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Exercise 7 (Definition 2.5). 10 points
Consider the difference equation

xn+1 = 4xn(1− xn).

Let x0 = (sinφ0)
2. Describe the sequence (x0, x1, x2, x3, . . .) (i.e. the orbit of x0) for each of the

initial values

• φ0 =
π
7

• φ0 =
2π
7

• φ0 =
π
5

Hint: Use the identity (sin(θ))2 = 1
2
− 1

2
cos(2θ).

Exercise 8 (Definition 2.7). 10 points
Consider the difference equation

xn+1 = −xn , n ∈ N ; x0 ∈ R .

Find an expression for xn in terms of x0. What are the fixed points? Are there periodic points?

Exercise 9 (Definition 2.17, Definition 2.20). 10 points
Let X ⊆ R and define f : X → R by f(x) := 1

4
(x2 + 3).

a) Take X =
[
0, 3

2

]
. Show that f(X) ⊆ X and that in this case f : X → X is a contraction.

b) Find the fixed point(s) of f in
[
0, 3

2

]
and describe their properties concerning Definition 2.20.

c) Now take X = R. Show that f : R→ R is not a contraction.

Exercise 10 (Definition 2.20, Theorem 3.6/Remark 3.7). 10 points
Consider the dynamical systems determined by the family of functions

fc(x) = x2 + c

where c is a parameter. Determine the fixed points. What properties do they have?
(Hint: Consider the three cases c < 1

4
, c = 1

4
, and c > 1

4
separately and make use of ’Graphical

Analysis’.)


