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1. INTRODUCTION

Let F' denote a totally real number field of degree d > 1 over Q,
let p be a prime number and let xy be a totally odd Hecke character
of finite order of F. Klingen and Siegel have shown that the values of
the Hecke L-series L(x, s) at integers n < 0 lie in the algebraic closure
Q C C of Q. In [14] Shintani gave another proof by constructing a nice
fundamental domain (i.e. a finite disjoint union of rational cones; a so-
called Shintani decomposition) for the canonical action of the positive
global units F of F on R?.

Deligne and Ribet [8] and independently Barsky and Cassou-Nogues
[1, 3] have shown that there exists a p-adic analytic analogue L,(x, $)
of the Hecke L-series L(x, s) which is characterized by !

LP(X> 1- TL) = LSp(leina - n)

for all integers n > 1. Here w : Gal(F'(uap)/F) — (Z/2pZ)* — 7
denotes the Teichmiiller character and Lg,(, s) the L-series without
the Euler factors at the places F' above p. Compared to Deligne-Ribet’s

Date: March 27, 2012.

2000 Mathematics Subject Classification. Primary: 11F41, 11F67, 11F70; Sec-
ondary: 11G40.

Key words and phrases. p-adic L-functions.

IThis normalizations is not standard; usually this p-adic L-series is denote by

Ly(xw, 5).
1



2 BY MICHAEL SPIESS

work Barsky’s and Cassou-Nogues’ construction of L,(x,s) is more
elementary and is based on Shintani’s approach to the Theorem of
Siegel-Klingen.

Since L(x,0) # 0 it follows in particular that L,(x,s) has a trivial
zero at s = 0 if and only if there exists a place p above p such that the
local component x, of x at p is trivial. In [10] Gross conjectured that
the order of vanishing ord,—o Lg, (X, s) is equal to the number of places
p of F' above p such that x, = 1.

In section 3 of our work [16] we developed a framework to deal with
trivial zeros of higher order of p-adic L-functions. The latter are typi-
cally defined as so-called I'-transforms of a p-adic measure on the Galois
group of a certain infinite abelian extension M/F. In [16] we attach
such a measure p,, to a cohomology class k € H* ' (F}, D°) where Ff
are the totally positive elements of F' and DP is a certain space of p-
adic measures on the finite ideles H;foo FE; of F. We showed that the
[-transform of pu, has a trivial zero of order at least r (and also give
a formula for its r-th derivative) if there exists r places py,...,p, of
F above p such that k "extends” to a cohomology class whose values
are measures on the larger adelic space [[._, F}, X H;Too,viph---mr Fr (we
will recall the set-up and results of [16] which are used in this paper in
section 2 below).

In [16] we have applied this result to prove a conjecture of Hida
regarding trivial zeros of the p-adic L-function L,(E,s) of a modular
elliptic curve E/F. The aim of this paper is to apply it to L,(x, s) i.e.
we give a proof of the following theorem.

Theorem 1.1. Let r be the number of places p of F' above p such that
Xp = 1. Then,

(1) ords—o L,(x,s) > .

We will work with Barsky’s and Cassou-Nogues’ construction of
L,(x,s). However we need to "lift” the p-adic measure p, involved
to a measure-valued cohomology class x, in order to apply the method
of [16]. This is achieved using a Shintani cocyle. It is a certain (d —1)-
cocyle on F7 with values in the module generated by all characteristic
functions of rational cones in R? which yields a Shintani decomposi-
tion when taking the cap-product of it with the fundamental class in
Hy 1 (E4,Z) (for the precise definition see 3.3). The notion of a Shin-
tani cocyle has been introduced by D. Solomon [15] who has given a
definition in the case d = 2. For arbitrary d, Hill [11] has given a con-
struction. In section 3 we recall it and — by using a result of Colmez
[4] — establish the relation to a Shintani decomposition (see Prop. 3.7).
Then in section 4 and the beginning of section 5 we carry out the con-
struction of k, which is followed by our proof of Thm. 1.1 (following
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Cassou-Nogues we choose a certain auxiliary prime ¢ 1 p of F' to obtain
p-integrality properties of twisted L-values).

It should be mentioned (see [9] and also [2]) that (1) can be proved
rather easily for the corresponding arithmetic p-adic L-function and
so Thm. 1.1 is a consequence of Iwasawa’s deep main conjecture (as
proven by Wiles [17]). However we think that our approach is of in-
dependent interest. It is certainly more elementary. We also feel that
the cohomological framework developed here might be useful to study
other properties of p-adic L-series (we hope to return to the topic in
the future).

It should be mentioned as well that Dasgupta [7] independently (and
earlier) gave a proof of (1) if » < 3 which is closely related to our
approach. Moreover in joint work with Charollois [5] he gives another
proof of (1) based in part on a different cohomological construction of
L,(x,s) (involving Szech’s Eisenstein cocyle).

While working on this paper I had helpful conversations with Pierre
Colmez and Samit Dasgupta regarding ”Cassou-Nogues’ trick” so [
thank them both.

Notation. We introduce the following notation which will be used
throughout the rest of this paper.

We fix once and for all an embedding Q — C,.

If X and Y are topological spaces then C'(X,Y) denotes the set of
continuous maps X — Y. If R is a topological ring we let C.(X, R)
denote the subset C'(X, R) of continuous maps with compact support.
If we consider Y (resp. R) with the discrete topology then we shall also

write CO(X,Y) (resp. CY(X, R)) instead of C'(X,Y) (resp. C.(X, R)).

If X is a locally compact Hausdorft space and R = C, we denote by
| - |l, the p-adic maximums norm on C%(X,C,). It is given by

(2) I¢ll, = max{lp(z)], | z€ X} Vo eCUX,Cp)

For a group G a subgroup H there exists morphisms of d-functors
res: H*(G,-) — H*(H, -), cor: Hy(H, ) — H,(G, -).

which in degree 0 and for a G-module M are the canonical inclusion
MY — M*" and projection My — Mg respectively. If H has finite
index in G then there exists also morphisms

cor: H*(H, -) — H*(G, -), res: H (G, ) — H(H, ).
which in degree 0 are given as follows. If {g;};es denote a system

of representatives of the cosets G/H and m € M# then cor(m) =
> jes 9im. For x =[m] € Mg we have res(x) = [>_..; g;m].

Throughout the paper F denotes a totally real number field of degree
d over Q with ring of integers Op. Let Er = O} denote the group of
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global units. For a non-zero ideal a C O we set N(a) = §(Op/a). We
denote by P the set of all places of F' and by P¥ (resp. Sy ) the subset
of finite (resp. infinite) places. For a prime number ¢, we shall write
Sy for the set of places above g. We denote by oy,..., 04 the different
embeddings of F'into R. Elements of P will be denoted by v, w or also
by p, q if they are finite. If p € P%, we denote the corresponding prime
ideal of O also by p. For v € Pp, we denote by F, the completion
of F' at v. If v is finite then O, denotes the valuation ring of F, and
ord, the corresponding the normalized (additive) valuation on F, (so
ord,(w) = 1 if w € O, is a local uniformizer at v). Also for v € Ppg
we let | - |, be the associated normalize multiplicative valuation on
F,. Thus if v € S, corresponds to the embedding ¢ : F' — R then
2], = |o(x)| and if v = q is finite then |z|, = N(q)~ 4@, For v € Pp
we put U, = R, = {z € R| z > 0} if v is infinite and U, = O if v is
finite.

Let A = Ap be the adele ring of ' and I = Ir the group of ideles.
For a subset S C Pp we let AS (resp. I¥) denote the S-adeles (resp.
S-ideles) and also define Ag = [] ¢ [, and Is = [], s Fy . We also
define U® = [Tgs Us, and Us =[], U, If S contains all archimedian
places then the factor group I°/U? is canonically isomorphic to the
group Z° of fractional Op-ideals which are prime to all places in S.
We sometimes view F' as a subring of Ag and A® via the diagonal

embedding. For a finite set of nonarchimedian places of F' we put
E% = F*NUY and Eg = F* N Ug (intersection in Ag resp. AS).

For T C Pg = {2,3,5,...,00} and S = {v € Pp | v|g € T}
we often write Ap, AT, IT etc. for Ag, A%, I¥ etc. We also write
U4, U, U9, U etc. for UlD, Uggy, USY9, USaY5= ete. and use
a similar notation for adeles, ideles and fractional ideals. Thus for
example for a finite subset S of PSP, I%* denotes the set S U Sy.-ideles
and for a prime number ¢ we have E, = {x € F* | ord,(z) =0V v|q}.
For ¢ € Py = {2,3,5,...,00} we sometimes write F, rather than
Ay =F®Q = [[,eq, Fv- We shall denote by F7, Es, E etc. the
totally positive elements in F', Eg, E etc.

For a Hecke character x : I/F* — C* of finite order and v € Pp we
let x, be its v-component, i.e. x, : Fjy — 1 X, C*. More generally if
S is a finite set of places of F' we denote yg : Is¢ — C* its restriction to
Is C 1. If S consists only of non-archimedian places the image of yg is
contained in Q" C C,.

We denote by N = Np/g : F* — Q* the norm given by N(z) =
det(l,) where ¢, : F — F is the Q-linear map "multiplication by z”.
This extends to a map (F ®g A)* — A* for any Q-algebra A which by
abuse of notation will also be denoted by N.

Unless otherwise stated all rings are commutative with unit.
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2. p-ADIC L-SERIES ATTACHED TO COHOMOLOGY CLASSES

Let R be a topological ring and let S be a finite set of nonarchi-
median places of F' (we mostly consider the case S = S,). Assume

that a decomposition S = S; U Ss into disjoint subsets is given. We
introduce some spaces of R-valued functions on adeles and ideles. Put
C(Sl, SQ, R) = O(Agl X A'*SQ X IS’OO/US’OO, R), CC(Sl, SQ, R) = OC(A51 X
A%, xI9 /U%* R)and C(Si, Sy, R) = CY(Ag, X A%, XI5 /US>® R).
We let I act on C.(S1,S2,R) by (a- f)(z) = f(a™'z) for a € I,
f € C.(S1,5, R) and v € A*. This induces an F*- resp. F-action
(for a finite place v) via the diagonal embedding F* < I* resp. the
embedding Ff — I, 2+ (...,1,2,1,...). Note that

(51,5, R) = R) CO(F,, R) 0 Q) CUF;, B) © R) COF,, R)"

vES] VESH vgS

where the restricted tensor product ' is taken with respect to the fam-
ily of functions {1y, },. If S; = ) we often drop it from the notation, i.e.
we write C(S, R), C.(S, R) and C°(S, R) for C(0, S, R) = C(I*/U* R)

etc.

Assume now that S = S5, so Sy U Sy = S,. Let G, = Gal(M/F)
be the Galois group of the maximal abelian extension M /F which is
unramified outside p and oo and let p : I/F* — G, be the reciprocity
map. There is a canonical homomorphism

(3) 0:C(Gp, R) — Hq—1(F7,Cc(51, 52, R))

whose definition we recall from [16]. We denote by E, and F} the
closure of £, and F} with respect to the canonical embeddings

Ey = U, F.—=I*/U"

Note that F_jﬁ = FjﬁFJr. To begin with recall that the reciprocity map
of class field theory p : I/F* — G, induces an isomorphism

(4) I°/Fiur> = I/F*U" = G,

We can regard I': = F /E, as a discrete subgroup of I/ (E . x UP>)
by using the embedding I' = I*°/(E, x UP>). Next we construct an
isomorphism

(5) Hy(T,Co(S,, R)**+) — C(G,, R).

Let pr : I°/UP> — I®/(E,UP>®) denote the projection. Firstly, the
map

(6) Co(I®/E UM, R) — Co(Sp, R)™, [ fopr
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is obviously an isomorphism. If F denotes an (open and compact)
fundamental domain of I*°/FE  UP> for the action of I' then
C.(I®/E, U R)) Ind" C(F,R)
~ Ind" C(I®/E, x UP>®)/T, R).
Hence there exists a canonical isomorphism
() Ho(T, C.I® /B, UP, R)) — C((I® /B, UP<)/T', R)
which is given explicitly by [f] = > cp f(Cx). Since
(/B < UP) [T = T</FUP= = g,

(the second isomorphism is induced by the reciprocity map) the target
of (7) can be identified with C(G,, R). Thus we have an isomorphism

(8) Hy(D,C.I*/E; x U™, R)) — C(Gp, R)
By combining (6) with the inverse of (8) we obtain the isomorphism
(5).
Let M be any Fi-module. Next we construct a homomorphism
(9) Ho(T, HY(E1,M)) — Hy1(F{, M)

Since B, = Z4! we have Hy 1(E,,7Z) = 7Z. Choose a generator 7
of Hy—1(E+,Z). Since the action of I" on Hy(E,,Z) is trivial, taking
the cap product with 7 yields an I'-equivariant map H°(E., M) —
Hy 1(EL, M) hence

(10) Ho(T, H*(Ey, M)) — Ho(T, Hy_1(E, M))
We define (9) as the composite of (10) with the edge morphism
Hy(F3/ B+ Har (o, M)) — Hyy (2 M)

of the Hochschild-Serre spectral sequence.

2

Finally we define (3) to be the composite
C(Gp, R) — Hy(T,C.(S,, R)F+) — Ho(T',C.(Sy, Sa, R)F+)
— Hy 1 (F,Cc(S1,52, R))
where the first map is the inverse of (5), the second is induced by
the natural inclusion C.(S, R) < C.(S1, S2, R) and the third is (9) (for

M = C.(S1,5,R)). If R carries the discrete topology we write 9"
rather than 0 for the map (3):

80 : C’O(QP,R) — Hd71<Fi,Cg(Sl,SQ,R)>.

Remarks 2.1. (a) There is in fact a canonical choice for n (since we
have fixed a numbering o4, ...,0, of the embeddings F' — R). The
norm N : F' — Q extends to a map N : F,, — R. We denote the kernel
of F, ., CF5 LR by H. The isomorphism Log : F , — R?,
(log(o1(y)), - .. ,log(co1(y)) maps H onto RE = {z = (21,...,24) € R? |
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Zle z; =0} and E, onto a complete lattice in RZ. The isomorphism
H/E, =2 R/ Log(E,) provides the (d — 1)-dimensional compact man-
ifold ‘H/E with an orientation. We chose n € Hy 1(F,Z) so that it
corresponds to the fundamental class under the canonical isomorphism
Hy (B4, Z) = Hy (H/E., 7).

(b) More generally for any discrete and cocompact subgroup of the G
of H we obtain a canonical generator ng of Hy 1(G,Z) in the same
way as above. If G’ is a subgroup of finite index of G then we have

cor(ng) = ne-

(c) The class ng can be described explicitly in terms of generators
€1,...,€641 of G. Let 4 = £1 be the sign of the determinant with rows
Log(ey), ..., Log(eq_1),vo where vy = (1,...,1) € R% Then ng can be
represented by the d — 1-cycle p ) o sign(7) [e;)] - |€r@a—1)]-

(d) We shall also need the cohomological analogue of the map (9). It
is a homomorphism

(11) H"YF:, M) — H(T, Hy(E4, M))

Taking the cap product with 7 yields a I'-equivariant map H? (E,,
M) — Hy(E,, M) hence

(12) HO(T, HOY(E,, M) — HY(T, Ho(E,, M)
and (11) is defined as the composite of the restriction

OV (R M) — HO(FL /By, H (B, M)
followed by (12).

Measure valued cohomology classes and p-adic L-functions.
For a ring R put

D(S, Sy, R) = Hompg(CY(S1, Sa, R), R) = Hom(C%(S}, Sz, 7Z), R)
and let
(13) (. ):D(S1,5, R) x C)(S1,5,R) — R,
be the canonical (evaluation) pairing. We define a I*-action on D(S,
Sy, R) by requiring that (z¢, zf) = (¢, f) for all x € I®, f € C°(S}, Ss,
R) and ¢ € D(S1, S, R). The pairing (13) yields the bilinear map
n: Hd_l(Fj;, D(Sl, SQ, R)) X Hd_l(Fj;,Cg(Sl, SQ, R)) —
In the case R = C, an element A € D(Sy, 52, C,) is called bounded if
there exists a constant C' > 0 such that

|/\<¢)|p < C||¢||p7 V(?GCS(SMS??CP)‘

Here || - ||, denotes the p-adic maximums norm (2). The I**-submodule
of all bounded elements of D(S}, Sy, C,) will be denoted by D°(S, Sz, C,).
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Note that D°(S), Sy, C,) = Hom(CL(S1, 53, 0,), 0,) ®g, C, where O,
denotes the valuation ring of C,. Elements of D(S;, 52, C,) can be re-
garded as C,-valued distributions and elements of D(Sy, Ss, C,) as C,-
valued measures on the locally compact space Ag, x It /UP>°. Since
a C,-valued measure can be integrated against any continuous function
with compact support the pairing (13) when restricted to D°(S;, Sa, C,)
extends canonically to a pairing

< , > : Db(Sl, SQ,CP) X CC<Sl,SQ,(Cp) — (Cp.
The latter gives rise to the bilinear map
N: HYFE, DY(S1, S2,Cp)) X Hy1(F5,Co(Sh, S2,Cp)) — Cp.

For k € H™1(F%, D54, 92, Cp)) we define the Cp-valued distribution
i on G, by

(14) ; FO) me(dy) = (k) N O°(f) v f e %Gy R)

(here ¢ : D*(Sy, Sa, C,) < D(S1, Sa, C,) denotes the inclusion).

Lemma 2.2. (a) p, is a p-adic measure on G,,.

(b) fgp f(’Y) Mn(d'Y) = KN a(f) forall f € C(gmcp)-

Proof. Tt suffices to show that there exists a constant C' > 0 with
(15) kNIl < Cllflly vV fel(GCp).
Choose A € D(S,,C,) representing the class of the image of x under
the map (11) i.e. H*'(F;,D"(S,, C,)) — H(T, Hy(E+, D*(S,, Cp))).
Also let F denote an open and compact subset of I which is U>-
stable and such that the image of F under pr : I® — I*®/U>® is a

fundamental domain for the action of I' = F7;/E,. Then (15) follows
immediately from

KNO(F) = A(1r- fop) Vf € C(G,,C,)
where p : I*°/UP> — G, denotes the reciprocity map. Il

Recall that the I'-transform of a Cp,-valued p-adic measure ;o on G,
is given by

Ly(p, 8) = /g () ()

for s € Z,. Here (7)*: = exp,(slog,(N(v))) where N : G, — Z3 is the
cyclotomic character (it is characterized by y(¢ = NO) for all p-power
roots of unity ¢). We have ([16], Thm. 3.13)
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Theorem 2.3. Let Si, Sy be disjoint subsets of S, with S; U Sy = .5,,
let k € HY(Fr, DSy, S2,Cp)) and let j1 = p,, be the associated p-adic
measure on G,. Then,

ords—o L,(p, s) > 4(S1).

We point out that this is consequence of d((log, oN)*) = 0 for k =
0,...7—1 (where r = £(51)), a fact which is proved in [16]. Indeed, by
2.2 (b) we get for the k-th derivative of L,(x,s) at s =0

k k k
L20) = [ (log,eNuldr) = 510105, N )
hence ords—g L,(u, s) > .

Variant. Assume again that a decomposition S = 5 U S, of an arbi-
trary finite subset S of P into disjoint subsets is given. For a finite
set T C P disjoint to S we define C(Sy, Sz, R)T (resp. C(S1, Sa, R)7)

by omitting all places of T' (resp. by omitting all places of F' not lying
in SUT) from the definition of C(Si, Sz, R). Thus

C(Sla Sy, R)T = C(A51 X Agz % ISUT,OO/USUT,(”’ R)
C(Sla 527 R)T — O(AS1 X A_Zv2 X IT/UT7 R)

Similarly one defines C2(S;, So, R)T, C°(S1, Ss, R)7, D(S1, s, R)T,
D(S, Sz, R)r, D*(S1, S, C,)T, ete. If T = S, for a prime number ¢ then
we shall also write C(S}, S, R)?, C°(S1, S, R)? etc. for C(Sy,Ss, R)T,
CS(Sl, SQ, R)T etc.

The R-module C%(Sy, Sa, R)T (resp. C%(S;, S, R)7) carries a canon-
ical I">-action (resp. Ir-action). It is easy to see that

C(Sl,SQ,R) = Indi?mC(Sl,SQ,R)T
C(Sl,SQ,R) = Ind%;oC(Sl,Sg,R)T

Thus by weak approximation we have C(Sy, Sy, R) & IndlgT'+ C(S1, Ss,
R)T as F;-modules. Moreover if IV = U597 F* then

C(S1,52, R) = Indys..C(S,Ss, R)r.
T

Similar statements hold for C.(S1, Ss, ¢, R), D(S1, S, R) and D*(S, Ss,
Cp) where in the latter cases Ind has to be replaced by Coind.

For example by Shapiro’s Lemma there are canonical isomorphisms
(16) Hd—l(EiUTa Cc(Sla S27 R)T) = Hd—l(F-T-a CC(Sla SQa R))

H" Y BT DSy, S2,Cy))r =2 HYYF:, DS, 52, Cp))

lf ISUT,oo — USUT’OOF_t.

Hence the map (3), Thm. 2.3 etc. can be formulated in terms of
E7r -(co-)homology with coefficients in C2(S1, Sa, R)r, D(S1, S2,C,)r
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etc. The isomorphisms (16) are induced by inclusions (i.e. adjunction
maps)

(17) C(Sl,SQ,R)T — C(Sl,SQ,R)

(18) C(Sl,SQ,R)T — C(Sl,SQ,R)

given by ¢ — ¢ ® 1y, (resp. ¢ — ¢ ® lysure). Note that (17) is
Ep-equivariant and (18) is E°“T-equivariant.

If ¢ is a prime number such that S, is disjoint from S UT then (18)
factors in the form C(Si, Sa, R)r ﬂ C(S, 52, R)? ﬂ C(S, 52, R)

where

(19) C(Sl,SQ,R)T — C(Sl,SQ,R)q, ¢l—) ¢®1USUT,q,oo.

3. SHINTANI COCYCLES

Definition of a Shintani cocyle. For linearly independent x4, ...z, €
F. the (open) cone C(zy,...,z,,) generated by (z1,...x,,) is defined
by

C(ZL‘l,...lL‘m) = {Z Ai; | Ai €R+ Vi= 1,...,m}.
i=1
It is called positive if z4,... 2, € F + and rational if it is generated
by x1,...z, € F*. A rational cone C' = C(x,...x,,) generated by
x1,...T, € Fy is called a Shintani cone. Note that this is equivalent
to the condition C' C F . A subset D of Fi, 1 that can be written as
a finite disjoint union of Shintani cones is called a Shintani set. Let IC
(resp. Kat) denote the Z-span generated by all characteristic functions
1o of positive (resp. Shintani) cones. The group F} | acts on K via
(- f)ly) = fe7ly) forz € Fy ,, f € Kand y € F and Ky is a
FY-stable subgroup. Since the intersection of two Shintani sets is again
a Shintani set the product of two functions in IC.,; lies again in IC.

Let G be a discrete subgroup of H = {zv € F} , | N(z) = 1}. It
intersects a given positive cone C' = C(xy, ... x,,) in only finitely many
points. In fact Log maps G to a lattice in R¢ and C'NH to a bounded
open subset of RY so the intersection GNC' ~ Log(GNC) is finite. Hence
for f € K and y € F  almost all terms in the sum ) . (zf)(y) are
= 0. Thus the map f+ > _, «f induces a homomorphism
(20) Hy(G,K) — Maps(Fa 4, Z)°

For a subgroup G of H which is discrete and cocompact (i.e. Log(G)
is a complete lattice in RY) we let

(21) Yo H7HH, K) — Maps(Fao 1, Z)
be the composition of

H™ (1, K) = HYG, K) 228 Hy (G, K)
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with the map (20).

Lemma 3.1. Let G, G, Gy be discrete cocompact subgroups of H.

(a) If G1 C Gy then b, = tic,.

(b) Put ¥/G: = {z ¢ Fy . | 2" € G for somen € N}. Then the
image of (21) is ¥/ G-invariant.

Proof. (a) This follows from the commutativity of the diagram

H¥ (G, K) e, Hy(Gs, K) BCUIN Maps(Fy ., Z)%?

l res J{ res l incl

H (G, K) % Hy(Gr,K) 225 Maps(Fao s, Z)%

which is due to corng, = ng,-

(b) is a consequence of (a) since VG is the union of groups G’ with
G' O G and [G' : (] < oo and since Im(¢¢) is G'-invariant. O

In the case G = F, we restrict the map f — ZC€E+ ef to f € Kt
and obtain a homomorphism
(22) HO(E-H ICrat) — MapS(FOO,-H Z)E+

Recall that a Shintani set A is called a Shintani decomposition if F
can be decomposed as the disjoint union of F,-translates of A

FOO’JF - UGGE’EA
Shintani [14] has shown that they exists.
Lemma 3.2. The map (22) is injective.

Proof. Let f € K and let A be a Shintani decomposition for F,.
By ([6], Lemma 3,14) there exists only finitely many ¢ € FE, with
lea - f # 0. Modulo the augmentation ideal of the group ring Z[E, |
we get

F=> da-f = ela-elf) = D 1a-(e'f)
ecby ecb ecb

Hence any element of Hy(E,,K) has a representative f € K with
supp(f): = {z € Fwy | f(z) # 0} C A. For such f and y € A

we have >° . (ef)(y) = f(y) so in particular }_ , ef = 0 implies
f=o. 0

Similarly to (21) we define
(23) Hdil(Fia Krat) — MapS<FOO,+7 Z)
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to be the composition of

e,

(24) Hdil(*Fiy ICrat) ﬁ) Hdil(E%ﬂ ’Crat) — H0<E+7 Icrat)
with the map (22).

Definition 3.3. A cohomology class o € H™ L (F*, Kyat) is called Shin-
tani cocycle if the following equivalent conditions hold:

(i) a is mapped under (24) to the class [14] € Ho(Ey,Kay) of the
characteristic function 14 of a Shintani decomposition A.

(11) o is mapped under (23) to the constant function =1 on Fi ..

That (i) and (ii) are indeed equivalent follows from Lemma 3.2 since
[14] is mapped to the constant function = 1 under (22).

Solomon [15] has defined a Shintani cocyle in the case d = 2. In [11]
R. Hill has constructed a cohomology class in H4~1(F*, L) for arbitrary
d where L is the quotient of the Z-span of the characteristic functions
of all rational cones modulo the constant functions F., — {0} — Z. We
recall his construction and show that it is indeed a Shintani cocyle in
the above sense when restricted to the subgroup F7 of F™*.

Hill’s construction. Let k be a field and V' a k-vector space of di-
mension d. Let K/k be a field extension and let ¢q,...,t; € K be
elements which are algebraically independent over k. For a k-basis
v = (vq,...,vq) of V a k-algebra A and a € A we define the element
b(v,a) € Va = A®, V by

b(v,a) = Zai_l v;

j=1
Recall that a set of vectors of V' is said to be in general position if every

subset with no more than d vectors is linearly independent. We have
(see also [11], Lemma 1)

Lemma 3.4. Let K/k be a field extension and let ty,...,tq € K be
elements which are algebraically independent over k. Given a collection

d basis’ vM) = (U%l), . ,vc(ll)), oo @ = (U%d), . ,vg(ld)) of V and v €
V', v # 0 the set of vectors in Vi
(v, (™, t)),..., 6D, ty))

15 in general position.

Proof. Let w: V¢ — k be a determinant form on V. To prove that
(b(vW™,ty),...,b(v D, ty)) is linearly independent it suffices to show

f(tl,...,td)l :w(b(y(l),tl),...,b(y(d),td)) # 0.

Let X be the closed subvariety f = 0 of A} = Speckl[ty,...,tq]. We
have to show X # Al. For that we may assume that k is infinite. Now
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for any d elements ay,...,aq € k with a; # a; for ¢ # j the d-tuple
(b(v,a1),...,b(v,aq)) is a basis of V. Hence by Steinitz’ lemma we can
choose a1, . .., aq € k successively so that (b(v), ay),...,b(v'?,ay)) is a
basis, i.e. f(a1,...,aq) # 0. Similarly, one shows that (v, b(v™,t),...,
b(v@Y ty4_ 1)) is linearly independent. O

Assume now that & is an ordered field (i.e. k = Qor k =R), V a
d-dimensional k-vector space and w : V¢ — k a determinant form on V.
For an extension of ordered fields K /k and linearly independent vectors
V1, ..., Uy of Vi we denote as before the open cone {d 1" \v; | \; €
K, A\ >0Vi=1,...,m} by C(vy,...v,). We also use the notation
Clvy, ... vy for the closed cone {d°", Nv; | A\ € K, N > 0Vi =
1,...,m}—{0}. A cone is called k-rational if the generators vy, ..., v,
can be chosen in V. If d = m we define a function c(vy,...v4) :

Vk —{0} — Q by

c(vi,...,vq)(v) = sign(w(vi,...,04)) Lo, .00 (V).

We choose a field extension K/k with a discrete rank d+ 1 valuation
w which is trivial on k and so that its residue field is k. Recall that w
is a surjective map w : K — Z% U {+00} such that for all z,y € K
we have (i) w(z) = 400 < x =0, (ii) w(zy) = w(x) + w(y) and (iii)
w(z+y) > min(w(z), w(y)). Here Z4*! carries the lexicographical order
(mo,...,mg) < (ng,...,Nq) < My = No, ..., Mi—1 = n;_1,m; < ny; for
some i € {0,...,d}. We denote the corresponding valuation ring by
O,, and the valuation ideal by m,, so that O,,/m,, = k. For z € O,, we
denote by T € k the residue class x mod m,,. We fix ty,t1,...,tq € K so
that w(ty) = (1,0,...,0),w(t;) = (0,1,...,0),...,w(ty) = (0,...,0,1)
is the standard basis of Z%*!. We introduce an ordering on K by

(25) x>0 & u>0

where z = wt(" -t € K* with u € Of and w(z) = (mo,...,maq).
Note that tg,...,t; are algebraically independent over k and that we
have 0 <ty and t; < ¢/, for alli € {1,...,d} and m € N.

We fix a k-basis v = (vy,...,v4) of V and a determinant form w :
Ve — konV. For g1,...,94 € GL(V): = Aut(V) and v € V — {0}
we define

29155 9a)(v) = c(g1(bv; 1)), - -, 9a(b(w, a))) (v).

Note that gb(v,a) = b(gv,a) for all g € GL(V) and a € K. Hence
by Lemma 3.4 the vectors v, g1b(v,t1)),...,9ab(v,tq)) are in general
position. By ([11], Prop. 3 and Thm. 1) the following holds
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(SC1) For all go, g1, -.,94 € GL(V) and v € V — {0} we have

)

(_1)12(907 e 7.@'7 s 7gd>(v)

= (=1)%(b(gov, to), - -, b(ga—12, ta-1))(=b(gav, ta)).
(SC2) For ¢,¢1,...,94 € GL(V) and v € V — {0} we have

Z(ggb s 7ggd)(v) - Slgn(det(g))z(gb s 7gd>(g_1v)
(SC3) For ¢1,...,94 € GL(V) there exists finitely many disjoint k-
rational open cones C1, . .., Cy, such that z(g1, ..., 94) = > iry 1.

We also need the following

Lemma 3.5. Let g, ..., g4 € GL(V) and assume that by = g1(v1), ..., bg
= g4(v1) is a basis of V. Then

sign(w(by, .. .,bq)) = sign(w(g1(b(v,t1)), ..., g9a(b(v,tq)))
and

C(br, ... ba) C Clgr(b(v, 1)), - .., ga(b(v, ) Nk C Clbu, ..., b

Proof. The first assertion follows immediately from the definition of
the ordering on K. Let v € V — {0} and let A\y,...,A\; € K be the
coordinates of v with respect to the basis g;(b(v,t1)), ..., ga(b(v,tq)) of
Vk. We claim that A,..., Ay € O,. If not there exists i € {1,...,d}
with w()\;) < 0 and w(X;) < w(\;) for all j € {1,...,d}. We get

d
0= X' => N/Ab  modm,®V.
j=1

which contradicts the assumption that 01,...,b4 is a basis. The con-
gruence shows as well that A{,..., \; € k are the coordinates of v with

respect to by, ..., by. From this the assertion follows immediately.
O

Existence of Shintani cocycles. Assume now £ = Q and V = F.
We remark that FK = F'®q K as well as R®q K are integral domains
since Q is algebraically closed in K. In fact FK is a field. We will
denote the quotient field of R ®g K by K. The valuation w induces a
valuation on K with residue field R. Hence by the same recipe (25), w
and the parameters tg, ..., ty induce an ordering on K. Fori=1,...,d
the embedding o; : F' — R induce an embedding FK — K as well
as homomorphisms of R- resp. K-algebras F,, — R and FK.: =
FK ®x K = F ®g K — K. By abuse of notation these maps will be
denoted by o; too. We put FK| ={z € FK | 0;(z) >0Vi=1,...,d}
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and define FK .,y similarly. Note that FK+ NF = FK,. NF = F,
and that FK, and FK  are stable under addition and multiplication.

We define a determinant form w on F by w(zy, ..., x,) = det(o;(x;)).
We fix a Q-basis = (z1,...,24) of F with 1 = 1. For uy,...,uq €
FZ, , and y € F, we define

Z(uh s 7ud>(y) = c(ul(b<£7 tl))? cee 7ud(b<£? td)))(y>
= Sign<w<b(u1£7 tO)a R b(“d@? td)))lC(b(ulg,to) ..... b(udg,td))(y)

The function y — z(u1,...,uq)(y) lies in K. In fact for a € K with
w(a) >0and i € {1,...,d} we have

d
Zolx]aj 1—1—1—201%@] '>0.
J=1

Hence b(uiz, ty), ..., b(uqz, tq) € FK + and therefore z(uy, ..., uq)(y)
# 0 only if y € Fiw +. On the other hand by (SC3) there exists finitely
many disjoint cones C4, ..., Cy, such that z(uy,...,ug) = £> " 1¢,.

It follows C; C Fio 4 for all i = 1,...,m. Moreover if u;,...,uq € F7}
then C, ..., C,, are rational cones hence z(uy,...,uq) € Kat.
Lemma 3.6. The map z : (FZ )" = K, (w1, ..., uq) = 2(uy, ..., uq)

is a homogeneous (d — 1)—cocyle of F7.

Proof. Let ug,...,uq € FZ, . Since b(uoz,to),...,b(uqz,ts) are in
general position there exists unique non-zero scalars Ag, ..., A\g_1 € K*
with Z?:o Aib(u;z, t;) = —b(ugz, tg). If all \; were positive it would im-
ply —b(ugz,tq) € FK + contradicting b(uqz,ts) € FKo . It follows
—b(ugz,ty) ¢ C(b(uoz,ty),...,b0(uq_12z,t4-1)) and therefore by (SC1)
and (SC2) that z is a homogeneous (d — 1)—cocyle. O

Proposition 3.7. Let [z.a1) be the cohomology class of the cocycle zyay,
(Fi)d — Kraty (U1, ... ug) = z(ug, ..., uq). Then either [zat] o —|zrat]
s a Shintani cocycle.

Proof. Let g € Maps(Fy +,Z) be the image of [z,¢] under (23).
Since the image of [2y4¢] under the canonical map H4 (Fr, Ky) —
H*(F%,K) is the restriction (to F7) of the cohomology class [z] €
Hd= 1(FC;"QJF,IC) of z : (Fi )" = K we get g = g, ([2]). Therefore
by Lemma 3.1 g is ¥/F-invariant i.e. we have g(y) = g(ey) for all
e € /Fy and y € Fy . By ([4], Lemme 2.1 and 2.2) there exists
elements €1, ...,€e4_1 of B, with

(i) The subgroup E’ of E, generated by €1, ..., €41 is free of rank
d—1.
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(ii) Forall 7 € Sy_y put f1, =1and f;, = Hj<i - for 2 <i < d.
Then (fi,..., far) is linearly independent and for all 7 € Sy_4
we have sign(w(fir,..., far)) = sign(7).

(iii) For 7 € Sq—1 put C; = C(fir,..-, far). Then eC; NéC =0
for (e,7),(¢',7") € E' x Sy_1 with (e,7) # (¢/,7').

For 7 € S, we also set C, = C((frrz,to), .- b(farz,ta)) N Fo 4.
Since the closure C, of C; in Fy is C[fi,..., far] we have C, C
C. C C. by Lemma 3.5. By Lemma 3.1 (a) we get g = 1 ([2]) hence
by Remark 2.1 and Lemma 3.5 we obtain

g)==> | D sign(r) e(fir o fan) | = DY L ().

eeR’ \T€S4_1 eER' T€Sy_1

For pairs (¢,7) # (€', 7') condition (iii) implies eC, Ne'C = ) (because
eC. is open). In particular C: = Cyq = C(1, fi1,..., fs—1) does not
intersect eC'. for all pairs (¢, 7) # (1,id) and consequently ¢ is constant
= 41 on C. Hence by Lemma 3.1 the function g is constant = £1 on
the set

YVE; - C = {yeFeoi|y=ey for someeec E, and yp € C'}.

To finish the proof we have to show /E, -C = F, . or that the
image of §/E, - C under Log is = R?. However Log( %/E;) is a Q-
vector space which spans R¢ and for any ¢ € R the intersection of the
open set Log(C) with RY: = {z = (21,...,24) € R* | 320, 2z = t}
in nonempty. Hence R? C Log( /Fy - C) for all t € R and therefore
R? = Log( ¥/Ey - C). O

(S, T)-Shintani cocyles. For a finite set S of nonarchimedian places
of F we denote by K° (resp. Ks) the subgroup of K,,; generated by the
characteristic functions 1¢ of Shintani cones C' generated by elements
in Ef (resp. Es.). Note that K resp. Kg is a Ef resp. Eg -stable
subspace of K.,. For a prime number ¢ we write K, for Kg,. We have
Ks = li_r}n K* where T runs through all finite subsets of P which are

. . . T
disjoint to S.
Let S, T be a pair of finite disjoint subsets P%. Consider the com-
posite

res — n
(26)  H™UES Kr) = BN By Kr) = Ho(Es, Kr)
Definition 3.8. (a) A T-integral Shintani decomposition A is a Shin-
tani set which can be written as a finite disjoint union of Shintani cones
each generated by elements in Ep 4.
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(b) An (S, T)-Shintani cocycle is a cohomology class « € H*Y(EY, Kr)
which is mapped under (21) to the class [14] € Ho(Ey,Kr) of the
characteristic function of a T-integral Shintani decomposition A. If
T =S, for a prime number q then a (S, S,)-Shintani cocycle will be
also called (S, q)-Shintani cocycle.

Proposition 3.9. For a finite subset S of PY there exists another such
set Sy 2 S so that an (S, T)-Shintani cocycle exists for all T which are
disjoint from Sy. In particular there ezists an (S, q)-Shintani cocycle
for almost all prime numbers q.

Proof. Let a € Hd_l(Fj, K.at) be a Shintani cocycle and let ag be
its image under res : H*™ ' (F7, Krr) = H Y (ES, Kpay). Since EY is
finitely generated the functor H4~'(E?, - ) commutes with direct limits.
Hence there exists a finite set Sy 2 S and g € HYH(ES, K%) such
that t,(ap) = ag where ¢ : K% C K,y is the inclusion.

There exists a Shintani decomposition A such that the image o under
(24) is equal to [14] € Ho(E4, Kiat). By enlarging Sy if necessary we
may assume that A can be written as a finite disjoint union of Shintani
cones generated by elements in Efo. This may not necessarily imply
that the image of ay under

res — n
H*™N(ES K%) 2% H™ (B, K%) 5 Hy(E,, K%)
is equal to the class of 14. However by further enlarging S, we may
assume this as well (here we use that Hyo(E,, - ) commutes with direct
limits).

It is now obvious that for all 7' disjoint from Sy the image of ay
under the canonical map H4"H(ES, K%) — H(EY, Kr) is a Shintani
(S, T)-cocycle. d

4. INTEGRALITY PROPERTIES OF L-VALUES ATTACHED TO
SHINTANI CONES

Locally constant functions on adeles and ideles. Our aim now
is to relate the function space C°(Si,Ss, R) to the Schwartz space
S(A>*, R) i.e. the space of compactly supported locally constant func-
tions A — R.

In general for a locally compact totally disconnected topological ring
A and a ring R the Schwartz space S(A, R) is defined as S(4, R) =
CY(A, R). The group A* acts on S(A, R) by (af)(z): = f(a 'z) for
a€ A", f € S(A,R) and z € A. Using the embedding Q — C, we
view S(A, Q) as a subspace of S(A4,C,) and denote the induced p-adic
maximums norm (2) on S(A, Q) also by || - |[,-
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In order to relate C2(S1, Sz, R) to S(A®, R) we first consider the local
case. For v € P¥, ¢ € C.(F*, R)% and z € F the infinite sum

O @) @) =) d(@ "x)

is finite and one easily checks that Ff — R,z — (3 .~ , @w"¢)(x)
extends to a function in CY(F,, R). For example if ¢ = 1y, then
Yoo w'd =1p,. We obtain a Ff-equivariant R-linear isomorphism

(27) 0y : CUF; R)" — S(F, R, ¢ Y w"¢
n=0

which is characterized by 6,(1,,) = 1.0,

Now consider S(A>, R) with its canonical I*°-action. We have

/
S(A*R) = Q) S(F.R)
vfoo
where the restricted tensor product ' is taken with respect to the

family of functions {1p,},. Thus by taking the tensor product of the
maps (27) we obtain a canonical I*°-equivariant isomorphism

A:CUI*/U> R) = C'I®,R)Y" — S(A*, R)Y™.

It can be considered as a linearization of the map sending an idele to
the corresponding fractional Op-ideal. Indeed, it is characterized by
A(lyp=)(z) = 14(z) for y € I and = € F where a € Z denotes the
ideal corresponding to yU> under the isomorphism I*/U* = 7.

More generally, if S;,.5; are disjoint finite subsets of P%° and S =
S1 U Sy then by taking the tensor product of the canonical inclusion
Co(Ag, x A%, R) — S(Ag, R) ("extension by zero”) with the ten-
sor product of the maps (27) for v ¢ S we obtain a I*-equivariant
monomorphism

C2(S1, 2, R) —> S(A®, R)V™™.
It maps a function of the form ¢ = @ ¢, with ¢, € CP(Fy, R)Y for all
v Stop=Q o, with ¢, = ¢, if v € S and ¢, = §,(¢,) if v &€ S.
Similarly, if ¢ is a prime number with S, NS = () then by the same

procedure we obtain a canonical I?*-equivariant monomorphism

(28) CCO(Sla 52, R)q — S(Aq,oo) R)Uqu,oo‘

Solomon-Hu pairing. For a finite dimensional Q-vector space V we
denote by Q[V] the algebra [], -, Sym™ V and let Q((V')) be its quotient
field. A choice of a basis (vy, . . . v, ) of V induces isomorphisms between
Q[V] resp. Q((V)) and the power series ring Q[21, . . . , 2] resp. the field
of Laurent series Q((21,. .., 2y)). Elements in Q[V] can be written as
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formal sums ) ., v, with v, € Sym” V. We denote the augmentation
map by

evo: Q[V] — Q, v = Zvn — evo(1) = v

n>0
(thus if we think of 1) as a power series in 21, ..., 2, then evo()) is the
evaluation at z; = ... = 2, = 0). We have Q[V]* = {¢ € Q[V] |

evo(v) # 0}.

For V.= F ®g Q we put R = Q[F ®¢ Q] and Q = Q((F ®q Q).
The field F' can be viewed as a subset of R via the embedding ¢ :
F—SFeQ=Sm(FeQ) CR,ie t(z)=>,.,0, with v; =
and v, = 0 for all n # 1. The multiplication in F induces a F*-
action on Q, F* x Q@ — Q,(x,g) — x % g which is characterized by
xx (L(xy) - (xy)) = elxay) - - v(zxy,) for x,zq,... 2, € F).

Solomon and Hu [12] (see also [11]) have constructed a pairing
(29) << ) >> D Krat XS(AOO7@) — Q
with the following properties.
(SH1) (zf,z®) = xz x {(f,®) for all x € F*, f € Ky and & €

S(A>,Q).
(SH2) If C' is a Shintani cone C' = C(z1,...2,) with z1,... 2, € F}

linearly independent over Q and if ® € S(A®, Q) is invariant under
translation by 7" Zx; then

m

(1c,@) = [ —expa)™ - Y. @) exp(a)

=1 2€FNP(z1,....2m)

where exp(y) = > i, t(y)"/n! € R and

i=1

Cassou-Nogues trick. For a Shintani cone C' and ® € S(A®, Q) we
consider the Dirichlet series L(®,C;s) given by

L(®,C;s) = Z O (z)1e(x) N(z)~°.

Following Cassou-Nogué [3] we study its value at s = 0 for certain C'
and O.

Let ¢ be a prime number # p and let q be a place of F' above q. We
define ¢ € S(Fy, Q) by ¢q = 1o, — N(q) (wqlo,) i-e.

1 if x € Uy,
Pq(z) = 1 —N(q) ifz € q0O,,
0 otherwise.
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Let ¢, : Fy — Q denote an (additive) character with Ker(,) = O,
and define (x,y)q: = ¥4(xy) for z,y € F;. One can easily see that ¢,
is the Fourier transform of the function 11y, € S(F,,Q). Hence by
the Fourier inversion formula we obtain

(30) dg(r) = =D (r.9)q

yeq
for all x € Fy where () is a system of representatives of the set of cosets
@, 'O /Og —{Og} ={y+ 0, | y € 'O — Oy} Note that if N(q) = ¢
then (x,y)q is a primitive g-th root of unity for all y € Q and = € Uj,.

We define ¢, € S(F;, Q) as the (tensor) product of ¢ and the functions
o, for v g0 # q

(31) ¢ = 0,0 X 1o, € Q) S(F,.Q) = S(F,Q)

v|q,v7#q vlg

Assume now that N(q) = ¢ (for example we may choose a prime
q # p which splits completely in F' and take any place q above q)._In
the following Lemma we identify S(A?>, Q) ®S(F;, Q) with S(A>, Q).

Thus for ¢ € S(A?>®,Q) we regard ¢ ® ¢, as an element of S(A®, Q)
(the function ¢, is defined by (31)).

Lemma 4.1. Let ¢ € S(A?™ Q) and let C = C(zy,...,7,) be a
Shintani cone generated by x1,...,%, € By 4.

(a) We have {(1¢,¢ @ ¢,) € R. Moreover,
(32) levo({(1e, 0 @ b))l < ll9llp-

(b) L(p @ ¢gq,C;'s) converges absolutely for Re(s) > m/d and extends
holomorphically to the whole complex plane. At s =0 we have

L(¢ ® ¢4, C;0) = evo(((1c, ¢ @ @)

Proof. Put ® = ¢ ® ¢y and &g = ¢ @ @, Lo, € S(A®,Q). By (30)
we get

(33) b(x) = =) (2,9)ePo(x)

yeQ

for all x € F (we consider elements of S(A®, Q) also as functions on
F via the diagonal embedding F' < A>). There exists two fractional
Op-ideals a C b C F such that &, has support in b and is constant
modulo a, i.e. supp(®o) N F C b and ®y(z+a) = ¢(z) for all a € a and
x € A*. Since the g-component of ®j is = ®v| . lo, we may assume
that no prime of Op above g occurs in the prime decomposition of a
and b.

Fix i € {1,...,m}. Since x; lies in E, there exists a positive integer
M prime to ¢ such that Mz; € a. Indeed, no prime ideal above ¢
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occurs in the prime decomposition of z; 'a and we can choose M to be
the positive generator of z; 'a N Z.

By replacing each x; by some multiple Mz; with ¢ 1 M we can (and
will) assume that z1,...,x,, € a, i.e. @y is invariant under translation
by > | Zz;. Since z; is a unit at q (i.e. ordg(z;) = 0) we remark that
(@i, y)q is a primitive g-th root of unity for ally € Q and i =1,...,m.
So by (33) the function @ is invariant under translation by Y " | Z(qx;).

Since P = P(qxy,...,qry,) is the disjoint union of sets of the form
O™ nxy) + P owith P = P(xq,...,2,) and 0 < ng,...,n, < g—1
and because @ is constant modulo > 7" | Zz; we obtain using (33)

Z O (x) exp(z Z Z z,Y)qPo(x) exp(z)

z€FNP yeQ zebnP
= - Z Z (x,y>q©0(x) eXp( ) Z H TiyY)q €XP gjz))
yEQ zELNP N, nm=0 1=1

— _H 1 _ eXp q% Z erbﬂP<x y) CI)O( )exp( )

o LS (1= (@i y)g exp(z) -

By (SH2) we obtain

(1c, @) = H(l —exp(qzi) - Zfb@)exp(if)
_Z > _weonp (T ¥)qPo(7) exp(z)

seo (1= (@i, y)g exp(ai) <R

since evo(1— (@i, y)qexp(z;)) = 1— (24, y)q # 0 hence 1 —(z;, y)q exp(z;)
eR forally e @ andi=1,...,m. Moreover we get

Zzebﬂ <x y> CI)O( )
evo((1c, @) = _é I 1231 (Ti,Y)q)

To deduce (32) note that |1 — (z;,y)q|, = 1 hence

levo((Lo, @), < max| D (. 9)e®o(@)]p < (1ol = [[]l,-

R
Y 2E€bNP

(b) For L(®,C;s) we obtain

L(®,C;s) = =Y > (,y)g®o(2) N(z)*

yeQ zebNC

S ST LYCED SN | (RTINS S

yeQ x€bNP ni,...,nm=0 i=1 i=1
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Fix y € @ and put & = (z;,y)q. To deduce (b) it is enough to show
that the Dirichlet series

o0

Z 1 &' N(z + i”: niz;) "’
= i=1

extends to a holomorphic function on the whole complex plane and

that its value at s = 0 is equal to m This is well-known (see

[14], Prop. 9 or [3], Thm. 5 and Thm. 13). O

p-adic measures attached to Hecke characters and cones. Let
X : I/F* — C* be a Hecke character of finite order with conductor
f(x). Our aim is to construct a F, -equivariant pairing

(34) (0 Dy - Ky xCUS1,5,Q7 —Q
(a variant of the Solomon-Hu pairing) with the property that for fixed

f € Ky the map (f, - ), : CS1, S0) — Cpo 6+ (.6, , s an
element of D*(Sy, 9,5, C,).

Let Sy be the set of all v € P which divide pf(x). We decompose
Sp into disjoint sets Sy = S U Sy U Sy where 51 ={v € S, | x» = 1},

Sy = S, — 51 and S5 = S — S,. Note that %o IS0 @* factors
through I50:% /{750 = 7% Hence we may view x°° as a character

x=x":7% — Q, a— x"(a).
We fix a place q of F' such that ¢ = N(q) is a prime number with

S, NSy = 0. Since 19>/ E, U4 = T/F*U% we can (and will) also
regard y as a character of

(35) x: I — Q
with E, U9 C Ker(x).

Note that since y, = 1 for all v € S; we can extend (35) to a
multiplicative map x : Ag, x I[904% — @* We define a map

AX = A;( CS(SDSQ)@)q — 8(A007@>
as the composition
CJ(S1, 52, Q)" 2 CO(Sh, 82 U 83,Q)* == C(S1, 5, U S5, Q)"
Z s(ar=,Q) 25 S(A*,Q).
Thus for an element ¢ € C%(S1, Ss, ¢, Q) of the form ¢ = ®
CE(FU,@) if v e Sy,
¢y € ¢ CUF;,Q)  ifve S,
CUF;, Q" ifvgS,US,

¢, with

vigoo
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we have AX(¢) = ®,,.. ¢, where ¢, € S(F,,Q) is given by

vfoo
XoPo if v e Sy,
5 _ 1(9q — N(q) 1wq(9q ifv= q,
! 1(91; if U’Q? v % q,
3o (Xw®o) ifvegSyuUs,.

Since ¢, = 1y, for almost all v we have ggv = 1p, for almost all v.

We remark that

AX(yp)(z) = xW)(AX(¢)(y 'z)

for v € A®, y € 19 and ¢ € C%(Sy,S2,¢,Q). In particular AX is E, -
equivariant. We also note that ||AX(¢)|, = ||¢]|, where || - ||, denote

the norm (2) on C°(Sy, S5, Q) and S(A>, Q) respectively.

Let y = (y,)» € Us, x I be an idele whose components y, at
places v above ¢ are all = 1 (hence we can view y as an element of
I2°°). We need an explicite description of AX(1,p4.). For that let
a € Z°% C T be the ideal corresponding to yU>. Then for x € F we
have

(36)  AY(Lyye)(z) = x('a)(Lanps, (2) — N(@)Lagngg, (2))-

According to Lemma 4.1 the image of a pair (f, AX(¢)) with f € K,
and ¢ € C%(S1,S2,Q)? under the map (29) lies in R. We define (34)
by taking the composition of

Ky % CO(S1, 55,Q)7 225 K, x S(A®, Q)

with (29) and evg : R — Q, i.e. we have ((f, g = evol{(f, AX(9))

for all f € K, and ¢ € C(Sy,S52,Q)?. By Lemma 4.1 (a) we obtain a
E, +-equivariant homomorphism

IC‘Z — Db(Sl’SQ7CP)q7 f = <<f7 . »X,CI
Shintani decomposition and special L-values. Let y™), ... y® ¢
Us, x I°0% be ideles whose components at places above ¢ are all = 1
(hence y™M, ...,y can be regarded as elements I%*°) and such that
yW, ..., y™ is a system of representatives of 19 /U%*E, , = CIT(F)
(the narrow class group of F'). We also consider a g-integral Shintani
decompostion A. Recall that this means that A has a decomposition

A =U;c,C; where {C; | j € J} is a finite collection of Shintani cones
C; which are generated by elements of E, .

Lemma 4.2. Let F =" y®OU%>®. Then,
(Las 1) -y = (1 —x(q) N(q))Ls,(x;0).
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Proof. Recall that for Re(s) > 1 we have
Ls,(x.s) = [[ Lox.s) = ] Lolxos) = D> x(b)N(b)™
vipoo vfoo,vES beZS bCOR
(since L,(x,s) = 1 for all v | f(x)). Let ai,...,a, € Z% be the
ideals corresponding to y(WU>, ... yMU>. For i € {1,...,h} put
®’L - Axil(ly(i)Uq,oo) and

L (I)271A7 Z (I) (‘1.)_8 = ZL(¢Z7C]7O)
zeF jeJ
So by Lemma 4.1 the function L(®;, 1 4; s) is entire and by (36) we have
L(®1a8) = ) x(za;")N(z)™
anZﬂEsOmA
—x(@N@) > xl(a(qe) ) N(z)™*.
xEqamESOﬂA

Since  — xa; "’ resp. x — z(qa;)~! induces bijections
aNEs,NA — {becZ%|b~a' bCOp},
N Es,NA — {becZ%|b~ (qa;)", b C Op}
we get

L(®:1438) = N(@)'( Y x(B)N(b)™)

bETS ,bCOp,bra;
—x(a) N(q)"* N(a;)* ( > x(b) N(b)™)
beZS bCOR,b~(qa;) L

In particular for s = 0 we obtain

Z L(®i,14;0) = (1= x(q) N(a))Ls, (x; 0)-

On the other hand by Lemma 4.1 evo((1c,, ®:))) = L(®;, C;,0) for all
7 € J hence

h
<<1.A7 1.7-— Z Z eV0 1C s Z L (I)za 1./4?
=1

=1 jeJ

so the assertion follows. O

5. CONSTRUCTION OF L,(,s) AND PROOF OF THE MAIN RESULT

Interpolation property. As in last section y : I/F* — C* denotes
a Hecke character of finite order, S; the set places v with y, = 1 and
v | p, S =85, — 5 and S the set places which do not lie above
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p and divide f(x). We choose yV, ..., y" € Ug, x I such that
y ...,y is a system of representatives of I /U F} = CIT(F) (as

before Sp = 5; U So U S3). Then there exists a finite subset Sy of
P% which is disjoint from Sy and such that 3, ... y® already lie in
Is, x US>, Put S = Sy U Sy so that I9° = US’OOFj_.

By Prop. 3.9 there exists a prime number ¢ such that (i) SN .S, =
0, (ii) ¢ splits completely in F and (iii) there exists a (.5, ¢)-Shintani
cocycle € H™Y(ES, K,).

We choose a place q of F' above ¢ and put T'= 5 — 5, = S3US4. In
the following we embed C2(S,, Q)7 into C%(S,,Q)? and the latter into
CY(S,, Q) via the map (19) and (17) respectively. So we have

CS(SW@)T C Cg(sp’@)q C CS(SP’@)'

When restricting (34) to K, x C2(Sy, S2, Q)r we get a EY-equivariant
pairing

(37) Kq x C(S1,5,Qr — Q

which induces a E_f—equivariant homomorphism

(38) Kq — D"(S1,52,.Cp)r

Consider the map

(39) H©YEY Kr) — HYYE, D(S1,S2 Cp)r)
B (L DY (S), 85, Cy))

where the first arrow is induced by (38). We denote the image of «
under (39) by kyq and let i, g = fi,, , denote the corresponding p-adic
measure on G, defined by (14).

Proposition 5.1. For all characters n : G, — Q* we have

/g NDina(dr) = (1= (o) (@) N(@)Ls, (en) ™, 0).

Proof. The pairing (37) when restricted to the subgroup C%(S,, Q)r
C C%(Sy, 89, Q)r yields a pairing

Nsu = HTYES K,) x Ha 1 (ES,C2(S,,Q)r) — C
and we have
(40) Ky NB = anga B Y B E€ Hy1(ES,CX(S,y, Q)r).
Moreover (37) induces a pairing

(41) Hy(E-..K,)) x H'(E+,C)(S,,Q)r) — C
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and the following diagram commutes

HY(ES K,) x Hy1(ES,C(S,,Q)r) —2s C

(42) l(%) T lid

— 41
Ho(By,K,)) % H(E,,CXS, Q)r) — C
where the second vertical map is the composite of

e

HY(E,,CY(S,,Q)r) —% Hu1(E+,C(S,,Q)r)
with cor : Hy_1(E4,C2(S,, Q)r — Hy1(E3,CO(S,, Q)1
Put F = U?Zl yMUT>® and let n:G, — @* be a character. We view

n as a Hecke character 19°° /P9 — Q (more precisely we denote the
composite

100 juraee 2y qeee g graee < 1/ FRgr Ly g, 1 @

also by 1 where p is the reciprocity map). Then -1z € C2(S,, Q)? actu-
ally lies in H°(E,,C%(S,,Q)r) and its class in Hy(T', H*(E,,C%(S,,Q))
is mapped under (5) to n (viewed here as a continuous map G, — Q).

Let A be a g-integral Shintani decomposition such that the (.S, q)-
Shintani cocycle « is mapped to the class of 14 in Hy(E4, K,)) under
(26). Using (40), the commutativity of (42) and Lemma 4.2 we obtain

Jo, 11a(dy) = KyqNOm) = aNspdn) = (La,nlz),,
= (La15) e = (L= ()" (q) N(a))Ls,((xn)~*,0).

Proof of Theorem 1.1. Recall ([13], 4.6) that there exists a C,-valued
p-adic measure p on G, such that for its I'-transform we have

Ly(p, ) = (1= x(@)()'°) Lyp(x, 5)
and such that

/g n(uldy) = (1 — (x)(a) N(@))Ls, (nx. 0)

for all characters n : G, — Q". Since the latter property determines p
uniquely we deduce from Prop. 5.1 that u = 7.(yq) where 7 : G, —
Gp, v+ 7' Hence

Ly(x,s) = (1 - x(@) (') Ly(tixq, —5)
in a neighborhood of s = 0 and therefore
Ords:O LP(XJ S) - Ords:() Lp(:ux,qus) 2 stl
by Theorem 2.3. U
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