HEREDITARY TRIANGULATED CATEGORIES

XIAO-WU CHEN, CLAUS MICHAEL RINGEL

ABSTRACT. We call a triangulated category hereditary provided that it is e-
quivalent to the bounded derived category of a hereditary abelian category,
where the equivalence is required to commute with the translation functors.
If the triangulated category is algebraical, we may replace the equivalence by
a triangle equivalence. We give two intrinsic characterizations of hereditary
triangulated categories using a certain full subcategory and the non-existence
of certain paths. We apply them to piecewise hereditary algebras.

1. INTRODUCTION

Hereditary abelian categories play a central role in the representation theory
of finite dimensional algebras. They are related to piecewise hereditary algebras,
an important class of algebras. If the ground field is algebraically closed and the
hereditary abelian category has a tilting object, then up to derived equivalence, it
is the module category of a path algebra or the category of coherent sheaves on a
weighted projective line; see [9].

We aim to characterize the bounded derived category of a hereditary abelian
category among arbitrary triangulated categories. These triangulated categories
should be called hereditary. More precisely, we call a triangulated category D
hereditary provided that there is an equivalence F' between D and the bounded
derived category of a hereditary abelian category, where F' is required to commute
with the translation functors. A prior the equivalence F' may not be a triangle
equivalence. However, if the triangulated category D is algebraical, that is, trian-
gle equivalent to the stable category of a Frobenius category, we can replace the
equivalence F' by a triangle equivalence.

The main results are two intrinsic characterizations of hereditary triangulated
categories; see Theorems 2.3 and 5.1: one uses a certain full subcategory in the
triangulated category, and the other uses the non-existence of a certain path in
the triangulated category. These results give new characterizations to piecewise
hereditary algebras.

The paper is structured as follows. In Section 2, we characterize hereditary
triangulated categories using hereditary t-structures and prove Theorem 2.3. In
Section 3, we prove that if the given triangulated category is algebraical, then the
equivalence F' mentioned above might be replaced by a triangle equivalence; see
Theorem 3.3. This relies on an existence result in [3] on the realization functor
for a given t-structure. In Section 4, we study paths in a triangulated category.
If the category is a block, that is, indecomposable as a triangulated category, the
existence of a certain path is proved in Proposition 4.9. In Section 5, we prove
Theorem 5.1. We give some applications to piecewise hereditary algebras in the
end.
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2. HEREDITARY TRIANGULATED CATEGORIES

In this section, we give various characterizations to hereditary triangulated cat-
egories. In particular, a triangulated category is hereditary if and only if it has a
hereditary t-structure.

2.1. Hereditary t-structures. Let D be a triangulated category with its trans-
lation functor denoted by [1]. We denote by [—1] the quasi-inverse of [1]. For two
full subcategories U and V, we denote by U x V the full subcategory consisting of
those objects X that fit into an exact triangle U — X — V — U[l] with U € U
and V € V. The operation x is associative; see [4, Subsection 1.3.9].

Recall from [4, Section 1.3] that a t-structure on D is a pair (D=?,D=0) of full
additive subcategories satisfying the following conditions:

(T1) Homp(X,Y[-1]) =0 for all X € D=V and Y € D=°;

(T2) D=V is closed under [1], and D=° is closed under [—1];

(T3) For each X € D, there is an exact triangle A — X — B[—1] — A[l] with
A € D=Y and B € D=°.

Set A = D=OND=20 to be the heart of the t-structure, which is an abelian category.
Moreover, a sequence £: 0 — X i> Y % Z > 0in A is exact if and only if there is

an exact triangle X Ly 8 79 X[1] in D. Indeed, the triangle is unique, since
such a morphism w is uniquely determined by f and g. Then we have an induced
isomorphism

(2.1) Ext4(Z, X) — Homp(Z, X[1]), [€] — w.

Here, [¢] denotes the equivalence class of € in ExtY (Z, X). We refer to [4, Théoreme
1.3.6] for details.

Let (D=Y, D29) be a t-structure on D. Set D" = D=[—n] and D=" = D=°[—n],
n € Z. Recall that the truncation functors T<g : D — D=0 and 751 : D — D=}
are the right adjoint and the left adjoint of the inclusion functors inc: D% — D
and inc: D2! — D, respectively.

In general, one defines 7<,, : D — D=" and Ton+1 1 D — Dzt by T<p =
[-n]oT<go[n] and T>p4+1 = [—n]oT>10[n], respectively. Then 7<,, and 7>,+1 coincide
with the truncation functors associated to the shifted t-structure (D<",D="). In
particular, for each object X, the triangle in (T3) yields an exact triangle

(2.2) T<nX — X — Top1 X — (t<nX)[1],

where the morphisms yield natural transformations between functors. The n-th
cohomological functor H™: D — A is defined to be H™(X) = (7>n7<n)(X)[n]. We
observe that H™(X) ~ H°(X[n]).

The t-structure (D=<° D=0) is called bounded, if for each X € D, there exist
m < n such that X € DS"ND2™. We observe that an object X lies in DS"NDZ™
if and only if HP(X) = 0 for p < m or p > n. Moreover, we have

(2.3) D" N D" = Al—m] x A[—(m + 1)] - - - % A[—n).

Inspired by [15, Section 6], we call a bounded t-structure (D<?, D=%) hereditary,
provided that Homp(X,Y[n]) =0 for n > 2 and X,Y € A. Hereditary t-structures
are called split in [5, Definition 4.1].

The following result is essentially due to [15, Proposition 1 b)].

Lemma 2.1. Let (D=°,D=%) be a hereditary t-structure on D with its heart A.
Then the abelian category A is hereditary and each object X € D is isomorphic to

Dyez H'(X)[-pl-
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Proof. Tndeed, by the isomorphism (2.1) the functor ExtY(Z, —) is right exact for
each object Z in A. This implies that the abelian category A is hereditary.

We observe that an object A in DZ"*! necessarily lies in D" N D2+ for
some r > n + 1. Similarly, an object B in D"~ lies in D<"~! N D2 for some
s <n—1. By (2.3) and the hereditary assumption, we infer that Homp (A4, B) = 0.
In particular, the morphism ¢ in (2.2) vanishes. Then the triangle (2.2) splits and
thus X ~ 7<, X @ 7541 X.

To prove the last statement, we use induction on I(X), the cardinality of the set
{p€Z| H?(X) # 0}. If I(X) = 1, we assume that H?(X) # 0. Then X lies in
D<PND=2P. It follows that X ~ HP(X)[—p]. In general, we take the largest p with
HP(X) # 0. We observe that I(7<,—1X) = I(X) — 1 and I(7>,X) = 1. Applying
the induction, we are done by the isomorphism X ~ 7<, 1 X @& 75, X. O

The canonical example is as follows.

Example 2.2. Let A be an abelian category. The bounded derived category D?(A)
has a canonical t-structure with D°(A)<? = {X € D’(A) | H{(X) = 0 for i > 0}
and Db(A)2% = {X € Db(A) | HY(X) = 0 for i < 0}. Here, H® denotes the i-th
cohomology of a complex. The heart is naturally identified with A. Here, the
abelian category A is canonically embedded into D®(A) by sending each object A
to the stalk complex concentrated on degree zero, which is still denoted by A.

The canonical t-structure is bounded. Moreover, it is hereditary if and only if
the category A is hereditary. In this case, each object X in D?(A) is isomorphic to
P,z HP(X)[—p] by Lemma 2.1; compare [18, Subsection 1.6].

2.2. Characterizations of hereditary triangulated categories. Let D be a
triangulated category. For a full subcategory S, we denote by add S the small-
est additive subcategory containing S and closed under isomorphisms. We do not
require that add S is closed under direct summands. Let S’ be another full subcat-
egory. By Homp(S,8’) = 0, we mean that Homp(X,Y) = 0 for each object X € S
and Y € §'.

Theorem 2.3. Let D be a triangulated category with A its full additive subcategory.
The following statements are equivalent:

(1) There is a hereditary t-structure on D with A its heart.

(2) D =add (U, ¢z Aln]) and Homp(A, Am]) =0 for m < 0.

(3) The category A is hereditary abelian with an equivalence F: D*(A) — D of
categories, which commutes with the translation functors and respects the
canonical embedding of A into D(A).

We will call a triangulated category D hereditary provided that there is a full
additive subcategory A satisfying one of the above equivalent conditions.

Proof. The implication “(1) = (2)” follows from Lemma 2.1. Example 2.2 implies
“3) = (1)".

For “(2) = (1)”, we observe first that any object X € AN (A[n]) is necessarily
zero for nonzero n. Set D=0 = add (U, s, Aln]) and D=0 = add (U, -, Aln]).
We claim that (D=Y D=°) is a bounded t-structure on D. Indeed, the conditions
(T1) and (T2) are immediate. Take any object X € D. By the assumption, we
have X = A @ (B[-1]) with A € D=0 and B € D=°. Then the split triangle
A — X — B[-1] — A[1] proves (T3). The boundedness of this ¢-structure is
evident.

The heart of the above t-structure is A. To prove that the t-structure is hered-
itary, we take a morphism u: A — B[n] with A,B € A and n > 2. Form an
exact triangle A = B[n] — C1 & Cy — A[l] with C; € add (U,,>,A[m]) and
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Cy € add (U,,,<; Alm]). We observe that Homp(B[n],C2) = 0 = Homp(C1, A[1]).
Then we have u = 0 by Lemma 2.4(3).

It remains to show “(1)+(2) = (3)”. By Lemma 2.1, the category A is hereditary
abelian. In particular, we have D?(A) = add (U, czAln]). We construct an
additive functor F': D®(A) — D as follows. For each n € Z, we set F(A[n]) = A[n]
and F(f[n]) = fln] for any object A € A and any morphism f: A — B in A.

For a morphism w € Homps(4)(4, B[1]), we consider the exact triangle B = E LA

A % B[1] in D(A), where 0 — B % E % A — 0 is the short exact sequence

corresponding to w. We define the morphism F(w) by the unique exact triangle

B%E% AW B[1] in D. More generally, we set F(w[n]) = F(w)[n]. One

verifies that F' is indeed a functor, where the bifunctorialness of the isomorphism
(2.1) is implicitly used. Then this functor F is as required. O

The following fact is standard.

Lemma 2.4. Let A% B (12 Cy ® Cy — A[l] be an exact triangle in D. Then the

following statements hold.

(1) The object Cy is a direct summand of A[l]. In particular, Co = 0 whenever
HOIHD(OQ7A[1]) =0.

(2) If A is indecomposable and Cy # 0, then we have u = 0.

(3) If Homp(Cy, A[1]) = 0 and Homp (B, A) = 0, then we have u = 0.

Proof. The morphism B — C7®C5 is of the form v®0: BHO — Cy P Cs. It follows
that the given triangle is isomorphic to the direct sum of A’ — B = C; — A[1]

and Co[—1] — 0 — Cy 4 ¢, Then (1) follows immediately. For (2), we just
observe that A’ = 0.

For (3), we observe that Homp(Cq, A’'[1]) = 0 since A’ is a direct summand of
A. For the same reason, we have Homp(B, A’) = 0. However, by [8, Lemma 1.1.4]
the morphism A’ — B is split mono, which is then forced to be zero. Then we are
done. O

For a finite dimensional algebra A over a field, we denote by A-mod the abelian
category of finite dimensional left A-modules.

Example 2.5. There does exist a full additive subcategory A of a triangulated
category D such that A is hereditary abelian with D = add (|, A[n]), whereas
the condition Homp (A, A[m]) = 0 for m < 0 is not satisfied.

Namely, let D = D?(A-mod) with A the path algebra of a quiver of type A
over a field k. This is the quiver with two vertices, say 1 and 2, and a single arrow
1 — 2. Note that A-mod has precisely three indecomposable modules, say Si, I, So,
where 57 is simple injective, I has length 2, and S5 is simple projective. Consider
the full subcategory A = add (S; @ Sz @ I[1]). Then A is a hereditary abelian
category, which is even semisimple: it is equivalent to the category of H-modules,
where H = k x k x k. Every indecomposable object of D can be shifted into A, but
there is a nonzero homomorphism A — B[—1] where A, B belong to A; just take
A = S,, B = I[1]. Observe that the categories D and D?(A) are not equivalent.

3. ALGEBRAICAL HEREDITARY TRIANGULATED CATEGORIES

In this section, we prove that if the triangulated category is algebraical and hered-
itary, then it is triangle equivalent to the bounded derived category of a hereditary
abelian category. We use the existence result on the realization functor in [3].
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3.1. The triangle equivalence. Let (D=, DZ°) be a bounded t-structure on
a triangulated category D with the heart H. By a realization functor of the t-
structure, we mean a triangle functor F': D®(H) — D such that F(H) = H and
its restriction F|y is isomorphic to the identity functor. We observe that F' sends
D?(H)=° to D=0, D*(H)=° to D=°.

Lemma 3.1. Let (D=Y, D29) be a hereditary t-structure on D. Then any realization
functor F: D*(H) — D is a triangle equivalence.

Proof. The abelian category #H is hereditary by Lemma 2.1. For the triangle e-
quivalence, it suffices to show that F' is an equivalence. For the fully-faithfulness,
by applying [8, Lemma II.3.4] it suffices to show that F' induces an isomorphism
between Ext’y(Z, X) and Homp(Z, X[i]) for each i € Z. The cases i < 0 are trivial,
and the cases ¢ > 2 are also trivial by the hereditary condition. The remaining case
i = 1 follows from the isomorphism (2.1), since the triangle functor F' necessarily
sends [£] to w.

The essential image Im F' of F is a triangulated subcategory of D containing A.
It is well known that the smallest triangulated subcategory of D containing A is D
itself; compare (2.3). Then we have Im F = D, proving the denseness of F. 0

Recall from [16, Subsection 8.7] that a triangulated category is algebraical pro-
vided that it is triangle equivalent to the stable category of a Frobenius category.
For example, the bounded derived category of an essentially small abelian category
is algebraical; see [18, Subsection 7.7].

The following result is due to [17, Theorem 3.2], where a detailed proof of [17,
Theorem 3.2(a)] is available in [14, Section 4]. We observe that the result also
follows from the existence result in [3, Subsection A.6], applied to Proposition 3.8.

Proposition 3.2. Let D be an algebraical triangulated category with a bounded
t-structure and its heart H. Then there is a realization functor F: DY(H) — D. O

By combing Theorem 2.3, Lemma 3.1 and Proposition 3.2, we obtain the promised
triangle equivalence. It generalizes [5, Proposition 4.2], where the triangulated cat-
egory D is assumed to be the bounded derived category of some abelian category.

Theorem 3.3. Let D be a hereditary triangulated category, which is algebraical.
Then D is triangle equivalent to the bounded derived category of a hereditary abelian
category. U

Remark 3.4. (1) The above assumption of being algebraical is natural. Indeed,
if the triangulated category D is essentially small, then it is triangle equivalent to
the bounded derived category of a hereditary abelian category if and only if it is
algebraical and hereditary.

(2) The case described in Theorem 3.3 seems to be one of the rare situations,
where the derived categories of a class of abelian categories can easily be charac-
terized as special triangulated categories. Usually, the axioms of a triangulated
category tend to be too broad for such an endeavour.

It is natural to ask the following question: is there a non-algebraical heredi-
tary triangulated category? In view of [3, Subsection A.6] and Lemma 3.1, such
an example will provide a triangulated category, over which there are no filtered
triangulated categories. Recently, this question is answered in the negative in [13],
where it is proved that any hereditary triangulated category is algebraical.

3.2. Filtered objects. We will show that for any algebraical triangulated catego-
ry, there is a filtered triangulated category in the sense of [3, Appendix] over it; see
Proposition 3.8. It follows that the existence result of a realization functor in [3,
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Appendix] applies for an algebraical triangulated category. We mention that the
treatment here unifies the one in [4, Section 3.1] and [1, Subsection 2.5].
Let A be an additive category. An ezact pair (i,d) consists of two composable

morphisms X = Y % 7 such that i = Ker d and d = Cok i. An exact structure
£ on A is a class of exact pairs, which is closed under isomorphisms and satisfies
certain axioms. The pair (A4, £) is called an ezact category in the sense of Quillen.
The exact pairs (i,d) in & are called conflations, where i are inflations and d are
deflations. When the exact structure £ is understood, we will call A an exact
category. For details on exact categories, we refer to [14, Appendix A].

The following consideration is inspired by [14, 6, 1]. Let A be an exact category.
A filtered object in A is an infinite sequence in A

v X X, S X — e
such that each morphism 4,, is an inflation and that for sufficiently large n, X,, = 0,
X , =X and i_, = Idx for some object X. This filtered object is denoted by
Xo = (X,o,1q) or (X,,3Y), where X is called its underlying object. We denote by
in,—oco: X5 — X the canonical morphism for each n € Z. As a finite composition
of inflations, this canonical morphism is an inflation.

A morphism fo: (Xe,iy) — (Ye,i)) between filtered objects consists of mor-
phisms f,: X, — Y, satisfying z}f ofn = fn_1 oif. The composition of morphisms
is componentwise. Then we have the category FA of filtered objects; it is an
additive category. We denote by

w: FA— A
the forgetful functor, which sends each filtered object to its underlying object.
Each object A in A defines a filtered object j(A) by j(A4), = 0 for n > 0,
j(A), = A and i%(A) = 1Id4 for n < 0. This gives rise to an additive functor

j: A— FA,

which is fully faithful.
The proof of the following lemma is by a routine verification; compare [14, Sub-
section 5.1].

Lemma 3.5. The category FA of filtered objects has an exact structure such that

the conflations are given by X, ELN Y, 2% Z, with each pair (fn,gn) a conflation
in A. Moreover, the forgetful functor w: FA— A and j: A — FA are exact. O

For a filtered object (Xa,%s), we define a new filtered object $(Xa, i) by $(X), =

X,,—1 and zfl( ) — in—1. This gives rise to an automorphism

s: FA— FA

of exact categories, called the filtration-shift functor. We observe a natural trans-
formation a: Idp4 — s by (a(x, i,))n = in for each n € Z.

We denote by F.A(< 0) the full subcategory of F A consisting of objects (X, ie)
with X, =0 for each n > 1. Similarly, the full subcategory F.A(> 0) are formed
by objects (Xa,4e) with X_,, = X and i_,, = Idx for all n > 0, where X is the
underlying object. For d € Z, we set FA(< d) = s?FA(< 0) and FA(> d) =
s1FA(> 0).

The following result is analogous to [1, Lemma 2.7].

Lemma 3.6. The following statements hold.
(1) FA(0) CFA(L1), FA>1) CFA(>0), and FA=J,c, FA(<n) =

Unez FAZ n).
(2) We have s(ax,) = a(x,) for each filtered object X,.
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(3) For any filtered objects Xo € FA(> 1) and Yo € FA(< 0), we have
Homp 4(Xe,Ys) = 0. Moreover, we have an isomorphism

Homp 4(s(Ys), Xe) — Homp 4(Ye, Xo)

sending fo to fe o ay,.

(4) Any filtered object X, fits into a conflation Ay — X4 — Be with A, €
FA(>1) and B, € FA(L0).

(5) The functor j induces an equivalence j: A — FA(<L 0)NFA(> 0) of ezact
categories.

Proof. The statements (1), (2) and (3) are direct. We mention that in the iso-
morphism of (3), both the Hom groups are isomorphic to Hom 4(w(Ys),w(Xe))-
The statement (5) is direct, since the exact functor j is fully faithful and reflects
conflations.

For (4), we consider a filtered object (Xe,ie). Set A, = X,, and i} = i, for
n>2, A, =X; and if = Idx, for n < 1. For each n < 1, we denote by X,,/X; the
cokernel of the inflation i, 10- - -0igoi;: X1 — X,,, and by i,,: X,, /X1 — X,,1/X3
the induced morphism of i,, which is also an inflation. Set B,, = 0 for n > 1,
B, = X,,/X1 and iZ =i, for n < 0. Then the canonical morphisms (4,,') — X,
and X, — (B,,i?) form the required conflation in FA. O

The functor j: A — FA has a right adjoint and a left adjoint, both of which
are exact. The functor p: F.A — A, which takes the zero component, is defined by
p(Xe) = Xo. We have the adjoint pair (j,p) by the following natural isomorphism

(3.1) Hompa(j(4), Xo) — Homa(4, p(Xe))

sending fo to fo. For a filtered object (X,,%s) with its underlying object X, we
consider the canonical inflation i1, _o: X1 — X, and set ¢(X,) = X/X; to be its
cokernel. This gives rise to an additive functor ¢: F.A — A. The adjoint pair (¢, j)
is given by the following natural isomorphism

(3.2) Hom p.a(Xe,j(A)) — Hom.a(c(X,), A)

sending f, to the induced morphism X/X; — A of w(f,): X — A. Here, we use
the fact that fyoi; =0.

Recall that an exact category A is Frobenius provided that it has enough pro-
jective objects and enough injective objects such that projective objects coincide
with injective objects. We denote by A the stable category modulo projectives.

For each object X, we fix a conflation 0 — X % I(X) & S(X) — 0 with I(X)
injective. Then S yields an auto-equivalence S: A — A. The stable category A
has a canonical triangulated structure such that the translation functor is given by
S and that exact triangles are induced by conflations. For details, we refer to [8,
Section 1.2].

The proof of the following lemma is similar to [6, Lemma 2.1].

Lemma 3.7. Let A be a Frobenius category. Then the exact category F'A is Frobe-
nius. Moreover, a filtered object X, is projective in F' A if and only if each compo-
nent X,, is projective in A.

Proof. We observe that the functor p is exact. It follows from the adjunction (3.1)
that j(P) is projective for any projective object P in A. Therefore, for each d,
s%5(P) is projective. For a filtered object (X,,is), there exist sufficiently large a
and b such that X,, = 0 forn > a, X;, = X and i, = Idx for n < —b. For
each —b <[ < a, we denote by X;/X; ;1 the cokernel of 4;41: X;11 — X;. Take a
deflation P, — X;/X;.; in A with P, projective. Thus we have a deflation s'j(P;) —
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s'j(X1/Xi41). We claim that there is a deflation Py = @]__, s'(P) — (X, ie) in
FA.

Indeed, there is a sequence of inflations in F'A
0=Y2"! Svye yel . 5y Syt =X,

with each factor isomorphic to s'j(X;/X;41) forl = a,a—1,--- , —b. More precisely,
we have V! = X for n < [, and V! = X,, for n > . We apply repeatedly the
argument in the Horseshoe Lemma to the deflations s'j(P) — s'5(X;/X;4+1). Then
we have the required deflation.

Similarly, using the exact functor ¢ and (3.2), we infer that for each projective
object P in A, s%j(P) is injective. Moreover, each filtered object X, fits into an
inflation X, — P, with P, a finite direct sum of objects of the form s?j(P). We
are done by combining the above statements. O

The above lemmas allow us to apply the formalism in [3, Appendix] to an alge-
braical triangulated category. More precisely, we have the following result.

Proposition 3.8. Let D be an algebraical triangulated category. Then there is a
filtered triangulated category over D in the sense of [3, Definition A.1].

Proof. Take a Frobenius category A such that its stable category A is triangle e-
quivalent to D. Consider the Frobenius category F' A of filtered objects and its
stable category F'A. The above functors j, s and w are exact that send projective
objects to projective objects. By [8, Lemma 1.2.8] they induce the corresponding
triangle functors between the stable categories. The stable version of Lemma 3.6
holds, where the conflation in (4) is replaced by an exact triangle and the equiva-
lence in (5) induces a triangle equivalence. It follows that the stable category F.A
is a filtered triangulated category over A and thus over D. O

4. PATHS IN TRIANGULATED CATEGORIES

Let D be a triangulated category. We will assume from now on that every object
in D is a finite direct sum of indecomposable objects. Denote by Ind D a complete
class of representatives of indecomposable objects. We emphasize that D is not
assumed to have split idempotents.

4.1. Paths and blocks. Let X,Y be two indecomposable objects in D. A path
of length n is a sequence Xg, X1, ..., X, of indecomposable objects in D such that
for 1 <i < n, we have Homp(X;_1, X;) # 0 or X; = X;_1[1]. We will say that the
path starts at Xy and ends in X,,, or that it is a path from X, to X,,.

A subclass U C Ind D is called path-closed provided that for each path from X
to Y, X lies in U if and only if so does Y. Equivalently, the class i is closed under
the translation functors [1] and [—1], and if for any X € U, an indecomposable
object Y necessarily lies in U whenever Homp(X,Y') # 0 or Homp(Y, X) # 0. We
observe if U is path-closed, so is the complement V = Ind D\U.

A subclass U C Ind D is called path-connected provided that any two inde-
composable objects in U are connected by a sequence of paths and inverse path-
s. More precisely, for each pair X,Y of objects in U, there exists a sequence
X = Xo, X1, ,X; =Y of indecomposable objects such that for 1 < ¢ < ¢, at
least one of the three conditions Homp(X;_1,X;) # 0, Homp(X;, X;11) # 0, or
X; = X;_1][s] for some s € Z, is satisfied.

Lemma 4.1. Let U C Ind D a path-closed class and let V its complement. Set
Dy = add U and Dy = add V. Then both D; are triangulated subcategories, and
D = D1 x Dy is their product.
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Proof. By their path-closedness, we have Homp(D;,D3) = 0 = Homp (Do, Dy).
Then we have the decomposition D = D; x Dy of additive categories. We observe
that both D; are closed under [1] and [—1]. To complete the proof, we take a
morphism u: A — B in D; and form an exact triangle A % B — C — A[l]. We
assume that C = Cy @ Cy with C; € D;. Then Cy = 0 by Lemma 2.4(1). This
proves that D; is a triangulated subcategory. U

The triangulated category D is called a block provided that it is nonzero and
does not admit a proper decomposition into two triangulated subcategories.

Proposition 4.2. Let D be a nonzero triangulated category. Then the following
statements are equivalent:

(1) The triangulated category D is a block.
(2) The only nonempty path-closed subset U C Ind D is Ind D itself.
(3) The set Ind D is path-connected.

Proof. The implication “(1) = (2)” follows from Lemma 4.1. For “(2) = (3)”, let
X be an indecomposable object. Denote by X C Ind D the class formed by those
objects Y, which can be connected to X by a sequence of paths and inverse paths.
We observe that X' is path-closed. Then we have X = Ind D. This proves that
Ind D is path-connected.

To prove “(3) = (1)”, we assume on the contrary that D = Dy x Ds is a proper
decomposition. Both D;’s contain indecomposable objects. Take indecomposable
objects X € Dy and Y € D,;. Then there are no sequences which connect X
with Y and consist of paths and inverse paths. This contradicts to the path-
connectedness. (I

For a division ring D and n > 1, consider the direct product D" =D X --- x D
of n copies of D. The module category D™-mod is semisimple. An automor-
phism ¢ on D yields an automorphism ¢™: D™ — D™ sending (z1, 22, - ,Z,) to
(22, ,Zn,0(x1)). We denote by (¢™)*: D"-mod — D™-mod the automorphism
of twisting the D™-action by o™.

Recall from [7, Lemma 3.4] that any semisimple abelian category A becomes
a triangulated category with the translation functor being any prescribed auto-
equivalence ¥ on A. The exact triangles are direct sums of trivial ones. The
resulted triangulated category is denoted by (A,X). In particular, we have the
triangulated category (D™-mod, (¢™)*).

We say that a block D is degenerate provided that there is an indecomposable
object X satisfying the condition: any nonzero morphisms ¥ — X and X — Y/,
with Y, Y’ indecomposable, are invertible.

Lemma 4.3. Let D be a degenerate block with the above indecomposable object X .
Then the following statements hold.
(1) Ind D ={X]s] | s € Z} and Endp(X) = D°P, where D is a diwvision ring.
(2) If X is not isomorphic to X|[s] for each s > 0, then there is a triangle
equivalence D — D*(D-mod).
(3) Ifn is the smallest natural number such that X is isomorphic to X[n], then
there is a triangle equivalence D — (D™-mod, (6™)*) for some automor-
phism o of D.

Proof. From the assumption, we observe that U = {X[s] | s € Z} is path-closed.
Then (1) follows from Proposition 4.2(2) immediately. The equivalences in (2) and
(3) are evident. We omit the details. We mention that in (3), the automorphism o
on D is induced by the action of [n] on morphisms in D. O
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4.2. The existence of paths. We will study paths in a non-degenerate block.
We keep the assumption that in the triangulated category D, any object is a finite
direct sum of indecomposable objects.

Lemma 4.4. Let u: X — Y be a nonzero non-invertible morphism between inde-

composable objects in D. Then there is an exact triangle
Xy B gre 7 e

such that Z is indecomposable and that both morphisms v and w are nonzero non-

invertible.

Proof. Since u is non-invertible, its cone is not zero. Since () ou = 0 and u[l1] o
(*,w) = 0, we infer that both v and w are non-invertible. Since u # 0, Lemma
2.4(2) implies that v # 0. By a dual argument, we have w # 0. O

We also observe the dual of Lemma 4.4.

Lemma 4.5. Let u: X — Y be a nonzero non-invertible morphism between inde-
composable objects in D. Then there is an exact triangle

v W ez 08 x uy
such that Z is indecomposable and that both morphisms v and w are nonzero non-
invertible. (]

Lemma 4.6. Let D be a triangulated category which is a non-degenerate block.
Then for any indecomposable object X, there is a sequence X = Xg, X1, X2, X3 =
X[1] of indecomposable objects with Homp(X;_1, X;) # 0.

Proof. By the non-degeneration of D, we assume that there exists a nonzero and
non-invertible morphism u: X — Y or u: ¥ — X with Y indecomposable. In the
first case, we apply Lemma 4.4 and then the morphisms u, v, w yield the required
sequence. In the second case, we apply Lemma 4.5 to obtain a sequence from X [—1]
to X. Applying [1] to this sequence, we are done. O

Remark 4.7. The following immediate consequence of Lemma 4.6 is of interest.
In a non-degenerate block D, any path from X to Y can be refined to a path
X = )(0,)(17 R ,Xt =Y such that HOIIID(Xi_l,XZ‘) 75 0 for 1 S 1 S t.

Lemma 4.8. Let D be a triangulated category which is a block. Assume that there
is a path from X toY. Then there is a path from'Y to X[n] for some n > 0.

Proof. If D is degenerate, the statement is immediate by Lemma 4.3(1). We assume
that D is non-degenerate.

We first prove that if there is a nonzero morphism u: X — Y, then there is a
path from Y to X[1]. Indeed, if u is invertible, there is nothing to prove. Otherwise,
we use the morphisms u, v, w in Lemma 4.4 to obtain the required path.

In general, by Remark 4.7 we assume that there is a path X = X, X3,--- , Xy =
Y with Homp(X;_1, X;) # 0 for 1 < i <t. By the above argument, we have paths
from X; to X;_1[1]. By applying the translation functors and gluing the paths, we
obtain a path from Y to X[t]. O

The following result claims the existence of certain paths in a block.

Proposition 4.9. Let D be a triangulated category which is a block. Let XY be
indecomposable objects in D. Then there exists a path from X to Y[n| for some
n > 0.
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Proof. By the path-connectedness, there is a sequence X = Xy, X7, , Xy =Y
such that for 1 < ¢ <t there is a path from X;_; to X;, or a path from X; to X;_;.
In the latter case, applying Lemma 4.8, we have a path from X; ;1 to X;[m] for
some m > 0. We now adjust the given sequence as

XO) o 7Xi713 Xl[m]; Xi+l[m}7 Tty Xt[m]
Repeating this procedure, we obtain the required path. O

Recall that we do not assume that the triangulated category D has split idem-
potents. However, the following observation implies that nontrivial idempotents on
indecomposable objects lead to some unexpected paths; compare Remark 5.2(2).

Lemma 4.10. Let X be an indecomposable object in D with a nontrivial idempotent
e: X — X. Then there is a path of length two from X[1] to X.

Proof. We form the exact triangle X % X %% C % X[1]. There exist morphisms
a: X[1] = C and b: C — X such that Ide = wo b+ a o v (this can be proved in
the idempotent completion [2] of D, where e equals Id4 @ 0: A® B — A @ B for
some objects A and B in the idempotent completion.)

Write C' = @le C; as a direct sum of indecomposable objects C; in D, thus
a=(ay,...,as)" with a;: X[1] = C; and b = (by,...,bs) with b;: C; — X. We can
assume that a; # 0 if and only if 1 <4 < r. If there is ¢ with 1 < ¢ < r such that
also b; # 0, then we obtain a path X[1] — C; — X of length two, as we want to
show.

Assume now that no such path exists. Let C' = @;_, C; and C” = @2:7‘-‘,—1 Ci,
let a = (a/,0)" with a’: X[1] — C” and b = (0,b”) with ”: C”" — X. Also, write
u = (u,u”)t and v = (v/,v"). Then we have a’ o v’ = Idgs and v’ o b = Idgn.
First, assume that C” # 0. The equality a’ o v' = Id¢s shows that v’ is split mono.
Since X|[1] is indecomposable, it follows that v" is an isomorphism and therefore v
is split epic. This implies that e = 0, a contradiction. Thus, we can assume that
C’ = 0. But this implies that v = u” is split epic, and therefore e is split mono,
thus e = Idx, again a contradiction. O

5. HEREDITARY TRIANGULATED CATEGORIES WHICH ARE BLOCKS

In this section, using the non-existence of certain paths, we characterize heredi-
tary triangulated categories which are blocks.

Throughout, D is a triangulated category, in which each object is a finite direct
sum of indecomposable objects.

For an indecomposable object X, denote by [X —] the class of all indecomposable
objects U in D with a path from X to U. Then [X —]is closed under the translation
functor [1]. The complement of [X —] in Ind D is closed under [—1].

Theorem 5.1. Let D be a triangulated category which is a block. Then the following
conditions are equivalent:

(1) The triangulated category D is hereditary.

(2) If X is indecomposable in D, then there is no path from X[1] to X.

(3) There is an indecomposable object X in D with no path from X[1] to X.
(4) There are indecomposable objects X, Y in D with no path fromY to X.

Proof. The implication “(1) = (2)” is obvious. By Theorem 2.3(3), we identify D
with D?(H) for a hereditary abelian category . Since X is indecomposable, it
is of the form X = A[n| for some indecomposable object A € H and n € Z. By
induction on the length of paths, we observe that [X —] C |J,-,, H[¢]. In particular,
we have that X[—1] does not belong to [X —]. -
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The implications “(2) = (3)” and “(3) = (4)” are trivial. For “(4) = (3)”,
we consider the given indecomposable objects X, Y. By Proposition 4.9, there is a
path from Y to X[n] for some n > 0. By assumption, we infer that n > 1. If there
is a path from X[1] to X, we obtain a path from X[n] to X. This yields a path
from Y to X, a contradiction.

It remains to show “(3) = (1)”. Write Y = [X —] and V = Ind D\V its
complement. Let

A=add UnV[1)).

We will prove that A satisfies the conditions in Theorem 2.3(2). Then we are done.

Step 1 For a nonzero morphism u: A — B between indecomposable objects
with A € A, we observe that B € Y. We claim that B ¢ U[2].

From the claim, we infer that B lies in A or A[1]. Indeed, if B € V[1], we have
B € A. Otherwise, we have B € U[1] and by the claim, B € V[2]. Hence, we have
B e A[1].

To prove the claim, we assume on the contrary that B € U[2]. Then we have a
path from X[1] to B[—1]. By the facts that A ¢ U[1] and U[2] C U[1], we infer that
u is not an isomorphism. We obtain by Lemma 4.5 a path of length two from B[—1]
to A. Then we have a path from X[1] to A, that is, A € U[1]. A contradiction!

Step 2 To show D = add (UJ,czA[n]), we claim that each indecomposable
object Y € D is of the form B[m] for some B € A and m € Z.

We observe by assumption that X € A. Assume first that ¥ € U = [X —].
Then there is a path X = Xy, X1,---,X; =Y. By induction on the length of
paths, we may assume that X; 1 = A[n] for A € A and some n € Z. If Y =
X:—1[1], then we are done by Y = A[n + 1]. If Homp(X;—1,Y) # 0, equivalently
Homp(A,Y[—n]) # 0, we infer from Step 1 that Y[—n] lies in A or A[1]. This also
proves the statement in this case.

For the general case, by Proposition 4.9 there is a path from X to Y[d] for some
d > 0, that is, Y[d] € [X —]. Applying the above argument to Y[d], we are done
for the claim.

Step 3 We claim that Homp (A, A[m]) = 0 for m < 0. We assume the contrary.
Take two indecomposable objects A, B € A with Homp (A, B[m|) # 0. Then B[m]
lies in U. On the other hand, Bm] lies in V[m + 1]. Since m + 1 < 0, we have
V[m + 1] C V. We conclude that B[m] € U NV, a contradiction! This completes
the whole proof. O

Remark 5.2. (1) The equivalence of the conditions in Theorem 5.1(2) and (3) is
somehow surprising: the existence of a single indecomposable object with a special
property forces all the indecomposable objects to have this property! This indicates
a rather unusual character of homogeneity.

(2) Tt is well known that the bounded derived category of an abelian category
has split idempotents. In particular, a hereditary triangulated category has split
idempotents. Then Theorem 5.1(3) allows us to strengthen Lemma 4.10. Assume
that the block D does not have split idempotents. Then there are paths from X|[1]
to X for any idempotent object X in D.

In the remaining part, we draw some immediate consequences of Theorem 5.1.

Let us call a path Xy, X1,...,X,, proper provided that for 1 < i < n, there
exists a nonzero and non-invertible map X;_; — X; or else X; = X;_1[1]. An
indecomposable object X in a triangulated category D will called directing provided
there is no proper path of length at least one starting and ending in X.

The corresponding notion of directing objects in an abelian category is well known
and has been found useful in [19], where the paths are of the form Xg, X1,..., X,
such that for 1 < i < n, there exists a nonzero and non-invertible map X;_; — X;.
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The following observation is immediate: for a hereditary abelian category H, an
indecomposable object X in H is directing if and only if X is directing in D®(H).

Hereditary abelian categories with directing objects are studied in [10]. The
following result characterizes their bounded derived categories.

Proposition 5.3. Let D be an algebraical triangulated category which is a block.
Then the following two statements are equivalent:

(1) The triangulated category D has a directing object.
(2) There is a triangle equivalence D*(H) — D, where H is a hereditary abelian
category with a directing object.

Proof. The implication “(2) = (1)” is already indicated by the above discussion.
For the converse, let X be a directing object in D. Any path from X[1] to X could
be composed with the path X, X[1]. After deleting some repetitions, we obtain a
proper path from X to X of length at least one. Thus, no path from X[1] to X
exists. We are done by Theorems 5.1 and 3.3. 0

Let k be a field. Recall from [11] that a finite dimensional k-algebra A is piecewise
hereditary provided that the bounded derived category D?(A-mod) of the module
category is triangle equivalent to DY(#) for a hereditary abelian category H. If k
is algebraically closed, such a hereditary abelian category H is derived equivalent
to the module category over a path algebra or the category of coherent sheaves on
a weighted projective line; see [9)].

It is well known that D®(A-mod) is an algebraical triangulated category. Theo-
rems 5.1 and 3.3 yield the following characterization of piecewise hereditary alge-
bras.

Corollary 5.4. Let A be a finite dimensional connected k-algebra. Then the fol-
lowing conditions are equivalent:

(1) The algebra A is piecewise hereditary.
(2) For any indecomposable object X in D(A-mod), there is no path from X[1]

to X.
(3) There exists an indecomposable object X in DP(A-mod) with no path from
X[1] to X. O

We mention that in [12], the characterization of piecewise hereditary algebras in
terms of finite strong global dimension relies on the above result.

We observe the following immediate consequence of combining Proposition 5.3
and [10, Theorem).

Corollary 5.5. Let A be a finite dimensional connected k-algebra. Then D®(A-mod)
contains a directing object if and only if A is derived equivalent to a finite dimen-
sional hereditary algebra. O
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