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Motivation

The Gelfand-Kirillov dimension measures the growth rate of a
filtered K-algebra.

Aim
We want to compute GK dim for preprojective algebras.
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Definitions: Growth Rate

filtration of an algebra

Let K be a field and R a K-algebra with a filtration {R,}, i.e.
» R, C R subgroup of (R,+) Vn
» RiCRjfori<j
> RiR; C Riyj Vij
» R, =R
{Rn} is called
» standard, if (R1)" =R, Vn.

» finite-dimensional, if Ry = K and dimx R, < oo Vn.
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Definitions: Growth Rate

filtration of a module mathemati

Let M be a right R-module filtration {M,}, i.e.
> M, C M subgroup Vn
» M; € M for i <j
MiR; C My, Vi,j
» UM, =M
{M,} is called
» standard, if M, = MgR, Vn.

» finite-dimensional, if dimx M, < oo Vn.

v
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Definitions: Growth Rate

special cases: R affine; M finitely generated

R affine: R finitely generated by a finite-dimensional subspace V
as a K-algebra.

> V is called generating subspace of R.
Set Ry := V% =K and R, := Z V. Then {R,} is a standard

=0
finite-dimensional filtration of R

M finitely generated = M has a finite-dimensional subspace My
s.th. MoR = M.
» My is called generating subspace for M.

Set M, := MyR,. Then {M,} is a standard finite-dimensional
filtration of M.
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Definitions: Growth Rate
h

growth rate

Let f : N — R>; be any function.
f has polynomially bounded growth if

dv e Rs.th. f(n) <n"forn>>0

The growth rate of f is then defined as
v(f) = inf{v|f(n) < n" for n >> 0}

For f not polynomially bounded, set v(f) := oc.
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Definitions: Growth Rate Definitions: Gelfand-Kirillov dimension Computing GK dim(MQ)

growth rate independent

Set f(n) :=dim R, and g(n) := dim M,.

Lemma

The growth rates ~(f) of R and ~(g) of M are independent of the
choices of V and M.

Proof.

Let V’, My be other generating subspaces, {R},},{M,} the
corresponding filtrations and f’(n) = dim R}, g’(n) = dim M},.

» R, =R and R; C Riy1 = V' C R, for some a
» UM, =M and M; C M1 = M| C M, for some b
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Definitions: Growth Rate Definitions: Gelfand-Kirillov dimension

Computing GK dim(MQ)

Proof (Cont.)

» UR,=Rand R; C Riy1 = V' C R, for some a

» UMy =M and M; C Mj 1 = Mj C M, for some b
= M), = M{R), = M{(V' + K)" C MpRan € Mapip
= g'(n) < glan+ b).

Let y(g) = v,e > 0. Then g(n) < n"*¢ for n >> 0.
g'(n) < g(an+ b) < (an+ b)'*¢ = nV+e(a + L)vte < pvi2e,

= (&) <v=1(g)
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Definitions: Growth Rate

Proof (Cont.)
Switching the roles of V, My and V', My gives v(g") = ~(g)-

If we choose M = R and My = K, then g = f. O

f(n)<n' VYn>>0« 80 < ypsso

logn
Iog f(n)

<v

& limsup 5

Therefore

log(f(n))
log(n)

~(f) = limsup
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Definitions: Gelfand-Kirillov dimension
h

Gelfand-Kirillov dimension

GK dim(R) := v(f), where f(n) = dim R,, is the Gelfand-Kirillov
dimension of the algebra R.

If 1 € V then V" = R, hence GK dim(R) = ~(dim V").
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Definitions: Gelfand-Kirillov dimension

mathematik’
physi e

Coxeter transformation

Let Q be a quiver without loops and C € GL(C") the
corresponding Cartan matrix, i.e.

> C,','=2 Vi
> Cjj € Zi<g for i #
> C,'J'#O<:>Cj,'750.

Let rs be the reflection at vertex s with respect to C, i.e. rsx =y
where
P Ys = —Xs — Z CisXj
i#s
» y; =x; forall i #s.
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Definitions: Gelfand-Kirillov dimension

Coxeter transformation mathematix

The element ¢ := r,...r»>r1 is called a Coxeter transformation.

Remark (e.g. in [dIPT90], 1.1)

X indecomposable non-injective = dim 771X = ¢~ 1dim X.
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Definitions: Gelfand-Kirillov dimension

spectral radius mathemati

The spectral radius p of a linear transformation c is the maximal
|A|, where X is an eigenvalue of c.

Proposition ([DR81], Proposition 1)

p is an eigenvalue of c.

Lemma (seen in [dIPT90], 1.6)
If Q is neither Dynkin nor Euclidean, then p > 1.
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Computing GK dim(MNQ)

Choosing a filtration st hematic

Let Q be a quiver without loops.
Choose V™ := P 77'KQ.
i=0
VM. vl = vmHl by defining 775P(s) - P(t) ;= 7=k"1P(t). Then

n .
V is a generating subspace of the filtration {R, = ). V'}.
i=0
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Computing GK dim(MNQ)

GK dim(I'I Q) -Q Dynkin mathematii

Q Dynkin & R :=T1Q finite-dimensional

= dim R, is constant for n large.

Thus
GK dim(MNQ) = 0 if Q Dynkin.
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Computing GK dim(MNQ)

GK dim(MQ) - Q Euclidean mathemati

Proposition ([DR76],Proposition 1.5)

If Q is Euclidean, there exists an h > 1 such that
dim7="P = dim P + 0.(dim P)é for preprojective P.

where 0. is a linear functional called defect, corresponding to the
Coxeter transformation ¢, and ¢ is the "canonic” vector generating
the radical subspace of all dimension vectors which are stable
under the action of the Coxeter group.

Oc and § are stated explicitly in [DR76, Section 6].
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Computing GK dim(MNQ)

GK dim(MQ) - Q Euclidean - pt.2 it

n—1
Set d(n) == Y dim771KQ = dim V"1,
i=0

d(hn) = nd(h) + (5)0c(dim V=1)5
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Computing GK dim(MNQ)

.........

An example

- 1
Let @ be the quiver P o\ of type Ax. Then h=2,6 = (%)
o —>0

and 0. = (=3 0 3). The AR-quiver looks like

112 233\ /445 /566
344 556 \
7\ N

3

011 223

v

122 334 455
AN N Z
112 233 445

Z
N
001
Z

N AN
N\ ¥

SN

with first and fourth row identified.
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Computing GK dim(MNQ)
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Definitions: Growth Rate Definitions: Gelfand-Kirillov dimension Computing GK dim(MQ)

d(hn) = nd(h) + (3)Oc(dim V*~1)5 s

> dim 7 "KQ = dim KQ + 0(dim KQ)5
= dim 7~ 4"KQ = dim KQ + kd.(dim KQ)§

n—1 (k+1)h—1 )
» d(hn) = Z > dim7'KQ
= I kh
= Z Z dim 7% r=1KQ
k=0 i=0 =9c(dim KQ)
—1h-1
= Z ST(dim 77 KQ + k O (dim 7' KQ) 6)
k=0 i=0
=l
ZZdImT ’KQ+ZkZ@ (dim KQ)d
nd(h) ( ) Oc(dim Vh— 1)5

OJ
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Computing GK dim(MNQ)

GK dim(MQ) - Q Euclidean - pt.3 ?ﬁ&““‘-‘-ﬁ%‘ﬁ

» GKdim(NQ) = ~(d) = inf{v|||d(n)|| < n" for n >> 0}.
» d(hn) = nd(h) + (2)8C(dim vh—1)s
n n n 1
- () =ttay
» forn Iarge enough, [|d(h)|| < n and ||(5)dc(dim VA=1)§|| < n?

= ||d(hn)|| < 2n? for n sufficiently large = ||d(hn)|| < n? for
n>>0

GK dim(MNQ) = 2 for Q Euclidean.
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Computing GK dim(MNQ)

GK dim(MQ) - Q neither Dynkin nor Euclidean

Proposition ([DR81], Proposition 2)

p= i Y|l dim 7=mKQ||
log [|[dimT "KQ| _ m Iog||dim7_""KQ||
Iogm — Jogm ’

Iog V| dim7=mKQ||

el Iog p>0

— OO
m— 0o

Hence v(f) = oo, so

GK dim(MQ) = oo if Q is neither Dynkin nor Euclidean.

Inga Benner

University of Stuttgart, Germany

Coxeter Transformations and the Gelfand-Kirillov Dimension



Computing GK di )

Resu |t Fﬁ&'éﬁ?‘--ﬁﬁ%

We have established the following

0, if Q is Dynkin
GKdim(MQ) = < 2, if @ Euclidean

00 , otherwise
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Computing GK dim(MNQ)
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