Geometry on Arc Spaces of Algebraic Varieties

Jan Denef and Francois Loeser

Abstract. This paper is a survey on arc spaces, a recent topic in algebraic
geometry and singularity theory. The geometry of the arc space of an algebraic
variety yields several new geometric invariants and brings new light to some
classical invariants.

1. Introduction

For an algebraic variety X over the field C of complex numbers, one considers the
arc space L(X), whose points are the C[[t]]-rational points on X, and the truncated
arc spaces L, (X), whose points are the C[[t]]/¢t"+!-rational points on X. The
geometry of these spaces yields several new geometric invariants of X and brings
new light to some classical invariants. For example, Denef and Loeser [13] showed
that the Hodge spectrum of a critical point of a polynomial can be expressed in
terms of geometry on arc spaces, yielding a new proof and a generalization [15]
of the Thom-Sebastiani Theorem for the Hodge spectrum due to Varchenko [42]
and Saito [33, 34]. In a different direction, Batyrev [6] used arc spaces to prove
a conjecture of Reid [30] on quotient singularities (the McKay correspondence),
and to construct his stringy Hodge numbers [5] appearing in mirror symmetry.
All these developments are based on Kontsevich’s construction [23] of a measure
on the arc space £(X), the motivic measure, which is an analogue of the p-adic
measure on a p-adic variety.

In section 2 we define the arc spaces £L(X) and £,,(X) of an algebraic variety
over any field k of characteristic zero. The first question that appears is how £,,(X)
and 7, (L, (X)) change with n, where 7, denotes the truncation map from £(X)
to L£,(X). As a partial answer to this question we will see in theorem 2.1 that the
power series

J(T,x) =Y x(La(X)T", P(T,x) =Y x(m(L(X)))T"

n>0 n>0

are rational (i.e. a quotient of two polynomials), for any reasonable generalized
Euler characteristic x. This is a direct consequence of results of Denef and
Loeser [14]. Instead of working with particular generalized Euler characteristics,
such as the topological Euler characteristic, the Hodge polynomial or the Hodge
characteristic, it is more general to work with the universal Euler characteristic
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which associates to any algebraic variety X over k its class [X] in the Grothendieck
group Ko(Varg) of algebraic varieties over k. This is the abelian group generated
by symbols [X], for X a variety over k, with the relations [X] = [Y] if X and Y are
isomorphic, and [X] = [Y] 4 [X \ Y] if Y is Zariski closed in X. There is a natural
ring structure on Ky(Varg), the product of [X] and [Y] being equal to [X x Y.
We denote by My, the ring obtained from Kg(Vary) by inverting the class of Aj.
The above rationality result applied to the universal Euler characteristic says that
the power series

JT) = S L (X T", PT) = Y [ra(£(X))] T
n>0 n>0
in My[[T]] are rational.

Power series like J(T') and P(T), with coefficients in My[[T]], are called
“motivic”, because they specialize to power series over the Grothendieck group
Ko(Moty) of the category of Chow motives over k. Actually in several of our
papers on arcs we work over Ko(Moty) instead of over M[[T]].

In section 3 we introduce the motivic zeta function Z(T) associated to a
morphism f from an nonsingular algebraic variety X to the affine line, cf. [18]. A
naive version of it is the power series over My defined by

Znaive(T) — Z [xn] [Alﬂfnd ™

n>1

Here X,, denotes the set of arcs ¢ in £(X) with f(y) a power series of order n.
The motivic zeta function of f contains a wealth of geometric information about
f. For example the Hodge spectrum of any critical point of f can be expressed in
terms of limy_,oo Z(T). This limit is a well defined element of My, and can be
considered as the “virtual motivic incarnation” of the Milnor fibers of f. All this
is explained in section 3.5. In section 3.4 we also show that the topological zeta
functions of Denef and Loeser [12] can be expressed in terms of the motivic zeta
function.

We explain in section 4 the notion of motivic integration on L£(X), due
to Kontsevich [23], and further developed by Batyrev [5, 6], Denef and
Loeser [13]-[18], and Looijenga [27]. This notion plays a key role in the present
paper. Kontsevich used it to prove that two birationally equivalent Calabi-Yau
manifolds have the same Hodge numbers. This result, together with some other
direct applications of motivic integration, is discussed in section 4.4.

One of the most striking applications of arc spaces and motivic integration
is Batyrev’s proof [6] of the conjecture of Reid on the generalized McKay corre-
spondence. We will not treat this material in the present paper, but refer to the
Bourbaki report of Reid [30], see also [16] and [27].

In section 5 we explain how the relation between the Hodge spectrum and
the motivic zeta function yields a new proof of Varchenko’s and Saito’s Thom-
Sebastiani Theorem which expresses the Hodge spectrum of f(z) + ¢g(y) in terms
of the Hodge spectra of f(z) and g(y). Our method [15] actually yields a much
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stronger result which relates the “virtual motivic incarnations” of the Milnor fibers
of these three functions. In our paper [15] we obtained this result only at the level
of Chow motives, and is was Looijenga [27] who showed how to work at the level
of the Grothendieck ring of algebraic varieties.

Finally in section 6 we briefly discuss the connections with the p-adic case.
Considering motivic integration as an analogue of p-adic integration, several arith-
metical results in the p-adic case find their natural counterpart in complex geom-
etry and in the theory of motives.

In the present paper we have avoided to work with Chow motives (with one
important exception in section 6). Indeed, the more recent material in [18] and
[27] shows that this is possible except for the functional equation in section 3 of
[13] and the results in [17].

2. The Arc Space of a Variety

We fix a base field k of characteristic zero. The reader may choose to only consider
the case where k is the field C of complex numbers. Let X be an algebraic variety
over k, not necessarily irreducible, i.e. X is a reduced separated scheme of finite
type over k.

2.1. The arc space of X

For each natural number n we consider the space L£,(X) of arcs modulo t"**
on X. This is an algebraic variety over k, whose K-rational points, for any field
K containing k, are the K[t]/t"T!K][t]-rational points of X. For example when
X is an affine variety with equations f;(Z) = 0,i=1,...,m, & = (z1,...,2Zn),
then £,,(X) is given by the equations, in the variables dy, ..., d,, expressing that
fildo +ait+---+a@,t") =0 mod " i=1,...,m.

Taking the projective limit of these algebraic varieties £, (X) we obtain the
arc space L(X) of X, which is a reduced separated scheme over k. In general, £(X)
is not of finite type over k (i.e. £L(X) is an “algebraic variety of infinite dimension”).
The K-rational points of £(X) are the K[[t]]-rational points of X . These are called
K-arcs on X. For example when X is an affine complex variety with equations
fi(®) =0,i=1,...m,% = (x1,...,2,), then the C-rational points of £(X) are
the sequences (do, @1, dz,...) € (C™)N satisfying fi(d@y + @it + @at> +...) = 0, for
i=1,...,m. For any n, and for m > n, we have natural morphisms

n: L(X) = Lo(X) and 7' L,,(X) — L,(X),

obtained by truncation. Note that Lo(X) = X and that £4(X) is the tangent
bundle of X. For any arc v on X (i.e. a K-arc for some field K containing k), we
call mo(7y) the origin of the arc ~.

By a theorem of Greenberg [20], given an algebraic variety X over k, there
exists a number ¢ > 0, such that for any n and for any field K containing k we
have

T LX) (K)) = 75 (Lon(X)(K))
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writing Y (K) to denote the set of K-rational points on any variety Y over k. This
implies that 7, (£(X)) is a constructible subset of the algebraic variety £, (X). If
X is smooth, then we can take ¢ = 1 and 7, is surjective. Moreover, in that case,
" is a locally trivial fibration with fiber A;Cmfn) 4m X Here A¢ denotes the affine
space of dimension d over k.

Probably Nash [28] was the first to study arc spaces in a systematic way
(his paper was written in 1968, but published only recently). For a singular point
P on X, he considered the space Lypy(X) := 75 *(P) of arcs on X with origin
P, and its subspace N{ py(X) of arcs with origin P which are not contained in
the singular locus of X. He proved that the number of irreducible components
of the Zariski closure of m,(N{py (X)) stabilizes for n big enough, and associated
to each irreducible component of this closure (when n > 0), in a canonical and
injective way, an irreducible component of the preimage of P in any resolution
of singularities of X. Moreover he conjectured that any irreducible component of
the preimage of P in a given resolution of X, which “appears” in all resolutions
of X, is obtained in that way. For other results concerning arc spaces we refer to
[24, 21, 25].

2.2. How do L,,(X) and 7, (L£(X)) change with n?

The work of Nash [28] is the first result towards the question of how the geometry
of m,(L¢py(X)) changes with n. Recently we investigated how the topological
Euler characteristic xiop (case k = C), and generalized Euler characteristics of the
spaces Ly, (X), T, (L(X)), 7 (Lipy (X)) change with n.

With a generalized Fuler characteristic on the category Vary of algebraic va-
rieties over k, we mean a map x from Vary to some commutative ring R such
that x(X) = x(Y) when X 2Y, x(X) = x(Y) + x(X \Y) when Y is a Zariski
closed subvariety of X, and x(X xY) = x(X) - x(Y). Clearly x = Xtop satisfies

the above requirements with R = Z, when k = C. Another example of a gener-
alized Euler characteristic, when k = C, is given by xp,: Varc — Zu,v]: X +—
Zi}p’q(—l)ih;qupvq, where h;,q is the dimension of the (p,q)-component of the
mixed Hodge structure on HE(X,C). One calls xp,(X) the Hodge polynomial of
X. For example, xp,(AL) = uv. We refer to 3.1.2 for the Hodge characteristic
Xr which takes values in the Grothendieck group Ky(HS) of the abelian cate-
gory of Hodge structures. There are many other examples of generalized Euler
characteristics. For example, to mention an exotic one, when k = Q, there is the
conductor ¢(X) of X, which yields a generalized Euler characteristic ¢: Varg —
Qso0: X — ¢(X) := Hi(ci)(_l)lﬂ, where ¢; denotes the conductor of the f-adic
representation of Gal(Q,Q) on the étale cohomology HZ(X@,Q@), where / is a
fixed prime and Q an algebraic closure of Q; see e.g. [36]. Here Qs¢ is the mul-
tiplicative group of positive rational numbers with ring structure inherited by
Q>0 = BpprimeZ: x +— (ord,x),. For example, when X is an elliptic curve, ¢(X)
is the usual conductor of X, related to the primes at which X has had reduction.
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Theorem 2.1. ([14]) Let x: Vary, — R be a generalized Fuler characteristic, and
suppose that x(A}) is not a zero divisor in R. Then the power series

JT0) = 3 L), P(Tx0) = 32 x(mal £(X)) T
n>0 n>0
are rational (i.e. a quotient of two polynomials). Actually the denominators are
products of polynomials of the form 1 — (x(A}))2T®, with b € N\ {0},a € Z.

In 2.3 below, we will construct the universal Euler characteristic Vary —
Ko(Vary): X — [X], where Ko(Vary) denotes the Grothendieck group of varieties
over k (see 2.3). Any generalized Euler characteristic on Vary, factorizes over this
universal one. So it suffices to prove theorem 2.1 with R the ring M}, obtained from
Ko (Vary) by inverting [A;]. The rationality of J(T, x) follows from the material
we will discuss in section 3, when X is an affine hypersurface, see 3.3.1. The
proof of the rationality of P(T, x) is more complicated and uses a theorem of Pas
[29] on quantifier elimination for power series rings. If f: X — Y is a morphism of
algebraic varieties, then the image f(A) in £(Y") of a constructible subset A (cf. 4.1
below) of £(X) is generally not constructible. The theorem of Pas implies that
f(A) still has a “simple description” and is in fact what is called a semi-algebraic
subset of L£(Y), cf. [14]. This plays a key role in the proof of the rationality of
P(T,x). For a survey on applications of quantifier elimination results for valued
fields, see [11].

2.3. Grothendieck groups of varieties

Let S be an algebraic variety over k. By an S-variety we mean a variety X together
with a morphism X — S. The S-varieties from a category denoted by Varg, the
arrows are the morphisms that commute with the morphisms to S.

We denote by Ko(Varg) the Grothendieck group of S-varieties. It is an abelian
group generated by symbols [X], for X an S-variety, with the relations [X] = [Y]
if X and Y are isomorphic in Varg, and [X] = [Y] + [X \ Y] if Y is Zariski closed
in X. There is a natural ring structure on Ky(Varg), the product of [X] and [Y]
being equal to [X xg Y]. Sometimes we will also write [X/S] instead of [X], to
emphasize the role of S. We write L to denote the class of A} x S in Ko(Varg),
where the morphism from A} x S to S is the natural projection. We denote by Mg
the ring obtained from Ky(Varg) by inverting . When A is a constructible subset
of some S-variety, we define [A/S] in the obvious way, writing A as a disjoint union
of a finite number of locally closed subvarieties A;. Indeed [A/S] := 3" .[A;/S] does
not depend on the choice of the subvarieties A;.

When S consists of only one geometric point, i.e. S = Spec(k), then we will
write Ko(Vary) instead of Ko(Varg) (to denote the Grothendieck group of algebraic
varieties over k), and My, instead of Mg. Clearly the map Vary — Ky(Vary) is
the universal generalized Euler characteristic, in the sense that any generalized
Euler characteristic on Vary, factors through it.

In our papers [13]-[18], we always work with Ky(Vary), but recently E.
Looijenga, in his Bourbaki talk [27], introduced the relative Grothendieck ring
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Ky(Varg), stating some of our results in a stronger form. For example, consider-
ing £,(X) as an X-variety through the morphism 7}, our proof of theorem 2.1
actually yields the slightly stronger

Theorem 2.2. Let X be a variety over k, then the power series

J(T) =Y [La(X)/X]T", P(T) =) [ma(L(X))/X]T"

n>0 n>0

in Mx|[[T]] are rational, with denominator a product of polynomials of the form
1 —LeT?, with b € N\ {0},a € Z.

2.4. Equivariant Grothendieck groups

We need some technical preparation in order to take care of the monodromy actions
in the next section.

For any positive integer n, let u, be the group of all n-th roots of unity (in
some fixed algebraic closure of k). Note that p, is actually an algebraic variety
over k, namely Spec(k[z]/(z™ —1)). The u, form a projective system, with respect
to the maps fing — fin: © — x¢. We denote by ji the projective limit of the .
Note that the group /i is not an algebraic variety. It is called a pro-variety.

Let X be an S-variety. A good p,,-action on X is a group action p, x X — X
which is a morphism of S-varieties, such that each orbit is contained in an affine
subvariety of X. This last condition is automatically satisfied when X is a quasi
projective variety. A good [i-action on X is an action of i on X which factors
through a good p,-action, for some n.

The monodromic Grothendieck group Ké‘ (Varg) is defined as the abelian
group generated by symbols [X, ] (also denoted by [X/S, fi], or simply [X]), for
X an S-variety with good fi-action, with the relations [X, g] = [V, 4] if X and YV
are isomorphic as S-varieties with i -ction, and [X, a] = [V, 4] + [X \ Y, 4] if Y is
Zariski closed in X with the ji-action on Y induced by the one on X, and moreover
[X xV, 1] = [X x A}, 1] where V is the n-dimensional affine space over k with any
good fi-action, and A} is taken with the trivial fi-action. There is a natural ring
structure on Kg (Varg), the product being induced by the fiber product over S.
We write L to denote the class in K (Varg) of AL x S with the trivial ji-action.

We denote by ./\/lg the ring obtained from K/ (Varg) by inverting L. When
A is a constructible subset of X which is stable under the fj-action, then we
define [A, ] in the obvious way. When S consists of only one geometric point,
i.e. S = Spec(k), then we will write K/ (Vary) instead of K£(Varg). The group
Kg (Vary) was first introduced in [18].

Note that for any s € S(k) we have natural maps Kg(VarS) — Kg(Vark)
and ML — M given by [X, 1] — [X,, ], where X, denotes the fiber at s of
X - S.

Although MZ is a very complicated ring, there are many interesting mor-
phisms from it to simpler rings. For example when k = C, for any character « of i
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(i.e. a group homomorphism «: i — C*), there is a natural ring homomorphism

Xtop(— @) M — Z: X +— Y (—1)%dimH(X,C), ,

q20

where H*(X,C),, is the part of H*(X,C) on which i acts by multiplication by .

3. The Motivic Zeta Function of a Regular Function

Let X be a nonsingular irreducible algebraic variety over k of dimension d and
f: X — A,l€ a non constant morphism. In this section we introduce several new
invariants of f. These are constructed using arc spaces. We first recall in 3.1 some
classical invariants associated to f. In what follows we denote by Xy the locus of
f=0in X.

3.1. The monodromy zeta function and the Hodge spectrum

In this subsection 3.1 we suppose that k = C. Let x be a point of Xy = f~1(0).
We fix a smooth metric on X.

3.1.1. MoNoprOMY We set XX, := B(z,e) N f~1(D)), with B(z,€) the open
ball of radius € centered at z and D,‘ := D, \ {0}, with D,, the open disk of radius
n centered at 0. For 0 < n < e < 1, the restriction of f to X is a locally trivial
fibration, called the Milnor fibration, onto D) with fiber Fy, the Milnor fiber at
x. The action of a characteristic homeomorphism of this fibration on cohomology
gives rise to the monodromy operator

M,: H'(F,,Q) — H'(F.,Q).
For any natural number n, we consider the Lefschetz number

A(M) =" (~1)4 Trace (M}, H'(F,,Q)),
q>0

of the n-th iterate of M,. These numbers are related to the monodromy zeta
function of f at x

Z7oNT) == || Det (Id — TM,, HY(F,, Q)"
q>0
as follows if one writes A(My') = >, si for n = 1, then Z;7"(T) = [[,5,(1 —

t)%i/*, The monodromy zeta function of f at 2 (or equivalently the Lefschetz num-
bers) is an important topological invariant of f which has been studied intensively.
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3.1.2. HODCGE STRUCTURES A Hodge structure is a finite dimensional Q-vector-
space H together with a bigrading H ® C = ®,, 4ezH?"4, such that H?P is the
complex conjugate of HP? and each weight m summand, ©p4q=mHP9, is defined
over Q. The Hodge structures, with the evident notion of morphism, form an
abelian category HS with tensor product. The elements of the Grothendieck group
K (HS) of this abelian category are representable as a formal difference of Hodge
structures [H| — [H'], and [H] = [H'] iff H = H'. Note that Ky(HS) becomes a
ring with respect to the tensor product.

A mized Hodge structure is a finite dimensional Q-vector space V with a finite
increasing filtration W,V called the weight filtration, such that the associated
graded vector space GrY (V) underlies a Hodge structure having Gr!¥ (V) as weight
m summand. Note that V' determines in a natural way an element [V] in Ko (HS),
namely [V]:= 3, [GrlV (V)]

When X is an algebraic variety over k = C, the simplicial cohomology groups
Hi(X,Q) of X, with compact support, underly a natural mixed Hodge structure,
and the Hodge characteristic x,(X) of X (with compact support) is defined by

xn(X) =D (-1 [HIX, Q)] € Ko(HS).
This yields a map x,: Varc — Ko(HS), which is a generalized Euler characteristic,
and which factors through My, because xy (A}c) is actually invertible in the ring
Ko(HS). When X is proper an smooth, the mixed Hodge structure on H(X, Q)
is in fact a Hodge structure, the weight filtration being concentrated in weight .
We refer to [41] for an introduction to Hodge structures.

3.1.3. THE HODGE SPECTRUM The cohomology groups H:(F,,Q) of the Milnor
fiber F,, carry a natural mixed Hodge structure ([39, 31, 32]), which is compatible
with the monodromy operator M,. Hence we can define the Hodge characteristic
Xn(Fy) of Fy by

Xn(Fr) =Y (=1)'[H(F:, Q)] € Ko(HS).
1
Actually by taking into account the monodromy action we can consider x,(F;) as
an element of the Grothendieck group Ko(HS™") of the abelian category HS™" of
Hodge structures with a quasi-unipotent endomorphism. (Quasi-unipotent means
that some power of it is unipotent.) Again Ky(HS™") is a ring by the tensor
product.
There is a natural linear map, called the Hodge spectrum

hsp: Ko(HS™™) — Z[tY/N] := U5, Z[tY™ 171/
with hsp([H]) := 3-,cqno 17 (22, gez dim(HP7)q)tP, for any Hodge structure 1
with a quasi-unipotent endomorphism, where HZ'? is the generalized eigenspace
of HP'? with respect to the eigenvalue e2™V=1a Note that hsp is not a ring homo-

morphism, although it becomes one when we endow Ko(HS™") with a different
ring multiplication, namely the one induced by the operation * in section 5.
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We recall that hsp(f,z) := (—1)?"thsp(xn(F,) — 1) is called the Hodge
spectrum of f at z. It is a very important invariant, with remarkable properties,
see [39, 40, 42].

3.2. The motivic zeta function
Let n > 1 be an integer. The morphism f: X — A} induces a morphism f,:
La(X) > £a(A)).

Any point « of L(A}), resp. £, (A}), yields a K-rational point, for some field
K containing k, and hence a power series a(t) € K[[t]], resp. a(t) € K[[t]]/t"H1.
This yields maps

ords: L(A}) — NU{oo}, ords: £,(A}) — {0,1,...,n,00},,

with ord;« the largest e such that ¢¢ divides «(t).
We set

X, :={p € Ly(X)|ordsfrn(p) =n},.

This is a locally closed subvariety of £, (X). Note that X,, is actually an Xy-variety,
through the morphism #{: £,(X) — X. Indeed 7} (%,) C Xy, since n > 1. We
consider the morphism

fn: xn - Gm,k = A}C\{O},,

sending a point ¢ in X, to the coefficient of t” in f,,(¢). There is a natural action
of G,k on X, given by a - ¢(t) = ¢(at), where ¢(t) is the vector of power series
corresponding to ¢ (in some local coordinate system). Since f,,(a - ¢) = a™f.(¢)
it follows that f, is a locally trivial fibration.

We denote by X, ; the fiber fn_l(l). Note that the action of G, on X,
induces a good action of p, (and hence of fi) on X, ;. Since fn is a locally trivial
fibration, the Xy-variety X,,; and the action of u, on it, completely determines
both the variety X,, and the morphism

(fo, ) X — Gk x Xo.-

Indeed it is easy to verify that X,,, as a (G, X Xo)-variety, is isomorphic to the
quotient of X, 1 X G,, ; under the p,-action defined by a(p,b) = (ap,a™'b).

Definition 3.1. The motivic zeta function of f: X — A}, is the power series over
M defined by
Z(T) = [Xn1/Xo, fJ LT
n>1

Moreover we define the naive motivic zeta function of f as the power series over

Mx, defined by
ZV(T) i= Y [Xn/Xo] LT

n>1
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Theorem 3.2 and corollary 3.3 below show that Z(T) and Z"#V¢(T) are ra-
tional. In 3.4 and 3.5 we will see that Z(T') and Z"V¢(T)) give rise to interesting
new invariants of f. The definition of Z(T') goes back to [18] (in the non-relative
version working in MZ ). Many related motivic zeta functions, and Z"*V¢(T'), were
first introduced in [13], inspired by work of Kontsevich [23]. The idea of rather
working in the relative Grothendieck group was introduced by Looijenga [27].

3.3. A formula for the motivic zeta function

We recall that X, denotes the locus of f = 0 in X. Let (Y, h) be a resolution of
f. By this, we mean that Y is a nonsingular and irreducible algebraic variety over
k,h: Y — X is a proper morphism, that the restriction h: Y\ h=1(Xg) — X \ Xo
is an isomorphism, and that h~*(X() has only normal crossings as a subvariety of
Y.

We denote by Fj,i € J, the irreducible components (over k) of h=1(Xy). For
each ¢ € J, denote by N; the multiplicity of F; in the divisor of f o h on Y, and
by v; — 1 the multiplicity of E; in the divisor of h*dx, where dx is a local non
vanishing volume form at any point of h(FE;), i.e. a local generator of the sheaf
of differential forms of maximal degree. For ¢ € J and I C J, we consider the
nonsingular varieties E := E; \ Uj%Ej, Er = Nier By, and E} := Ep \ Uje 1 Ej.

Let my = ged(NV;)icr. We introduce an unramified Galois cover E‘I’ of E},
with Galois group p,,, as follows. Let U be an affine Zariski open subset of Y,
such that, on U, foh =uv™!, with u a unit on U and v a morphism from U to
A}. Then the restriction of E$ above E$ NU, denoted by E$ N U, is defined as

{(z,y) € A x (B5NU)|z™ =u~ '},

Note that E} can be covered by such affine open subsets U of Y. Gluing together
the covers E2 N U, in the obvious way, we obtain the cover EY of E9 which has a
natural pi,,,-action (obtained by multiplying the z-coordinate with the elements
Of iy, ). This fi,,,-action on E¢ induces an fi-action on E? in the obvious way.

Theorem 3.2. ([18, 27]) With the previous notations, the following relation holds
in M, [[T]]
- L—viTN:
_ . |[I]—1 o ~
2= 3 =0 5 X0, [T o
0£ICJT icl
From the above theorem one easily deduces (using e.g. Lemma 5.1 in [27])

the following corollary, which is basically a special case of Theorem 2.2.1 in [13].

Corollary 3.3. With the previous notations, the following relation holds in

Mx, [[T]]

Znaive(T) — Z (L_ 1)'1‘ [E([)/XO] Hf# :

L-—v TN
D#£ICT i€l
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3.3.1. PROOF OF THE RATIONALITY OF J(T) We defined J(T') in theorem 2.2
above. We will now discuss the proof of the rationality of J(T') in the special case
when the variety X in theorem 2.2 is the locus Xy of a polynomial f in the affine
space A%, Let Z"2V¢(T') be the naive motivic zeta function of f: Ad — AL Tt is
straightforward to verify that J(TL™9) = W
J(T) is a direct consequence of corollary 3.3.

. Hence the rationality of

3.4. The topological zeta functions

Let Mg 1oc TeSp. ./\/lg’loc, be the ring obtained from Mg, resp. ./\/lg7 by inverting
the elements [Pi] =1+L+L*+---+L° for i = 1,2,3,..., where P} denotes the
i-dimensional projective space over k.

We keep the notations of 3.3, but take k£ = C. For any integer s > 1, eval-
uating Z"ve(T) at T = L% yields a well-defined element of M x, joc, namely
Y0210 [E7 ) Xo] Tlie [PVt =1 ~1. Applying the topological Euler characteris-
tic Xtop We obtain

Ziop(s) = Xeop(Z" (L)) == D xuop(ED) [

DA£ICT i€l

1

N (%)
sN; +v;
We call Ziop(s), considered as a rational function in the variable s, the untwisted
topological zeta function of f: X — A}.

Evaluating (L — 1)Z(T), instead of Z"®Ve(T), at T = L%, and applying the
equivariant topological Euler characteristic xtop(—, @), with a: i — C a character
of order e, we obtain the twisted topological zeta function (for any integer e > 1)

238 (5) ==Xtop(L — 1) Z(L™*), @)
o 1 Kok
= Z Xtop(E7) H SNt (+)

0£IC T, elmy i€l

Note that, if we would define the topological zeta functions by the right-hand-
side of (%) and (*x), then it would be not at all clear that this is independent of
the choosen resolution. It is the intrinsic definition using the motivic zeta function
(which is based on the notion of arc spaces) that makes this independence obvious.
The topological zeta functions were first introduced by Denef and Loeser in [12]
using p-adic integration and the Grothendieck-Lefschetz trace formula to prove
their independence of the choosen resolution. Our approach using arc spaces first
appeared in [13].

The topological zeta functions are quite subtle invariants of f, and have been
further investigated by Veys [45, 46]. There are some fascinating conjectures about
them.

Conjecture 3.4. (Monodromy conjecture for Zt(;))) If s is a pole of Zt(gz,(s) then

e2™V=1s s an eigenvalue of the monodromy action on the cohomology of the Milnor
fiber at some point of the locus of f.
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Conjecture 3.5. Holomorphy conjecture for Z,fjl), The function Z§§f)(s) 1S a po-
lynomial in s, unless there is an eigenvalue with order divisible by e of the mon-

odromy action on the cohomology of the Milnor fiber at some point of the locus
of f.

Loeser [26] and Veys [44] proved that these conjectures are true when X =
AZ. A lot of experimental evidence has been obtained by Veys [43] when X = A2.
We refer to [46] and [47] for very interesting generalizations.

3.5. Relations with monodromy and the motivic Milnor fiber

The Lefschetz numbers A(M) of f at z, which we recalled in 3.1.1 can be ex-
pressed in terms of a resolution of f, by the following formula of A’Campo.

Theorem 3.6. (A’Campo, [1]) Let k = C. Assume the notations of 3.1 and 5.5.
Then for any integer n > 0 we have

A(MZ) = Z Ni Xtop(E5 N h_l(x))~

In particular we see that the right-hand-side of the above formula is indepen-
dent of the choosen resolution h. Note that the material in 3.3 and 3.4 yields many
other expressions which are independent of the chosen resolution, but A’Campo’s
result was probably the first in this direction.

Applying the natural map Fiber,, : MﬂXO — M A/ X, fi] — [Axx, {z}, fil,
followed by the equivariant topological Euler characteristic xtop(—, 1), on the co-
efficients of Z(T') and using theorem 3.2, we obtain the following theorem.

Theorem 3.7. ([18]) Let k = C, then for any integer n > 1 we have A(M}) =

Xtop(Xn,1,0), where
xn,l,m = xn71 X Xo {IZ’} .

Thus we see that the monodromy zeta function of f at x is completely deter-
mined by the motivic zeta function Z(T'). Next, we will see that also the Hodge
spectrum of f at x is determined by Z(T).

Definition 3.8. ([13, 18]) Ezpanding the rational function Z(T') as a power series
in T~' and taking minus its constant term, yields a well defined element of M;O,
namely
R . _ \I\—l e
§:=— lim Z(T):= > -L)IEs.
0AICT

Moreover we set S, := Fiber,(S) € Mg Instead of S and S, we will also write
Sy and Sy .. These definitions hold for any field k of characteristic zero.

Note again that the most right-hand-side of the above formula is independent
of the choosen resolution (because of its relation to Z(T')), although a priori this
is not at all evident.

We strongly believe that S, is the correct virtual motivic incarnation of the
Milnor fiber Fy, of f at x (which is in itself not at all motivic). We will see below
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(theorem 3.10) that this is indeed true for the Hodge realization. A similar result
holds for ¢-adic cohomology, see [10]. Moreover we strongly believe that S is the
virtual motivic incarnation of the so called complex of nearby cycles ¥ of f,
which is a complex of sheaves on Xj. For the definition of ¢y and the complex ¢
of vanishing cycles, we refer to [35], Exp. XIII; but we will not need these notions
in the present survey. Inspired by the notation ¢; from the theory of vanishing
cycles, we introduce the following

Notation 3.9. We set S7:=(—1)T 1Sy —[Xo]) € My, and 87 :=(—1)"1(Sy, —
1) e M}.

We regard S? as the virtual motivic incarnation of the complex ¢¢[d — 1].

Assume now again that k¥ = C. We denote by X} the canonical ring homo-
morphism (called the Hodge characteristic)

Xn: ML — Ko(HS™M)

which associates to any complex algebraic variety Z, with a good pup-action, its
Hodge characteristic as defined in 3.1.2, together with the endomorphism induced
by Z — Z: z — e2™V=1/"5 (For the definition of Ky(HS™"), see 3.1.3.)

Theorem 3.10. ([13]) Assume the above notation with k = C, and the notation
of 8.1. Then we have the following equality in Ky(HS™")

Moreover this theorem can be enhanced as an equality in the Grothendieck
group of the abelian category of variations of Hodge structures with a quasi-
unipotent endomorphism, when we replace S, by S, and F, by ;.

Theorem 3.10 yields that hsp(f,z) = hsp(xn (ijx)) Thus the motivic zeta
function Z(T) completely determines the Hodge spectrum of f at x.

4. Motivic Integration and the Proof of Theorem 3.2

The notion of motivic integration on £(X) is due to Kontsevich [23], who dis-
covered its basic properties when X is nonsingular. This subject has been further
developed by Batyrev [5, 6] and Denef-Loeser [13, 14, 15, 16, 17, 18]. See also the
recent report by Looijenga [27] which contains some substantial improvements.
Actually the best way to understand motivic integration is to consider it as being
an analogue of p-adic integration, cf. section 6.

Let X be an algebraic variety over k of pure dimension d, not necessarily
nonsingular. Let Xgine denote the singular locus of X.
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4.1. Naive motivic integration

A subset of A of L(X) is called constructible if A = 7, }(C) with C a constructible
subset of L, (X) for some integer n > 0. A subset A of £(X) is called stable if it is
constructible and A N £(Xging) = 0. If A C £(X) is stable, then [m, (4)]L~(+1d,
considered as an element of My, stabilizes for n big enough, and

A(A) := lim [r, (A)L-"*FDd e M,

is called the naive motivic measure of A. When X is nonsingular, this claim follows
from the fact that the natural maps £,,1(X) — L, (X) are locally trivial fibrations
with fiber A¢. In the general case, the claim follows from [14], Lemma 4.1.

When 6: A — M, is a map with finite image whose fibers are stable sub-
sets of L(X), we define the integral [, 0dj := > ccTmage 6 cii(0=1(c)). The most
fundamental result in the theory of arc spaces is the following change of variables
formula, which was first obtained by Kontsevich [23] when X is nonsingular.

Theorem 4.1. ([23, 14, 16]) Let h: Y — X be a morphism of algebraic varieties
over k. Suppose that h is birational and proper. Let A C L(X) be stable and
suppose that ordiJacy, is bounded on h=1(A) C L(Y). Then

[L(A) _ / L_Ordt‘]achdﬂ.
h=1(A)

In the above theorem, ord.,Jacy, for y € L(Y'), denotes the t-order of the Ja-
cobian of h at y. When X and Y are nonsingular this is the ord; of the determinant
of the Jacobian matrix of h at y with respect to any system of local coordinates
on X and on Y. For the definition of ord;Jacy, in the general case, we refer to [14]
and [16].

4.2. About the proof of theorem 3.2

The proof of theorem 3.2 consists of an explicit calculation of [X,,1/Xo, fi] € Mgt(o
for each n. Note that in M}, we have the equality

[X,,1] = LD fi(r 71 (%0)) -

n

Thus using the change of variables formula (theorem 4.1), we see that [¥,,1] is
equal to an integral over a stable subset of £(Y'), where h: Y — X is a resolution
of f as in 3.3. Because f oh is locally a monomial, that integral can be explicitely
calculated and yields an explicit expression for [X,, 1] as an element of M;,. Taking
into account the p,-action on X,, ; and the natural map X, ;1 — Xy, one actually
obtains a similar formula for [X, 1/Xo, /1], which yields theorem 3.2.

4.3. Motivic integration

Let A be a constructible subset of £(X). When A is not stable, [r,, (A)JL~(+1d
will not always stabilize. However it is easy to prove (see [14]) that the limit

w(A) == lim [r, (A)]L- (D
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exists in the completed Grothendieck group Mk, which is the completion of My
with respect to the filtration F™ My, m € Z, where F'™ My is the subgroup of My
generated by the elements [S|L—¢, with S € Vary, i —dim S > m. The completed
Grothendieck ring M, was first introduced by Kontsevich. (In a similar way one
can define the completions Mg and /\;l’é of Mg and M%.) The element u(A) of
M, is called the motivic measure of A. This yields a o-additive measure p on the
Boolean algebra of constructible subsets of £(X). Actually all the above still works
when A is a semi-algebraic subset of £(X), cf. [14]. It is even possible to define
the notion of a measurable subset of £(X) and to integrate measurable functions
on L(X), see [5, 16].

The change of variables formula (theorem 4.1) remains true with f replaced
by u, for any constructible (or measurable) subset of £(X), without assuming that
ord;Jacy, is bounded on h~1(A).

It is not known whether the natural map M; — My, is injective, but the
topological Euler characteristic, the Hodge-Deligne polynomial, the Hodge char-
acteristic, and many other important generalized Euler characteristics all factor
through the image My, of M, in M;, (after inverting the image of L in the target
ring).

We can consider the motivic volume of the whole arc space £(X), namely
u(L(X)). Clearly, when X is nonsingular, u(£(X)) = [X]L~¢ in Mj,. Here and in
what follows, we denote the image of [X], resp. L, in M, again by [X], resp. L.
When X is not necessarily nonsingular, we can calculate p(£(X)) using a suitable
resolution of singularities h: Y — X of X. More precisely we have the following

Theorem 4.2. Let h: Y — X be a proper birational morphism with Y nonsingular.
Assume that the exceptional locus of h has normal crossings and that the image
of h*(Q%) in Q% is an invertible sheaf, where Q% and Q¢ denote the sheaf of
differential forms of mazimal degree. Let E;,j € J, be the k-irreducible components
of the exceptional locus of h. For any subset I of J, set EY = (NicrE;) \Uje 1 Ej.
Fori € I, let v;—1 be the multiplicity along F; of the divisor associated to h* (Qﬁ()
Then, in Mk, we have

pE(X) =LY (5] [T P

1cJ i€l

In particular we see that w(L(X)) € Mpoc C My, where M 10c denotes
the ring obtained from M, by inverting the elements 1 + L + --- + L?, for all
i=1,2,3,....

About the proof of this theorem, we remark that M(E(X)):fﬁ(y)]lford”ach dp,
by the change of variables formula. Because Jacy, is locally a monomial, this integral
can be easily calculated, which yields the theorem.

4.4. Applications

4.4.1. NEW INVARIANTS OF SINGULAR VARIETIES Suppose k= C. Since Xiop
and xpp factor through My, we have natural maps Xtop: Miloe — Q and
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Xhp: Miioe — Z[[u,v]][u"t,v71]. Hence we can consider yiop(L£(X)) € Q and
(uv)¥xnp(L(X)) € Z[[u,v]], which are new invariants of X when X is singular.
When X is nonsingular, these invariants equal xop(X), resp. xnp(X). We call the
coefficients of (uv)?xn,(L£(X)) (with an appropriate sign change) the arc-Hodge
numbers of X. When X has only canonical Gorenstein singularities, Batyrev [5]
introduced the so called stringy Hodge numbers of X, which are obtained in a sim-
ilar way, replacing u(L£(X)) by f[:(X) L—ordwx d; where wx denotes the canonical
class of X. The stringy Hodge numbers play an important role in the work of
Batyrev on mirror symmetry, see [5, 7, 3, 2]. Other fascinating related invariants
were obtained by Veys [46, 47].

4.4.2. CALABI-YAU MANIFOLDS Let X and Y be two Calabi-Yau manifolds, i.e.
nonsingular proper complex algebraic varieties which admit a nonvanishing dif-
ferential form of maximal degree, which we denote respectively by wx and wy.
Kontsevich [23] proved that X and Y have the same Hodge numbers and the same
Hodge structure on their cohomology, when X and Y are birationally equivalent.
The proof goes as follows There exists a nonsingular proper complex algebraic
variety Z and birational morphisms hx: Z — X and hy: Z — Y. Note that
(hy o h}l)*(wy) equals ¢ wx for some ¢ € C* because wx has no zeroes. Hence
¢ W% (wx) = h} (wy). Thus ord;Jacy, = ordiJacy, on £(Z), and by the change
of variables formula both p(£(X)) and u(L(Y)) equal the same integral on £(Z).
Because p(L£(X)) = [X]L™% and pu(L(Y)) = [Y]L™¢, this implies that [X] = [Y]
in My, which finishes the proof.

Actually Batyrev [4] first proved that X and Y have the same Betti numbers
using p-adic integration and the Weil conjectures, and Kontsevich invented motivic
integration to prove that X and Y have the same Hodge numbers.

4.4.3. EULER CHARACTERISTICS AND MODIFICATIONS Let h: Y — X be a mod-
ification of nonsingular algebraic varieties over k, meaning that h is a proper
birational morphism. Assume that the exceptional locus of h has normal cross-
ings, and let J, E;, E7 and v; be as in theorem 4.2. Because X is nonsingular,
w(L(X)) = [X]L™? and theorem 4.2 yields the following equality in My joc:

X]=> [en [[e (%)

IcJ i€l

a) When k = C, applying the topological Euler characteristic on (x) yields
Xtop(X) = > _rc s X(E7)/ I1;cr vi- This surprising formula about the Euler charac-
teristic of modifications was first obtained in [12] using p-adic integration and the
Grothendieck-Lefschetz trace formula.

b) When k£ = Q, applying the conductor (with respect to ¢-adic cohomology,
see section 2.2 yields the following remarkable formula for the conductor ¢(X) of X

o(X) =[] e(Bg)!/ Meer e
IcJ
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5. The Motivic Thom-Sebastiani Theorem

Let k be a field of characteristic zero, X and Y nonsingular irreducible algebraic
varieties over k, f : X — Al g :Y — Al non constant morphisms, and z €
X (k),y € Y(k). We denote by f * g the morphism

frge X xY — Mg (,y) = fz) +9(y).
The following theorem was first proved by A. Varchenko [42], when = and y are
isolated singular points of f and g, and by M. Saito [33, 34] in the general case. A

similar but much weaker result for the eigenvalues of monodromy was first proved
by Thom and Sebastiani [37].

Theorem 5.1. (Thom-Sebastiani Theorem for the Hodge spectrum) Assume the
notation of 3.1.3, with k = C. We have the following equality in Z[t'/N] :

hsp(f * g, (,y)) = hsp(f,z) hsp(g,y) -

We recall that hsp(f,z) = hsp(Xh(Sij)), with the notation of 3.9. We will see
next that the above theorem is a direct consequence of a much stronger result which

expresses S?*g (@) in terms of S}z’x and Sgy. Below, we define a binary operation

% on M} which yields an alternative ring structure on Mg , such that hsp o xp
becomes a homomorphism of rings (which is not true for the usual multiplication
on M’,: ).

Using the theory of arc spaces and the definition of S in terms of the mo-
tivic zeta function Z(T'), work of Denef, Loeser and Looijenga yields the following
theorem

Theorem 5.2. (Motivic Thom-Sebastiani Theorem) Let k be a field of character-
istic zero. Then S% ) and 5?’1 * Si

Frg. (220 are equal in M’,;‘, where the operation x
is defined below.

Y

Actually Denef and Loeser [15] first proved the above equality in the com-
pleted Grothendieck group of Chow motives. Later Looijenga [27] introduced the
operation * and proved, using basically the same method, an equality which is
similar to theorem 5.2. The proof of theorem 5.2 uses arc spaces in a very essential
way by deriving first a formula relating the motivic zeta functions of f % g, f and
g, and taking afterwards the limit for T — oco. More precisely, set

) — ol

1-T ’
where Z;(T), resp. Z}"‘“VC(T), is the motivic, resp. naive motivic, zeta function
of f, X¢ is the locus of f = 0 in X, and d is the dimension of X. Let Z;’w(T)

be obtained from Z?(T ) by applying the map fiber, to its coefficients. Clearly

Z3(T) := (1)1 | Zp(T) + [Xo] +

—limy_, o Z?(T) is ij. One proves that

zZ% (T) = 7%

f*g,(z,y) f,m(T) * Zj,y(T)
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in /\/l’,z, where * is defined coefficientswise. This implies theorem 5.2 because
—limy_, o commutes with * on such power series without constant terms.

Finally, we explain the definition of the operation * on M‘,g .Let X and Y be
algebraic varieties over k with good u,-action, for some integer n > 1. Let J,, be the
Fermat curve in (A} \{0})? defined by u"+v™ = 1. There is an action of i, X f1,, on
Jn given by (£,&) - (u,v) := (§u,&'v). We define J,(X,Y) in Vary as the quotient
of J, X X xY under the equivalence relation given by (fu, v, z,y) = (u, v, £z, y)
for all £,¢ € p,. We let u, act on J,(X,Y) by &+ (u,v,z,y) := (§u, v, x,y). This
yields an element [J,(X,Y)] in ./\/lZ If m is a divisor of n, and the action of py,
on X and Y factors through p,,, then J,,(X,Y) = J,(X,Y). Thus, in this way,
we obtain a binary operation J: ./\/l[‘ X Mﬂ - M ,;, which was first introduced by
Loouenga [27]. The operation J is commutative and bilinear over My, considering
./\/l” as a module over My, through the natural map My — ./\/l” One verifies that
J(a,1) = (L — 1)a — a, where a — a: /\/lk — My, is the morphism induced by
[Z] — [space of fi-orbits of Z], for any k-variety Z with good fi-action, cf. [27].
In particular we see that 1 is not a neutral element for the operation J. For this
reason it is natural to introduce the operation * on ./\/lZ given by

axb=—J(a,b)+ (L —1)ab,

for a and b in ./\/lZ Clearly the operation * is commutative and bilinear over My,
and a * 1 = a for all a in M},. Moreover one easily verifies that hsp o x, is a ring
homomorphism with respect to the alternative ring structure on M} given by *.

6. The Arithmetic Motivic Poincaré Series Phoyitn(T)
6.1. The p-adic case

Assume that X is an algebraic variety over Z, i.e. a reduced separated scheme of
finite type over Z. Let p be a prime number. We consider the Poincaré series

= Z #X(Z/p”+1Z) ", Py Z #(mn (X (Zp))) T™

neN neN

where Z, denotes the ring of p-adic integers and m, is the natural projection
Tn: Ly — Z/p" 7. Igusa [22], resp. Denef [8], proved that J,(T'), resp. P,(T), is
a rational function of T'. The proofs are based on p-adic integration, resolution of
singularities, and for P,(T") also the theory of p-adic semi-algebraic sets. Actually
the proof of theorem 2.2 about the rationality of J(T') and P(T) was very much
inspired by the proofs of the rationality of J,(T') and P,(T), replacing p-adic
integration by motivic integration. As a matter of fact, for all the material discussed
in the previous sections, p-adic counterparts exist which were discovered first,
see [9] for a survey.
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6.2. Comparing J(T') and J,(T)
For any rational power series G(T') over Ky(Varg) (with denominator a product of
polynomials of the form 1 —LT? b € N\ {0}, a € Z) we choose representatives in
Ky (Vary) for the coefficients in Ky(Vary) of numerator and denominator. In this
way we find a power series over Ko(Varz), and, for any prime number p, we can
apply to each coefficient the operation N,: Ko(Varz) — Z: [X]| — #X(Z/pZ).
This yields a power series over Z which we will denote by N,(G(T)). If we choose
other representatives in K¢ (Varz), the resulting power series N,(G(T')) will be the
same for almost all p (i.e. for all but finitely many prime numbers p).

Comparing the proof of the rationality of J(T') and J,(T") actually yields the
following

Theorem 6.1. Assume the notation of 6.1 and 6.2. For almost all p we have
Jp(T) = Np(J(T)).

Also the motivic zeta functions Z(T) and Z"#V¢(T'), have similar arithmetic
interpretations, related to Igusa’s local zeta functions, see [13]. However it is not
true in general that N,(P(T)) = P,(T) for almost all p. Indeed N,(P(T)) does
not count the elements of X (Z/p"*'7Z) which can be lifted to X(Z,), but counts
(for almost all p) the elements of X (Z/p"*'Z) which can be lifted to X (Zy"r™),
where Zp"*™ is the maximal unramified extension of Z,. Note that the residue
field of Z,"**™ is the algebraic closure of Z/pZ.

6.3. The motivic Poincaré series Ppyith (T)

The above discussion leads to the question of defining in a canonical way a power
series Puyign(T') over (some localization of) Ko(Varg) such that Np(Paien)(T) =
P,(T) for almost all p.

In our recent paper [17], we construct, for any algebraic variety over k, in
a canonical way, a rational power series Puitn(T') over Ko(Motg) ® @, such that
if k = Q then Np(Paitn(T)) = Pp(T) for almost all p. Here Moty denotes the
category of Chow motives over k. We refer to [38] for the definition of this im-
portant category, and we only remark here that there is a natural ring morphism
Ko(Vary) — Ko(Motyg), see [19]. Actually the coefficients of Ppyitn(T') are in the
image of Ko(Vary) @ Q. We need to work at the level of Chow motives, to make
our construction canonical.

The proof of our result is rather complicated and uses several results from
mathematical logic (quantifier elimination for valued fields and finite fields). For a
survey on such relations between logic, geometry and arithmetic, we refer to [11].
Examples seem to suggest that Patn(7) captures more geometric information
than P(T), but very little is presently known about it!
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