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The background image of the cover of this thesis has been drawn by the author.
The vertices of the illustrated graph represent equivalence classes of subgroups of
MC(3), as defined in Section [.2] with respect to the equivalence relation H ~ K
if and only if, for each j € {1,2,3,4}, the j-th widths, as defined in Section 23] of
H and K in MC(3) are the same. An edge is drawn between two vertices if there
are representatives H and K of the given vertices such that H is contained in K
with index 3 or vice versa. The color of each vertex is determined by the number
of conjugates in MC(3) of any representative of the equivalence class associated to
the vertex. Subgroups corresponding to white, blue, red, and yellow vertices have
respectively 1, 3, 9, and 27 conjugates in MC(3).
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List of Symbols

General

p, a prime number

Z, ring of integers

Z>4, set of integers that are at least x
Z~+, set of integers that are larger than x
Z,, ring of p-adic integers

F,, finite field of ¢ elements

R*, group of units of the ring R

| X |, the cardinality of the set X

(X), the subgroup generated by the set X
and we write (a, b, ¢, ...) instead of ({a,b,c,...})

idx, the identity map on the set X

a|x, the map « restricted to the set X

cl(X), the closure of the set X

| ], disjoint union
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A= /\Z
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Aut(G), the automorphism group of G

Inn(G), the inner automorphism group of G

Int(G), the intense automorphism group of G, see Chapter
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Introduction

Let G be a group and let Aut(G) denote its group of automorphisms. An auto-
morphism « € Aut(G) is intense if it sends each subgroup of G to a conjugate,
i.e., for every subgroup H of G there exists g € G such that a(H) = gHg™!.
The collection of intense automorphisms is a normal subgroup of Aut(G), which
is denoted by Int(G).

Such automorphisms come to light in the field of Galois cohomology, as we will see
at the end of this introductory section. Additionally, they give rise to a very rich
theory. We study the case in which G is a finite p-group and show that, if Int(G)
is not itself a p-group, then the structure of G is almost completely determined by
its “class”.

1 is an intense au-

If G is a finite abelian group, then the inversion map x — x~
tomorphism of G and therefore, unless the exponent of G divides 2, the order
of Int(G) is even. It follows, for example, that if G is non-trivial abelian of odd
order, then G always has a non-trivial intense automorphism of order coprime to
its order. In Chapter Bl we prove the following result for groups of prime power

order.

Theorem A. Let p be a prime number and let G be a finite p-group. Then Int(G)
is isomorphic to a semidirect product Sg x Cq, where Sg is a Sylow p-subgroup of
Int(G) and Cg is a subgroup of the unit group I}, of the finite field F),. Moreover,
if G is non-trivial abelian, then Ce = Fy.
Theorem [A] is the same as Theorem and is proven in Section If p is an
odd prime number, then Theorem [A]l guarantees the existence of infinitely many
p-groups, up to isomorphism, whose group of intense automorphisms is not itself
a p-group. Moreover, it is also clear from Theorem [A] that the order of the intense
automorphism group of a 2-group can never have prime divisors other than 2. We
define the intensity of a finite p-group G to be the order of Cs and we denote it
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INTRODUCTION

by int(G). The main goal of this thesis is to classify all pairs (p, G) such that p
is a prime number and G is a finite p-group of intensity greater than 1. Theorem
[A] classifies all such pairs (p,G) for which G is abelian...but what happens in
general?

We proceed by separating into cases based on “how non-abelian" a group is. We
define the lower central series (G;)i;>1 of a group G by

G =G and Giy =[G, G| = (xyz ™y : 2€G,yc Gy
and we define the (nilpotency) class of G to be
Cl(G) = #{k S Z21 : Gy 7é 1}

In other words, the class of a group G is the number of non-trivial elements of the
lower central series. The only group of class 0 is the trivial group and the groups
of class 1 are the non-trivial abelian groups. It is a classical result that, for any
finite p-group, the lower central series stabilizes at {1} and so the class is finite.

In Chapter @ we look at finite p-groups of class 2 — the first non-abelian case we
treat — and prove the following result.

Theorem B. Let p be a prime number and let G be a finite p-group of class 2.
Then the following are equivalent.

1. One has int(G) > 1.
2. One has int(G) =p —1 and p is odd.
3. The group G is extraspecial of exponent p.

Theorem [Blis the same as Theorem [I05land is proven in Section 3l As we explain
in Chapter [ extraspecial groups of exponent p are exactly those of the form
(IFZ%"“, *), where * is a twist of the usual + by an inner product on F}. Thanks
to their pleasant shape, it is not a surprise that they carry intense automorphisms
of order coprime to p. Moreover, they provide, for each odd prime p, an infinite
class of examples of p-groups of class 2 and intensity different from 1.

Passing to class at least 3, things drastically change: in Chapter Bl we prove the
following very restrictive result.

Theorem C. Let p be a prime number and let G be a finite p-group of class at
least 3. Then the following hold.

1. One has int(G) < 2.
2. If int(G) = 2, then p is odd and |G : Go| = p?.



INTRODUCTION

Theorem [(] is a reformulation of Theorem [I25] which is proven in Section
Moreover, Theorem[Cltells us that, for class greater than 2, a p-group G always has

intensity 1 or 2; in the latter case, if p is odd, then the order of the abelianization
of GG is “small”.

Starting from class 3, we want to understand the structure of the groups from
Theorem [C[2). To this end, let p be an odd prime number and let G be a finite
p-group of class 3 with |G : Ga| = p?. In Section (5.2l we prove that G/Gj3 is
extraspecial of exponent p and that the order of G is p* or p°. Moreover, if we write
w; = log,, |G : Git1], then either (wy, w2, w3) = (2,1,1) or (w1, w2, w3) = (2,1,2).
As a consequence, for the given prime number p, there are, up to isomorphism,
only finitely many possibilities for G (for a sharp bound see for example [Ben27])
and so, contrarily to what happens for class 1 and 2, there are only finitely many
isomorphism classes of finite p-groups of class 3 and intensity greater than 1. The
fortunate outcome of our investigation in class 3 is the following.

Theorem D. Let p be an odd prime number and let G be a finite p-group of class
3. Then the following are equivalent.

1. One has int(G) = 2.
2. One has |G : Ga| = p*.

The last theorem is a simplification of Theorem [[24] whose proof is given in Sec-
tion 5.4l Thanks to Theorem [Dl we now know that the only condition, given an
odd prime number p, for a finite p-group of class 3 to have intensity 2 is just that
of having an abelianization of order p?. The most urgent problem at this point is
that of constructing examples of p-groups of class greater than 3 and intensity 2:
those will serve as a model for further investigation.

Example. Let p > 3 be a prime number and let Z, denote the ring of p-adic inte-
gers. Let ¢ be a quadratic non-residue modulo p and denote by A, the quaternion
algebra A, = Z, + Zpi + Zpj + Zpij with defining relations i = ¢, j> = p, and
ji = —ij. The algebra A, is equipped with a standard involution, which is given
by

r=a+bi+cj+dij — T=a—0bi—c—dij

and which is an anti-ring-automorphism of A,. Moreover, m = A,j is the unique
(2-sided/left /right) maximal ideal of A, and the residue field A,/m, as well as
every quotient m*/mF+1 has cardinality p?>. Via the natural isomorphisms of
groups (1 4+m*)/(1 +m**1) = m*/m**1 the multiplicative group 1 4+ m is then
seen to be a pro-p-subgroup of Aj. We define S(A,) to be the subgroup of 1 +m
consisting of those elements z satisfying T = . Being closed in 1+m, the group
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INTRODUCTION

S(Ap) is itself a pro-p-subgroup of Ay and, if (S(Ap)i)i>1 denotes the lower central
series of S(A,), then

(logp | S(Ap)z . S(A;D)i-i-l')izl = (2, 1, 2, 1, 2, 1, .. )

We prove in Section [[3:4.7] that each non-trivial discrete quotient of S(A,) has
intensity greater than 1.

Because of the last example, we know that, whenever p is a prime larger than
3 and c is a positive integer, then there always exists a finite p-group of class ¢
and intensity greater than 1. We cannot however use the same strategy to build
examples of high class 3-groups of intensity 2. As a matter of fact, even though
the group S(A,) can be defined also for p = 3, the image of the 3-torsion of S(As)
in S(A3)/S(As)2 is non-trivial. The next result, which is obtained by combining
Theorem [[64] and Lemma 206(1), explains why this is a problem.

Theorem E. Let p be an odd prime number and let G be a finite p-group. Let
(Gi)i>1 denote the lower central series of G and write w; = log,, |G : Gitq].
Assume that the class of G is at least 4 and that int(G) = 2. Then the following
conditions are satisfied.

1. One has (wi, w2, w3, wq) = (2,1,2,1).
2. The map x — P induces a bijection p: G/Ga — G3/Gy.

Relying on results coming from Section [[H one can prove that, whenever p > 3,
the map p from Theorem [El is a group isomorphism, while in the case of 3-groups
it never is: because of this structural difference, we separate the two cases.

We define a k-group to be a finite 3-group G such that |G : G3| = 9 and such that
cubing induces a bijection k : G/G2 — G3/G4. In particular, k coincides with p
from Theorem [E2). In Chapter [@ we prove several structural results about r-
groups: we show, for example, that in class 3 there is, up to isomorphism, a unique
k~group and that the minimal extensions of that group to class 4 (which then have
order 729) have an elementary abelian commutator subgroup. The just-mentioned
results are presented in the form of Theorems 233] and 234l Our investigation of
k-groups leads to the construction of the following example.

Example. Let R = F3[e] be of cardinality 9, with €2 = 0. Denote by A the
quaternion algebra A = R + Ri + Rj + Rij with defining relations i? = j? = € and
ji = —ij. Let moreover the standard involution on A be the R-linear map that is
given by (1,1,3,3j) = (1, —i, —j, —ij). Then, for each x,y € A, one has Ty = y7.
We write m = Ai + Aj, which is a nilpotent maximal 2-sided ideal of A with
A/m isomorphic to F3. We define additionally MC(3) to be the subgroup of the
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INTRODUCTION

multiplicative group 1 +m consisting of those elements x satisfying # = 2~!. The
group MC(3) has order 729, class 4, and it is a k-group. Moreover, int(MC(3)) = 2.

In Chapter @ we prove the following result, which is a simplified version of Theorem

231

Theorem F. Let G be a finite 3-group of class at least 4. Then the following
conditions are equivalent.

1. One has int(G) = 2.
2. The group G is isomorphic to MC(3).

Theorem [E] concludes the classification of finite 3-groups of intensity greater than
1. Except for the two infinite families of finite non-trivial abelian 3-groups and
extraspecial 3-groups of exponent 3, there are, up to isomorphism, exactly 17
groups in class 3 (specifically 4 of order 81 and 13 of order 243), and 1, namely
MC(3), in class 4. In class higher than 4, there are no 3-groups of intensity greater
than 1.

To continue our investigation, we let p > 3 be a prime number. In Chapter [I0 we
define a p-obelisk to be a finite non-abelian p-group G such that |G : G3| = p3 and
GP = (G3. Among other things, we prove that p-obelisks of class at least 4 satisfy
both (1) and (2) from Theorem [El and it is in fact true that, for each p-obelisk G,
one has

(1ng |Gl : Gi+1|)i21 = (2, 1, 2, 1, RN 2, 1, f, O, O, .. ) with f S {O, 1, 2},

where the index i € {cl(G),cl(G) + 1} to which f corresponds is odd and larger
than 2. We will see in Chapter [I3] that, for every prime number p > 3, each
non-abelian quotient of S(A,) is a special kind of p-obelisk that we call “framed”.

Let p be a prime number and let G be a finite p-group. The Frattini subgroup of
G is ®(G) = [G, G]|GP; then G/®(G) is the largest possible quotient of G that is
vector space over [F,,. If p > 3, then a p-obelisk G is framed if the Frattini subgroup
of each maximal subgroup of G coincides with Gj, i.e. for each maximal subgroup
M of G, one has ®(M) = G3. Though it might not be evident at first sight,
asking for a p-obelisk to be framed is equivalent to imposing strong limitations to
the interaction of commutator maps and power maps in the group.

Using a wide range of techniques, we are able to prove the following character-
ization for p-groups of class at least 4, which coincides with the combination of
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Theorems [B43] 375, and We denote by C(G4) the centralizer of G4 in the
group G, i.e. Cq(Ga) =g, {z € Gt [2, 9] =1}

Theorem G. Let p > 3 be a prime number and let G be a finite p-group of class
at least 4. For each i € Z>1, write w; = log, |G, : Git1|. Then int(G) = 2 if and
only if there exists o € Aut(G) of order 2 such that « induces the inversion map
x— 27! on G/Gy and one of the following holds.

1. The group G is a p-obelisk of class 4.
2. The group G is a p-obelisk with ws = 1 and ®(Cz(G4)) = Gs.
3. The group G is a framed p-obelisk with ws = 2.

Theorem [G] makes the role of p-obelisks in our theory clear and it can be used
to prove that any p-group of class at least 6 and intensity greater than 1 is a
framed p-obelisk. Class 5 is the highest class in which there still exist p-obelisks of
intensity greater than 1 that are not framed . ..but “semi-framed”. More precisely,
if, as in Theorem [G)(2), the group G is a p-obelisk with ws = 1, then the class is
5, the order of G5 is p, and Cg(Gy) is a maximal subgroup; it is the only maximal
subgroup whose Frattini subgroup is required to coincide with Gj.

Theorem [Gl completes the classification of prime power order groups of intensity
greater than 1, modulo the existence of some special automorphism. Because of
their relevance in the theory of intense automorphisms, we give a name to such
an automorphism. If G is a group, we call an automorphism a € Aut(G) concrete
if it has order 2 and the automorphism of G/G2 that is induced by « coincides
with the inversion map = + z~!'. To the present day, we know very little about
concrete automorphisms and how to construct them in general: finding necessary
and sufficient conditions for a p-obelisks to possess a concrete automorphism is an
interesting problem that we have not yet addressed.

In the following table, we summarize the results we have formulated so far. We
denote by p a prime number and by G a finite p-group of class c.

We now have a clear picture of the intensity of groups of prime power order,
according to their (finite) class. However, the theory of intense automorphisms
can be extended to a larger family of groups with a striking result. In Chapter [13]
we complete the picture by moving to infinite class and computing the “intensity”
of infinite pro-p-groups.

We call an automorphism « of a profinite group G topologically intense if, for each
closed subgroup H of G, there exists an element g in G such that a(H) = gHg™*.
The group of topologically intense automorphisms of a profinite group G is denoted
by Int.(G) and it is itself profinite. As a consequence, several results concerning
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Intensity
Pl oo 3 >5
c
0 1
1 p—1
2 p — 1 if G extraspecial of exponent p;
1 otherwise
3 2if |G : Go| = p?;
1 otherwise
4 1 | 2if G=MC(3); | 2if G is a p-obelisk with a concrete automorphism;
1 otherwise 1 otherwise
2if G is a p-obelisk with |G5| = p, ®(Cg(G4)) = Gs,
and G has a concrete automorphism;
>5 1 2 if G is framed p-obelisk with |G : Gg| = p?
and G has a concrete automorphism;
1 in all other cases

intense automorphisms of finite p-groups can be generalized to topologically intense
automorphisms of pro-p-groups. For example, Theorem 424] asserts that, if p is a
prime number and G is a pro-p-group, then Int.(G) decomposes as

Int.(G) = Sg % Cqg,

where S¢ is a Sylow pro-p-subgroup of Int.(G) and C¢ is isomorphic to a subgroup
of F,. Similarly to the finite case, we define the intensity int(G) of a pro-p-
group G to be the order of Cg and we ask which are the infinite pro-p-groups of
intensity greater than 1. Surprisingly, this question can be answered much more
exhaustively than in the finite case, as follows.

Theorem H. Let p be a prime number and let G be an infinite pro-p-group. Then
int(G) > 1 if and only if exactly one of the following holds.

1. One has p > 2 and G is abelian.
2. One has p > 3 and G is topologically isomorphic to S(Ap).
Moreover, one has int(S(A,)) =2 and, if G is abelian, then int(G) =p — 1.

Theorem [H] tells us that, “in the limit”, for a given prime number p > 3, there is
a unique non-abelian pro-p-group, up to isomorphism, of intensity greater than 1.
From the point of view of finite groups, this last statement translates into saying
that, if p > 3 is a prime number, then each finite p-group G with int(G) > 1 shares
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a “relatively big” quotient (growing in size with the class of G) with the infinite
group S(A,). In a more definite way, we present this result in Section[I3.6.3] under
the name of Proposition 4511

We conclude our introductory section by giving a “cohomological context” to in-
tense automorphism. As we already mentioned at the beginning of this thesis,
intense automorphisms arise naturally as solutions to certain problems coming
from the field of Galois cohomology and we would like, with these last lines, to
make this statement a little less vague. We start by looking at some examples.

Example. Let k be a field and let n be a positive integer. Moreover, let a be a
non-zero element of k. Then the least degree of the irreducible factors of ™ — a
divides all other degrees.

Example. Let k be a field and let Br(k) denote the group of similarity classes of
central simple algebras over k, endowed with the multiplication ®y. If [A] € Br(k),
then an extension £/k is said to split A if [A ® €] = [¢]. In [GT06, Ch. 4.5], it
is proven that the minimal degree of finite separable extensions of k that split a
given central simple algebra A over k divides all other degrees.

Example. Let k be a field and let C' be a smooth projective absolutely irreducible
curve of genus 1 over k. As a consequence of the Riemann-Roch theorem, as ex-
plained for example in [LT58| §2], the least degree of the finite extensions of k for
which C has a rational point divides all other degrees.

In a quite simplified manner, the last three examples suggest the following ques-
tion: When does it happen that “a problem”, defined on a base field k, is solvable
over a field extension {/k whose degree divides the degrees of all extensions m/k
over which the given problem can be solved? The difficulty of translating this last
question into rigorous mathematics is given by the fact that the known examples
are quite diverse; however, we can try to unify them from the perspective of Ga-
lois cohomology. A first attempt of getting closer to the observed phenomena is
Theorem [[(1) from [Stal3].

Theorem 1. Let G be a finite group. Then the following are equivalent:

1. For every G-module M, integer q, and ¢ € ﬁq(G, M), the minimum of the set
{|G: H| : H< G with Res$(c) = 0} coincides with its greatest common
divisor.

2. There exist nilpotent groups N and T of coprime orders and a homomorphism
¢: T — Int(N) such that G = N x4 T.

A way to interpret (1) from Theorem [[lis the following. In some sense, the non-
zero elements of a cohomology group are the obstructions to having solutions
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s0, ideally, each subgroup H of G for which Res%(c) = 0 corresponds to a field
extension “solving the problem” The merit of Theorem [[l is that of giving a
splendid correspondence between a rather technical cohomological condition and a
very concrete requirement regarding intense automorphisms. More about Theorem
[ and its proof can be found in [Stal3].

Generalizing Theorem [ to profinite groups is an intriguing problem that is to the
present day still open.
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Chapter 1

Important tools

This chapter consists of a miscellaneous collection of definitions and easy facts.
Throughout the whole chapter we will fully respect the notation given in the List
of Symbols.

1.1 Bilinear maps and isotropic spaces

Let K be a field and let V, W, and Z be vector spaces over K. A map ¢ :
V x W — Z is said to be K-bilinear (or simply bilinear) if, for all v € V, the
map ¢ : W — Z, defined by t — ¢(v,t), is K-linear and, for all w € W, the map
G : V — Z, defined by u — ¢(u,w), is K-linear.

Definition 1. Let V., W, and Z be vector spaces over a field K and let ¢ :
V XW — Z be a map. Then ¢ is non-degenerate if it is bilinear and both maps
V — Hom(W, Z), defined by v — ¢, and W — Hom(V, Z), defined by w — ¢,
are injective.

Lemma 2. Let V, W, Z be finite-dimensional vector spaces over a field K and
let ¢ : V xW — Z be a non-degenerate map. Assume moreover that dimyg Z = 1.
Then the dimensions of V and W over K are the same.

Proof. The maps V — Hom(W, Z) and W — Hom(V, Z) are injective. It follows

that dim V' < dim Hom(W, Z) = dim W < dim Hom(V, Z) = dim V, and therefore
the dimensions of V and W are the same. n

Definition 3. Let V and Z be vector spaces over a field K. A map ¢ : VXV — Z
is alternating if it is bilinear and, for all v € V', one has ¢(v,v) = 0.

A map ¢ : V xV — Z is antisymmetric if it is bilinear and, for every v,w € V
one has ¢(v,w) = —@(w,v). As a direct consequence of their definitions, every
alternating map is antisymmetric.
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Lemma 4. Let K be a field and let U be a K -vector space of dimension 3. Then
AU XU — N U is surjective.

Proof. Let (x,y, z) be a basis for U over K. Then (x Ay,y A z,x A z) is a basis for
A>U. Let now a = M@ Ay)+ pu(y A z) +v(z A z) be an arbitrary element of \*U.
If @ = 0, then clearly a belongs to the image of A, so, without loss of generality,
we assume that A € K \ {0}. Since (A\z — pu2) A (y + A™'vz) = a, we are done. =

Definition 5. Let K be a field and let V' and Z be vector spaces over K. Let
¢V xV — Z be an alternating map. A subspace T of V is called isotropic if
¢ restricted to T x T equals the zero map. A subspace T is said to be maximal
isotropic if it is isotropic and it is mot properly contained in any other isotropic
subspace of V.

Definition 6. Let K be a field and let V and Z be vector spaces over K. Let
¢ :VxV — Z be an alternating map and let T be an isotropic subspace of V.
Then ¢ : V/T — Hom(T, Z) is defined by v+ T — (t — ¢(v,1)).

The map ¢ is well defined for every isotropic subspace T of V', because ¢(T xT) =
0, and it is linear.

Lemma 7. Let K be a field and let V and Z be vector spaces over K. Let
¢V xV — Z be an alternating map and let T be an isotropic subspace of V.
Then T is maximal isotropic if and only if ¢ is injective.

Proof. The subspace T is not maximal isotropic if and only if there exists an
element v € V \ T such that T @ Kv is isotropic, which happens if and only if
v + T belongs to the kernel of ¢r. [

Definition 8. Let K be a field and let V' and Z be vector spaces over K. Let
¢:V xV — Z be an alternating map. Let moreover W be a linear subspace of V.
The orthogonal complement W of W with respect to ¢ is the kernel of the map
V — Hom(W, Z) that is defined by v — (w — ¢(v,w)).

With the notation of Definition 8] the orthogonal complement of a subspace W of
V is itself a subspace of V. Moreover, an alternating map being antisymmetric,
W is equal to the collection of all vectors v € V, such that, for all w € W, one
has ¢(w,v) = 0. It follows directly from the definition that W C (W) and that,
if U CW, then UL D W+,

Lemma 9. Let K be a field and let V and Z be vector spaces over K. Let
¢:V XV — Z be an alternating map. Let moreover W be a linear subspace of V.

Then W is isotropic if and only if W C W. Moreover, W is mazimal isotropic
if and only if W =W+,

2
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Proof. Easy exercise. L]

Lemma 10. Let V and Z be finite-dimensional vector spaces over a field K and
let ¢ : VXV — Z be a non-degenerate alternating map. Assume that Z has
dimension 1. Let W be a linear subspace of V. Then dim W + dim W+ = dim V.
Moreover, if W is maximal isotropic, then 2dim W = dim V.

Proof. By definition of orthogonal complement, we have ¢(W+ x W) = {0}, and
hence the bilinear map V/W+ x W — Z that is induced from ¢ is non-degenerate.
It follows from Lemma B] that dimV — dim W+ = dimW. If W is maximal
isotropic, then Lemma [ yields dim V' = 2 dim W. [

Lemma 11. Let V and Z be finite-dimensional vector spaces over a field K and
let ¢ : VXV — Z be a non-degenerate alternating map. Assume that Z has
dimension 1. Let W be a linear subspace of V.. Then (W)L =W.

Proof. The subspace W is always contained in (W)L, and therefore we always
have dim W < dim(W+)+. By Lemma [I0 the dimension of V is equal to both
dim W +dim W+ and dim W+ 4 dim(W )+, and therefore dim W = dim(W*)*.
It follows that W = (W+)+. "

Lemma 12. Let V and Z be finite-dimensional vector spaces over a field K and
let ¢ : VXV — Z be a non-degenerate alternating map. Assume that Z has
dimension 1. Let moreover X be a maximal isotropic subspace of V. Then there
exists a maximal isotropic subspace Y of V such that V =X @Y.

Proof. Let Y be maximal among the isotropic subspaces of V' that intersect X
trivially. We will show that Y is maximal isotropic and that V= X +Y. Lemma
Ol guarantees Y C Y1 and X = X+. We now claim that Y+ is contained in X + Y.
Indeed, if v € Y+, then Y 4 Ko is an isotropic subspace containing Y. From the
maximality of YV, it follows that (Y + Kv) N X is non-trivial. Since Y N X = {0},
the element v belongs to X + Y, as claimed. Now, by Lemma [I1] the subspaces
(Y14)L and Y are the same and, Y being contained in X + Y, it follows that

Y=YHrox+)toXxtnyt=xnyvyt

In particular, X N Y is contained in X N'Y, which is trivial by definition of Y.
As a consequence of Lemma [I0 we get that

2dim X = dimV > dim(X @ V') = dim X + dim Y+ =

dim X +dimV —dimY =3dim X —dimY > 2dim X,

and therefore dimY "+ = dim X = dimY. As a result, Y = V', and thus V =
X @Y. The subspace Y is maximal isotropic, by Lemma [@ and the proof is
complete. [
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1.2 Commutators and the lower central series

Let G be a group. The commutator map on G is the map G x G — G that is

defined by

(2z,9) = [z,y] = zyz "'y~

Given two subgroups H and K of G, we define [H, K] to be the subgroup of G
that is generated by all elements [h, k|, where h € H, k € K. The groups [H, K|
and [K, H| are equal, because, for all (h, k) € H x K, the inverse of [h, k] is [k, h].

Lemma 13. Let G be a group and let H be a subgroup of G. Let g € G and denote
l9,H] = {[g,h] : h€ H}. Then g € Ng(H) if and only if [g, H] is contained in
H.

Proof. Let h € H. Then ghg~! = [g, h]h and ghg~! is in H if and only if [g, h] is
in H. [

Definition 14. Let G be a group. The lower central series of G is the series
(Gi)i>1 that is obtained by defining recursively, for all i € Zx1, the subgroups
G1 =G and G;11 =[G, G;]. One calls Gy the commutator subgroup of G.

Unless otherwise specified, we will stick to the notation from Definition [T4l to refer
to the lower central series of a group (see also the List of Symbols). We remark
that, in Chapter [[3] we will define the lower central series of a profinite group
G, by taking the closures of the elements of the lower central series of G as an
abstract group. In the case of finite groups, the two notions coincide.

A group G is said to be nilpotent if there exists ¢ € Z>( for which G;11 = 1 and, in
the latter case, one calls cl(G) = min{i € Z>o : Git1 = 1} the (nilpotency) class
of G. The class of a nilpotent group is, in other words, the number of elements
of the lower central series that are distinct from {1}. Another way of deciding
whether a group is nilpotent is by looking at its upper central series.

Definition 15. Let G be a group. The upper central series of G is the series
(Zi)i>o that is obtained by defining recursively, for all i € Zso, the subgroups
ZQ =1 and Zi+1/Zi = Z(G/Zl)

It is a general result (see for example Chapter 4 in [Isa08]) that a group is nilpotent
if and only if its upper central series stabilizes at the group itself. In other words,
if G is a finite group and (Z;);>o is its upper central series, then G is nilpotent if
and only if there exists r € Z>( such that Z, = G. Moreover, one can show (see
for example in [Isa08| §1D]) that if the group G is nilpotent, then its class is equal
to min{r € Z>¢ : Z, = G}.

Lemma 16. Let G be a finite group. Then G is nilpotent if and only if G is equal
to the direct product of its Sylow p-subgroups.

4
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Proof. This is a weaker version of Hauptsatz 2.3 from [Hup67, Ch. III]. n

Definition 17. Let G be a group and let m,n be integers with m < n. Let
moreover {xz; }1_ be a subset of G. Then

n
H Ty = TmIm+1::-Tpn—-1Tnp-
i=m

Lemma 18 (Multiplication formulas). Let G be a group and let x,y, z,t be ele-
ments of G. Let moreover n be a non-negative integer. Then the following hold.

L [2,yz] = [z, ylyle, 2]y~

2. [xt,y] = [t ylz~ [z, y].
3. [, yllw,y] " = TT05 [, [2" ).
4 [y [y = T12 7 2l o).
Proof. Easy exercise. .

Lemma 19 (Three-subgroups Lemma). Let G be a group and let X, Y, Z, and
N be subgroups of G such that N is normal. Assume moreover that both [X,[Y, Z]]
and Y, [Z, X]] are contained in N. Then [Z,[X,Y]] is contained in N.

Proof. See for example [[sa08, Corollary 4.10]. n

Lemma 20. Let G be a group and let (G;)i>1 be the lower central series of G.
Then, for all h,k € Z>1, one has [Gh, Gx) € Ghik.

Proof. We work by induction on h. If h = 1, we are done by definition of the
lower central series. Let us now assume that h > 1 and, for all & € Z~(, that
[Gh-1,Gk] C Gpig—1. It follows that [G,[Gh-1,Gk]] C [G,Grik—1] C Ghrik
and [Gh—h[Gk,GH - [Gh—l,Gk-H] C Gpek- By Lemma [I9 also [Gh,Gk] =
[[G,Gpr-1], Gk] is contained in Gpyk. n

Let H, K, and L be groups. Let moreover ¢ : H x K — L. The map ¢ is
bilinear if, for all h € H, the map p¢ : K — L, defined by = — ¢(h,z), is a
homomorphism and, for all k¥ € K, the map ¢ : H — L, defined by x — ¢(z, k),
is also a homomorphisms. If ¢ is bilinear, then the left kernel and the right kernel
of ¢, are defined as

ker'® ¢ = ﬂ ker ¢, and kersht g = ﬂ ker ¢,
heH keK

Assume H = K. Then ¢ is alternating if it is bilinear and, for all x € H, one has

o(z,z) = 1.
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Definition 21. Let H, K, and L be groups. Let moreover ¢ : H x K — L. Then
¢ is non-degenerate if it is bilinear and both maps H — Hom(K, L), defined by
h— po, and K — Hom(H, L), defined by k — ¢y, are injective.

Lemma 22. Let G be a group and let H, L be subgroups of G. Let moreover
¢ : HxL — G be defined by ¢(x,y) = [x,y]. Then ¢ is bilinear if and only if
[H, L] is contained in the centre of the subgroup generated by H and L.

Proof. This follows directly from the multiplication formulas from Lemma[I8 =

Lemma 23. Let G be a group. Then for every h,k € Z>1 the commutator map
induces a bilinear map Gp/Gpi1 X Gi/Gr+1 = Ghrik/Grak+1-

Proof. The integers h and k being positive, it follows from Lemma [20] that both
[Gh, Gh+k] and [Gk, Gh+k] are subgroups of Gh+k+1- Then Gh+k/Gh+k+1 is con-
tained in the centre of (Gp,Gr)/Grir+1 and, by Lemma 22, the commutator
map Gy X G — Gpyk/Ghrikt1 is bilinear. Again by Lemma 20, both subgroups
[Gh, Gg+1] and [Gr41, G| are contained in G4 +1. The commutator map induces
hence a bilinear map Gp,/Gpi1 X Gr/Gr+1 = Ghik/Ghik+t1- n

Lemma 24. Let G be a group. Then for every i € Z>1 the commutator map
induces a bilinear map G/Ga x G;/Giy1 — Git1/Gir2 whose image generates
Giy1/Giya.

Proof. The commutator map induces a bilinear map v : G/G2 X G;/Gi31 —
Git1/Git2 by Lemma The image of v generates Gi4+1/Git+2 by definition of
the lower central series of a group. [

In Lemma 25l and throughout the whole manuscript, we write ® instead of ®y (in
concordance with the List of Symbols).

Lemma 25. Let G be a group and let (G;);>1 be its lower central series. Then for
every i € Z>1 the commutator map induces a surjective homomorphism of groups
G/Gy ® Gi/Giy1 = Giy1/Gita.

Proof. This follows from Lemma 24l and the universal property of tensor products.
m

Lemma 26. Let G be a group of class at most 2. Then the commutator map
induces a non-degenerate alternating map G/ Z(G) x G/ Z(G) — Ga whose image
generates Gs.

Proof. By Lemma [24] the commutator map induces a bilinear map ~ : G/Go X
G /Gy — G5 whose image generates Go. Moreover, v is alternating because each
element of G commutes with itself. The class of G being at most 2, the subgroup
G+ is central and Z(G) /G is equal to both the right and the left kernel of 4. Then
~ factors as a non-degenerate map G/ Z(G) x G/ Z(G) — Gs. m

6
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Lemma 27. Let G be a group and assume that G/ Z(G) is cyclic. Then G is
abelian.

Proof. Since the quotient G/Z(G) is cyclic, the commutator subgroup of G is
contained in Z(G). In particular, G has class at most 2, and therefore, thanks
to Lemma 26, the commutator map induces a non-degenerate alternating map
v: G/ Z(G) x G/ Z(G) — G2 whose image generates G5. The image of v is trivial,
because G/ Z(G) is cyclic, and so G = Z(G). ]

Lemma 28. Let G be a group and let N be a normal subgroup of G. Assume that
G/N is cyclic. Then Gy =[G, N].

Proof. Since N is normal, the subgroup [G, N] is normal in G. We denote by
G = G/|G, N] and we use the bar notation for the subgroups of G. By definition
of G, the subgroup N is contained in Z(G), and so G/ Z(G) is cyclic. It follows
from Lemma P27 that G is abelian, and therefore G = [G, N]. m

1.3 About p-groups

Let p be a prime number. A finite group G is a p-group if the order of G is a
power of p. The trivial group is a p-group for each prime p. Moreover, as a direct
consequence of Lemma [T6, every finite p-group is nilpotent.

Lemma 29. Let p be a prime number and let G be a finite p-group. Let N be a
normal subgroup of G such that NN Z(G) = {1}. Then N = {1}.

Proof. This is Satz 7.2(a) from [Hup67, Ch. III]. L]

Lemma 30. Let p be a prime number and let G be a finite p-group of class c.
Let moreover N be a subgroup of G. Assume that, for alli € {1,...,c}, if H is a
quotient of G of class i, then Z(H) = H;. Then N is normal if and only if there
exists i € Z~o such that G;41 C N C G;.

Proof. (<) Assume that G;11 € N C G;. Then the quotient N/G;41 is contained
in Z(G/G;+1), and so N is normal modulo G;4;. In particular, N is normal in
G. (=) If N = {1}, the result is clear, because G is nilpotent. We assume N is a
non-trivial normal subgroup of G and we let i € Z~ ¢ be the minimum index such
that G;+1 C N and G471 # N. We claim that N is contained in G;. First assume
that G; is contained in N. By the minimality of i, the subgroup G; is equal to
N, so we are done with this case. We assume now that G; is not contained in N.
Then the group G = G/(N N G;) has class i and, by assumption, the center of G
is equal to G;. On the other hand, N is a normal subgroup of G that has trivial
intersection with G;. Lemma 29 yields N = {1}, and thus N C G;. m
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Lemma 31. Let p be a prime number and let G be a finite p-group. Assume that
G /Gy is cyclic. Then G is abelian.

Proof. This is a weaker version of Hilfssatz 7.1(b) from [Hup67, Ch. II1.7]. m
Definition 32. Let G be a group. Then, for all n € Z, define
G'={(@" : 2€G) and pup(G)={(xeG : 2" =1).

Let p be a prime number. The Frattini subgroup ®(G) of a finite p-group G
is the unique normal subgroup of G minimal with the property that G/®(G) is
elementary abelian: in other words ®(G) = G?[G, G].

Lemma 33. Let p be a prima number and let G be a finite p-group. Let H be a
subgroup of G such that G = H®(G). Then H = G.

Proof. This is a weaker reformulation of Satz 3.2(a) from [Hup67, Ch. III]. L]

Lemma 34. Let p be a prime number and let G be a finite p-group. Then the map
o Aut(G) — Aut(G/P(G)) given by a — (x®(G) — a(x)P(Q)) is a well-defined
homomorphism. Moreover, the kernel of ¢ is a p-group.

Proof. This is a reformulation of Satz 3.18 from [Hup67], Ch. III]. m

Lemma 35. Let p be a prime number and let H be a finite p-group. Let moreover
K and N be normal subgroups of H such that K C N and K # N. Then there
exists a normal subgroup M of H such that K C M C N and |N : M| = p.

Proof. See [Isa08, Lemma 1.23]. n

Lemma 36. Let p be a prime number and let G be a finite p-group. Assume that
|G : Go| = p?. Then one of the following holds.

1. The group G is abelian.
2. The group Gs is equal to ®(G).

Proof. Assume that G is not abelian. It follows from Lemma [BT] that G/G2 has
exponent p and so G? is contained in Gs. In particular, we have that Go = GoGP =
D(G). m

Definition 37. Let G be a group and let p be a prime number. The p-central
series of G is the series (Pi(G));>1 that is obtained by defining recursively, for all
i € Z>1, the subgroups Pi(G) = G and Pi41(G) = [G, Pi(G)]|P;(G)?.

We remark that, if p is a prime number and G is a finite p-group, then saying
that the lower central series of GG coincides with its p-central series is equivalent to
saying that all quotients of consecutive elements of the lower central series have
exponent dividing p.

8
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1.4 Extraspecial p-groups

In Section [I[.4] we explore the world of extraspecial p-groups, a class of groups
that have been widely studied and whose structure is very well-understood (see
for example [Hup67, Ch. II1.13]). Given a group G, we recall that (G;);>1 denotes
its lower central series (see Section [[2]).

Definition 38. Let p be a prime number and let G be a finite p-group. Then G
is extraspecial if Gy is central and Z(G) is cyclic of order p.

Lemma 39. Let p be a prime number and let G be a finite extraspecial p-group.
If G is non-abelian, then Z(G) and Ga are equal and they both have order p.

Proof. Straightforward. [

Lemma 40. Let p be a prime number and let G be a finite p-group. Assume
that G has class at most 2 and that the exponent of Go divides p. Then ®(G) is
contained in Z(G).

Proof. By Lemma 26] the map G/ Z(G) x G/ Z(G) — G that is induced by the

commutator map is bilinear. Let now g, € G. Then [¢P,x] = [g,z]? = [g, 2]
and [g,z]? = 1, since the exponent of G5 divides p. It follows that G/Z(G) is
annihilated by p and thus ®(G) C Z(G). m

Lemma 41. Let p be a prime number and let G be an extraspecial p-group. Then
there exists n € Zxo such that |G| = p*"*1.

Proof. This is a reformulation of Satz 13.7(c) from [Hup67), Ch. III]. m

Lemma 42. Let p be a prime number and let X,Y, Z be finite-dimensional vector
spaces over ¥y, such that dimp, Z = 1. Let moreover § : X XY — Z be a non-
degenerate map. Call G = G(Z,Y,X,0) the set Z x Y x X together with the
multiplication defined by (z,y,2)(2',y,2') = (z+2'+0(x,y"),y+y,x+2'). Then
the following hold.

1. One has that G is an extraspecial p-group and, if p is odd, then G has expo-
nent p.

2. The centre of G is Z x {0} x {0}.

3. The commutator map G X G — G is given by
((z,y,2), (2", ¢, 2") = [(2,9,2), (2, ¢/, 2")] = (0(z,¢) — 0(2",9),0,0).

Proof. Straightforward. [
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Lemma 43. Let p be a prime number and let G be an extraspecial p-group of
exponent p. Then there exist finite-dimensional vector spaces X,Y,Z over F,,
with Z of dimension 1, and a non-degenerate map 6 : X xY — Z such that
G=G(Z,Y,X,0).

Proof. If G is abelian, we take X =Y =0, Z = G, and 6 to be the zero map. Since
every group of exponent 2 is abelian, we are done when p = 2. Assume now that p
is odd and that G has class 2. In this case Z(G) = G2 and V = G/ Z(G) is a finite-
dimensional vector space over F,, as a consequence of Lemmalll Write Z = Z(G)
and let 7 : G — V denote the canonical projection. By Lemma[28, the commutator
map on G induces a non-degenerate map ¢ : VxV — Z. Let now X be a maximal
isotropic subspace of V. By Lemma there exists an isotropic subspace Y of
V such that V.= X @ Y. It follows that the map ¢ xxy : X XY — Z is non-
degenerate. Now, we have that 0 = ¢(X x X) = [7~1(X), 7~ 1(X)], and so 7~ 1(X)
is abelian of exponent p. As a result, the sequence 0 — Z — 7= 1(X) — X — 0 of
IF,-modules is split and there is a homomorphism s : X — 77(X) such that mos =
idx. The same argument applies to Y and there exists therefore a homomorphism
t:Y — 7 1(Y) such that w ot = idy. To conclude, we denote § = é|xxy and
we define ¢ : G(Z,Y,X,0) — G by (z,y,x) — zt(y)s(z). It is not difficult at this
point to check that v is an isomorphism. =

Proposition 44. Let p be a prime number. Let moreover X,Y, Z, A, B, C be finite-
dimensional vector spaces over F, with dimZ = dimC = 1. Let§ : X xY —
Z and ¢ : A x B = C be non-degenerate maps. Let f,qg,h respectively belong
to Hom (X, A), Hom(Y, B), Hom(Z,C) and assume that the following diagram is

commutative.
0

X xY Z

AxB Y L. C

Then (h,g, f): G(Z,Y,X,0) — G(C, B, A, ) is a homomorphism of groups and,
if f,9,h are isomorphisms, then (h,g, f) is an isomorphism.

Proof. Straightforward. [

Lemma 45. Let T be a group and let S be a central subgroup of T'. Let moreover A
denote the subgroup of Aut(T") consisting of all those elements ¢ such that 6(S) = S
and such that § induces the identity on both S and T/S. Then the map

A — Hom(T/S,S)

10
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that is defined by
5 (28— §(x)z™h)
1s bijective.
Proof. Let ¢ : A — Hom(T/S,S) denote the map § — (xS +— &(z)z~ 1), which
is well-defined because S is central in 7. The map ¢ is clearly injective and it is

surjective because, given each homomorphism f € Hom(7,S) with S C ker(f),
the map z — zf(x) belongs to A. [

Lemma 46. Let p be a prime number and let G be an extraspecial p-group. Let A
denote the subgroup of Aut(G) consisting of those automorphisms of G that induce
the identity on G/G2. Then A = Inn(G).

Proof. If G is abelian, then Inn(G) is trivial and we are done. Assume now that G
is non-abelian. Then, by Lemma 39, the subgroups Z(G) and G are equal and they
both have order p. It follows from Lemma 26 that the commutator map induces
a non-degenerate map G/G2 x G/Ga — G9 and so the homomorphism G/Gy —
Hom(G/G4, Gs), defined by ¢t — (x — [t,x]), is injective. Thanks to Lemma 40,
the quotient G /G5 is elementary abelian and thus G/G2 — Hom(G/G3, G2) is an
isomorphism. Now, by Lemma 60, each element § of A restricts to the identity on
G5 and so we derive from Lemma 5] that, for each element § € A, there exists
t € G such that, for all x € G, one has 6(z) = [t,z]z = tat~!. In particular, A
is contained in Inn(G). The inclusion Inn(G) C A is clear and so the proof is
complete. [

1.5 Regular p-groups

Most of the results from this section are taken from [Hup67], an excellent reference
for getting acquainted with regular p-groups. We recall here briefly the Hall-
Petrescu formula and we refer to Appendix A from [DASMS91] for more detail. We
also refer to Definition [I7] for a clear interpretation of the Hall-Petrescu formula.

Lemma 47 (Hall-Petrescu formula). Let G be a group and let (G;);>1 denote
its lower central series. Let moreover x and y be elements of G. Then, for all
n € Zso, there exists (ck)p_, € HZ:2 G}, such that

k=2
Proof. See [DASMS91], Appendix A]. n

Corollary 48. Let p be a prime number and let G be a group. Denote by (G;)i>1
the lower central series of G. Then, for all x,y € G, one has (zy)P = zPy? mod
GhG,.

11
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Proof. This follows directly from Lemma @7 L]

Definition 49. Let p be a prime number. A finite p-group G is regular if, for all
x,y € G, there exists v € [(z,y), (x,y)]P such that (zy)P = xPyP~.

Lemma 50. Let p be a prime number and let G be a finite p-group of nilpotency
class at most p — 1. Then G is reqular.

Proof. The class of each subgroup of G is at most that of G. The result now
follows directly from Corollary B8 [

Let p be a prime number and let G be a p-group. We will denote by p the map
G — @ that is defined by x — xP. We remark that the map p is in general not
a homomorphism and that GP" = (p*(@)), for any integer k. We stick to the
notation from the List of Symbols.

Lemma 51. Let p be a prime number and let G be a finite p-group. Assume that
G is regular and that G2 has exponent dividing p. Then p is an endomorphism of

G.
Proof. This follows directly from the definition of regularity. (]

Lemma 52. Let p be a prime number and let G be a finite p-group. Assume that
G is reqular. Then for all k € Z>q, the following hold.

1. One has GP" = o (G).
2. One has p(G) ={z € G : pF(z) =1}.
3. One has |px(G)| = |G : Gr'l.

Proof. The lemma is a combination of Satz 10.5 and Satz 10.7(a) from [Hup67],
Chapter 3. [

We remark that p-groups satisfying conditions 1-3 from Lemma [52] are often re-
ferred to as power abelian.

Lemma 53. Let p be a prime number and let G be a finite p-group. If |G : GP| <
pP, then G is regular.

Proof. The lemma is a simplified version of Satz 10.13 from [Hup67], Chapter
3. [

Lemma 54. Let p be a prime number and let G be a finite regular p-group.
Let M, N be normal subgroups of G and let r,s be mon-negative integers. Then
[o" (M), p*(N)] = p"*=([M, N]).

Proof. See [Hup67, Satz 10.8(a) from Ch. 3]. m
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Lemma 55. Assume G is a finite 3-group that can be generated by 2 elements. If
G is regular, then Go is cyclic.

Proof. See Satz 10.3(b) from [Hup67], Chapter 3. m
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Chapter 2

Coprime actions

The aim of this chapter is to create tools for later use, giving them however their
own chance to shine. In Section [Z1] we define actions through characters and
prove a fundamental result, Theorem [68] in the context of intense automorphisms
of groups. In Section 2.2] we prove some elementary, yet quite entertaining, re-
sults concerning involutions of groups of odd order. The results from Section
will spark throughout the thesis, starting with Chapter Bl The last section of this
chapter, Section 2.3 is dedicated to the theory of jumps. In some sense, through
jumps (and their width), we are able to recover structural information about sub-
groups of a given finite p-group. This theory will be heavily used when dealing
with p-obelisks (from Chapter [[0 onwards).

2.1 Actions through characters

Until the end of Section 211 let p be a prime number. Every finite abelian p-group
G is naturally a Z,-module, with scalar multiplication Z, — End(G) defined by

m— [z — (mmod |G|) z].

It follows directly from this definition that every homomorphism between abelian
p-groups is Zy-linear, a fact that we will make hidden use of in several proofs from
Chapter 2l To conclude, we remark that we have here adopted the additive nota-
tion for the abelian group G, but this will sadly not be the case through the whole
thesis. We will indeed often deal, instead of abelian groups, with abelian quotients
of non-abelian groups (for which the multiplicative notation will be used). The
first time we adopt the multiplicative notation in this context is in the proof of
Lemma [7}

Definition 56. Let A and G be groups. An action of A on G is a homomorphism
A — Aut(G).
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2. COPRIME ACTIONS

Definition 57. Let A be a group acting on a set X. A subset Y of X is A-stable
(or stable under the action of A) if the action of A on X restricts to an action of
AonY.

Definition 58. Let A be a group and let ZA denote its group ring over Z. An
A-module is a module over ZA.

With respect to the last definition, any finite abelian p-group is naturally a Z;-
module. We stress that, if A is a group, then each A-module is, in particular, an
abelian group.

Definition 59. Let A be a group acting on two sets T and Z. A map ¢ : T — Z
is said to respect the action of A if, for allt € T, a € A, one has ¢(at) = ad(t).

Definition 60. Let A be a group and let G be a finite p-group that is also an
A-module. Let x : A — Zy, be a homomorphism. Then A acts on G through x if,
for alla € A and x € G, one has ax = x(a)z.

We want to emphasize the fact that Hom(A,Zy) is a group under multiplication
(induced by that in Zy). We will refer to the elements of Hom(A, Zj) as characters
of A.

Lemma 61. Let X, Y, and Z be finite abelian p-groups. Let A be a group acting
on X,Y,and Z and let ¢ : X XY — Z be a bilinear map respecting the action of
A. Let moreover, x and 1 be group homomorphisms A — Z such that A acts on
X and Y respectively through x and v¥. Then A acts on (¢(X X Y)) through xi.

Proof. Let (z,y) € X xY and a € A. Then one has

ad(x,y) = ¢(ax, ay) = ¢(x(a)z, ¥(a)y) = x(a)(a)d(z,y) = (x¥)(a)d(z,y).
Since x and 1 are homomorphisms, the action of A on ¢(X xY) is through xu. =

Lemma 62. Let p be a prime number and let G be a finite p-group. Let moreover
A be a finite group acting on G and let x : A — Z; be a homomorphism. Denote
by (Gi)i>1 the lower central series of G and assume that the induced action of A
on G/Gyq is through x. Then, for all i € Z>1, the induced action of A on G;/Git1
is through x*.

The elements of the lower central series of a group are characteristic subgroups and,
for each i € Z>1, the quotient G;/G;41 is abelian. Lemma [62]is thus well-stated.

Proof. We will work by induction on . If i = 1, we are done by hypothesis.
Suppose now that 7 > 1 and that the result holds for all indices smaller than 1.
By Lemma 24] the commutator map induces a bilinear map G/G2 X G;—1/G; —
G;/Gi+1 whose image generates G;/G;+1. By the induction hypothesis, the in-
duced action of A on G;_1/G; is through x*~! and, by Lemma B} the group A
-1

acts on G;/G,41 through yx~! = x'. n
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2. COPRIME ACTIONS

Lemma 63. Let A be a group and let G and H be finite p-groups that are also
A-modules. Let moreover ¢ : G — H and x : A — Z;, be group homomorphisms.
Assume that the action of A on G is through x. If ¢ is surjective and ¢ respects
the action of A, then A acts on H through x.

Proof. Let a € A. If ¢ is surjective, then, for each h € H there exists g € G such
that ¢(g) = h. If, moreover, the action of A is respected by ¢, then ah = a¢(g) =

p(ag) = ¢(x(a)g) = x(a)é(g) = x(a)h. =
Lemma 64. The short exact sequence of abelian groups

1 —1+pZy — Zy, — F, — 1
has a unique section w : IF; — Z;;.

The last is a classical result, which can be found for example in [Coh07, §4.3]. The
homomorphism w : Fj; — Zj is called the Teichmiiller character at p and its image
is contained in the torsion subgroup of Z. (For a reminder of the notation, see the
List of Symbols.) Moreover, if p is odd, then w(F}) is in fact equal to the torsion
subgroup of Zj; for more information see for example Section 4.3 from [Coh(7].

We remark that, if V' is a vector space over I, then, for each v € V and for each
a € Fy, one has av = w(a)v. It follows that the natural action of [F; on a vector
space over I, is through the Teichmiiller character.

Lemma 65. Let A be a finite group and let \,u : A — Zj be distinct group
homomorphisms. Assume that p is odd. Then there exists a € A such that the
element \(a) — p(a) belongs to Zj.

Proof. Let m : Z;, — I}, denote the canonical projection and let w : F; — Z7 be the
Teichmiiller character. The group A being finite, the images of A and y live in the
torsion of Zy, which is equal to w(IF;). Let now a € A be such that A(a) # p(a).
As a consequence of Lemma [64] each element of w(IF;) is uniquely determined by
its image modulo p and, the characters being distinct, 7(x(a) — ¥(a)) € Fy. It
follows that x(a) — ¥(a) is invertible in Z,,. ]

Lemma 66. Let A be a finite group and let G be a finite p-group that is also an
A-module. Let moreover A, i : A — Zy be distinct group homomorphisms. Assume
that p is odd and that A acts on G through both X\ and p. Then G = {0}.

Proof. Let x € G and let a € A be as in Lemma [68l Then A(a)z = az = u(a)z
and (M(a) — p(a))xr = 0. The element A(a) — p(a) being invertible in Z,, it follows
that © = 0. As the choice of z was arbitrary, we get G = {0}. L]

Definition 67. Let G be a group and let N be a normal subgroup of G. A subgroup
H of G is a complement of N in G if NNH = {1} and NH =QG.
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2. COPRIME ACTIONS

Theorem 68. Assume that p is odd. Let A be a finite abelian group and let
0—N->G-G/N—0

be a short exact sequence of A-modules. Let moreover A, i : A — Z;, be two distinct
group homomorphisms and assume that the following hold.

1. The group G is a finite p-group.
2. The group A acts on N through .
3. The group A acts on G/N through p.
Then o(N) has a unique A-stable complement in G.

We will devote the remaining part of Section 21 to the proof of Theorem For
this purpose, let R = Z,A be the group algebra of A over Z, and let oy and o,
be the homomorphisms of Z,-algebras R — Z, that are respectively induced, via
linear extension, by A and . We define I = keroy and I, = kero,.

Lemma 69. One has R =1+ 1,,.

Proof. We will construct an invertible element in Iy 4+ I,. Let a € A be as in
Lemma[65l The element A(a) —p(a) = —(a—A(a))+ (a— p(a)) belongs to Iy +1,,
because a — A(a) € I, and a — p(a) € I, and A(a) — p(a) is invertible because of
the choice of a. n

Lemma 70. The subgroup t(N) has an A-stable complement.

Proof. Let (e, f) € I x I, be such that e+ f = 1 in R; the pair (e, f) exists thanks
to Lemma As a direct consequence of the definition of I,,, the group G/N is
annihilated by f and f(G) C «(N). From the fact that f = 1 mod Iy, it follows
that f(G) = «(N). With a similar argument, one shows that e(G) is isomorphic
to e(G/N) = G/N. We now have that

G=(e+ f)G=¢(Q)+ f(G) =e(G) + t(N)

and, the cardinalities of e¢(G) and ¢(N) being respectively |G : N| and |N], it
follows that G = e(G) @ t(N). The subgroup e(G) is thus a complement of (V)
in G. Furthermore, the ring R being commutative, for all a € A, one has that
ae(G) = ea(QG) is contained in e(G) and therefore e(G) is A-stable. ]

Lemma 71. There exists a unique A-stable complement of t(N).

Proof. The subgroup ¢(N) has an A-stable complement in G, by Lemma [[0} as-
sume it has two. Then there exist maps f, f’ : G — N respecting the action of A
such that for= f'or=idy. We fix such f, f’ and write r = f — f’; we will show
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2. COPRIME ACTIONS

that r = 0. Since for = f’ o, the subgroup ¢(N) is contained in the kernel of r. It
follows that » € Hom(G/¢(N), N), and so, thanks to Lemma [63] the group A acts
on the image of r through p. On the other hand, the image of r is contained in NV
and hence the action of A on r(G) is also through A. It follows from Lemma
that r = 0, as claimed. In particular, f = f’, and so ¢(N) has a unique A-stable
complement in G. n

In view of Lemma [[T] Theorem [68is proven.

2.2 Involutions

Let G be a finite group of odd order and let A = (o) be a multiplicative group of
order 2. It follows that the orders of G and A are coprime. Assume that A acts
on G and define

Gt={geG:a(g)=9g} and G~ ={geG:alg)=g"'}.

We will keep the notation we just introduced until the end of Section We
remind the reader about the List of Symbols, at the beginning of this thesis.

Lemma 72. One has Gt NG~ = {1}.

Proof. Let a € G¥ N G~. Then we have a = a(a) = a1, so a®> = 1. The order of
G being odd, it follows that a = 1. [

Proposition 73. The set GT is a group. Moreover, G acts by conjugation on
the set G~.

Proof. The subset G is a group, because « is a homomorphism. Let now g be in
G* and a in G~. Then we have that

a(gag™) = alg)a(a)alg) ™ =ga g™ = (gag™") 7",

and so gag~! belongs to G—. [

Lemma 74. The map G/GT — G~ that is defined by G+ — za(x)™! is a
bijection. Moreover, |G| = |GT||G™|.

Proof. Denote by ¢ the map G/G+ — G~ that is defined by G +— za(z)~1. To
show that ¢ is injective is a straightforward exercise. To prove that it is surjective,
we take b € G~. Since the order of G is odd, there exists a unique a in G such
that a® = b. The element a belongs to (b), ando so a(a) = a~!. As a consequence,

we have that ac(a)~! = a® = b. We have proven that ¢ is a bijection, from which
it follows that |G|/|GT| = |G~. "
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2. COPRIME ACTIONS

Lemma 75. The map Gt x G~ — G, defined by (z,y) — xy, is a bijection.

Proof. Let (z,y) and (z,t) be elements of Gt x G~ satisfying zy = 2t. Then
ty~! = z7'z. By Lemma [[3] the set GT is a subgroup of G, so 2 'z € Gt. As a
consequence, we get that ty~! = a(ty™!) = t~1y. It follows that t2 = y? so, the
order of G being odd, the elements ¢ and y coincide. Consequently, (x,y) = (z,t)
and the map is injective. Now by Lemma [74], the cardinalities of Gt x G~ and G
are the same and the given multiplication is also surjective. [

Corollary 76. Assume G is abelian. Then G = Gt & G~.

Proof. The sets GT and G~ are both subgroups of G, because G is abelian, and
Gt NG~ = {1}, by Lemmal[2 Tt follows from Lemma [75 that G = Gt ®G~. =

Lemma 77. Let N be a normal A-stable subgroup of G such that the restriction
of a to N equals the map x — x~'. Assume moreover that the automorphism of
G/N that is induced by o is equal to the inversion map g — g~'. Then G = G~
and G is abelian.

Proof. From the assumptions it follows that, for each z € G, the element a(z)x
belongs to N. Since the order of G is odd, if + € GT, then z is actually an
element of N. It follows that Gt is contained in IV, but N is contained in G~
by assumption. As a consequence of Lemma [[2], the subgroup G7 is trivial so, as
a consequence of Lemma [75] the group G is equal to G~. Let now z and y be
elements of G. Then we have that
y el = (zy) 7 = alzy) = a(@)aly) =27y

and therefore [z,y] = 1. The choice of 2 and y being arbitrary, the group G is
abelian. [

Lemma 78. Let N be a normal A-stable subgroup of G. Assume that the action
of A on N and the induced action of A on G/N are both trivial. Then G = G+.

Proof. Let © € G. Then a(x)z~"! is an element of N. If z belongs to G~, then
272 belongs to N so, the order of G being odd, z itself is an element of N. It
follows that G~ is a subset of N. The group NN is however contained in G* and,

as a consequence of Lemma [[2] one gets G— = {1}. It follows from Lemma
that G = G™. .

Lemma 79. Let 1 — N L5 G 25T = 1 is a short ezact sequence of A-groups.
Denote by f' and g' the restrictions of f and g respectively to NT and GT. Then

1= Nt L5 6t 251+ 551 4s a short ezact sequence of A-groups.
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2. COPRIME ACTIONS

Proof. Since f and g are homomorphisms respecting the action of A, it suffices
to prove the surjectivity of ¢’. Let v € I'*. Then there exists z € G such that
g(x) = v and, by Lemma [T5 there exists (a,b) € GT x G~ such that x = ab.
Now, (g(a),g(b)) € '™ x I'", because g respects the action of A, and v = g(z) =
g(ab) = g(a)g(b). It follows that g(b) = g(a)~1v, and so g(b) € I'T NT'~. Thanks
to Lemma [[2] we get that g(b) = 1, so + is equal to g(a). ]

Lemma 80. Let p be an odd prime number and assume that G is a finite p-group.
Let (G;)i>1 denote the lower central series of G and assume that the automorphism
of G/Gy that is induced by o equals the inversion map x — x~ 1. Let H be an
A-stable subgroup of G and let O and & be the collections of respectively all odd
and all even positive integers. Then the following hold.

1. Letj EZZL Then H+0Gj #H+0Gj+1 if and only ifHﬂGj #HﬂGj.;.l
and j € £.

2. One has |HT| =[,cc [HNG; : HNGjtq].

jEE
3. One has [H™|=[[;co |[HNG;: HNGjt].

Proof. For all j € Z>1, we define V; = (H N G;)/(H NGj4+1) and we consider the

short exact sequence

1-HNGj - HNG; = V; =1

of A-groups. We first prove (1) and (2) together. If j € Z>;, we note that
(HNG,)" = H" NG,, so Lemma [T9 yields

|H+ ﬂGj : H+ﬂGj+1| = |‘/j+|

From Lemma it follows that A acts on G;/Gj4+1 by scalar multiplication by
(—1)7, and so, whenever j is an odd positive integer, Lemma [72 yields that the
cardinality of (G;/Gj11)% is equal to 1. Since, for all j € Z>1, the groups V; and
(HNG;)Gj+1/Gj41 are isomorphic, it follows that, for each odd j, the cardinality
of Vj‘Ir is equal to 1. Moreover, if j is even, then V; is equal to Vj+. The cardinality
of H* being equal to [],5, [HT NG; : H" NGy, we get that

HY =TIV =TTV =TT vil-
jz1 jeE jeE€
This proves (1) and (2). We now prove (3). By Lemma [74] the cardinality of | H ~|
is equal to [H|/|HT|. Since |H| =[], [V;l, it follows from (2) that

__ s vl
H™| = == = [T Vil

H]EE | J| jeO
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2. COPRIME ACTIONS

Lemma 81. Let H be an A-stable subgroup of G and let g be an element of G.
Then the following are equivalent.

1. The subgroup gHg™ ' is A-stable.
2. The element g belongs to G Ng(H).

Proof. Let I = Ng(H); then I is A-stable, because H is. We first prove that (1)
implies (2). Assume that the subgroup gHg~! is A-stable, so a(gHg ) = gHg™!.
La(g) belongs to I, and thus a(gl) = a(g)I = gI.
Since the cardinality of I is odd and A has order 2, there is an element x in [
such that a(gz) = gz. For such an element x, we then have that gr € G, so
g =gr-x~! € GtI. Assume now (2) is satisfied; we prove (1). Since g belongs
to GT Ng(H), there exists (y,n) € GT x Ng(H) such that g = yn. For such pair
(v,m), we have that gHg=! = yH~~!, and therefore a(gHg™ ') = gHg~'. This
proves (1). n

In particular, the element g~

2.3 Jumps and width

Let p be a prime number and let G be a finite p-group. Denote by (G;);>1 the
lower central series of G (see Section [[2)). If x is a non-trivial element of G, then
there exists a positive integer d such that € G4\ G4+1. The number d is called
the depth of z (in G) and it is denoted by dptg(x). Let now H be a subgroup of
G and let j be a positive integer. The j-th width of H in G is

th(j) = logp |Hﬁ G;:HnN Gj+1|.

We observe that, if m; : G; — G;/Gj+1 denotes the canonical projection, then
7;(H NG;) has cardinality thg(j). An index j is a jump of H in G if wt$(4) # 0
and, whenever it will be clear that j is a jump of H in G, we will refer to wt$(5)
as the width of j in G. If G = H, we denote the j-th width of G by wtg(j)
instead of wt&(j) and, in several results, we will lighten the notation even further
by writing w; = wtg(j). The width of G is defined as wt(G) = max;>1 wtg(4); for
a generalization to general pro-p-groups, see [KLGP97].

Lemma 82. Let p be a prime number and let j be a positive integer. Let moreover
G be a finite p-group and let H be a subgroup of G. Then j is a jump of H in G
if and only if H contains an element of depth j in G.

Proof. Straightforward. [

Lemma 83. Let p be a prime number. Let moreover G be a finite p-group and let
H be a subgroup of G. Then, for all « € Aut(G), the groups H and o(H) have
the same jumps in G.
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Proof. Let o be an automorpshism of G and let j be a positive integer. By
Lemma 82 the integer j is a jump of H if and only if there exists x € H such that
dptg(x) = j. As the elements of the lower central series are characteristic in G,
we have that dpts(a(x)) = dptg(z), and thus we are done. ]

Lemma 84. Let p be a prime number and let G be a finite p-group. Let moreover
H be a subgroup of G and call J the collection of all jumps of H in G. Then
Hl = Wi ()
|H| = Hjejp .

Proof. 1t follows directly from the definitions of jumps. (]
In the next proposition, we use the notation introduced in Section

Lemma 85. Let p be an odd prime number and let G be a finite p-group. Let
A = (a) be a multiplicative group of order 2 acting on G. Let x : A — {£1}
be an isomorphism. Let (G;);>1 denote the lower central series of G and assume
that the automorphism of G/Go that is induced by « equals the inversion map
x> 2~ ' Let H be an A-stable subgroup of G and let O and & be the collections
of respectively all odd and all even jumps of H in G. Assume that the induced
action of A on G/Gs is through x. Then the following hold.

1. One has |[HT| = Hjegp‘”tg(j) and & is the set of jumps of HT in G.
2. One has |[H™ | = Hjeopmg(j).

Proof. Apply the new dictionary to Lemma n
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Chapter 3

Intense automorphisms

Let G be a group. An automorphism « of G is intense if for every subgroup H of G
there exists g € G such that a(H) = gHg~!. We denote by Int(G) the collection
of all intense automorphisms of G, which is easily seen to be a normal subgroup
of Aut(G).

In this chapter we will prove some basic properties of intense automorphisms and
formulate the main research question of this thesis. Among others, we will prove
the following result.

Theorem 86. Let p be a prime number and let G be a finite p-group. Then
Int(G) is isomorphic to S x C, where S is a Sylow p-subgroup of Int(G) and C' is
a subgroup of Fy. Moreover, if G is non-trivial abelian, then C' = ;.

3.1 Basic properties

Section [3.1] is devoted to basic properties of intense automorphisms. Most of the
notation used appears in the List of Symbols, at the beginning of this thesis.

Proposition 87. Let G be a group. Then Inn(G) C Int(G) C Aut(G) and Int(G)
is normal in Aut(G).

Proof. Straightforward application of the definitions. [

We recall that, if A is a group acting on a set X, a subset Y of X is A-stable if
the action of A on X restricts to an action of A on Y (see Section 21).

Lemma 88. Let G be a group and let N be a normal subgroup of G. Then the
following hold.

1. The subgroup N is Int(G)-stable.

25



3. INTENSE AUTOMORPHISMS

2. The natural projection G — G/N induces a well-defined homomorphism
Int(G) — Int(G/N), by means of a« — (N — «a(z)N).

3. Assume N is contained in Z(G). Then the image of the homomorphism
Int(G) — Aut(N), sending a to oy, is contained in Int(N).

Proof. (1) Intense automorphisms send every subgroup to a conjugate and there-
fore each normal subgroup to itself. (2) The map is well-defined as a consequence
of (1) and it is a homomorphism by construction. (3) This follows from the fact
that conjugation in G restricts to the trivial map on each subgroup of Z(G). =

In the following proposition, let w : F} — Z; be the Teichmiiller character at p as
defined in Section 211

Lemma 89. Let p be a prime number and let V be a vector space over F,,. Then
there exists a unique injective homomorphism X : Int(V) — Z,, such that the
following hold.

1. The group Int(V') acts on V through .
2. If V.#0, then A(Int(V)) = w(F}).

Proof. If V.= 0, define A : idy +— 1. Assume V # 0. Since V is abelian, every
one-dimensional subspace of V is stable under the action of Int(V). It follows
that, for all v € V'\ {0} and « € Int(V'), there exists (a unique) u(a,v) € Iy, such
that a(v) = u(a,v)v. We will show that u(e,v) is independent of the choice of
v. To this end, let o € Int(V') and let v and w be elements of V' \ {0}. If v and
w are linearly dependent, then u(a,v) = pu(a,w). We assume that v and w are
linearly independent. From the linearity of «, it follows that (o, v+ w)(v+w) =
p(a, v)v + p(o, w)w. The vectors v and w are linearly independent, so p(a,v) =
pla, v +w) = p(a,w), as required. We fix v € V'\ {0} and define i : Int(V') — F5,
by @ +— u(a,v). The map p is well-defined and it is an injective homomorphism
of groups by construction. Moreover, p is surjective, because scalar multiplication
by any element of F is an intense automorphism of V. We define A = wop. Then
Int(V') acts on V' through A and the image of A is equal to w(F},) by construction.
The uniqueness of A\ follows from Lemma [

We recall that, an action of a group C on a group B is a homomorphism C —
Aut(B) (see Section 2.T]).

Definition 90. Let C be a finite group acting on a finite group B. Assume
moreover that both B and C act on a set X. The actions are said to be compatible
if for allz € X, b€ B, and c € C, one has c(bx) = (cb)(cx).
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Lemma 91 (Glauberman’s lemma). Let G and A be finite groups of coprime
orders. Assume that at least one of A and G is solvable. Assume A acts on G and
that each of them acts on some set X, where the action of G is transitive. Finally,
assume the three actions are compatible. Then there exists an A-stable element in
X.

Proof. See [Isa08, Lemma 3.24]. n

Lemma 92 (An equivalent condition). Let G be a finite group and let o € Aut(G)
be of order coprime to the order of G. Let H and N be subgroups of G and assume
that a(N) = N. Then the following are equivalent.

1. There exists a € N such that o(H) = aHa™!.
2. There exists b € N such that bHb™! is (a)-stable.

Proof. (2) = (1) By assumption there exists an element b € N such that bHb~! =
a(Hb™Y) = a(b)a(H)a(b)™!. Define a = a(b)™b. (1) = (2) Write X =
{gHg™! : g € N}. Then N acts on X by conjugation and (a) acts on X by
assumption. The actions are compatible and the action of N is transitive. By
Lemma [@1] there exists an element of X that is fixed by a. (]

Lemma 93. Let G be a finite group and let a be an automorphism of G of order
coprime to |G|. Then a € Int(G) if and only if each subgroup of G has an {a)-
stable conjugate.

Proof. Take N = G in Lemma 02 n

Lemma 94. Let G be a finite group and let o € Int(G) be of order coprime to the
order of G. Let X be a collection of subgroups of G on which G acts by conjugation
and let XT={H e X : a(H)=H}. Then

X[ < > |G:Ne(H)|.

HeX+
Equality holds if and only if the elements of X are pairwise non-conjugate in G.

Proof. Let C be the collection of orbits of X under G. By Lemma 03] there exists
a subset R of Xt whose elements are representatives for the elements of C. It
follows that

XI=>ICl= ) |G:Ne(H)|< Y |G:Na(H)|.

ceC HeR HeX+

Equality holds if and only if R = X . n
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3.2 The main question

Let p be a prime number and let G be a finite p-group. We recall that ®(G) =
[G,G]GP and so G/®(G) is a vector space over F,, (see Section [[3). In Section
we build the foundation for our theory and we give the dictionary that we will
use throughout the whole thesis. We will also prove the following result.

Proposition 95. Let G be a finite 2-group. Then Int(G) is a finite 2-group.

Definition 96. Let p be a prime number and let G be a finite p-group. The
intense character of G is the homomorphism xc : Int(G) — Zy that is gotten from
composition of the following.

o The homomorphism Int(G) — Int(G/®(G)) from Proposition[88(2).

o The homomorphism X : Int(G/®(G)) — Zj, from Proposition [89.

Lemma 97. Let p be a prime number and let G be a finite p-group. Let moreover
xc : Int(G) — Zj, be the intense character of G. Then the group ker xg is the
unique Sylow p-subgroup of Int(G).

Proof. If G is the trivial group, then Int(G) = ker x¢ = {1} and {1} is a Sylow
p-subgroup of Int(G). Assume now G is non-trivial and set V = G/®(G). By
Lemma B9 the map A : V. — Int(V) is injective and so, with the notation of
Lemma [B4] the subgroup ker x¢ is equal to Int(G) Nker ¢. As a consequence of
Lemma[34] the kernel of x¢ is a normal Sylow p-subgroup of Int(G). Since Int(G)
acts on the collection of its Sylow p-subgroup in a transitive manner, Int(G) has
a unique Sylow p-subgroup, namely ker xg. [

Definition 98. Let p be a prime number and let G be a finite p-group. Let
x¢ : Int(G) — Zy, be the intense character of G. The intensity of G is the value
| Int(G) : ker x| and it is denoted by int(G).

We remark that the intensity of a p-group G is equal to the size of the image of
the intense character x¢ inside w(Fy). In particular, if G'is a 2-group, then its
intensity is always 1.

Lemma 99. Let p be a prime number and let G be a finite p-group. Let moreover
xc : Int(G) — Z; be the intense character of G. Then int(G) divides p—1 and
ker xg has a cyclic complement in Int(G) of order int(G).

Proof. The image of x¢ is a subgroup of w(Fy), which has order p — 1. It follows
that int(G) divides p — 1. Now, by Proposition @7, the kernel of x¢ is the unique
Sylow p-subgroup of G and it is therefore normal. The group ker xs has a com-
plement C' in Int(G), by the Schur-Zassenhaus theorem, and C' is cyclic because
it is isomorphic to a subgroup of ;. [
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3. INTENSE AUTOMORPHISMS

Proposition @8] now follows from Lemmas [07] and

The major goal of this thesis if classifying all pairs (p, G) where p is a prime number
and G is a finite p-group with int(G) > 1. Starting from the next chapter, we will
therefore often be working with odd primes. Explicit assumptions will be made at
the beginning of each section.

3.3 The abelian case

The main result of Section is the following.

Proposition 100. Let p be a prime number and let G be a finite non-trivial
abelian p-group. Then int(G) =p — 1.

Lemma 101. Let p be a prime number and let G be a finite p-group. Let N be a
normal subgroup of G. If N # G, then int(G) divides int(G/N).

Proof. Assume N # G; then G is non-trivial. Let ¢ : Int(G) — Int(G/N) be as
in Lemma[B8(2). The subgroup N®(G) is different from G, thanks to Lemma B3]
and therefore ®(G)N/N # G/N. The groups (G/N)/®(G/N) and G/(®(G)N)
being isomorphic (and non-trivial!), it follows that x¢ = xa/n © ¢. The image of
Xc is a subgroup of the image of x/n and thus int(G) divides int(G/N). ]

We recall that a group A acts through a character on a finite abelian p-group G if
there exists a homomorphism x : A — Z7 such that, for all @ € A and z € G, one
has ax = x(a)z. For more details, see Section 211

Lemma 102. Let p be a prime number and let G be a finite abelian p-group. Let
a be intense of order dividing int(G) and write X = XG|ay- Then (@) acts on G
through x and, if G is non-trivial, then int(G) = p — 1.

Proof. Write A = (a). If G is the trivial group, then the only automorphism of G
is the identity, which is intense. Assume now G is non-trivial. The group w(F})
acts on G (as described at the beginning of Section 2] via intense automorphisms
and it induces scalar multiplication by elements of F; on G/®(G). The image of
the intense character of G is thus w(F}), and so, int(G) = p— 1. Let now  denote
the image of w(Fy) — Int(G) and write Q = (3). Then Int(G) = ker xg » €2, and,
as a consequence of Schur-Zassenhaus, there exist m € Zx>( and v € ker xg such
that o = 8™y~ L. We get

x(@) = xa(a) = xa(¥8™ ™) = xa(B™).

Since each homomorphism of abelian groups is Z,-linear and 2 acts on G through
XG|q- the group A acts on G through y. [
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3. INTENSE AUTOMORPHISMS

We remark that Proposition [[00 is a special case of Lemma [I02] Moreover, The-
orem [86] is proven by combining Lemmas @7, @9 and Proposition T00

Corollary 103. Let p be a prime number and let G be a finite p-group. Let more-
over a be an intense automorphism of G of order dividing int(G). Then {(«) acts
on the centre of G through a character (o) — Z.

Proof. Let ¢ : Int(G) — Int(Z(G)) be the map from Lemma B8(3) and define
0 = XZ(G) (¢ (a)) © C(a)- Lemma 07 yields that () acts on Z(G) through o. ]

Lemma 104. Let p be a prime number and let G be a finite p-group. Let o be
intense of order dividing int(G) and write X = XG|(a)- Denote by (Gi)i>1 the
lower central series of G. Then, for all i € Z>1, the induced action of («) on
G;/Git1 is through x'.

Proof. Denote A = (a). As a consequence of Proposition B§|(2), the action of A
on G induces an action of A on G/G2. By Proposition [[02] the action of A on
G /G4 is through x. We now apply Lemma ]
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Chapter 4

Intensity of groups of class 2

The main goal of this thesis, as stated in Section [B.2] is to classify all finite p-
groups whose group of intense automorphisms is not itself a p-group. We will
proceed to a classification by separating the cases according to the class of the
p-groups. We remind the reader that a finite p-group is always nilpotent and that
its (nilpotency) class is defined to be the number of non-trivial successive quotients
of the lower central series (see Section [[2]). If the class is 0, the group is trivial
and the intensity is 1. For the case in which the class is 1 (non-trivial abelian
case) we refer to Chapter Bl In this chapter we study the case in which the class
is equal to 2. We prove the following main result.

Theorem 105. Let p be a prime number and let G be a finite p-group of class 2.
Then the following are equivalent.

1. One has int(G) # 1.
2. The group G is extraspecial of exponent p.

3. The prime p is odd and int(G) = p — 1.

4.1 Small commutator subgroup

Let p be a prime number. We recall that a group A acts on a finite abelian p-group
G through a character if there exists a homomorphism x : A — Z; such that, for
all z € G, a € A, one has ax = x(a)z. For more detail about actions through
characters see Section 211

Until the end of Section 1], the following assumptions will be valid. Let p be a
prime number and let G denote a finite p-group of nilpotency class 2 (see Section
[L2). Let moreover a be intense of order int(G). Write A = (a) and x = xg|a-
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4. INTENSITY OF GROUPS OF CLASS 2

Assume that the intensity of G is greater than 1. It follows that G is non-trivial
and p is odd (see Sections and B3)). We will keep this notation until the end
of this section, together with the one from the List of Symbols.

Lemma 106. Assume G2 has exponent p. Then ®(G) is central and A acts on
Gs is through x2.

Proof. The Frattini subgroup of G is central by Lemma [0 and A acts on Go
through x? by Lemma [[04 n

Lemma 107. The homomorphisms x, x> : A — Z,, are distinct.

Proof. Assume y = x2. Then x(a) = x(a)? and x(a) = 1. It follows that the
intensity of G is equal to 1. Contradiction. [

Lemma 108. Assume Gy has exponent p. Then Z(G) = ®(G) = G5 and A acts
on Z(G) through x?.

Proof. The group G5 is a non-trivial subgroup of Z(G) and, by Lemma [T06] the
group A acts on Gy through x2. By Corollary [[03 the group A acts on Z(G)
through a character and, as a consequence of Lemma [66, the action of A on the
centre is through x2. On the other hand, by Lemma [[04] the induced action of
A on G/G4 is through . The group A acts hence on Z(G)/G2 both through x
and x2. The characters x and x? being distinct, Lemma 66 yields Z(G) = Go. By
Lemma the subgroup ®(G) is central, and thus Gy = ®(G) = Z(G). L]

Lemma 109. Assume Gy has order p. Then G is an extraspecial group of exponent
.

Proof. Thanks to Lemma[I08 we are only left with showing that G has exponent p.
Assume by contradiction there exists g € G of order p? and write H = (g). Then
HP? has order p. Now, H? is contained in ®(G) and, as a consequence of Lemma
[I08 the Frattini subgroup of G has itself order p. It follows that H? = ®(G) and,
in particular, H contains ®(G). The group G2 is equal to ®(G), by Lemma [T08]
so the group H is normal. By Lemma B8(1), the subgroup H is A-stable. As a
consequence of Lemma [[04] the actions of A on H/G2 and Gy are respectively
through y and x? and, by Lemma [07 the characters y and x? are distinct.
From Theorem [68] it follows that the groups H and (H/G2) & G are isomorphic.
Contradiction. n

Lemma 110. Let Q be a finite p-group of both class and intensity greater than
1. Denote by (Qi)i>1 the lower central series of Q. Then, for all i € Z>1, the

exponent of Q;/Qi+1 divides p.
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4. INTENSITY OF GROUPS OF CLASS 2

Proof. We work by induction on ¢ and we start by assuming ¢« = 1. Let M
be a normal subgroup of @ that is contained in Q2 with index p; the group M
exists by Lemma [35l Thanks to the isomorphism theorems, the groups Q/Q2 and
(Q/M)/(Q2/M) are isomorphic. We write Q@ = /M and use the bar notation for
the subgroups of Q. Then Q2 = [@, Q] has order p and Q has intensity greater than
1, by Lemma [[0Il From Lemma [I09 it follows that Q/Q- is elementary abelian
and therefore so is )/Q2. Assume now that i is greater than 1 and that the result
holds for all indices smaller than i. The property of being annihilated by p is
preserved by tensor products and surjective homomorphisms so, as a consequence
of Lemma 28] the exponent of @Q;/Q;+1 divides p. m

Corollary 111. Let Q be a finite p-group of nilpotency class 2. If int(Q) > 1,
then Z(Q) = Q2.

Proof. By Lemma [I10, the commutator subgroup of () has exponent p. To con-
clude, apply Lemma [T08] =

4.2 More general setting

Throughout this whole section (Section .2)), let p be a prime number and let G
be a finite p-group of class 2 and intensity greater than 1. It follows from the
work done in Sections and that GG is not trivial and p is odd. Let « be
intense of order int(G) and write A = (a) and x = xg|4. We denote by V' and
Z respectively G/Go and G2 and by 7 the canonical projection G — V. From
Lemma [IT0] it follows that both V' and Z are vector spaces over F,,. By Corollary
[[TT the non-trivial subgroup Z is equal to Z(G) and, as a consequence of Lemma
28l the map ¢ : V xV — Z that is induced by the commutator map is alternating.

Lemma 112. Let H be a linear subspace of Z of codimension 1. Then the map
¢ VXV — Z/H, defined by (x,y) — ¢(x,y) + H, is non-degenerate.

Proof. The subgroup H is contained in the centre Z and is therefore a normal
subgroup of G. It follows from Lemma [[01] that int(G/H) > 1. As a consequence
of Lemma [I09 the group G/H is extraspecial, and so, thanks to Lemma 28] the
map ¢y :V xV — Z/H = [G/H,G/H] is non-degenerate. L]

Corollary 113. There exists n € Zsg such that dimV = 2n.

Proof. Let H be a linear subspace of Z of codimension 1 and let ¢y be as in
Lemma [IT2l Then ¢y is non-degenerate, and so, by Lemma [I0, the dimension of
V is even. The dimension is positive, because G has class 2. [
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4. INTENSITY OF GROUPS OF CLASS 2

Lemma 114. Let G be a group, let N be a central subgroup, and let H be a
complement of N in G. Let moreover Cy be the collection of complements of N
in G and, for all f € Hom(H,N), call Gy = {f(h)h : h € H}. Then the map
Hom(H,N) — Cn, given by f — Gy, is well-defined and bijective.

Proof. Straightforward. [

We recall that, as defined in Section [[LI] an isotropic subspace of V is a linear
subspace T of V such that ¢(T x T') = 0.

Lemma 115. Let T be a linear subspace of V.. Then T is isotropic if and only if
7~ Y(T) is abelian.

Proof. The subspace T is isotropic if and only if ¢(T" x T') = 0, which happens if
and only if [x=3(T), 7= %(T)] = 1. ]

In the next lemma, we use the same notation as in Section [[Il The map ¢ is
given in Definition

Lemma 116. Let T be an isotropic subspace of V. Then the map ¢ : V/T —
Hom(T, Z), defined by v + T — (t — ¢(v,t)), is surjective.

Proof. Let T be an isotropic subspace of V. The subgroup 7~1(T) is abelian,
by Lemma [IT5, and it contains Z. It follows that 7=%(7") is normal, and so, by
Proposition B8(1), it is A-stable. By Lemma [[04] the actions of A on 7=1(T")/Z
and on Z are respectively through x and x2, which are distinct by Lemma [I07
By Theorem [68 the subgroup Z has a unique A-stable complement H in 7=1(T),
which is isomorphic to T via . We now show that ¢p is surjective. For this
purpose, let f € Hom(7', Z) and note that Hom(T', Z) and Hom(H, Z) are naturally
isomorphic. We identify f with its image in Hom(H, Z). By Lemma [[T4], the set
L={f(t)t|te H} is a complement of Z in 7~!(T") and so, being H the unique
A-stable complement of Z, Lemma guarantees that there exists g € G such
that L = gHg~'. Fix such an element g. Then, for each h € H, there exists t € H
such that [g,h]h = ghg™ = f(t)t. Tt follows that ht~! = [h,g]f(t) belongs to
both H and Z, but H and Z intersect trivially, so we get h = t. We have proven
that f is the map ¢ — [g,t]. It follows from Definition [6 that ¢ is surjective. =

Corollary 117. Let T be an isotropic subspace of V.. Then T is maximal isotropic
if and only if the map ¢r : V/T — Hom(T, Z), defined by v+ T — (t — ¢(v,1)),
is a bijection.

Proof. The map ¢ is surjective by Lemma [I16 and it is injective by Lemmal[Zl m
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4. INTENSITY OF GROUPS OF CLASS 2

Lemma 118. The dimension of Z is different from 2.

Proof. Assume by contradiction that Z has dimension 2. Let T be an isotropic
subspace of V of maximal dimension ¢ and let d = dim V', which is positive.
From Corollary [[17, it follows that d = 3¢ and in particular that t > 0. Let
L be a subspace of T of codimension 1, which is itself isotropic. Let moreover
¢r :V/L — Hom(L, Z) be defined by v+ L +— (I — ¢(v,1)). The linear map ¢r, is
surjective by Lemma [[T6 Let U be the kernel of ¢y, and let ¢y : U x U — Z be
induced by ¢. Then dim U = d—3(t—1) = 3 and ¢y is alternating. By the universal
property of wedge products, there exists a unique linear map v : /\2 U — Z that,
composed with the canonical map U x U — /\2 U, gives ¢y. The dimension of
/\2 U being 3, the dimension of ker ) is positive and, as a consequence of Lemma
[ there are linearly independent elements s, € U such that ¥(s A7) = 0. Set
R=L®F,s®F,r. By construction, R is an isotropic subspace of V' of dimension
t + 1. Contradiction to the maximality of ¢. n

Corollary 119. The group G is extraspecial of exponent p.

Proof. The commutator subgroup of G is non-trivial. If Gy has order p, then G
is extraspecial of exponent p, by Lemma We claim that the order of G5 is
in fact p. Assume by contradiction that G2 has order larger than p. Then, by
Lemma [B5] there exists a normal subgroup M of G that is contained in G with
index p?. The group G/M has class 2 and, by Lemma [I0I] its intensity is greater
than 1. This is a contradiction to Lemma [[1I8], with G2/M in the role of Z. (]

We remark that Corollary [[T9 gives (1) = (2) in Theorem [I051 We complete the
proof in the next section.

4.3 The extraspecial case

In Section 3] we will see how the structure of extraspecial groups of exponent
p (see Section [[4) is particularly suitable for explicit construction of intense au-
tomorphisms of order coprime to p. In this section, we conclude the proof of
Theorem [T051

Lemma 120. Let p be a prime number and let G be a non-abelian extraspecial
group of exponent p. Let moreover H be a subgroup of G that trivially intersects
Gs. Then |G : Ng(H)| = |Hom(H, G2)|.

Proof. The group G being non-abelian, Lemma B9 yields that Z(G) = G2 and G2
has order p. Since H N Gz is trivial, we have Ng(H) = Cg(H) and H is abelian.
By Lemma 22] the commutator map G X G — G4 is bilinear, and moreover, since
HNZ(G) is trivial, it induces a non-degenerate map G/ Cs(H) x H — G2. Now,
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4. INTENSITY OF GROUPS OF CLASS 2

both G/ Cg(H) and H are Fp-vector spaces and G2 has order p. It follows from
Lemma Rlthat |G : Ng(H)| = |G : Cq(H)| = |H| = |Hom(H, G3)]. m

Lemma 121. Let p be a prime number and let G be a non-abelian extraspecial
group of exponent p. Let o be an automorphism of G such that («) acts on G/G>
through a character. Then « € Int(G).

Proof. Let H be a subgroup of G and write A = («). We want to show that H and
a(H) are conjugate in G. As G is non-abelian, Lemma B9 yields that Go = Z(G)
and G5 has order p. It follows that either H contains G5 or the intersection of
H with G is trivial. In the first case, H/G5 is a linear subspace of G/G3, and is
therefore A-stable; in particular, also H is A-stable. We now consider the case in
which H N G2 = {1}. In this case, H is abelian and the group T'= H & G5 is A-
stable. The group G5 being A-stable, a(H) is a complement of G5 in T'. Also each
G-conjugate of H is a complement of G5 in T', because G5 and T are both normal.
By Lemma [IT4], the number of complements of G5 in T equals the cardinality of
Hom(H, G2), which is equal to |G : Ng(H)| by Lemma It follows that the
number of complements of G5 in T is equal to the number of conjugates of H in G.
As all conjugates of H are themselves complements of G5 in T', we get that every
complement of G2 in T is conjugate to H in G. In particular, H and «(H) are
conjugate in G. The choice of H being arbitrary, it follows that « € Int(G). n

Lemma 122. Let p be a prime number and let G be a non-abelian extraspecial
p-group of exponent p. Then p is odd and int(G) =p — 1.

Proof. The prime p is odd, because all groups of exponent 2 are abelian. By
Proposition 43 we can write G in the form G(Z,Y, X, 0), where X, Y, and Z are
vector spaces over I, and 6 : X x Y — Z is bilinear. Now, the group F} acts on
X, Y, and Z, as described in Section 2], and so each m € [} gives rise to an
automorphism of each of the three vector spaces. For each m € F}, the following
diagram is commutative because 6 is bilinear.

0

XxY A
m m m?
X xY A

By Proposition 44}, for each m € [} there exists an automorphism a,, of G such
that the maps induced by a,, respectively on X XY and Z are scalar multiplications
by m and m?®. The set A = {am, | m € Fj} is a subgroup of Aut(G) that is
isomorphic to Fy. Thanks to Lemma [[2]] the subgroup A is contained in Int(G)
and therefore int(G) = p — 1. m
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4. INTENSITY OF GROUPS OF CLASS 2

We remark that Lemma is the same as (2) = (3) in Theorem Since the
implication (3) = (1) is clear and (1) = (2) is given by Corollary [[T9, Theorem
is finally proven.

Proposition 123. Let p be a prime number and let G be a finite p-group. Denote
by (Gi)i>1 the lower central series of G. Assume both the class and the intensity
of G are greater than 1. Then, for all i € Z>1, the exponent of G;/Gito divides p.

Proof. Let o be intense of order int(G) and write x = XG|(q)- Let moreover
i be a positive integer. The case in which ¢ = 1 is given by the combination
of Lemma [[0T] and Theorem [I05} we assume that ¢ > 1. As a consequence of
Lemma 20 the quotient G;/G;42 is abelian. By Lemma [[04] the action of {«) on
Gi/Giy1 and Giy1/Giq2 is respectively through x* and ™!, which are distinct
because int(G) # 1. It follows from Theorem [6§ that the groups G;/Git+2 and
Gi/Git1 ® Giy1/Git2 are isomorphic. The exponent of G;/G;2 divides p as a
consequence of Lemma [TT0 m
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Chapter 5

Intensity of groups of class 3

The purpose of this chapter is giving a complete overview of the case in which the
class is 3. We will prove the following theorems.

Theorem 124. Let p be a prime number and let G be a finite p-group of class 3.
Then the following are equivalent.

1. One has int(G) > 1.
2. The prime p is odd and int(G) = 2.
3. The prime p is odd and |G : G| = p?.

We remind the reader that, if G is a finite p-group and j is a positive integer, then
wtg(j) = log, |G : Gj11|. For more detail, see Section 2.3l

Theorem 125. Let p be a prime number and let G be a finite p-group of class
at least 3. Assume that int(G) > 1. For each positive integer j, sel moreover
w; = wtg(j). Then the following hold.

1. One has int(G) = 2.

2. One has (w1, w2, w3) = (2,1, f), where f € {1,2}.

5.1 Low intensity

In Section 6.1l we derive some restrictions on the structure of finite p-groups of
class at least 3 and intensity greater than 1. We will prove the following main
result.

Proposition 126. Let p be a prime number and let G be a finite p-group of class
at least 3. Assume that int(G) > 1. Then the following hold.
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5. INTENSITY OF GROUPS OF CLASS 3

1. The prime p is odd.
2. One has int(G) = 2.
3. One has |G : Ga| = p*.

Our main goal for this section being the proof of Proposition [26, we will work
under the following assumptions until the end of Section Bl Let p be prime
number and let G be a finite p-group of class at least 3. Assume that int(G) > 1
and let a be intense of order int(G). Write A = () and x = xg|a, Where xc
denotes the intense character of G (see Section B:2)). For the rest of the notation
we refer to the List of Symbols. We remark that, int(G) being greater than 1, the
prime p is odd and G is non-trivial. For more detail see Chapter Bl

Lemma 127. Assume that G has class 3. Then the following hold.
1. One has G? C G3.
2. One has |Gz : Gs| = p.
3. One has Z(G) = G3s.

Proof. The subgroup G3 is contained in Z(G) because G has class 3. By Lemma
[IOT] the intensity of G/Gs5 is greater than 1, and thus, by Theorem [I05, the group
G/Gs3 is extraspecial of exponent p. It follows that Ga/G3 has size p and that
G? is contained in G3. Moreover, one has Z(G/G3) = G2 /G35 and, since Z(G)/G3
is contained in Z(G/Gs3), we get G3 C Z(G) C Ga. As the class of G is 3, the
subgroup Z(G) is different from G3, and so Z(G) = Gs. [

Lemma 128. Assume G has class 3. Then the following hold.
1. The group Gs is elementary abelian.
2. The group Cg(G2) is abelian and A-stable.

Proof. (1) The group Gy is trivial and, as a consequence of Lemma 20, the sub-
group Gs is abelian. The exponent of G5 is equal to p, by Proposition This
proves (1). We now prove (2). To lighten the notation, let C' = Cg(G2). The
subgroup G5 is central in C, by definition of C, and, as a consequence of Lemma
26, the commutator map induces a bilinear map ¢ : C/Ga x C/Gy — [C,C].
The subgroups C and [C, C] are characteristic in G and thus they are A-stable.
Thanks to Lemma [[04], the group A acts on C'/G5 through x, and, by Lemma [6T]
it acts on [C, C] through x2?. By Lemma [[04] the action of A on G35 is through
x>. The character y not being trivial, one has x? # x>, and Lemma [66 yields
[C,C)NGs = {1}. By Lemma [I27(3), the group G3 is equal to Z(G) so the group
[C,C] is a normal subgroup of G that trivially intersects Z(G). It follows from
Lemma 29 that [C,C] = {1}. m
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5. INTENSITY OF GROUPS OF CLASS 3

Lemma 129. Assume that Gs has order p. Then the following hold.
1. One has |G : Cq(G2)| = p.
2. One has |G : Ga| = p*.
3. One has | Cg(Ga)| = p3.

Proof. The group G5 having order p, it follows from Lemma 29 that G35 is central,
and so G has class 3. To lighten the notation, let C = Cg(G2). Let moreover
V =G/Ga, Z = G3/G3, and T = C/Gy. The groups V, Z, and T are vector
spaces over [, as a consequence of Lemma [IT0l We prove (1). By Lemma [24] the
commutator map induces a bilinear map v : V x Z — G3 whose left kernel is T.
The centre of G is equal to G5, by Lemma [[27)(3), so the right kernel of 1) is trivial.
The map ¥¢ : V/T x Z — G5 that is induced from 1) is thus non-degenerate. The
dimension of Z is equal to 1, by Lemma [[27(2), and Lemma Rlyields dim V/T = 1.
This proves (1). We prove (2) and (3) together. Let ¢ : V x V. — Z be the
bilinear map from Lemma 24l The map ¢ is induced from the commutator map
and, by Lemma [I28(2), the group C is abelian. It follows that T is isotropic.
As a consequence of (1) the space T' has codimension 1 in V and T is maximal
isotropic, because ¢ is not the zero map. From Corollary [IT7 it follows that 1 =
dim(V/T) = dimHom(7T, Z) = dim T and so dim V' = 2. To conclude, we compute
|G : Go| = p¥™V =p? and |C| = |C : G2||Gs : G3||G3| = pdimTpdimZp =p3.  u

Lemma 130. Assume that x*> # 1 and that G has class 3. Then Cg(G2) is
elementary abelian.

Proof. Let C = Cg(G2). The group C is abelian and A-stable by Lemma [[28(2).
We will show that C' has exponent p. By Lemmal[I28(1) the group G is elementary
abelian and G3 C C. The group A acts on C/Gy through ¥, as a consequence
of Lemma [[04] and, by Lemma [63] it acts on C? also through y. It follows
from Lemma I27(1) that C? C G3. The action of A on Gz is through x3, by
Lemma [I28(2), and thus A acts on C? both through x and x3. Since x? # 1, the
characters y and x* are distinct and, as a consequence of Lemma [66, the group C
has exponent p. [

Lemma 131. Assume that x*> # 1 and that G3 has order p. Then Cg(G>) is
a vector space over F), and there exist unique A-stable subspaces Cy and Ca of
Ca(G2), of dimension 1, such that Cq(Ga) = C1 & Co & Gs.

Proof. To lighten the notation, let C' = Cg(G3). Since G has order p, it follows
from Lemma 29 that G5 is central so G has class 3. As a consequence of Lemmas
[[29(3) and [I30, the group C is a vector space over IF,, of dimension 3. The group
C' is A-stable, by Lemma [I28(2), and, by Lemma [[04] the action of A on C/Ga,
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G>/G3, and G5 is respectively through x, x2, and x®. The three characters are
pairwise distinct because x? # 1. We first apply Theorem 68 to C'/G3. Then there
exists a unique A-stable complement D /G35 of Go/G5. Tt follows that D; NGs =
G3. We now apply Theorem[G8]to both D; and G5 to get unique A-stable subspaces
C1 and Cy of C satisfying D; = C; @ G3 and Gy = Cy @ G3. As a consequence
of Lemma [27(2), the subspace G2 has dimension 2, so both Cy and C3 have
dimension 1. Moreover, the intersection of D; with G2 being equal to Gs, it
follows that C' = C7 & Cy & Gs. n

Lemma 132. Assume that G3 has order p. Then int(G) = 2.

Proof. If x? = 1, then 1 < int(G) < 2 and we are done. We assume now that
x? # 1 and we will derive a contradiction. Let now C; and Cs be as in Lemma [[31]
and denote by X be the collection of subspaces of dimension 1 of C. Since C' is
normal, the group G acts on X by conjugation. By Lemma [[29(1), the index of C'
in G is equal to p and the size of each orbit of X under G is at most p. Moreover,
the elements of X that are stable under the action of A are precisely Cy, Cs, and
Gs5. Lemma [94] yields

P’ +p+1=[X]<|G:Na(C1)+|G : Na(Ca)| + |G : Na(Gs)| < 3p,
which is satisfied if and only if (p — 1)? < 0. Contradiction. "

We can finally give the proof of Proposition The prime p is odd as a conse-
quence of Proposition[@5 Since G has class at least 3, the group G3 is non-trivial,
s0, by Lemma B3 there exists a normal subgroup M of G that is contained in G3
with index p. By Lemma [I0]] the group G/M has intensity greater than 1 and,
as a consequence of Lemma[I32] the intensity of G/M is equal to 2. From Lemma
[[0T it follows that 1 < int(G) < int(G/M) = 2. Moreover, Lemma [I29(2) yields

|G : Ga| = |G/M : [G/M,G/M]| = p*.

We remark that Proposition [126] gives (1) < (2) and (1) = (3) in Theorem
and Theorem [T25[(1). We give the full proof of Theorem in Section .4 and
the full proof of Theorem in Section

Proposition 133. Let p be a prime number and let G be a finite p-group. Then
the following are equivalent.

1. One has int(G) > 1.
2. The prime p is odd and int(G) is even.

Proof. The implication (2) = (1) is clear. Assume now (1). Then G is non-
trivial and p is odd, by Proposition [@5l Moreover, if G has class at least 3, then
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Proposition yields int(G) = 2. On the other hand, if G has class at most
2, then we know from Theorems [86 and that int(G) = p — 1, which is even
because p is odd. [

Proposition 134. Let p be a prime number and let G be a finite p-group of class
at least 3. Let a be an intense automorphism of G of order int(G) and assume that
int(G) > 1. Then « has order 2 and, for all i > 1, it induces scalar multiplication
by (—1)1 on GZ/G’L+1

Proof. Let x denote the restriction of yg to (). By Proposition[I26] the intensity

of G is 2 and p is odd. In particular, x(a) has order 2 in w(Fy), so x(a) = —1.
Lemma [T04] draws the conclusion. n

5.2 Groups of class 3

This section is devoted to understanding the structure of p-groups G of class 3
with the property that |G : G2| = p?. We will see in the next section that all these
groups have intensity 2. We also give the proof of Theorem [125

Lemma 135. Let p be a prime number and let G be a finite p-group of class 3.
Assume that |G : Ga| = p?. Then the following hold.

1. One has |Gy : G3| = p.
2. One has |Gs| € {p,p*}.
3. The subgroup G3 is elementary abelian.

Proof. The group G is non-abelian and, as a consequence of Lemma B8, the group
G/G3 is a vector space over F,, of dimension 2. By Lemma 25 the commutator
map induces a surjective homomorphism G/G2 ® G/G2 — G2/G3 which factors
as a surjective homomorphism /\Z(G/ G2) — G2/G3 by the universal property
of wedge products. The space A\*(G/Gy) has dimension 1 and so |Gy : Gs| =
p. Again applying Lemma 25 we derive that G3 is isomorphic to a quotient of
G/G2 ® G2/G35. In particular, one has

1< |G3| < |G/G2 ® GQ/G3| :p2
and (3 is elementary abelian. [

Thanks to Lemma [I35] we can finally give the proof of Theorem Indeed, if
p is a prime number and G is a finite p-group of class at least 3 with int(G) > 1,
then Proposition yields int(G) = 2 and w; = 2. We now apply Lemma [I35]
with G/G4 in place of G, to get wy = 1 and w3 € {1,2}. The proof of Theorem
is now complete.
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Lemma 136. Let p be an prime number and let G be a finite p-group of class 3.
Assume that |G : G| = p*. Then the following hold.

1. One has Go C Cg(Ga).
2. The commutator map induces an isomorphism G/ Cq(G2) ® G2/G3 — Gs.
3. One has |G : Cq(G2)| = |Gs].

Proof. (1) As a consequence of Lemma 20, the group [Ga2,G3] is contained in
G4 = {1} and G2 centralizes itself. This proves (1). We now prove (2) and (3)
together. The subgroup G3 is central, because the class of G is 3, so, by Lemma
22 the commutator map v : G x G2 — Gj3 is bilinear. The right kernel of v is equal
to G2 NZ(G), which is equal to G5 as a consequence of Lemma [I35(1). The left
kernel of v coincides with Cs(G2) and, in particular, v induces a non-degenerate
map 71 : G/ Cq(G2) x G2/G3 — G5 whose image generates G3. Thanks to (1) the
quotient G/ Cg(G2) is abelian and, thanks to Lemma B8] it has exponent p. By
the universal property of tensor products, 1 induces a surjective homomorphism
G/ Ce(G2)®G2/G3s — G5, which is also an isomorphism since the index |G3 : Gs|
is equal to p. Moreover, we have |G : C(G2)| = |Gs|. ]

Lemma 137. Let p be a prime number and let G be a finite p-group of class 3.
Assume that |G : G| = p*. Then the following hold.

1. One has |Gs| = p if and only if | Ca(Gs2) : Go| = p.
2. One has |G3| = p? if and only if Ca(G2) = Gs.
Proof. By Lemma [[36(3), we have |G : Cg(G2)| = |Gs|. By Lemma [I36(1), the

subgroup G is contained in Cg(Gs2), so (1) and (2) follow from the fact that
|G : Ga| = p?. "

Lemma 138. Let p be a prime number and let G be a finite p-group of class 3.
Assume that |G : G| = p*. Then Cq(Gse) is abelian.

Proof. Write C = Cg(G2). As a consequence of Lemma [[37 the group C/G3 is
cyclic. It follows from Lemma 28 that [C, C] = [C, G2] = {1}. L]

Lemma 139. Let p be an odd prime number and let G be a finite p-group of class
3. Assume that |G : Go| = p?. Then G/Gj3 is extraspecial of exponent p.

Proof. We write G = G/G3 and we use the bar notation for the subgroups of G.
The group G has class 2 and G is contained in Z(G). By Lemma [I35(1), the
order of Gy is equal to p and, as a consequence of Lemma [Z7] the groups G and
Z(G) coincide. In particular, G is extraspecial. We now show that G has exponent
p. Define C = Cg(G2) and D = {x € G : aP € G3}. Then C # G, because G
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is not central, and D is a group, thanks to Corollary @8 Let now z € G\ C. As
a consequence of Lemma [B6] the element zP belongs to G. Moreover, by Lemma
[[36l(2), the commutator map induces an isomorphism G/C ® Go2/G5 — G3, so,
since x is not in the centralizer of G2, the element xP belongs to Gs. It follows
that x € D and, in particular, we have proven that G = C U D. The group C' is
different from G, thus the groups D and G are the same. It follows that G = D
and so G has exponent p. [

Lemma 140. Let p be an odd prime number and let G be a finite p-group of class
3. Assume that |G : Ga| = p*>. Then G3 = Z(G).

Proof. The subgroup Gj is contained in Z(G), since G has class 3 and, as a
consequence of Lemma [[39 the centre of G/Gs is equal to G3/Gs. It follows
that Z(G)/Gs C G2/G3 and Z(G) C Go. Moreover, the group Z(G) does not
contain G2, because G has class 3. The group G3/G3 having order p, one gets
Gg = Z(G) |

Lemma 141. Let p be an odd prime number and let G be a finite p-group of class
3. Assume that |G : Ga| = p*. Then Gy is elementary abelian.

Proof. The group G2 is abelian as a consequence of Lemma [I36(1). We prove
that it has exponent p. Let M be a maximal subgroup of G3; then M has index
p in Gy and it is normal, because G5 is central. We write G = G//M and use
the bar notation for the subgroups of G. The subgroup G3 has order p and
|G : G2 = |G : G2| = p?. Tt follows from Lemma [[38 that C#(G2) is abelian and,
from Lemma [I37(1), that it contains Gy with index p. Write C' = Cxz(G2). As
a consequence of Lemma 139, the subgroup C" is contained in G, so up(a) is a
normal subgroup of G of order at least p?>. Moreover, G5 is contained in u,(C),
so 11,(C)/G3 is a non-trivial normal subgroup of G/G3. The quotient G/Gj3 is
extraspecial, by Lemma [[39] so G2/G3 is equal to Z(G/G3). As a consequence of
Lemma [I35(1), the quotient G2/G3 has order p, so Lemma E3l yields Ga C u,(C).
In particular, one has G5 C M. If M = {1} we are done, otherwise let N be
another maximal subgroup of G3. In this case, G5 is elementary abelian of order
p?, by Lemma [I35(2-3), and G% is contained in N N M = {1}, by the previous
arguments. The exponent of G5 is thus p. [

5.3 Intensity given the automorphism
We recall that, for any group G, the lower central series of G is denoted (G;)i>1
and it consists of characteristic subgroups of G. For more detail see Section

The main result of this section is the following.
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Proposition 142. Let p be an odd prime number and let G be a finite p-group
of class 3 such that |G : Go| = p*. Let moreover o be an automorphism of G of

order 2 that induces the inversion map x — x~! on G/Go. Then « is intense and
int(G) = 2.

The following assumptions will be valid until the end of Section 5.3l Let p be an
odd prime number and let G be a finite p-group of class 3 such that |G : Ga| = p?.
Let a be an automorphism of G of order 2 and write A = (a). Let moreover
X : A — {£1} be an isomorphism of groups and assume that the induced action
of A on G/G4 is through x. We will prove that « is intense.

Lemma 143. FEvery subgroup of G that contains Gs has an A-stable conjugate in
G.

Proof. Let H be a subgroup of G that contains G3. By Lemma [I39 the group
G /G5 is extraspecial of exponent p and by assumption A acts on G/G2 through
X. As a consequence of Lemmas [[2]] and Lemma [03] there exists g € G such that
a(gHg™1)/Gs = (gHg™')/G3 and, G3 being A-stable, a(gHg™') = gHg™:. =

We remind the reader that, if H is a subgroup of G, then a positive integer j
is a jump of H in G if HNG; # H N Gjy1. The j-th width of H in G is
wt&(j) = log, |[HNGj : HNGjt1|. For more information about jumps and width
see Section 23

Lemma 144. Let H be a subgroup of G that trivially intersects Gs. Then the
following hold.

1. If 1 is a jump of H in G, then wt% (1) = 1.
2. If 2 is a jump of H in G, then H C Cg(Ga).

Proof. (1) Assume that 1is a jump of H in G. By Lemmal[36] the Frattini subgroup
of G is equal to G3. The subgroup H does not contain G3 and thus H # G. By
Lemma B3] we have H®(G) # G so H®(G)/®(G) = HG2/G> has order p. Since
HG4 /@G5 is isomorphic to (H N G1)/(H N Gs), this proves (1). We now prove (2).
Assume that 2 is a jump of H in G. Then by Lemma [R2] there exists an element
x € (HNG2)\ Gs. Fix z. As a consequence of Lemma [[35(1), the group G is
equal to (x,G3). The group G3 being central, it follows that [H, Gs] = [H, (z)].
The subgroup [H, (x)] is contained in H N [G,G2] = H N G3, which is trivial by
assumption. In particular, H centralizes G. [

Lemma 145. Let H be a subgroup of G that trivially intersects Go. Then H has
an A-stable conjugate in G.
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Proof. The group H is abelian, because [H, H] C H N [G,G] = {1}. By Lemma
[[40, the groups G3 and Z(G) are equal, so the group T = H @ G35 is abelian.
By Lemma [[43] there exists g € G such that gT'¢g~! is A-stable and, the group
G5 being characteristic, gTg~! = gHg~ ' ® G3. We fix such element g and note
that ¢Tg~' N Gy = G3. It follows from Lemma, [63] that the induced action of A
on gTg~'/G5 is through x. Moreover, by Lemma [6Z the group A acts on G3
through ¥ = x. From Lemma [77 it follows that o sends each element of ¢gT¢~!
to its inverse, so each subgroup of ¢T¢g~! is A-stable. In particular, gHg ! is

A-stable. n

Lemma 146. Let H be a subgroup of G such that Go = H ® Gs. Then H has an
A-stable conjugate in G.

Proof. By Lemma [I35(1), the index |G2 : Gs| is equal to p, so H has order p.
By Lemma [62] the induced action of A on G2/G3 and G is respectively through
x? and x® = x. By assumption, the characters y and y? are distinct. Moreover,
by Lemma [I36(1), the group G is abelian and so, by Theorem [68] there exists a
unique A-stable complement K of G3 in G3. We want to show that H and K are
conjugate in G. The groups G5 and Z(G) coincide, by Lemma [[40, thus C(H) =
Ca(G2). Moreover, we have that HN[H,G] € HNG3 = {1},s0 C¢(H) = Ng(H).
Let X be the collection of complements of G3 in Go. Then K and all conjugates
of H in G are in X. By Lemma [[36(3), we have |G : Cc(G2)| = |G3|. By Lemma
[I35(3), the subgroup Gj is elementary abelian and, by Lemma[IT4] the cardinality
of X is equal to the cardinality of Hom(H, G3), which coincides with |G3| because
H has order p. It follows that | X| = |G : Cg(G2)| = |G : Ng(H)| and, every
conjugate of H being in X, every complement of G3 in G5 is conjugate to H. In
particular, K and H are conjugate in G. [

Lemma 147. Let H be a subgroup of G that is not contained in Cc(G2) and that
has trivial intersection with Gs. Then H has a conjugate that is A-stable.

Proof. As a consequence of Lemma[T44(2), the subgroup H has trivial intersection
with G2. We now apply Lemma 143 [

Lemma 148. Let H be a subgroup of Co(G2) of order p that has trivial intersec-
tion with Gs. Then H has a conjugate that is A-stable.

Proof. Let us call T = H & G3. If T = G5, then H has an A-stable conjugate
by Lemma [[480 Assume now that T NGy = Gs. Then HNGo = HNTNGe =
H N G3 = {1}, so we conclude applying Lemma [[45 [

We denote GT = {r € G:a(z) =2} and G~ = {z € G : a(x) = 2~ '}, in concor-
dance with the notation from Section In the context of Section .3l we will
use this notation in Lemmas [149 and [150
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Lemma 149. Let H be a subgroup of Cq(G2) such that HNGs = {1}. Then the
following hold.

1. The subgroup H is elementary abelian.
2. One has GT Ng(H) = Ng(H).

Proof. (1) The subgroup Cg(G2) is abelian, by Lemma [I38 and therefore H is
abelian. Moreover, as a consequence of Lemma [139] the subgroup H? is contained
in HNG3 = {1}, so H is elementary abelian. This proves (1). We now prove (2).
The subgroup G is contained in Gs, thanks to Lemma B5, and G2 centralizes
C, by definition of C. Tt follows that Gt Ng(H) C Go Ng(H) = Ng(H). Since
N¢(H) is contained in GT Ng(H), the proof is complete. ]

Lemma 150. Let H be a subgroup of G such that Cq(G2) = H ® Gs. Then H
has a conjugate that is A-stable.

Proof. To lighten the notation, write C = Cg(G2). If C = Go, then we are
done by Lemma Assume now that C # G3. As a consequence of Lemma
[[37(1), the group C' contains G5 with index p and G3 has order p. We define
X to be the collection of subgroups K of G such that C = K & G35 and denote
Xt ={KeX|aK)=K}. The centre of G is equal to G3, by Lemma [[40
and, as a consequence of Lemma 29| all elements of X are non-normal subgroups
of G. In particular, for any K € X, one has |G : Ng(K)| > p. Now, by Lemma
[[49(1), the subgroup H is elementary abelian, and, G35 being central of order p,
it follows that C' is naturally an F,-vector space. Combining Lemmas [[35(1) and
37(1), we get that dimC = 3. Write CT = {z € C : a(z) =2} and C~ =
{zeC : a(z) =27t} Then C = C* @ C~, thanks to Corollary [76 and, as a
consequence of Lemma [85] one has [C~| = p? and |CT| = p. Moreover, C' being
abelian, both C* and C~ are linear subspaces of C. It is not difficult to show at
this point that

Xt ={Cte@l:0C G, NGy ={1}, dim(¢) = 1}.

It follows that X+ has cardinality p, while the cardinality of X is p?. Moreover,
the combination of Lemmas [BT] and [[49(2), ensures that no two elements of X+
are conjugate in G. It follows from Lemma [O4] that

pPP=I1X[> ) |G:Na(K)| > Y p=I|XTp=0p",
Kex+ Kex+

and therefore every element of X is conjugate to an element of X . In particular,
H has an A-stable conjugate. [

Lemma 151. Every subgroup of G that trivially intersects Gz has an A-stable
conjugate in G.
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Proof. Let H be a subgroup of G such that H NGg = {1}. If H is contained in
Cg(G2) and has order p, then we are done by Lemma Assume now that H
is contained in Cg(G2) and that H has order p?. The group Cg(G2) is abelian,
by Lemma [I[38] and thus, as a consequence of Lemmas [[35(1) and [[37 one has
Ce(G2) = H ® G5. The group H has an A-stable conjugate by Lemma We
conclude by Lemma [[47] in case H is not contained in Cg(G2). L]

Lemma 152. Let H be a subgroup of G such that H N Gs # {1}. Then H has a
conjugate that is A-stable.

Proof. Lemma [[43] covers the case in which H contains G3. Assume now that
the group H N Gs is different from both {1} and G5. As a consequence of Lemma
[M35(2), the cardinality of G5 is p?, so HNG3 has order p. We write G = G/(HNG3)
and use the bar notation for the subgroups of G. The group G has class 3 and
|G : G2| = p2. Moreover, H N G3 = {1}. Thanks to Lemma [I51] the subgroup H
has an A-stable conjugate, and therefore so does H. [

Lemma 153. The automorphism « is intense and int(G) = 2.

Proof. We will show that o € Int(G). Thanks to Lemma 03] it suffices to show
that every subgroup of G has an A-stable conjugate. Let H be a subgroup of G.
If HNGs = {1}, we are done by Lemma [I51] otherwise apply Lemma m

Thanks to Lemma [I53] Proposition [[42 is proven.

5.4 Constructing intense automorphisms

The aim of Section B.4] is giving the proof of Theorem 124 We will prove the
following essential result.

Proposition 154. Let p be an odd prime number and let G be a finite p-group
of class 3 such that |G : Go| = p*. Then there exists an automorphism o of G of
order 2 that induces the inversion map x + v~ on G/Gs.

In order to prove Proposition [I54], let p be an odd prime number and let G be a
finite p-group of class 3. Let moreover (G;);>1 denote the lower central series of
G and assume that |G : G2| = p?. We will keep these assumptions and notation
until the end of Section 5.4 We will work to construct an automorphism a of G
and an isomorphism y : (@) — {£1} in order to apply the results achieved in the
previous section.

Let F be the free group on the set S = {a,b} and let ¢ : S — G be a map such
that G = (¢(S)). By the universal property of free groups, there exists a unique
homomorphism 6 : F — G such that 6(a) = ¢(a) and 6(b) = ¢(b). In particular,
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the map 0 is surjective. We denote by (F;);>1 the p-central series of F, which is
recursively defined as

Fy=F and Fy, =|F,F|FP.

We want to stress the fact that the notation we use here for the p-central series of
F clashes with the notation we have adopted so far (see the section “Exceptions”
from the List of Symbols). Define additionally

L =FyF? and E = [F,L]F?.

The notation we just introduced will be valid until the end of Section 5.4l We will
introduce some extra notation between Lemma [I58 and Lemma [I59 We refer to

the diagram given at the end of the present section for a visualization of the proof
of Proposition [[54]

Lemma 155. One has 0~1(Gy) = Fy.

Proof. Since 6 is a surjective homomorphism, one has 6(Fz) = O([F, F|F?P) =
G2GP = O(@G) and so, as a consequence of Lemma [B6] we get 0(F) = Ga. In other
words, Fy C 6~1(G2). The group F being 2-generated, we have that |F : Fy| = p?,
and so Fy = 071(Gy). ]

Lemma 156. The commutator map induces an alternating map F/Fy x F/Fy —
F5/L whose image generates Fy/L. Furthermore, the index |Fy : L| is at most p.

Proof. We write F' = F/L and we will use the bar notation for the subgroups of
F. The subgroup [F, [F, F]] is contained in F3 and [F, F] is central. Moreover, F
being annihilated by p, the subgroup Fy coincides with [F, F]. As a consequence
of Lemma 2] the commutator map induces a bilinear map ¢ : F/F, x F/Fy — F
whose image generates I, = [F, F']. The map ¢ is alternating because every ele-
ment of a group commutes with itself. By the universal property of the exterior
square, ¢ factors as a surjective homomorphism A*(F/F,) — F,. As a conse-
quence of Lemma [B6, the quotient F//F; is a 2-dimensional vector space over F,,
and A\?(F/F,) has dimension 1. It follows that F5 has order at most p. ]

Lemma 157. One has 0~*(G3) = L and |F» : L| = p.

Proof. As a consequence of Lemma [T39] the group G5 contains G?, from which it
follows that 6(L) = G3. In particular, the subgroup L is contained in §~1(G3).
As a consequence of Lemma [I55] the subgroup #~1(G3) is contained in Fy and
0~1(G3) # Fy, because G3 # Gy. In particular, F, is different from L. By
Lemma [I56) the index |Fy : L] is at most p, and so we get that |Fy : L| = p and
6‘_1(G3) = L. ]
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Lemma 158. One has E C ker 0 N F3.

Proof. The group FE is contained in [F, F5|FY = F3, by definition of the p-central
series of F'. As a consequence of Lemma [I39] the image of L under @ is equal to G5

and, as a consequence of Lemma [[4]] the subgroup F} is contained in the kernel
of 6. It follows that O(E) = ([F, L]FY) = [G,G3] = G4 = {1}. "

Let 3 be the endomorphism of F sending a to a~! and b to b~', and note that 3
exists by the universal property of free pro-p-groups. Then /2 is equal to idx, and
thus 8 is an automorphism of F. Write B = () and define the homomorphism
o: B — {£1} by  — —1. We will respect this notation until the end of Section
o]

Lemma 159. The induced action of B on F/Fy and Fy/L is respectively through
o and o2.

Proof. By definition of 3, every element of F' is inverted by S modulo Fy; in other
words, the action of B on F/F, is through . By Lemma [[56] the commutator
map induces a bilinear map ¢ : F/Fy x F/Fy — Fy/L whose image generates
Fy/L. The group B acts on F/F; through o and, by Lemma [GIl the action of B
on Fy/L is through o2. "

Lemma 160. The induced action of B on L/F3 is through o.

Proof. We write F' = F//F3 and we use the bar notation for its subgroups. Then
T is equal to F” and, since [F, [F, F]] is contained in F, the group F has class at
most 2. Moreover, we have that [F, F]? C F} C F3, so [F, F] is annihilated by p.
It follows from Lemma B8 that the p-power map is an endomorphism of F, and
therefore L is an epimorphic image of F'/F,. By Lemma[63, the induced action of
B on L is through o. n

Lemma 161. The induced action of B on F3/E is through o.

Proof. The group Fy/L is cyclic, thanks to Lemma [I57 so Lemma yields
[Fy, Fo] = [Fy, L]. Tt follows that [Fy, F] is contained in E. The group [F, F3]
is also contained in E and, as a consequence of Lemma 22] the commutator map
induces a bilinear map ¢ : F/Fy X F5/L — F3/E. By definition of F3, the image
of ¢ generates F3/FE. By Lemmal[lI59] the induced actions of B on F/F» and Fy/L
are respectively through o and o2 and, by Lemma 6] the action of B on F3/E is
through o3 = o. [

Lemma 162. The induced action of B on L/ E is through o. Moreover, the kernel
of 0 is B-stable.
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Proof. As a consequence of Lemmas and [I61] the induced actions of B on
L/F5 and F3/E are both through o. It follows from Lemma [T that the action
of B on L/FE is through o. As a consequence of Lemmas and [I58 one has
E C kerf C L, and, in particular, the action of B on L/E restricts to an action
of B on ker§/E. Tt follows that ker § is B-stable and the proof is complete. [

Lemma 163. Given any two generators x and y of G, there exists an intense

automorphism of G such that a(x) = 2% and a(y) = y~!.

Proof. Let x and y be generators of G. Without loss of generality, we assume that
t(a) = x and (b) = y. Let moreover 6 : F/ ker — G be the isomorphism that is
induced from 6. By Lemma[I62] the subgroup ker § of F'is B-stable, and therefore
£ induces an automorphism S of F/kerf. Define o : G — G by a =fo[Fof L.
Then « is an automorphism G of order 2 that inverts the generators x and y.
Proposition [[42] yields that « is intense. [

We remark that Proposition [[54] follows directly from Lemma Moreover, we
are also finally ready to give the proof of Theorem Proposition gives
(1) & (2) and (1) = (3). On the other hand, the implication (3) = (2) is given by
the combination of Lemma and Proposition The proof of Theorem
is finally complete.

) - G
FQ ------------ - > GQ
+ +
L=F3FP —-eeemmo- -~ G
F; kerf - --- 1
E =[F,L|F?
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Chapter 6

Some structural restrictions

In this chapter we will see how the structure of finite p-groups whose intensity is
greater than 1 starts becoming more and more rigid, as soon as the class is at least
4. We recall that, if (G;);>1 denotes the lower central series of G, then the class
of G is the number of indices i for which G; # 1. Recall moreover that, for each
positive integer i, the i-th width of G is wtg(i) = log, |G; : Git1| (see Section
23). The main results from Chapter [ are the following.

Theorem 164. Let p be a prime number and let G be a finite p-group of class
at least 4. For all i € {1,2,3,4}, write w; = wtg(i). If int(G) > 1, then
(wlaw27w37w4) = (27 17 27 1)

Theorem 165. Let p be a prime number and let G be a finite p-group of class at
least 3. For all i € Z>1, write w; = wtg(i). Assume that int(G) > 1. Then, for
all i € Z>1, one has wyw;y1 < 2.

6.1 Normal subgroups

We devote Section [6.1] to understanding the normal subgroup structure of a finite
p-group of intensity greater than 1. We prove the following result.

Proposition 166. Let p be a prime number and let G be a finite p-group with
int(G) > 1. Let N be a subgroup of G. Then N is normal if and only if there
exists i € Z>1 such that Gi41 C N C Gj.

The following assumptions will be satisfied until the end of Section [6Il Let p
be a prime number and let G be a finite p-group of intensity greater than 1. It
follows that p is odd and that G is non-trivial (see Section[32]). Denote by (G;)i>1
the lower central series of G and, for each positive integer i, write w; = wtg (i)
for the i-th width of G. Let a be intense of order 2 and write A = («). Denote
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X = XG|a, the restriction of the intense character of G' to A (once again, we
refer to Section B2). In concordance with the notation from Section 22 let
GT={reG|ax)=12}and G~ = {z € G | a(z) = 271}. For a subgroup H of
G we will write HF = HNGT and H- = HNG™.

Lemma 167. Let H be an A-stable subgroup of G. If H is cyclic, then H C GT
or HC G—.

Proof. Assume that H is cyclic. As a consequence of Corollary [76] the subgroup
H decomposes as H = HT™ @ H~. Then H is cyclic if and only if one of HT and
H~ is trivial. This concludes the proof. [

We recall that, as defined in Section 2.3 if z is a non-trivial element of G, then
the depth dpte(x) of x is the unique positive integer d for which x € G4\ Ga41.

Lemma 168. Let x € G\ {1}. Then the following hold.

1. The depth of x is even if and only if there exists g € G such that grg~!

belongs to GT.

2. The depth of x is odd if and only if there exists g € G such that grg™*
belongs to G~.

Proof. The automorphism « being intense, it follows from Lemma [3] that there
exists g € G such that (gzg™!) is A-stable. Write d = dpts(z) = dptg(gzg™t)
and H = (grg~'). By Lemma [[67] the subgroup H is contained either in G* or
in G~. By Lemma [I04, the action of A on (HGg11)/Gas1 is through x¢ and the
choice between G and G~ only depends from the parity of d. If d is even, then
x% =1 and H is contained in G*. Otherwise, H is contained in G~. "

We recall that, if H is a subgroup of G, then a jump of H in G is a positive integer
j such that HNG; # HNGjypr.

Lemma 169. All jumps of a cyclic subgroup of G have the same parity.

Proof. Let H be a cyclic subgroup of G. The automorphism « being intense, it
follows from Lemma [@3] that there exists g € G such that gHg~! is A-stable. By
Lemma [I67] the subgroup gHg ! is contained in G+ or in G~. We conclude by
applying Lemma L]

Lemma 170. Let c € Z>1 denote the class of G. Then the following hold.
1. The induced action of A on Z(G) is through x°.
2. If ¢ is even, then Z(G) C GT.

3. If c is odd, then Z(G) C G~.
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Proof. The subgroup G, is contained in Z(G) and, by Lemma [I04] the group A
acts on G, through y¢. From the combination of Corollary with Lemma [G6]
it follows that A acts on Z(G) through x°. If ¢ is even, then x¢ = 1 and Z(G) is
contained in GT. Otherwise, x¢ = x and Z(G) is a subset of G™. ]

Lemma 171. Let ¢ € Z>1 be the class of G. Then, for alli e {1,...,c}, if H is
a quotient of G of class i, then Z(H) = H;.

Proof. If i = 1 the result is clear; we assume that i is at least 2 and that the
result holds for i — 1. Let H be a quotient of G of class 4, which has, thanks to
Lemma [I0T] intensity greater than 1. Let 8 be intense of order 2 and let B = (3)
and 1) = XH|B- The subgroup H; is central in H, so Z(H)/H; is isomorphic to a
subgroup of Z(H/H;). By the induction hypothesis Z(H/H;) = H;—1/H; and it
follows that H; C Z(H) C H;—1. By Lemma [[04] the group B acts on H;_1/H;
and H;, respectively through #¢~! and %?, which are distinct characters since
1 # 1. Moreover, the induced action of B on Z(H) is through 1, by Lemma
[[70(1). Lemma [66] yields Z(H) = H;. L]

We remark that, to prove Proposition [I66] it now suffices to combine Lemma [I7]]
with Lemma,

6.2 About the third width

Let p be a prime number and let G be a finite p-group. If i is a positive integer,
we recall that the i-th width of G is defined to be wtg (i) = log, |G; : Giy1|, where
(G;)i>1 denotes the lower central series of G. Thanks to Theorem [I25(2), we
know that, if G has class at least 3 and int(G) > 1, then (wtg (1), wtg(2)) = (2,1)
and wtg(3) is either 1 or 2. In the case in which the class of G equals 3, then
both situations wtg(3) = 1 and wtg(3) = 2 occur. What about higher nilpotency
classes? We prove the following.

Proposition 172. Let p be a prime number and let G be a finite p-group of class at
least 4. For each positive integer i, denote w; = wtg(i). Assume that int(G) > 1.
Then (wy,we,ws) = (2,1,2).

Until the end of Section [6.2] the following assumptions will hold. Let p be a prime
number and let G be a finite p-group. Let (G;);>1 denote the lower central series
of G and, for each positive integer i, denote w; = wti (7). We assume that G has
class 4 and that (w1, we, w3, ws) = (2,1,1,1). We will show that int(G) = 1.

Lemma 173. Assume that p is odd. Then Z(G) = Gy.

Proof. The class of G being 4, the subgroup G4 is contained in Z(G). Now, the
group Z(G)/Gy is contained in Z(G/Gy4) and, as a consequence of Lemma [T40] the
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centre of G/Gy is equal to G3/G4. Tt follows that G4 C Z(G) C Gs. The groups
Z(G) and Gj are distinct, because the class of G is 4, so, the index |G3 : G4| being
p, we get that G4 = Z(QG). ]

Lemma 174. The subgroup G5 is abelian.

Proof. The group G2/Gs3 is cyclic, because wy = 1, so [Ga,G2] = [G2,G3], by
Lemma It follows from Lemma 20 that [G2,G2] € G5 = {1}, and thus G is
abelian. -

Lemma 175. Assume that p is odd. Then the following hold.
1. The subgroup [Cc(Gs), Ga] is contained in Gy.
2. One has |Cq(G3) : Go| = p.

Proof. To lighten the notation, write C = Cg(Gs). We first prove (1). The
group [Ga, [G,C]] is contained in [Ga,G2| so it follows from Lemma [I74] that
[Go, [G,C]] = {1}. Moreover, [C,[G2,G]] = [C,Gs] = {1}, by definition of C.
Thanks to Lemma [[9 the subgroup [G,[C,G2]] is trivial, and thus [C,G3] is
contained in Z(G). The centre of G is equal to G4, by Lemma [I73] and (1) is
proven. We prove (2). Let D be the unique subgroup of G containing G4 such
that D/G4 = Cg/G4(G2/G4). Then one has [[G,D],GQ] g [GQ,GQ] = {1} and
[[D,Gs],G] C [G4,G] = {1}. Lemma [I9 yields that [D,Gs] = [D, [G,Gz]] = {1}
and therefore D is contained in C. It follows from Lemma [I37(1) that

pg |CG2|§ |G2G2|:p2.
The group G is not central, and so |C : Ga| = p. m

Lemma 176. Ifint(G) > 1, then Cq(G3) is abelian.

Proof. Assume that int(G) > 1. As a consequence of Proposition @5, the prime p
is odd. Let « be an intense automorphism of G of order 2 and write A = (a) and
X = XG|a- To lighten the notation, write C' = Cg(G3). By Lemma [IT75(2), the
index of Go in C'is p, so it follows from Lemma 2§ that [C, C] = [C, G3]. Moreover,
[C, G5] is contained in G4, by Lemma [[75(1), and G4 = Z(G) by Lemma [I73l By
Lemma 22] the commutator map C' x Go — G4 is bilinear and, as a consequence
of Lemma [I74 it factors as ¢ : C/Gay x G2/G3 — G4. By Lemma [[04 the group
A acts on O/Go and G2/G3 respectively through y and x2, so, as a consequence
of Lemma [GI] the group A acts on [C, Gs] through x® = x. By Lemma [[04] the
group A acts on G4 through xy* = 1. Since y # 1, it follows from Lemma [66] that
[C, C] is trivial, and therefore C is abelian. m
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We recall here that, if A = («) is a multiplicative group of order 2 acting on
a finite group B of odd order, then one defines BT = {z € B: a(z) =z} and
B~ ={z € B:a(z) =271} (See Section 2.2])

Lemma 177. Assume that int(G) > 1 and let o be an intense automorphism of
G of order 2. Write C = Cg(G3). Then C =CT & C~ and |CT| =|C~| = p?.

Proof. The group C is A-stable and it is abelian by Lemma From Corollary
[76] it follows that C = C* @ C~. The cardinalities of C* and C~ are both equal
to p?, as a consequence of Lemma =

Lemma 178. Assume that int(G) > 1 and let « be an intense automorphism of
G of order 2. Write C = Cg(G3). Then CT is cyclic if and only if C~ is cyclic.

Proof. The subgroup C is A-stable and C = C* @ C~ , by Lemma[I77l Moreover,
both C* and C~ have cardinality p2. The subgroup CP is characteristic in G, so
CP? is A-stable. The group G has class 4 and, as a consequence of Lemma [I70(2),
the subgroup Z(G) is contained in G*. We first prove the implication from right
to left. Assume that C'~ is cyclic. Then CP is a non-trivial subgroup of the p-
group G. From Lemma 29 it follows that C? has non-trivial intersection with the
centre of G and, in particular, C?» N G # {1}. The group C™ is cyclic, because
it has order p? and exponent different from p. To prove the implication from left
to right, assume that C* is cyclic. As a consequence of Lemma B5], the group CF
is contained in Go. We claim that there exists an element = € C'\ G5 of order 2.
If not, then it means that C' is equal to the union of two of its proper subgroups,
namely C' N G2 with p,(C), which is impossible. It follows that there exists © € C
of order p?, with dpts(z) = 1. Fix such z. By Lemma 68 there exists g € G
such that gzg~! belongs to G~. Since both C~ and (z) have order p?, the group
C~ is cyclic. [

Lemma 179. Let H be a subgroup of Cq(Gs). If int(G) > 1, then H has at most
p conjugates in G.

Proof. Assume that int(G) > 1. The group Cg(G3) is abelian, by Lemma [I76]
and therefore Cg(G3) normalizes H. It follows that |G : Ng(H)| is at most
|G : C5(Gs)|. By Lemmal[I75(2) the index |G : Co(G3)] is equal to p, and thus H
has at most p conjugates in G. [

Lemma 180. Assume that int(G) > 1 and let a be an intense automorphism of
G of order 2. Write C = Cg(G3). Then CT is cyclic.

Proof. Assume the contrary. Then, as a consequence of Lemma [I78], both C* and
C~ are elementary abelian. From Lemma [I77 it follows that C is an Fp-vector
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6. SOME STRUCTURAL RESTRICTIONS

space of dimension 4. Let X be the collection of 1-dimensional subspaces of C

then we have
4

p-—1
1X| = o =p’+p*+p+1.

Let moreover X+ = {H € X : «(H) = H}. As a consequence of Lemma [[67]
the set X+ consists of the 1-dimensional subspaces of C that are contained in
CTuUC~. Then | X*| =2(p+1). By Lemma[IT9, each element of X+ has at most
p conjugates in G, so it follows from Lemma [04] that

2p(p+1)=plXT| > > |G:Na(H)| > |X|=p"+p*+p+1.
HeX+

Contradiction. n

Lemma 181. The intensity of G is equal to 1.

Proof. Assume by contradiction that int(G) > 1 and let « be an intense automor-
phism of G of order 2. Write C' = C5(G3). The group C is abelian, by Lemma
[[76, and C = C* @ C~, by Lemma [[77l Moreover, C* and C'~ have both car-
dinality p?. By Lemma [I80, the subgroup C¥ is cyclic so, by Lemma [I78 the
subgroup C~ is also cyclic. Let X be the collection of cyclic subgroups of C of
order p? and let X+ be the subset of X consisting of the A-stable ones. It follows
from Lemma [[67 that X = {C*,C~} and the cardinality of X is thus 2. On
the other hand, the cardinality of X is equal to
4 _ 2

p—p

X| = =plp+1).
|X| pra G

By Lemma, [I79, each element of X+ has at most p conjugates, so it follows from
Lemma [94] that

2p > p|Xt| > |X| =p® +p.

Contradiction. -

We conclude Section by giving the proof of Proposition[I72l Let @ be a finite
p-group of class at least 4 with int(Q) > 1. The class of @ being 4, the subgroup
@4 is non-trivial and, by Lemma B3] there exists a normal subgroup M of @
that is contained in Q4 with index p. Fix M and denote Q = Q/M. Thanks to
Lemma [I0T] the intensity of Q is greater than 1, so it follows from Theorem [I25(2)
that (wtz(1), wtz(2), wtz(3), wtm(4)) = (2,1, f, 1), where f € {1,2}. Lemma I8l
yields f = 2 and the proof of Proposition [I72] is complete.
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6.3 A bound on the width

From Section 2.3 we recall that, given a finite p-group G and a positive integer i,
the i-th width of G is defined to be wtg(i) = log, |G; : Git1|. The unique purpose
of Section is to prove the following result.

Proposition 182. Let p be a prime number and let G be a finite p-group. Let
¢ denote the class of G. Assume ¢ > 3 and int(G) > 1. Then, for each i in
{1,2,...,c— 1}, one has wtg(i) wtg(i + 1) < 2.

We devote the remaining part of this section to the proof of Proposition[I82 Until
the end of Section we work thus under the assumptions of Proposition[I821 As
a consequence of Proposition [@5] the prime p is odd.

Lemma 183. One has wtg(1) wtg(2) = 2.
Proof. This follows directly from Theorem [[25(2). L]

Lemma 184. Let ¢ : G/G2 — Hom(G.—1/G.,G.) be the function defined by
xGs — (aGe — [z,a]). Then ¢ is a homomorphism.

Proof. The map ¢ is induced from the surjective homomorphism from Lemma
and ¢ is thus itself a homomorphism of groups. [

Lemma 185. The group G._1 is abelian.

Proof. By Lemma[2Q, the group [G.—1, Gc—1] is contained in Ga.—2, which is itself
contained in G.41 because ¢ > 3. Since G.41 = {1}, the group G._1 is abelian. =

Lemma 186. Let a be an intense automorphism of G of order int(G) and write
A = (a). Then G, has a unique A-stable complement in G._1.

Proof. Denote by x the restriction of the intense character of G to A (see Section
B2). The group G._; is abelian, by Lemma [I85 and, by Lemma[T04] the group A
acts on G._1/G. and G, respectively through x~! and x¢. The characters x
and ¢ are distinct, because x # 1, so, by Theorem [68 the subgroup G, has a
unique A-stable complement in G._1. u

c—1

Lemma 187. The homomorphism ¢ from Lemma [I8] is surjective.

Proof. Let o be an intense automorphism of G of order int(G) and write A = ().
By Lemma [I85] the group G._; is abelian and, by Lemma [I86] there exists a
unique A-stable complement M of G, in G._;. Now the group A acts in a nat-
ural way on the set of complements of G. in G._; and, the automorphism «
being intense, it follows from Lemma that all complements of G, in G._1 are
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conjugate to M in G. On the other hand, by Lemma [I14] the set of comple-
ments of G, in G._1 consists of the elements {mf(m) : m € M} as f varies in
Hom(M, G.). Tt follows that, for each f € Hom(M,G.), there exists z € G,
such that {mf(m) : me€ M} = zMx~'. Fix the pair (f,z). Then, for all
m € M, there exists n € M such that mf(m) = znz=! = [z,n]n. It follows that
n~tm = [z,n]f(m)~! belongs to M N G. = {1}, so m = n. We have proven that
f(m) = [z, m]. Now, the groups Hom(G._1/G., G.) and Hom(M, G.) are isomor-
phic and, the choice of f being arbitrary, each homomorphism f : G._1/G. — G,
is of the form mG. — [z, m], for some € G. In other words, we have proven

surjectivity of ¢. =
Lemma 188. One has wtg(c — 1) wtg(c) < 2.

Proof. The groups G.—1/G. and G, are Fp-vector spaces, as a consequence of
Lemma [IT0l It follows that the dimension of Hom(G.-1/Ge, G.) is equal to
wtg(c — 1) wtg(c). Thanks to Lemma [I87 the product wtg(c — 1) wtg(c) is
at most wtg(1), which is equal to 2, by Theorem [[25(2). We get thus that
wtg(c — 1) wtg(c) < 2. m

The proof of Proposition [[82] is now an easy exercise, which we spell out here. If
i =1, then we are done by Lemma Assume that i > 1. For all indices j < 1,
the quotient G/G,41 has class j so, without loss of generality, we assume that
c =14 1. We conclude by applying Lemma

We remark that Theorem [[63]is the same as Proposition[I821 Moreover, Theorem
[[64] is given by the combination of Propositions [I72] and [I82
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Chapter 7

Higher nilpotency classes

The aim of this chapter is to gain better control of the p-power map on finite
p-groups of intensity greater than 1. We remind the reader that, if n is a positive
integer and G is a group, then G™ is equal to the subgroup of G that is generated by
the n-th powers of the elements of G, i.e. G™ = (z" : x € G) (see List of Symbols).
One of the most important results we achieve in Chapter [ is the following.

Theorem 189. Let p be a prime number and let G be a finite p-group. Assume
that the class of G is at least 4 and that int(G) > 1. Then GP = Gs.

We remark that, whenever p is larger than 3, Theorem cannot be extended to
groups of class 3. There are indeed examples, for p > 3, of finite p-groups of class
3, intensity greater than 1, and exponent p. We deal extensively with the case of
3-groups in Chapter

7.1 Groups of class 4

In Section [Z.T] we start the preparation for the proof of Theorem [I89, which will be
given in Section This very section will thus just consist of structural lemmas,
which will be later of use.

The following assumptions will be valid until the end of Section [[Il Let p be
a prime number. Let moreover G be a finite p-group of class 4 and denote by
(G;)i>1 the lower central series of G. For i € {1,2,3,4}, we define w; to be
wtg (i) = log, |G : Giy1| (see Section 23).

Lemma 190. Assume that (w1, we, w3, wy) = (2,1,2,1) and Z(G) = G4. Then
the commutator map induces a non-degenerate map G/Ga X G3/Gy — Gy.

Proof. The commutator map induces a bilinear map v : G/G2 x G3/G4 — Gy
whose image generates G4, by Lemma The subgroup G4 has dimension 1 as
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an FF,-vector space, while w1 = ws = 2. The quotient G/G> has exponent p,
thanks to Lemma [B6] and the exponent of G3/Gy is equal to p, as a consequence
of Lemma 28] (the property of being elementary abelian is preserved by surjective
homomorphisms and tensor products). Moreover, the centre of G being G4, the
right kernel of « is trivial. It follows from Lemma [2] that the left kernel of v has
also dimension 0, so y is non-degenerate. [

Lemma 191. Assume that (w1, ws,ws,ws) = (2,1,2,1). Let C be a mazimal
subgroup of G. Then C contains G2 and |G : C| = |C : G| = p.

Proof. The subgroup C' being maximal, it has index p in G and it contains the
Frattini subgroup of G. Since G5 is contained in ®(G) and |G : C| = p, we get
|C : Ga| = p. n

Lemma 192. Assume that int(G) > 1. Then (w1, w2, w3, ws) = (2,1,2,1) and G
has order pS. Moreover, one has Z(G) = Gj.

Proof. The quadruple (wy,wa, ws,ws) is equal to (2,1,2,1) by Theorem [I64] and
the order of G is equal to p%, as a consequence of Lemma [84l The centre of G is
equal to G4 thanks to Lemma [I71] u

Lemma 193. Let C be a mazimal subgroup of G and assume that int(G) > 1.
Then G4 CZ(C) C Gs and |Gs : Z(C)| = | Z(C) : G4| = p.

Proof. We assume that int(G) > 1. By Lemma [I92] the subgroups G4 and Z(QG)
are the same and (wq,ws,ws,ws) = (2,1,2,1). Moreover, by Lemma [I90, the
commutator map induces a non-degenerate map G/Ga x G3/G4 — G4. Tt follows
from Lemma [2] that G5 N Z(C) has index p in G3. Now the subgroup Z(C) is
normal in G, because it is characteristic in the normal subgroup C, and therefore
Proposition [[66] yields Z(C) C G3. We get that |Gs : Z(C)| = |Z(C) : G4| =p. =

Lemma 194. Let M be a normal subgroup of G that contains G4 with index p.
If int(G) > 1, then Cg(M) is a mazimal subgroup of G.

Proof. We assume that int(G) > 1. Then, by Lemma[I92 we have that Z(G) = G4
and (wy,we,ws,ws) = (2,1,2,1). Let now M be a normal subgroup of G that
contains G4 with index p. As a consequence of Proposition [I66] the subgroup M
is contained in G3. The commutator map from Lemma being non-degenerate,
it follows from Lemma [2 that Co(M) is maximal in G. ]

Lemma 195. Assume that int(G) > 1. Let M be the collection of mazimal
subgroups of G and let N be the collection of normal subgroups of G that contain
G4 with index p. Let f: M — N be defined by N — Z(N). Then f is a bijection
with inverse f~*: M +— Cg(M).
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Proof. The map f is well-defined, as a consequence of Lemma [I93] Also the map
g: N — M, sending M to Cg(M), is well-defined thanks to Lemma [[94 It is
now easy to show that f and g are inverses to each other. [

7.2 Class 4 and p-th powers

The goal of this section is to prove some technical lemmas regarding the p-th
powering on finite p-groups of intensity greater than 1. We will use such lemmas
in Section [(.3] where Theorem [I89 is proven.

Through the whole of Section [.2 the following assumptions will be valid. Let p
be a prime number. Let moreover G be a finite p-group of class 4 and denote by
(G;)i>1 the lower central series of G. Let p : G — G be defined by = — «P; this
is the first time we introduce this notation, which can be also found in the List of
Symbols. For each i € {1,2,3,4}, we will write w; = wtg(¢) for the i-th width of
G (see Section [Z3)). Assume that int(G) > 1. It follows from Proposition @3] that
G is non-trivial and p is odd.

Lemma 196. The map p induces a map p: G/Ga — G3/Gy.

Proof. For each index i € Z>1, the subset p(G;) is contained in G;;9, as a con-
sequence of Proposition In particular, p(Gs) is contained in G4. By Lemma
[[92 the subgroup Z(G) is equal to G4 and (wy, w2, w3, ws) = (2,1,2,1). Let z be
an element of G and define C' = (x, Ga); denote by (C;);>1 the lower central series
of C. The quotient C/Gs is cyclic, so, thanks to Lemma 28], the subgroups C and
[C, G2] are equal. Tt follows that C3 = [C, C5] is contained in G4, and, the prime p
being odd, we get that CYC), is contained in G4. Let now y € G>. By Lemmald8, we
have that p(zy) = p(z)p(y) mod CYC,, and therefore p(zy) = p(z)p(y) mod Gy.
Since the element p(y) belongs to G4 and the choices of x and y were arbitrary,
the map p is well-defined. n

Lemma 197. Let C be a mazimal subgroup of G and assume that p(C'\ G2) NGy
is not empty. Then p(C) C Gy4.

Proof. By Lemma [196], the map p induces a function p : G/G2 — G3/G4, which
then becomes a homomorphism whenever we restrict it to a cyclic subgroup of
G/G3. Since p~1(G4) N (C '\ G2) is non-empty, it generates C' modulo Go, and
thus p(C/G2) C Gy4. Tt follows that p(C) C Gy. n

Lemma 198. Let C be a mazimal subgroup of G and assume that p(C'\ G2) NGy
is not empty. Then p(C \ G2) = {1}.

Proof. Let a be an intense automorphism of G of order 2 and set A = (a). Let H
be a cyclic subgroup of C, not contained in G2, and such that p(H) C G4. Without

63



7. HIGHER NILPOTENCY CLASSES

loss of generality we assume that H is A-stable (otherwise we can take a conjugate
of H that is A-stable, thanks to Lemma [03]). As a consequence of Proposition [134]
the automorphism « induces scalar multiplication by —1 on H/(HNG2), so, thanks
to Lemma [63] the restriction of o to HP coincides with scalar multiplication by
—1. However, the subgroup H? being contained in Gy, it follows from Proposition
[[34] that « coincides with the identity map on HP. Lemma [66] yields H? = {1},
and, the choiche of H being arbitrary, we get p(C \ G2) = {1}. m

7.3 Class 4 and intensity

The unique purpose of Section is to give the proof of the following proposition.

Proposition 199. Let p be a prime number and let G be a finite p-group of class
at least 4. Denote by (G;)i>1 the lower central series of G. If int(G) > 1, then
GP = Gs.

Until the end of Section [7.3] the following assumptions will hold. Let p be a prime
number and let G be a finite p-group of class 4. Let p : G — G be defined by
x + aP (see also the List of Symbols). Assume that int(G) > 1. It follows that p
is odd and the group G is non-trivial (see Section B.2)). Let a denote an intense
automorphism of G of order 2 and write A = {a). Set GT ={g€ G : a(g) =g}
and G~ = {g€G : alg) =g '}. For each maximal subgroup C of G, define
moreover Yo to be the collection of abelian subgroups of G that can be written as
(z) ® (y), with z € C'\ G2 and y € Z(C) \ G4. We will call Y7 the set consisting
of the A-stable elements of Y.

Lemma 200. Let C be a mazimal subgroup of G and assume that p(C\G2)NGy is
not empty. Let H be an element of Yo. Then H has exponent p and HNGy = {1}.

Proof. Let H = (x)® (y) be an element of Y, where x € C\ Gz and y € Z(C)\ G4.
The group Z(C) is normal in G, because Z(C) is characteristic in the normal
subgroup C, and, by Lemma [I93] the group G3 contains Z(C). From Proposition
23] it follows that Z(C) has exponent p, and thus y?» = 1. The element 2P is
1, by Lemma [[98 and so H? = {1}. To conclude, assume that x%y® € H N Gy.
Then z* = (2%")y~" belongs to H N G3, so a = 0 mod p. From the fact that
(y) N G4 = {1}, we conclude that H N G4 = {1}. m

Lemma 201. Let C be a mazimal subgroup of G and assume that p(C'\ G2) NGy
is not empty. If H € YCJF, then H C G~.

Proof. Let H = (z)®(y) be an element of YT, where z € C'\ G2 and y € Z(C)\Ga.
By Lemma 200, the group H has exponent p and so the order of H is p?. The
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element x has depth 1 and the depth of y is 3, as a consequence of Lemma [T93]
It follows from Lemma 85 that

|H| = [HN G| = p 50 i) = p2 = |H]|.
All inequalities are in fact equalities and H NG~ = H. [

Lemma 202. Let C be a mazimal subgroup of G and assume that p(C'\ G2) NGy
is not empty. Then the cardinality of Yc+ is equal to p.

Proof. Write C~ = C NG~ and Z(C)~™ = Z(C) N G~. Thanks to Lemma 201] we
are reduced to count the subgroups of the form (x) ® (y), with x € C~ \ G2 and
y € Z(C)~ \ G4. By Lemma [I93] the subgroup Z(C) contains G4. By Lemma
92 the quadruple (wtg (1), wte(2), wta(3), wte(4)) is equal to (2,1,2,1) so, as
a consequence of Lemma [B5 the cardinalities of C~ \ Gz and Z(C)~ \ G4 are
respectively p® — p? and p — 1. Fix now a basis (z,y) for a subgroup H, where
z € C™\Geand y € Z(C)~ \ G4. Thanks to Lemma 200, the set of equivalent
bases for H is B = {(2°y",y°) : a,c € F}, b € Fp}, and thus |B| = p(p — 1)?. The
cardinality of Y is

v = CTN\G | Z(CT)NGa| _ 0* =)0 —1) _

| B p(p—1)?

Lemma 203. Let C be a mazimal subgroup of G and assume that p(C'\ G2) NGy
is not empty. Then the cardinality of Yo is equal to p*.

Proof. We want to count the subgroups of the form (x) ® (y), with x € C'\ G and
y € Z(C)\G4. The quadruples (wtg (1), wtg(2), wte(3), wte(4)) and (2,1,2,1) are
the same, by Lemma[T92] and so |C|—|Ga| = p® —p*. Moreover, thanks to Lemma
M3 the set Z(C)\ G4 has cardinality p? — p. Fix now (z,y) a basis for an element
H € Y¢, such that x € C'\ G2 and y € Z(C) \ G4. As a consequence of Lemma
200, the set of equivalent bases for H is B = {(z%y",y°) : a,c € F}, b € F},}, and
so B has cardinality p(p — 1)2. It follows that

IC\ G| |[Z(C)\G4| — (° =p"P* —p) 4

[Yel B oo 1)

Lemma 204. Let C be a mazimal subgroup of G and assume that p(C'\ G2) NGy
is not empty. Let H be an element of YC+, Then one has Ng(H) = HG4 and
|G :Ng(H)| < 3.
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Proof. Let H be an arbitrary element of YCJr . By Lemma [[92 the subgroup G4
is central of order p so, as a consequence of Lemma 200, the cardinality of HGy4
is at least p3. Moreover, by Lemma [[32 the cardinality of G is equal to p°.
The subgroup HGj is contained in the normalizer of H and, in particular, |G :
Ng(H)| < |G : HG4| < p®. Assume by contradiction that there exists K € Y
such that Ng(K) # KG4. Then |G : Ng(K)| < p3, and thus it follows from
Lemma [04] that
Yol < 3 |G Na(H)| < |V |pP,
HeYd

By Lemma 202 the cardinality of Yc+ is equal to p, so we get a contradiction to
Lemma 203 [

Lemma 205. One has p~1(G4) C G.

Proof. Assume by contradiction that there exists a maximal subgroup C of G
such that p(C \ G2) N G4 is not empty. Thanks to Lemma 204] the normalizer
of each element H of Y7 is equal to HG4. It follows from the definition of Y&
that, given any H € Y7, the A-stable subgroup Ng(H) does not contain Ga. As
a consequence of Lemma [BE] the subgroup GV is not contained in Ng(H). From
the combination of Lemmas [Tl and [04], we get that |Yo| < ZHng |G : Ng(H)|.
By Lemma 204 the normalizer of each element of YC?L has index at most p3 in
G, so, together with Lemmas and 203}, we obtain p* = |Yo| < [YF|p? = p*.
Contradiction. -

Lemma 206. Let 5 be as in Lemmal196. Let moreover C' be a mazimal subgroup
of G. Then the following hold.

1. The map p is a bijection.
2. One has Z(C) = CP.

Proof. The restriction of p to any cyclic subgroup of G/G2 is a homomorphism, in
particular the restriction to C/Gs. As a consequence of Lemma 205, the subgroup
7(C/G2) has size p, and so CP is not contained in G4. The subgroup CP is
characteristic in the normal subgroup C, and therefore C? is normal in G. It
follows from Lemma that CP contains G4, and so, if z € C'\ Ga, then CP =
(zP,G4). By Lemma [[90, the commutator map induces a non-degenerate map
v : G/Gy x G3/Gy — G4 and, if x € C, then y(xG2,2PGy4) = 1. It follows
that v(C/G2,p(C/G2)) = 1 and so CP C Z(C). Since v is non-degenerate, we get
C? =7Z(C), and thus (2) is proven. We now prove (1). Denote by M the collection
of maximal subgroups of G. As a consequence of Lemma [[95] the quotient G3/G4
is equal to |Jye g Z(N)/Ga = Uner P(N/G2) and so p is surjective. By Lemma
[[92 the indices |Gy : G2| and |G3 : G4| are equal, so the map p is a bijection. m
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We remark that Theorem is the same as Proposition [[99] which we now
prove. Let @ be a finite p-group of class at least 4. Assume that int(G) > 1. As
a consequence of Lemma [I0T] the group @/Qs has intensity greater than 1, so
Lemma yields @3 = QPQs5. The subgroup QP being normal in @, it follows
from Lemma that QP = Q3. The proof of Proposition [[99 is now complete.

7.4 Groups of class 5

In analogy with Sections [Tl and [.3] this section serves as foundations for the
results in Section [T.5]

Until the end of Section [T.4] the following assumptions will hold. Let p be a prime
number and let G be a finite p-group. Let p : G — G denote the p-the powering
on G, i.e. the map « — aP. Denote by (G;);>1 the lower central series of G and,
for each positive integer i, write w; = wtg(i). Assume that |G5| = p, so G has
class 5. Furthermore, assume that int(G) > 1, so p is odd. Let a be an intense
automorphism of G of order 2 and write A = ().

Lemma 207. One has (w1, ws, ws, ws,ws) = (2,1,2,1,1) and the order of G is
p’. Moreover, one has Z(G) = Gs.

Proof. As a consequence of Lemma [I0I] the intensity of G/G5 is greater than 1.
The group G/Gj5 has class 4, so from Lemma[T92it follows that (w1, we, w3, wy) =

(2,1,2,1) and that the order of G/Gj is p®. Since G5 has order p, the order of G
is equal to p”. The centre of G is equal to G5 by Lemma [[71 [

Lemma 208. The subgroup Gs is abelian and Go C Cg(Gy).
Proof. The group Gg being trivial, both claims follow from Lemma 20 [

Lemma 209. One has |G3 : Cg,(G2)| < p.

Proof. To lighten the notation, let C = Cg,(G2). By Lemma 23] the com-
mutator map induces a bilinear map v : Ga3/Gs X G3/G4 — G5 whose right
kernel is equal to C/G4. It follows that - induces an injective homomorphism
G3/C — Hom(G2/G35,Gs). By Lemma 207, both wy and ws are equal to 1, so
Hom(G2/G3,G5) has order p. In particular, we get |G3 : C| < p. m

Lemma 210. The restriction of p to Gy is an endomorphism of Gs.

Proof. Thanks to Lemma 207, the group G2/Gs is cyclic and so [Ga,Ga] =
[G2,Gs]. From Lemma 20 it follows that [Ga,Gs] is contained in G5, which
is equal to the centre of G by Lemma In particular, the class of Go is at
most 2 and, p being odd, Lemma [B{ yields that G5 is regular. Now the commu-
tator subgroup of Gs is contained in G5, whose order is p, so, by Lemma [BT] the
restriction of p to G2 is an endomorphism of Gs. [
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7.5 Class 5 and intensity

We recall that, if G is a finite group, we denote by (G;)i>1 the lower central series
of G (see List of Symbols). In this section, we prove the following result.

Proposition 211. Let p be a prime number and let G be a finite p-group of class
at least 5. If int(G) > 1, then G5 = Gj.

We will keep the following assumptions until the end of Section Let p be
a prime number and let G be a finite p-group. For any positive integer i, write
w; = wtg(2) and assume that ws = 1. Then the class of G is 5. Assume moreover
that int(G) > 1, so, thanks to Proposition @3] the prime p is odd. Let « be an
intense automorphism of G of order 2 and write A = (a). In concordance with the
notation from Section 2.2, write Gt = {z € G : a(xz) = z}. In conclusion, define
X to be the collection of all subgroups of G whose jumps in G are exactly 2 and 4
and denote X+ = {H € X : «(H) = H}. In this section, the List of Symbols will
be fully respected.

Lemma 212. The elements of X have order p?.

Proof. Let H be an element of X. As a consequence of Lemma 207 both widths
wt&(2) and wt& (4) are equal to 1. Now apply Lemma 84 ]

Lemma 213. Assume that Gy has exponent p. Let H be a subgroup of G. Then
H € X if and only if there exist x € Go\Gs andy € G4\G5 such that H = (z)®(y).

Proof. If H = (z) ® (y), with x € G2\ G3 and y € G4\ G5, then H belongs to X,
thanks to Lemma We prove the converse. The subgroup H has order p?, by
Lemma 2T2] and H cannot be cyclic, because it is contained in Gy. The jumps of
H in G being 2 and 4, it follows from Lemma [82] that there exist elements x and
y in H of depths respectively 2 and 4 in GG. As a consequence of Lemma 208 the
subgroup H decomposes as H = (z) & (y). ]

Lemma 214. Assume that Go has exponent p. Then |X| = p*.

Proof. Thanks to Lemma 2T3] all elements H of X are of the form H = (z) ® (y),
with x € GQ\Gg and y € G4\G5. Let (ZZ?,y) € (GQ\Gg) X (G4\G5) and let H be
the Fp,-vector space that is spanned by « and y. The collection of equivalent bases
for H is B = {(z°y®,y°) : a,c € F}, b € F,} and so B has cardinality p(p — 1)%.
From Lemma it follows that the cardinalities of G2 \ G35 and G4 \ G5 are
respectively p® — p* and p? — p. We conclude by computing

Ga\G3||Ga\Gs|  (° — p")(0* —
|X|=| 2\Gsl|Ga\Gs| _ ° =P )" —p) _ 4

|B| p(p—1)?

68



7. HIGHER NILPOTENCY CLASSES

Lemma 215. One has X* = {G*}.

Proof. From Lemmas [85 and 207, it follows that Gt has order p?. Let now H be
an element of X T. It follows from Lemma B5that H NG has cardinality p? and,
thanks to Lemma 212 the subgroups H and G are the same. In particular, the
only element of X+ is GT. n

Lemma 216. The exponent of Go is different from p.

Proof. We work by contradiction, assuming that the exponent of G5 is p. To
lighten the notation, write C = Cg,(G2) and N = CG". The group C is char-
acteristic in G, so N is a subgroup of G. Moreover, G* is contained in G,
thanks to Lemma [R5 so N is a subgroup of Ng(G™). By Lemma 209 the group
C is contained in G3 with index at most p and, by Lemma 207, the quadruple
(we, w3, wq, ws) is equal to (1,2,1,1). It follows from Lemma B4 that the order of
N is at least p*. The order of G is p”, by Lemma 207, and thus |G : N| < p?. By
Lemma 2T5] the set X T has only one element, namely G, so Lemma [4] yields

|X|<|G:Ng(GH|<|G:N|<p?.
Contradiction to Lemma 2141 n

Lemma 217. One has p(G2) = Gy4.

Proof. As a consequence of Lemma [210] the set p(G2) is a characteristic subgroup
of G and, by Lemma 216 it is non-trivial. By Lemma 207, the centre of G is
equal to G5 so, as a consequence of Lemma [29, the intersection G5 N p(G2) is
non-trivial. The order of G5 being p, the subgroup p(Gs) contains G5. Thanks to
Proposition [[23], the quotient Ga2/Gy is elementary abelian and so G5 C p(G2) C
G4. By Lemma 207 the dimension of G4/G5 is 1 and therefore there are only
two possibilities: either p(G2) = G4 or p(G2) = Gs. In the first case we are
done, so assume by contradiction the second. Then, by Lemma [I69 each element
of G2 \ G3 has order p. It follows that G2 is equal to the union of two proper
subgroups, namely ker pg, and G3. Contradiction. [

We are finally ready to prove Proposition 2TIl To this end, let @ be a finite
p-group of class at least 5 with int(Q) > 1. Then the group Q/Qs has class 5
and, as a consequence of Lemma [I0T] the intensity of Q/Qg is greater than 1. By

Lemma 217 the subgroups (Q2/Q¢)? and Q4/Qs are equal, and so Q5Qs = Q4.
The subgroup Q% being normal in G, it follows from Lemma that Q5 = Qa.
This concludes the proof of Proposition 2111

We remark that Proposition 2T1] can be easily derived, when p is greater than 3,
from Theorem [I89 We will show a way of doing so in Section Bl
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Chapter 8

A disparity between the primes

The main result of Chapter [ is Theorem 2I8 We recall that, if G is a finite
p-group and 1 is a positive integer, then wtg(i) = log, |G; : Giy1], where (G;)i>1
denotes the lower central series of G.

Theorem 218. Let p > 3 be a prime number and let G be a finite p-group with
int(G) > 1. Let ¢ denote the class of G and assume that ¢ > 3. If i is a positive
integer such that wtg(i)wtg(i+ 1) =1, then i =c— 1.

An equivalent way of formulating Theorem 218§ is that of saying that, if G satisfies
the assumptions of Theorem and we writw w; = wtg(7), then

(wi)i>1 = (2,1,2,1,...,2,1,£,0,0,...) where f € {0,1,2}.

The restriction to primes greater than 3 in Theorem is superfluous; it is how-
ever not worth the effort proving the result in general, since, as we will see in the
next chapter, 3-groups of intensity greater than 1 have class at most 4 and we
know from Theorems [[25)2) and [I64] that Theorem is valid when c is 3 or 4.

8.1 Regularity

In Section Rl we make a distinction, for the first time, among the odd primes:
namely we separate the cases p = 3 and p > 3. The main result of this section is
Proposition 2T We refer to Section [[L3] for an overview of regular p-groups.

Proposition 219. Let p be a prime number and let G be a finite p-group. Assume
that int(G) > 1. Then the following are equivalent.

1. The group G is not regular.

2. The class of G s larger than 2 and p = 3.
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We will give the proof of Proposition 219 at the end of Section [B.11

Lemma 220. Let p > 3 be a prime number and let G be a finite p-group. Assume
that int(G) > 1. Then the following hold.

1. The group G is regular.
2. If the class of G is at least 4, then G35 = p(G).

Proof. If the class of G is at most 4, the group G is regular by Lemma We
assume that G has class at least 4. It follows from Lemma [IUT] that int(G/Gs)
is larger than 1, and so, thanks to Lemma [[32] the index |G : G3| is equal to p>.
From Theorem [I89] we get that G? = G5, and therefore |G : GP| < pP. The group
G is regular, by Lemma B3] so, thanks to Lemma [52] the subgroup GP coincides
with p(G). The proof is now complete. L]

We would like to stress that, for p > 3, Proposition 220)(2) is a stronger version of
Theorem [I89 In fact, not only G = GP = (p(G)) but G3 coincides with the set
of p-th powers of elements of G.

Lemma 221. Let G be a finite 3-group with int(G) > 1. Then G is regular if and
only if G has class at most 2.

Proof. If G has class at most 2, then G is regular by Lemma Assume by
contradiction that G is regular of class at least 3. As a consequence of Theorem
[I25(2), the group G is 2-generated, and so, by Lemma B3l the subgroup Gs is
cyclic. Proposition [I23 yields that G3 = {1}. Contradiction. n

We now give the proof of Proposition To this end, let p be a prime number
and let G be a finite p-group with int(G) > 1. The intensity of G being greater
than 1, it follows from Proposition @3] that p is odd. The implication (2) = (1)
is given by Lemma 2211 We prove (1) = (2). Assume that G is not regular.
Then Lemma yields p = 3. Moreover, the class of G is larger than 2, as a
consequence of Lemma The proof of Proposition is complete.

8.2 Rank

The rank of a finite group G is the smallest integer r with the property that each
subgroup of G can be generated by r elements. We denote the rank of G by rk(G).
We will prove the following.

Proposition 222. Let p > 3 be a prime number and let G be a finite p-group of
class at least 4. If int(G) > 1, then rk(G) = 3.
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We recall that, if G is a group and n is a positive integer, then the subgroup u, (G)
is defined to be (z € G : z™ = 1).

Lemma 223. Let p be a prime number and let G be a non-trivial finite p-group.
Then tk(G) < log,, |y (G)|.

Proof. This is is Corollary 2 from [Laf73]. m

Lemma 224. Let p > 3 be a prime number and let G be a finite p-group of class
at least 4. If int(G) > 1, then rk(G) < 3.

Proof. Assume that int(G) > 1. By Theorem [I89] the subgroup GP? is equal to
('3 so, by Lemma [B2)(3), the order of 1,(G) is equal to |G : GP| = |G : G3|. As a
consequence of Theorem [[64] the index |G : G| is equal to p3, and thus Lemma
223 yields k(G) < log, |G : G3| = 3. L]

We can now finally prove Proposition In order to do this, let p be a prime
number and let G be a finite p-group of class at least 4, with int(G) > 1. Thanks
to Lemma 224] it suffices to present a subgroup of G whose minimum number of
generators is at least 3. The group G/G5 has class 4 and, thanks to Lemma [T0T] it
has intensity greater than 1. As a consequence of Theorem[I64] the index |G : G4]
is equal to p® and, thanks to Proposition 23] the quotient G5/Gy is elementary
abelian. It follows that ®(G2) C G4 and the minimum number of generators for
G is at least log,(|G2 : Ga|) = 3. Proposition 222] is now proven.

We would like to remark that, if p = 3, then Proposition is not valid. We will
see indeed in the next chapter that finite 3-groups of class 4 and intensity larger
than 1 have a commutator subgroup that is elementary abelian of order p?, so the
rank of such groups is at least 4.

8.3 A sharper bound on the width

The aim of Section is to give the proof of Proposition 225 which is the same
as Theorem [2I8]

Proposition 225. Let p > 3 be a prime number and let G be a finite p-group
with int(G) > 1. Let ¢ denote the class of G and assume that that ¢ > 3. If i is a
positive integer such that wtg (i) wtg(i +1) =1, theni=c— 1.

We list here a number of assumptions that will hold until the end of Section B3
Let p > 3 be a prime number and let G be a finite p-group with lower central
series (G;)i>1. Let ¢ denote the class of G and, for each positive integer 4, write
w; = wtg(i). Assume that int(G) > 1. Then, as a consequence of Proposition @3]
the prime p is odd and G is non-trivial. Let a be an intense automorphism of G
of order 2 and write A = ().
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Lemma 226. Let i € Z>1 be such that w;w;41 = 1. Then i > 1.

Proof. The subgroup G;11 being non-trivial, Lemma [31] yields ¢ > 1. [
Lemma 227. Assume that wows = 1. Then ¢ = 3.

Proof. The widths wy and ws are both equal to 1, so Theorem[I64 yields c = 3. m
Lemma 228. Let i € Z>1 be such that wyw;41 = 1. If ¢ > 3, then i > 4.

Proof. Assume that the class of G is at least 4. Then, by Lemma [I0I the
group G/G5 has intensity greater than 1. Theorem [I64] yields (w1, ws, w3, ws) =
(2,1,2,1) and therefore i > 4. n

Lemma 229. Let ¢ € Z>1 be minimal such that wyw;11 = 1. If ¢ > 3, then i is
even and w;_1 = 2.

Proof. Assume ¢ > 3. Then Lemma[228]yields i—1 > 1. The width w;_1 is at most
2, as a consequence of Theorem [I65] and thus, ¢ being minimal with the property
that w;w; 11 = 1, it follows that w;_1; = 2. Another consequence of the minimality
of 7 is that 7 is even. Indeed, thanks to Theorem and the minimality of 1,
whenever j < 4, the product wjw;1 is equal to 2. Moreover, by Theorem [I25(2),
we have that w; = 2, so i is even. n

Lemma 230. Let i € Z>1 be minimal such that w;w;41 = 1. Assume that ¢ > 3
and that wiyo = 1. Then G;—1/G;+3 has exponent p.

Proof. We write G = G/G;43 and we will use the bar notation for the subgroups
of G. The intensity of G is larger than 1 thanks to Lemma [0l The group
[Gi—1,Gi—_1] is contained in Go;_2, by Lemma 20, and, by Lemma 228 the index
¢ is larger than 3. It follows that [G;—1,Gi—1] € Ga2i—2 C Git2, and therefore
G;_1 has class at most 2 and [G;_1,G;_1]P = {1}. As a consequence of Corollary
EY the p-power map is an endomorphism of G;_;. Now, thanks to Proposition
23, the subgroup G, , is contained in G;11 and, from Lemmas 5(3) and 229,
it follows that |u,(Gi_1)| = [Gio1 : G 1| > |Gi_1 : Giy1] = p*. Also the order
of G; is equal to p® and, as a consequence of Proposition [[66}, the subgroup G; is
contained in p,(G;—1). Hence the p-power map factors thus as a homomorphism
Gi_1/G; — Giy1. By LemmaZ9, the index i is even, and so, by Proposition [[34]
the automorphism of G;_;/G; that is induced by « is equal to the inversion map.
It follows from Lemma B3] that « restricts to the inversion map on G, ;. Moreover,
again by Proposition[[34], the action of A on G5 is trivial. It follows from Lemma
66 that G, NGy = {1}. The subgroup G, _, is clearly characteristic in G, while
the subgroup G4 is equal to the centre of G, by Lemma [I7Il Lemma P9 yields
Gl =1{1}. m
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We conclude Section with the proof of Proposition By Lemma 228 the
integer 4 is larger than 1. If ¢ = 2, then Lemma yieldsc =3 =7+ 1. We
assume that ¢ is greater than 2, so ¢ > 3, and, without loss of generality, that 7 is
minimal with the property that w;w;11 = 1. In particular, the subgroup G, is
non-trivial. If G2 = {1}, then the class of G is equal to i + 1, and so i = ¢ — 1.
Assume now by contradiction that G;49 is non-trivial. By Lemma [B5 there exists
a normal subgroup N of G that is contained in G;49 with index p. We fix N and
denote the quotient G/N by G. Lemma [01 yields int(G) > 1. By Lemma 229
the width wtz(i — 1) = w;_1 is equal to 2 so, by Lemma 84} the order of Gi_q is
equal to p°. By Lemma [2Z8] the index i is at least 4, and thus, as a consequence
of Lemma 20, the subgroup [G;_1, G;] is contained in G;3 = {1}. It follows that
G,;_1 and G; centralize each other. Let now M be a maximal subgroup of Gi_1
that contains G;. The index |M - §i| is equal to p, because w;—1 = 2, and so
Lemma B8l gives [M, M] = [M, G;] = {1}. Moreover, the order of M is equal to p*
and M has exponent p, because of Lemma[230l In particular, M is a 4-dimensional
vector space over F,. Contradiction to proposition
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Chapter 9

The special case of 3-groups

Let R = F3[e] be of cardinality 9, with €2 = 0. Denote by A the quaternion algebra
A=R+Ri+Rj+ Rk

with defining relations i2 = j2 = € and k = ji = —ij. Let the bar map on A be
defined by
r=a+bi+c+dk — T=a—0bi—cj—dk.

We write m = Ai+ Aj, which is a 2-sided nilpotent ideal of A, and we define MC(3)

to be the subgroup of 1 + m consisting of those elements x satisfying T = z~!.

The main result of this chapter is the following.

Theorem 231. Let G be a finite 3-group. Then the following are equivalent.
1. The group G has class at least 4 and int(G) > 1.
2. The group G has class 4, order 729, and int(G) = 2.
3. The group G is isomorphic to MC(3).

A considerable part of the present chapter is devoted to the proof of Theorem 23]
which is given in Section[@.71 An essential contribution to it is given by the theory
of “k-groups” we develop.

Definition 232. A k-group is a finite 3-group G such that |G : G2| =9 and with
the property that the cubing map on G induces a bijective map k : G/Ga — G3/Gy.

Our interest in k-groups arises from Lemma 206 1), which asserts that, if p is an
odd prime number and G is a finite p-group of class at least 4 with int(G) > 1,
then the map = +— aP induces a bijection p : G/G2 — G3/G4. As a consequence
of Theorem [128] each finite 3-group of class at least 4 and intensity greater than 1
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is a k-group, where x coincides with p. The reason why, in this chapter, we work
exclusively with 3-groups is that they are more “difficult to deal with”: several
techniques that apply to the case in which p is a prime larger than 3 do not apply
to the case of 3-groups of higher class, as the results from Chapter 8 suggest. For
example, it is not difficult to show, using results from Section [[5] that, whenever
p > 3 and G is a finite p-group, the map p : G/G2 — G3/G4 from Lemma 200 is
an isomorphism of groups, while, if G is a k-group, then, given any two elements
z,y € G/G2, one has

k(zy) = K(z)k(y)[zy ™", [z,y]] mod Gy,

as we show in Lemma 2371 What plays in our favour is that a finite 3-group G is
a k-group if and only if G/Gy is a k-group: to detect k-groups it is thus sufficient
to be able to detect k-groups among the finite 3-groups of class 3. We will prove
the following result.

Theorem 233. Let G be a finite 3-group of class 3. Then G is a k-group if and
only if G is isomorphic to MC(3) / MC(3),,.

In Section 0.4] we prove Theorem by building x-groups as quotients of a free
group: we give a sketch of the proof here. Let F' be the free group on 2 generators
and let (F;);>1 be defined recursively by Fy = F and Fy4; = [F, F;]F?. Then
V = F/F, is a vector space over 3 of dimension 2. Let moreover L = P8
and set [ = F/([F,L]F3); we use the bar notation for the subgroups of F. We
will show that the cubing map on F induces a map V — L, which we denote by
¢, and we will construct, in Sections and [0.4] isomorphisms of the following
Aut(F)-sets, all having cardinality 3.

Iy = {k C End(V) subfield : |k| = 9}

1

Ky ={k:V = V& A\*(V) bijective : for all 2,3y € V, one has

k(x+y) = k(@) +6Yy) + (z —y) @ (zAy)}
l
P = {7 € Hom(L, F3) : 7 o ¢ is bijective, m g =idg}

l

N3 = {N C F normal subgroup : F'/N is a k-group of class 3}.

We will then prove that the natural action of Aut(F') on Zy is transitive and so
it will follow that Aut(F) acts transitively on N3, leading to the fact that all k-
groups of class 3 are isomorphic to the k-group MC(3) / MC(3),. To extend the
investigation of k-groups to class 4, we consider the “smallest possible case” and
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look at extensions of MC(3) / MC(3), by a group of order 3. In Section [0.5] we
prove the following result.

Theorem 234. Let G be a k-group such that G4 has order 3. Then Go is ele-
mentary abelian.

It would be interesting to explore the world of k-groups more extensively, however
Theorems and 234] provide us with sufficient information on the structure of
k-groups to be able to go into the proof of Theorem 231l Let G be a finite 3-group
of class at least 4. We have seen that a necessary condition for int(G) to be greater
than 1 is that of being a k-group, however we can only hope to construct an intense
automorphism of G of order 2 if

(*) there exists an automorphism of G of order 2 that inverts all elements of G
modulo Gs.

We proved in Section [5.4] that such an automorphism can always be constructed
for G/G4, so we want to understand which conditions we need to impose on the
structure of G to be able to lift such an automorphism from G/G4 to G. For this
purpose, we define

Ni = {N C F normal subgroup : F//N is a r-group of class 4 with
wtp/n(4) = 1 and satisfying (x)}.

Via building a bijection Ny — N3, we will be able to prove that the natural action
of Aut(F) on N} is transitive and so that, given M and N in N, the quotients
F/M and F/N are isomorphic. The group MC(3) being a s-group of class 4
with wtyees)(4) = 1 and (x), it follows that each quotient F//N, with N € Nj,
is isomorphic to MC(3). Since MC(3) has an elementary abelian commutator
subgroup, Proposition 211] yields that each finite 3-group of intensity greater than
1 has class at most 4.

9.1 The cubing map

In this section we prove some structural properties about x-groups of class 4. We
remind the reader that, if G is a finite 3-group and i is a positive integer, then the
i-th width of G is defined to be wtg (i) = logs |G; : Gi11] (see Section [Z3]). We
warn the reader that we will make a set of assumptions, which will hold until the
end of Section [0.1] right after Lemma

Lemma 235. Let G be a group of order 81 and class 3. Then the exponent of G
is different from 3.
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Proof. The class of G is 3 so, thanks to Lemmal[3T] the quotient G/Gs is non-cyclic.
The order of G being 81, it follows that (wtg (1), wte(2), wta(3)) = (2,1,1). Let
now C = Cg(G2). Then, by Lemma [I37(1), the subgroup C contains G2 with
index 3 and, by Lemma [[40] the centre of G is equal to Gs3. Let (a,b) € G x C be
such that {a,b} generates G and define ¢ = [a, b], which is an element of G5 \ Gs.
Let moreover d be a generator for G3. Assume by contradiction that the exponent
of G is 3. As a consequence of Lemma [I38 the subgroup C' is elementary abelian
and, in particular, Ga = (¢) @ (d). Since G5 is central modulo G3 and d generates
G'3, there exists an integer k such that aca™ = cd*. The element d* is not equal
to the identity element, because a and ¢ do not centralize each other. Keeping in
mind that C' is abelian, we compute

1 = (ba)® = bababa = b(cba)(cba)a = b*cacba® =

b2d*aba? = b*Pd¥cba® = b3 A3dF = dF.

Contradiction. n

We recall here that, if G is a group and n is a positive integer, then G" is defined
to be G" = (2" : x € G).

Lemma 236. Let G be a finite 3-group of class 3 such that |G : Go| = 9. Then
G3 = G3.

Proof. The class of G is equal to 3 and so Gj is central in G. By Lemma [I35(1),
the index |Gs : G3| is equal to 3 and, by Lemma [I35(2), the order of Gj is either
3 or 9. As a consequence of Lemma [[39, moreover, the subgroup G2 is contained
in G3. Assume by contradiction that G'3 # G2. Then, by Lemma [35], there exists
a normal subgroup M of G such that G3> C M C G3 and |G3 : M| = 3. Fix such
M. Then the quotient G/M has class 3 and order 81. Moreover, the exponent of
G/M is equal to 3. Contradiction to Lemma ]

Lemma 237. Let G be a group of class at most 3 and assume that G2 has exponent
dividing 3. Then, for all x,y € G, one has (zy)® = 23y3[zy~1, [z, 9]].

Proof. The class of G is at most 3, so the subgroup Gj is central. Fix z and y in
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G. Then we have

(zy)® = zyzyay
= zyaly, zlay?
= ayz(ly, 2], 2]aly, 2]y
= wyzaly, zy*([y, x), 7]
aly, e)zyzly, 2ly°(ly, =], 2]

= zly, =], 2l=ly, 2lyz[y, 2]y [y, ], 2]
= 2?[y, elyxly, 2)y*[ly, ], 2]

= 2y, P wyly, 21y*([y, 2], =]?

= o[y, z*[xy, [y, 2]y, 2]y [[y, 2], 2]
= [y, 2]*xy’ [y, 2], 2] [xy, [y, 2]

The commutator subgroup of G being annihilated by 3, the element [y, ]
trivial. Moreover, thanks to Lemma 24] the commutator map induces a bilinear
map G/G2 X G2/G35 — Gs. It follows that

(zy)® = 2*y°(ly, 2], 2]*[zy, [y, 2]
= 2°y*[y, 2], 2°][[y, =], (xy) ']
= 2°y*[[y, 2], 2*y " 2]
= 2°y*([y,a], ey~
= 2%y’ ley ™ [2,9]]
The proof is now complete. [

Lemma 238. Let G be a finite 3-group of class at least 3 and assume that
|G : Go| =9. Then the cubing map induces a map k: G/Ga — G3/Gy.

Proof. We assume without loss of generality that G4 = {1}. As a consequence
of Lemma 2306] the image of the cubing map is contained in G3 and, by Lemma
41 the commutator subgroup of G has exponent 3. We now prove that the
map k : G/Gy — G3, given by k(zG3) = 22, is well-defined. To this end, let
(z,9) € G x G3. Then y® = 1 and [y, z] belongs to G3, a central subgroup. From
Lemma 237 we get

(zy)® = 2®y*(ly, 2], 2y '] = 2°y® = 2?

so every element of G5 has the same cube z2 in G, as claimed. n

We remark that, in concordance with Definition 232] the real requirement for a
3-group G satisfying |G : Ga| = 9 to be a k-group is that the map from Lemma
is a bijection. The reason why we are interested in k-groups is given by the
following lemma.
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Lemma 239. Let G be a finite 3-group of class 4 and denote by (G;)i>1 the lower
central series of G. Assume that int(G) > 1. Then G is a Kk-group.

Proof. Take p = 3 in Lemma 206](1). ]

In the remaining part of this section, we will prove some structural results about
k-groups. Until the end of Section @] let thus G be a finite 3-group of class 4.
Let (G;)i>1 denote the lower central series of G and, for each i € Z>1, denote
w; = wtg(i). Assume that (wi,ws,ws,ws) = (2,1,2,1) and, to conclude, let
k: G/Ga — G3/G4 be the map from Lemma

Lemma 240. The group G is abelian.

Proof. The quotient G2/G35 being cyclic, it follows from Lemma 28 that [Ga, G3] =
[G2, Gs], so, thanks to Lemma 20, we get [G2,G3] € G5. The class of G is 4, so
G5 = {1} and G; is abelian. n

Lemma 241. The commutator map G X Gy — (3 induces an isomorphism
G/G2 ® GQ/Gg — Gg/G4.

Proof. By Lemma 28] the commutator map induces a surjective homomorphism
G/G2®G3/G3 — G3/G4. The induced map is bijective because |G/G2®G2/G3| =
3wz =9 = 3ws :|G32G4|. |

We recall that, if C' is a group and n is a positive integer, then C™ and u,(C) are
respectively defined as C" = (¢ : z € C) and pu,(C) = (x € C: 2™ =1).

Lemma 242. Let C' be a mazimal subgroup of G. Then G4C3 C Z(C).

Proof. The subgroup G4 is central in G, because the class of G is 4, so G4 is
contained in Z(C'). By Lemma[20] the commutator map induces a homomorphism
v: G/Ga®G3/Gy — G4 and, C /G4 being cyclic, the subgroup v(C/G2®@k(C/Gs))
is trivial. The quotient G4C? /G4 being equal to x(C/Gs), it follows that G4C? is
contained in the centre of C. [

Lemma 243. There exists at most one mazximal subgroup C' of G such that Gs C

Z(0).

Proof. Let C' and D be maximal subgroups of G such that Gs is contained in
Z(C)NZ(D). Then CD centralizes G3 and, the class of G being equal to 4, the
subgroup CD is different from G. It follows that C = D. [

Lemma 244. Assume that G is a k-group. Then Z(G) = Gy.
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Proof. We first claim that G4 C Z(G) € G5. The subgroup G4 is contained in
Z(G) and, as a consequence of Lemma[I40 one has Z(G)/G4 C Z(G/G4) = G3/Gy.
Since the class of G is 4, the inclusion Z(G) C G is not an equality so the claim
is proven. Now, by Lemma [B6 the subgroup G2 is equal to ®(G) and so, the
dimension w; being equal to 2, the group G has precisely 4 maximal subgroups.
Thanks to Lemma 243] there exist two distinct maximal subgroups C and D
of G such that both Z(C) and Z(D) do not contain G3. Fix such C and D.
Since k is a bijection and w3z = 2, Lemma yields Z(C) N G3 = C3G4 and
Z(D) N G3 = D3Gy4. Now, the subgroup Z(G) contains G4 and is contained in
Z(C)NZ(D)NG3 = C3G4 N D3G4. The map « being a bijection, the subgroup
C3G4 N D3Gy is equal to G4 and therefore Z(G) = Gy. n

Lemma 245. Let C be a mazimal subgroup of G. Assume moreover that G is a
k-group and that Go has exponent 3. Then [C,C]NZ(C) = Gy.

Proof. The quotient C/Gs is cyclic of order 3 so, by Lemma 28 the subgroups
[C,C] and [C, G3] are equal. It follows that [C,C] is contained in G5 and, from
Lemma 241], that the index of ([C,C]G4)/G4 in G5/G4 is equal to |G : C| = 3.
In particular, [C, C] is non-trivial. Now, the subgroup [C,C] is characteristic in
the normal subgroup C' and therefore it is itself normal in G; Lemma yields
[C,C]NZ(G) # 1. By Lemma 244] the centre of G is equal to G4 and thus [C, C]
contains G4. As a result, [C, C] is equal to [C, C]G4 and it has thus cardinality 9.
In an analogous way, since G is a k-group, the normal subgroup C? is non-trivial
and it contains therefore G4. However, C? is different from G4 because G is a -
group. We have proven that Gy is contained in [C, C] N Z(C). We assume now by
contradiction that [C,C]NZ(C) is different from Gy4. It follows that [C, C] N Z(C)
has cardinality at least 9, which is the same as the cardinality of [C,C]. We get
that [C, C] is contained in Z(C) and so, as a consequence of Lemmas 50 and G511
the cubing map is an endomorphism of C'. By assumption, the exponent of G5 is
3, and so it follows that

CP] =10 : p3(O)| < |C = G| = 3.
Since C? contains G4, we get that C® = G4. Contradiction. n

Lemma 246. Assume that G is a k-group. Then Gs has exponent 3.

Proof. The subgroup G is abelian, by Lemma 240, and G3 is contained in G4,
as a consequence of Lemma 238 It follows that ps(Gs2) has cardinality at least
|G2 : G4| = 27. Set N = u3(G2) N Gs. We denote G = G/N and use the bar
notation for the subgroups of G. If Gz = {1}, then G5 is contained in u3(Gs)
and we are done. Assume by contradiction that G5 is non-trivial. Then G3 has
cardinality at least 3 so, ug(G2) consisting of at least 27 elements, it follows that
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u3(Ga) is non-trivial. However, us3(Ga) has trivial intersection with G3, which is

equal to Z(G), thanks to Lemma [[40. Contradiction to Lemma ]

9.2 A specific example

This section is entirely devoted to understanding the structure of the group MC(3),
which is defined at the beginning of the present chapter. The name MC(3) refers
to the fact that MC(3) turns out to be an example of maximal class among the
finite 3-groups of intensity greater than 1. Moreover, as stated in Theorem 23T]
given any finite 3-group G of class at least 4, either int(G) = 1 or G is isomorphic
to MC(3). We recall the definition of MC(3).

Let R = F3[e] be of cardinality 9, with €2 = 0, and let A denote the quaternion
algebra (S5 ). In other words, A is given by

A =R+ Ri+ Rj+ Rk

with defining relations i> = j> = € and k = ji = —ij. The ring A has a unique
(left /right /2-sided) maximal ideal m = Ai + Aj and the residue field £k = A/m is
equal to F3. The algebra A is also equipped with a natural anti-automorphism of
order 2, which is defined by

r=s+ti+ujt+vk — T=s—ti —uj—vk.

We define MC(3) to be the subgroup of 1 + m consisting of those elements x
satisfying T = z~'. We denote by (MC(3),);>1 the lower central series of MC(3)
and, for each i € Z>1, we define M; = (1 + m¥) N G. One easily shows that
(M;);>1 is central and that, for each ¢ > 1, the commutator map induces a map
My /My x M;/M;+1 — M;1/M; 12 whose image generates M, 1/M; 2. For each
1 > 1, it follows that M, = [M7, M;] and, since M; = G, we have that

MC(3);, = MC(3) N(1 + m?).

The rest of the present section is devoted to the proof of some technical Lemmas
that we will use in the proof of Theorem 2311

Lemma 247. The group MC(3) has class 4 and order 729.

Proof. We start by proving that MC(3) has order 729. The cardinality of R is
equal to 9 and therefore the cardinality of A is 9%. Since A/m is isomorphic to Fs,
the cardinality of m is equal to (9%/3) = 37 and therefore also 1+m has cardinality
37. Now, asking for an element x € 1 + m to satisfy 2T = 1 lowers our freedom in
the choice of coordinates of by 1 and therefore G has cardinality 3¢ = 729. To
conclude the proof, we note that MC(3), is trivial, because m®> = {0}, while 1+ ek
is a non-trivial element of MC(3),. It follows that MC(3) has class 4. ]
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Lemma 248. Set G = MC(3) and, for each i € Z>1, denote w; = wtg(i). Then
the following hold.

1. One has (w1, we, ws,wyq) = (2,1,2,1).

2. There exist generators a and b of G such that a®> = [b,[a,b]]™! mod G4 and
b3 = [a, [a, b]] mod Gjy.

Proof. (1) Let i € {1,2,3,4}. Then the function G — m that is defined by
x + x — 1 induces an injective homomorphism d; : G;/G;+1 — m!/m‘*! which
commutes with the bar map of A. Now, for each element z € G;, one has that
z— 1+ (z — 1) belongs to m‘™! and therefore the image of d; is contained in
D; = {y+mtl:yem’ j+yemtl}. With an easy computation, one shows
that D; coincides with the image of d; and, consequently, that (w1, we, w3, wy) =
(2,1,2,1). To prove (2), define

a=1—€e+1iand b=1—¢€+]

and note that a and b belong to G. Since w; = 2 and a and b are linearly
independent modulo Go = G N (1 + m?), the group G is generated by a and b.
Using the defining properties of A, we compute a® = 1 +¢€i and b = 1+ ¢j. Define
¢ =la,b], d =[a,c], and e = [b, ¢]. Then, working modulo G3, we get

c=abab=(1—e+i)(1—e+j)(1—e—i)(l—e—j)
=(l+et+i+j+k)(1+e—i—j+k)
=1 —k mod Gs.

Thanks to Lemma [24] one has d = [a, 1+ k] mod G4 and e = [b,1+k%] mod G4 and
it is now easy to compute d = 1 + ¢j mod G4 and e = 1 — e mod G4. It follows
that both ea® and d—'b> belong to G4 and so the proof is complete. "

We remind the reader that, in concordance with Definition 232, a k-group is a
finite 3-group G such that |G : G2| = 9 and such that the cubing map on G
induces a bijection G/Gy — G3/G.

Lemma 249. The group MC(3) is a k-group.

Proof. Write G = MC(3) and, for each i € Z>1, denote w; = wtg(i). By Lemma
247 the group G has class 4 and, by Lemma 248(1), one has (w1, we, w3, wy) =
(2,1,2,1). Let k : G/G3 — G3/G4 be as in Lemma 238 we want to show that
Kk is a bijection. Let a and b be as in Lemma 248(2) and define d = [a, [a, b]] and
e = [b,[a,b]]. Then k(a) = e~ mod G4 and x(b) = d mod G4. Moreover, since
we = 1, it follows from Lemma 24T that d and e generate G3 modulo G4. We claim
that k is surjective. Let r, s be integers and let y = d°¢". If r = 0 or s = 0, then

85



9. THE SPECIAL CASE OF 3-GROUPS

k(b%) =y mod G4 or k(a™") = €” mod G4. The quotient G3/G4 being elementary
abelian, we may now assume that r» and s are both non-zero modulo 3 and they
satisfy therefore r? = s> = 1 mod 3. Define x = a"b~*. Working modulo G4, we
get from Lemma 237 that

Ii(l’) = a3rb—38[arbs’ [ar7 b—s]]

= e_rd_s[aa [a7 b]]_r2s[ba [a, b]]_m2

2 2
— r—Trs s—r°s
=e€ d

e—2rd—28

= y mod Gy4.

We have proven that x is surjective so, the widths w; and w3 being the same, it
follows that x is a bijection. [

Lemma 250. Define o : MC(3) — MC(3) by
r=s+ti+uj+vk — alx)=s—1ti—uj+ vk

Then « is an automorphism of order 2 of MC(3). Moreover, o induces the inver-
sion map on MC(3) / MC(3),.

Proof. Set G = MC(3). It is easy to check that « is an automorphism of order
2 of G, so we prove that « induces the inversion map on G/Gs. The subgroup
G3 is equal to G N (1 +m?) and, thanks to Lemma 248(1), the order of G/G>
is 9. It follows from Lemma B6(2) that G/G3 is elementary abelian. We define
a=1—e+iand b=1—€e+j. Then a and b span G modulo G2 and

The quotient G/G2 being commutative, the map G/Gy — G/G2 that is induced

by « is equal to the inversion map z — 27 1. n

We conclude Section [0.2] by remarking that another characterization of MC(3) has
been provided by Derek Holt and Frieder Ladisch; this characterization was found
using computer algebra systems. The group MC(3) turns out to be isomorphic to
a Sylow 3-subgroup of the Schur cover 3.J3 of the simple Janko-3 group Js. If S is
a Sylow 3-subgroup of 3.J5 and N denotes the normalizer of S in 3.J3, then conju-
gation under any element of order 2 of IV restricts to an automorphism of order 2
of S that induces the inversion map on the abelianization. The isomorphism class
of MC(3) is denoted by [729,57] in the GAP system.
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9.3 Structures on vector spaces

Until the end of Section @3] the following notation will be adopted. Let V be
a 2-dimensional vector space over F3. A k-structure on V is a bijective map
kK: V=2V /\2 V such that, for each z,y € V, one has

rlx+y) = k(z) +5(y) + (2 —y) @ (A y). (A1)

We denote by Iy the collection of x-structures of V' and by Zy the collection of
subfields of End(V) of cardinality 9. We remark that, for each element k of Zy,
there exists i € End(V) such that i2 = —1 and k = F3[i]. Moreover, V is naturally
a vector space of dimension 1 over each of the elements of Zy,. The rest of Section
will be devoted to the proof of the following result. Until the end of Section
0.3 all tensor and wedge products will be defined over Fs.

Proposition 251. Let V' be a 2-dimensional vector space over F3 and let the map
sy : Iy — Ky be defined by

k=TF3fi] — (z—iz® (izAx)).
Then sy is a bijection. Moreover, the cardinality of Ky is equal to 3.

As the goal of this section is to prove Proposition251] we will respect the notation
of the very same proposition until the end of Section

We put a field structure on V, via an Fs-linear isomorphism with Fg. We define
then A to be the collection of bijective maps A : V' — V such that, for all z,y € V,
one has
N +y) = Mz) + Ay) + (@ —y)(ay® — 2%y). (A2)
We let moreover oy : Zyy — Ay be defined by
kE=Ts3fi] — (x> iz((iz)z® — (iz)3z)).
Lemma 252. The map V — V, defined by x — 2°, is an element of A.

Proof. The group of units of V' has order 8 and, since 8 and 5 are coprime, the
map z — 2° is a bijection V* — V* which extends to a bijection V — V. Let
now x and y be elements of V. Keeping in mind that V has characteristic 3, one
computes

5
(k>xky5—k — % — oyt 4+ 2% 4 2%y -ty 4o

="+’ + (z —y)(xy® — %)

and therefore z +— 2° satisfies (A2). ]
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Lemma 253. The map oy is well-defined.

Proof. Let k = F3[i] be an element of Zy,. The group k* is cyclic of order 8 and
there are therefore exactly two square roots of —1 in k, namely ¢ and —i. Now,
for each element = of V', we have

iz((iz)x® — (ix)%z)) = —iz((—iz)2® — (—iz)3x))

and thus k gives a map V — V. Let now k — V denote an isomorphism of fields
and identify ¢ with its image in V. Then, for each z € V', we have

iz((iz)2z® — (ix)3z) = x(ix)*(2? — (iz)?) = —2®(2® + 2?) = 2°
and so, as a consequence of Lemma 252, the map oy is well-defined. [

Lemma 254. Let PV denote the collection of 1-dimensional subspaces of V.
Then the natural homomorphism Aut(V) — Sym(PV) induces an isomorphism
Aut(V)/F4 — Sym(PV).

Proof. The natural homomorphism Aut(V) — Sym(PV) factors as an injective
homomorphism Aut(V)/F% — Sym(PV'), which is in fact also surjective, because
[Aut(V) : F3| = 48/2 =24 = | S4 | = | Sym(PV)|. m

Lemma 255. The set Iy has cardinality 3. Moreover, the action by conjugation
of Aut(V) on Iy is transitive.

Proof. Let f:Zy — Aut(V)/F5 be defined by k = F3[i] — iF5 and observe that,
since F3[i] = F3[—i], the map f is well-defined. Moreover, since each element
of Zy is uniquely determined, modulo Fj, by a square root of —1, the map f
is injective. Let PV denote the collection of 1-dimensional subspaces of V' and
let € : Aut(V)/Fsx — S4 be the composition of the isomorphism Aut(V)/F5 —
Sym(PV) from Lemma [254] with a given isomorphism Sym(PV) — S;. Then
(e o f)(Zv) consists of elements of order 2. Now, each element k of Zy can be
written as k = F3[i], with i> = —1, and this suffices to show that (e o f)(Zy) is in
fact contained in the Klein subgroup V4 of S4. The set Vj \ {1} forms a unique
conjugacy class in Sy and thus the elements of Zy form a unique orbit under the
action by conjugation of Aut(V). Since the set V4 \ {1} has cardinality 3, the
cardinality of Zy is also equal to 3. ]

Lemma 256. Write V = Fs[i], with i> = —1. Then the map N>V — Fsi that is
defined by x Ay — xy® — 23y is an isomorphism of vector spaces.

Proof. Let ¢ : V x V — V be defined by (z,y) — zy> — 23y. It is easy to show
that ¢ is alternating and that ¢(V x V) is contained in Fsi, the eigenspace of
the Frobenius homomorphism that is associated to —1. Moreover, the map ¢ is
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non-zero. It follows that ¢ induces a linear homomorphism ¢’ : /\2 V — F3i that
is non-trivial. Since both /\2 V and F3i have dimension 1 over 3, the map ¢’ is
an isomorphism. [

Lemma 257. Write V = F3[i|, with i> = —1. Then the map p : V @ Fzi — V
that is defined by x ® y — xy is an isomorphism of vector spaces.

Proof. The map V xFgi — V that is defined by (x,y) — zy is a bilinear surjective
map. By the universal property of tensor products, it factors as the surjective
homomorphism p : V ® F3i — V. The dimensions of V ® F3i and V being the
same, (4 is an isomorphism. ]

Write V = Fs[i] with i2 = —1. Define 6: V@ A>V — V @ Fsi by
0la® (zAy) =a® (xy’ —2°y)

and note that 6 is an isomorphism of vector spaces, as a consequence of Lemma
256 Let u be as in Lemma 2571 We keep this notation until the end of Section
9.0l

Lemma 258. The map ly : Ky — A that is defined by k +— o 6ok is bijective.

Proof. Let x be an element of Ky. Then Iy (k) is bijective, because it is the
composition of bijective maps, and, for each =,y € V', one has

lv(k)(x +y)=pobok(z+y)
=pol0(k(z)+k(y) + (z—y) @ (zAy))
=lv(r)(x) +lv(k)(y) + pob((z —y) ® (z Ay))
=ly(k)(z) + lv(k)(y) + (z — y)(zy® — 27y).

We have proven that Iy (k) belongs to A and so ly is well-defined. Moreover, Iy
is bijective, because p and 6 are bijective. [

%)
r)

Lemma 259. Let Iy be as in Lemma [258. Then oy = ly o sy and sy is well-
defined.

Proof. Let k = F3[i] be an element of Zy,. Let moreover x and A respectively
denote sy (k) and oy (k). Then one has
ly(k)(z) =pobliz®@ix Ax)
= (i © ((i)a® — (iv)*x))
= iz((iz)x® — (iz)3x)
= A(z)

and so, the choices of k and x being arbitrary, oy = [y o syy. As a consequence,
the map sy is well-defined. [
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Lemma 260. The map sy is injective.

Proof. Let k and k' be elements of Zy and let 4, j € End(V') be such that k = F3[i],
k' = F3[j], and i? = j2 = —1. Assume moreover that sy (k) = sy (k’). For each
x €V, we have Fsx+Fsix =V = Fzz+F3jz and therefore there exists w, € {£1}
such that ix = w;jx mod Fsz. For each x € V| it then follows that

jr® (jr Ax) =iz ® (iz Ax) =iz @ (wejx) A x) = wyiz @ (jz A x)

and, p o 0 being bijective, the elements jr and w,iz are the same. The choice of
x being arbitrary, we get

V={zeV:iix=jz}U{z eV iz =—jz}

and so, V being equal to the union of two subgroups, either ¢ = j or ¢ = —j. In
either case, i and j are linearly dependent over F3 and so k = k’. [

Lemma 261. Let ¢ be an Fs-linear endomorphism of V. Then there exist unique
a,b €V such that, for each x € V, one has ¢(x) = ax® + bx.

Proof. The characteristic of V being 3, for each pair (a,b) in V2, the map =
az3 + bz is an Fs-linear endomorphism of V. The order of End(V) being equal
to the order of V2, it follows that each element 1 of End(V) is of the form z
ax® + bx, where a,b € V are uniquely determined by 1. In particular, this holds
for ¢. [

Lemma 262. Let A € A. Then there exist a,b € V such that, for each © € V,
one has \(r) = 2° + az® + ba.

Proof. Because of (A2), the difference of any two elements of A belongs to End(V),
so, thanks to Lemma 252, we have A € (z + %) + End(V). It now follows
from Lemma that there exist a,b € V such that, for each x € V, we have
M) = 2° + az® + ba. m

Lemma 263. Let m be a positive integer and let q be a prime power. Then

5 xm:{ ~1 when (q—1)|m

0 otherwise
z€F,

Proof. This is Lemma 2.5.1 from [Coh07]. m

Lemma 264. Let A € A. Then there exists b € V such that, for each x € V, one
has M(z) = x® + bx.
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Proof. Let a,b € V be as in Lemma 2621 By definition of A, the map X is bijective
so each element of V' belongs to the image of \. With x replaced by A(z), Lemma
yields

0= Z Az)? = Z(x5 +az® + bx)? = Z 2a2% = —2a.

zeV zeV zeV
It follows that a = 0 and therefore, for each x € V, one has A\(z) = 2° + bx. n
Lemma 265. The cardinality of A is at most 3.

Proof. Let A € A and let b € V be as in Lemma The map A is bijective and
so, with z replaced by A(z), Lemma 263 gives

0=> Aa)'=> (a°+bx)*
eV eV
_ Z(xlo — bab + b2x2)2
zeV
= Z (ba'® + b%2®)
zeV
= —b(1+b?).

It follows that there are at most 3 choices for b in V' and thus A has cardinality at
most 3. [

We conclude Section by giving the proof of Proposition The function
sy : Iy — Ky is injective by Lemma and, by Lemma 257 the cardinality of
Ty is equal to 3. It follows that Iy has at least 3 elements. Now, as a consequence
of Lemma[258 the set A has the same cardinality as Ky, and thus, as a consequence
of Lemma 265 the cardinality of Ky is equal to 3. From its injectivity, it now
follows that sy is bijective. The proof of Proposition 251]is complete.

9.4 Structures and free groups

We recall that a k-group is a finite 3-group G such that |G : Ga| = 9 and such that
the cubing map on G induces a bijection G/G2 — G3/G4. In the present section,
we consider k-groups of class 3 and we prove the following main result.

Proposition 266. Let G be a k-group of class 3. Then G is isomorphic to
MC(3) /MC(3),.

As a consequence of Lemma [B6|(2), each k-group is 2-generated. Our strategy,
for proving Proposition 266, will be that of constructing all k-groups of class 3 as
quotients of a free group. To this end, the following assumptions will be valid until
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the end of Section @41 Let F' be the free group on two generators and let (F;);>1
denote the lower 3-series of F, which we recall from Section [5.4] to be defined by

Fy=F and F;y, = [F,F]F?.

We remark that the notation we use for the lower 3-series is not concordant with
our usual notation (see Exceptions in List of Symbols). We denote

V =F/F,, L=F3F® and E=|[F L|Fj.

The group V is a vector space of dimension 2 over F3, by construction, so we let
Ky be defined as in Section We write moreover F' = F//E and we use the bar
notation for the subsets of . We define additionally A3 to be the collection of
normal subgroups N of F' with the property that F/N is a k-group of class 3.

Lemma 267. The map c3 : F — L/F3, defined by x — x3F3, is surjective.
Moreover, c3 induces an isomorphism V- — L/F3 and |L : F3| = 9.

Proof. The map c3 is well-defined, by definition of L, and L/F3 = (F3F3)/F3. As
a consequence of Lemma M8 the map c3 is a surjective homomorphism, which,
F23 being contained in Fj, factors as a surjective homomorphism ¢y : F/Fy —
L/F5. Since V. = F/F, has order 9, the order of L/F3 is at most 9. Let now
A=17/97 x Z.J97 and let ¢ : F — A be a surjective homomorphism. The group
A being abelian, we have that F3 is contained in ker ). Moreover, since L = F3F3,
the group ¥(L) is equal to 3Z/9Z x 37/97Z, which has order 9. As a consequence,
L/F; has cardinality at least 9 and so |L : F53| = 9. In addition, the map co is an
isomorphism of groups. ]

Lemma 268. One has |F5: E| > 9.

Proof. Thanks to Lemma 248, we have | MC(3) : MC(3),, | = 9 and therefore, as a
consequence of Lemma [B6(2), the group MC(3) is 2-generated. We fix a surjective
homomorphism ¢ : F — MC(3) and we denote by 7 the canonical projection
m: MC(3) = MC(3) /MC(3),. The homomorphism 7o ¢ : F — MC(3) / MC(3),
is surjective and so, from Lemma[I57, we get L = (mo¢) ' (MC(3), / MC(3),). As
a consequence, L is equal to ¢~!(MC(3),) and thus ¢(L) = MC(3),. Moreover,
thanks to Lemma [[41] we know that MC(3); is contained in MC(3), and therefore
(F3) C MC(3),. It follows that

$(Fy) = $([F, Fe))$(F5) = [MC(3), MC(3),] MC(3); = MC(3),
and also that
$(E) = ¢([F, L) $(F3) = [MC(3), MC(3)5] MC(3); = MC(3), .

As a result, the index |F3 : E| is at least | MC(3), : MC(3), |, which is, by Lemma
248(1), equal to 9. L]

92



9. THE SPECIAL CASE OF 3-GROUPS

7)97 X T)9T <~~~ -~~~ - Foommmmeee - MC(3)
9 9 9
3Z/9Z x 3L/9L Fy —cemmeeo- - MC(3),

E = [F,L|F}

Lemma 269. The commutator map F x Fy — F3 induces an isomorphism of
groups § : F/Fy ® Fy/L — F3. Moreover, |F3: E| =9.

Proof. The subgroup F3 is central in F, by definition of E, and so, by Lemma [22]
the commutator map F'x Fy — F3 is bilinear. Moreover, the quotient F» /L is cyclic
of order 3, thanks to Lemma [I57] and so, by Lemma 28| the subgroup [F, F3] is
equal to [Fy, L]. The commutator map factors thus as a surjective homomorphism
§: F/F, ® Fy/L — F3 and therefore |F3 : E| < |F/Fy, ® Fy/L| = 9. Now, the
group F3 has order at least 9, by Lemma 268, and therefore |F3 : E| = 9 and 4 is
an isomorphism. n

Lemma 270. The group L is an Fs-vector space of dimension 4.

Proof. By the definition of E, the group L is central in F' and so it is abelian.
Moreover L3 is contained in F3, which is itself contained in E. It follows that L
is naturally a vector space over F3. The dimension of L is equal to 4, thanks to
the combination of Lemmas and [

Lemma 271. The commutator map F x Fy — F3 induces an isomorphism of
gmupsw:V@/\2V—>E,
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Proof. The subgroup Fj is central modulo L so, thanks to Lemma 22 the com-
mutator map F' x F — F5/L is bilinear. Since [F, F5] is contained in L, we get a
bilinear map V' x V' — Fy/L, which is also alternating. By the universal property
of wedge products, the last map factors as a homomorphism 6 : /\2 V = Fy/L
mapping x Ay to [z,y]. By Lemma [I57 the cardinality of F5/L is equal to 3,
which is the same as the cardinality of /\2 V and so, 6 being non-trivial, it is an
isomorphism of groups. We conclude by defining v = § o (1 ® ), where 0 is as in
Lemma m

Lemma 272. Let v be as in Lemma [2Z71] and use the additive notation for the
vector spaces V and L. Then the cubing map on F induces a map ¢ :V — L such
that, for each x,y € V, one has

c(r+y) =c(@) +cly) +7((z —y) @ (x Ay)).

Proof. The subgroup [F, [F, F]] is contained in L, which is central modulo E, so
[ has class at most 3. Moreover, [F, F]? is contained in F§ and so [F, F| has
exponent at most 3. By Lemma 237, given any two elements x,y of F, one has
(zy)? = 23y3[zy~!, [x,y]]. Since both FJ and [F,[F, F»]] are contained in E,
cubing on F induces a map ¢ : V — L. Using the additive notation for the vector
spaces V and L, it follows from the definition of v that, for each x,y € V, one has

c(r+y) =c(@) +cly) +7((z —y) @ (x Ay)). u

Lemma 273. Let 0 - A 5% B 5 C — 0 be a short exact sequence of abelian
groups. Let moreover s : C — B be a function such that o0 o s = idg. Write
R ={f €Hom(B,A): for=ida} and let H be the collection of maps g: C — A
such that, for all u,v € C, one has

Ug(u+v) —g(u) = g(v)) = s(u+v) = s(u) — s(v).
Then the function R — H that is defined by f — f o s is bijective.

Proof. Let v : R — H be defined by f — fos. We first prove that v is well-
defined. To this end, let f € R and let u,v € C. Since 0 o s = id¢, the element
s(u 4+ v) — s(u) — s(v) belongs to kero = 1(A). Since f o: = ids, we get that
to fl.(a)y = id),(a) and therefore

U(fos)(utv) = (fos)(u) = (fos)(v) = uf(s(u+v) —s(u) - s(v)) =

s(u+v) — s(u) — s(v).

We have proven that v is well-defined. We now prove that v is injective. Let
f,h € R be such that v(f) = v(h). Since f ot = hot =ida, the group ¢(A) is
contained in ker(f — h) and thus f — h induces a homomorphism B/i(4) — A.
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Now, B/t(A) = {s(c) + t(A) : ¢ € C} and, the maps fos and hos being the same,
we get f —h = 0. The maps f and g are the same and v is injective. To conclude,
we prove that v is surjective. Let g € H. Since each element x of B can be written
uniquely as z = «(a) 4+ s(u), with a € A and u € C, we define f : B — A by

7= 1(a) + s(u) = f(z) = a+ g(u).

For each u € C, we have then f o s(u) = g(u). We prove now that f is a homo-
morphism. Let z,y € B and let a,b € A and u,v € C be such that x = ¢(a) + s(u)
and y = ¢(b) + s(v). Keeping in mind that g belongs to H, we compute

fle+y) = f@) = fly) = f(ua) + s(u) +1(b) + s(v)) = f(e(a) + s(u))+
— f(e(b) + s(v))
f((a) +¢(b) — g(u+v) +g(u) + g(v) + s(u+v))+
f(ua) + s(u)) = f(u(b) + s(v))

and, since g(C) is contained in A, we get

flx+y) = fl@) = fly) =a+b—g(ut+v)+g(u) +gv) +gu+v)+
— fla+s(u)) = f(b+s(v))
=a+b+g(u)+g(v) —a—g(u) —b—g)
=0.

We have proven that f is a homomorphism and so v is surjective. [

Proposition 274. Let ¢ be as in Lemma and let v be as in Lemma [271.
Set P = {r € Hom(L, F3) : m g, = idg,, ™o ¢ bijective} and let ty : P — Ky be

defined by m+— v~ omoc. Then ty is a bijection and P has cardinality 3.

Proof. Let ¢y : V. — L/F3 be the isomorphism from Lemma Composing
the canonical projection L — L/F3 with cy ! we get the short exact sequence of
abelian groups 0 — F3 — L -V — 0. With A = F3, B=L, C =V, and
s = ¢, Lemma applies. Let thus R = {7 € Hom(L, F3) : T g, = 1dp} and
let H be the collection of maps g : V' — Fj such that, for all z,y € V, one has
glz+y)—g(x) —g(y) = c(x +y) — c(x) — c(y). Then, thanks to Lemma 273, each
element of H is of the form 7 o ¢, where 7 belongs to R. In particular, the subset
P of R is sent bijectively to the subset Hyjj of bijective elements of H. Now, by
Lemma 272 given any two elements z,y € V, we have c(z +y) — c¢(z) — c(y) =
v((x —y) ® (x Ay)) and therefore each element x = !
belongs to Ky . The map y being an isomorphism, ty is injective. Moreover, since
v is bijective, Lemma yields a well-defined injection Ky — Hyij, given by
k +— york. It follows that |P| < |[Ky| < [Hpij| = |P| and therefore ty is a bijection.
Thanks to Proposition 251 the cardinality of P is 3. [

omoc, with m € P,
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We remind the reader that A3 has been defined to be the collection of normal
subgroups N of F' such that F'/N is a k-group of class 3.

Lemma 275. There exists M in N3 such that the quotient F'/M is isomorphic to
MC(3) / MC(3),. Moreover, the set N3 is non-empty.

Proof. The group MC(3) is a k-group, by Lemma 249] and it has class 4, by
Lemma 247 Tt follows that there exists M in A3 such that F'/M is isomorphic to
MC(3) / MC(3), and, in particular, N3 is non-empty. m

Lemma 276. Let P be as in Proposition and denote, for each m € P, by K,
the unique normal subgroup of F containing E such that K, = kermw. Then the
map r : P — N3 that is defined by ™ — K, is a bijection. Moreover, for each
N € N3, one has |[L: N| = 9.

Proof. We first show that r is well-defined. To this end, let m be an element of
P and set G = F/K . Since |F : F;| = 9, Lemma [36 yields that G5 is equal to
Fy/K,. Moreover, it easily follows from the definition of P that L decomposes
as kerm @ 3 = K, © F3. In particular, L/K, and F3 are naturally isomorphic
and so, as a consequence of Lemma 269 the subgroup Gj coincides with L/K.
The class of G is equal to 3, because L is central modulo E. Now, the map 7o c
being bijective, it follows that the cubing map induces a bijection F/F, — F3 and
so, via the natural isomorphism F3 — L/K,, the cubing map induces a bijection
G/G2 — G3. As a result, we have that |L : K| =|Gs| =[G : Go| = |F : F3| =9
and G is a k-group. The choice of 7 being arbitrary, we have proven that r is
well-defined. It is now easy to show that r is bijective. From the surjectivity of r
one deduces that, for all N € N, the index |L : N| is equal to 9. m

Proposition 277. The set N3 has cardinality 3 and the natural action of Aut(F)
on N3 is transitive.

Proof. Let Zy be defined as in Section Define moreover v : Zyy — N3 to be
P = rot‘_,l osy, where sy, ty, and r are as in Propositions25T]and 274 and Lemma
The combination of the just-mentioned results yields that 1 is a bijection
and, from its definition, it is easy to check that it respects the action of Aut(F).
Now, by Lemma 255, the set Zy- has cardinality 3 and so A3 has cardinality 3.
Again by Lemma[259] the action of Aut(V') on Zy is transitive and thus the action
of Aut(F) on Zy is transitive. Since the map ¢ is an isomorphism of Aut(F)-sets,
the action of Aut(F') on N3 is transitive. n

We are finally ready to give the proof of Proposition Let G be a k-group
of class 3. As a consequence of Proposition 275l there exist N and M normal
subgroups of F' such that F/N and F/M are respectively isomorphic to G and
MC(3) /MC(3),. Fix such M and N. Then, thanks to Lemma 277, there exists
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an automorphism of F' mapping M to N, which thus induces an isomorphism

between G and MC(3) /MC(3),. The choice of G being arbitrary, the proof of
Proposition is complete.

We conclude the present section by giving the proof of Theorem If G is
a k-group of class 3, then, by Proposition 266, the group G is isomorphic to
MC(3) /MC(3),. On the other hand, the group MC(3) has class 4, by Lemma
247 and it is a k-group, by Lemma It follows that MC(3) /MC(3), is a
k-group of class 3. This proves Theorem 233

9.5 Extensions of k-groups

We recall here that a k-group is a finite 3-group G such that |G : G2| = 9 and such
that cubing in G induces a bijection G/G3 — G3/G4. We remind the reader that
we investigate k-groups because we aim at classifying 3-groups of class at least
4 and intensity greater than 1: those groups are all k-groups, as a consequence
of Lemma The main purpose of the present section is that of proving the
following proposition, which is the same as Theorem 2341

Proposition 278. Let G be a k-group such that G4 has order 3. Then the subgroup
G5 is elementary abelian.

Until the end of Section[@.5 we will work under the assumptions of Proposition 278
For each i € Z>1, we set w; = wtg(i). It follows from the assumptions, together
with Lemma [I35(1), that (w1, we, w3, ws) = (2,1,2,1). Moreover, the group G/G4
being a k-group of class 3, Proposition yields that G/G4 is isomorphic to
MC(3) /MC(3),. It follows from Lemma [248|(2) that there exist generators a, b of
G satisfying a® = [b, [a,b]] 7! mod G4 and b* = [a, [a,b]] mod G4. Call ¢ = [a, b],
d = [a,c], and e = [b, c]. Let moreover f = [a,d]. Then we have a® = e~ mod G4
and b = d mod Gy.

Lemma 279. The elements d and e generate G3 modulo Gy4.

Proof. The index |G : G3| is equal to 3, so ¢ generates G3 modulo G5. By Lemma
2471l the commutator map induces an isomorphism G/Ga ® G3/Gs — G3/G4, and
so d and e span G3 modulo G4. n

Lemma 280. One has G4 = (f) = ([b, e]).

Proof. By Lemma [244] the centre of G is equal to G4 and, by Lemma [T90] the
commutator map G/G3 x G3/G4 — G4 is non-degenerate. The elements d and e
generate G3 modulo Gy, thanks to Lemma 279 and, by the choice of a and b, we

also have a® = e~ ! mod G4 and b® = d mod G4. From the non-degeneracy of the
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commutator map, it follows that both f and [b, ] are non-trivial elements of Gy,
which, being cyclic of order 3, then satisfies G4 = (f) = ([b, e]). L]

Lemma 281. There exists a pair (u,t) in {£1} X Z such that [b,e] = f* and
c3 = ft. Moreover, there exist r,s € 7 such that a® = e~ 7 and b® = df*.

Proof. By assumption, the order of G4 is 3 and, by Lemma 279 both elements f
and [b, €] generate G4. There exists thus u € {41} such that [b, e] = f*. Moreover,
by the choice of a and b, we know that a®> = e~! mod G4 and b> = d mod Gy4. There
exist hence integers r and s such that a®> = e~ 'f" and b = df°. To conclude,
thanks to Lemma [[41] the subgroup G35 is contained in G4 so there exists t € Z
such that ¢ = f. n

We are now ready to give the proof of Proposition To this end, let u,t,r,s
be as in Lemma By Lemma 240, the subgroup Gs is abelian and, by Lemma
246 the exponent of G3 is equal to 3. It follows that

ab® = cbab?

= cbcbab

= cbebeba

= cechech’a
ec? fuebeb*a
= fue?clecb®a
= fUe*c*ba
= i

_ fu+tb3a

from which we derive
fdaf® = adf* = ab® = f* 30 = fUHdfa.
The subgroup Gy is central, thanks to Lemma [244], and so one gets
fda = f**'da.
Since the exponent of G3 is equal to 3, we have u +¢ = 1 mod 3 and so
(u,t) = (1,0) mod 3 or (u,t) =(—1,—1) mod 3.
If (u,t) = (1,0) mod 3, then we are done. We assume by contradiction that
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9. THE SPECIAL CASE OF 3-GROUPS

(u,t) = (—1,—1) mod 3. Then ¢® = f~! and we compute

a*b = a’*cha

= adcaba

= fdac®ba®

= fd?cacba®

= fd®cdcaba®

= fd*c®ba®

= ba®.
We have shown that a® centralizes b in G. Call C' = ({b} UG3). Then a® belongs
to Z(C'), which then, thanks to Lemma 242 contains {a®, b} U G4. The group G
being a k-group, it follows that Z(C') contains G3, and so [b, e] = 1. Contradiction

to Lemma 280l The proof of Proposition 278 and thus that of Theorem 234] is
now complete.

Corollary 282. The subgroup MC(3), of MC(3) is elementary abelian.

Proof. The group MC(3) is a k-group by Lemma and, thanks to Lemma
248(1), the subgroup MC(3), has order 3. It follows from Proposition that
MC(3), is elementary abelian. m

Corollary 283. Let Q be a finite 3-group of class 4 and let (Q;)i>1 denote the
lower central series of Q. If int(Q) > 1, then Q2 is elementary abelian.

Proof. By Lemma 239 the group @Q is a x-group. Moreover, thanks to Theorem
G4 the subgroup @4 has order 3. It follows from Proposition that Qo is
elementary abelian. [

Corollary 284. Let Q be a finite 3-group with int(Q) > 1. Then Q has nilpotency
class at most 4.

Proof. Assume that @) has class at least 4. Thanks to Lemma [I01] the intensity of
Q/Qs is greater than 1, and so, as a consequence of Corollary 283 the subgroup
Q3 is contained in Q5. However, because of Proposition ZT1] each finite 3-group
H of class at least 5 with int(H) > 1 satisfies H3 = Hy and so it follows that Q
has class at most 4. n

9.6 Constructing automorphisms

In this section we aim at understanding the structure of finite 3-groups of class 4
and intensity greater than 1. We recall that a x-group is a finite 3-group G such
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9. THE SPECIAL CASE OF 3-GROUPS

that |G : G2| = 9 and the cubing map on G induces a bijection G/Gy — G3/G4
(see Section for a closer look at k-groups). The reason why k-groups are so
special for us is Lemma 239 which asserts that any finite 3-group of class 4 and
intensity greater than 1 is a k-group. Moreover, we know from Proposition [I34]
that if we hope to construct a 3-group G of large class and intensity greater than
1, then we need as well to construct an automorphism of order 2 of G that induces
the inversion map on the abelianization of G. We will devote the present section
to the proof of the following result.

Proposition 285. Let G be a k-group such that G4 has order 3. Assume that G
possesses an automorphism of order 2 that induces the inversion map on G/Gs.
Then G is isomorphic to MC(3).

We will prove Proposition 285 at the end of the present section and so the following
assumptions will hold until the end of Section Let G be a k-group such that
G4 has order 3. Then the group G has class 4 and (wtg(i))i; = (2,1,2,1). Let F
be the free group on the set S = {a, b} and let ¢+ : S — G be such that G = (¢(5)).
By the universal property of free groups, there exists a unique homomorphism
¢ : F — G such that ¢(a) = t(a) and ¢(b) = (b). As a consequence of its
definition, the map ¢ is surjective. Let (F;);>1 denote the lower 3-series of F,
which is defined recursively as

Fy=F and F,, = [F, F)F}.

and, in addition, let
L=F3F; and E = [F,L]F3.

All F;’s, L, and E are stabilized by any endomorphism of F'. For a visualization
of such groups we refer to the end of Section [5.4] or to the diagram before Lemma
Let 3 be the endomorphism of F sending a to a~! and b to b~'. Since
B? = idp, the map § is an automorphism of F. We remind the reader that we
have already worked with such an automorphism £ in Section B4 and we will
thus, in this section, often apply results achieved in Section 54 We conclude by
defining two specific sets, consisting of normal subgroups of . Let A3 denote the
collection of normal subgroups N of F such that F/N is a k-group of class 3, as
defined in Section For each element N of N3, we set

Dy = [F, N|F}[F,, Fy).

We define moreover Ny to be the collection of normal subgroups M of F' such that
F/M is a r-group of class 4 with wtg/y;(4) = 1 and such that F/M possesses
an automorphism of order 2 that induces the inversion map on the abelianization
(F/M)/(F/M)s2 of F/M. We will keep this notation until the end of Section
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9. THE SPECIAL CASE OF 3-GROUPS

Lemma 286. Let N € N5. Then Dy is contained in E.

Proof. As a consequence of Lemma [[57, the subgroup L contains N. Again by
Lemma [I57] the index |F : L| is equal to 3 and so, thanks to Lemma 28] one has
[F27 F2] = [F27 L] We get

[F, N1F[Fy, F5] C [F, LIFS[Fy, L] = [F, LIF5 = E
and therefore Dy is contained in F. n

Lemma 287. For each k € Z>5, one has ¢(Fy) = {1}.

Proof. Let k € Z>5 and recall that Fy, = [F, Fy_1]F}_,. By definition of E, one
has ¢([F, Fr—1]) C ¢([F, F4]) C ¢([F, E]) = [¢(F), ¢(E)] and so, as a consequence
of Lemma [I58 we get ¢([F, Fr—1]) C [G,G4] = {1}. Tt follows from Lemma [36]
that ¢(Fy) = ¢(F2_) C ¢(F5) C ®(G)®> = G3 and so Proposition 278 yields
o(Fi) = {1}. .

Lemma 288. Let o be an automorphism of order 2 of G that induces the inversion

map on G/Gsy. Then there exist generators x and y of G such that a(z) = z~*

and ay) =y~ L.

Proof. Write G~ = {g € G : a(g) = g71}. Since (wtg(i))i; = (2,1,2,1), Lemma
yields that the map G~ — G/Ga, defined by g — gGs, is surjective. Thanks
to Lemma [36] the subgroups G2 and ®(G) coincide and therefore there exist two
elements z and y of G~ that generate G. [

Proposition 289. Let a be an automorphism of order 2 of G that induces the
inversion map on G/Gz. Let moreover k € Z>s5 and let ¢y, : F/F, — G be the map
induced by ¢. Then there exists € € Aut(F/Fy) of order 2 such that agy = dye.

Proof. For each k € Zs5, the map ¢i : F/F, — G is well-defined, thanks to
Lemma Let now = and y be as in Lemma and let ¢ and d be elements
of F such that ¢(c¢) = z and ¢(d) = y, which exist because ¢ is surjective. As a
consequence of Lemma[I55] the map ¢ induces an isomorphism F/F» — G /G5 and
therefore ¢ and d generate F modulo F>. Let now ¢ : F — F be the endomorphism
of F sending a — ¢ and b — d; such ¥ exists thanks to the universal property
of free groups. Fix k € Z>5. The subgroup F}j being being stabilized by any
endomorphism of F, the map v induces an endomorphism 7 of the 3-group F =
F/Fy,. However, since ®(F) = Fy, the map ¢ induces an automorphism of F/®(F)
and so 1 is in fact an automorphism of F. Let 8 be the automorphism of F that
is induced by S and define ¢ = ¥B¢—1. By construction, the following diagram is
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9. THE SPECIAL CASE OF 3-GROUPS

commutative.
FIF, —% G
€ «
F/F, —2 G
Moreover, € has order 2, because it is conjugate in Aut(F) to f3. m

Lemma 290. Let M be an element of Ny. Then N = ME belongs to N3 and
Dy is contained in M.

Proof. Let H = F/M and let # : FF — H be the canonical projection. Then
m(N) =7n(ME) = n(E) and so, as a consequence of Lemma [[58] we get m(N) C
Hy. The order of Hy being 3, either m(N) = Hy or N C M. Assume first that
7(N) = Hy. Then we have M C N C 7~ !(H4) and M # N. On the other hand,
we know |7 ~1(Hy) : M| = |H4| = 3 and therefore N = 7= 1(Hy). As a result, F/N
is isomorphic to H/H, and so N belongs to N3. We prove that m(Dy) is trivial.
The image of F under 7 is equal to Hs, thanks to Lemma Moreover, the
subgroup Hy is central in H, because H has class 4, and the commutator subgroup
of H is elementary abelian, thanks to Proposition 278 We compute

m(Dn) = n([F, N))x(F3)n([Fa, Fo)) = [H, Hi)H3[Ho, Ho] = {1},

and so Dy is contained in M. We now prove that 7(N) = Hy. We work by
contradiction, assuming that N C M. Since N = M E, we get that E is contained
in M. As a consequence, the group F/E has class at least 4. However, one has

[F,[F,[F,F]]] < [Fv[FﬂFQ]] < [F7F3] < [FvL] CE
and therefore F'/F has class at most 3. Contradiction. L]

Lemma 291. Let N € N3. Denote moreover H = MC(3). Then there exists
a surjective homomorphism ¢ : F — G such that N = ¢~ 1(G4). Moreover,
¢ induces isomorphisms p1 : F/Fy — H/Hy and ¢3 : L/N — Hs/Hy and a
surjective homomorphism s : E/Dyn — Hy.

Proof. Let ¢ : F — H be a surjective homomorphism, which exists thanks to the
universal property of free groups. Set K = ¢~!(H4). Then K belongs to N3,
because H is a k-group, and so, thanks to Lemma 277 there exists an automor-
phism r of F such that r(N) = K. Define ¢ = ¢ or. Then ¢ is a surjective
homomorphism F — H such that ¢~'(H;) = N. Moreover, ¢ induces isomor-
phisms ¢ : F/Fy — H/Hs and @3 : L/N — Hs/H, as a consequence of Lemmas
and [[57 We conclude by showing that ¢ induces a surjective homomorphism
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E/Dy — Hy. Thanks to Lemma 290, the subgroup Dy is contained in the kernel
of ¢. Moreover, since p(F2) = Hs and ¢(L) = Hs, we get

p(E) = ([F, LIF}) = [H, Hs]H = H,H3.

Now, the group H is a k-group and hence H3 C Hy. It follows that ¢(E) = Hy
and therefore ¢ induces a surjective homomorphism E/Dy — Hy. [

Lemma 292. Let N € N3. Then the commutator map induces a non-degenerate
map F/Fy x L/N — E/Dy whose image generates E/Dy. In addition, one has
E # Dy.

Proof. Write F' = F//Dy and use the bar notation for the subgroups of F. From
the definition of E, one sees that £ = [F,L]. Moreover, by Lemma [I58 the
subgroup E is contained in N and so [F,E] C [F,N] C Dy. In particular, E is
central in F' and so it follows from LemmaPZthat the commutator map FxL — E
is bilinear. Since [F3, L] and [F, N] are both contained in Dy, the last map factors
as a bilinear map v : F/F, x L/N — E whose image generates E. Set now
H = MC(3). Then, as a consequence of Lemmas and 244 the centre of H
is equal to H4 and thus Lemma yields that the commutator map induces a
non-degenerate map v : H/Hy x Hs/Hy — Hy. With the notation from Lemma
297] the following diagram is commutative.

F/Fy x LN ——+ E/Dy
P1 Y3 P4

H/H, x H3/H; ~—— H,

Since the map v is non-degenerate and both ¢ and 3 are isomorphisms, the map
~ is non-degenerate. It follows in particular that E # Dy. [

Lemma 293. Let V and W be 2-dimensional vector spaces over Fs and let n :
V — W be a bijective map with the property that, for each A € Fs andv € V, one
has n(Av) = An(v). Define K = (v @n(v) : v € V). Then the quotient (V@ W)/K
has dimension 1 as a vector space over Fg.

Proof. Without loss of generality we assume that V' = W. Assume first that 7 is an
automorphism of V' and define the automorphism o of VRV by z @y — z@n(y).
Then the subspace A = (v® v : v € V) is mapped isomorphically to K via o. It
follows that (V ® V)/K has the same dimension as (V ® V)/A = A’V and so
(V ® V)/K has dimension 1. Let now 1 be any map satisfying the hypotheses of
Lemma Then 7 induces a bijective map 77 : PV — PV, where PV denotes
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the collection of 1-dimensional subspaces of V. As a consequence of Lemma [254]
there exists an automorphism 7 of V' such that 7 =77 and, for each v € V, one has
F37(v) = F3n(v). As a consequence, we get K = (v® 7(v) : v € V) and therefore
(V ®V)/K has dimension 1 over Fs. m

Lemma 294. Let N € N5. Then |E: Dy| = 3.

Proof. The quotient F/F» is a 2-dimensional vector space over Fs, by definition
of Fy, while L/F is a 4-dimensional vector space over Fs3, thanks to Lemma
Moreover, by Lemma [I58 the subgroup N contains E and, as a consequence of
Lemma 276, the quotient L/N is a vector space of dimension 2 over Fs. Let
v: F/Fs®L/N — E/Dp be the surjective homomorphism induced from the non-
degenerate map of Lemma Let moreover ¢ : F/Fy» — L/E be the map from
Lemma and let 7 denote the canonical projection L/E — L/N. Denote cy =
7 o ¢ and note that, as a consequence of Lemma 276 the map cy : F//Fy — L/N
is a bijection between vector spaces of dimension 2 over F3. From Lemma B72]
it is clear that ¢ commutes with scalar multiplication by elements of F3. Define
K ={(x®cy(x):x € F/F,). As a consequence of the definition of ¢, each element
x®cn(z), with € F/F5, belongs to the kernel of «, and therefore K is contained
in kery. It follows from Lemma that (F/F, ® L/N)/K has dimension 1 and
therefore F/Dy has dimension at most 1 as a vector space over F5. By Lemma
292 the quotient /Dy is non-trivial and so + is not the trivial map. It follows
that ker v has dimension 3 and thus E/Dy has cardinality 3. ]

The following lemmas pave the way to proving Proposition 300

Lemma 295. Let n be an automorphism of F/L of order 2 that induces the
inversion map on F/Fy. Then there exists pr € Inn(F/L) such that, for each
x € F, one has B(x) = (prnp;")(x) mod L.

Proof. Write H = F/L. The group F being 2-generated, |F : F3| = 9 and
80, as a consequence of Lemma [I57 the group H has order 27. Thanks to the
definitions of F; and L, one easily sees that H is non-abelian of exponent 3 and
that Hy = F»/L. Lemma yields that H is central in H. Applying Lemma
27, we get that Hy = Z(H) and therefore H is extraspecial. Let now S be the
automorphism of H that is induced by 5. Then n~13. induces the identity on
H/Hj and so, thanks to Lemma [46] one gets =131, € Inn(H). The group Inn(H)
being a normal 3-subgroup of Aut(H), the Schur-Zassenhaus theorem applies to
Inn(H) x () and ensures that there exists ¢, € Inn(H) with the property that

Br = prner . L]

Lemma 296. Let n be an automorphism of F/E of order 2 that induces the
inversion map on F/Fy. Assume that 8 coincides with n modulo L. Then, for all
x € F, one has B(x) = n(x) mod E.
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Proof. Let A denote the subgroup of Aut(F/FE) consisting of all those automor-
phisms of F/E inducing the identity on both F/L and L/E. Let 8g be the
automorphism that is induced on F//E by 8. As a consequence of Lemma [162]
the element v = n~!3g belongs to A and so, thanks to Lemma @8] there exists a
homomorphism h : F/L — L/E such that, for all z € F//E, one has ¢(z) = h(x)z.
The quotient L/E being elementary abelian, the groups Hom(F/L,L/E) and
Hom(F/Fy, L/E) are naturally isomorphic and so h factors as a homomorphism
F/F, — L/E. Now 7 coincides with 8 on F/F5 and so, thanks to Lemma [I62] it
induces the inversion map on L/E. For each x € F/F3, it follows that

(™) (z) = n(h(z™")) = (h(z™1)) ™" = h(z).

However, the automorphisms 1 and Sg having order 2, one also has

n? =1=p% =Y

and therefore nyYn~1! = ¢~1. For all x € F/E, we compute

U(@)a™t = h(z) = (nhn~")(z)
=n(h(n~(z)))
=n(w1@»( H2)™)
= () (@)a”
= w‘1<x)x‘1
and therefore ¢(r)? = 1. The group F/E being a 3-group, it follows that )
coincides with the trivial map and therefore n and Sg are equal. [

Lemma 297. Let N = ¢~ 1(G4) and let A denote the subgroup of Aut(F/Dy)
consisting of all those maps inducing the identity on both F/E and E/Dy. Then
A is contained in Inn(F/Dy).

Proof. The group N belongs to N3, because G/Gy is a k-group of class 3. As a
consequence of Lemma 292 the commutator map induces an injective homomor-
phism ¢ : L/N — Hom(F/F, E/Dy). Combining Lemmas and 294 we get
that the orders of Hom(F/F5, E/Dy) and L/N are the same and therefore ¢ is
also surjective. It follows that, for each element f of Hom(F/F», E/Dy), there
exists | € L such that f equals 2F» ~ [l,2]Dy. Set F' = F/Dy and use the bar
notation for the subgroups of F. We now prove that A is contained in Inn(F).
Let 6 € A. Then, as a consequence of Lemma [45] there exists a homomorphism
f : F — E whose kernel contains £ and such that, for each z € F, one has
§(x) = f(x)x. Fix such f. The group E being elementary abelian, the kernel
of f contains F, and therefore f factors as a homomorphism F/F, — E. As a
result, there exists [ € L such that, for each € F, one has f(z) = [I,z] and thus

105



9. THE SPECIAL CASE OF 3-GROUPS

§(x) = [l,z]z = lxl~!. In particular, § is an inner automorphism of F and, the

choice of 0 being arbitrary, A is contained in Inn(F'). ]
Lemma 298. Let N be an element of N3. Then 3(Dy) = Dy.

Proof. As a consequence of Lemma [I62 the group N is ()-stable and therefore
so is Dy. n

Lemma 299. Let N = ¢~ 1(Gy4). Let n € Aut(F/Dy) be of order 2 and assume
that n induces the inversion map on F/Fy. Assume moreover that 5 and 7 induce
the same automorphism of F/E. Then there exists vn € Inn(F/Dy) such that,
for all x € F, one has B(x) = (Ynny')(x) mod Dy.

Proof. Set F = F/Dy and use the bar notation for the subgroups of F. Thanks
to Lemma 298 the map 3 induces an automorphism of F, which we denote by f.
Let A denote the subgroup of Aut(F) consisting of all those elements d such that &
induces the identity on both E and F/E. Then, as a consequence of Lemmas
and [61] the automorphism 7~'3 belongs to A and thus, thanks to Lemma 297
we have n~1 3 € Inn(F'). Applying the Schur-Zassenhaus theorem to Inn(F') x (n),
we get that there exists ¥ € Inn(F) such that G = g5 . This concludes the
proof. [

Proposition 300. Let o be an automorphism of order 2 of G that induces the
inversion map on G/Gy. Then there exists v € Inn(F) such that a¢p = ¢(yBy~1).

Proof. Thanks to proposition289 there exists an automorphism e of F'/F5 of order
2 such that a¢s = ¢se. As a consequence, the map € induces the inversion map on
F/F,. Let now M = ker¢ and let N = M E. Thanks to Lemma 290, the group
N belongs to N3 and Dy C M. One easily shows that Fy is contained in Dy .
It follows that ¢ induces an automorphism 1 of order 2 of F'//Dy. Let 1y be the
automorphism that 7 induces on F/L. Then, via the choice of a representative,
Lemma ensures that there exists an inner automorphism ¢y of F/Dy such
that S and cpNnch,l induce the same automorphism of F'/L. Fix such ¢y and
define n; = cpNncpJ_\,l. Since 1 has order 2, the order of 77 is equal to 2. Lemma
yields that in fact 1, and g are the same modulo E. At last, let ¢y be as
in Lemma and define 7y = zZJwa;,l. As a consequence of Lemma 299 the
maps 72 and 8 induce the same map on F'/Dy. Via the choice of a representative,
the inner automorphism ¥y of F/Dy lifts to an inner automorphism ~ of F
with the property that n and v8y~! induce the same automorphism on F/Dy.
To conclude, let ¢ : /Dy — G be the map induced by ¢. Since ags = ¢5¢, one
gets agpn = ¢nm and therefore ag = p(yBy~1). n

Lemma 301. There exists M € Ny such that F/M is isomorphic to MC(3).
Moreover, Ny is non-empty.
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Proof. The group MC(3) is a k-group, by Lemma[249] and MC(3), has cardinality
3, thanks to Lemma[248(1). By Lemma 247 the class of MC(3) is 4 and moreover,
thanks to Lemma 250, the group MC(3) possesses an automorphism that induces
the inversion map on the quotient MC(3) /MC(3),. By the universal property
of free groups, there exists M € Nj such that F/M is isomorphic to MC(3). In
particular, Ny is non-empty. n

Lemma 302. For each M € Ny, one has B(M) = M.

Proof. Let M € Ny. Without loss of generality G = F'//M and so M = ker ¢. Let
moreover o be an automorphism of G of order 2 that induces the inversion map
on G/Gy. Then, thanks to Proposition B00, there exists v € Inn(F') such that
ag = ¢(yBy~1). Tt follows that

{1} = a(p(M)) = ¢(vBy ") (M) = pB(M)

and therefore S(M) is contained in ker ¢ = M. Since 8 induces an automorphism
of each quotient F'/Fy, and since, for large enough k one has F, C M, we have in

fact that S(M) = M. m
F oo -G
F2 ——————————————————————————— - G2
+ +
L oo » G
F3 A e T » Gy
+
- - +
E 7/ -1
+ —_
Dy
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Lemma 303. Let N be an element of N3 and write F = F/Dy. Set moreover
N = N/Dy and E = E/Dy. Define 8 to be the map that is induced by B on F
and set

Then NT =F and N~ is the unique (3)-stable complement of E in N.

Proof. As a consequence of Lemma [[62, the group N is (3)-stable and, being
central in F, it is also abelian. Write now B = (8) and let ¢ : B — {£1} be
the isomorphism mapping S to —1. By Lemma [I59 the group B acts on F/F;
through o and, by Lemma [I62 the induced action of B on L/E is through o. As
a consequence, the induced action of B on both L/N and N/FE is through o. It
follows from Lemmas and [61 that § induces the identity map on E and so,
thanks to Theorem [68] the subgroup E has a unique (j3)-stable complement in N,
which coincides with N . n

Lemma 304. The map Ny — N3 that is defined by M — ME is an injection
respecting the natural actions of Aut(F).

Proof. The map Ny — N3 is well-defined, thanks to Lemma 290, and it is clear
that it respects the action of Aut(F'). We prove injectivity. To this end, let M,
and Ms be elements of Ay such that M1 E = MsE and set N = M E = MyE.
Since M; and My belong to Ny, Lemma 302 yields S(M7) = M; and B(Ms) = Ms.
It follows then from Lemma that both M; and M, are the unique (3)-stable
complement of E and so My = M. n

Lemma 305. The map Ny — N3 that is defined by M — ME is a bijection
respecting the natural actions of Aut(F).

Proof. The map Ny — N3 is well-defined, injective, and respects the action of
Aut(F) thanks to Lemma We prove surjectivity. To this end, let N be an
element of N3. Write F' = F/Dy and use the bar notation for the subgroups of F'.
Let moreover N be as in Lemma 303l As a consequence of the definition of Dy,
the subgroup N is central in F and so N is normal in F. Let M be the unique
normal subgroup of F containing D such that M = N . Then, as a consequence
of Lemma[303] one has N = M E. Write H = F/M and denote by 7 the canonical
projection F' — H. We will prove that M € Nj. Thanks to the isomorphism
theorems, the groups m(NN) and E are naturally isomorphic and, by Lemma 294]
the group E has order 3. It follows that |N : M| = 3. Moreover, the group N
being an element of A3, the quotient F//N has class 3 and so M C 7~ *(H,) C N.
Only two cases can occur: either N = 7~'(Hy) or M = 7~ (H,). Assume by
contradiction that M = 7~1(H,) and so that H has class 3. Since H/m(N) is
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isomorphic to F/N, Lemma [[57] yields that w(L) = Hsw(N) and, since N is
central modulo Dy, the subgroup 7(N) is central in H. It follows that

w([F, L)) = [«(F),n(L)] = [H, Hsn(N)] = [H, H3) = Hy = {1}
and therefore [F, L] is contained in M. We get then
E = [F,LF} C [F,L|F}[F,, F5) C [F,L]Dy C M,

and thus N = MFE = M, which is a contradiction. We have proven that N =
7~1(Hy), from which it follows in particular that |Hy| = |N : M| = 3 and so H has
class 4. Moreover, H is a k-group, because F/N is. To prove that M belongs to
N4, we are left with proving that H has an automorphism of order 2 that induces
the inversion map on H/Hj and in fact such an automorphism can be gotten, for
example, by inducing 8 to H. We have proven that M € N, and so, the choice of
N being arbitrary, the map N3 — N} is surjective. n

Corollary 306. The set Ny has 3 elements and the action of Aut(F) on Ny is
transitive.

Proof. Combine Proposition 277 and Lemma [305 [

We are now ready to prove Proposition By Lemma [B0I] there exists an
element M of Ny with the property that F/M is isomorphic to MC(3). As a
consequence of Corollary B0, the natural action of Aut(F') on Ny is transitive and
therefore G and MC(3) are isomorphic. The proof of Proposition 285 is complete.

9.7 Intensity

In Section we have proven Corollary B84 which asserts that finite 3-groups of
intensity larger than 1 have class at most 4. We will prove in this section that
the bound is best possible by showing that the group MC(3), introduced at the
beginning of this chapter and whose structure we investigated in Section .2 has
intensity 2. Thanks to results coming from the previous sections, we will, at the
end of the current section, finally be able to give the proof of Theorem 2311

Proposition 307. The group MC(3) has intensity 2.

We will devote a big part of the present section to the proof of Proposition
To this end, let the following assumptions hold until the end of Section Set
G = MC(3) and denote by (G;);>1 its lower central series. For all i € Z>i,
write wtg(i) = w;. By Lemma 247 the group G has class 4 and order 729.
Moreover, thanks to Lemmas 248(1) and 249] the group G is a k-group satisfying
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9. THE SPECIAL CASE OF 3-GROUPS

(w1, wa,ws,wq) = (2,1,2,1). Let « be as in Lemma 250 and set A = («). In con-
cordance with the notation from Section2:2) we define Gt = {z € G : a(z) = z}

and G~ ={z € G : a(z) =2~ '}. Moreover, for each subgroup H of G, we denote
Ht=HNGtand H- =HNG".

Lemma 308. Let H be a subgroup of G2 and let g be an element of G. Then the
following hold.

1. The group G2 normalizes H.

2. If both H and gHg™' are A-stable, then gHg™! = H.

Proof. The group G is abelian, by Corollary 282 and in particular it normalizes
each of its subgroups. As a consequence of Lemma B5(1), the subgroup G is
contained in G2 and we conclude combining (1) with Lemma BTl ]

Lemma 309. Let H be a subgroup of G that contains Gy4. Then there exists g € G
such that gHg™' is A-stable.

Proof. We denote by a4 the automorphism of G/G4 that is induced by a. By
Proposition [[42], the automorphism ay is intense so, by Lemma 03] there exists
g € G such that gHg™!/Gy is (a4)-stable. It follows from the definition of vy that
gHg™!is A-stable. "

We recall that a positive integer j is a jump of a subgroup H of G if and only if
HNGj # HNGjyq. For the theory of jumps we refer to Section 2.3

Lemma 310. Let H be a subgroup of G such that HNG4 = {1}. Assume moreover
that H is not contained in Go. Then there exists x € G\ Ga such that H = (x).

Proof. The subgroup H is different from G, since HNG4 = {1}, and it is therefore
contained in a maximal subgroup C' of G. Moreover, H not being contained in
G2, we have wt$ (1) = 1. We first show that H is abelian. The subgroup [H, H] is
contained in [C,C] and [C,C] = [C, G2], as a consequence of Lemma 28 Thanks
to Lemma 20} the subgroup [H, H] is contained in G3. By Lemma 244] the centre
of G is equal to G4 and so, by Lemma [[90] the map v : G/G2 x G3/G4 — G4
that is induced from the commutator map is non-degenerate. Since C' = HG3, we
get [C,[H, H]|| = [H,[H,H]] C HN G4 and so, since H N G4 = {1}, the subgroup
[H, H] is contained in Z(C). It follows that [H, H] is contained in Z(C)N[C, CINH
and so, thanks to Corollary 282 and Lemma 245 the commutator subgroup of H is
trivial. The group H being abelian, it follows, from the non-degeneracy of «y, that
wt&(3) < 1 and, from Lemma P41] that wt$(2) = 0. Let now x be an element of
H\ G2. Then 1is a jump of (x) in G and, the group G being a k-group, it follows
that 2° € G3 \ G4. As a consequence of Lemma [§4] we get

4
(z)] > 3wty (1Dgwt ey (3) 5 g > gwtf(1)gwtF(3) _ H3wtg(i) = |H|

i=1
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and therefore H is cyclic generated by . [

Lemma 311. Let H be a subgroup of G such that H NGy = {1}. Assume that H
is not contained in Go. Then H and a(H) are conjugate in G.

Proof. By Lemmal[31I0}, the group H is cyclic. We define T' = H® G4 so, by Lemma
B9, there exists g € G such that gT'g~! is A-stable. We fix such g and denote
T' = ¢gTg~ " and H = gHg~'. The subgroup G4 being characteristic, it follows
that H @ G4 =T’ = a(H') ® G4. Let C denote the collection of complements of
G4 in T'. By Lemma [I14] the elements of C are in bijection with the elements of
Hom(H’,G4), which is naturally isomorphic to Hom(H'/®(H'), G4), because G4
has order 3. The group H' is cyclic, so ®(H') = (H')? and, the group G being a x-
group, one gets ®(H') = H' NG4. By Lemma[B6 the quotient G/G is elementary
abelian and the restriction map Hom(G/G2, G4) — Hom(H'G2/G2,Gy) is thus
surjective. Moreover, by Lemma [244] the subgroup G4 coincides with Z(G) so,
as a consequence of Lemma [[90) the map G3/G4 — Hom(G/G2, Gy4), defined by
2G4y — (tGy — [x,t]), is an isomorphism. It follows from Lemma [IT4 that, for
each K € C, there exists x € G such that K = {[z,t]t =xtz~! [t € H'}. Asa
consequence, there is x € G such that a(H') = xH'x~! and so, since H' = gHg™ !,
also a(H) and H are conjugate in G. ]

Lemma 312. Let H be a subgroup of Gs such that H NGy = {1}. Then H and
a(H) are conjugate in G.

Proof. Let T'= HG4. The group G3 is elementary abelian, as a consequence of
Corollary B82, and therefore so is T = H @ G4. Let g € G be such that gT'g~! is
A-stable, as in Lemma 309 and set 7/ = gTg~ ! and H' = gHg~'. Let moreover
C be the set of complements of G4 in 77 and note that, G4 being characteris-
tic, both H' and «a(H’) belong to C. Thanks to Lemma [[T4 the elements of C
are in bijection with the elements of Hom(H’, G4). By the isomorphism theo-
rems, H’ is isomorphic to (H'G4)/G4 and the restriction map induces a surjection
Hom(G5/G4,G4) — Hom(H',G4). By Lemma 244 the subgroup G4 coincides
with Z(G) so, as a consequence of Lemmal[I90, the map G/G2 — Hom(G5/G4, G4),
defined by G4 — (tG3 — [z,t]) is an isomorphism. It follows from Lemma [[T14]
that each element of C is of the form {[z,t]t = xtx=! |t € H'} = xH'x~!, for some
x € G. In particular, «(H') and H’ are conjugate in G. The groups H' and H
being conjugate in G, it follows that H and «(H) are conjugate, too. [

Lemma 313. Let H be a subgroup of G such that H ® G4 = G3. Then H has an
A-stable conjugate in G.

Proof. We define X to be the collection of all subgroups K of G for which G5 =
K @® G4. The group Gs is elementary abelian, by Corollary 82 so the set X
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is non-empty. Moreover, as a consequence of Lemma [I14] the cardinality of
X is equal to the cardinality of Hom(H,Gy4), which is 27. We define Xt =
{KeX : af(K)=K} and we will show, with a counting argument, that H is
conjugate to an element of X*. Let K € XT. Thanks to Corollary [76, we can
write K = KT @ K~ and, as a consequence of Lemma [R5, the subgroup K~ is
equal to G5 . Again by Lemma BB the subgroup G4 has order 9 and it contains
G4. Tt follows that |X ]| is equal to the number of 1-dimensional subspaces of
G that are different from Gy, i.e. |X*| = 3. By Lemma BOS(1), the group G
normalizes K, but in fact Go = Ng(K), as a consequence of Lemma It fol-
lows that the orbit of K in X has size |G : G2| = 9 so, thanks to Lemma [B08(2),
the element K is the only element of X belonging to its orbit under G/G5. The
number |X|/|X | being equal to 9, it follows that each orbit of the action of G/G4
on X has a representative in X . The same holds for the orbit of H. [

Lemma 314. Let H be a subgroup of G such that H ® Gs = G3. Then H has an
A-stable conjugate in G.

Proof. Let X be the collection of all complements of G3 in G2. The group Go
is elementary abelian, by Corollary 2821 and so, from Lemma [IT4 it follows
that the cardinality of X is equal to |Hom(H,G3)| = 27. We define Xt =
{KeX : a(K)=K}. As a consequence of Lemma [B5] if K is an element of
XT, then K = KT. The elements of XT are thus exactly the one-dimensional
subspaces of G} that are different from G4 and so we have that | X*| = 3. Fix
K € X™T. Then, as a consequence of Lemma 24T} the commutator map induces
an isomorphism G/Gs ® K — G3/G4. Tt follows that Ng(K) is contained in G
so, thanks to Lemma [B08|(1), one has Ng(K) = G2. Lemma B08(2) yields that K
is the only element of X belonging to its orbit under the action of G/G2 on X.
The number |X|/|X | being equal to 9, it follows that each orbit of the action
of G/G3 on X has a representative in Xt so, in particular, H has an A-stable
conjugate in G. [

Lemma 315. Let z € G\ G2 and let a € GJ \ Gs. Then [x,a] does not belong to
G~.

Proof. Let C = Cg([z,a]) and D = (z,G2). By Lemma 241] the element [z, a]
belongs to G5 \ G4 so, as a consequence of Lemmas and 90 the index of C
in G is equal to 3. In particular, both C' and D are maximal subgroups of G.
Assume now by contradiction that [z,a] € G~. Since x belongs to G \ G2, there
exists v € G such that a(r) = x~ !y and so we have

-1

[x7a] = O‘([x7a]) = [x—l,%a].
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The group G4 is elementary abelian, by Corollary 282 and therefore, applying
Lemma [I8|(2), one gets

1 1

= [x_lv [a,x]][a,x]
= [$_ 7[$aa]_l][xva]_ :

As a result, the element [x7!,[z,a]"!] is trivial, and so = € C. It follows that
C = D, and thus [z,a] belongs to [C,C] N Z(C). Lemma 2437 yields [z,a] € Gy.
Contradiction. L]

Lemma 316. Let x € Go \ Gs and y € G3 \ G4. Define H = (x,y). Then H has
an A-stable conjugate.

Proof. The group G> is elementary abelian, by Corollary 282, and therefore H =
() ® (y). Let X be the set consisting of all subgroups of G5 of the form (u) & (v),
where u € G2 \ G3 and v € G5\ G4. The cardinality of X is then equal to 108.
We define Xt = {K e X :a(K)=K} and we fix K € XT. By Corollary [T6]
the subgroup K decomposes as K = K+ @ K~ and, as a consequence of Lemma
B there exists a € G such that K = {(a) ® K~. Fix such a. Again thanks
to Lemma 85, we get that |XT| = 12. We want to count the conjugates of K.
By Lemma B08(1), the subgroup G, is contained in Ng(K) and, if z € Ng(K),
then [z, a] € K N Gs. The intersection K N G3 being equal to K, it follows from
LemmaBTolthat Ng(K) = G2. As a consequence of Lemma B08(2), the element K
is the only element of X belonging to its orbit under G/G3 so, from the equality
|X|/|X*| =9, we can deduce that each orbit of the action of G/G2 on X has a
representative in X . The same holds for the orbit of H. [

Lemma 317. The automorphism « is intense. Moreover, the intensity of G is
equal to 2.

Proof. Let H be a subgroup of G. If H contains G4, then, by Lemma [B09] there
exists a conjugate of H that is A-stable. Assume that H N G4 = {1}. If H is not
contained in G, then H is conjugate to a(H), thanks to Lemma BIIl Assume
that H is contained in Go. If 2 is not a jump of H in G, then, by Lemma 312 the
subgroups H and «(H) are conjugate in G. We suppose that 2 is a jump of H in
G. By Corollary[282] the group Gs is elementary abelian and so H is a subspace of
(G2, not contained in G, that trivially intersects GG4. The combination of Lemmas
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[BI3 BT4 and BI6] guarantees that H has an A-stable conjugate in G. The choice
of H being arbitrary, it follows from Lemma [@3] that « is intense. The intensity of

G is at least 2, because « has order 2, but in fact int(G) = 2, as a consequence of
Theorem [I25(1). ]

We remark that, thanks to Lemma BI7, the proof of Proposition is complete.
Moreover, we are now also able to prove Theorem 23Tl The implication (2) = (1)
is clear and the implication (3) = (2) is given by the combination of Proposition
and Lemma We now prove (1) = (2). To this end, let Q be a finite
3-group of class at least 4 with int(Q) > 1. Because of Corollary 284 the class
of @ is equal to 4 so, as a consequence of Theorem [I64] the order of @ is equal
to 729. The intensity of @ is equal to 2, thanks to Theorem [I25(1). We have
concluded the proof of (1) = (2) and, to finish the proof of Theorem 231] we will
next prove (2) = (3). Let @ be a finite 3-group of class 4 and intensity 2. Then,
by Lemma 239 the group Q is a k-group and, as a consequence of Proposition
34 it possesses an automorphism of order 2 that induces the inversion map on
Q/Q2. By Theorem [I64] the order of Q4 is 3. Proposition yields that @ is
isomorphic to MC(3). The proof of Theorem [231]is now complete.
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Chapter 10

Obelisks

Let p > 3 be a prime number. A p-obelisk is a finite p-group G for which the
following hold.

1. The group G is not abelian.
2. One has |G : G| = p® and G3 = GP.
The following proposition will immediately clarify our interest in p-obelisks.

Proposition 318. Let p > 3 be a prime number and let G be a finite p-group of
class at least 4. If int(G) > 1, then G is a p-obelisk.

Proof. Combine Theorems [164] and [

Chapter [0 will be entirely devoted to understanding the structure of p-obelisks
and that of their subgroups. Some of the results, especially coming from Section
[[0.4] are rather technical and their relevance will become evident in Chapter [T11

10.1 Some properties

We remind the reader that, if p is a prime number and G is a finite p-group, then
wta (i) = log,, |Gi : Git1| where (G;)i>1 denotes the lower central series of G.

Lemma 319. Let p > 3 be a prime number and let G be a p-obelisk. Let (G;)i>1
denote the lower central series of G. Then the following hold.

1. The class of G is at least 2.
2. One has wtg(l) = 2 and wtg(2) = 1.

3. The group G/Gs is extraspecial of exponent p.
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Proof. The group G is non-abelian and thus Go # Gs. The index |G : G| being
equal to p3, it follows from Lemma BT that wtg(1) = 2 and wtg(2) = 1. We
denote now G = G/G3 and use the bar notation for the subgroups of G. Then
G5 is contained in Z(G) and G3 = Z(G), as a consequence of Lemma The
exponent of G is p, because GP is contained in Gs. [

Lemma 320. Let p > 3 and let G be a p-obelisk. Then G is reqular.
Proof. This follows directly from Lemma [

Proposition 321. Let p > 3 be a prime number and let G be a p-obelisk. Let
(G;)i>1 be the lower central series of G and let ¢ denote the class of G. Then the
following hold.

1. For alli € Z>1, one has wtg (i) wtg(i + 1) < 2.
2. If wtg(i)wtg(i+1) =1, theni=c—1.
3. For all positive integers k and 1, not both even, one has |Gy, G| = Gr4i.

Proof. Proposition B2T]is a simplified version of Theorem 4.3 from [Bla61], which
can also be found in Chapter 3 of [Hup67] as Satz 17.9. L]

We remark that the term p-obelisk does not appear in [Bla61] or [Hup67] and is of
our own invention. Moreover, originally Proposition B2|(1-2) was phrased in the
following way: if G is a p-obelisk, then

(wtg(i))is1 = (2,1,2,1,...,2,1, £,0,0,...) where f € {0,1,2}.

Lemma 322. Let p > 3 be a prime number and let G be a p-obelisk. Let ¢ denote
the class of G and let i € {1,...,¢c—1}. Then the following hold.

1. The indez i is odd if and only if wtg (i) = 2.
2. The index i is even if and only if wtg(i) = 1.
3. If wtg(c) =2, then c is odd.

4. If ¢ is even, then wtg(c) = 1.

Proof. For all j € {1,...,c— 1}, denote w; = wtg(j). Thanks to Lemma BI9] we
have w; = 2 and we = 1. As a consequence of Proposition 321} whenever ¢ < ¢—1,

the product w;w; 41 is equal to 2 and, for all indices ¢,j € {1,...,¢— 1}, one has
w; = wj if and only if ¢ and j have the same parity. It follows from Proposition
B21(1) that wtg(c) can be 2 only if ¢ is odd. ]

We recall that, if G is a p-group, then p denotes the map x — P on G.
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Lemma 323. Let p > 3 be a prime number and let G be a p-obelisk. Then, for
all i,k € Z~q, one has p*(G;) = Gaopyi-

In his original proof of Proposition B21], Blackburn also proves Lemma 323l Black-
burn’s proof strongly relies on the fact that p-obelisks are regular and it makes
use of some technical lemmas that can be found in [Hup67), Ch. ITI].

Proposition 324. Let p > 3 be a prime number and let G be a p-obelisk. Let
(Gi)i>1 be the lower central series of G and let ¢ denote its nilpotency class. Then
Z(G) = G..

Proof. We work by induction on ¢. If ¢ = 2, then, by Lemma BT9(3), the group G
is extraspecial so Go = Z(G). Assume now that ¢ > 2. The subgroup G. is central,
because G has class ¢, and, by the induction hypothesis, Z(G/G.) = G¢—1/G.. Tt
follows that G. C Z(G) C G.—1 and Z(G) # G._1. Moreover, by Proposition
B2I(1), the width wtg(c — 1) is either 1 or 2. If wtg(c — 1) = 1, then Z(G) = G;
we assume thus that wtg(c — 1) = 2. By Lemma B22[1), there exists a positive
integer k such that ¢ — 1 = 2k + 1 so, from Lemma BZ3, we get G._1 = p*(G)
and G, = p*(Gy). As a consequence of Proposition BZI(1), the subgroup G.
has order p. Let us assume by contradiction that Z(G) # G, in other words
|Geo1 : Z(G)| = |Z(G) : Ge| = p. Let N = Cg(Ge—1). The commutator map
G/Gy X G.—1/G. — G, is bilinear by Lemma and it factors as a surjective
non-degenerate map G/N X G._1/Z(G) — G.. It follows from Lemma [2 that
G/N is cyclic of order p so, by Lemma 28] one has G2 = [N, G|. Lemma [54] yields

PN, G)) = [N, 0H(G)] = [N, Ceur] = {1}
and so G, = p*(Gy) = {1}. Contradiction. "

Lemma 325. Let G be a group and let N be a normal subgroup of G. Let moreover
H and K be subgroups of G such that K C H. Then one has (H N N)K =
(KN)NH.

Proof. Easy exercise. L]

Lemma 326. Let p > 3 be a prime number and let G be a p-obelisk. Then each
non-abelian quotient of G is a p-obelisk.

Proof. Let N be a normal subgroup of G such that G/N is not abelian. We claim
that N is contained in G3. Denote first H = G/N. Then we have |H : Hy| <
|G : Ga|. Moreover, H being non-abelian, Lemma [B1] yields |H : Hz| > p?, and
therefore, from Lemma BT9(2), it follows that N C Go. If NN G35 = N, then N is
contained in G3 and we are done. Assume by contradiction that N N G3 # N. As
a consequence of Lemma [BT9(2), the subgroup N does not contain G3. Let now
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M be a normal subgroup of G such that NNGs C M C G3 and |G3 : M| = p,
as given by Lemma Then G = G/M has class 3 and N # {1}. But, by
Lemma [[40, the centre of G is equal to G5 so, G3 having order p, Lemma
yields G3 C N. In particular, Gs is contained in M N. Thanks to Lemma [325]
we get that G35 = (Gs N N)M = M, which gives a contradiction. It follows that
N C Gs, as claimed, and thus we have |H : Hs| = |G : Gs]|. It is moreover clear
that HP = Hs, and so we have proven that H is a p-obelisk. [

Lemma 327. Let p > 3 be a prime number and let G be a p-obelisk. Then the
following hold.

1. If H is a quotient of G of class i, then Z(H) = H,.

2. Let N be a subgroup of G. Then N is normal in G if and only if there exists
xS Z>0 such that Gi+1 C N C G;.

Proof. (1) Let H be a quotient of G and let ¢ denote the class of H. Let moreover ¢
denote the class of G and note that ¢ < c¢. If i =0 or ¢ = 1, the group H is abelian
and Z(H) = H. Assume now that ¢ > 1. Then H is a non-abelian quotient of a
p-obelisk so, by Lemma [326] it is a p-obelisk itself. To conclude, apply Proposition
For the proof of (2), we combine (1) with Lemma ]

10.2 Power maps and commutators

Throughout Section we will faithfully follow the notation from the List of
Symbols. In particular, if p is a prime number and G is a finite p-group, then p
denotes the map G — G that is defined by = +— aP. We remind the reader that p
is in general not a homomorphism.

Lemma 328. Let p > 3 be a prime number and let G be a p-obelisk. Then the
following hold.

1. For alli,k € Z~q the map p* : G; — G; induces a surjective homomorphism
pf : Gi/Gi—H — G2k+i/G2k+i+l-

2. For all h,k € Z~q not both even, the commutator map induces a bilinear
map Ynk : Gn/Ghry1 X G /Gr41 — Ghik/Ghir+1 whose image generates
Ghik/Ghtk+1-

Proof. (1) Let i and k be positive integers and, without loss of generality, assume
that Gog+ir1 = {1}. We work by induction on k and we start by taking k = 1. As
a consequence of Lemmal[20 the group [G;, G;] is contained in Go; so, from Lemma
B23 it follows that [G;, G;]P is contained in Ga;42. The index i being positive,
Gait2 is contained in G;43 = {1}. Now, the prime p is larger than 3 so G, is also
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contained in G;4+3 = {1}. It follows from Lemma 20, that (G;), is contained in
Gip, and so, thanks to Corollary 8] the map p : G; — G is a homomorphism. The
function p factors as a surjective homomorphism p} : G;/Gi11 — G2, thanks to
Lemma 323l This finishes the proof for k = 1. Assume now that k£ > 1 and define

k_ 1 1 1 1
Pi = P2k+i—1 © P2k+i—3C -9 Pi42° P4+

As a consequence of the base case, the map pf is a surjective homomorphism
pF : Gi/Git1 — Gapyi/Gagrir1 and, by its definition, it is induced by p*. This
proves (1). To prove (2) combine Proposition B2I(3) with Lemma 23] ]

Corollary 329. Let p > 3 be a prime number and let G be a p-obelisk. Let c
be the class of G. Let moreover i and j be integers of the same parity such that
1 <i<j<cand one of the following holds.

1. The number j is even.
2. One has wtg(j) = 2.

Define m = % Then the map p™ : G; — G; induces an isomorphism of groups
pit: Gi/Giv1 — Gj /Gt

Proof. By Lemma B28(1), the map p™ : G; — G; induces a surjective homomor-
phism pj* : G;/Git1 — G;j/Gj41. Now, i and j having the same parity, it follows
from Lemma B22] that wte (i) = wte(j) and pi™ is a bijection. L]

Lemma 330. Let p > 3 be a prime number and let G be a p-obelisk. Denote by c
the class of G. Let moreover h and k be positive integers, not both even, such that
h+k <c. Assume additionally that, if h + k is odd, then wtg(h + k) = 2. Then
the map vn,1 from Lemma is non-degenerate.

Proof. Without loss of generality, assume that ¢ = h + k and so Gpyp+1 = {1}.
We prove non-degeneracy of 7y, by looking at the parity of h + k. Assume first
that A + k is odd and, without loss of generality, h is odd and k is even. From
Lemma[322] it follows that wtg(h) = 2 and wtg (k) = 1. Moreover, by assumption,
wte(h + k) = 2. Since the image of 7, 1 generates Gpyr, the map ~y, ; is non-
degenerate. Let now h + k be even. The numbers h and k are both odd so
wtg(h) = wtg(k) = 2, by Lemma B22(2). Assume without loss of generality that
h < k. Then, by Lemma 323 the set p%(Gh) coincides with the subgroup Gy.
Let now C' = Cg, (Gy) and D = Cg, (Gp). Since v, # 1, Lemma 20 yields that
Gh+1 € C C Gy and Giy1 € D C Gi. The commutator map induces a non-
degenerate map G}, /C x G /D — Gy so, wta(h+ k) being equal to 1, Lemma 2]
yields that |G, : C| = |Gk : D|. Now, by Lemma [B20] the group G is regular, and
therefore so is C. Thanks to Lemma[B2(1), the set P (C) is a subgroup of C' and
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k—h

so, thanks to Lemma [54] one has [p" =" (C), Gi] = [C, p" = (G1)] = [C, Gx] = {1}.
In particular, pk;_h(C') C D. Since |G}, : C| = |Gy : D| and wtg(h) = wtg(k) = 2,
we derive from Corollary that p% (C) = D. Assume now by contradiction
that there exists € Gj, such that Gy, = (x,C). Then Gy = (pk;_h(x),D> and
therefore, the commutator map being alternating, one has Gpir = [Gg, Gr] =
([, p% ()]) = {1}. Contradiction to the class of G being h + k. It follows that
the quotient Gj,/C' is not cyclic and so C = Gj41 and D = Gi41. In particular,
.k is non-degenerate. n

Corollary 331. Let p > 3 be a prime number and let G be a p-obelisk. Denote by
¢ the class of G. Let moreover | € {1,...,c— 1} be such that ¢ — 1 is odd. Then
the map Ge—1/G.—1+1 — Hom(G;/Gi41,G.) that is defined by

tGe—141 (J? Giy1 — [t,d?])
is a surjective homomorphism of groups.

Proof. As a consequence of Lemma B23] the groups G;/Gi+1, Ge—i/Ge—i41, and
G. are elementary abelian and the map v.—;; from Lemma [328]is thus a bilinear
map of F,-vector spaces. Respecting the notation from Section [IT] we define

0: Gc—l/Gc—H-l — HOIn(Gl/GH_l, Gc)

to be the map sending each element v € Ge—;/Ge—i141 t0 »(Ye—i1,1). In other words,
if v = tGe_i41, then 6(v) : Gi/Gi+1 — G, is defined by x Gi41 — [t,z]. As a
consequence of Lemma B28(2), the function J is a homomorphism of groups and o
differs from the zero map. Let us now, for alli € {1,...,c}, denote w; = wtg(i). It
follows that the dimension of Hom(G;/G 41, G..) is equal to ww, and, if wjw, = 1,
then § is surjective. We assume that wjw, # 1. The index ¢—1 being odd, it follows
that either [ or c¢ is even. Proposition B21] yields w._; = wyw, and, if [ is even,
then w, = 2. As a consequence of Lemma B30, the map ¢ is injective and so ¢ is
also surjective. [

10.3 Framed obelisks

Let p > 3 be a prime number and let G be a p-obelisk. Then G is framed if, for
each maximal subgroup M of G, one has ®(M) = Gs.

Lemma 332. Let p > 3 be a prime number and let G be a p-obelisk. Let moreover
h,k € Zo, with h odd and k even, and n € Z>o. Then the following diagram is
commutative.
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Ghr/Ght1 X G /Grs1 Tk Ghik/Ghiks

(dey, /G4y > PE) Phtk

Yh,k+2n
Gh/Gh-H X Gk+2n/Gk+2n+1 —_— Gh+k+2n/Gh+k+2n+l

Proof. The maps from the above diagram are defined in Lemma Assume
without loss of generality that Gpyr12n+1 = {1} so that Gp4 k2, is central. The
diagram is clearly commutative for n = 0. We will prove the most delicate case,
i.e. when n = 1, and leave the general case to the reader. Set n = 1. Let
(z,y) € G, x Gi. We will show, and that suffices, that [z,y?] = [z, y]’. Thanks
to Lemma [I8(4), one gets

p—1
[z, y) P, y?) = [ lv" 2l v

r=1
Applying Lemma 20 twice, one gets that, for each index r, the element [[y", z], y]
belongs to G421, which is itself contained in the central subgroup Gy, x42. More-
over, the group Gp4+r being central modulo Gp4x+1, Lemma 22 yields [y", z] =
[y, )" mod Gp4k+1. Thanks to Lemma 23] the commutator map on G induces a
bilinear map Gp4+x/Ghrii+1 X Gr/Gr+1 — Ghiar and therefore we get [[y", x], y] =
[y, z]",y] = [y, z],y]". Tt follows that

ey Pl y?] = [[ 17 2ol = [l 2]ou]” = [y, 2, ]®)

and, the prime p being larger than 2, the number (’2’) is a multiple of p. Since
[y, 2], y] belongs to G412, it follows from LemmaB23] that [z, y*] = [z, y]P. This

concludes the case n = 1. n

Lemma 333. Let p > 3 be a prime number and let G be a p-obelisk. Let moreover
h,k € Zsq, with h odd and k even, and m € Z>q. Then the following diagram is
commutative.

Yh,k
Ghr/Ghs1 X Gi/Gri Ghii/Ghikt1
(P> ey /apyy) Phvk

Yh+2m,k
-~ s

Ghi2m/Ghyom+1 X G /Gria Ghiktam/Ghykram+1
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Proof. The maps in the diagram are as in Lemma and they are well-defined.
Assume without loss of generality that Gpirtom+1 = {1} and so Gpigiom is
central. Let (z,y) € Gj X Gg. The diagram is clearly commutative if m = 0; we
will prove commutativity when m = 1, the most difficult case, and we will leave
the general case to the reader. Set m = 1. We will prove, and that suffices, that
[P, y] = [z, y]P. Applying Lemma [I8(3) twice, we get

[P, yllz, y]™ =H (272, y]
T (pf[l[x, |
s=1 j=1

Thanks to Lemma 20, each element [z,[zP~*77 4]] belongs to Gjion and, the
group Gpik+s being trivial, Giiop centralizes Gpir. Again by Lemma 20 for
each index s, the element [x,y]P~* belongs to Gy and applying Lemma [I8(1)
twice yields

e e =TT [+ T o 0] T b
= 5 {x, p_i_l[x, [551’—S—j7 y]]} p_l[;v, [z, y]]P~°.

Thanks to Lemma B3] given any two positive integers ¢ and j, the commuta-
tor map induces a bilinear map Gi/Gi+1 X Gj/GjJ,_l — Gi+j/Gi+j+1. By tak-
ing consecutively (i,7) = (h,k) and (i,j) = (h,h + k), we get respectively that
[#P=579 4] = [2,y]P~*7 mod Gpyk41 and so

[z, [P~ )] = [, [, )P~ 7] = [, [, )P mod Gopgigr-

By taking (i,j) = (h, 2h + k), we derive that

T o T o] T e

E i

[z, y][z,y] P =

=11 [ ol )] T o i~
= T o020 T s fa sl = [ o)) B s ) ).

The prime p being larger than 3, both (}) and (§) are multiples of p. As both
[z, [z,y]] and [, [z, [z,y]]] belong to Ghikt+1, it follows from Lemma that
[#P,y] = [z, y]?. This concludes the proof for m = 1. m
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Proposition 334. Let p > 3 be a prime number and let G be a p-obelisk. Let
moreover h,k € Zso, with h odd and k even, and let m,n € Z>o. Then the
following diagram is commutative.

Gn/Ghy1 X Gr/Gry1 Tk Ghir/Ghirs1

m+4n

(P15 Pi) 2

Yh+2m ,k+2n

Ghiom/Ghroms1 X Gryon/Grtons1 Ghtrr2(mn)/ Ghabt2(mtn)+1

Proof. Combine Lemmas [332] and Lemma [333] [

Lemma 335. Let p > 3 be a prime number and let G be a p-obelisk of class at
least 3. Let moreover M be a mazimal subgroup of G. Then [M,M] = [M, Gs)
and, whenever wtg(3) = 2, the following are equivalent.

1. One has ®(M) # Gs.
2. One has [M,M] = MP? = ®(M).

Proof. The subgroups M? and [M, M| are both characteristic in the normal sub-
group M; thus both M? and [M, M] are normal in G. By Lemma BT9(2), the
quotient G/Go has order p? and so |G : M| = |M : Ga| = p. It follows from
Lemma 28] that [M, M] = [M, G2] and so, as a consequence of Corollary B29 and
Lemma B30, the least jumps of [M, M] and M? in G are both equal to 3 and
of width 1. In particular, ®(M) is contained in G3 and Lemma B27(2) yields
G4 € MP N [M,M]. If the third width of G is equal to 2, then it follows that
®(M) # G if and only if [M, M] = ®(M) = MP. m

We remark that, as a consequence of Lemma [323] quotients of consecutive elements
of the lower central series of a p-obelisk are vector spaces over F;, and therefore,
in (2) and (3) from Proposition [330] it makes sense, for each positive integer 7, to
talk about subspaces of G;/G;+1.

Proposition 336. Let p > 3 be a prime number and let G be a p-obelisk. Then
the following conditions are equivalent.

1. The p-obelisk G is framed.

2. For each 1-dimensional subspace £ of G/Ga, the quotient G3/Gy is generated
by pi(€) and y12({€} x G2/G3).

3. For each h,k € Z~qy, with h odd and k even, and for each 1-dimensional
subspace € in Gp,/Gpi1, the spaces pZ/Q(E) and Ypx({€} X Gi/Gr+1) generate
Gk /Ghskt1-
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Proof. (1) & (2) Let 7 : G — G/G5 denote the natural projection. Then, through
7, there is a bijection between the maximal subgroups of G and the 1-dimensional
subspaces of G/G2. For any maximal subgroup M of G, we know from Lemma 335
that [M,G2] = [M, M] and therefore (2) holds if and only if, given any maximal
subgroup M of G, one has ®(M)G4 = G3. Lemma B27(2) yields that (2) is
satisfied if and only if, for any maximal subgroup M of G, one has ®(M) = Gs.
We now deal with (2) < (3). The implication < is proven by taking h = 1 and
k = 2, so we will prove that (2) implies (3). Let ¢ be a 1-dimensional subspace
of Gi/Ghy1. Define moreover m = 251 n = E22 'and § = m + n = 2H2=3,
Thanks to Lemma [328(1), there exists a 1-dimensional subspace ¢’ of G/G2 such
that p7*(¢') = £ and, moreover, p%(G2/G3) = G /Gr+1. By assumption G3/Gy is
generated by pi(¢') and v1 2({¢'} x G2/G3), so it follows from Lemma B28(1) that
05 (p1 () and pg (y1.2({¢'} x G2/G3)) together span G4k /Ghikt1. We now have

k/2
P31 (€) = () = p(0)
and, thanks to Proposition B34 we also have

P53 (r12({€'} x G2/G3)) = ma(pi*(£') % p3(G2/G3)) = Mmp({} X Gr/Grya).

This completes the proof. [

10.4 Subgroups of obelisks

The major goal of this section is to link structural properties of subgroups of a
p-obelisk to the parities and widths of their jumps. The importance of Section
[I0.4] will become clear in Chapter

Proposition 337. Let p > 3 be a prime number and let G be a p-obelisk. Let H
be a subgroup of G that is itself a p-obelisk. Then H = G.

Proof. The subgroup H is non-abelian, by definition of a p-obelisk, and it is in par-
ticular non-trivial. Let [ denote the least jump of H in G. Then, as a consequence
of Lemma 20} the subgroup Hs = [H, H] is contained in Gg;. Moreover, since HP
is equal to Hs, the subgroup HP is contained in Hy. It follows from Corollary 329
that the minimum jump of Hs is at most [+ 2: we get that 2] <[4 2 and therefore
I < 2. We will show that HGy = G. Assume by contradiction that G # HG-.
Then, as a consequence of Lemma BI%(2), the width wt$ (1) is equal to 1 and so
Lemma 28 yields that Ho = [H, H N G;41]. Thanks to Lemma 20, the subgroup
H; is contained in G941 and therefore 21 +1 < [ 4 2. It follows that [ = 1 and
that Hs is contained in G3. Define now G = G /G4 and use the bar notation for
the subgroups of G. By the isomorphism theorems, the groups H and H/(HNGy)
are isomorphic and so, as a consequence of Lemma 326, the group H is abelian or
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a p-obelisk. The minimum jump of H? in G being equal to 3, we have that 3 is a
jump of Hy in G and so H is a p-obelisk. Now, the group Gs is central in G and so,
the group Hy being non-trivial, the quotient H/(H N G3) is not cyclic. It follows
that 2 is a jump of H in G and, from the combination of Lemmas B22] and [328(2),
that H, has order p. Since Hj contains H' , we get H; = H' = Hs. Contradiction
to H being non-abelian. We have proven that G = HG5, from which we derive
G = H®(G). Lemma [B3lyields H = G. ]

Lemma 338. Let p > 3 be a prime number and let G be a p-obelisk. Let H be a
cyclic subgroup of G. Then all jumps of H in G have the same parity and width
1.

Proof. Let H be a cyclic subgroup of G. Then, for all ¢ € Z~, there exists k € Z>q
such that HNG; = HP". Moreover, i € Zsg is a jump of H in G if and only if there
k+1

exists k € {0,1,...,log, |[H| — 1} such that HNG; = H?" and HN Gy = HP' '
We conclude thanks to Lemma B28|(1). ]

Lemma 339. Let p > 3 be a prime number and let G be a p-obelisk. Let ¢ denote
the nilpotency class of G and assume that one of the following holds.

1. The number c is even.

2. One has wtg(c) = 2.

If H is a subgroup such that all of its jumps in G have the same parity and width
1, then H is cyclic.

Proof. Without loss of generality we assume that H is non-trivial and we take [ to
be the least jump of H in G. Let moreover J(H) denote the collection of jumps
of Hin G and define J = {l+2k : k € Z>o, k < (c—1)/2}. Let  be an element
of H such that dptg(z) = I; the existence of z is guaranteed by Lemma B2 Write
K = (x) and let J(K) be the collection of jumps of K in G. By assumption .J
contains J(H) and, as a consequence of Corollary 329 the set J is contained in
J(K). Keeping in mind that each jump of H in G has width 1, one derives

Kl= [ »%@ > [p%9 > [[p4@ > [ »*%9 = H|.
JET(K) jeJ jeJ JjeJ (H)

It follows that K = H and H is cyclic. (]

Lemma 340. Let p > 3 be a prime number and let G be a p-obelisk. Let ¢ denote
the nilpotency class of G and let H be a subgroup of G such that H NG, = {1}.
If all jumps of H in G have the same parity and width 1, then H is cyclic.
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Proof. We denote G = G/G.. and we will use the bar notation for the subgroups of
G. As a consequence of Lemma A28 the group G is abelian or it is a p-obelisk. If
G is abelian, then ¢ = 2 and so, by Lemma B39 the subgroup H is cyclic. Assume
now that G is non-abelian and thus a p-obelisk. The group G has class ¢ — 1 and,
as a consequence of Corollary [322] either ¢ —1 is even or wtz(c—1) = 2. It follows
from Lemma that H is cyclic and, the intersection H N G, being trivial, so is
H. [

Lemma 341. Let p > 3 be a prime number and let G be a p-obelisk. Let c
denote the nilpotency class of G and let H be a non-trivial subgroup of G such that
HNG.={1}. Letl be the least jump of H in G and assume that all jumps of H
in G have the same parity and the same width. Then the following hold.

1. The group H 1is abelian.
2. One has ®(H) = HN Gi41.

Proof. Let J(H) denote the collection of jumps of H in G. We first assume
wt$ (1) = 1. By Lemma B40, the subgroup H is cyclic and ®(H) has index p in
H. Tt follows that ®(H) = HNGyy1. Assume now that wt%(l) = 2. Then, thanks
to Lemma [B22)(3), the jump ! is odd. The subgroup [H, H] is contained in Gogy,
thanks to Lemma 20, and therefore, 2/ being even, Lemma B28(2) yields 2 > c.
In particular, one has [H, H] = {1} so ®(H) = HP. Moreover, as a consequence
of Lemma [B28(1), the set of jumps of H? in G is equal to J(H) \ {l} and each
jump of HP has width 2. It follows that H? = H N Gj+1. Thanks to Proposition
B2T the width wt$ (1) is either 1 or 2 and the proof is thus complete. ]

Lemma 342. Let p > 3 be a prime number and let G be a p-obelisk. Let ¢ be
the class of G and let H be a non-trivial subgroup of G such that H N G, = {1}.
Denote by 1 the least jump of H and assume that H N Gi11 = ®(H). Finally,
assume that ¢ —1 is odd. Then, for each complement K of G. in HG,, there exists
t € Ge—y such that K = tHt™!.

Proof. The subgroup G, is central in G, because G has class ¢, and so, by Lemma
[[I4 all complements of G, in T = HG,. are of the form {f(h)h:h € H} as
f varies in Hom(H,G.). The subgroup G, is elementary abelian, as a con-
sequence of Lemma B23] and therefore Hom(H, G.) is naturally isomorphic to
Hom(H/®(H),G.) = Hom(H/(H N G41),G.). By assumption, ¢ — [ is odd so,
thanks to Corollary B31] the homomorphism G._;/Gc—i+1 — Hom(G;/Gi+1,G.),
defined by tG.—; — (xGi+1 — [t,2]), is surjective. By Lemma B23] the quotient
G1/G 41 is elementary abelian and therefore the restriction map

Hom(Gl/Gl_H, Gc) — HOIII(HGH_l/GH_l, Gc)
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is surjective. By the isomorphism theorems, HGj11/G+1 and H/(H N G41) are
isomorphic and so every homomorphism H — G, is of the form z — [¢t,z], for
some t € G._;. For each complement K of G, in T there exists thus ¢t € G._; such
that K = {[t,z]z : s € H} = {tat™' : z € H} =tHt . "
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Chapter 11

The most intense chapter

Let p > 3 be a prime number. We recall that a p-obelisk is a finite p-group G of
class at least 2 that satisfies Gz = GP and |G : G3| = p3. A p-obelisk G is framed
if, for each maximal subgroup M of G, one has ®(M) = G3. Some theory about
p-obelisks is developed in Chapter [0

The main results of this chapter are summarized in Theorems B43] and [344] which
are proven in Section [[1.4

Theorem 343. Let p > 3 be a prime number and let G be a finite p-group of class
4. Let a be an automorphism of order 2 of G. Then the following conditions are
equivalent.

1. The group G is a p-obelisk and the automorphism G/Gs2 — G/Gs that is

induced by o is equal to the inversion map T+ T .

2. The automorphism « is intense.

An analogue of Theorem [B43] for higher nilpotency classes is proven in Chapter
the next theorem gives an essential contribution to its proof.

Theorem 344. Let p > 3 be a prime number and let G be a framed p-obelisk.
Let o be an automorphism of order 2 of G and assume that the automorphism
G/Gq — G /Gy that is induced by « is equal to the inversion map T +— T71. Then
«a 1S intense.

We remark that the structure of Chapter[I1lis quite rigid and is meant to ease the
understanding of the strategy behind the proof of Theorem B44l We will prove
Theorem [344] by induction on the nilpotency class ¢ of the group G and we will
separate the cases according to the parity of ¢. Propositions 45 358, and
will be the building blocks of the whole theory and will be verified respectively
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in Sections [[T.1] MT.2] and We will use several results from Section [10.4]
to understand the structure of the subgroups of G, according to the size of their
intersection with G.. Moreover, the arguments that we will apply will heavily
depend from the knowledge of the jumps of each subgroup in G. For more detailed
information about jumps, we refer to Section 2.3]

11.1 The even case

The next proposition is proven for any p-obelisk, where p is a prime number greater
than 3. We want to stress that, on the contrary, in Propositions 358 and [369] we
ask for the p-obelisk to be framed.

Proposition 345. Let p > 3 be a prime number and let G be a p-obelisk of class
c. Assume that c is even. Let moreover o be an automorphism of G of order 2 and
assume that the map «. : G/G. — G/G. that is induced by « is intense. Then «
s intense.

We give the proof of Proposition [345] in Section [T.1.2] after some preparation.

11.1.1 Some lemmas

We will work under the hypotheses of Proposition until the end of Section
ITTT The class ¢ of G being even, Lemma B22(4) yields that G. has order p.
We denote moreover A = (a) and we recall that a subgroup H of G is said to be
A-stable if the action of A on G induces an action of A on H.

Lemma 346. Let H be a subgroup of G containing G.. Then there exists g € G
such that gHg™' is A-stable.

Proof. The automorphism a. is intense so, by Lemma [33] there exists g € G such
that (gHg™1)/G. is {a.)-stable. It follows from the definition of o, that gHg~!
is A-stable. n

Lemma 347. Let H be a subgroup of G such that HNG. = {1}. Then all jumps
of H in G are odd.

Proof. The subgroup H has trivial intersection with G. and c is even. It follows
from Corollary 329 that H cannot have even jumps in G. ]

Lemma 348. Let H be a subgroup of G such that HNG. = {1}. Define T = HG,
and assume that o(T) =T. Then, for each subgroup K of T, one has a(KG.) =
KG.. Moreover, for each x € H, there exists v € G.. such that a(x) = =1y and

a(y) =1.
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Proof. We denote G = G/G.. and we use the bar notation for its subgroups. By
Lemma B47 all jumps of H in G are odd and so all jumps of T in G are odd.
The subgroup 7T is {a.)-stable so, as a consequence of Lemma 85 each element
of T is sent to its inverse by a.. Every subgroup of T is thus (a.)-stable and,
in particular, so is K. It follows from the definition of c. that KG. is A-stable.
Moreover, every element of H is inverted, modulo G., by a and the restriction of
a to G, is the identity map, thanks to Lemma [

Lemma 349. Let H be a non-trivial subgroup of G such that H NG, = {1}. Let
I denote the least jump of H and assume that all jumps of H in G have the same
width. Assume moreover that «(HG.) = HG.. Then there exists g € G._; such
that gHg~"' is A-stable.

Proof. Define T = HG.. All jumps of H in G are odd, by Lemma B47] and H is
abelian, by Lemma [34T}(1). The subgroup G. being central, the group T is in fact
equal to H ® G.. Moreover, the subgroup G. being characteristic, T = a(T) =
a(H)® G, and a(H) is a complement of G, in T. By Lemma [B41}(2), the Frattini
subgroup of H is equal to H NGj41 so it follows from Lemma [342] that there exists
t € Ge_; such that a(H) = tHt~!. Thanks to Lemma 02 there exists g € G._;
such that gHg™! is A-stable. [

Lemma 350. Let H be a subgroup of G such that HNG. = {1}. Assume that all
jumps of H in G have the same width. Then there exists g € G such that gHg™"
is A-stable.

Proof. Denote T' = HG,.. Thanks to Lemma [340] there exists a € G such that
aTa~' is A-stable. Write 77 = aTa~ ! and H' = aHa !. Then TV = H'G,
and, thanks to Lemma [349] there exists b € G such that bH’b~! is A-stable. To
conclude, define g = ba. [

Lemma 351. Let H be a subgroup of G such that H N G. = {1}. Then there
exists g € G such that gHg™ ' is A-stable.

We devote the remaining part of this section to the proof of Lemma B3Il We warn
the reader that the following assumptions will be valid until the end of Section

nni

Let H be a subgroup of G such that H N G. = {1}. Without loss of generality we
assume that H is non-trivial and, in view of Lemma [B50 that the jumps of H in
G do not all have the same width. As a consequence of Proposition BZI[1), each
jump of H in G will have width 1 or 2. Let [ and j denote respectively the least
jump of width 1 and the least jump of width 2 of H in G. Write T' = HG..

Lemma 352. Let i and h be jumps of H. Assume that wt$ (i) = 1 and that
wt(h) = 2. Then i < h.
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Proof. By Lemma [347] both ¢ and h are odd so, the class ¢ being even, Corollary
yields 7 < h. n

Lemma 353. The following hold.
1. One has 1 < j.
2. One has j+1 > c.
3. The subgroup H is abelian.

Proof. Part (1) follows directly from Lemma B521 We prove (2) and (3) together.
As a consequence of Lemma B39 the group H/(H N G;) is cyclic and, thanks to
Lemma 28 one gets [H, H] = [H, HNG;]. The number [+ j being even, it follows
from Lemma B47] that [ 4+ j is not a jump of H in G. Lemma B30 yields [ + j > ¢
and, as a result, [H, H] C G.+; = {1} so H is abelian. m

Lemma 354. There exist cyclic subgroups J and L of H such that H = J & L
and j and l are respectively the least jump of J and the least jump of L in G.

Proof. The subgroup H is abelian by Lemma B53(3) and, as a consequence of
Lemma [B52] the subgroup H N G; has only jumps of width 2. The smallest jump
of H in G is [ so, thanks to Lemmal[82] there is an element z in H with dpts(z) = [.
Define L = (z). Then L is a subgroup of H and [ is the least jump of L in G.
Moreover, thanks to Lemma [338] all jumps of L are odd and of width 1 in G. Now,
[ is smaller than j, by Lemma[B53(1), and j is a jump of L in G as a consequence
of Corollary B29 However, j is a jump of width 2 of H, and thus there exists an
element = in H \ L such that dpts(xz) = j. Define J = (x). The group H being
abelian, Corollary 329 yields L N J = {1}. Now, every jump | <4 < j of L in G
is also a jump of H and it has width 1 by definition of j. Moreover, each jump
j<i<cof J®Lisajump of width 2 of H. Corollary [329] ensures that all odd
integers | <14 < ¢ are jumps of H in G, so Lemma [B4] yields

c—1 c—1
|J@L| — deimg;@L(i) — deimg(i) — |H|
i=l i=l

It follows that H and J & L coincide. n

Lemma 355. Let J and L be as in Lemma[35] Assume that o(T) = T. Then
there exists g € G.—; such that the following hold.

1. The group gLg~' is A-stable.
2. One has gTg~' =T and gJg~* = J.
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Proof. We define R = LG.. By Lemma [348] the group R is A-stable. The sub-
group L is cyclic so, by Lemma B38| all its jumps in G are odd and of width 1.
With L in the role of H, it follows from Lemma that there exists g € G._;
such that gLg~! is A-stable. We fix such an element g and prove that g normalizes
both J and T'. The least jump of J is j and therefore [g, J] = {[g, 2] : € J} is
contained in [G¢—;, G;]. As a consequence of Lemma [20] the set [g, L] is contained
in Ge_i4j, which is itself contained in G4 thanks to Lemma B53(1). It follows
that ¢ centralizes J and gJg~! = J. To conclude, we show that ¢7'¢~! = T. The
subgroup T is contained in Gy, so [g,T] is contained in [G.—;, G;]. Again applying
Lemma20] we get that [g, T is contained in G.. The subgroup G, being contained
in T', we are done by Lemma [T3 [

Lemma 356. Let J and L be as in Lemma [354 Assume that o(T) = T and
a(L) = L. Then there exists g € G._; such that gHg™' is A-stable.

Proof. We will construct g. Let x, z € H be such that J = (z) and L = (z). As a
consequence of Lemma [B54] one has dpt(z) = j and dpts(z) = I. Let moreover
v € G, be such that a(z) = x~ 1y and a(y) = 7; the existence of 7 is confirmed by
Lemma[348] Define m = (j+1—c)/2, which is a positive integer thanks to Lemma
B53(2). By Lemma [323] there exists a of depth ¢ — j in G such that p™(a) = z.
We fix a and remark that a belongs to C(L), because [a, z] = [a, p"™(a)] = 1 and
z generates L. Now, z does not belong to L, but, as a consequence of Corollary
B29 the jump j of J is also a jump of L in G. Since wtg(j) = 2, it follows from
Lemma B30 that there exists s € Z such that [a®, 2] = 'yPTA. We define g = a® and
claim that gHg ! is A-stable. We recall that v belongs to the central subgroup
G and that, because of Lemma B323] the exponent of G, is p. We compute

p—1 p—1 p—1

-1 2ot et g

algeg™') = a([g,z]z) = a(y T 2) = a(y T Jalz) =T a7y =

ptl 4

YE e = (" T 2) 7 = ([g,2]2) "t = (gag )

and so gJg~! is A-stable. Moreover, g centralizes L and therefore gHg™' =
gJg~' @ L. As a consequence, gHg ™! is itself A-stable. n

Lemma 357. Let J and L be as in Lemma[35] Assume that a(T) =T. Then
there exists g € Go—j such that gHg™' is A-stable.

Proof. As a consequence of Lemma [B55] there exists a € G._; such that aLa™!
is A-stable, aTa™! = T, and aHa™' = J ® aLa~!. We fix such a and we take
h € G._; making h(aHa=')h~! stable under the action of A. With H replaced
by aHa™!, Lemma guarantees the existence of h. We define ¢ = ha and we
claim that ¢ € G.—;. The jump j is larger than the jump [, by Lemma B53(1),
and therefore G.—; C G._;. It follows that the product ah belongs to G.—;. n
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To conclude the proof of Lemma B51, we construct ¢ € G such that gHg™ ! is

A-stable. Let b € G be such that b7~ ' is A-stable and observe that such element
b exists by Lemma Lemma B57, with H replaced by bHb~!, provides an
element a € G such that a(bHb~!)a~! is A-stable. We define g = ab and the proof
of Lemma [351]is complete.

11.1.2 The induction step

Under the hypotheses of Proposition [345] we want to show that « is an intense
automorphism of G. In view of this, let H be a subgroup of G. If H contains
G, then H has an A-stable conjugate in G by Lemma We assume that
HNG. # G.. The class ¢ being even, it follows from Lemma B22(4) that |G.| = p
and so H intersects G, trivially. By Lemma B5]] there exists an element g € G
such that gHg~! is A-stable. The automorphism « is intense as a consequence of
Lemma [03] and the fact that H was chosen arbitrarily. Proposition is proven.

11.2 The odd case, part 1

In Proposition B58 an additional assumption compared to Proposition[345]is made:
that G be a framed p-obelisk. We recall that, if p is a prime number, then a p-
obelisk G is framed if, for each maximal subgroup M of G, one has (M) = Gs.
We refer to Section for useful facts related to framed p-obelisks.

Proposition 358. Let p > 3 be a prime number and let G be a framed p-obelisk of
class c. Assume that c is odd and that G. has order p. Let o be an automorphism
of G of order 2 and assume that the map a. : G/G. — G/G. that is induced by «
is intense. Then « is intense.

The proof of Proposition [358]is given in Section [[1T.2.2]

11.2.1 Some lemmas

The goal of this section is to give all ingredients for the proof of Proposition B58 so
we will keep the following assumptions until the end of Section IT.2Z.1l Let p > 3
be a prime number and let G be a p-obelisk of class ¢. Assume that ¢ is odd and
that G, has order p. Let moreover a be an automorphism of G of order 2 and
assume that the map «a. : G/G. — G/G. that is induced by « is intense. Set A =
(o) and, in concordance with Section 222, write GT = {z € G : a(z) =z} and
G~ ={xcG : alx) =z '}. For a subgroup H of G, we denote H* = HN G~
and H~ = HN G~ and we use the same “plus-minus' notation for any subgroup
of G/G. with respect to a..
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We have intentionally not yet asked for G' to be framed: we will make such as-
sumption right after stating Lemma

Lemma 359. Let H be a subgroup of G containing G.. Then there exists g € G
such that gHg™' is A-stable.

Proof. By assumption, the automorphism «, is intense and, by Lemma (@3] there
exists g € G such that (gHg™')/G. is {a.)-stable. It follows from the definition
of a, that gHg™ ! is A-stable. "

Lemma 360. Let H be a subgroup of G such that HNG. = {1}. Then all jumps
of H in G have width 1.

Proof. As a consequence of PropositionB2I[1), every jump of H in G has width at
most 2. Assume by contradiction that [ is a jump of H in G of width 2. The jump
1 is odd, thanks to Lemma B22(1), and G;/G;+1 = (H N G;)Gi41/Gi41. Looking
at pl(c_l)/2 : G1/Gry1 — G, it follows from Lemma B28(1) that H N G, # {1}.
Contradiction. [

Lemma 361. Let H be a subgroup of G such that HNG,. = {1}. Assume that all
jumps of H in G are even. Then there exists g € G such that gHg™' is A-stable.

Proof. All jumps of H in G are even so, by Lemma [360] they also all have width
1. Let now [ be the least jump of H in G. Then, by Lemma [340, the subgroup
H is cyclic and, by Lemma B4T] the subgroups ®(H) and H N G471 are the same.
Let T = H ® G.. Assume first that «(T) = T. Then T = «(H) ® G, and, by
Lemma 342 there exists t € G such that a(H) = tHt~!. Thanks to Lemma [02]
there exists thus ¢t € G such that tHt~! is A-stable. In general, by Lemma [359
there exists a € G such that aT'a™! is A-stable. There now exists t € G such that
t(aHa=1)t~! is A-stable, so we conclude by defining g = ta. "

Lemma 362. Let H be a subgroup of G such that HNG. = {1}. Assume that all
jumps of H in G are odd. Then there exists g € G such that gHg™' is A-stable.

Proof. Let T = HG.. The class of G being odd, it follows from the assumptions
that all jumps of T' in G are odd. By Lemma [B59, there exists ¢ € G such that
gTg~ ' is A-stable. By Lemma B3] the subgroups ¢7¢~! and T have the same
jumps in G so, as a consequence of Lemma 85 we get that gTg~! = (¢Tg~1)~.
In particular, gHg~! = (gHg™ ')~ and gHg~ ! is A-stable. n

Lemma 363. Let H be a subgroup of G such that HNG. = {1}. Assume moreover
that G is framed. Then there exists g € G such that gHg™' is A-stable.
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The remaining part of Section [T.2Z.1] will be entirely dedicated to the proof of
Lemma For this purpose, all assumptions that we now make will hold until
the end of the very same section.

Assume that G is a framed p-obelisk. Let moreover H be a subgroup of G that
trivially intersects G.. If all jumps of H in G have the same parity, then we are
done by Lemmas and We assume that H has jumps of each parity and
we define ¢ and j respectively to be the least odd jump and the least even jump
of H in G. Write T'= HG.. We recall that, the class of G being ¢, the subgroup
G, is central in G.

Lemma 364. The following hold.
1. One hasi+j > c.
2. The subgroups H and T are abelian.

Proof. The numbers ¢ and j having different parities, their sum m =i+ j is odd.
Let k = max{i,j}. Then, as a consequence of Lemma[360, all jumps of H in G that
are smaller than k have width 1 and so, by Lemma B39, the group H/(H N Gy)
is cyclic. From Lemma 28 we get [H, H] = [H,H N Gi]. By Lemma 20, the
subgroup [H, H] is contained in G,,. If m > ¢, then G,, C G.+1 = {1}, and thus
(1) and (2) are proven. Assume by contradiction that m < c¢. Let y and = be
elements of H respectively of depth i and j in G. Then the image of (y) under the
natural projection G — G/G;41 is a 1-dimensional subspace of G;/G;+1. Thanks
to Proposition B36(3), with h = ¢ and k = j, the elements g2’ and ly,z] of H
span G, /Gmt1. It follows from Lemma that m is a jump of H of width
1 in G so, from Lemma B22(1), we derive m = ¢. Contradiction to H trivially
intersecting G.. [

Lemma 365. Let 7 : G — G/G. denote the natural projection. Assume that
a(T) =T. Then w(H) is {a.)-stable and w(H) = w(H)* & n(H)~. Moreover,
both m(H)* and n(H)~ are cyclic.

Proof. To lighten the notation, we will denote G = 7(G) and we will use the bar
notation for the subgroups of G. By assumption, o(T) = T and thus a.(T) =
T. Moreover, H is equal to T, so H is itself (a.)-stable. As a consequence of
Lemma [364(2), the group H is abelian so, by Corollary [76, it decomposes as
H=H"@oHT . It follows from Lemma B3 that # = and H _ have respectively
only even jumps and only odd jumps in G. Moreover, thanks to Lemma 360, all
jumps of H, and thus of its subgroups, in G have width 1. Lemma B339 yields that
both A and H ~ are cyclic. "
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Lemma 366. Assume that o(T) =T. Then there exist cyclic subgroups I and J
of H, with least jumps in G respectively equal to i and j, such that the following
hold.

1. Onehas H=1&J.
2. The group I is A-stable and I = 1.
3. The group S = J ® G, is A-stable and S = ST @ G..

Proof. We denote G = G'//G, and we will use the bar notation for the subgroups
of G. By Lemma [B65] the subgroup H is {a.)-stable and it decomposes as H =
A @H ", where both B and H _ are cyclic. Let R and S be subgroups of G,
containing G, such that S = A" and R = H . Because of their definitions, both
R and S are A-stable. The subgroup G, is contained in G~ as a consequence of
Lemma [62] so it follows from Lemma [[7] that R = R~. Moreover, by Corollary
76 one has S = ST @ S—. However, as S = S, the subgroups S~ and G,
are equal, and hence S = ST ® G.. We define ] = HNRand J = HNS.
The subgroup I, being contained in R = R™, is itself A-stable and I = I~.
Moreover, with G and N respectively replaced by T and H, Lemma yields
JG. = (HNS)G. =SN(HG.) = S. Since HNG, = {1}, we get S = J & G..
In the same way, we have R = [ & G.. It follows that J and I are respectively
isomorphic to A and H , and therefore they are cyclic. What is left to show
is that indeed H = I & J. The subgroup H is abelian by Lemma [364(2) and
INnJ={1}, since RN S = G.. The subgroup I @ J is contained in H and

4 _

IoJ=I®J=Ro®S=H ¢©H =H,

so we derive H =1® J. [ ]

Lemma 367. Let v € G, and let z,y be elements of G be such that dpts(z) = j
and dptg(y) = i. Then there exist n € Z and d € Cg(y) N Ge—; such that

v =y"d,z].
Proof. By Lemma [364] the sum i + j is larger than ¢ and so ¢ > ¢ — j. Define

rzil_(;_j) and s =

J
- —T.
Let now a € Ge—; \ Ge—j+1 be such that p"(a) = y; the existence of a is granted by
Lemma [323] As a consequence of Proposition [336, the subgroup G. is generated
by p?(a) and [a,x]. There exist thus A, B € Z such that
A[ B'

v = p*(a)*[a,a]
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We recall that, for any k € Z>(, the map p* is given by z — zpk, hence

s

(a) = p*""(a) = p°(p"(a)) = p*(y) = " .

Now, the group G. being central, Lemma implies that the commutator map
Ge—j x Gj — G, is bilinear so [a,z]? = [aP, z]. We define

I,

p

n=Ap® and d=a"

and get v = y"[d, z]. To conclude, the element d belongs to Cg(y), because d and
y belong to (a). n

Lemma 368. Assume that «(T) = T. Let I and J be as in Lemma [360. Then
there exists g € Ca(I) such that a(gJg~') C gHg™*.

Proof. Let y be a generator of I and let = be a generator of J. Then one has
dpto(y) = @ and dpte(z) = j. As a consequence of Lemma BG6I3), there exists
v € G, such that a(z) = xy. We fix v and we want to construct g. Let n € Z and
d € Cg(y) N Ge—; be such that v = y"[d, z]; the existence of n and d is given by
Lemma We define g = d® and we claim that a(gzg~?!) belongs to gHg >
We will use some properties of G, that we list here. The group G. is central
and annihilated by p, by hypothesis. Moreover, as a consequence of Lemma [62]
the restriction of a to G, coincides with the map z — z~!. To conclude, the

commutator map G.—; X G = G, is bilinear by Lemma We compute

algrg™) = allg, alz) = a(lg, 2D a(z) = [g,2] 2y = g

-1

g7 ey [d, 2] = [g7", 2][d, 2]ey™ = [g7'd, z]wy™ = [d"7 d, z]ay” =
1

d

Pt _
= alzy” = (g, aley” = (gug™)y".

The element g centralizes y, because d does, so a(grg~!) = g(xy™)g~* belongs to

gHg™!. In particular, a(gJg~') C gHg™ . n

We conclude the proof of Lemma By Lemma there exists a € G such
that aTa~! is A-stable. We fix a and write aHa™! = I @ J, with I and J as in
Lemma and H replaced by aHa~'. By Lemma 368 there exists an element
b € G such that bIb=! = I and a(bJb™!) is contained in baHa~'b~!. We select

1

such an element b and define g = ba. Then I is contained in gHg~" and

algHg™ ") = a(baHa ™ 'b™!) = a(blb™ ' @ bJb™ ') = a(I ® bJb™}) =

a(l)®a®Jb™ ) =TdabJb™t) C gHg "

It follows that a(gHg™ ') = gHg~' and gHg~! is itself A-stable. The proof of
Lemma is now complete.

138



11. THE MOST INTENSE CHAPTER

11.2.2 The induction step

In this paragraph we give the proof of Proposition and we work thus under
the assumptions of the very same proposition. Let H be a subgroup of G; we
will show that H has an A-stable conjugate. If H contains G, then, by Lemma
B59, there exists g € G such that gHg~! is A-stable. Assume now that G. is not
contained in H, i.e. HNG. = {1}. Thanks to Lemma BG3 the subgroup H has
an A-stable conjugate. In other words, by Lemma @3] the subgroups H and a(H)
are conjugate in GG. As the choice of H was arbitrary, « is intense and the proof
of Proposition is complete.

11.3 The odd case, part 11

Proposition 369. Let p > 3 be a prime number and let G be a framed p-obelisk of
class c. Assume that c is odd and that G, has order p*. Let a be an automorphism
of G of order 2 and assume that the map a. : G/G. — G/G. that is induced by o
is intense. Then « is intense.

The proof of Proposition [369] is given in Section TT.3.2]

11.3.1 Some lemmas

The purpose of this section is laying the ground for the proof of Proposition
We will therefore, until the end of Section [T.3.1l work under the assumptions of
Proposition B69 Denote A = (a).

Lemma 370. Let H be a subgroup of G containing G.. Then there exists g € G
such that gHg ™' is A-stable.

Proof. We write G = G/G. and we use the bar notation for the subgroups of
G. By hypothesis, the automorphism a is intense so, by Lemma (03] there exists
g € G such that a.(gHg=1') = gHg~!. The map a, being induced from «, it
follows that a(gHg™!) = gHg~! and gHg~ ! is A-stable. "

Lemma 371. Let H be a subgroup of G such that H N G, # {1}. Then there
exists g € G such that gHg™"' is A-stable.

Proof. Let N=HNG,.. If N =_G,, then, by Lemma [B70] there exists g € G such
that gH g~ ! is A-stable. We assume that N # G.. The group N being non-trivial,
it follows from Proposition B2I}(1) that G. and N have orders respectively p? and
p. Moreover, the group G, being central, N is normal in G. It follows from Lemma
[B8(2) that the action of A on G induces an action of A on G = G//N. Moreover, G
has class ¢ and the subgroup H = H/N has trivial intersection with G, = G./N.
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By Lemma [B63, there exists § € G such that gHg ! is A-stable, and so there
exists g € G such that gHg™! is A-stable. [

Lemma 372. Let H be a subgroup of G such that H NG, = {1}. Then H has
only even jumps.

Proof. The index ¢ is odd and H NG, = {1}. It follows from Corollary that
H cannot have odd jumps. [

Lemma 373. Let H be a subgroup of G such that HNG. = {1}. Let T = HG,
and assume that o(T) = T. Then there exists g € G such that gHg™! is A-stable.

Proof. Let [ denote the least jump of H in G. By Lemma B72 all jumps of H
in G are even so, as a consequence of Lemma [322)(2), all jumps of H have width
1. Tt follows from Lemma B41l that H is abelian and ®(H) = H N Gj41. The
subgroup G, being central, we get T' = H ® G.. Now, by Lemma B3 the subgroup
T+ ={t € T: a(t) = t} has the same jumps as H, and it is therefore a complement
of G. in T. Thanks to Lemma [342] the subgroups H and T are conjugate in G.
In particular, H has an A-stable conjugate. [

Lemma 374. Let H be a subgroup of G such that H N G. = {1}. Then there
exists g € G such that gHg™*! is A-stable.

Proof. Define S = HG.. By Lemma B70, there exists a € G such that aSa™! is
A-stable. Let now T'= aSa~!. Then o(T) =T and T = a(HG.)a" ! = aHa 'G..
Moreover, the intersection aHa~' N G is trivial. Thanks to Lemma (with
aHa~"! in the place of H), there exists b € G such that b(aHa~1)b~! is A-stable.
To conclude, we define g = ba. [

11.3.2 The last step

We give here the proof of Proposition [369 and we make thus all assumptions from
Proposition hold, until the end of Section To show that « is intense,
we will show that each subgroup of G has an A-stable conjugate. Let H be a
subgroup of G. If H trivially intersects G., then, by Lemma [B74 there exists
g € G such that gHg™! is A-stable. If, on the contrary, H N G, # {1}, then,
by Lemma [BTI] there exists a conjugate of H in G that is A-stable. We have
proven that, in any case, H has an A-stable conjugate and, by Lemma [02] the
subgroups H and «(H) are conjugate in G. The choice of H being arbitrary, the
automorphism « is intense and we have proven Proposition
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11.4 Proving the main theorems

In Sections TT.Z.T] and TT.4.2 we finally prove the two main results of this Chapter,
which were stated at the beginning of it.

11.4.1 The proof of Theorem [343

We work under the assumptions of Theorem[B43l The implication (2) = (1) follows
from the combination of Propositions BI8 and [[34. We now prove (1) = (2). To
this end, denote by G the quotient G/G4 and by a4 the automorphism of G that
is induced by a. The map « induces the inversion map on /G2 and thus so does
ay on G/Gy. Tt follows from Proposition 42 that cy is intense and consequently,
from Proposition[B45] that « is intense too. The proof of Theorem [343]is complete.

11.4.2 The proof of Theorem [344]

Under the hypotheses of Theorem B44] we will work by induction on the class ¢
of G. As a consequence of Lemma BT9Y(1-3), the group G has class at least 2 and
G/G5 is extraspecial of exponent p. If ¢ = 2, then Lemma [I21] yields that « is
intense. We assume that ¢ > 2 and denote by G the quotient G/G.. We denote
moreover by o, the automorphism of G that is induced by a and assume that a,
is intense. The group G is a framed obelisk, because ¢ > 2, and «. induces the
inversion map on 6/62, because « does. If ¢ is even, then, by Proposition [3435]
the map « is intense. Suppose that ¢ is odd. From Proposition B2I[1) it follows
that the cardinality of G, is p or p2. In the first case we apply Proposition B58, in
the second Proposition Theorem [344] is now proven.
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Chapter 12

A characterization for high classes

Let p > 3 be a prime number and let G be a finite p-group. We recall that, for
each positive integer i, the i-th width of G is wtg(i) = log, |G; : Giy1]. The group
G is a p-obelisk if it is non-abelian, satisfying Gz = GP and |G : G3| = p®. A
p-obelisk G is framed if, for each maximal subgroup M of G, one has ®(M) = Gs.
For more information about p-obelisks, we refer to Chapter

In this chapter we prove the following result.

Theorem 375. Let p be a prime number and let G be a finite p-group with
wtg(5) = 2. Then the following are equivalent.

1. One has int(G) > 1.

2. One has p > 3, the group G is a framed p-obelisk, and there exists an auto-
morphism « of G of order 2 that induces the inversion map on G/Gs.

We would like to stress that, from the combination of Lemma, with Theorem
BT it follows that each finite p-group G of class at least 6 with int(G) > 1 is a
framed p-obelisk.

12.1 A special case

The main result of this section is the following.

Proposition 376. Let p > 3 be a prime number and let G be a p-obelisk. Write
C = Cg(Gy). Assume that wtg(5) = 1 and int(G) > 1. Then one has ®(C) = Gs.

The goal of Section [[2.1]is proving Proposition 376} so all assumption that we will
make throughout the text (right now and right after Lemma [BR0) will hold until
the end of Section [[2.11
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Let p > 3 be a prime number and let G be a p-obelisk. Let (G;);>1 denote the
lower central series of G. Assume that wtg(5) = 1 so, thanks to Proposition
B2TI(2), the class of G is equal to 5. Write C = Cg(Gy).

Lemma 377. The subgroup C is mazimal in G.

Proof. The commutator map induces a bilinear map G/G2 x G4/G5 — G5 whose
image generates G5, thanks to Lemma [24] and whose left kernel is C/Ga. As a
consequence of Lemma [B23] all quotients G,;/G,41 are Fp-vector spaces and, by
assumption, wtg(5) = 1. By Lemma B22(2), the dimension of G4/G5 is equal to
1 and so Lemma Rl yields |G : C| = p. In other words, C' is a maximal subgroup of
G. [

Lemma 378. One has G4 C C? C G5 and |Gs : C?| = |C? : G4| = p.

Proof. The subgroup C' is maximal, by Lemma[377 and it is thus normal of index p
in G. It follows that C? is normal in G and, as a consequence of Corollary[329] the
number 3 is a 1-dimensional jump of C? in G. Lemma[B27|(2) yields G4 C C? C G5
and thus, thanks to Lemma B22)(2), we get |Gz : CP| = |CP : G4| = p. m

Lemma 379. The subgroup C? centralizes G.

Proof. Each p-obelisk is regular, by Lemma B20] so, as a consequence of Lemma
4, the subgroups [C, G5] and [C?, G4] are the same. Now, Gb is equal to G4, by
Lemma 23] and [C, G4] = {1}, by definition of C. It follows that C? centralizes
Gg. |

Lemma 380. The group C? is contained in Z(C).

Proof. The subgroup C? is contained in G3, by Lemma 378 and the commutator
map C' x CP — (G4 is bilinear by Lemma Such commutator map factors as
v: C/GaxC? /Gy — Gy, as a consequence of Lemma[B79and of the definition of C'.
Moreover, thanks to Corollary[329] if C' = ({z} U G2) then C? = ({zP} U G4). The
map v being alternating, it follows that v is the trivial map and so C? centralizes
C. n

Let now a be an intense automorphism of G of order 2 and write A = («).
Set Gt = {r€G : a(r)=x} and G~ = {z €G : alr) =z~ '} and, for each
subgroup H of G, denote H™ = HNG" and H- = HN G~. We will prove
Proposition by contradiction and, to this end, we assume that ®(C) # Gs.
Let X be the collection of subgroups H of C of the form H = (xz,y), where
x € C\ Gy and y € G4\ Gs. Then A acts on X in a natural way. Let X be the
collection of fixed points of X under A.

Lemma 381. The exponent of C divides p>.
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Proof. By definition, the subgroup C?” is contained in (CP)P. By Lemma B35 we
have [C, C] = CP so it follows from Lemmal5d that (C?)? = [C,C|P = [C,CP]. Asa
consequence of Lemma B8 the subgroup [C, C?] is trivial, and thus (C?)? = {1}.
In particular, the exponent of C divides p?. n

Lemma 382. Let x be an element of C' \ Go. Then x has order 2.

Proof. As a consequence of Corollary B29] the element xP is non-trivial so the
order of z is divisible by p?. We conclude by Lemma [

Lemma 383. Let H € X. Then H is abelian and H N G5 = {1}. Moreover, if
z,y € H satisfy dptg(z) =1 and dptg(y) =4, then H = (z) ® (y).

Proof. Let (z,y) € (C'\ G2) x (G4 \ G5) be such that H = (x,y). Then y € Z(C)
and the group H is commutative. Moreover, as a consequence of Lemma [169]
the subgroups (x) and (y) have respectively only odd and only even jumps. In
particular, (z) N (y) = {1} and H = (z) & (y). In addition, it follows from Lemma
B28(1) that 5 is a jump of H in G if and only if P # 1. Lemma yields
HnN G5 = {1} ]

Lemma 384. Let H € X and, for each i € Z>1, denote u; = wt$(i). Then
(u1,uz,us, ug,us) = (1,0,1,1,0) and H has order p3.

Proof. For each i € Z>1, write w; = wtg(¢). Thanks to Lemma [B22] we have
(w1, wa, w3, wy, ws) = (2,1,2,1,1). Let 2,y be as in Lemma B83t then uy,ug > 1
and us = 0. Since, for each ¢ > 1, one has u; < w;, we get uqy = 1. Moreover,
Lemma B28(1) ensures that us > 1. Let now N = (y)Gs, which is a normal
subgroup of G thanks to Lemma[B27 Then N N H = (y) and, the quotient H/(y)
being cyclic, so is HN/N. Thanks to Lemma B38] all jumps of HN/N have the
same dimension and width 1 in G/N. As a result, 2 is not a jump of HN/N in
G/N and, since (y) is contained in G4, we have us = 0 and u; = uz = 1. The
group H has order p3, by Lemma [84. "

Lemma 385. The cardinality of X is p*.

Proof. Thanks to Lemma[383] the set X consists of subgroups of the form (z)®(y),
with x € C'\ G2 and y € G4 \ G5. The cardinality of X will be thus equal to the
quotient 7=, where n is the cardinality of (C'\ G2) x (G4 \ G5) and m denotes the
number of elements of (C'\ G3) X (G4 \ G5) that generate the same subgroup. Let
H be in X and let x and y be generators of H, as described before. Then, as a
consequence of Lemma [B84] the orders of x and y are respectively p? and p. It
follows that m = (p* — p?)(p — 1) so, in view of Lemmas and BI9 we get

n_ =)0 -p) 4
X = = ey "
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Lemma 386. Let H € X. Then the following are equivalent.
1. The subgroup H is A-stable.
2. There exists v € C~ \ Go such that H = {x) ® G .

Proof. To prove that (2) implies (1) is an easy exercise; we prove the other impli-
cation. Assume (1). The group H is abelian, by Lemma B83] and it is A-stable.
By Corollary [76] it decomposes as H = HT @ H~. In view of Lemmas and
BH(1), we have that H* = G and that HNG4 = G . It follows from Lemma 383
that there exists a cyclic subgroup @ of H such that H = Q(H N Gy4), and thus
H~ is cyclic. The proof is now complete. [

Lemma 387. The cardinality of X+ is p2.

Proof. Let C denote the collection of subgroups (x) of C, where x is an element of
C~\Ga. Thanks to Lemma[386} one can define the map C — X+, by Q — Q@& G,
which is easily shown to be a bijection. In particular, the cardinality of X T is equal
to that of C. Now, the group C is normal in G, as a consequence of Lemma B77]
and therefore it is A-stable. By Lemma B82] each element of C~ \ G2 has order
p? and, as a consequence of Proposition[I34} the set C~ \ G2 is equal to C~ \ G5 .
It follows from Lemma [85] that
T (o e (2N N et A
(X7 == =S =r.
pT—=p pT =D

Lemma 388. For each subgroup L of C~, the commutator map induces a bilinear
map L x G3 — G¥ .

Proof. The subgroup G4 is central in C so, by Lemma 22] the commutator map
L x G5 — G4 is bilinear. Since L is contained in C' = Cg(Gy), the commutator
map induces a bilinear map L x G3/G4 — G4. Now, thanks to Proposition [[34]
the map « induces the inversion map on G3/G4 and so, thanks to Lemma [G1] we
get [L,G3] = [L,G3]*. In particular, [L, G3] is contained in G} and the proof is
complete. [

Lemma 389. Let H € X*. Then G3 C Ng(H).

Proof. By Lemma [386] the subgroup H is of the form (z) & G, for some element
x € C~ \ Ga. As a consequence of Lemma 20, the subgroup [G3, G ] is trivial
so, from Lemma [I8(1), it follows that [Gs, H] = [G3, (x)]. Lemma [B8Y yields that
[G3, (z)] is contained in G, a subgroup of H, and so, by Lemma [[3, one has
G3 C Ng(H). [
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We will now prove Proposition 376 by building a contradiction. We remind the
reader that we have assumed that ®(C) # Gs.

Let H be an element of X with the property that |G : Ng(H)| is maximal.
Let moreover J denote the collection of jumps of Ng(H) in G. As a conse-
quence of Lemma B89 the normalizer of H contains HG3. It follows from Lemma,
that {1,3,4,5} is contained in J and, thanks also to Lemma [BT9(2), that
|G : Ng(H)| < |G : HG3| = p. Now, by Lemmas B85 and B87] the cardinalities of
X and X T are respectively p* and p?. It follows from Lemma [04] that

p'=1X|< ) |G :Na(K)| < |XT||G: Ng(H)| < p*p* = p,
KeX+

and therefore |G : Ng(H)| = p?. In particular, we get Ng(H) = HG3 and J =
{1,3,4,5}. Moreover, again by Lemma B4 no two elements of Xt are conjugate
in G. As a consequence of Lemma [RT] the subgroup G7 is contained in Ng(H) =
H@G5 and so, thanks to Lemma [B5(1), the number 2 is a jump of Ng(H) in G.
Contradiction.

12.2 The last exotic case

The aim of Section is that of exploring the last exotic case for what concerns
the structure of finite p-groups of intensity greater than 1. As a consequence of
Theorem [B75] the finite p-groups of “high class” and intensity greater than 1 all
need to be framed obelisks. Theorem is the last result we present that still
allows some “structural freedom” to p-obelisks.

Theorem 390. Let p be a prime number and let G be a finite p-group with
wtg(5) = 1. Write C = Cg(G4). Then the following are equivalent.

1. One has int(G) > 1.

2. One has p > 3, the group G is a p-obelisk, and ®(C) = G3. Moreover, there
exists an automorphism o of G of order 2 that induces the inversion map on

G/G.

The remaining part of Section will be devoted to the proof of Theorem
and we will thus work under the hypotheses of such theorem.

Assume first (1). As a consequence of Proposition[@8and Corollary 284 the prime
p is larger than 3 and so, thanks to Proposition BI8] the group G is a p-obelisk.
Thanks to Theorem [I25(1), there exists an intense automorphism « of order 2 of
G, which induces the inversion map on G/G3 by Proposition[I34l Proposition 376
yields ®(C) = Gs.
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Assume now that p > 3, that G is a p-obelisk, and that ®(C) = G3. Let moreover
a be an automorphism of order 2 of G that induces the inversion map on G/Gs.
We will prove (1). Set A = (a) and, for each i € Z>1, denote w; = wtg(4).
Thanks to Lemma B22 we have (w1, we, w3, wq, ws) = (2,1,2,1,1) and so, thanks
to Proposition B2I(2), the class of G is equal to 5. We remind the reader that, for
each k € Z>¢, the map G — G sending z to zP" is denoted by p¥. Furthermore,
by Lemma 320 the group G is regular and so, given any subgroup K of G, Lemma
yields that p*(K) = K?".

Lemma 391. One has p*(C) = G5.

Proof. The group ®(C) is equal to CP[C,C] and ®(C) = G3, by assumption. It
follows from Lemma B28(1) that ®(C)? = G5. Now, the group C is maximal
in G, by Lemma BT17 and so, as a consequence of Lemma BT9(2), the quotient
C/G5 is cyclic. Lemma 28] yields [C, C| = [C, G2]. Now, by Lemma B4, one has
[C, G2]P = [C, GY] and so, thanks to Lemma[323] one gets [C, G2]? = [C, G4] = {1}.
It follows that ®(C)P is equal to CP* and therefore p2(C) = Gs. ]

Lemma 392. Let a5 : G/Gs — G /G5 denote the automorphism that is induced
by a. Then as s intense.

Proof. Let G denote G/G5 and use the bar notation for the subgroups of G. The
automorphism o induces the inversion map on G /G, because a does so on G/Gl.
Moreover, thanks to Lemma 326} the group G is a p-obelisk of class 4. We conclude
by applying Theorem [343] [

Let H be a subgroup of G and, for each i € Z>1, write u; = wt% (7). We will show
that H has an A-stable conjugate in G. We assume, without loss of generality,
that H is non-trivial. As a consequence of Lemma [392] the automorphism that «
induces on G/G5 is intense. If G5 is contained in H, then, thanks to Lemma B59]
there exists ¢ € G such that gHg~! is A-stable. Since G5 has order p, we now
assume that H N G5 = {1}. By Lemma B0 all jumps of H in G have dimension
1 and, if they all have the same parity, Lemmas and yield that H has an
A-stable conjugate. We assume now that H has jumps of both parities and we
denote by 7 and j respectively the least odd and the least even jump of H in G.

Lemma 393. One has uqg = 1.

Proof. The group G having class 5, we have j € {2,4}. It follows from Corollary
that 0 # uy < w4 and therefore uy = 1. u

Lemma 394. One has i = 3.

148



12. A CHARACTERIZATION FOR HIGH CLASSES

Proof. Since us = 0, the index 4 is different from 5 and so ¢ € {1,3}. Assume by
contradiction that ¢ = 1. As a consequence of Lemma [B93] the subgroups G4 and
(H N G4)G5 are equal. The group G5 being central, it follows from Lemma [I8(1)
that

Gs = [G,G4] = [G, (H N G4)G5] = [G,H n G4]

Thanks to Lemma 20, the group [G2, G4] is trivial ans so Lemma [I8(2) yields
[HGQ,G4] = [H, G4] = [H,HﬂG;;] CHNGs = {1}

In particular, H is contained in C' and so, as a consequence of Lemma B28(1), we
get p?(H) = p?(C). Tt follows from Lemma B3I that H contains G5. Contradiction
to HNGs = {1} |

Let D be a maximal subgroup of G with the property that (H N G3)G4 = DPGy
and note that, thanks to Corollary B29] the subgroup D is uniquely determined
by H. Since DP is characteristic in the normal subgroup D, Lemma yields
DP = DPG4 and therefore, from Corollary B29, one gets |DP : G4| = p.

Lemma 395. One has p?(D) = {1}.

Proof. From the definition of D together with Lemma B28(1), it follows that
p*(D) = p(DP) = p(H N G3). As a consequence of Lemma [BZ3 the subgroup
p(H N G3) is contained in H N G5 = {1} and thus p?(D) = {1}. "

Lemma 396. One has D # C and [D,G4] = Gs.

Proof. The subgroups D and C' are both maximal in G and so, as a consequence
of Lemmas and 399 they are distinct. Moreover, the class of G being 5, the
subgroup [D, G4] is non-trivial. Lemma 20l gives that [D, G4] is contained in G5
and, since ws = 1, we get [D, G4] = G5. [

Lemma 397. One has [G2, D?] = G5.

Proof. The group G is regular, by Lemma 320 and therefore, by Lemma B4l the
subgroups [G2, DP] and [G%, D] are equal. By Lemma B23, we have G5 = G4 and
so, from Lemma [396, we derive [G2, DP] = G5. n

Lemma 398. The subgroup H is abelian.

Proof. As a consequence of Lemma [394] the subgroup H is contained in G and,
since we = 1, the quotient H/(H N G3) is cyclic. It follows from Lemma 28 that
[H,H] = [H, HNG3] and so, thanks to Lemma 20} one gets [H, H] C HNG5 = {1}.
In particular, H is abelian. ]

Lemma 399. One has (i,5) = (3,4).
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Proof. By Lemma [B94] the jump i is equal to 3 and, by definition of D, we have
DP = (H N G3)G4. Moreover, since G has class 5, the jump j belongs to {2,4}.
Assume by contradiction that j = 2. Then one has us = ws = 1 and so Go = HGj3.
By Lemma[B9T, the subgroups [G2, D] and G5 coincide and so, the group G5 being
central, Lemma [22] ensures that the commutator map G5 x DP — G5 is bilinear
and differs from the trivial map. Now, the induced map G2/Gs x DP/G4 — G5,
derived from Lemma 20 is non-trivial and so [H, H N G3] # 1. Contradiction to
Lemma [

Lemma 400. Let x and y be elements of H, respectively belonging to DP \ G4
and G4\ Gs. Then H = (z) & (y) and (u1,us,us, ug,us) = (0,0,1,1,0).

Proof. Thanks to Lemma B99] we have (uq,us,us,ug,us) = (0,0,1,1,0). The
subgroup H is thus contained in G3 and so, by Lemma[323] one has H? C GsNH =
{1}. It follows from Lemma that H is elementary abelian. Given any two
elements x and y of H, satisfying x € DP \ G4 and y € G4\ G5, Lemma [B2] now
yields H = () @ (y). m

We define X to be the collection of all subgroups of G of the form (x) ® (y), where
(x,y) belongs to (D? \ G4) x (G4 \ G5). Thanks to Lemmas and 398 each
such subgroup is elementary abelian and thus X is well defined. We remark that,
the group DP being normal in G, the group G acts naturally on X by conjugation.
Write X+ ={K € X : a(K) = K}.

Lemma 401. The cardinality of X is p>.

Proof. Let K be an element of X. Then there exist elements x and y of order p,
respectively of depth 3 and 4 in G, such that © € DP and K = (z) @ (y). Since
|DP : G4| = p and (wy, ws) = (1,1), we get

| X =

W’ - —p) _
(p—1plp—1) '

Lemma 402. One has Ng(H)ND = Ng(H) N G,.

Proof. Assume by contradiction that Ng(H)ND # Ng(H)NG2. As a consequence
of Lemma [393] we have that (H NG4)G5 = G4 and, the group G5 being central, it
follows from Lemma[I8(1) that [D, G4] = [D, HNGy4]. Lemma[I3lyields [D, G4] C
H and thus, by Lemma[396] the subgroup G5 is contained in H. Contradiction. m

Lemma 403. One has Ng(H) NGy = Gs.
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Proof. As a consequence of Lemma [399 the subgroup H is contained in G3 and,
thanks to Lemma [20] one has [G5,G3] C Gg = {1}. In particular, G5 normalizes
H. Assume by contradiction that 2 is a jump of Ng(H) in G. Thanks to Lemmal[20]
the group Go centralizes G4 and, by definition of D, we have (H N G3)G4 = DP.
It follows from Lemma [I§(1) that [G2, DP] = [G2, H N G3] and so, thanks to
Lemma [[3] the subgroup [G2, D?] is contained in H. Lemma yields G5 C H.
Contradiction. n

We claim that the action of G on X is transitive. As a consequence of Lemma
EQT, we have that p? = |X| > |G : Ng(H)| and therefore, applying Lemmas E02]
and M03], we get

p? > |G :Ng(H)| > |D : Go||G2 : Gs| = |D : Gs|.

As a consequence of Lemma [319(2), the index |D : G| is equal to p? and therefore
the number of conjugates of H in G is equal to p?. This proves the claim. To
conclude, we remark that o(H) is an element of X and therefore o(H) and H are
conjugate. The choice of H being arbitrary, Lemma yields that « is intense
and so int(G) > 1. The proof of Theorem [390] is now complete.

12.3 Proving the main theorem

In this section we prove Proposition 404l and Theorem 375l We remind the reader
that a p-obelisk G is framed if, for each maximal subgroup M of G, one has
(M) = Gs.

Proposition 404. Let p > 3 be a prime number and let G be a finite p-group of
class at least 5. Assume that int(G) > 1. Then G is a p-obelisk and one of the
following holds.

1. One has wtg(5) =1 and G has class 5.
2. One has wtg(5) =2 and G is framed.

Proof. By Proposition BI8, the group G is a p-obelisk so, thanks to Proposition
B21(1), the width wtg(5) is either 1 or 2. The 4-th width of G is 1, thanks to
Lemma B22(2), so, if wtg(5) = 1, then Proposition B2I[2) yields that G has class
5. Assume now that wtg(5) = 2. We will show that, for each maximal subgroup
M of G, one has ®(M) = G5. To this end, let M be a maximal subgroup of G.
By Lemma B22 the widths wtg (1) and wtg(4) are respectively 2 and 1 so, the
index |G : M| being p, it follows from Lemma B30, that 5 is a jump of [M, G4] of
width 1 in G. Moreover, 5 is the smallest jump of [M,G4] in G, and so Lemma
yields Gg C [M,G4]. We denote G = G//[M,G4] and use the bar notation for
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the subgroups and the elements of G. We remark that, by construction, we have
M C Cz(G4) and wtz(5) = 1. The class of G being 5, we have in fact that M =
Cz(G4) and so Proposition yields ®(M) = G3. The subgroup ®(M) being

normal in G, it follows from Lemma that (M) = {z € G: T € &(M)} and
therefore ®(M) = G5. The choice of M being arbitrary, the proof is complete. =

We are finally ready to prove Theorem Let p be a prime number and let
G be a finite p-group with wtg(5) = 2. The implication (2) = (1) is given by
Theorem B44l Assume now (1). Since wtg(5) # 1, the class of G is at least 5.
Moreover, thanks to Proposition@3land Corollary 284] the prime p is larger than 3.
Proposition 404 yields that G is a framed p-obelisk. As a consequence of Theorem
[[25 the intensity of G is equal to 2 and so, thanks to the Schur-Zassenhaus
theorem, G has an intense automorphism of order 2 that, by Proposition [[34]
induces the inversion map on G/G2. The proof of Theorem is complete.

152



Chapter 13

A generalization to profinite groups

Let G be a profinite group and let a be an automorphism of G. Then « is topo-
logically intense if, for every closed subgroup H of G, there exists € G such that
a(H) = xHz~!. Topologically intense automorphisms are automatically contin-
uous, because they stabilize each open normal subgroup of the group on which
they are defined. We denote by Int.(G) the group of topologically intense auto-
morphisms of a profinite group G.

Topologically intense automorphisms are a generalization of intense automor-
phisms to profinite groups. In Section 32 we will show that, the group of
topologically intense automorphisms of a profinite group is itself profinite and
moreover, if p is a prime number and G is a pro-p-group, then Int.(G) is isomor-
phic to S x C, where S is a pro-p-subgroup of Int.(G) and C is a subgroup of F}.
The intensity of a pro-p-group G is then defined to be the cardinality of C and it
is denoted by int(G). The question we ask is: What are the infinite pro-p-groups
that have intensity greater than 17 We answer this question with Theorem HF05]
which we state after fixing some notation. Let p be an odd prime number and take
t € Zy to be a quadratic non-residue modulo p. We define A, to be the quaternion
algebra Z, ®Z,i® Z,j & Z,yk with defining relations i? = ¢, j> = p, and k = ij = —ji.
We denote by S(A,) the pro-p-subgroup of the multiplicative group (1+jA,) that
consists of all elements x = a + bi + ¢j + dk satisfying a? — tb?> — pc® + tpd? = 1.

Theorem 405. Let p be a prime number and let G be an infinite pro-p-group.
Then int(G) > 1 if and only if exactly one of the following holds.

1. One has p > 2 and G is abelian.
2. One has p > 3 and G is topologically isomorphic to S(A).
Moreover, one has int(S(Ap)) =2 and, if G is abelian, then int(G) =p — 1.
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Let p be a prime number and let G be a pro-p-group. We will show, in Section
32 that int(G) = ged{int(G/N) : N normal open in G, N # G} and, thanks to
this last characterization, we will derive the following theorem as a corollary of
Theorem

Theorem 406. Let p > 3 be a prime number. Then, for any positive integer c,
there exists a finite p-group G of class ¢ and intensity greater than 1.

The pace of Chapter [[3] will be slightly faster, compared to the previous ones,
in the sense that we will assume the reader is familiar with some basic facts
about profinite groups (which can however all be found in Chapters 0 and 1 from
[DASMS91]). We will give some extra background in Section[I31l In Section[I32]
we will prove several properties of topologically intense automorphisms and give an
analogue of Theorem [B6] for pro-p-groups. In the subsequent sections we will pave
the way to proving Theorem In Section [[3.3] we will give some limitations,
for p > 3, to the structure of infinite non-abelian pro-p-groups of intensity greater
than 1. In Section 3.5 we will discover that, if such groups exist, they can be
continuously embedded in one of two infinite pro-p-groups (one of them being
S(Ap)). We will study the structure of those two groups in Section [[3.4] and, in
Section [I[3.5] we will prove that, if p > 3 is a prime number and G is an infinite
non-abelian pro-p-group with int(G) > 1, then G is topologically isomorphic to
S(Ap). The results from Section will ensure that int(S(4A,)) > 1. We will
conclude the proof of Theorem in Section M[3.6.1] and give that of Theorem
in Section[I3.6.2] We will close Chapter [[3] with Section [[3.6.3] where we will
draw a bridge between Theorem and Theorem

13.1 Some background

This section is a collection of definitions and results from [DASMS91]. If G is a
profinite group and S is a subset of it, we denote by cl(S) the closure of S in G.
A full list of the symbols we use can be found at the beginning of this thesis (see
List of Symbols).

Definition 407. Let G be a profinite group. A discrete quotient of G is a quotient
of G by an open normal subgroup. A proper quotient of G is a quotient of G by a
closed normal subgroup that is different from {1}.

Definition 408. Let G be a profinite group. Then a set X is a set of topological
generators of G if G = cl({X)). The group G is topologically finitely generated if
it admits a finite set of topological generators.

Definition 409. Let G be a profinite group. The lower central series (G;)i>1 of
G is defined by
Gl =G and Gi+1 = Cl([G,Gl])
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In Section [[.2, we have defined the lower central series for any abstract group,
which should not be confused with that of a profinite group. In the case of finite
groups, they however coincide. We recall that, as defined in Section B2] the rank
of a finite group H is the smallest integer r such that every subgroup of H can be
generated by r elements.

Definition 410. Let G be a profinite group. The rank of G is
rk(G) = sup{rk(G/N) : N is normal open in G}.

Let G be a profinite group. It follows from the definition that rk(G) belongs to
Z U {0} and, if G has finite rank, that G is also finitely generated. Moreover,
when G is finite, the definition of rank given in Section is equivalent to the
one from Definition In [DASMS91], Proposition 3.11], a series of equivalent
definitions of rank is given.

Definition 411. A p-adic analytic group is a profinite group that contains an
open pro-p-subgroup of finite rank.

Our definition of a p-adic analytic group is not among the standard ones, but
it serves our purposes the best. In general, p-adic analytic groups are defined
to be topological groups that present the structure of a p-adic manifold. The
equivalence of the two definitions, for profinite groups, is given by Corollary 9.35
from [DdSMS91]. For more information about the topic, see [DASMS91, Ch. 9].

Definition 412. A profinite group is just-infinite if it is infinite and each of its
proper quotients is finite.

Definition 413. Let p be a prime number and let G be a pro-p-group. The Frattini
subgroup of G is ®(G) = cl(GP[G, G)).

As for the case of finite p-groups, the Frattini subgroup ®(G) of a pro-p-group G is
the unique closed normal subgroup of G minimal with the property that G/®(G)
is a vector space over Iy,

Lemma 414. Let p be a prime number and let G be a pro-p-group. Then G is
topologically finitely generated if and only if ®(G) is open in G.

Proof. This is Proposition 1.14 from [DdSMS91]. L]

In Chapter 3 of [DASMS91] it is proven that, if G is a finitely generated group,
then the cardinality of a minimal set of topological generators of G is equal to
dimg, (G/®(G)).

Definition 415. Let p be an odd prime number and let U be a pro-p-group. Then
U is uniform if the following hold.
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1. The group U is topologically finitely generated.
2. The quotient U/ cl(UP) is abelian.
3. The group U is torsion-free.

The definition of uniform group we give is slightly different from the one that is
given in [DASMS91]. However, the equivalence of the two is proven in [DASMS91,
Theorem 4.8].

Definition 416. Let p be an odd prime number and let U be a uniform pro-
p-group. The dimension of U is the cardinality of a minimal set of topological
generators of U. The dimension of U is denoted dim(U).

Lemma 417. Let p be an odd prime number and let G be a pro-p-group of finite
rank. Then G has a characteristic open uniform subgroup.

Proof. See Corollary 4.3 from [DdSMS91]. L]

Lemma 418. Let p be an odd prime number and let G be a pro-p-group. Then
all open uniform subgroups of G have the same dimension.

Proof. See [DASMS91, Corollary 4.6]. m

Definition 419. Let p be an odd prime number and let G be a pro-p-group of finite
rank. The dimension of G is the dimension of any of its open uniform subgroups.

Lemmas 417 and BI8] guarantee the consistency of Definition E19)

13.2 Properties and intensity

In Section [[3.2] we give several properties of topologically intense automorphisms
and, for a given prime number p, we define the intensity of a pro-p-group.

Lemma 420. Let G be a profinite group and let a be a topologically intense
automorphism of G. Then « induces an intense automorphism on each discrete
quotient of G.

Proof. Let N be an open normal subgroup of G. Then «(N) = N and « induces
an automorphism @ of G/N. Now each subgroup H of G/N corresponds to an
open subgroup H of G, which is sent to a conjugate by «. As a consequence, also
a(H) and H are conjugate in G/N and, the choice of H being arbitrary, it follows
that @ is intense. [
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If G is a profinite group and T denotes the set of open normal subgroups of G,
then Aut(G) has a natural topology, the “congruence topology”, for which a basis
of open neighbourhoods of the identity is given by

{T'(N) ={a € Aut(G) : a =idmodN}} ner.
For more information on the subject see for example [DASMS91, Ch. 5.2].

Lemma 421. Let G be a profinite group and let Y denote the collection of open
normal subgroups of G. Then one has

Int.(G) = lim Int(G/N).
NeTY
Proof. Let T denote the collection of open normal subgroups of G. Then, thanks
to Lemma [A20, we have a natural homomorphism

m:Inte(G) = [] It(G/N).

NeY

The map 7 is injective, because ker 7 is contained in Nyey(NV) = {1}, and the

image of 7 is equal to lim Int(G/N), thanks to Lemma B8(2). ]
Ner

Lemma 422. Let {X)}xcn be an inverse system of finite non-empty sets over a
directed set A. Then I'&HX,\ is non-empty.

Proof. This is Proposition 1.4 from [DdSMS91]. L]

Proposition 423. Let G be a profinite group and let « be an automorphism of
G. Then the following are equivalent.

1. The automorphism « is topologically intense.

2. For every open subgroup H of G, there exists an element x € G such that
a(H) = xzHx™t.

Proof. As every open subgroup is also closed, (1) clearly implies (2). Assume now
(2) and let H be a closed subgroup of G. We will construct € G such that
a(H) =zHz™!. Let A denote the collection of all discrete quotients of G and let
moreover Y be the collection of all open normal subgroups of G. Then there is a
natural bijection T — A, given by N — G/N. Now, thanks to Lemma E20], the
automorphism « induces an intense automorphism on each element of A. Hence, if
G is an element of A and H denotes the image of H in G, then there exists € G
such that a(H) = zHz~!. For each G € A define Xz = {zr € G : a(H) = zHz "1}
and observe that X is finite and non-empty. Let now G' and G’ be elements
of A such that G’ is a quotient of G. Then the natural projection G — G’
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induces a well-defined map X& — Xg,. It follows that {Xz}z., is an inverse
system of finite non-empty sets so, by Lemma E22] the set X = @Xa is non-
empty. Let x € X. As a consequence of the definition of X, for each element
N of T, the element N belongs to Xg/n and thus, for each N € T, we have
a(HN) = zHx='N. The map « is continuous, because it stabilizes each open
normal subgroup, and so it follows that

a(H) = cl(a(H)) = () a(H)N = (| «(HN) =

NeY NeYT

= ﬂ cHx 'N = cl(zHx 1) = cHa ™t
NeY

This proves (1), and therefore the proof is complete. [

In the proof of the following result we will use the generalization to profinite groups
of Schur-Zassenhaus’s theorem (see for example Theorem 2.3.15 from [RZ10]).

Proposition 424. Let p be a prime number and let G be a pro-p-group. Then
Int.(G) =S % C,

where S is a Sylow pro-p-subgroup of Int.(G) and C' is isomorphic to a subgroup
of F5. Moreover, one has

|C| = ged{int(G/N) : N normal open in G, N # G}.

Proof. Let T denote the collection of open normal subgroups of G. For each
N € T, denote by mn : Int(G/N) — Int((G/N)/®(G/N)) the map from Lemma
BR(2) and set Ky = kerny and Iy = nn(Int(G/N)). For each N € T, we then
get a short exact sequence

1= Ky —Int(G/N) = Iy — 1

which induces, thanks to Lemma [E21] and the exactness of T&n, the short exact
sequence
1— @KN — Int.(G) — @IN — 1.
NeY NeY
Define S = @1 Ky and C = @1 In. As a consequence of Lemma, [I01] whenever

Ner NeTr
M,N € T\{G} and N C M, the natural map Iy — Iy is injective and therefore,

lim Int((G/N)/®(G/N)) being equal to Int(G/®(G)), Lemma B yields that C
NeY
is isomorphic to a subgroup of F;. Moreover, thanks to Lemma 07 the group

S is a pro-p-subgroup of Int.(G). The order of C being coprime to p, it follows
that in fact S is a Sylow pro-p-subgroup of Int.(G) and, from the generalization of
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Schur-Zassenhaus’s theorem to profinite groups, that Int.(G) = S x C. Moreover,
the fact that |C] is equal to the greatest common divisor of the int(G/N), as N
varies in T \ {G}, is a direct consequence of Lemma [TOT] ]

Let p be a prime number and let G be a pro-p-group. Let moreover C be as in
Proposition The intensity int(G) of G is defined to be the cardinality of C.
Thanks to Proposition[424] the intensity of G is also equal to the greatest common
divisor of the set {int(G/N) : N normal open in G, N # G}.

Corollary 425. Let p be a prime number and let G be an abelian pro-p-group. If
G is non-trivial, then int(G) =p — 1.

Proof. If G is non-trivial, then Theorem [Bf] yields int(G) = p — 1. [

13.3 Non-abelian groups, part I

The main purpose of Section [[3.3]is to give a proof of Proposition 4261 We refer
to Section 3] for the definitions of just-infinite profinite groups and of p-adic
analytic groups and their dimensions.

Proposition 426. Letp > 3 be a prime number and let G be a non-abelian infinite
pro-p-group. Assume that int(G) > 1. Then G is a just-infinite p-adic analytic
group of dimension 3.

The following assumptions will be valid until the end of Section Let p be an
odd prime number and let G be an infinite non-abelian pro-p-group of intensity
greater than 1. Let (G;);>1 denote the lower central series of G, as defined in
Section I3l and let o be a topologically intense automorphism of G of order 2.
The existence of « is guaranteed by the combination of Propositions @24 and

Lemma 427. The automorphism « induces an intense automorphism of order 2
on each non-trivial discrete quotient of G.

Proof. Let C be as in proposition @24 and, without loss of generality, assume that
a € C. Then, as a consequence of Lemma @20 given any open normal subgroups
N and M of G such that N C M # G, we get a commutative diagram

C — Int(G/M)

Int(G/N)
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Moreover, the map « being non-trivial, there exists a discrete quotient of G on
which « induces an automorphism of order 2. The choice of M and N being
arbitrary, it follows that « induces an intense automorphism of order 2 on each
non-trivial discrete quotient of G. [

Lemma 428. Assume that p > 3. Then each discrete quotient of G of class at
least 4 is a p-obelisk.

Proof. Let G be a discrete quotient of class at least 4 of G. By Lemma BEZT]
the map « induces an intense automorphism of order 2 of G. It follows from
Proposition BI8 that G is a p-obelisk. "

Lemma 429. Let ¢ be a non-negative integer. Then G has a discrete quotient of
class c.

Proof. Assume by contradiction that there exists an upper bound on the class of
the discrete quotients of G and let C' € Z>g be minimal with this property. Since
G is non-abelian, one has C' > 2. Let us now denote by T the collection of open

normal subgroups of G. Then G = @1 G/N and so G has class C. The group
NeTY
G being infinite, it follows from Theorem that C < 3 and so C = 2. Let

now M, N € T be such that G/N has class 2 and M C N. Let K = G/M and
let m : G — K denote the canonical projection. Then K has class 2 and, as a
consequence of Lemma [27] the intensity of K is greater than 1. By Theorem
[[03] the group K is extraspecial and, 7(/N) being non-trivial and normal in K, it
follows from Lemma 29 that 7(N) contains Z(K) = [K, K|. In particular, K/7(N)
is abelian and therefore so is G/N. Contradiction. (]

Lemma 430. The set {G;}i>1 is a base of open neighbourhoods of 1 in G.

Proof. Let moreover T denote the collection of all open normal subgroups N of P
with the property that G/N has class at least 3. As a consequence of Lemma [A29]

the group G is equal to @1 G/N. Moreover, each subgroup G; being closed, we
NeY
also have G; = lim (G/N);. Thanks to Lemma[427] whenever N € T, the quotient
NeY
G/N has intensity greater than 1 and so Theorem yields that {G;};>1 is a

base of open neighbourhoods of 1 in G. [
Lemma 431. Assume that p > 3. Then rk(G) = 3 and G is p-adic analytic.

Proof. By Lemma 27 the automorphism « induces an intense automorphism
of order 2 on each non-trivial discrete quotient of G and, as a consequence of
Lemma B29] the group G has finite quotients of any possible class. It follows
that rk(G) = sup{rk(G/N) : G/N has class at least 4} and hence Proposition 222
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yields rk(G) = 3. The group G being a pro-p-group of finite rank, it is p-adic
analytic. [

Lemma 432. Assume that p > 3. Let N be a non-trivial closed subgroup of G.
Then the following are equivalent.

1. The subgroup N is normal.
2. There exists | € Z>1 such that G111 € N C Gj.
Moreover, P is just-infinite.

Proof. The implication (2) = (1) is clear; we prove (1) = (2). Thanks to Lemma
M30, every element of the lower central series of G is open and {G;};>1 is a base
of open neighbourhoods of 1. For all k& € Z>1, denote by m, : G — G/Gj, the
canonical projection and set I = max{k : m;(N) = 1}. The index [ is well-defined,
because N # 1, and N is contained in Gy, but not in Gj41, by the maximality of
l. In particular, for each k > [, the minimum jump of 7 (N) in G/G}, is I. Now,
by Lemma (A28, whenever k > 5, the quotient G/Gy, is a p-obelisk. It follows from
Lemma [B27(2) that, whenever k > max{l,5}, the subgroup G;4+1 is contained in
NGy, and therefore

N.

Gi1 € () NGk = []NGi = c(N)
k>max{l,5} k>1

We have proven that Gij11 € N C G and thus also that (1) implies (2). To
conclude, since each Gy is open in G, the subgroup N is open and the quotient
G/N is finite. Because of the arbitrary choice of N, the group G is just-infinite. =

Lemma 433. Assume that p > 3. Then G is torsion-free.

Proof. By Lemma A28 whenever k is at least 5, the quotient G/G}, is a p-obelisk.
It follows from Corollary that, for each non-negative integer i, raising to the
power p induces a well-defined isomorphism G;/G;+1 — Git2/Gits. By Lemma
[429, there is no bound on the class of the finite quotients of G, and therefore G is
torsion-free. -

Lemma 434. Assume that p > 3. Then G is open, uniform, and has dimension
3.

Proof. Let G be a discrete quotient of class at least 5 of G, which exists by Lemma
As a consequence of Lemma B28, the group G is a p-obelisk and so Lemma
yields [Ga : G4| = p®. The subgroup G is equal to G4, thanks to Lemma 323,
and so, as a consequence of Lemma 20, the quotient G» /Gy = G /Gy is elementary
abelian. It follows that each generating set of G has at least 3 elements. However,
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the rank of G is equal to 3, thanks to Lemma @31l and therefore G is generated
by exactly 3 elements. Since G was chosen arbitrarily, the quotient G/ cl(G5)
is abelian and any minimal set of topological generators of Gs has 3 elements.
Now, as a consequence of Lemma 33| the torsion of G4 is trivial and hence Go
is uniform of dimension 3. Moreover, the subgroup G5 is open thanks to Lemma
40 ]

We conclude Section by giving the proof of Proposition Assume that
p > 3. Then G is p-adic analytic, by Lemma[43T], and it has dimension 3 thanks to
Lemma 34l Moreover, G is just-infinite by Lemma 432l The proof of Proposition
is now complete.

13.4 Two infinite groups

In Section [I3.4] we present two infinite pro-p-groups, which are p-adic analytic. We
will see, in Section [I3.5 the role they play in the proof of Theorem [403]

13.4.1 The first group

Let p > 3 be a prime number and let 7 : SLy(Z,) — SL2(F,) be the canonical pro-
jection. Let SL2A (F,) denote the subgroup of SLy(F,) consisting of those elements

of the form
1 =z
<O 1) where x € ).

We define SLQA(ZP) = w‘l(SLQA(Fp)) and remark that SLQA(ZP) is a pro-p-group.
Our notation is consistent with that of [GSK09]; however, we will make use of
several facts coming from [Hup67, Ch. I11.17], where the group SL5'(Z,) is denoted
by Mo,1,1-

Lemma 435. Let p > 3 be a prime number and let G = SLQA(ZP). Denote by
(Gi)i>1 the lower central series of G. Then, for each k € Z>3, the quotient G/G},
s a p-obelisk.

Proof. This is a reformulation of Satz 17.8 from [Hup67, Ch. III]. n

Lemma 436. Let p > 3 be a prime number and let G = SLQA(ZP). Denote by
(G;)i>1 the lower central series of G. Then there exist x € G\ G2 and a € G2\ G3
such that [z, a] € cl({x)).

Proof. This proof relies on several lemmas from [Hup67, Ch. IT1.17]; we will respect
Huppert’s notation. Let

sz(l)z((l) 1) and a:D(1+p)=<(1+Op)_l (13]?)).
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Satz 17.4 from [Hup67, Ch. II1.17] gives a concrete characterization of the lower
central series of G, from which it directly follows that z € G\ G2 and a € G2\ G3.
As a consequence of Hilfssatz 17.2(a), the element x generates topologically the
subgroup B consisting of all matrices of the form

1 =z
<0 1) where x € Z,,.

To conclude, Hilfssatz 17.3 guarantees that there exists an element b € Z, such

that
@, d] 1 pb
x,al = 1

so, in particular, [z, a] belongs to the subgroup B¢ = cl({(z)). ]

We recall that a p-obelisk is a non-abelian finite p-group G satisfying G3 = GP
and |G : G3| = p3. A p-obelisk G is framed if, given any maximal subgroup M
of G, one has ®(M) = G3. For more information about p-obelisks, we refer to
Chapter [T

Lemma 437. The group SLQA(ZP) has a discrete quotient of class 6 that is not a
framed p-obelisk.

Proof. Let G = SLQA(ZP) and denote by (G;);>1 the lower central series of G, as
defined in Section M3l We define G = G/G7 and we use the bar notation for
subgroups and elements of G. The group G has class 6 and it is a p-obelisk, by
Lemma Let now x € G be as in Lemma and set £ = (xGy), which is a
1-dimensional subspace of G/G5. Let moreover

p% Ia/ég —)G_3/§4
and
V1,2 36/32 XG_Q/G_3—>63/64

denote the maps from Lemma As a consequence of Lemma [436] the elments
pr(0) and 1 2({€} x G2/G3) generate a 1-dimensional subspace ¢’ of G3/G4. By
Lemma B22(1), the width wtz(3) is equal to 2 so ¢ is different from G3/Gj.
Proposition [330] yields that G is not framed. m

13.4.2 The second group

Let p > 3 be a prime number and let ¢t € Z,, be a quadratic non-residue modulo p.

Define A, to be (’527—1)), i.e., the quaternion algebra

A, =7y ®Zpi ® Lpj ® Zpk
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with defining relations
i2=t,j> =p, and k =ij = —ji.
The quaternion algebra A, is equipped with a bar map, defined by
r=a+bi+cj+dk — T=a—0bi—c—dk,

which is an anti-homomorphism of order 2. The algebra A, has, in addition, a
unique maximal (left/right /two-sided) ideal m, which is principal generated by j,
ie. m = A,j. It follows that an element x = a + bi + ¢j + dk belongs to m if and
only if both a and b belong to pZ,. Moreover, for each k € Z>, the ideal mF is
principal generated by j* and therefore, for each s € Z>g, one has

m?* =p°A, and m**! =pm.

As a result, for each k € Z>1, the quotient m*/m*+1 is a vector space over F,, of
dimension 2. Now, for each k € Z>1, the set 1+mF is easily seen to be a subgroup
of A% and the natural map (1 +m¥)/(1+m*™) — m*F/mF*1 is an isomorphism

of groups. It follows that 1 + m is a pro-p-subgroup of A;;. Define
S(Ay)=(1+m)N{z e, :T=a""}

Then S(A,) is a closed subgroup of 1 +m and thus a pro-p-group itself. We have
here lightened the notation from [GSK09], where the group S(A,) is denoted by
SL1(Ap).

Lemma 438. Let p > 3 be a prime number and let G = S(A,). Denote by (G;)i>1
the lower central series of G. Then, for each k € Zx1, one has Gy = (1+mF)NG.

Proof. We sketch here the proof, but leave out the computations. For all ¢ € Z>,
denote M; = (1 +m%)NG. We remark that all M; are normal in G and they form
a base of open neighbourhoods of 1 in G. It is easy to check that (M;);>1 is a
central series, in other words for all i € Z>; the subgroup [M;, M;] is contained
in M;y1. As a consequence of Lemma 22 for each index ¢, the commutator map
induces a bilinear map v; : My /My x M;/M;+1 — M;11/M;+o. Next, by direct
computation, one gets that, for every i € Z>1, the image of 7; generates M;/M;1,
and therefore M, 11 = [My, M;]M; 2. Fix i. By induction one shows that, for each
positive integer n, one has M; 1 = [M1, M;]M;,, and hence

Mi+1 = ﬂ [MlaMi]Mi—Q—n = Cl([Ml,MZ])

n>1

Since M; = G, we get that M, = cl([G,G;]) = Git1. The choice of i being
arbitrary, the proof is complete. [
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Lemma 439. Let p > 3 be a prime number and let G = S(A,). Denote by
(G;)i>1 the lower central series of G. Then, for each i € Z>1, the map x — xP on
G induces an isomorphism p; : G;/Git1 — Git2/Gits.

Proof. By Lemma 438, given any positive integer i, one has G; = (1 +m*) N G.
Fix i € Z>1 and let 1 + x be an element of G;. One shows that (1 4+ z)P =
1+ px mod G;13. It is now easy to conclude. [

Lemma 440. Let p > 3 be a prime number and let G = S(A,). Denote by (G;)i>1
the lower central series of G. Let x € G\ G2 and let y € G2 \ G3. Then G3 is
generated by xP and [x,y] modulo Gy.

Proof. Straightforward computation. [

We remind the reader that, as defined in Chapter [I0, a p-obelisk is a finite non-
abelian p-group G such that |G : G3| = p® and GP = G3. A p-obelisk is said to be
framed if, for each maximal subgroup M of G, one has ®(M) = Gs.

Lemma 441. Let p > 3 be a prime number and let G = S(A,). Denote by (G;)i>1
the lower central series of G. Then, for each k € Z>3, the quotient G/Gy, is a
framed p-obelisk.

Proof. Let k € Z>3 and denote G = G/Gj. The group G is non-abelian and
it is finite. Moreover, as a consequence of Lemma @38 one can easily compute
that |G : Gs| = |G : Gs| = p? and, thanks to Lemma A39, one has G© = Gs. It
follows that G is a p-obelisk. To show that G is framed, combine Lemma and
Proposition [

Lemma 442. Let p > 3 be a prime number and let G = S(A,). Let moreover
a: G — G be defined by

a+bi+cj+dk — a+bi—c —dk.

Then « is a continuous automorphism of G and the map G/G2 — G/Gs that is
induced by o is equal to the inversion map a — a~'.

Proof. The map « coincides with conjugation by i and it is therefore a continuous
automorphism. Moreover, thanks to Lemma E38] the subgroup G2 coincides with
(1+m?)NG. Since each element x of G can be written in the form z = 1+cj+dk+m,
with ¢,d € Z, and m € m?, we get that a(z) = T mod G2. The elements T and
271 being equal, it follows that a(z) = 27! mod Gb. (]

Lemma 443. Let p > 3 be a prime number and let G = S(A,). Define moreover
a:G—=G by
a+bi+cj+dk — a4+ bi—cj—dk.

Then « is a topologically intense automorphism of G of order 2 and int(G) = 2.
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Proof. By Lemma [442] the map « is a continuous automorphism of G and, by its
definition, it clearly has order 2. We prove that « is topologically intense. To this
end, let H be an open subgroup of G. As a consequence of Lemma [430 there
exists a positive integer k such that Gy is contained in H. Fix such integer k
and define K = max{k,4}. Denote G = G/Gf and use the bar notation for the
subgroups of G. Denote moreover by ag the automorphism that is induced on G
by a. Then af induces the inversion map on G/Gs, as a consequence of Lemma
and the definition of aixr. Moreover, the class of G is at least 3 so, thanks to
Lemma F41] the group G is a framed obelisk. It follows from Theorem [344] that

aj is intense, so there exists ¢ € G such that ax(H) = gHg~!'. Furthermore,
we have that a(H) = gHg~! and, the choice of H being arbitrary, it follows from
Proposition @23 that « is topologically intense. In particular, int(G) is even. The
intensity of G is equal to 2, as a consequence of Proposition [424] and Theorem

129 ]

13.5 Non-abelian groups, part II

The aim of this section is to give a proof of the following proposition.

Proposition 444. Let p > 3 be a prime number and let P be a non-abelian
infinite pro-p-group. Assume that int(P) > 1. Then P is topologically isomorphic
to S(Ap).

Until the end of Section [[3.5], let the following assumptions be valid. Let p > 3
be a prime number and let P be an infinite non-abelian pro-p-group of intensity
greater than 1. Let (P;);>1 denote the lower central series of P, as defined in
Section I3} and let a be a topologically intense automorphism of P of order 2,
which exists thanks to Proposition In the proof of Proposition E44, we will
make heavy use of results coming from Chapters [0 and [ITl

Definition 445. Let G be a group. The derived series (G(i))izo of G is defined
recursively by
GO =@ and G = [GW GW).

The group G is solvable if there ewists k € Z>q such that G = {1}.
Lemma 446. Every solvable just-infinite pro-p-group other than Z, has torsion.

Proof. This is Proposition 6.1 in [GSKQ9]. L]

We remind the reader that, for each prime number p > 3, the groups SLQA(ZP)
and S(A,) have been defined in Section [[3.4]
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Lemma 447. Let p > 3 be a prime number and let G be a p-adic analytic group.
Assume that dim(G) = 3 and that G is both torsion-free and non-solvable. Then
G is topologically isomorphic to an open subgroup of S(A,) or SLQA(ZP),

Proof. See [GSK09, Section 7.3]. m

Lemma 448. The group P is topologically isomorphic to an open subgroup of
S(A,) or SLS (Zy).

Proof. The group P is a just-infinite p-adic analytic group of dimension 3, by
Proposition By Lemma [433] the torsion of P is trivial and so, by Lemma
[446 the group P is not solvable. It follows from Lemma [447] that P is isomorphic
to an open subgroup of S(A,) or SLQA (Zyp). n

Lemma 449. The group P is topologically isomorphic to S(Ap) or SLQA(ZP).

Proof. Let G € {S(A,), SLZA(ZP)} and let (G;);>1 denote the lower central series
of G. From the combination of Lemmas 435 and @41l we know that, for each k£ > 3,
the quotient G/GYy, is a p-obelisk. Let now H be an open subgroup of G, such that
P is topologically isomorphic to H. The existence of H is ensured by Lemma [448
By Lemma (429] the group H has discrete quotients of any class and, thanks to
Lemma [428 each such quotient, of class at least 4, is a p-obelisk. The subgroup
H being open, it follows from Lemma E30] that there exists k € Z~4 such that Gy,
is contained in H so H/Gy is a p-obelisk. Proposition 337 yields G = H. ]

Lemma 450. FEach discrete quotient of P of class at least 6 is a framed p-obelisk.

Proof. Let G be a discrete quotient of P of class at least 6. By Lemma E27 the
map « induces an intense automorphism of order 2 on G and, by Lemma 28] the
group G is a p-obelisk. By Lemma [322(1), the number wtg(5) is equal to 2 so, by
Theorem B75] the p-obelisk G is framed. [

We are finally ready to give the proof of Proposition @44l Thanks to Lemma [49]
there are only two possibilities for the isomorphism type of P: that of S(A,) or
that of SL2A (Z,). By Lemma [450] every discrete quotient of P of class 6 is a
framed p-obelisk so, in view of Lemma 437 the group SLQA (Zy) is not isomorphic
to P. It follows that P is topologically isomorphic to S(A,) and so the proof of
Proposition [444] is complete.

13.6 Proving the main theorems and more

In Sections [[3.6.1] and [[3.6.2] we prove respectively Theorem and Theorem
The last two theorems are the most important results of Chapter we are
able to draw a bridge between the two thanks to Proposition @51 which is proven
in Section
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13.6.1 The proof of Theorem 405

Let p be a prime number. As a consequence of Proposition @24] the intensity of
a pro-p-group divides p — 1 and so there are no pro-2-groups of intensity greater
than 1. Assume now that p is odd. Then, thanks to Corollary B25], each infinite
abelian pro-p-group has intensity p — 1, which, p being odd, is greater than 1.
Let now G be a non-abelian infinite pro-p-group with int(G) > 1. Then G has a
discrete quotient of any class, thanks to Lemma B29] so Theorem 23T yields that
p is larger than 3. By Proposition d44] the group G is topologically isomorphic to
S(Ap), which, by Lemma [A43] has indeed intensity 2. The proof of Theorem
is now complete.

13.6.2 The proof of Theorem

Let p > 3 be a prime number and let ¢ be a positive integer. Write P = S(4A,)
and let (P;);>1 denote the lower central series of P, as defined in Section 1311
Then the group P/P.;; has class ¢ and it is finite, as a consequence of Lemma
The group P being a pro-p-group, P/P.;1 is a finite p-group. Moreover, by
Theorem M08, the intensity of P is greater than 1 and so, thanks to Proposition
@24, we get int(P/P.4+1) > 1. The number ¢ was chosen arbitrarily and therefore
Theorem is proven.

13.6.3 A bridge between finite and infinite

The purpose of Section [[3.6.3] is to compare, for a fixed prime p > 3, the finite
p-groups of intensity greater than 1 with the discrete quotients of S(A,).

Proposition 451. Let p > 3 be a prime number and write P = S(A,). Denote by
(P;)i>1 the lower central series of P. Then there exists a function f : Zso — Z>o
with the following properties.

1. One has lim. o f(c) = oo.

2. For each finite p-group G of class ¢ with int(G) > 1, the quotients G/G g(c)
and P/ Py are isomorphic.

Proof. For each positive integer ¢, let Int(p,c) denote the collection of all finite
p-groups of class ¢ and intensity greater than 1. We define f : Zso — Z>o
by mapping each element ¢ € Z~( to the maximum index m € Zsqo for which,
whenever G € Int(p,c), the quotients G/G,, and P/P,, are isomorphic. The
map f is well-defined, thanks to Theorem 406 and it follows directly from the
definition of f that (2) is satisfied. Moreover, thanks to Lemma [I0I] the function
f is non-decreasing. We prove (1) by contradiction. Let C' € Z>o be such that,
for all ¢ > C, one has f(c) = f(C). In other words, for each ¢ € Z>¢, there exists
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G € Int(p, c) such that G/G ¢y and P/ Py are isomorphic, but G/G f(cy41 and
P/Pf(cy+1 are not. For all ¢ > C, call X, the collection of such G and note that,
for each ¢ > C, the set X, is non-empty. Thanks to Lemma[I0T] for each ¢ € Z~¢,
we have a natural map X.41 — X., which is defined by G — G/G.+1. The
collection {X.}.>¢ is thus an inverse system of non-empty sets. As a consequence
of Theorem [124], the constant C is at least 3 and so, for each ¢ > C, Theorem

yields that X is finite. By Lemma E22] the set X = I'&an is non-empty and
c>C
therefore there exists an infinite non-abelian pro-p-group of intensity larger than

1 and which is, by construction, not isomorphic to P. Contradiction to Theorem
405l It follows that (2) is satisfied and the proof is complete. L]

Proposition @5Tlis the last result of this thesis and, in summary, it states that, for
p > 3, each finite p-group G with int(G) > 1 shares a “relatively big” quotient
(growing in size with the class of G) with the infinite group S(A,). One can then
ask: if p > 3 and G is a finite p-group of intensity greater than 1, then “how far is
G from being a quotient of S(A,)”? More precisely, if G is a finite p-group of class
¢ with int(G) > 1 and f is as in Proposition @51] then what is the average size of
G()? Is there an absolute constant B such that, for each ¢ € Z~o and for each
finite p-group G of class ¢ and intensity greater than 1, one has |G| < pB? In
view of Theorem 375 we can surely answer this question if we manage to classify,
for each given prime p > 3, all framed p-obelisks that have an automorphism of
order 2 that induces the inversion map on the Frattini quotient of the group.
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Summary

Intense automorphisms of finite groups

Let G be a group. An automorphism « of G is intense if, for every subgroup H
of G, there exists an element x of G such that a(H) = xHz~!. The collection of
intense automorphisms of G is a subgroup of Aut(G), which is denoted by Int(G).

In this thesis we classify the pairs (p, G), where p is a prime number and G is
a finite p-group but Int(G) is not. To this end, for each finite p-group G, we define
the intensity int(G) of G to be the index of any Sylow p-subgroup of Int(G) in
Int(G). We prove that finite 2-groups have intensity 1. Next, we prove that, for
every prime number p, each non-trivial finite abelian p-group has intensity p — 1.
We proceed with the classification by progressively increasing the nilpotency class
of the groups we are looking at. Let p be an odd prime number. We show that the
finite p-groups of class 2 and intensity greater than 1 are exactly the extraspecial
p-groups of exponent p. We prove moreover that, if the class is 3, then a finite
p-group has intensity greater than 1 if and only if its abelianization has order p2.
The classification process becomes more difficult as the class increases. We prove
that there exists a unique 3-group, up to isomorphism, of class at least 4 and
intensity greater than 1; that group has order 729. In contrast with the case of
3-groups, we demonstrate that, if p > 3, there exists, for each positive integer ¢, a
p-group G of class ¢ for which Int(G) is not itself a p-group. To do so, we extend
the notion of intensity to pro-p-groups and, if p > 3, we construct an infinite non-
abelian pro-p-group of intensity greater than 1. We later prove that the infinite
group we constructed is the unique infinite non-abelian pro-p-group of intensity
greater than 1, up to isomorphism. In conclusion, for each prime number p > 3,
we define a new family of 2-generated finite p-groups, which we call p-obelisks, and
we show that they have exceptionally pleasant properties. The classification of
finite p-groups of intensity greater than 1 is completed, modulo the existence of a
special kind of automorphisms of p-obelisks.
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Samenvatting

Intense automorfismen van eindige groepen

Zij G een groep. Een automorfisme o van G heet intens als er voor elke ondergroep
H van G een element z in G bestaat waarvoor geldt a(H) = zHz~'. De verza-
meling Int(G) van alle intense automorfismen van G is een ondergroep van Aut(G).

In dit proefschrift classificeren we de paren (p,G), met p een priemgetal en G
een eindige p-groep waarvoor Int(G) geen p-groep is. Daartoe definiéren we voor
elke p-groep G de intensiteit int(G) van G als de index van een willekeurige Sylow
p-ondergroep van Int(G) in Int(G). We bewijzen dat eindige 2-groepen intensiteit
1 hebben. Vervolgens bewijzen we dat, als p een priemgetal is, elke eindige non-
triviale abelse p-groep intensiteit p — 1 heeft. We vervolgen de classificatie door de
nilpotentie klasse van de groepen die we bekijken te laten oplopen. Zij p een oneven
priemgetal. We laten zien dat de p-groepen van klasse 2 en intensiteit groter dan
1 precies de extraspeciale p-groepen met exponent p zijn. We bewijzen bovendien
dat, als de klasse 3 is, een eindige p-groep intensiteit groter dan 1 heeft dan en
slechts dan als zijn verabelisering orde p? heeft. De classificatie wordt moeilijker
naarmate de klasse groeit. We bewijzen dat er op isomorfie na een unieke 3-groep
van klasse groter dan 4 en intensiteit groter dan 1 bestaat; deze groep heeft orde
729. In tegenstelling tot het geval van 3-groepen tonen we aan dat er, voor p > 3
en ¢ een positief getal, een p-groep G van klasse ¢ bestaat waarvoor Int(G) geen p-
groep is. Hiertoe breiden we het begrip intensiteit uit naar pro-p-groepen en voor
p > 3 construeren we een oneindige niet-abelse pro-p-groep van intensiteit groter
dan 1. Later bewijzen we dat de oneindige groep die we hebben geconstrueerd op
isomorfie na de unieke oneindige non-abelse pro-p-groep van intensiteit groter dan
1 is. Ten slotte definiéren we voor elk priemgetal p > 3 een nieuwe familie van
2-voortgebrachte eindige p-groepen, die we p-obelisken noemen, en we laten zien
dat ze bijzonder aangename eigenschappen hebben. De classificatie van eindige
p-groepen van intensiteit groter dan 1 is voltooid, op het bestaan van een speciaal
soort automorfismen van p-obelisken na.
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