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Exercise 11 (Definition 3.1). 10 points
Consider the dynamical system defined by f : R→ R where

f(x) =


1 for 1

4
< x < 1 ,

1
2

for x = 1
4
, 1 ,

0 otherwise .

a) Sketch the graph of function f as well as the phase portrait of the dynamical system.
b) Find the fixed points of f and describe their properties (attracting or repelling).
c) Find the periodic orbits of f and describe their properties concerning Definition 2.11.

Exercise 12 (Definition 2.30 + Theorem 3.6). 10 points
Consider the dynamical systems defined by the following functions. Find the corresponding
periodic orbit under f and verify if it is an attractor or repeller. Make use of Theorem 3.61

a) f : [0, 5
4
]→ [0, 5

4
] with

f(x) =


4x(1− x), for 0 ≤ x < 1

2

1, for 1
2
≤ x < 3

4
5
2
− 2x, for 3

4
≤ x ≤ 5

2

b) f : [0, 1]→ [0, 1] with

f(x) =


4x, for 0 ≤ x < 1

4

−3x+ 7
4
, for 1

4
≤ x < 1

2

−x
2
+ 1

2
, for 1

2
≤ x ≤ 1

Exercise 13 (Proposition 3.9). 10 points
Consider the dynamical systems defined by the following functions. In each case, show that
x = 0 is a fixed point of the dynamical system and discuss its stability properties (attracting or
repelling).

a) f(x) = −x− x3

b) f(x) = −x+ x3

1Hint: It is possible to extend the result to∣∣∣∣ ddx [f2](x0)

∣∣∣∣
{
< 1

> 1
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Exercise 14 (Example 3.10). 10 points
Consider the function f : [0, 1)→ [0, 1) defined by

f(x) =

{
1
2
x+ 1

2k+1 for 1
2k

< x ≤ 1
2k−1 , k ∈ N,

0 for x = 0 .

a) Show that for k ∈ N, x ∈
(

1
2k
, 1
2k−1

]
,

lim
n→∞

fn(x) =
1

2k
.

b) Show that the fixed point x = 0 of f is stable.

2


