—ad (X W,0) = limHE, (X W, 0) = T Hp, | (X* Wi, Om)

m

= h;n EXt?):n{Tp (W;n, (O)I'd1 ()(an7 Om))

m

for every n > 0. For n =1 and V € Bang(T}) we choose W € Modg_adm(Tp) with V = Wg. By
Lemma [2.32 we have

m

Hilz'fad(Xan; V7 E) = H‘zlﬂfad (Xan; VV7 O)E - ({in HomO[Tp] (WL’ @rdl(Xan’ Om))>
E

= Hompyz, (W, 0rdy,_,q(Xg,O))e = HomBanE(Tp)(VL,@rdl (X 0)g).

w—ad w—ad
[
As in section we can consider the dual of @rdg’fad(X an Q) and the dual of the
admissible E-Banach space representation @rdgfad (X 0)f of Ty,

Proposition 5.21. Assume that d < 1 and that D is a division algebra. Suppose also that H is a
closed subgroup of Tp0 such that Tg = TpO/H s a pro-p-group. If we put A = AO(TS) then we have

(a) The dual D(Qrd™" (X O)p) is a finitely generated projective Ag-module.

w—ad

(b) If moreover Ky (1) € ¢ then 2(0rd?? (X 0)) is free of finite rank as a A-module.

w—ad

The proof requires some preparation (see also [Eml] for a similar line of arguments).

Lemma 5.22. Let I' be a finite abelian p-group and let A be O[I']-module such that
(i) HO(T', A1) = 0.
(ii) A is free as an O-module.

Then A is a free O[I'|-module.
Here H *(I", A) denotes Tate cohomology.

Proof. This result is a variant of ([AW], Thm. 8). Firstly, since O[I'] is a local ring it suffices to see
that A is a projective O[I']-module. By ([AW], Thm. 6), assumption (i) implies that A; is a free
E[[]-module. By (JAW], Thm. 7) and condition (ii) we deduce that A is cohomological trivial, i.e.
H 9I’, A) = 0 for every q € Z and every subgroup IV of I'. We can now argue as in the proof of
(JAW], Theorem 8): We choose an exact sequence

(202) 0—Q —F—A—0
where F' is a free O[['l-module. By condition (ii) the sequence
0 — Homp (A, Q) — Homp(A, F) — Homp(A,A) — 0
is exact. The fact that @ is free as an O-module and that A; is a free k[I']-module implies that
Homp(Q, A) ®o k = Homy(Q1, A1)

is an induced k[[']-module, hence the I-module Homp (A, Q) is cohomologically trivial (again by
[AW], Thm. 7). Therefore H'(I', Homp (A, Q)) = 0, so it follows that Homp(F, A) — Homp(A, A)
is surjective. Consequently, the sequence (202)) splits and A is a direct summand of F'. ]

108



Lemma 5.23. Let H be a closed subgroup of Tp0 such that Tg = TpO/H 18 a pro-p-group. Let W be
an admissible O[Ty]-module and put W = lim W,,. Assume that
(—

m

(i) W is free as an O-module.

(ii) Wi is an admissible k[Ty]-module.

(iii) WY is free as an O[TS/U]-module for every open subgroup U of TS with U O H.
Then we have

(a) W is a w-adically admissible O[Ty)-module and the inclusion W < W induces an isomorphism

P(W) = 2(W) := Home(W, O).
(b) @(/W) is free of finite rank as a A-module.

Proof. (a) The first statement is obvious and for the second note that Wm = Wy, for every m > 1
hence

—

W) = @Hom@(w,om) = lim Homo (W, O,) = Homo(W,0) =: (W).

For (b) we choose a decreasing sequence Uy 2 U O ... 2 U, 2 ... of open subgroups of Tp0
containing H with ()5, U, = H. For n > 1 we put A, = O[T} /U,], W" = WU and r, =
ranky, W™. Then Homp (W™, O) = Homy, (W™, A;,) is also a free A,,-module of rank r,, for every
n > 1. Since W™ /W™ is a torsionfree O-module the transition maps of the inverse system of
A-modules

... — Homp(W",0) — ... — Homp(W?,0) — Homp (W', 0)

are surjective. Moreover its projective limit (W) is a finitely generated A-module. Hence 2 (ﬁ\/) =
2(W) is a free A-module of finite rank. Indeed, the fact that the canonical map (W) @ A, —
Homp (W™, O) is surjective implies that the increasing sequence of ranks {r,}, -, is bounded. So
for sufficiently large n the sequence r, is constant. Coherent choices of bases of the A,-modules

Homp (W™, O) then yield a A-basis of Z(W). O

Lemma 5.24. Let Uy C U; be open subgroups of Tp0 and put I' = Uy /Uy. Then under the assump-
tions (i) — (iii) of Prop. the O[I']-module @rde’d(Xan, O) is free of finite rank.

Proof. By Prop. [5.20| (¢) and Lemma it suffices to verify condition (i) of for the k[I']-
module @rdez’d(Xan, k), i.e. it suffices to verify that the norm map

Nr : Ord) (X k) — Ord) > (X k)"

is surjective. By Lemma (a) we have @rde’d(Xan, k)b = (O)rdgl’d(Xan, k). If we choose m > 1

large enough such that 5(Up(m)) C U, then the group (O)rdgi’d(Xan, k) for i = 1,2 can be identified
with Hd(X?(“U_(m), k)ord, Hence it suffices to see that the map

(203) (1) + HUXGE, (e B0 — HOXGE () )

m)’
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is surjective where 7w : X Ky, (m) = X ?(HU (m) denotes the projection (note that the latter is a Galois
1

covering with Galois group Ky, (m)/Ku,(m) = Uy/Uz). By using Poincaré duality for X7z (
1

and X&! this map can be identified with the dual of the map
KUl (m)

m)

Ord™ (X" k) = HUXE, () )™ T HUXE, 0y 0)™ = Ord (X, )

m)?

(here we use assumption (i) of Prop. [5.21)). This map is a monomorphism by Lemma (a).
Hence (203) is surjective and HO(F,©rd2’d(Xan, k)) = 0. O

Proof of Prop.[5.21 Firstly, we prove (b). Put

—

W= Ord2(X™,0), W :=limW,, = 0rd?¢ (X* 0).
o

ww—ad

By Lemma (b) it suffices to verify the conditions (i) — (iii) for W and W. These follow from
Prop. (b), (c¢) and Lemma

If Kp(1) € # then (a) follows from (b) and Lemma In the general case we can choose a
sufficiently small ideal n’ C n of Op so that by replacing X = X (n)? with X’ = X (n')" we can
apply (a), ie. if we put W' := @rdg’:iad(Xan, O) then D(/V[?ﬁ;) = 9(W')g is a free Ag-module of
finite rank. Since WE is a direct summand of W,’E we conclude that D(/WE) is a finitely generated
projective Ag-module. O

5.6 Cohomology of .-Shimura curves

As in the last section O denotes a complete discrete valuation ring with maximal ideal m = (w),
finite residue field & of characteristic p and quotient field E of characteristic 0. For a nonarchimedean
place q of F we denote by &, = Gal(Fy/F;) C & = Gal(Q/F) the decomposition group of a prime
of Q above q. By identifying T, with F; via we can view the local reciprocity map as a
homomorphism rec : T, — (‘5;‘]’. Let Xeya @ & — Z%5 = Aut(upn(Q)) denote the cyclotomic
character. For an O[®]-module A the Tate twist A(1) is given by A(1) = A ®z, Z,(1) = A(Xcya)
where Zy(1) = I}LHMP” (Q). Let o : Ty, — Z% be the continuous character (59), i.e. o is given by

n

z1 0 —vp(x1)+ve(z
a <(0 x2> mod Z) = Np, g, (x1/@2) N(p)~vr () tvr(e2)

Recall that xcyc o rec = al.

We now assume d = 1. Then Xk is either a Shimura curve defined over F' (if D is a division
algebra) or X is an open modular curve (if F' = Q and D = M>(Q)). As before for a closed
subgroup H of T} we consider the O[T,/H x ®]-module

H,1 : H,1
(204) Ord "4 (Xg, 0)(1) := lim Ordy, (Xg, Om)(1).

w—ad
m

As an O[T, /H]-module it is isomorphic to the module @rdgfad(X an @) defined in (201)) so it is in
particular a torsionfree w-adically admissible O[T,/H]-module. Note that if H is open in 7, and

if n > 1 is large enough such that § (Up(n)) C H we have by Prop. (d)
Ord(Xg, 0)(1) = H'(Xkgm)g: O) (1)

w—ad
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hence it is free of finite rank as an O-module.
We also define the O[T}, x &]-module

Ord'(Xg, 0)(1) := lim Ord !, (Xg,0)(1) = hgn H' (XK, () O) (1),

— U open, UST'? w—ad

It is isomorphic to Qrdg (X", ©) as an O[Ty]-module so it is admissible as O[T,]-module and free as

an O-module. Moreover by Prop. (b) the w-adic completion of @rdl(X@, 0)(1) is the module
Ord;,_,q(Xg, O)(1).

For the remainder of this section we consider the case of Shimura curves, i.e. we assume that
D is a division algebra (the case of modular curves will be studied in the next section). For the

action of the decomposition group &, on (204) we have

Proposition 5.25. The O[T, x &,] ® T-module @rd}v_ad(X@, O)(1) contains a submodule
Ord} (Xg: 0)(1)° with the following properties:

w—ad

(i) The O-modules Ord} (Xg: 0)(1)° and

w—ad

Ord},_q(Xg, O)(1)*" := Ordl,_,q(Xg, 0)(1)/ Ord},_,4(Xg, O)(1)°

w—ad w—ad w—ad
are torsionfree. They are w-adically admissible as O[T,]-modules.
(it) The action of &, on @rdzlﬂ_ad(X@, 0)(1)° and @rd;_ad(X@, 0)(1)¢* factors through @gb and
we have
rec(t™ -z =at)t -z and rec(t) - y=t-y

for every t € T, and x € Ord} (X 0)(1)? and y € OrdL (X5, 0)(1)°.

w—ad
The proof is based on the following Lemma.

Lemma 5.26. Forn > 1 the O[T, x &,] ® T-module Hl((XKl(n))@, 0)(1)°'4 contains a submodule
Fn = F with the following properties:
i) The action of &, on F,, factors through 2P and we have rec(t™ ') -z = a(t)t-x for every t € T,
p p p
and z € F.
(ii) F is maximal isotropic with respect to the cup product pairing restricted to ordinary parts

(205)  H'((Xg,m)g O) (1) x HH((Xk, (n))gs Q)1 — HA(Xk,(n))g> O)(2) 2 O(1).

(iit) The action of &, on Hl((XKl(n))@, 0)°*4/F factors through (’53‘0 and we have rec(t) -y =t-y
for every y € Hl((XKl(n))@, 0)°rd/F. Moreover as an O-module Hl((XKl(n))@, 0)°rd/F s free.

Proof. Since (t-z)Uy =z U(t-y) for all z,y € Hl((XKl(n))@, O)(1) and t € T, we see that
is a perfect pairing. Also because Hl((XKl(n))@, 0)(1) = H((Xg, (n))g» Zp)(1) @z, O it suffices to
consider the case O = Z,,.

We will show below using ([Wil], Thm. 2.2) that Hl((XKl(n))@, Z,)(1)°"4 contains a submodule
F' satisfying (i) such that

(206) rankz, F' = 1/2 - rankz, H'(Xk, (n))g, Zp) (1),

This implies the assertion. Indeed, if we define

[®P’®P]

F = {33 e (Hl((XKl(n))@, zp)u)ord) Ivec(t™)) -z = a(t)t-z Vit e Tp}
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([®p, &y denotes the commutator subgroup of &,) then 7' C F. The subspace F of Hl((XKl(n))@,
Z,)(1)°"4 is isotropic because of

at)rUy =rec(t™ ) - (xUy) = (rec(t™) - ) U (rec(t™ ) - y) = a(t)?(t-zUt-y) =2 Uy

for t € §(U™) C T, and z,y € F. Since we can choose t € §(U™) such that a(t) # 1 we get
xUy =0 for all z,y € F. Also note that the fact that Hl((XKl(n))@, Z,)(1)° is a torsionfree

Zy-module implies that H'((X, (n))g Z,)°*4 ) F is torsionfree as well. Thus assuming (206]) we see
that F is a maximal isotropic subspace of H!((X[, )5 Zy)(1)°*4 hence

H'((Xre, (m) g Zp) ™ /F = Homg, (F,Zp)(1)

is an isomorphism of Zy,[T, x &,]-modules. This yields (iii).

To construct F' we need to review the decomposition of H'((Xg,(, g Qp)(1) in terms of
automorphic representations. Let ID be the totally ramified incoherent quaternion algebra over A :=
Ap (in the sense [YZZ]) with ramification set Ramp = Ramp U{oco;}. Following ([YZZ], bottom
of page 70) for a subfield E of C we define the set A(D*/A*, E) of automorphic representations
of D*/A* over E as the set isomorphism classes of irreducible representations of D*/A* such that
7 ®p C is a sum of automorphic representations of D*/A* of weight 0.

By ([YZZ], p. 78) the Jacobian Jg, () of Xk, (») admits a decomposition in the category of
abelian varieties over F' up to isogeny

(207) JK1(n) = @ WKl(n)XKO(u)p ®End(7r) Aﬂ"
TeA(D*/A*,Q)

Here the abelian variety A, corresponds to m under the bijection of ([YZZ], Thm. 3.8). It is
defined over F' and it is of strict GLa-type in the sense of ([YZZ], 3.2.1). In particular we have
End(7) = End(A,) = Q; is a totally real number field of degree [Q; : Q] = dim(A,) generated by
the spherical Hecke eigenvalues of w. From we deduce that

(208)  H'((Xky)g@)(1) = To(Jiyn) ®2, @p = P a0 o g vim)
e A(D*/A*,Q)

where V(7) := Tp(Ar) ®z, Qp.

We fix an isomorphism C = C, so that we can view Q, as a subfield of C. For fixed 7 €
A(D*/A*,Q) we decompose Qr ®g Q, as a product of fields Qr ®g Q, = [[, Fi;. We obtain
corresponding decompositions

1@ Q=[[m, V(@) =][V(m)
with Endg, (m;) = E; = Endg,[s,)(V (7). Thus the decomposition (208) can be refined to

(209) H' ((Xg, ()5 Qo)(1) = o, pfmx Ko @ V()
TEA(D* /A% Qy)

where E; = Endg,(7) = Endg,[,)(V (7)) is generated (over Qp) by spherical Hecke eigenvalues.
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For m € A(D*/A*,Q,) with 7f1(MxKo(?P £ ( the F,[¢]-module V() is twodimensional as an
Er-vector space. Furthermore the ®-action on V() is unramified outside the set primes dividing
p-0-n and we have for every prime q{ pon (Eichler-Shimura relations)

(210) Tr(Frobg; V(m) — V(7)) = A\ (Ty), det(Frobg : V(m) = V(7)) = N(q)

where Froby € Gal(F,/F) is a Frobenius and A\, : TP — E is the Hecke eigenvalue homomorphism
(i.e. it describes the action of the spherical prime-to-pdn Hecke algebra on the set of spherical vectors
in 7). If O, denotes the valuation ring of E; then there exists a &-stable Or-lattice T'(m) in V(7).

Similar to ([YZZ], Thm. 3.4 (3)) one shows that every © € A(D*/A* Q,) has a decomposition
T = ®; m, and the m, are irreducible admissible representations of I, defined over E.. Thus for
m € A(D*/A*,Q,) we have

X — 00 g (rh) o),

We denote by R; the set of 7 € A(D*/A*,Q,) contributing to (209), i.e. those 7 such that 7TK1 (n) #
0 # (7°)Ko(W” By using the fact that H'((Xg, (n))g» Zp)(1) is & Zp-lattice in HY ((Xky(n )Q, Qp)(1)
it is easy to see that the F -module Wfl(n) (resp. (7P)Ko™W™) admits a T, -stable (resp. a T-stable)
Or-lattice My, (resp. M3}) for every m € Ry. Furthermore we may assume that the image of
Brcr, Mrp @0, MR ®0, T(m) under the isomorphism is contained in H'((Xg, (n))g Zp)(1)
so that is induced by an injective map

P My o, ME o, T(r) — H' (Xk,(m))g Zp)(1)
TER,

with finite cokernel. Passing to ordinary parts yields a monomorphism with finite cokernel

P M 0o, ME @o, T(m) — H' (X, m)g: Zp) (1)
TER2

where Ry denotes the subset of m € R; such that M? Ord #0.

We fix 7 € Rg By Prop. |2 there exists a quas1character X Fy — O such that M;?r;i = Or(x)

-1

and m, = ImdBp X or m = a( ) (depending on x? # 1 or x? = 1 respectively). The O-module

T (m) contains a &y-stable Or-submodule F}. of rank 1 so that we have
(211) rec(t™ ) -z = (ax)(t) z Vo e F, teT,.

(note that since rankp, Fj = 1 the &,-action on F, factors through 63}’). This implies that the
submodule M @o, ME ®0, Fr = Or(x) ®o, ME®o, Fr of H'((Xg, )G Z,)(1)° is contained
in F.

As explained on page 130 of [Hid2] the existence of the submodule F. can deduced from ([Wil],
Thm. 2.2; see also [Wi2], Lemma 2.1.5). Indeed, we can choose a character £ : A/F* — O* of finite
order with £, = 1 for all archimedean places v and &|y, = X‘Up If we view 7 as a representation of
G(A) via the projection G(A) — G(A) and ¢ as a character G(A) — O* via the reduced norm then
for the Galois representation V(7 ® &) associated to 7 ® & we have V(r®£71) = V(1) @p, E-(¢'71)
where & : 2P — O* is the character corresponding to ¢ via global class field theory. We can now
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apply ([Wil], Thm. 2.2 and [Wi2], Lemma 2.1.5) to the automorphic representation m ® £~1 to
deduce the existence of F. such that (211)) holdsH
Thus if we set

Fli= @ My 0o, M} o, F,

TER2
then F’ is contained in F. Using the fact that rankp, F. = 1/2 - rankep, T'(7) for 7 € Ro we see
that (206]) holds as well. O

Proof of Prop.[5.25 Note that the restriction map
H' (X6, (m))gr O) (1) = H' (Xk, (ns1))gr O) (1)

is injective and that we have F,, = H((Xg, )5 0)(1)°*4 N F,41 for every n > 1. Thus in the
short exact sequence

0 —lim F, — lim H'((Xg,(m))g O) () — lim  H'((Xg,(n))g, ©) (1) /Fr — 0

—n —n —n

the second term is = Ord’ (Xg: O)(1) and the third is torsionfree as an O-module. It follows that
sequence remains exact after passing to w-adic completions. We define Ord! (Xg: 0)(1)° as the

w—ad
w-adic completion of h_I>n Fn. It is an O[T, x &y]-submodule of @rdzlﬂ,ad(X@, O)(1). The assertion
now follows from Lemma .26 O

Let W be a w-adically admissible O[T]-module that is free and of finite rank as an O-module.
Recall that the cohomology group
w—ad (X W, 0) = mHE_3(Xg; W, On)

w—ad w—ad
m

is an augmented O[T},]-module that is is finitely generated as an O-module. It carries additionally
a continuous ®-action commuting with the Ap(7})- and Hecke action. Similar to Prop.|5.20| (e) we
have

Hy, oo (Xgs W, 0) = limExtgy, ' (W, Ord! (Xgg, Om))

m

for every n > 0. Also if V' € Bani™(T}) with dimg(V) < co then we have

Hl (X@, V, E) = HomBan%dm(Tp) (VL, @rdl (X@7 O)E)

ww—ad w—ad

e HOHIE[TP} (VL, @rd}ﬂ,ad(X@, O)E)

Now assume that V' = A(x) where A is an Artinian local E-algebra with maximal ideal 9t such
that A/9 = E and where x : Fy =2 T, — A* is a bounded continuous homomorphism (so that

A(x) € Ban¥™(T,); see Remark (b)).

10G8¢rictly speaking we cannot apply ([Wil], Thm. 2.2) directly as stated since we have not assumed that [F : Q)
is odd; however the proof in loc. cit. covers the case of the Galois representation associated to the automorphic
representation 7 ® £ ! at hand since the latter is a direct summand of the Tate module of the Jacobian of a Shimura
curve asscociated to the quaternion algebra D.
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If V' is any admissible E-Banach space representation of 7}, equipped with a continuous E-
linear Gy-action commuting with the T,-action then we equip Hompr,) (A(x), V') with the following
A[®,]-module structure

(a-®)(b) = P(ab), (0-®)(b) = o-P(b)

for all ® € Hompr,)(A(x), V'), a € A, b€ A(x) and o € &,.

We define
HY,oa(Xg; A(X), B)(1)? := Hompg,) (A(x ™), Ord},_q(Xg, O) (1)}
HY,od(Xgs A(X), B)(1)*" := Hompgpg, (A(x ™), Ord},_,q(Xg, O)(1)F)

so that we obtain an exact sequence of A[®,] ® T-modules

w—ad w—ad

(212) 0 — HL_,4(Xg A, B)(1)° — HL_4(Xgs A(x), E)(1)
— HL g (X5 AG), E)(1)* 2 Exth (A(x ™), 0rdL,_q(Xg 0)(1)Y).

ww—ad w—ad

Note that all three terms are finitely generated A-modules by Remark Let X : Fy =T, —
(A/OM)* = E* denote the character Y (z) := x(z) mod IMN.

Theorem 5.27. (a) The action of &, on the first and third term in (212)) factors through @gb and
we have
rec(t) -z = a () - x(t) -z and rec(t) -y = x 1(t) -y

for every t € T,, x € H! (X@;A()O,E)(l)0 and y € H}ﬂfad(X@;A(X),E) 1)t.  Moreover if

ww—ad

X2 # « holds then the sequence

0 = H_oa (Xgs A, B)(1)° = He_oq (X A(X), B)(1) = He_ (X3 Ax), B)(1)® — 0

w—ad w—ad w—ad
18 exact.

(b) The &-action on H,_,,(Xg; A(x), E)(1) is unramified outside the set of primes dividing p - n
and the Eichler-Shimura relations

Frob? +T; Frobg + N(q) = 0
hold on H7, _(Xg; A(X), E)(1) for all q1pdn and n > 0.

Proof. (a) follows immediately from Prop. except for the last claim. For that we have to
show that if the connecting homomorphism ¢ in is # 0 then ¥ = . Let y be an element
# 0 in the image of §. By Prop. for t € T, the element rec(t) of &, acts on the source of
§ by multiplication with a~!(¢) - x(¢) and on the target by multiplication with x~1(¢). It follows
a () x(t)-y=x"1(t) -y, hence (™ x?)(t) — 1 € Anny(y) C M for every t € T}, whence Y? = a.

For (b) note that by and (or more directly by work of Thara [[h]) the assertion
holds for the action of ® and T on Hl((XKl(n))@, Qp)(1), hence also on Hl((XKI(n))@, 0)(1)°rd C
Hl((XKl(n))@, Qp)(1)g and therefore also for the action of ® and T on (O)rdl(X@, O)(1) and on
its @w™-torsion subgroup @rdbm (XG> Om)(1). Using we deduce that the assertion holds for
the action of & and T on H, _;(Xg;V, E)(1) for every n > 0 and any admissible E-Banach space

ww—ad

representation V' of Tj,. O
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5.7 Cohomology of .-modular curves

As before O denotes a complete discrete valuation ring with maximal ideal m = (w), finite residue
field k of characteristic p and quotient field E of characteristic 0. We now assume that F' = Q and
that D = M>(Q). The ideals p, n will be written as p = pZ, NZ = n for p a prime and an integer
N > 1 with p{ N. We write T}, By, G)p, &, etc. for T,, By, Gy, &, etc. As inwe let XBS be
the Borel-Serre compactification of X2, we let 9X be its boundary and let Y be the .#P-space
defined in (185)).

Lemma 5.28. There exists a canonical long exact sequence
(213) ... — Ordj (X™,0) — Ord$(X™, 0) — Ordp(9X,0) — Ordy'  (X™,0) — ...

Proof. By Lemma we have an exact sequence (213) with the groups Ordg,(X?", O) replaced
by Ord$)(XBS,0). So it suffices to see that Ord}(X?*, 0) = Ord% (X PS5, 0). For that, note that

X m) = XE?(m) is a homotopy equivalence so we have Ordg(X*,0) = lim  H™ (X, (m), O)
e

~ T BS d_ BS

~lim H"(X5,), 0" = Ord5(X"5,0). 0

We consider the following O[T}]-submodule of Ord! (X", ©)
Ordb (X*,0) i= im(Ord} ,(X*,0) — Ord}s(X™, 0))

Note that we have
@Td}o,!(XanaO) = h_I)nm H!l(XKl(m)aO)ord
where H{"(X ¢, (), O) := im(H} (X g, (1m), O) = H (X[, (m), O)).
Lemma 5.29. For every n > 0 we have
(a) Ordp (X, O)tor = 0 (i.e. Ordg (X, O) is torsionfree as an O-module).
(b) Ord$ (90X, O)tor = 0.

(¢) The sequences

0 —— Ord} (X™,0) =5 Ordd (X™, 0) —— Ord} (X™,0,) —— 0
and
0 —— Ord}(0X,0) = Ord(0X,0) —— Ordb (90X, Op) — 0

are exact for every m > 1.

Proof. (a) By definition of Ordg, .(X*", O) it suffices to see that the O-module H,?(X?(nl(m),
free and of finite rank. Poincaré duality for the non-compact Riemann surface X ?;11 (m) yields

0) is

Hg(X?(nl(m)a O) = HomO(HQ_n( ]a(nl(m), O), O) = HomZ(H2_"(X?(nl(m),Z), O)
Since H"(X3" (m),Z) is a free abelian group of finite rank (and = 0 if n > 2) we see that
H?(X?(nl(m), O) is a free O-module of finite rank (and = 0 if n # 1, 2).

(b) Let B (resp. .#T) denote the set of discrete left By-sets S (resp. Tj-sets ') such that
Stabp, (s) (resp. Stabr, (s') is compact for every s € S (resp. s’ € S’). Let f : Y — Z denote the
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morphism between the .#B-space Y and .#7-space Z compatible with the canonical projection
7 : B, — Bp/N, = T, introduced in section For S € .P having finitely many By-orbits the
map fs: Yy — Zg (with S := Np\S € #7) is a fibration whose fibers are onedimensional real tori
and whose base Zg is a discrete space consisting of finitely many points. It follows that H"(Ys, O)
is a free O-module of rank #Z< for n = 0,1 and H"(Ys,O) = 0 for n > 2.

Since Xy, (m) = Ys with S = G,/K1(m) (viewed as an element of .77) it follows that
H™(0X K, (m), O) is a free O-module of finite rank for every m > 1 (and = 0 if n > 2). Now
the assertion follows from Remark (a)

(c) follows immediately from (a) and (b). O

Consider the long exact sequence of inverse systems

(214) R {@rd%p(Xan, Om)}le — {@I‘d?)(Xan, Om)}le — {@rd?g(@X, Om)}le

— {OrdG! (X, Om) i1 — -+

Prop. [5.20| (a) and Lemma (c) imply that the transition maps of each system are surjective, so
the sequence remains exact after passing to the limit. Note that every O,,[T},]-module occurring in
is admissible. Indeed by Prop. 4.7 the Oy, [T,]-modules Ordp(X?", Op,) and Ordp (X, Op,)
are. Slnce Mod™(T,) is a Serre subcategory of Mod3? (T},) (see [Em3], Prop. 2.2.13) we conclude
that the modules Ordg .(X?", O,,) are admissible as well.

The sequence of the projective limits will be denoted by

(215) . — OrdZ _ ad, L XM O0) — Ord_, (X, 0) — Ord}_,4(0X,0)
— Ordt,, (X™,0) — ...
We define

@rdw ad'(Xan O) = @@rde(XaH’Om) = lm(@rdw ad c(Xan’O) - (D)rdw ad(Xanao))'

m

As a consequence of Prop. |5.20| (a) and Lemma (c) we get

Lemma 5.30. (a) The sequence (215) is an exact sequence of torsionfree w-adically admissible
O[T,]-modules.

(b) The O[T,]-module OrdL _ ad (X, O) is w-adically admissible and torsionfree. It is the w-adic
completion of the admissible O[T)]-module @rda!(Xan, 0).

Next we will give an explicit description of the w-adically admissible O[T},]-module Ord’. _, (90X,
O) for n = 0,1 with its action of the Hecke algebra T = Z[T} | £ { pN|. Let C(Q, x (Z/NZ)*,0)
denote the O-module of continuous maps f : Q, x (Z/NZ)* — O and let

0 = {f € C(Q x (Z/NZ)*,0) | f(pz,py) = f(z,y)¥(z,y) € Q% x (Z/NZ)*}
(where p:=p mod N € (Z/NZ)*). We define a T,- and a T- action on C° by
(6(a) - f)(z,y) = fla" a,y)
(Tef)(@,y) = f(€ @y) + L (Ca,y)
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where f € C%, (z,y) € Q) x (Z/NZ)*, a € Q} and £{ pN is a prime number (6 : Q} — T}, denotes
the isomorphism . It is easy to see that C? is a w-adically admissible O[Tp]-module equipped
with an equivariant Hecke action. We define C' by C' = C° with the same Hecke action but with
T),-action given by

(t ’ f)(l.ay) = a(t)f(ail(t)wv y)
for all t € T}, (i.e. (6(a)- f)(z,y) = ﬁf{am,y) for all a € Qp).

Proposition 5.31. There exists a canonical Hecke equivariant isomorphism of w-adically admis-
sible O[T,]-modules

(216) Ordy_,q4(0X,0) = C"
forn=0,1. Moreover Ord,_,4(0X,0) =0 forn > 2.

Proof. Using Prop. Remark Cor. and the spectral sequence (151]) we obtain

HZy,0p)  ifn=0,
(217) Ordp, (0X,Op) = Ord”(Indgz HY(Zy,0p)) = { HY(Zoo,Op)(a) ifn=1,
0 ifn>1,

for every m > 1. By identifying the torus T with G,, via it is easy to see that H%(Zuo, Op)
can be identified with the

lim Maps(A7 /(@' (U x [T Uf")). Om) 2 lim Maps((@;/US" x (Z/NZ)")/(p), Om)
l#p

Thus we see that lim H°(Z.,, Op,) is isomorphic to C? viewed solely as an O-module. The assertion
—

m

follows by keeping track of the T}, and Hecke action under the isomorphism (217]) and by using Prop.
5.10 (b). O

Remark 5.32. Using Prop. we can give an explicit description of the Tg-module

HomE[T}( (0) (O)rdw ad(aXv O)E)

namely it is an E-vector space whose dimension is the order of the group (Z/NZ)*/(p) and where
T acts via the homomorphism eis : T — Z, Ty — £ + 1. Indeed, by Prop. [5.31| we have

Hom g7, (£(0), Ord%,_,4(0X,0)g) = Hompr, (E(0),CE) = {f€Cp |t - f = f}
and a simple computation shows that the map

{feCh|t f=ft—{feMaps((Z/NZ)",E) | f(By) = f(y)Vy € (Z/NZ)*}
fo (Fo@/NZ) = B,y Jly) = f(Ly)

is an isomorphism and that the Tg-action on the source corresponds to the Tpg-action via the
homomorphism eis on the target. (|
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We are going to study the O[T, x &]-modules @rdl(X@, 0)(1), Ord} (X5, 0)(1) and

w—ad

H}vfad(X@; W, 0)(1). For that we also have to consider the O[T}, x &]-module (see Remark i

*n

Ordl(Xg, 0)(1) = lim HX(Xge, ) (1) = lim (@H&((Xm(m)@, om><1>°rd>

m

w—ad,c
m

Ord’ (X@, O)(l) = {in@rdi(X@, Om)(l) = lim (h_I)nn H(}((XKl(n))@a Om)(l)ord>

As O[T}]- and Hecke modules we have @rdi(X@, 0)(1) and Ord} (Xg, O)(1) can be identified

w—ad,c

with Qrd}!(X?", ©) and Ord} (X?, O) respectively. There are obvious T)-, Hecke and Galois

w—ad,c
equivariant homomorphism

Ord;(Xg, 0)(1) — Ord'(Xg, 0)(1), Ord; (Xg: 0)(1) — Ord},_4(Xg, 0)(1)

w—ad,c w—ad
and we denote their images by

Ord{ (Xg,0)(1)  and  Ord} (Xg,0)(1)

w—ad,!

respectively. As O[T)]- and Hecke modules we have again

Ord{ (Xg, 0)(1) = Ord} (X*",0), Ordl (Xg: 0)(1) = Ord] (X2 0).

w—ad,! w—ad,!

Remark 5.33. Note that
HH (X, () O)(1) = im(H (X, () O) (1) = H' (Xk, () O)(1)

can be identified with the group Hl((X}}l(n))@, O)(1), were for any K € % we let X} denote the

completion of the open (adelic) modular curve Xg (i.e. X} is the Baily-Borel compactification of

Xk). So we have
Ord}(Xg, 0)(1) = lim  HY (X, () O) (1),

—n

w—ad,!
of @rd}x,_ad(X@, O)(1). For that let D be the totally ramified incoherent quaternion algebra over
A = Ag with ramification set Ramp = {oo}. As in [YZZ] and the proof of Lemma the set of
automorphic representations of D*/A* over a subfield E of C = C,, is denoted by A(D*/A*, E). Note
that A(D*/A*, C) can be identified with the set of cuspidal automorphic representations 7 = &/ m,

of G(A) such that m, is the discrete series representation of weight 2.

Proposition 5.34. There exists an O[T, x &,] @ T-submodule @rdzlﬂ_ad’!(X@, 0)(1)° of
Ordl (X, O)(1) with the the following properties:

w—ad,!

(1) As O- (resp. as O[T,]-) modules @rd}ﬂ,adJ(X@, 0)(1)° and

We will see that an analogue of Prop. holds for the ”cuspidal part” Qrd! (X5, 0)(1)

Ord} (Xg, 0)(1)*" := Ord], (Xg,0)(1)/ Ord} (Xg,0)(1)°

w—ad,! w—ad,! w—ad,!

are torsionfree (resp. w-adically admissible).
(i1) The action of &, on @rd}ﬂ_ad’!(X@, 0)(1)° and (O)rd}x,_ad,!(X@, 0)(1)°* factors through Q5gb and
we have
rec(t™ -z =at)t -z and rec(t)-y=t-y
for every t € T, and z € Ord}. (Xg: 0)(1)° and y € Ord! (Xg: O) (1)

w—ad,! w—ad,!
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Proof. This can be proved in essentially the same way as Prop. and Lemma so we
omit the details. The proof requires adjustments only at two places. Firstly, by work of Eich-
ler and Shimura and because of Remark we now have a decomposition only for the submodule

H!l((XKl(n))@, Qp)(1) (rather than Hl((XKl(n))@, Qp)(1)) that is similar to

H (X, (n))g Q@p) (1) = P a1 <Ko @ p V().
rEAD*/A* Q)

Secondly, for the existence of the submodule F, we use ([MW], Prop. on p. 243; see also [Ti], Cor.
4.2) instead of ([Wil], Thm. 2.2) and again Hida’s trick. O

As in the previous section we can use Propositions and in order to define a filtration
on the subgroup

(218) ML (Xg; A(x), E) := Hompg,(A(x "), Ord; (Xg: O)g).

w—ad,! w—ad,!

of the cohomology group Hzlv_ad(X@; Alx), E) = HomE[Tp}(A(Xfl),(O)rd}ﬂ_ad(X@, O)g). Here as
before A is an Artinian local E-algebra with maximal ideal 91, residue field A/9% = E and y :
Q, = T, — A" is a bounded continuous homomorphism so that A(x) € Ban™(T,).
Note that as a T 4-module can be identified with Hompgr (A(x™1),0rdL __(X* O)g)
o) together with Prop. implies that there exists an exact sequence of T 4-modules
0— Hiv—ad,!(X@; A(x), E) — H, (X AX), B) — HomE[Tp](A(Xfl)a Ch)-

w—ad
Moreover there is an exact sequence of A[®,] ® T-modules

(219) 0 — H_aq (X A, B)(1)° — HE g, (Xgs AX), E)(1)

w—ad,! w—ad,!
ot O _
— Hoaa) (X A, B)* = Exctipr (A(x ™), Ordg, g (Xg, O) (D)

w—ad,! w—ad,!

where as before we put

H%zfad,!(X@; A(X)7 E)(l)o = HomE[Tp] (A(X_l)’ @rd}ﬂfad,!(X@v O)(l)OE)
H%zfad,! (X@v A(X)7 E)(l)et = HomE[Tp} (A(X_1)7 @rd‘zlx;fad,! (X@a O)(l)%'t)

Similarly to Thm. we have

Theorem 5.35. (a) The action of &, on the first and third term in (219) factors through (’5?)]0
and we have rec(t) - x = a7 1(t) - x(t) - @ and rec(t) -y = x"L(t) -y for every t € T, z €
H}ﬂfad’!(X@;A(X),E)(l)o and y € H;fadJ(X@;A(X),E)(l)et. Moreover if X> # « then the se-
quence

0 = He o) (X A, B)(1)° = He g1 (Xags AC)s B)(1) = H o) (X AX), E) (1) = 0

w—ad,!

18 exact.
(b) The B-action on H™ (X@; A(x), E)(1) is unramified outside the set of primes dividing pN

w—ad,!

and the Eichler-Shimura relations Frob? +T; Frob, +¢ = 0 hold on HY 01 (Xgi A(X), E)(1) for all
¢1pN and n > 0.
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Appendix

In the appendix we assemble a few results of homological algebra that are seemingly not be covered
by the literature.

Right derived functors and inverse limits As in [Ja] for an abelian category &/ we denote
by /N the category of inverse systems indexed by the set N of natural numbers, so objects in ./
are inverse systems

dp
(Apydp) s — Apyg =5 A, — ... — Ay
and morphisms are morphisms of inverse systems.
Lemma A.l1. Let F' : of — A be a left exact functor between abelian categories that has an
exact left adjoint. Assume that of and A satisfy (AB3*) and (AB4*) and that they have enough

injectives. Let (An,dy,) be an object of @™ that satisfy the following conditions
(i) 1(1310)(1%, d,) = 0.

(1) l<i£1(1)(RqF(An), RIF(d,)) =0 for every q > 0.
Then the canonical homomorphism

RIF(lim A,) —» lim RF(4,)
— —

n n
is an isomorphism for every q > 0.

Note that (AB3*) implies that projective limits exists in &/ and %.

Proof. The functor F induces a functor F : /N — %N that has again an exact left adjoint. By

([7a], 1.1 and 1.2) the category «/™ has enough injectives as well and we have RIFN = (RF)N for

every ¢ > 0. We denote its composite with lim : Y — 2 by lim F : &N — 2. Since F has a left
— —

n n

adjoint, @F can also be decomposed as F' o @ : N — of — B. So there are two Grothendieck

spectral sequences

WE = R°F o ngm(An,dn) = (R lim F)(An, dn).

n n

@ prs = 1}20") o(R*F)N(A,, dy) = (R lim F)(An, dn)-

n n

Conditions (i), (ii) and (AB4*) together with ([Wei], Corollary 3.5.4) imply that both spectral
sequences degenerate, i.e. we have (1)E§5 =0if s> 1 and (2)E§S =0 if r > 1. Thus we get

451 ~ (RIY; ~ lim RY
RUF(im Ay) 2 (R0l F) (A, do) = lim FUF(4,)
for every ¢ > 0. O
Lemma A.2. Let F : &/ — B, o and B be as in Lemma[A.] and let (A, dy) be an object of

N, Assume that dy, : Ay, — An_1 is surjective and that ker(d,,) is F-acyclic for every n > 2. We
also assume that Ay is F-acyclic. Then l(iLnAn 1s F'-acyclic as well.

n
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Proof. Note that assumptions imply that A, is F-acyclic for every n > 1. Also by ([Wei|, Prop.
3.5.7) conditions (i) and (ii) of Lemma [A.1| hold. Hence we have RqF(1<i£1 Ap) = l}ianF(An) =0

n n

for every g > 1. O

R-linear abelian categories Let R be a ring and let & be an R-linear category, i.e. &7 is an
additive category together with a ringhomomorphism p : R — End(idy). The later induces an
R-module structure on Hom/ (A, B) for all A, B € &/, so that the composition law Hom, (B, C') x
Hom,/ (A, B) - Hom, (A, C), (8, «) — Boais R-bilinear. A functor F : o/ — % will be called R-
linear, if F': Homg (A1, A2) - Homg, (F (A1), F(As2)),a — F(a) is a homomorphism of R-modules
for all Ay, Ay € .

We now assume that R is noetherian and that </ is an R-linear abelian category. For M €

Modg, s and A € o we define the objects A@g M, Hompg(M, A) of & as follows. Let R™ N R" —
M — 0 be a free resolution of M. The map f is given by left multiplication with an n x m-matrix
X with entries in R. It thus defines morphism X-: A™ — A" (resp. X! : A" — A™) in &/ and we
define A®p M € o7 (resp. Homp(M, A)) as its cokernel (resp. kernel). It is easy to see that these
objects are independent of the choice of the free resolution of M (up to canonical isomorphism).
In particular for an ideal a of R and an object A of &/ we can consider the following objects in <7

Ala] = Hompg(R/a, A), aA =im(A®ga— A), A®pg R/a.

Let F' : o/ — % be an R-linear additive covariant functor between R-linear abelian categories.
For M € Modg,y and A € &/ there exists canonical morphism F(A) ®g M — F(A®r M) and
F(Hompg(M,A)) — Hompg(M, F(A)). In particular morphisms for an ideal a of R we obtain
morphisms

(221) F(A)®r Rja — F(A®g R/a),  F(Aa]) — F(A)[d]

These are isomorphism if F' is exact. Similarly, if F' is contravariant there are canonical mor-
phisms F(A®r M) — Hom(M, F(A)) and F(A) @z M — F(Hom(M, A)). In particular there are
morphisms

(222) F(A®r R/a) — F(A)a],  F(A) ®rR/a — F(A[a])

for every ideal a of R that are isomorphisms if F' is exact.

Localization of §-functors Let S be a given multiplicative subset R. We denote by S~1.¢7 the
S~ R-linear additive category with the same objects as % and with morphisms

Homg-1,,(A, B) = S~'Hom,/ (A, B) = Hom,/(A,B) ®p S'R.

If R is an integral domain with field of fractions E = S™'R (with S = \{0}) then we will also write
o/ instead of S™1.7.

This construction is a special case of the localization of a category with respect to multiplicative
system of morphism (see e.g. [Weil, §10.3). Let

(223) vl — ST
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be the canonical functor. We sometimes denote the image of A € & under (223) by S~1A or
A®pr ST'R. If R is noetherian and M is a finitely generated R-module then we have

(224) ST'A®g1pSTIM = STHA®p M),  Homg-1(S7'M,S7'A) = ST Hompg(M, A).
For s € S and A € & we put sA :=im(s-1,).

Lemma A.3. For A € &, the following conditions are equivalent

(i) L(A) = 0.

(ii) The covariant functor S~ Hom,/ (A, -) : &/ — Modg-1p is trivial, i.e. S~ Hom (A, B) =0
for all B € .

(iii) The contravariant functor S~ Hom (-, A) : o/ — Modg-1p is trivial,

(iv) There exists s € S such that sA = 0.

Proof. The equivalence of (i) and (ii) and (i) and (iii) is an immediate consequence of the Yoneda
Lemma. If (iii) holds then we have in particular S~!Hom, (A, A) = 0. Hence there exists s € S
with s14 = 5-0 =0 € Hom,/(4, A) and we get (iv). Conversely, (iv) implies 0 = ¢(14) = 1,(4) in
Endg-1,(¢(A)) hence (i) holds. O

Lemma A.4. (a) Let 2 be an S™'R-linear category and let F : o/ — A be an R-linear functor.
Then F factors uniquely through t.

(b) If o/ is abelian then S~ </ is abelian as well and v : o/ — S~'.a/ is exact.

(c) If < is abelian category then any short evact sequence in S~'.a/ is isomorphic to the image of
a short exact sequence in &/ under the functor v : o/ — S~ la7.

Proof. (a) is obvious. For (b) consider the full subcategory # = ker(:) = {A € & | 1(A) = 0}
of o/. The characterization of objects in & given in Lemma above implies easily that £ is
a Serre subcategory, i.e. Z is closed under the formation of subobjects, quotients and extensions.
Let ¥ be the family of morphisms f in &/ such that ker(f) and coker(f) lie in #. For s € S and
A € o we have s-14 € ¥. Hence the canonical functor .7 — L ~!.&7 factors uniquely in the form
o 5 87l — N7le/. Since ¥ lof = o/ /B is abelian (see e.g. [Weil, 10.3.2) it suffices to prove
that the second functor is an equivalence or, equivalently, that +(f) is an isomorphism for every
morphism f: A] — Ay in X. For that it suffices to consider the two cases (M) f is a monomorphism
and (E) f is an epimorphism.

For case (M) let s € S such that s - coker(f) = 0, hence sAy C im(f). Let g : sAy — Ay be the
composite sAy Incl im(f) ~ As. Then s71-4(g) is the inverse of ¢(f) in S~1&/. In case (E) there
exists s € S with s - ker(f) = 0, hence ker(f) C ker(s- : A; — sA;). Hence s- : Ay — sA; factors

over f, i.e. there exists a morphism h : Ay — sA; such that ho f = s-: Ay — sA;. Then s~ 1u(h)
is the inverse of ¢(f).

(c) A sequence of morphisms A L. B % ¢ in o will be called S-exact if go f =0 and if the

cohomology ker(g)/im(g) lies in . The latter condition is equivalent to require that A RNy N
C is exact when viewed as a sequence in S™1.o7.
We prove the assertion in two steps. Firstly, we show that any short exact sequence

(225) 0 A1 .B_9,¢ 0
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in S~!¢7 is isomorphic to the image under ¢ of a short S-exact sequence in .27. Indeed, there exists
51,89 € S and morphisms f' : A — B, ¢’ : B — C such that f = s;'f’ and g = s, "¢’. Since
t(g" o f") = (s182) - (go f) =0 we have im(¢' o f') € B, i.e. there exists s € S with s- (¢’ o f') = 0.
Hence by replacing f’ with s - f and s; with ss; we may assume that ¢’ o f/ = 0. Consider the
commutative diagram

0 Al B _9,¢ 0
lslsglA l521B J{lc
0 AL, p_ 9, ¢ 0

Viewed as morphisms in S~'.7 the vertical arrows are isomorphisms. Hence the lower sequence is
S-exact and isomorphic to ([225|).

In the second step we assume that is a short S-exact sequence in &7. Since go f = 0 there
exists € : coker(f) — C with eoq = g where ¢ : B — coker(f) is the projection. The exact sequence

A =ker(go f) N ker(g) — coker(f) —— C = coker(g o f) — coker(g) — 0

togerther with the fact that ker(g)/im(f) and coker(g) lie in & imply that ¢(€) is an isomorphism.
Hence the vertical arrows in the diagram

0o——> A L,p 9 [oJ—
o e
0 —— im(f) rd, p 14 coker(f) —— 0

are isomorphisms S~1.7. The lower row is exact in </. Hence (225) is isomorphic to a short exact
sequence in <. O

Lemma implies in particular that an R-linear functor F : & — 9% between R-linear
categories extends uniquely to an S~!R-linear functor F : S~lo7 — S~14.

Lemma A.5. Let &/ (resp. &) be an R- (resp. ST'R-) linear abelian category and let
H": of — 2, n>0

be an R-linear d-functor. Let

O—)Ali)AggAg—)O, 0—>31£>B2£>Bg—>0
be two short exact sequences in </ and let o; € Homg-1,,(t(4;),0(B;)), i = 1,2,3 so that

0 —— (A1) Yy (4, ((A5) —— 0

(226) lal l'” la:”

0 —— o(B1) 9 By 2L By —— 0

t(f2)
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commutes. Then the diagram
H"(A3) —"— H"1(A))
(227) | @) |
H"(B3) ——— H"Y(B))
commutes for every n > 0.

Proof. There exists a common ”denominator” s € S of a1, as and ag, i.e. there exists morphisms
B; € Hom,(A;, B;) such that a; = s714(3;). By multiplying the vertical morphism in with s
we see that ¢(B;41 0 fi) = t(gi o B;) for i = 1,2. Thus the image of ;110 f; —g;o 5; : A; — By lies
in the subcategory ker(:), i.e. there exists s’ € S with s" - (8i+1 0 fi — gi o Bi) = 0. Therefore if we
replace the morphisms a; with s’sa; then is the image under ¢ of a commutative diagram with
exact rows in /. Hence commutes after multiplying the vertical arrows with ss’. However
since ss’'1p is an isomorphism for every B € % the original diagram commutes as well. O

Proposition A.6. Let o be an R-linear abelian category, let B be an S~™'R-linear abelian category
and let
" A — B, n>0

be an R-linear 5-functor. Then (H™),>o extends uniquely to an S~!R-linear §-functor
H":S'o/ — #B,  n>0.

Proof. By Lemma (a) for n > 0 the R-linear functors H™ extends uniquely to S~!R-linear
functors H" : S~ 142% — %f

Let 0 — A} = AL =% A% — 0 be a short exact sequence in S™1.&Z. We have to show that
there exists canonical connecting homomorphisms
(228) 6" H™(AL) — H™Y(AYD) Y>>0
so that B
(£3)x (f1)s (£5)x

Hn 1(A’)—>H”(A,) Hn(Al) Hn(A/)
is exact. By Lemmam A.4] there exists a commutative diagram in S~/

0 —— (Ay) Y 4y A2 ) — 5 0

(229) lal laz las

0—>A’1L>A’2L>Ag—>0

with isomorphisms a1, as and a3. We define (228)) so that the diagram

s BN (Ay) 2 Hn Ay s n(ay) Y Ay

> | (o). > | (). > | (@), > | (o).

s Ay — s Er(ay) S peagy B ey

i.e. we put 0 = (a1)x 00 (az')s. By Lemma this definition does not depend on the choice of
the diagram (229)). O
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Corollary A.7. Any R-linear §-functor H = (H")p>0 : & — A between R-linear abelian cate-
gories extends uniquely to a S™'R-linear §-functor S™1H = (STYH™),>0 : S ot — S71 5.

In the companion paper [Sp2] we use the following simple

Proposition A.8. Let R be a noetherian ring and let ¢ C R be a primary ideal whose radical
m = \/q is a reqular mazimal ideal of R of height 1. Let H = (H")p>0 : &/ — % be an R-linear
d-functor between R-linear abelian categories and let A € o .

(a) Assume that (H™)p>0 is covariant and that Al[m] = 0. Then there exists natural short exact
sequences

0 —— H"(A)@r R/q H"(A%g Rjq) —— H™(A)g) —— 0

for every n > 0.
(b) Assume that (H")p>0 is contravariant and that A ®g R/m = 0. Then there exists short exact
sequences

0 —— H"(A) @ R/q H(Alq)) —— H™(4)q) —— 0
for every n > 0.

Proof. We prove only (a) since the proof of part (b) is very similar. Using and Cor. it is
easy to see that the assertion is "local in m”, i.e. we may pass to the localization of R and of the
d-functor H = (H™),>0 with respect to S = R\ m without changing kernel and cokernel of
(and the object H"*t1(A)[q]). Thus we may assume that R is a regular local ring of dimension 1
with maximal ideal m so that ¢ = m® for some s > 1. Let w be a generator of m. The assumption
Alm] = 0 implies that the sequence

s

0 A= A A®rR/q —— 0

is exact in 7. The long exact sequence
Lo HY(A) == HY(A) —— HY(A®p R/q) —— H'™(A) —=— H"™(A) - ...
therefore yields the short exact sequences
0 —— H"(A)®r R/q —— H"(A®grR/q) —— H""(A)[q] —— 0

for every n > 0. O
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