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Abstract

We present a conjectural formula for the principal minors and the characteristic
polynomial of Gross’s regulator matrix associated to a totally odd character of a totally
real field. The formula is given in terms of the Eisenstein cocycle, which was defined
and studied earlier by the authors and collaborators. For the determinant of the
regulator matrix, our conjecture follows from recent work of Kakde, Ventullo and the
first author. For the diagonal entries, our conjecture overlaps with the conjectural
formula presented in our prior work. The intermediate cases are new and provide a
refinement of the Gross—Stark conjecture.
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1 Introduction

Let F' be a totally real field of degree n, and let

x: Gal(F/F) — Q



be a totally odd character. We fix once and for all a prime number p and embeddings Q c C
and Q C C,, so x may be viewed as taking values in C or C,. Let H denote the fixed field
of the kernel of x, and let G = Gal(H/F). As usual we view y also as a multiplicative
map on the semigroup of integral fractional ideals of F' by defining x(q) = x(Froby) if q is
unramified in H and x(q) = 0 if q is ramified in H.

The field H is a finite, cyclic, CM extension of F'. Let S, denote the set of primes of
F' lying above p. We partition S, as R U Ry U R;, where R denotes the primes split in H
(i.e. x(p) = 1), Ry denotes the primes ramified in H (i.e. x(p) = 0), and Ry denotes the
remaining primes above p.

Let S = Siam U S, denote the union of S, with the set of finite places of F' that are
ramified in H. The Artin L-function

Lstes) = 3 M0 v@Ne ) Res) > 1
(a,8)=1 q

has an analytic continuation to the entire complex plane. If we simply write L(x,s) for
Ls... . (x,$), then

Ls(x,s) = [ (1= x(p)Np~*)L(x.s).

peERUR,
It is known that L(x,0) # 0. We therefore find

ords—g Ls(x,s) =7y, where r, = #R, (1)
and furthermore
L(’"x) ,O
Ls™ 000 _ 00 T (1 - x().  where 2(x) = [[ log Np. )
r L(x,0)
X pER] PER

In this paper we refine Gross’s conjectural p-adic analogs of (1) and (2), which we now recall.
Let
w: Gal(F(pzp)/ F) — (Z/2pZ)" — pap-1)

denote the Teichmiiller character. There is a p-adic L-function
L,(xw,s): Z, — C,
determined by the interpolation property
L,(xw, k) = Ls(xw", k) for k € Z=°.

The existence of this function was proved independently by Deligne-Ribet [9] and Cassou-
Nogues [1] in the 1970s, and new approaches have been considered recently in [2], [3], and
[12]. Gross proposed the following conjecture regarding the leading term of L,(xw,s) at
s =0.

Conjecture 1.1 (Gross). We have



ords—o L,(xw, 8) > ry.

L™ (x,0)
TX!L(X, 0)

where Z,(x) is a certain requlator of p-units of H defined below.

=2Z,(x) [T (1= x(p)),

pER

3. Xp(x) # 0, so in view of (1) and (2) we have ords—g L,(xw, s) = 1.

It can be shown that for p # 2, part (1) of Gross’s conjecture follows from Wiles’ proof
of the Main Conjecture of Iwasawa theory. However, a more direct analytic proof that holds
even for p = 2 was given recently in [2] and [12] (note that both of these latter papers use
the general cohomological results of [11]).

Part (2) has been proven recently by the first author in joint work with M. Kakde and
K. Ventullo [6] (the case 7, = 1 had been settled earlier in [5] and [13]).

The goal of this paper is to study and refine Gross’s p-adic regulator %, (x), which we
now define. For each prime p € S, consider the group of p-units

Uy :={ue H" : ordg(u) = 0 for all ‘P 1 p}.
Write

Upy = (U, @ QX
={uel,®Q:0(u)=u®yx (o) for all o € G}.

The Galois equivariant form of Dirichlet’s unit theorem implies that

1 ifpeR
&mQ%W:{O R

otherwise.

For p € R, we let u,, denote any generator (i.e. non-zero element) of Uy ,. Consider the
continuous homomorphisms

op 1= ordy: Fp* — 7

(3)

ly :==log,oNormp,q,: F, — Z,.
Suppose we choose for each p € R, a prime B, of H lying above p. Then for p,q € R, via
U, CH C Hyp, = Iy,
we can evaluate o and /; on elements of Uy, and extend by linearity to maps
0q:lq : Uy — Cp.
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(Of course, 04(U,,) = 0 for q # p.) Define

Eq (Umx)
op(tp,x) 7

falg(X)p,q = -

which is clearly independent of the choice of u, , € U, . Gross’s regulator is the determinant
of the r, x r, matrix whose entries are given by these values:

Ip(x) = det(A,(x)),  where A,(x) = (Lag(X)p.a)

paER "

The functions o4 and ¢, evaluated on U, , depend on the choice of prime ‘B, above q used
to embed U, into Fy. If P, is replaced by By for o € Gal(H/F), then these functions are
scaled by x (o). Accordingly, this change scales the qth row of .#,(x) by x(o)~! and the gth
column by x(o). In particular, the diagonal entries Z,,(x)pp are independent of choices, as
is the regulator %,(x) and the characteristic polynomial of .#,(x). More generally, for any
subset J C R, the principal minor of .#,(x) corresponding to .J defined by

%p(X)J = det ("g’ﬂalg(X)PﬂI)p,qu

is independent of choices. Note that the characteristic polynomial of a matrix can by ex-
pressed simply in terms of the principal minors by

det(t - 1, —4,()) = S =1 S B0,
k=0 JCR
#JI=r—k

where r = r, = #R. In this paper we present a conjectural formula for the individual
Zy(x)s as well as for the characteristic polynomial of .#,(x) in terms of purely analytic
data depending on F' (i.e. not depending on knowledge of the algebraic group of p-units in
the extension H).

Our conjectural formula is given in terms of the Eisenstein cocycle, which was defined
and studied in [2], [3], and [12]. For the purposes of this paper, we describe a simplified
version of the cocycle, which is a certain group cohomology class

Ky € H" 1 (E%, Meas(Fg, K)).

Here E} denotes the rank n +r — 1 group of totally positive R-units in F,
Fr:=]] .
peER

and K is a finite extension of Q, containing the values of the character x. The group
Meas(Fg, K) denotes the K-vector space of K-valued measures on Fp (i.e. p-adically bounded
linear forms C.(Fg, K) — K where C.(Fg, K) is the K-vector space of compactly supported
continuous functions from Fg to K). The space C.(Fg, K) is endowed with an F}-action by

(9.f)(x) = f(g™"x),
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which induces an action of E} via the diagonal embedding E}, C F;. This in turn induces
an action of E}, on the dual C.(Fg, K)¥ and its subspace Meas(Fg, K).

There are several constructions of the Eisenstein cocycle; in this paper we describe what
is perhaps the simplest, in terms of Shintani cones. In fact, to define the Eisenstein cocycle
one must introduce a certain auxiliary prime A of F and use it to employ a smoothing
operation. For simplicity in this introduction, we suppress the prime A from the notation.

Let J C R be a subset. In §3 we describe how to define two r-cocycles

Cy,7, Co - HT(E;;L, CC(FR, K))

The subscripts ¢ and o refer to the homomorphisms ¢, and o, in (3) used to define the
cocycles for the primes p € J. Let

V€ Hyr1(ERZ) = Z (4)
be a generator. We define a constant

#chyjm(ﬁxmﬁ)
Co N (Ky NY)

Kp(X) Jan = (1) €K. (5)

The denominator of (5) is non-zero because it can be shown to equal L(x, 0) [ [z, (1 —x(p))
up to sign. We propose:
Conjecture 1.2. For each subset J C R, we have Z,(X); = Zp(X).Jan-

More generally for ¢t € K we define a class ¢;,0 € H (E},, Ce(Fg, K)) and propose
Conjecture 1.3. For the characteristic polynomial of #,(x) we have

Cto+¢ N (/{X N 19)

det(t- 1, — A,(x)) = a1 (D)
o’ X

Conjecture 1.3 follows from Conjecture 1.2 but is slightly weaker (see section §3). The
following results provide the main theoretical justification for our conjecture.

Theorem 1.4. For J = R, we have

Ly (x, 0)
X 0) ITher, (1 = x(p))
Hence Conjecture 1.2 for J = R is equivalent to part (2) of Conjecture 1.1, whence it

holds by [6]. We also consider the other extremal case #J = 1. The following result is
proved for n = 2, but we suspect that it can be shown in general.

%p(X)J,an = T!L(

Theorem 1.5. Let n =2 and let J = {p}. Then Conjecture 1.2 agrees with the conjectural
formula for ZLos(X)pp proposed in [4, Conjecture 3.21].

For 1 < #J < r, Conjecture 1.2 is a new generalization of Gross’s Conjecture.
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2 The Eisenstein Cocycle

To define the Eisenstein cocycle, we first fix an ordering of the real places of F, yielding an
embedding F' C R™. The group (R*)", and hence F* C (R*)", acts on R by component-
wise multiplication. Given linearly independent vectors w1, ..., z,, € (R>?)", we define the
simplicial cone

C(.Z'l, Ce ,Z’m) = {tll‘l + -4 tm.fEm . tl € R>0} C (R>O>n. (6)

The vector @ = (1,0,0,...,0) has the property that its ray (i.e. its set of R>Y multiples) is
preserved by the action of (R”%)". We define C*(xy, ..., x,) to be the union of C(x1,...,z,)
with the boundary faces that are brought into the interior of the cone by a small perturbation
by @, i.e. the set whose characteristic function is defined by

Let Oppr denote the ring of R-integers of F'. For any fractional ideal b C F' relatively
prime to S, we let br = b ®0p, Opr denote the Op g-module generated by b. Let

UcCFr:=]]F
pPER

be a compact open subset. Let C' be any union of simplicial cones in (R>%)". For s € C
with Re(s) > 1, consider the Shintani L-function

L(C,x,b,U,s) = E —Xl(\](i)' (7)
cecnoy!, ceU
(§,S\R)=1

Here x((£)) denotes x evaluated on the image of the principal ideal () under the Artin
reciprocity map for the extension H/F. The set bgp N U can be written as the disjoint
union of translates of fractional ideals of F', which are lattices in R"™. Shintani proved that
the L-function defined in (7) has a meromorphic continuation to C, and that its values at
nonpositive integers lie in the cyclotomic field k& generated by the values of y. Furthermore,
for x, C, b, and s fixed, it is clear that the values L(C,x, b, U, s) form a distribution on Fg
in the sense that for disjoint compact opens Uy, Uy, C Fg, we have

L(O7X7 ba Ul U U2a 8) = L(O7X7 ba U17 S) + L(07X’ b? U2a S)'

The space of k-valued distributions on Fpg, denoted Dist(Fg, k), has an action of F}; given
by (x - p)(U) = p(z~'U). As in the introduction let E% denote the group of totally positive
units in Op which we view as a subgroup of (R>%)".

The following proposition follows directly from [3, Theorem 1.6].

Proposition 2.1. Let zq,...,x, € E}; and let x denote the n x n matriz whose columns are
the images of the z; in (R”°)". For a compact open subset U C Fg let

Lo (T1, .. @) (U) :=sgn(x) L(C* (x1, . .., z4), X, b, U, 0),

where sgn(x) = sign(det(x)) if det(z) # 0 and sgn(xz) = 0 otherwise. Then fi,p is a
homogeneous (n — 1)-cocycle yielding a class [pyo] € H" ' (E}, Dist(Fr, k)).
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In order to achieve integral distributions, we introduce a smoothing operation using an
auxiliary prime ideal \ of F. We assume that A is cyclic in the sense that Op/\ = Z/(Z for
a prime number ¢ € Z, and we assume that ¢/ > n 4+ 2. We also assume that no primes in
S have residue characteristic equal to ¢ (in particular ¢ # p). We then define the smoothed
Shintani L-function

Ly(C,x,b,U,s) := L(C,x,bA™ ", U, s) — x(\IL(C, x,b,U, s).

Using “Cassou—Nogues’ trick”, it is shown in [3] (see also [7]) that if the generators of the
cones comprising C' can be chosen to be units at the primes above ¢, then L,(C, x,b,U,0) €
Ok. For z;,...,2, € E; and U C F an open compact subset let

P (T1, .., xn)(U) i=sgn(x) Ly(C*(x1, ..., xn), X, 0, U, 0).

Let B be the prime of k above p corresponding to k C Q C C,, where the second embedding
is the one fixed at the outset of the paper, and let K = kg. Since pi,p,» is integral, it is in
particular B-adically bounded with values in Ok and can therefore be viewed as a K-valued
measure on Fg, i.e. as having values in

Meas(FR, K) = HOIII(CC(FR, Z), OK) ®(9K K.

We define
Ky i= [yon] € H" H(Eg, Meas(Fg, K)) (8)
and the Eisenstein cocycle associated to x and A by
h
Ry = ZX(bi)“x,bi,/\ € H" '(E}, Meas(Fg, K)). 9)
i=1
Here {by,..., b} is a set of integral ideals representing the narrow class group of Opr

(i.e. the group of fractional ideals of Op modulo the group of fractional principal ideals
generated by totally positive elements of F').

We conclude this section by recalling a cap product pairing that can be applied to the
Eisenstein cocycle k, x. There is a canonical integration pairing

Co(Fgr, K) x Meas(Fr, K) — K,
(fop) — | fO)dp(t) = lim > f(ty)u(V)

Fr [z

(10)

where the limit is taken over uniformly finer covers V of the support of f by open compacts
V', and ty € V is any element. More generally if A is a locally profinite K-algebra (i.e. an
Iwasawa algebra) we have an Fr-equivariant integration pairing

C.(Fg, A) X Meas(Fg, K) — A,
(fsm) — [ f(B)du(t)
Fr
(see e.g. [7, §2]) where the Fj-action on C..(Fg, A) is given by (z - f)(y) = f(z'y). For each
non-negative integer m, the pairing (11) induces a cap-product pairing

N H™ (B, Meas(Fg, K)) X Hy(Eh, Co(F, A)) — A, (12)

(11)
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3 Conjecture

3.1 Statement

We recall the following definition from [11, 7]. Let p € R, let g: Fy — K be a continuous
homomorphism and let f € C.(F,,Z), i.e. f: F, — Z is a locally constant function with
compact support. For a € F} let af € C.(F,,Z) be given by (af)(z) = f(a™'z). Since
(1—a)- f=f—af vanishes at 0 € F,, the function

Fyr— K
z— (f(z) = f(a @) - g(2)
extends continuously to F, hence can be viewed as a function
(f—af)-g: F, — K.
The map
zpgt By — C.(F,, K)
given by

zrgla) =1 —=a)(g- f)”
= (af)-(g—ag)+(f—af)-g (13)
= (af)-g(a) + (f —af) g

is an inhomogeneous 1-cocycle. Its class [zr4] € H'(F;,C.(F,, K)) depends only on the
value of f at 0, i.e. if f, f' € C.(F,, Z) satisty f(0) = f/(0) then [z;,] = [2p4]. In particular
if we choose f so that f(0) =1, e.g. f = 1p, then

cg = [214] € Hl(Fp*,CC(Fp,K))

depends only on g. Note that the expression (1 — a)(g - f) has no literal meaning since the
function g does not necessarily extend to a continuous function on F}, (and for this reason,
the cocycle z, is not necessarily a coboundary); nevertheless this expression provides the
intuition for the definition of z, given by the right side of (13).

The construction above in particular applies to the homomorphisms oy, ¢, from (3) and
we thus obtain classes c,,,cq, € H'(Fy, Co(F,, K)) for each p € R.

Recall that r = r, = #R and that E} denotes the rank n+7 —1 group of totally positive
R-units in F. Asin (4), let 9 € Hyyr—1(E}, Z) = Z be a generator (this is well-defined up
to sign). Cap-product with the Eisenstein cocycle yields a class

ko N € H(E}, Meas(Fg, K)).
Label the elements of R by pi,po,...,p, and let J C R. Define classes

Co, Cp,g € HT(FE, Cc(FR>K>)
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cozcop1U-~UcopT

Co g =Cgy U---Ucy,

where

b, ifie
F=\ oy, ifigJ.

Here the cup-product is induced by the canonical map
CC(FPMK) - ® CC(FPMK) — CC(FRvK)

that sends a tensor f; ® ... ® f, to the function

Fr = HFp — K
=1

=1

Define a constant ( 9
Co.g N (Ky N
4 an = (=17 = X
p(X)J, ( ) co N ('Lix)\ N 19)
Here the first cap-product of the numerator and denominator is the pairing (12) for m = r
and A = K. We will show in Proposition 3.4 below that the denominator of (14) is non-zero
and in Proposition 3.5 that the constant %,(X)an is independent of the auxiliary prime A.
We propose:

€ K. (14)

Conjecture 3.1. For each subset J C R, we have Z,(X).; = Zp(X).Jan-
For t € K we define the class ¢, € H"(F, C.(Fy, K)) by
Cto+t = C(top, +4p,) U U oy, +4,)
and propose

Conjecture 3.2. The characteristic polynomial of Gross’ requlator matrix is given by

Crote N (Fy ) N V)
CoN(KyeaNI)

det(t - 1, —4,(x)) =

Conjecture 3.2 follows from Conjecture 3.1 since we have

T
k
Cto+t = g t E Ce,J,
k=0

JCR
#J=r—k
det(t - 1, — A,(x)) = Y _t"(=1"F > Z,(x)s.
k=0 JCR
#J=r—k



Remark 3.3. Instead of considering only the homomorphisms ¢, in the definition of in
Gross’ regulator matrix and in the nominator of (14) one may consider arbitrary continuous
homomorphisms ¢ : F — E,... ¢, : F; — K. So we conjecture that more generally we

have
det <(_ wj(upiv)()) ) _ (_1)7’ pr,peR N (KJX,)\ N 19)
i,j=1,...,r

Op; (upin) Co M (’K“'X,)\ N 19)

where ¢y, per = ¢y, U+ Ucy,.

3.2 Well-formedness of the conjecture

The following proposition shows that the denominator of (14) is non-zero. The result was
essentially proved in [7], but we explain here how to relate our present notation to the setting
of loc. cit.

Proposition 3.4. With the correct choice of sign for ¥ we have

co N (fixa N0) = (=171 = x(MOL(x,0) [T (1= x(p)).

pERo

Proof. Let #r be the group of fractional ideals of F' generated by the elements of R and
let 7z C #r be the subgroup of principal fractional ideals that have a totally positive

generator. Let ¢1,..., ¢, be a system of representatives for J/#%. Recall from (9) that
{by,...,b,} denotes a set of integral ideals representing the narrow class group of Op k.
Note that {b;c; | ¢ = 1,...,h, j = 1,...,m} is a system of representatives for the narrow

class group of F.

Let E* be the group of totally positive units of Op. Let D denote a signed Shintani
domain for the action of E* on (R>%)". This is a finite formal linear combination of simplicial
cones (as in (6))

D= Z a,C,, a, € Z, (), =simplicial cone,

whose characteristic function 1p := ) a,1¢, satisfies

le(e-x)zl

eeE*
for all z € (R>%)". We have (compare e.g. [7, Lemma 5.8])
Z Z Z CLVX(bi)N(bZ‘C]‘)_SL)\(Cy, X5 bi7 (Cj_l)Ra S) =
voi=1 j=1 (15)
(1 =X)Ll s) [T = x(p)Np™)

peRo
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where (¢;)% = [[,cp ;' @ Oy Since (¢f

restricting the cocycle fiyp, » to £ and keeping U = (c;l)R fixed, i.e. by setting

1B is an E*-stable subset of Fp we see that by

MXybhcij(xl? cee 73771) = :LLX,bi,)\<x17 . ,$n)((C;1)R)
for x1,...,z, € E* we obtain a homogeneous (n — 1)-cocycle yielding a class
[ﬂxﬁz‘&j,)\] € Hn_1<E*a OK)
For the correct choice of the generator ¥y of H" 1(E*, Z) = Z we obtain

h m
D> x(0)liyeneal) Ndo = (1= x(NOL(x,0) TT (1 = x(p))- (16)

i=1 j=1 pERo

Indeed by [3, Theorem 1.5] the left hand side is equal to the left hand side of (15) for s =0
and a specific signed Shintani domain D = )" a,C,

This formula can also be interpreted as follows. Let Z[-#g] be the group ring of .#x.
Consider the Ej-equivariant isomorphism

(Ind2F Z)™ — Z[.75) (17)
corresponding by Frobenius reciprocity to the E*-equivariant map

(ay, ... am) r—>Hc(;j.
=1

The assignment ¢ +— 1.z extends to a homomorphism
§: Z[IR| — C.(FRr,Z). (18)
Composing (17) and (18) we obtain an Ej-equivariant map
(Indgk Z)™ —s C(Fg, Z). (19)
By Shapiro’s Lemma the homomorphism (19) induces a homomorphism
1 (E",Z)" — Hy 1 (ER, Ce(Fr, Z))
and we denote by 9 € H,_1(E},, C.(Fr,Z)) the image of (¥y,...,0) € H,_1(E*,Z)™.
Tracing through the definitions, formula (16) is equivalent to
xa N9 = (1= XxOLOG0) TT (1= x(p).
pERo
On the other hand by [7, Lemma 3.5] we can choose ¥ so that U = ¢, N Y. It follows that
6 1 (5 N19) = (=170 Dy, 19 = (=17 D (1= X)L 0) [ (1= x(w))

peRo
as desired. O
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Proposition 3.5. The constant Z,(X) jan is independent of the choice of the auxiliary prime
A

Proof. To see this it is useful to work within the adelic framework (compare e.g. [7] or [8]).
Before delving into the details, let us summarize the basic idea of the proof. Let A\’ be another
auxiliary cyclic prime ideal lying above a prime number ¢/ > n + 2 with £ # ¢/, Sy NS = (.
Replacing Fr with certain adelic spaces, we will describe the construction of classes

R, F, and Ry

lying in cohomology groups endowed with an action of the group .#° of fractional ideals of
F' that are relatively prime to S. It will follow directly from the definitions that

Ty — Ny = o = By — LA Ry, (20)

Under cap product with the classes appearing in the numerator and denominator of the
definition of Z,(X)san, the action of A7 is given by multiplication by y()). Therefore,
replacing Ky by the left side of (20) scales the numerator and denominator of %, (x)an €ach
by the constant 1 — ¢'x()\’), and leaves the ratio unchanged. The desired result then follows
from (20). Let us now carry out the details of this construction.

Let Ay be the ring of finite adeles of F'. For a finite set of finite places ¥ of F' we put

=1 k. U= I[ 0;c@a)-
0@ USw VENUSoo
Let a®U® € (AF)*/U® and let
a=Fna® H O,
v@SUSse

be the fractional Ops-ideal attached to the idele a®. For linearly independent elements
T1,...,x, € FF C (R”?)" and a compact open set U C Fgr X F%_p, the Shintani zeta
function

1
((x1,...,xy;U,a,8) = Z N Re(s) > 1

has a meromorphic continuation to C and its values at non-positive integers are rational.
As any compact open subset of

Frx (Af)" /U = Fp x F5_p x (A})"/U®

can be written as a disjoint union of sets of the form U x a®U® considered above, the

assignment
U x a’U® — sgn(2)¢(x1, ..., 2, U, a,0)

defines a Q-valued distribution fi(zy, ..., z,) on Fr x (Af)*/U®. Moreover
(X1, xn) — (@, ... xp)

12



is a homogeneous (n — 1)-cocycle for the group F7} of totally positive elements of F'.

As before, “smoothing” with respect to the auxiliary prime A yields an integral valued
distribution. For that let Sy denote the set of primes of F' lying above ¢ and let (F%)* C F*
be the subgroup of elements with valuation 0 at every prime in S,. Given a compact open

subset
U C Fg x (A2 U

we define two associated compact open subsets

U(],U1 C Fr x (A?)*/US

by
:UXHOZ, U1:waAO§xHOZ,
’U|£ U'U;LZ)\
where w, is a prime element of O,. For x1,...,z, € (Ff)*, define
/j)\(xla cee 7xn)(U> = ﬁ(xlv cee 7xn)(U0) - gﬁ('rlu s 7xn>(U1)
Then (z1,...,2,) = fix(21,...,2,) is a homogeneous (n — 1)-cocycle for (F£)* with values
in

Dist(Fg x (AfY%)*/USYS Z) = Hom(C.(Fg x (AfY) UV Z), Z).
Note that there exists a canonical isomorphism of F7j-modules

IndFi

(F{)”

Co(Fg x (AfVS)* JUSYS: 7)) = C.(F x (AR)*/US, Z
and hence, by Shapiro’s Lemma, an isomorphism
H" N ((F{)*, Dist(Fr x (AfY%)* /USY 7)) = H"}(F}, Dist(Fr x (Af)*/U®,Z)). (21)

A Z-valued distribution is of course p-adically bounded and hence yields a measure. There-
fore by (21) the cohomology class of the cocycle jiy defines an element

R = R € H'\(F;, Meas(Fp x (AF)*/US, K)). (22)

The canonical action of the finite ideles A} on C,(Fg X (Af) JUS,Z) induces an action of
the idele class group A%/F;U® on H" '(F7}, Meas(Fp x (Af) /US K)). In particular we
obtain an action of the group .#* of fractional ideals of F' that are relatively prime to S on
H" Y (Ff,Meas(Fr x (Af)*/U* K)).

Now let X be another auxiliary cyclic prime ideal as above. One can carry out the
above construction of the smoothed cocycle i) not only for the single primes A, ', but more
generally for a finite set of such primes (see [7]). One can easily see that the image of Ky
under the canonical map

RUSZ,E’

H"Y((FY7)", Meas(F x (A; )" /U5 | K)) 22 H""Y(Fr, Meas(F x (Af)* /U, K
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is equal to the image of left and right hand side of (20).
By class field theory we can view our character y as a character of the idele class group

X: (Ap)*/FiUS — O

By assumption the local components x,: F" —> K* of x are trivial for all p € R, so we may
omit them, i.e. we view x as a character

X" (AR FU® — K™
The character x can thus be viewed as an element
X" € HY(Fy, C((Af)"/U®, K)). (23)

Let F denote a finite subset of (Af)*/U" that is a fundamental domain for the action of
F}/E}. For example, we may choose

F={bU"%, ... bU"}

where by, ...,b, € (AJI?)* are ideles whose associated fractional O g-ideals are (by)g, . . ., (b)) g
The constant function 1 yields an element 17 € H(E%, C(F,Z)), which under cap product
with ¢ yields an element

1r N0 € Hysyos(Epy, O(F, Z)) = Hypr s (FL, Co(AR) /U, 2). (24)

The isomorphism in (24) follows from Shapiro’s Lemma. We denote the image of 1 N J
under this isomorphism by 9¥%. By taking the cap product with (23) we obtain a class

NI € Hypa (P2 CL(AD) /US, K)). (25)
The first cap-product in (25) is induced by the canonical pairing
C(AR) /U5 K) x CL((AF) [UR.Z) — C.((AR)* /U5, K
(f, g) — f g.

By taking the cap-product of the homology class (25) with ¢, s, ¢, € H"(F, C.(Fg, K)) we
obtain classes

ce,s N (XN, ¢ (X N9F) € Hyo1(Ff, Co(Fr x (AR /U, K)).
Similar to (12) we have a canonical pairing
N: H" Y (F;, Meas(Fg x (Af)*/U®, K)) x H,_1(F;,C.(Fg x (Af)*/U°,K)) — K (26)
induced by p-adic integration. Tracing through the definitions, one sees that
cN (kya NY) = cn (Fy N (xF N o) (27)
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for ¢ = ¢4 or ¢ = ¢y and in particular

~Cog N (RN (X nof))
co N (RN (xENok)) -

‘@P(X)J,an - (_1) (28)

Note that the pairing (26) is .#S-equivariant. It follows that for a € .#° and any class
c€ H"(F;,C.(Fr, K)) we have
cn((a - F)NKFNno®) =cn(FEyn(a- (xFnof)))
= x(a)en (Fx N (x"* N9%)).
Consequently, the fraction on the right hand side of (28) does not change if we replace k)

by Ky — ' (N~ -K,). Hence by (20) the constant Z,(x).an does not depend on the choice of
the auxiliary prime . O

3.3 Alternate formulation

We give now a slightly different description of %,(x)Jan that will be used in section 4.2.
In the following J denotes a fixed non-empty subset of R. We set s = #.J and label the
elements of J by py,pa,...,ps. Let E be the group of totally positive J-units in F.

Given a fractional ideal b of F' with (b, S) = 1, a compact open subset U of F); and a
union of simplicial cones C in (R>°)", we consider the Shintani zeta function

((C,b,U,s):=Nb"*>» Na*, (29)

where « ranges over elements of b}l = b"'®p, O, satisfying the conditions (o, S—R) = 1,
a =1 (mod f), a € U, and a € C. Using the auxiliary prime A C Op satisfying the
conditions stated in §2, we define

((C,b,U,5) :=((C,b,U,s) — £2°¢(C,bA, U, 5). (30)

Let f be the conductor of the extension H/F. By E(f) (respectively E(f);) we denote the
group of totally positive units (respectively totally positive J-units) congruent to 1 (mod f).
For xq,...,x, € E(f); and compact open U C F; we put

via(@1, .. @) (U) = sgn(z) G (C (21, - . ., @), b, U, 0). (31)

Then vy, is again a homogeneous (n — 1)-cocycle on E(f); with values in the space of
Z-distribution on F;, hence defines a class

Wl = i\l € H N (E(f) 5, Meas(Fy, K)). (32)

Let G denote the narrow ray class group of F' of modulus §. We also consider the following
variant of the Eisenstein cocycle (9)

W;{,A = Z X(b)%,]b,A (33)

[h}GGf
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where the sum ranges over a system of representatives of Gj. We also define the following
classes in H"(F%,C.(Fy, K))

cj:coplu---u%s, Cg:CgMU"'UCgPS.
Proposition 3.6. Let ¥ € H, s 1(E(f)s,Z) be a generator. Then we have
;N (Wl \nY')

C
Rp(X) sam = (—1)# =

. 4
0 (@510 (34)

In fact the numerator and denominator of the right hand sides of (14) and of (34) coincide
up to the same sign.

Proof. As in the proof of Prop. 3.5 it is best to work within the adelic framework. We put
J'=R—J, S =5 —J and label the elements of J' by psi1,...,p,.
By replacing everywhere R by J in the definition of (22) and (24) we obtain classes

® € H"(F, Meas(Fy x (A})"/UY  K)).

and
W € Hyp o1 (F, Ce((AY)* /U7, Z)).

We claim that

co.y N (Fyx NY) = Fc) N (R N (x Nd97)), (35)
co N (kya NY) = £c! N (R N (x) Nd7)). (36)

For this it suffices to show by (27) that
"0 FEN (Fnof)) = £8] n (! no). (37)

. 4 !
since ¢y j = c[‘] U cg and ¢, = cg ) cg .
To prove (37) we introduce maps

57 Co((A))* /U, K) — Co(Fy x (AR /U® K)
§: Co(Fy x (AN /US| K) — C.(Fr x (A" /U®, K)
that have as local components at the places p € J' the maps
Op : Ce(Fy /Uy, Z) — Co(Fy, Z), 10, = 1s0,

introduced in [7, Remark 3.2] and that are the identity at all other places. More precisely
we have canonical isomorphisms

Co((A))* /U, K) = Q) ColFy,/Up,, Z) @ Co(AF) /U, K)
i=s+1
C.(Fy x (A))*JUY K = ® Co(F} Uy, Z) @ Co(Fy x (AF)* /U, K)

i=s+1
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and canonical monomorphisms

X) CelF, Z) @ Co(A])JUS, K) == Cu(Fy x (AF)7/US, K) (38)

i=s+1

R CulFy,2) © C(Fy x (ALY JUS, K) = CulFa x (MDY [US.K) (39

1=s+1

and we define 67 and 6 as the composite of

<® 0 ) @ lde,(apy- /s,y and <® 0 ) ® Ide, (7, x (aR)- /05 )

i=s+1 1=s+1
with (38) and (39) respectively.
Dualizing ¢ yields
A : Meas(Fr x (Af)* /U5 K) — Meas(Fy x (A})* /U K).

By tracing through the definitions one sees that &y is the image of K under the induced
homomorphism

A, H"(F7, Meas(Fg x (A])*/US, K)) — H"'(F}, Meas(F; x (A])* /U, K)).

On the other hand by [7, Lemma 3.5] the following equation holds in the homology group
Hovo r(F1C(Fyr  (ABYJUS, K)):

(5‘])*()(] N 19‘7) = icgl N (XR N 19R).
We conclude

¢ O (RN (N IR)) = 2R A (67). (¢ N 7)
= +A(FF) N (x) N¥’) = £r{ N (x) Nn7).
Having established (37) it remains to show that numerator and denominator of the right hand

side of (34) are equal to the right hand side of (35) and (36) respectively. Let f =[], q™
be the prime decomposition of f and put

vy’ = J[ vl

qtoo,q¢J

and
T(f) = F;n[JU{ = {x € F7 [ ordg(z — 1) > ng ¥ q | f}.
qlf
Here as usual we have set

U(”q) —

q

o; if ny = 0;
1+ gm0, ifng>0,ie. if g € Sam.
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Let m: Fy x (A})*/US" — F; x (Af)*/U(f)” denote the canonical projection. It induces a
map
Ce(Fy x (A7) /U5, Z) — Co(Fy = (A})* /U Z), [ fom

hence by dualising a homomorphism

m: Meas(F x (A])* /U K) — Meas(F; x (A})*/U(f)”, K). (40)
We denote by &, the image of &{ under
H"Y(F;, Meas(Fy x (A))*/UY | K)) — H"'(F;, Meas(Fy x (A})*/U(f)”, K))

= H"N(D(f), Meas(F; x (AjUSam)* jy /S ()

where the first arrow is induced by (40) and the second by weak approximation and Shapiro’s
Lemma. We also denote the image of ¥/ under

Hn—l—s—l(F_T_a Cc((A;)*/UJa Z)) — Hn-l—s—l(Fia OC((AJJ”)*/U(f)J7 Z))
i Hn+sfl(r(f)> Cc<<¥USram)*/UJUSram7 Z))

by ¥/. Here the first map is induced by the natural projection (A7)*/U(f)” — (Af)*/U’
and the second again by Shapiro’s Lemma.
Moreover we view the character y”’ as an element of

HO(FL, C((A))/U()”, K)) = H(D(5), C((Ag7em)* JUT 5, 7))

so that we have
cﬂ(%iﬂ(x‘]ﬂﬂ‘])):cﬂ(@];{,\ﬂ(x"ﬂﬁ;])) (41)

for ¢ = ¢/ of ¢J. Note that the cohomology groups
H" 1 (D(F), Meas(Fj x (Af2Sem)*/U70%=n [0)), - HO(D(f), O((AfSm)* JU 75 7))
and the homology group
Hysa (D(F), Co((Ap77rem) (U750, 7)),
all carry a natural Gj = ( A;US”““)* JT(§)U/YU5ram_action. Consider the homomorphisms
Hyisr(B(7)0, Z) = Hyeor (D(5), Co((A725m)* [U 7050 7)) (42)

induced by the E(f);-equivariant map Z — C’C((AfUSm’“)* JUSwam 7)) sending 1 to the
characteristic function of U7Y5== and by the inclusion E(f); < I'(f). By abuse of notation
we denote the image of the generator ¢ € H, s 1(E(f)s,Z) under (42) by ¢ as well. It is
easy to see that with the correct choice of sign of ¥ we have

0/ = [o] -0 (43)

[b}EGf
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Note that x” N’ is independent of x. In fact if ¢ € HO(I'(f), C((AfY5rom)* /U VS 7))
denotes the characteristic function of T'(f)U7YSwm /{J/USrm then we have

Y No =env

Thus for ¢ = ¢/ or ¢ = ¢/ it follows that

cn@hnndf))=cn | Y &nn(lo]™ )
[b]EGf

=en [ D (163 (o] x) N )
= > x(0)en(([6]- &) N (end)).

[b]€Gy
Passing back from the idele- to ideal-theoretic language we get
cN (([6] - @) N (end)) = eN (wip, N ).
Multiplying (41) with x(b) and summing over the set of representatives b of Gj yields
cN@HN K Nd)) =cn(wlnd). (44)

Finally, by combining (27), (35), (36), (41) and (44) the assertion follows. O

4 FEvidence

4.1 The full Gross regulator

The following result implies that Conjecture 3.1 for J = R is equivalent to part (2) of
Conjecture 1.1. Hence by [6], Conjecture 3.1 holds unconditionally in this case.

Theorem 4.1. For J = R, we have

LY (x,0)
rIL(x, 0) [Toer, (1 — x(p))’

and hence Conjecture 3.1 holds for J = R.

%p<X)J,an =

Before proving Theorem 4.1, we must first relate the Eisenstein cocycle to the p-adic
L-function of x. For this, we first need to extend the definition of 1, » so that it involves
all primes of F' above p. Put R’ = Ry U R; and O% = Hpe r O, Instead of considering
only compact open subsets of Fr we may consider more generally compact open subsets
U of Fr x O}, in the definition of L(C,x,b,U,s). As before we obtain a homogeneous
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(n — 1)-cocycle fiy p x with values in Meas(Fg x O}y, K) that is mapped to [, ] under the
map
H" (B, Meas(Fg x O, K)) — H" Y (E}, Meas(Fr, K))

induced by 7, : Meas(Fr x Oy, K) = Meas(Fg, K), where 7 : Fp x O}, — Fg denotes the
projection.
Let Fio/F be the cyclotomic Z,-extension of F', and let

= Gal(Foo/F), A=2,I @y K.

The action of I' on p-power roots of unity allows us to view I' as a subgroup of 1 + 2pZ,.
For v € I' we denote by ¢(7) the corresponding element in A. We view the reciprocity map
of class field theory for the extension F,,/F as a map

rec:F;xfp:HFp*xprF (45)

plp

where .#? = 7% denotes the group of fractional ideals of F' that are relatively prime to p.
The restriction of (45) to .#? will be denoted by

IP— T, a— 7, (46)

and to F x Op, C F; by
recp, /rp i Fp x Op — T (47)

We can view ¢ orecy,/r, as an element
vorecr, rp € H (B, C(Ff x Of, N)). (48)

Let F denote a compact open subset of F; x OF, that is stable under the group of totally
positive units of F' and such that Fj; x OF is the disjoint union of the cosets zF where x
runs through a system of representatives of E},/E*. As before let ¥y denote a generator of
H, 1(E*,Z). As in (24), we can consider the element

1lrNYy € Hy1(Ey,C(F,Z)) = Hy1(Eg, Co(Fry X Opi, Z)), (49)
where the isomorphism is by Shapiro’s Lemma since
ImdZ: O(F, A) = C(F% x Ok, A).

Taking the cap product of (48) and (49) yields a class

p=(torecr /pp) N (1rNy) € Hy1(ER, Co(Fr x Ofiy A)). (50)
The first cap-product is induced by the pairing

C(Fp X O, A) X Co(Ff x OpyZ) — Co(Fr x Ofi, A),
(f;9) — (f-9)
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where the subscript ! denotes “extension by zero”. Similar to (12) we have a cap-product
pairing
H" (B, Meas(Fg x O, K)) x Hy_1(Egy, Co(Fr X Oy A)) — A,

so we can consider [, 5] Np € A. To link this element of the Iwasawa algebra to the p-adic
L-function L,(x,s) we recall that there exists a canonical homomorphism

Z:A— C*(Z,, K) (51)

characterized by

E(t(7))(s) = 7" := exp,(slog, (7))
for all v € T" and s € Z,. Here C*(Z,, K) is the K-algebra of locally analytic maps
f:4Z, — K.

Proposition 4.2. We have

(1]

(Zx )[Fxo:] ﬂp) (s) = (1 = x(MROLp(x, ). (52)

Proof. This formula is a variant of [7, Prop. 5.6] and the proof there carries over. In fact,
as we now explain, the present result can be deduced from the statement of loc. cit. It is
well known that the p-adic L-function interpolates to an element of A, i.e. that there exists
a unique element

Zpalx) €A

such that
E(Za(x)) = (1 = x(N)ROLp(x: 9)-

We must show that the expression in parenthesis on the left side of (52) is equal to £, \(),
and for this if suffices to show that they agree under application of the dense set of homo-
morphisms

@:A—)Cz

induced by p-power conductor Dirichlet characters ¢ : I' — f,00. (These homomorphisms
are “dense” in the sense that the intersection of their kernels in A is trivial.) In other words,
we must show that

(Z x(b )y 6:0] N p) = (L= x¥N)O)Ls(x¥,0). (53)

Now if we let K be the fixed field of yu, set £k = 0, and apply the character yi to the
equation in [7, Prop. 5.6, then we obtain exactly (53). O

Proof of Theorem 4.1. By Prop. 3.4 it suffices to show

ceg N (ki NY) = (=1)™(1 = x(NO LY (x,0)/r!. (54)
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In order to study the leading term of (52) at s = 0, we consider the homomorphism of
K-algebras

Tac, : C*(Z,, K) — K[X]/(X"*1),
froTag =3 10 0%
k=0

and the composite
Ta<, 0 Zovorecy, jpy: Fiy x O — T — A — C*(Z,, K) — K[X]/(X"""). (55)
Restricting (55) to F," for p € R and reducing modulo (72) yields the homomorphism
Fy— K[X]/(X?), ar—1—/{(a)X. (56)
As before we consider the class
p:=(Tac,0 Zo)N(1xNYg) € H (B}, Co(Fr x Oy, K[X]/(X™)).
Applying [7, Prop. 3.6] we obtain
p = (=1)csN (X 1o:,)NY). (57)

(To make the connection with the notation in loc. cit., note that our p and 1@;;/ N correspond

to # and & there, and that in view of (56) our (—1)"c, ;X corresponds to cgy, U--- U cay,
there.) In (57), the second cap-product lies in H,,1,_1(Eg, C(O%, K[X]/(X"1))). Therefore

(Tacy o E)([fiyo] N p) = [ly o] NP
(=) (=) (e U (X 1oz,) U [fixen) N0
(=)™ X" ¢r,5 N ([1yp] N D). (58)

Combining (52) and (58), we obtain

h
Tac, (1 = Xx(A)ROLy(x, 5)) = Z x(b) Tacr 0 Z(¢(y6,) [ttx6,2] N p)
= (-)"X’ ZX )(Tacr oZ) (¢(76,)) e O ([ o2 N D)
an Z X Cg J ﬂ Ly, bi)\] N 19) (59)
= (—l)nTX C&Jﬂ (I{X7/\ﬂ19) (60)

where (59) follows from (Ta<, o Z)(¢(7,)) = 1 modulo X. Since
Tac, (1 —x(N) 730 =1—x(\)¢ (mod X)
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we see that Ta<,(1 — x(\) 75 £) is a unit in K[X]/(X"*!). Hence
Ta,(L(x,5) =0 (mod X')

and
Tac, (1= X(N) % OL,(x. ) = (1~ x()0) LY (x, 0)/r1 X
Together with (60) we conclude (54). O

Remark 4.3. We would like to point out that Proposition 3.4 and formula (54) could be
deduced directly from [11, Corollary 3.19(b)] and [11, Corollary 3.22]. However we feel that
the framework developed in [7, §3] is somewhat superior to that of [11, §4] and think it is
worthwhile to present the application to trivial zeros of p-adic L-functions here again in some
detail.

4.2 The diagonal entries
We now consider the other extremal case #.J = 1. If J = {p}, then

Cy (Up,x)
0p<up,x)

‘%p(X>J = galg(X)Pap ==

In this setting, the first named author [4, Conjecture 3.21] had previously conjectured a
formula for the image of u,, in F ® K. We recall below the definition of this conjectural
image, denoted U, ,.

Theorem 4.4. When n = 2, Conjecture 1.2 for J = {p} is consistent with [4, Conjecture
3.21], i.e. we have
CoUp )

A san = =5 g

Remark 4.5. We expect Theorem 4.4 to be tractable when n > 2 as well, but we leave this
as an open problem.

Before proving Theorem 4.4, we recall the definition of U, ,. We keep the notation of
the end of §3. Let D = . a,C; denote a signed Shintani domain for the action of E(f) on
(R™)™ so the characteristic function 1p := Y. a;1¢, satisfies > cer(p (e x) = 1 for all

z € (R™%)™. For each fractional ideal b of F' relatively prime to f and p, we will define an
element U, (b, A, D) € F; and define

Upy = Y Up(b, X, D)@ x(b)/(1 = x(N)), (61)

[b]EGf

where the sum ranges over a set of representatives b for G;;. The independence of U, from
the choices of the b, D, and X is somewhat subtle and is discussed in [4, §5].
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We now define U, (b, X\, D). Let e be the order of p in Gy, and write p¢ = (7) where 7 is
totally positive and # = 1 (mod f). For a compact open subset of F}, we define

vpap(U) == Zaig\(b, C;,U,0), where D = ZaiC’i.

i

where ((b, C;, U, s) denotes the function (30).

Our assumptions on A imply v, A p(U) € Z (see [4, Proposition 3.12]). The main contri-
bution to the definition of U, (b, A, D) is a multiplicative integral defined analogously to (10),
but with Riemann products instead of sums:

. 12 \%4
f x dljb,)\7p(l') = lim tVb’A’D( ),
Op—7Op V=072,

as V = {V'} ranges over uniformly finer covers of O, — 70, and ty € V.

The element U,(b,\,D) € F; is defined as the product of this multiplicative integral
with a certain global unit in F' and a power of 7. Given a formal linear combination of
simplicial cones D = 3" a;C; and a totally positive x € F*, we define D = > a; - 2C;, with
characteristic function 1,p(y) = >_ a;1¢,(x~'y). Given two such formal linear combinations,
we define their intersection as the formal linear combination whose characteristic function is
the product:

lpnp == 1p - 1pr.
With these notations, we define
€Eb\Dx1 ‘— H Eub,/\,eme—lv(Op). (62)
e€E(f)

One easily shows that there are only finitely many e for which the exponent in (62) is nonzero.
Finally, we define

UDB,\,D) := €D 7oA (Op) ][ T dvp \p(T)
Op—7Oyp

and U, , as in (61).

We assume now that n = 2. Recall that we have we have fixed an ordering of the real
places of F yielding an embedding F' C R?. We choose the generator € of E(f) so that it lies
in the half plane {(z,y) € R? | z < y}. Then we have

sgn(l,e) =1 and C*(1,¢) = C(1,e) U C(e)

and D = C*(1, €) is a Shintani domain for the action of E(f) on (R>°)%. For the cocycle (31)
evaluated at the pair (1,€) we have

VbJ7A<1, 6) = Vb,)\,D (63)

Now Theorem 4.4 follows immediately from
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Proposition 4.6. When n =2 and J = {p} and let [b] € G;. We have

Proof. After replacing m by mwe™ for some n € Z we may assume that 7 € D. Since €, 7 are
a Z-basis of E(f); the cycle
V= [r|e] — [e|7]

is a generator of Hyo(E(f)s,Z). Let g : FY — K be any continuous homomorphism (e.g.
g =¥, or g = o,). The assertion follows from

g(Up(6, X, D)) = ¢ N (Wi N V) (64)
Since m € D = C*(1,€) we have
C*(l,er™ 1) ifn=0;
DN D =C* ", "TYNCH(r rle) =S CH(1,nY) ifn=—1; (65)
0 otherwise.

Since E(f) = (¢) and sgn(1,77!) = —1 this implies

9(€orpx) = (Znyb,/\,el)ﬂﬂ—lD(Op>> g(e) (66)

nez
—vp o (1,m-1)(Op) - g(€)
= AL ) (Op) - g(e)
= (L m)(m0;) - g(e)
The last equality follows from the fact that x — VX‘{ (1, 2) is an inhomogeneous 1-cocycle on

E(§)s.

We will choose as representative of ¢, the inhomogeneous 1-cocycle z := 2z, , i.e. we
choose f = 1.0, = Tlp, in (13). A simple computation yields
2(€) = (rlo,) - 9(€) (67)
and
7 '2(7) = lo,—x0, - 9 + lo, - g(7) (68)

Put v = 1/, and vp = vy 5 p so that v(1,¢) = vp by (63). Using (66), (67) and (68) we get

6 N (Woy NY) = / 2(m)(@)d(mr(1, ) (z) - / () (@)d(en(1, 7)) (z)

Fp

- / () () () — / (7 2(6) (@)1, 7 (z)

Fy

- / g(z)dvp(x) + vp(Oy) - g(m) — v(1,m)(7O,) - g(e€)
Op—mO0yp

= g (f x dVD(.l’)> +9 (WVD(OP)) + g(Eb,)\,Dﬂr)
Op—10Oyp
= g(U(b,A, D))
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Remark 4.7. A more indirect approach towards Theorem 4.4 is as follows. In [7, §6] we
have defined certain elements U (b, \) of F, in terms of the Eisenstein cocycle. We expect
that these elements agree with the elements U, (b, A, D). It should be much easier to verify
Theorem 4.4 with U, (b, \) replacing U, (b, A, D) in (61). On the other hand in [4] and [7, §6]
a list of functorial properties for the elements U, (b, A, D) and U (b, A) have been established.
Since these properties determine the elements uniquely up to a root of unity neither ¢, (4 )
nor o, (U, ) will change while replacing the elements U, (b, A, D) with 2, (b, A) in the definition

of Uy .
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