Green’s Theorem on Hall Algebras

Claus Michael Ringel

ABSTRACT. Let k be a finite field and A a hereditary finitary k-algebra.
Let P be the set of isomorphism classes of finite A-modules. We define
a multiplication on the Q-space with basis P by counting the number of
submodules U of a given module V with prescribed isomorphism classes both
of V/U and U. In this way we obtain the so called Hall algebra H=H(A,Q)
with coefficients in Q. Besides H, we are also interested in the subalgebra
C generated by the the subset I of all isomorphism classes of simple A-
modules; this subalgebra is called the corresponding composition algebra,
since it encodes the number of composition series of all A-modules.

Recently, J. A. Green has introduced on H (and on C) a comultipli-
cation & so that it becomes nearly a bialgebra. Here, “nearly” means that
§: H—H®H is in general not an algebra homomorphism for the usual (com-
ponentwise) multiplication on H®™H; instead, there is a slightly twisted mul-
tiplication on H®H which has to be considered. The appearance of this twist
should not be considered as a disadvantage: on the contrary, it is the main
ingredient for Drinfeld and Lusztig in order to define the positive part U™
of a quantum group for an arbitrary Cartan datum. It follows that U™* is
isomorphic to a twisted generic composition algebra.

Green’s compatibility theorem for multiplication and comultiplication
on H is expressed in a marvelous formula which deals with pairs of submod-
ules of a given module. This formula should be considered as a detailed
investigation of the 3x3 Lemma in homological algebra.

This is the written version of two lectures given at the workshop pre-
ceding ICRA VII, held at U.N.A.M., Mexico, D.F. We present the complete
proof of Green’s formula and outline its consequences, following closely the
presentation in the original paper [G1].
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05A30, 16G20, 16E10, 16 W50, 18G15.
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Part I. Green’s Formula

Let A be a ring. Let P be the set of isomorphism classes of A-modules of finite
cardinality. For every oo € P let V,, be a representative in . We denote by 0 both
the zero module and its isomorphism class.

We recall that A is said to be finitary, provided Extl(M , V) is a finite set for
any pair M, N of finite A-modules (clearly, it is sufficient to check this for finite,
simple A-modules M, N). Throughout these notes, we usually will assume that the
ring A is finitary.

Also, A is said to be hereditary, provided Ext?*(M, N) = 0 for all A-modules
M, N. Tt is well-known that an algebra is hereditary if and only if submodules of
projective modules are projective — and this explains the name.

1. The formula

Given a € P, let a,, be the order of the automorphism group of V.

Given a, 8, A in P, let ggﬁ be the number of submodules B of V) such that
V/B is isomorphic to V,,, whereas B is isomorphic to V3.

Theorem (J. A. Green). Let k be a finite field and A a k-algebra which is
hereditary and finitary. Let o, 3,0/, 3" be elements of P. Then

T | Ext!(V,, V,)| R

A A -1
U500 ag XA: JapJarp Ox = Hom(V,,1,)| Yo' 9a'97r Aplots!ar.

’
p,0,0°,T

Green’s theorem exhibits a universal formula for pairs of submodules: We
consider submodules B and B’ of a module L, where L/B € o, L/B' € o/, B €
and B’ € 3 (these four isomorphism classes a, 3, o/, ' are given). The left hand side
counts the numbers of such pairs of submodules in arbitrary modules L = V), always
weighted with ay'. The right hand side involves the four subfactors L/(B + B’),
B/(BNB'), B'/(BN B'), and B N B’; their isomorphism classes are denoted by
p,o’, o and T, respectively.

r T 3
a < - o

A > <
cR -
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We stress that the right hand side of the formula only involves small modules
(namely modules which occur as submodules or factor modules of the given modules
Va, Vg, Vor, Viar), whereas the left hand side deals with modules V), where dimy, Vy =
dimy V,, + dimy Vﬁ.

2. Examples

We usually denote the number of elements of k by ¢x; in this section, we just
write q.

A. Consider two non-isomorphic simple modules S(1), S(2) with
End(S(1)) = End(S(2)) =k and dimy Ext'(S(1),S(2)) = n.

For example, we may consider the path algebra A of a quiver with two vertices and
precisely n arrows, all of which start at the same vertex and end at the other one.
Let « = &/ be the isomorphism class of S(1) and 8 = 3’ the isomorphism class
of S(2).
On the left side, all possible isomorphism classes A have to be considered. There
is the semisimple module S(1) & S(2) with automorphism group k* x k* of order
(¢ — 1)2. In addition, there are the indecomposable modules of length 2 with top

S(1) and socle S(2). They have automorphism group £* of order ¢ — 1. The number
n—1 |

. Altogether we have 1 + a
q—1 q—1

isomorphism classes A\. Always, we have g 5= g g = 1. Thus the left hand side is

of isomorphism classes of such modules is

A A -1
AaqQp0q s Zgaﬁga’,@’ ay
A

1 q" —1 1
= _14<1.1. + .1.1._)
(=1 (-1 gq-1 q—1
:(q_l)Qqn

The right hand side has only one non-zero summand, namely for p the isomor-
phism class of S(1) and 7 the isomorphism class of S(2) (and ¢ = ¢’ = 0). Since
the order of Ext'(S(1),5(2)) is ¢", whereas Hom(S(1), S(2)) = 0 and the order of
the zero group 0 is 1, we get:

| Ext'(V,,, V)| , /
| HOm(VZ, A] 950950/95/7957 ApQo Qg Oy

=¢"1-1-1-1-(¢g—1)-1-1-(¢—1).

(The number n of arrows of the quiver appears in the right hand term only in the
extra factor | Ext'(V,, V;)|, the remaining factors are independent of n. In the left
hand term, n determines the number of summands.)
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B. Consider a fixed simple module S with End(S) = k, and assume that
dimy Ext'(S,S) = n. Let @ = o’ = 8 = /7’ be the isomorphism class of S.

On the left side, the possible isomorphism classes A\ are as follows: V) may be
semisimple, thus of the form S@® S; then its automorphism group is Gly(k), of order
q(¢®> —1)(¢ — 1), and we have gfx‘ﬁ = gg‘,ﬂ, = q+ 1. Or else V), is an indecomposable
module of length 2 with top S and socle S. Then the automorphism group is of

order ¢(¢—1) and ggﬁ = gél g = 1. Note that the number of isomorphism classes of
n

such indecomposable length 2 modules is again

T Thus the left hand side ist

A A —1
Aq0p0q s’ Zgaﬁgalﬁl ay

A
o | | 1 -1 . 1
= (q 1)OQ+D M+1)qm”—nw—1Y+q—ll lq@—lﬂ
= (q— 1)4 ) LQQ = (qn_l +1)(q— 1)2'
q(qg—1)

The right hand side has two non-zero summands: One is given for p and 7 the
isomorphism class of S, (and ¢ = ¢’ = 0). Here we have to take into account that
the order of Ext'(S,S) is ¢”, while the order of Hom(S,S) = k is ¢. The second
summand to be considered occurs for p = 7 = 0 and o = ¢’ the isomorphism class

of S. We get:

Ext!'(V,,V;) , ,
Z “Hom(vp VT)“ 93092‘5/95,7957 ApQo o Gy
pr VT

n

:%{y—nﬁ+%q—D2=@”4+U@—lf

3. Preliminary results

We exhibit several elementary counting formulae:

Let A, B, L be A-modules. Let £% 5 be the set of pairs (a, b) of A-homomorphisms
such that

0—BXL% A0

is an exact sequence.

If dimy, L # dimy A+dimy B, then 51%13 is empty. If dimg L = dimy A+dimy B,
then €45 consists of all pairs (a,b) where a: L — A is an epimorphism, b: B — L
is a monomorphism and ab = 0.

Proposition 1. Let A, B, L be A-modules and o, 3, X their isomorphism classes,
respectively. Then

A
‘8£B| = 9aptalg-
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Proof: Let U be the image of b: B — L, thus b = ub, where b: B — U is an
isomorphism and u: U — L is the inclusion map. Similarly, write a = ap, where
p: L — L/U is the canonical projection and a: L/U — A is an isomorphism. The
set of tripels (U, a, b) obtained in this way consists of a submodule U of L such that
U belongs to the isomorphism class 3, whereas L/U belongs to the isomorphism
class «, and arbitrary isomorphisms a: L/U — A and b: B — U. Thus the number
of such tripels is precisely gg‘ﬂaaa/g.

A A-module is given by a pair (V, ), where V is a k-space and v: A — Endg (V)
is a k-algebra homomorphism.

Proposition 2. Let A € P. Let V be a k-space of dimension dimg V. The

number of pairs (V,v), where v: A — Endg (V) is a k-algebra homomorphism such
that the A-module (V,~) belongs to A, is

| Auty (V)] - ayt

Proof: Observe that G = Autg (V') operates on the set of k-algebra homo-
morphisms ~ as follows: g * vy = gyg~! for ¢ € G (that means: given r € A, let
(g *¥)(r) = gvy(r)g~'). The orbits under this action are just the isomorphism
classes, whereas the stabilizer G, of a fixed element v is just the automorphism
group of the A-module (V,~). The assertion follows from the well-known fact that
the number of elements in the orbit of 7 is just |G| - |G|t

Proposition 3. Consider the following commutative diagram of A-module
homomorphisms, with exact rows

X =5 x = X" — 0

S N O £

0 y'r Y .y Y .,y

Then the number of possible homomomorphisms d (with all the other maps x,z’,y,
y',d', d" fized) is equal to | Homp (X", Y")|.

Proof: Let D be the set of all d € Homy (X,Y) which satisfy dx = yd’ and
y'd = d"2’. Fix some element dy € D.

Given z € Homp(X”,Y”), then also dy + yzz' belongs to D, since z'x =
0 and y'y = 0. Since y is injective and 2’ is surjective, we see that the map
Homy (X", Y') — D, which sends z to dg + yzz’ is injective. The map is also
surjective: Given d € D, then (d —dy)z = 0, thus we can factor the homomorphism
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d — do through the cokernel of z, thus d — dy = 2’2’ for some 2’': X" — Y. Now
y'2'x" = y'(d—dy) = 0, the surjectivity of ' yields y’'z’ = 0, and therefore 2’ can be
factored through the kernel y of 3y'. We obtain z: X" — Y’ with yz = 2’. Altogether

we have d — dy = 2'2' = yza'.

Let A, B,L be A-modules, ¢ an element of Extj (A, B), and let £X(¢) be the
set of pairs (a,b) of A-homomorphisms such that

0— B LN SN N 0
is an exact sequence and belongs to the class ¢.

Proposition 4. Let A, B, L be A-modules. Let \ be the isomorphism class of
L. Let € be an element of Ext} (A, B). Then the cardinality of E¥(¢) is either zero

or else
ax

| Homp (A, B)|

Proof: Assume that there exists an exact sequence

O—>Bi>Li>A—>O,

which belongs to €, thus the pair (a,b) belongs to £F(¢).
Given an automorphism h of L, let

hx (a,b) = (ah™', hb).

The commutative diagram

0 B—" ., .4 0
| =
0 LN 0

shows that the pair (ah~!, hb) again belongs to £L(e). In this way, the group
Auty (L) operates on the set £X(¢). By the definition of the equivalence relation
which gives Ext'(A, B), the operation by Auts (L) on £X(¢) is transitive. Thus, it
remains to calculate the stabilizer of an element. According to Proposition 3, the
order of the stabilizer of (a, b) is equal to | Homy (A, B)|. This completes the proof.

Given a k-space V', an exact sequence of the form
0—-B—(V,y)— A—0,
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with a k-algebra homomorphism ~: A — Endg (V) will be called a V' -sequence. Let
¢ be an element of Ext} (A, B). Let £(¢) be the set of V-sequences in ¢, where V is
a fixed k-space of dimension dimy A 4+ dim; B.

Proposition 5. Let A, B be A-modules. Let € be an element of Exty (A, B).

Then
| Auty (V)]

()l = | Homn (A4, B)|

Proof: Let
0-B3XL%A4A-0

be an element of . Let A be the isomorphism class of L. The number of algebra
homomorphisms v: A — End(V') such that (V, ) belongs to A is given by M%’;(V)'
according to Proposition 2.

For any such v the number of pairs (a,b) such that (v, a,b) belongs to £(¢) is
given by M\W’ according to Proposition 4 (note that for any ~, there is at

Y

least one such triple, since any isomorphism h: L — (V, ) yields a commutative
diagram

0 B 2 L © LA 0
| [ |
-1
0 B (V,y) s 4 0,

and this shows that the lower exact sequence again belongs to ¢.)
Altogether, we see that

_ | Auty (V) . ax _ | Auty (V)|
ax | Homy (A, B))| | Homp (A, B)|

€(e)]

4. Factorizations of homomorphisms

Let f: Y — X be a homomorphism of A-modules and M the image of f. Let
V be a k-space of dimension dimy X + dimg Y — dimy M.

For L = (V,~), let F(f;L) be the set of all pairs (c¢,d) where ¢: L — X is
an epimorphism, d: Y — L a monomorphism, and e¢d = f. Let F(f) be the set
of tripels (v, ¢,d) where v: A — Endg (V) is an algebra homomorphism and (¢, d)
belongs to F(f;(V,7)).

If we denote by y: Y — M the projection and by x: M — X the inclusion
map (thus f = zy), then we are looking for all possible factorizations f = e¢d such
that the commutative diagram



. vl IVUNGRL
M
y {_\
Y X
d\ /
L
is both a pushout and a pullback diagram.

Proposition. Let f: Y — X be a homomorphism of A-modules. Let T be the
kernel and R the cokernel of f. Assume that Ext*(R,T) = 0. Then

| Ext) (R, T)|
Homy (R, T)|

[F(HI = ‘AUtk(V)“

Remark. This is the only calculation where the vanishing of Ext? enters. It
is required to ensure that F(f) is non-empty. For a short proof that F(f) # (), we
refer to [HR].

Proof of Proposition: We denote by y': T — Y and z: M — X the inclusion
maps, by y: Y — M and 2/: X — R the canonical projections; in particular, we
have f = xy. We denote by ¢y the equivalence class of the exact sequence

0—>M1>Xi/>R—>O

in Exty (R, M).
The exact sequence

’

0O ——17 Y v Y . M —0

gives rise to a long exact sequence
0 —— Homp(R,7) —— Homp(R,Y) —— Homu(R, M)
L Exti(R,T) 2B pl(gy) Y pl (R M)

- 0

where we use that Ext3 (R,T) = 0. We denote by F the image of Ext} (R, y’), thus
we have an exact sequence

0 — Homy (R, T) — Homy (R,Y) — Homy (R, M) — Extj (R, T) — E — 0,
and consequently
|E| = |Homy (R, T)|™' - |Homa (R, Y)| - | Homp (R, M)| ™1 - | Ext} (R, T)).
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Given (v, ¢,d) € F(f), the following diagram with d’ = x’c is commutative:

0 Y (V, ) R 0
d g |
0 M x R 0.

Also, its upper row is exact: since both ¢ and 2’ are surjective, also d’ is surjective;
on the other hand, we have d'd = 2'cd = 2’ f = 2’2y = 0, thus the exactness of
the upper row follows from the equality dim V' = dimg X 4+ dim, Y — dimy M =
dimg Y + dimg, R.

We define a map w: F(f) — Ext}(R,Y), sending the tripel (v,c,d) to the
equivalence class w(7, ¢, d) of the exact sequence

/7

0—-Y % (V,9) 25 R —0.

We claim that the image of the map w is just the inverse image of £y under
Ext/lx(R, y). On the one hand, the diagram above shows that £ is induced from
w(7, ¢, d) via the homomorphism y. Conversely, assume a V-sequence € in Ext} (R,Y)
induces g via the homomorphism y. Thus, there is a commutative diagram with

exact rows
d/

0 Y (V, ) R 0
i g |
0 M= X R 0

and ¢ is the equivalence class of the upper row. Then (v, ¢, d) belongs to F(f) and
d = x'c, thus e = w(v, ¢, d).

Since the image of w is the inverse image of £y under Ext}(R,y), and since
Ext} (R, y) is surjective, the image of w is a residue class E’ modulo the kernel of
Exty (R, y). But this kernel is just E, thus the image of w has order |E’| = |E|. For
any element € in E’, the number of V-sequences in ¢ is

| Auty (V)]
| Homp (R,Y)|

according to Proposition 5 of Section 3. For a given V-sequence

0-Y L W)L R0,

the number of possible maps ¢ satisfying c¢d = xy and x'c = d’ is | Homy (R, M)|
according to Proposition 3 of Section 3. Altogether, we see that

| Autg (V)]
Homp (R,Y)|
| Ext (R, T)]
HOIIlA(R, T)| '

If(f)|=\E\‘ | Homy (R, M)]

= \Autk(V)\‘

9
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This completes the proof.

We consider now Green’s formula in detail. First, we interpret the left hand
side, then the right hand side of the formula (both multiplied with a fixed factor,
namely | Autg(V')], where V' is a k-space). We will see that the left hand side counts
suitable “crosses”, while the right hand side counts pairs consisting of a “frame”
and the factorization of a map derived from it. Here, the frames and the crosses are
parts of the 3 x 3 configuration in Homological Algebra (consisting of three rows
and three columns all of which are short exact sequences). It will be easy to attach
to every cross a corresponding frame. The main interest lies in the fact that one
can count the number of crosses which yield the same frame.

We fix elements «, 3, o’ and 3’ of P. We want to derive Green’s formula. We
can assume that

dimy, V,, + dimy, Vﬁ = dimy, VOC + dimy, Vﬂl’
since otherwise the formula is trivially satisfied: both sides are zero (since g7\ 570
implies that dimy V,, + dimy, Vg = dimy, V).

Fix A-modules A € a, B € 3, A’ € &' and B" € . Also, fix a k-space V of
dimension dimj A + dim,, B.

5. Green’s formula: The left hand side

Let v: A — Endg(V) be a k-algebra homomorphism and L = (V,v). We
consider the set
QL) = EXp X Efrpyrs
and we denote by Q the union of the sets Q(V,v). Thus Q is the set of quintets
(v,a,b,a’,b") where v: A — Endg(V) is a k-algebra homomorphism, and a, b, a’, t’
are A-module homomorphisms such that we obtain exact sequences

b (V) —— 4 0,

0 B

b/

0 B’ (V,y) —% s A’ 0.

The data given by the elements of Q may be visualized as forming the following
crosses:

10
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Proposition.

Q| = [Aut (V)| anaganias Y gaggas ay -
A

Proof: Consider some L = (V,~). According to Proposition 1 of Section 3, we
know

L L A A
|5AB X 8A’B’| = 90808 * Go'g' Ao’ g’ -

According to Proposition 2 of Section 3, the number of choices for v with
(V,v) € Mis | Autg (V)] - ay'. Thus the number of elements of Q is equal to

Z | Auty (V)] - a3 -géﬁaaa/g : gé‘/ﬂ,aa/aﬁ/.
)

6. Green’s formula: The right hand side

We introduce the set R of all sextets (S, T, e1, €2, €3, €4), where S is a submodule
of A, where T is a submodule of B, where (e3, e1) belongs to ESBCIF, and (e4, e2) belongs
to Sﬁ /8.B)T"

The data given by elements of R may be visualized as frames of the following
kind:

T - BT, B/T

ell lez

B A

63J( Je4

S A A/S
us qs

For the submodule S of A, we have denoted the inclusion map S — A by ug, and
the canonical projection A — A/S by gs. Similarly, for the submodule T' of B, we
have denoted by ur: T — B the inclusion and by gr: B — B/T the projection.

Let B, B’ be A-modules and e: T — B’ a monomorphism, where T is a sub-
module of B. We denote by B LI B’ the pushout of the inclusion map uy: T — B

and the map e, thus
BUB = B® B'/{(m,—e(m))|me T}.

11
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We denote by ug: B — BLIB' and up : B’ — BLIB’ the canonical inclusion maps.
e e

Thus, we have the following commutative square:

T ., B

e| I

B —— BUDB.

Upgr

We also consider the dual situation. We start with A-modules A and A’, and

an epimorphism e’: A" — A/S, where S is a submodule of A. We denote by A nA
the pullback of the projection map gs: A — A/S and €/, thus

ANA = {(m,m)fme A, m"e A", m+ S =¢€(m')}.
We denote by py: A AA — Aand pa: A A A’ — A’ the canonical projections.

Given = = (5,7, e1,e2,e3,e4) € R, we define

€4

Y=YE) =BUB, X=XE)=ANA"

Lemma. Given = = (S,T,e1,e9,e3,e4) € R, there erists a unique map f =
f(E): Y (E) — X(E) satisfying

pAfuB — 07 pAfUB’ = uses,
parfup = eaqr, par fup = 0.

The kernel of f is isomorphic to T and the cokernel of f is isomorphic to A/S.

12
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ur qr
T B B/T
u‘B/
€1 €2
Y
up’
- e .
pa
X
€3 €4
/M
S A A/S
us qs

Proof: Since
0-upr =0=uges-e€q,

and since Y is the pushout of ur and eq, there exists f4: Y — A satisfying
faup =0 and faup = uges.
Similarly, since
eaqr-ur =0=0-¢€q,

there exists fa.: Y — A’ satisfying

farup =exqr and faup =0.

Now we have

gsfaup =0 = eseaqr = eafarup,

gsfaup = qsuses =0 =-esfaup .

As a consequence, since X is the pullback of gs and ey, there exists f: Y — X such
that
paf =fa, and paf=fa.

It follows that f satisfies the required equations.
The uniqueness of f comes from the fact that [up up/]: B® B’ — Y is an
ba

» } : X - A® A’ is a monomorphism.
A/

epimorphism and [

13
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Finally, we have to determine kernel and cokernel of f. We claim that the
following sequence is exact:

0 T Xy X P4, 48 —— 0.

First of all, observe that fugur = 0, since

pafupur =0 -up =0,

par fupur = eaqrur = 0.

Similarly, we see that gspaf = 0. On the other hand, the homomorphism
pa | o | 0 uges| |0 wus| |gr O
AR v o P SR ke

pA
ba
[up up| is an epimorphism, also the image of f is isomorphic to B/T @& S. But we
have

has image isomorphic to B/T @& S. Since [ } is a monomorphism, whereas

dimg Y = dim; B 4 dimy B — dimg T
= dlmk(B/T &b S) -+ dlmk T.

This shows that the sequence is exact at Y. A similar argument shows that the
sequence is exact at X.

For any A-module L, let O(L) be the set of all octets (S, T, e1, ea, e3, eq, ¢, d),
where = = (S5, T, e1, ea, €3, €4) belongs to R such that (¢, d) belongs to F(f(Z); L).

Let O be the set of all tuples (v, 5, T, e1, e, €3, €4, ¢, d) where v: A — Endg (V)
is a k-algebra homomorphism, and (S, T, e, e2, €3, €4, ¢, d) belongs to O(V, 7).

Proposition.

‘ Eth(Vpa VT)‘ a o B ﬂ/
‘ HOm(Vp, VT)‘ gpagpa'/go-/TgJT apaa'aa-’CLT.

0] = [Autp (V)] -

/7
p’gag T

Proof: Fix submodules S of A and T of B, let 7 be the isomorphism class of T', o
the isomorphism class of S, ¢/ the isomorphism class of B/T and p the isomorphism
class of A/S. Then the number of sextets of the form = = (S, T, e1, e,€3,€4) in R
(with fixed S, T) is equal to

’ ’

a B
9po'9or Cplole Qr,

according to Proposition 1 of Section 3.
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The previous Lemma asserts that the kernel of f(Z) is isomorphic to V., while
its cokernel is isomorphic to V,. According to Section 4, the number of pairs (¢, d)
in F(f(2)) is
| Ext'(V,,, V)]
| Hom(V,, V)|

Of course, the number of choices (S, T) with fixed p, 0,0’ 7 is

| Alltk(V)|

g géagg’ T*
Adding up all the possibilities, we obtain the formula as stated.

7. More about pushouts and pullbacks

Proposition. Let B, B’, L be A-modules. There is a bijection n between the
set of pairs (b,b") where b: B — L and b': B" — L are monomorphisms, and the
set of triples (T,e,d) where T is a submodule of B, such that both e: T — B’ and
d: B IZ] B’ — L are monomorphisms.

Here, n(b, V') = (T, e,d), where T = b= b'(B’). The map e is defined by e(m) =
(b")"1b(m) form € T, and d is defined by dup = b, dup =1'.

Moreover, n=1 is defined by n=1(T,e,d) = (dup, dup).

Proof: Let b: B — L and b': B’ — L be monomorphisms. Of course, T =
b=10'(B’) is a submodule of B, and e(m) = (b')7'b(m) for m € T defines a
monomorphism e: T — B’. Thus, the pushout B IE] B’ is defined. Since we have the

following commutative diagram

T —* . B

e| I

B — I,
b/

there exists a unique d: B U B’ — L such that dugp = b, dug ='.
e

Consider the following diagram:

ur
T B

up’ \d‘

B’ L
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where Y = BU B'.

In order to see that d is a monomorphism, note that the map urip

B @ B' is the kernel of [bV']: B@& B’ — L, and the map [up uz]: B&B — BUDB’

is the cokernel of [UT} )

The converse recipe is easier: given a triple (T e, d), where T is a submodule
of B, and both maps e: T'— B’ and d: B U B’ — L are monomorphisms, we form

e
the pair n'(T,e,d) = (dug,dup/). Since the maps d,up,up are monomorphisms,
also dup and dupg: are monomorphisms.

We claim that 7 is bijective with inverse n’. Of course, we trivially have
n'n(b,b') = (b,b’). Consider a triple (T,e,d) and let b = dup, b = dup. One
easily checks that T = b=10'(B’), and that e(m) = (V')"'b(m) for m € T. As a
consequence, n(b,b') = (T, e,d). This completes the proof.

We present a dual version of the previous Proposition:

Dual Proposition. Let A, A', L be A-modules. There is a bijection n between
the set of pairs (a,a’) where a: L — A and o': L — A’ are epimorphisms, and
the set of triples (S,€’,c), where S is a submodule of A and €': A" — A/S and

c: L — AN A are epimorphisms.
Here, n(a,a’) = (S,€',c), where S = ab'(B’), the map € being defined by

e (m') = a(a’)"H(m')+S form' € A’, and c the unique homomorphism L — AR A
satisfying pac = a, parc=a'.

Moreover, n=1 is defined by n=1(S, e, c) = (pac,parc).
Note that ab’(B’) = a(Kera').
Consider the following diagram:

/

N
/aA

A/S
A qs /

L

A/

16
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where X = ANA’. Of course, the composition p = gspa(= €'pa) is an epimorphism

pr ANA — A/S and its kernel is just S @ Ker(e').

8. Proof of Green’s formula

Proposition. There exists a bijection

n: Q(L) — O(L).

Proof: Given (a,b) € E&y and («/,V) € EL 5, let n(b,V) = (T,e1,d) and
n(a,a’) = (S, ey, c), as defined above. Thus, we have diagrams which are pushouts
and pullbacks

T — X

ell JuB pAl le4

B —— Y A —— A/S
g qs

and maps d: Y — L, ¢: L — X such that

dup = b, pac = a,

dug =V, pac=d.

We denote by gr: B — B/T the canonical projection, and by ug: S — A the
inclusion.

Note that up is the kernel of a’b, thus there exists a monomorphism es: B/T —
A’ such that

a'b = eaqr.

Similarly, gs is the cokernel of ab’, thus there exists an epimorphism es: B’ — S
such that

ab' = uges,

We have
eqeo =0 and esze; =0

(for example, eqeaqr = e4a’b = gsab = 0). Actually, both sequences

0 —— B/T —2— A -2 A/S —— 0,

0 —— T N S S —— 0

17
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are exact: since eq, eo are monomorphisms, es, e4 are epimorphisms and eqe; =0 =
esea, we know that

dimy A" > dimy B/T + dimy A/S and
dimy B’ > dim T' + dimy, S.
Adding up these two inequalities, we obtain
dimy L = dimy A’ + dimy, B’
> dimy, B/T + dimy, A/S + dimy T + dimy, S
= dimy, A + dim;, B = dimy, L.
In this way, we see that
dimy A" = dimy B/T + dimy A/S, and
dimy B’ = dimy T + dimy, S.
Altogether we see that (es,e;) belongs to £5, and (e4, e2) to 52‘;&3/@ thus = =

(S, T, e1,es,e3,e4) belongs to R.

Remark. Here, we use the following result (see [Mi], Proposition 1.16.5.): The
diagram

0 0 0
0 T “~-B -2 . BT —0
el b €2
0 LA N
€3 a €4
0 S A A/S —— 0
us as
0 0 0

is commutative with exact rows and exact columns if and only if the upper left
square is a pullback, the lower right square is a pushout, ¢r is an epimorphism,
es is a monomorphism with esqgr = a’b, while ez is an epimorphism, and ug is a
monomorphism with uges = ab’.

Insert into this diagram also

Y =BUB' and X=AMA

€1

and the corresponding maps up, u'z,d and pa,p's, c:

18
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ur qr
T B B/T
u%
€1 b €2
Y
up’ \d‘
a/
B’ L A’
b/
X par
X
€3 a €4
/9,4
S A A/S
us qs
We have
pacdug = ab =10 pacdup = ab' = uges

parcdup = a'b = exqr parcdug = a'b = 0.

Thus c¢d = f(Z). It follows that the octet n(a,b,a’,b") = (S, T, e1,ea,e3,e4,c¢,d)
belongs to O(L).

Conversely, given an octet (S, T, e1, ea, €3, €4, ¢,d) in O(L), form n= (T, e1,d) =
(b,b') and n~1(S, eq,c) = (a,a’). We claim that

ab=10, and d'b/ =0.
Namely, let f = f(S,T,eq,es,e3,e4). Then
ab = pacdup = pafup =0 and a'b' =pacdup = pa fup = 0.

This shows that (a,b) belongs to £§5 and that (a’,b") belongs to £4,5,. Let
'(S,T,ey,ea,e3,eq4,c,d) = (a,b,a’,b’). As we have seen, this element belongs to

n
Q(L).

By construction, we have n'n(a,b,a’,b’") = (a,b,a’,b’) and it is easy to see that
also nn' (S, T, e1, e, e3,€e4,¢,d) = (S, T, e1, ez, e3,e4,c,d). This completes the proof.

Proof of Green’s Theorem: According to Section 8, we have |Q| = |O|, and by
Sections 5 and 6, this yields the formula, with both sides multiplied by | Autg(V)].

19
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Remark. Also the following converse of Green’s theorem is true: In case
Green’s formula is satisfied for all finite A-modules, then the category of finite A-
modules is hereditary.

9. Green’s formula rewritten

Remember that A is a k-algebra, where k is a finite field, say with g, elements.
We denote by Ky(A) the Grothendieck group of all finite A-modules modulo exact
sequences. For any finite A-module M, we denote by dim M the corresponding
element of K(A). Let I C P be the set of isomorphism classes of simple A-modules.
For i € I, a representative of the isomorphism class will usually be denoted by S(7),
instead of V.

The Jordan-Holder Theorem asserts that Ky(A) is the free abelian group on the
set I of isomorphism classes of simple A-modules, or better, on the set of dimension
vectors dim S(7), and we may write

dim M = "[M : 5(i)] dim S(i),

i€l

for any finite A-module M. Here, [M : S(i)] is the Jordan-Holder multiplicity of
S(i) in M. It is the number of factors isomorphic to S(i) in any fixed composition

series of M.
Given A-modules M, N, let

(M, N) = dimy Hom(M, N) — dimy, Ext* (M, N).
Since A is hereditary, (M, N) depends only on dim M, dim N. Thus, we can write
(dim M,dim N) = (M, N),

and in this way, we obtain a bilinear form on Ky(A) with values in Z. Also, if we
consider elements «, 3 € P, then we may write

<O¢,ﬁ> = <Va7vﬁ>'
Of course, since |k| = g, we have
JN) _ [Hom(M, N)|
g | Ext'(M, N)|’

In particular, the extra factor | Extl(Vp, V:)|-|Hom(V,, V,)|~! appearing in Green’s
formula may be written in the form

‘Eth(Vp7VT>| — q_<vaVT>
|Hom(V,, V)| % '
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Now, let vy be a square root of gx. The symmetrization of (—, —) will be denoted
by e, thus

xey = (X,y) + (y,%)
for x,y € Ko(A). Let
géﬁ = ’Ulia’ﬂ>gé/8.

Green’s formula may be rewritten as follows:

Theorem™* (J. A. Green). Let k be a finite field and A a k-algebra which is
hereditary and finitary. Let o, 3,0/, 3" be elements of P. Then

A =) -1 cec’ —a —a' =08 =3’
A0 0300 a3 g GapTarp Oy = E Uk T90Tp0' ToinTor ApoloQr.
A

/7
p,0,0°,T

Proof: The left hand term differs from the left hand term of Green’s first

formula just by U}i%ﬁ)Jr(a’ﬁ’)_

We consider now the right hand side:

’ ’ /
ceo’ —a =o' =B -3
Z Uk gpagpa’ggfrga-ra’padaa’aT
p,0,0',T

o § cec’+e a o B B8’
— Vg gpa'gpo"go-’q-ggr a’paO'aO"a’T7
pvolvollv’r

where
e={p,o)+ (p,0’y+ (c',7) + (o,7).

Consider a non-zero summand. It follows from gf}ag%, gf,T gg; # 0 that we have

dimV, = dimV, +dimV},
dimV, =dimV, +dimV,/,
dim V3 = dimV, +dim V;,
dim Vg = dimV, +dimV,,

and therefore

(o, B) = (p,0") + (p, 7) + (0, 0") + (0, 7),
(o, 8" = (p,0) + (p,7) + (o', 0) + (0, 7).

Thus,

oed' +e={(o,0')+(c',0)+e

= (a, ) + (, ) = 2(p, 7).

21



V. IVINGHRL

Altogether, we see that the right hand term is of the form

’ / /
cec’ —a =o' =B =
Z Uk gpagpa’gg/rggrapaaaa’ar
p,0,0',T

(a,3)+(a’, ") Z —2(p,7) boB B

— (e [e%
= Uy Vg 9po9po'9o'79or Aplolo’ -

/7
p,0,0°,T

This is just the right hand term of Green’s first formula, multiplied by v,ia”g JH(eLED

Altogether, we see that the second formula is a direct consequence of the first one.
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Part II. Hall algebras

Let A be a finitary ring. Below, we recall that we may use the numbers g 3
as structure constants for a Z-algebra with basis P; this algebra is called the Hall
algebra H(A) of A with coefficients in Z.

More generally, fix some commutative ring K (with unit element 15). We may
consider also the Hall algebra H(A, K) of A with coefficients in K it is the free
K-module K'P with a basis indexed by P, and again with structure constants gé -

On the other hand, it also will be of interest to consider a suitable coalgebra
structure on KP. Let us assume that A is a k-algebra, where k is a finite field of
order q. We will see below that the numbers

hiﬁ ::géﬁaaaﬁaxla

will belong to Z[qk_l], thus in case ¢ - 1x is invertible in K, we may use these

elements hi‘ﬁ as structure constants for a comultiplication.

In case A is a hereditary k-algebra, Green’s formula expresses a compatibility
relation between the described multiplication and comultiplication: we obtain what
we call a (K, v, x)-bialgebra.

1. Preliminaries: Twisting the multiplication of a graded algebra.

Let K be a commutative ring. If I is a set, we denote by KI the free K-
module with basis I, or better, with a basis indexed by I. In particular, ZI is the
free abelian group with basis I. The elements of ZI can be written in the form
x = (x;);, with integers x;, so that x; = 0 for almost all i € I. We write x > 0
provided x; > 0 for all 7 € I. Also, we write z > 0, provided we have both x > 0
and z # 0.

We are going to consider ZI-graded algebras (and later also ZI-graded coalge-
bras). We start with a ZI-graded K-module

A:@Am

xeZl

(thus, this is a direct decomposition of K-modules); this will be the underlying set.
We say that A is positive provided that A, # 0 only for x > 0, and that Ay = K.

For A = (A, p) to be a ZI-graded K-algebra, we require that y is an associative
multiplication on A with a unit element, and that u respects the grading (thus u
maps A, ® A, into A, for z,y € ZI; in particular, the unit element has to belong
to Ap.) We usually will just write ab instead of p(a,b).

Let A be a ZI-graded K-algebra. Given a bilinear form ¢ on ZI and an
invertible element v € K, we are going to define a twisted multiplication x on A,
and we denote the new algebra by A, 4.
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In order to form Ay, 4, we will not change the underlying K-module nor the
grading, thus

On this K-module, we introduce a new multiplication * as follows: For a € A,,
be Ay, where z,y € ZI, we define

axb=v?@Y) qb;

(instead of ¢(x,y) we also will write ¢(a,b), where, as before, a € A,, and b € A,
are homogeneous elements of A). The new multiplication * again is associative, as
one easily checks (using the bilinearity of ¢); in fact, one calculates for homogeneous
elements a, b, c both a * (b* ¢) and (a * b) * ¢ and shows in this way:

axbxc = p?@bto(ac)+e(be) abe,
more generally: if ay, as, ..., a, are homogeneous elements of A, then

. ,¢a47a'
al*ag*---*anzsza (as J)alag---an.

Also, the unit element 1 of A (which belongs to Ag) will be a unit element for the
new multiplication % as well, since ¢(0,z) =0 = ¢(x,0) for all x € ZI.

Lemma. Let f: A — B be a homomorphism of ZI-graded K-algebras. If we
consider f as a map Ay, 4] — By, then this is also a homomorphism of ZI-graded
K -algebras.

Proof. Let a,a’ € A be homogeneous. Then ¢(a,a’) = ¢(f(a), f(a')), thus we
have

flaxd) = f* @ aa’) = v*>) f(aa’) = v* @) f(a) f(d') = f(a) = f(a).

2. The (K, v, x)-bialgebras.

Let K be a commutative ring. We are going to consider besides ZI-graded
K-algebras also ZI-graded K-coalgebras.
For a ZI-graded K-coalgebra A = (A,d), we again assume that there is given
a ZI-graded K-module
A= A,

xeZl

and we require that
0: A— ARk A
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is a coassociative comultiplication on A with a counit, and that J respects the
grading (thus 0(A.) C P, ,_, 4z ®x Ay). We often will use the socalled Sweedler
notation: we write d(a) = ial ® as, instead of d(a) = >, ai1 ® a;2. We usually
will assume that Ag = K so that the counit will just be the projection onto Ay.

In order to describe a possible interrelation between a multiplication and a
comultiplication, we assume that there are given two bilinear forms x’, x” on ZI
with values in Z and in addition an invertible element v € K. Let A be a ZI-graded
algebra.

Given the pair x = (x/, x”) of bilinear forms on ZI and v € K, we consider a
corresponding map (ZI)* — Z, which we also denote by x and which is defined as
follows:

x(x1, x2, 23, 24) = X' (21, 24) + X" (22, 23),

we say that x is given by the pair (x’, x""). Note that this map x is a bilinear form on
(ZI)2. (A characterization of the maps (ZI)* — Z which are given by pairs (x’, x”)
will be presented at the beginning of Part IV.)

Of course, we may consider A®A as a (ZI)?-graded algebra, where for x,y € ZI,
we have (A® A) ) = Az ® Ay. Thus, given a pair x = (x’,x”) of bilinear forms
on ZI, we may use the corresponding bilinear form  on (ZI)? in order to twist the
multiplication of A ® A and we obtain in this way the algebra (A ® A)p, vy =
(A® A)[y,y)- To repeat: the algebra (A® A)py 1 is given by A® A together with
the multiplication * defined by

(a1 ® az) * (b1 ® by) = pX (a1,b2)+x" (a2,01) a1b; ® agba.

By definition, a (K, v, x)-bialgebra is of the form A = (A, u,d), where A is a
K-module with a direct decomposition A = @, ;; Az, such that (A4, u) is a ZI-
graded algebra, (A, d) is a ZI-graded coalgebra and such that on the one hand, the
counit € satisfies €(1) = 1, and, on the other hand,

6: A— (A® A)

v,X]

is an algebra homomorphism. The (K, v, x)-bialgebra A is said to be positive
provided A is a positive ZI-graded K-module. (In dealing with (K, v, (x/,x"))-
bialgebras, we will delete the inner brackets and speak of (K, v, x’, x”)-bialgebras.)

Lemma 1. Let A be a positive (K, v, x)-bialgebra. Then, fora € A; withi € I,
we have §(a) =a® 1+ 1®a.

Proof. Let 1 € I. We have (A@A)Z :AZ®AO+AO®A2 :AZ®K+K®A2
Now, given a € A;, the element §(a) belongs to (A® A);, thus §(a) = a’®1+1®d",
where a/, a” are suitable elements of A;. The fact that the projection A — Aq is the
counit implies that ' = a = d”.

Lemma 2. Let A, B be positive (K, v, x)-bialgebras. Assume that A is gener-
ated as a K-algebra by @, ; A;. Then any homomorphism f: A — B of ZI-graded
algebras is also a homomorphism of coalgebras.
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Proof: Let f: A — B be a homomorphism of ZI-graded algebras. Then
fof:A® A —- B ® B is a homomorphism of ZI-graded algebras, and there-
fore also f ® f: (A® A)p,y] — (B ® B), is a homomorphism of ZI-graded
algebras. Consider the following diagram of homomorphisms of ZI-graded algebras
and algebra homomorphisms:

In order to show that it commutes, we only have to consider a generating set of A.
Let a € A; with ¢ € I. Then we know that d(a) =a® 1+ 1® a. Also, f(a) € B;,
and therefore §(f(a)) = f(a) @1 +1® f(a). Also, (f® f)d(a) = f(a)®1+1® f(a)
thus (f ® f)d(a) = df(a), and therefore (f @ f)d =4 f.

3. The Hall algebra H(A, K).

Let A be a ring. Recall that P denotes the set of isomorphism classes of
A-modules of finite cardinality and let I be the set of all isomorphism classes of
finite simple A-modules, it is a subset of P. Let us consider the free K-module
H(A, K) = K'P with basis {u,| a € P}.

In order to be able to define a multiplication on H(A, K), we want to assume
that A is finitary, and we use the numbers géﬁ as structure constants: thus, for

a, B €P, let

Uallp = Gag Ux;
A

note that this is a finite sum, since we assume that A is finitary.

We also want to see that H(A, K) is a ZI-graded algebra. For x € ZI, let P(x)
be the set of isomorphism classes a such that dim V,, = x. Of course, P(z) is empty
unless z > 0 and P(0) just consists of the isomorphism class of the zero module.

Let H(A, K), = KP(z), the free K-module with basis elements u,, where
a € P(x).

Lemma. H(A, K) is a ZI-graded algebra. Its unit element is 1 = uy.

Proof: The multiplication respects the grading, since ggﬁ # 0 implies that
dim V) = dimV, + dim V3.

The multiplication is associative: Namely, given elements «, 3,7, A in P, let
ggﬁv be the number of filtrations

U CUCV, suchthat V\/Uea, UU €p, U €.
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Then it is easy to see that we have
A A A
Zgavggv = Yapy = Zggﬁgm'
v Iz

Of course, the left hand term is the coefficient of uy in w,(uguy), the right hand
term is the coefficient of uy in (uqug)u..

Finally, ug is a right unit for this multiplication, since every module M has
a unique submodule isomorphic to the zero module, and the corresponding factor
module is isomorphic to M. Similarly, ug is a left unit.

As mentioned above, we will denote the Hall algebra of A with coefficients in
Z just by H(A).

4. The comultiplication.

Let k£ be a finite field of order g, let A be a k-algebra. We now assume that
the element ¢ - 1k is invertible in K. We will write Z; = Z[qk_l].

In order to define a comultiplication on H(A, K) = KP, we need the following
consideration: We consider the numbers

A —1
hi’gzgaﬁaaaga)\ ,

we want to use them as structure constants for a comultiplication. The definition
of hi‘ﬁ involves the inverse of ay. Let us show that actually it is sufficient to require
(as we do) that the element ¢ - 1 is invertible in K.

Given A-modules A, B, L, let us denote by Extll\(A, B)T the set of equivalence
classes in Ext} (A, B) of exact sequences of the form

0—-BLL%A—0.

The following observation seems to be due to Riedtmann [Ri] and Peng [P].

Proposition. Let a, 3, \ € P. Then

pod _ [Exth (Va, Va) |
* o [Homy (Va, V)|

Proof. Let A =1V, B =V, L =V,. Consider the set £f of exact sequences
of the form
0—>B5L%A—0.
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According to Propositions 1 and 4 in Section 1.3, we have

ax
gaptats =|Ekpl = D0 |EHE) = | Bxh (A B)
e€Extl (A,B)L AL

Corollary. The coefficients hi‘ﬁ belong to Z.
Proof: Let n = dimy Homy (V,,, V). Then

qr - = | Exty (Va, V3)"*| € Z.

Since we assume that g -1k is invertible in K, we can define the comultiplication
d on H(A, K) by
d0: HIA,K) — H(AK) @k H(A, K)

given by

= Z WP g @ ug (: Zggﬁaaagagl Ug @ u5>.
a’ﬂ a?B

Note that this always is a finite sum, since for every A € P, the number of pairs
(c, B) with géﬁ # 0 is finite. (Thus, in order to consider the comultiplication, we
do not need the assumption on A to be finitary.)

Let us mention the following special case: in case V) = V; is a simple module,
we have

As before, we consider H(A, K) as a ZI-graded module. Of course, H(A, K)o =
K, and we denote by e the projection modulo the ideal @, . ,H (A K), onto
H(A, K).

Lemma. H(A, K) is a ZI-graded coalgebra with counit e.

It is clear that 0 respects the grading: namely, if hf\yﬁ # 0, then we must have
dim V) = dimV, + dim V3.
Let us show that this comultiplication is coassociative:

(1©6)5(uy) = (1@ ) (Z G 003" e @ 1, )

=2 Zgauaaam 91000,0, " o © up ©
a,v B,y

- Z Tapy0alpayay " Ua ® ug @y
a,B,y
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and similarly
(6@ 1)d(uy) = Z gémaaaﬁava;\l Ug D UZ @ Usy.
By

Also, it is easy to see that the K-linear map e: H(A, K) — K is a counit.

5. The compatibility of multiplication and comultiplication.

Let k be a finite field of order ¢, let A be a k-algebra which is hereditary and
finitary. Let K be a commutative ring with ¢ = g - 1 ¢ being invertible in K.

Let us write H = H(A, K). We consider also the tensor product H ® H (over
K) as an algebra with multiplication * defined as follows:
| Ext' (Va, V4)I

(uoz ® Uﬁ) * (uoz’ & Uﬁ/) = ‘ HOHI(VO“ Vﬁ/)‘ H(Ua b2y uoz’) ® ,U(Uﬁ ® Uﬁ/),

thus, we deal with (H ® H)ig,—(—,—),0-

Corollary 1 to Green’s formula. The map 6: H — (H® H)jq,—(—,—),0] IS
an algebra homomorphism.

Proof: Consider the following diagram

H®H . H
5®5l
HoOHOHDH b
¢\
HOHOHRXH W H®H

where ¢’ is defined by

| Ext! (Va, V)|
¢ ta ® ug ® tg @ ug) = O U @ U @ ug @ ug:.
[Hom(Va, V3)]

Green’s formula expresses the fact that this diagram commutes: Indeed, consider
Uq ®ug € H®H. Then

5u(ua ® Ug) = 6(2 ggﬁux)
A

A A -1
= Zgaﬁ Z 9arg ar@pray = Ua @ ugr
CVI,B/

A
A A -1
- Z (aa/aﬂ/ Z 9ap9arp A ) Uor @ Upr
o, B’ A

29



vi. IVINGERL
whereas

(1@ )¢ (6@ 6)(ua @up)
= (n®mu) C’( Z gﬁagf,T Aploloraray g iy @ Ug @ Ugr @ u7>

’
p,O’,O’ T

| Ext (Vy, Vo) g -1, -1
e <p ; | Hom(vz, Vo)l Gpo9arr UplalarOrly a5 Up @ Ugt ® Ug @ “)

| Ext* (V,, Vo)l L , ,
= X e s aptetorasas s (D i) @ (X o)
P VT o B/

p,o,0',T
1
. -1 -1 |Ext” (V, VZ)| B o g
- Z <a0¢ s Z | Hom(V,, V)] 9p096'79pc' 9ot aanaU/aT> Uor @ Ug-
o', B’ p,o,0" T

Of course, (1 ® p) ¢ is just the multiplication map of (H ® H)(q,—(—,—),0]- The
commutativity of the diagram expresses the fact that

6:H— (HOH)g,—(——)0

is an algebra homomorphism.

We may read the diagram also in another way: We may consider H ® H as a
coalgebra using the comultiplication

o' = ¢ (0 ®9);

since we use the same twist, we will denote this coalgebra by (H & H)[4,—(—,—).0
again. We may reformulate the commutativity of the diagram as follows:

Corollary 2. The multiplication map p: (HQH)(q,—(—,—y,0 — H is a coalgebra
homomorphism.

~

In the case of the ordinary Hall algebra H(Z,), where p is a prime number, the
comultiplication has been considered by Geissinger and Zelevinsky (see [Z] p.116).

Theorem. Let k be a finite field of order q. Let A be a k-algebra which is

hereditary and finitary. Let K be a commutative ring such that ¢ = qp - 1 is
invertible in K. Then H(A,K) is a (K,q,—(—, —),0)-bialgebra.

6. The twisted Hall algebras.

Again, we start with a k-algebra A, where k is a finite field. Let us assume now
that K contains an invertible element v such that v? = g, - 1x, where ¢, = |k|.
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Let H.(A,K) = KP. In case A is finitary, we endow H.(A, K) with the
multiplication

Uy * U = Zggﬁ UN;
A

we recall that
Tos = v\ gos.
Similarly, let
Ry = gl @B g = yleB)

hy =wv gaﬁaaaﬁa NP

Without any assumption on A, we may consider H, (A, K) as a coalgebra using the
comultiplication

Z h)\ U @ Uug (: va’mggﬁaaa@a;l Ug ® uB).
a,B

Recall that e denotes the symmetrization of the bilinear form (—, —) on the
Grothendieck group ZI = Ky(A) of A.

Theorem. Let k be a finite field of order qr. Let A be a k-algebra which is
hereditary and finitary. Let K be a commutative ring which contains an invertible
element v such that v? = qi - 1x¢. Then H. (A, K) is a (K, v, 0, e)-bialgebra.

Proof: Similar to the case of H(A, K).

Of particular interest is the case where K is equal to Z,, = Z[vg, Uk_l], here vy,
is a root of g = |k|. We write H.(A) instead of H. (A, Z.).

7. The bilinear form on H(A, K) and H. (A, K).

We define a symmetric bilinear form on the free K-module K'P as follows: For
a e P, let t, |V‘Let

to fa=p

0 otherwise.

(ta,ug) = {

In case we deal with a ZI-graded algebra A which is endowed with a bilinear

form (—,—), we also will consider a corresponding bilinear form on A ® A, again
denoted by (—, —) and defined by

(a1 ® az,b1 ® ba) = (a1, b1)(az, ba)

(thus, the form (—,—) is defined componentwise, without any twist). A bilinear
form (—, —) on A will be said to respect the ZI-grading provided we have (a,b) =0
for homogeneous elements a,b € A with |a| # |b|.
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Proposition. For all elements a,b,c in H(A, K), we have

(a,bc) = (6(a),b® c).

We can reformulate the result as follows: The comultiplication ¢ is left adjoint
to the multiplication.

Proof: It is sufficient to consider the case a = uq, b = ug, ¢ = .. By definition,
b=, gé\vuk, thus

(uom uﬁu’y) = (uaa Z gé\,yu)\)
A

= gg'y (U’OH Ua)

= iy ta-

On the other hand, §(ua) =>_,, 900y 0y 1y, @ Uy, thus

1
(0(uq), ug @ uy) = (Z g/‘j‘yaual,a—u“ ® Uy, Ug @ Uy )
pv *

o 1
= gﬁwaﬁava_(uﬁ ® Uy, Ug @ Usy)
(0%
@
= gﬁvaﬂava_tﬂtv
i |Vﬁ‘ ‘Vv|
(o G5 Ay

_ S«

- 9,87@6“7
Val

Qg

«

= 98y
= 9iy ta-
Here, we have used that for g5 # 0 we must have |V, | = [Vg| - [V;].

There is the analogous result for H. (A, K).

Proposition®. For all elements a,b,c in H.(A, K), we have

(a,bxc) = (d«(a),b® c).

Again, we may reformulate the result: The comultiplication ¢, is left adjoint
to the multiplication of H. (A, K).

Remark. Instead of using the coefficients t, = |V,|a, ! one may consider (as
Green [G1] does) t/, = a,~!. Of course, the corresponding calculations will become
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easier. However, our choice will give precisely the bilinear form used by Lusztig on
UT (at least for a basic k-algebra A), since for i € I we get

_ il ar

t; =
Yo qr® — 1

where d; = dimy End(V;), and g = |k|. The coefficients t, play a prominent role in
Lusztig’s description of the canonical basis of U™ in terms of the Lusztig form on
U™, see [L], Theorem 14.2.3.
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Part III. The composition algebras

Let A be a finitary k-algebra. We have defined above the Hall algebra H(A).
By definition, the elements u,, with a € P form a Z-basis of H(A). Recall that
denotes the subset of P given by the isomorphism classes of the simple A-modules,
and we may consider the subring C(A) generated by the elements u; with i € I.
This subalgebra is called the composition algebra of A with coefficients in Z. We are
going to study properties of this subring.

We want to give an interpretation of this subring C(A). Let (i1,42,...,i,) be a
sequence of elements from /. Then we can form the product w;, u;, - - - u;, in H(A),
thus this product is a linear combination

§ : A
Uy Ugy ** " Uz, = C Uy,

AeP

and clearly, ¢* counts the number of composition series of Vy which are of the form
Ww=LoD>DLi1DLyD:---DL,=0

with L;_1/L; belonging to the isomorphism class i;. We see that C(A) encodes the
numbers of possible composition series of arbitrary A-modules, this explains the
name.

We want to derive some relations between the generators u;. In order to do so,
we need to recall some notation.

1. Quantum binomial coefficients.

Consider the ring Z[0, 9~ !], with © a variable. The elements of Z[5, 1] will
be called Laurent polynomials in the variable v. Given such a Laurent polynomial
¢ = ¢(0), and an integer d, one denotes by ¢, the Laurent polynomial which is
obtained from ¢ by inserting ©¢, thus ¢4(?) = ¢(9¢). We denote § = 2.

In this section, we will write v instead of v and ¢ instead of q.

For 0 <t <n, let

n_ .,—n
[n] — 71] v I (: Un_l + Un_3 —+ ... U_n+1),

Vv—0

)t =TT 14,
]t
t] -t
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and also
- qn -1 _ n—1 - n—1
n] =7 (BT 4tatl) = 0t
| — " = (n) !
= T 1 ot
t [t]! - |n—t]! t|”
Lemma. For any element z in a Z[q|-algebra, we have

1:[ (1+¢2) =Y ¢
j=0 t=0

HES

The proof is rather straight-forward, using induction. See for example [J].

Corollary 1. The elements

Z] belong to Zlq|.

Proof: The left hand side of the formula exhibited in Lemma can be written
in the form ), ,ct2', where ¢; is a polynomial in the variable g. This coefficient
¢; is the sum of all products ¢/1¢’2 - - - ¢7t, where 0 < j; < jo < - < j <n—1.1In
particular, such a product is always divisible by q(;) Thus, ¢; = q(;)cg, where ¢} is

a polynomial in the variable g. The lemma asserts that ¢, = TtL

Corollary 2. The elements {t

n} belong to Z[v,v1].

Corollary 3. There is the following equality:

n
A

n

> (1))

t=0

Proof. Take z = —1. Then we obtain (1 + ¢%(—1)) = 0 as a factor on the left
hand side, namely as the factor with index 0, thus the product is zero.

Interpretation. Let k be a finite field with ¢ elements. Recall that the
expressions

In], |n]! and m
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are polynomials in the variable ¢ with integer coefficients, thus we may insert for ¢
integers, for example the number g ; as usual, we will write | n](c) for the evaluation

of the polynomial |n] = | n](¢) at the number c. Note that |n], | n]!, usually

n
t
t

which are Laurent polynomials in the variable v and q = v?). The convention

bq(v) = ¢(v?) will be used only for Laurent polynomials in the variable v, thus we
2n_v72n q2n_1
q°—-1

will be considered as polynomials in the variable q (in contrast to [n], [n]!, {n]

write [n]e instead of * but we write | n|(q?) instead of

v2—p—2

Let V be an n-dimensional k-space. Then |n](gx) is the number of one-
dimensional subspaces of V', and |n]!(gx) is the number of complete linear flags in V'

(a complete linear flag in V' is a sequence of subspaces 0 =V, CcV; C---CV,, =V
where V; is of dimension i for all 0 < ¢ < n). Finally, '7?1] (gr) is the number of

m-~dimensional subspaces of V.

2. The fundamental relations for H(A) and H.(A)

Consider elements i # j in I, and let us assume that Ext'(S(j),S(i)) = 0.
Then we define

d
e(i, j) = dimy, Ext" (S(i), S(5)),
n(i, j) = d; ‘e, j) + 1,
n(j,i) = dj_le(z',]) +1

Note that in case also the opposite assumption Ext!(S(i), S(j)) = 0 is satisfied,
then we will have e(i,j) = 0 = e(j, 1), and therefore n(i,j) = 1 = n(j,1).

Proposition. Consider elementsi # j in I. We assume that Ext'(S(5), S(i)) =
0. If we also have Ext'(S(i), S(i)) = 0, then the following relation

t_
; i uju; =0

n<27j):| <qu) un(ld)—t

is satisfied in H(A).
If we have Ext'(S(j), S(j)) = 0, then the relation

J

n(m)] (¢2) w9t =
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is satisfied in H(A).

Proof: We indicate the proof of the second relation as presented in [R2], the
proof of the first one is, of course, similar.

We fix the pair (7, j). As abbreviation, let d = d; and n = n(j, 7). Observe that
e(i,j) = d(n — 1). First, we have to calculate the product uﬁuiu?_t in H(A). This
product has to be written as a linear combination c}uy with coefficients ¢} € Z and
A € P. Then we have to show that for every A € P, we have

n

Z(_l)tqZ(;)

t=0

n
et =o.

Thus, we fix some A € P. Let L be a A-module in the isomorphism class A. In
order that ¢} # 0, we see that L must have a composition series with n factors of
the form S(j) and one factor isomorphic to S(i). Let N be a direct summand of L of
minimal length which has a composition factor S(i). Then L = N @ S(j)™ for some
m. Here, we use that Ext'(S(5), S(j)) = 0. Using again this condition and the fact
that Ext'(S(5), S(7)) = 0, we see that the radical of N is of the form S(5)"~", and
N modulo its radical is isomorphic to S(i). In particular, it follows that L modulo
its radical is of the form S(i) @ S(j)™. Finally, since dimy Ext'(S(4), S(j)) < dn, it
follows that m > 1.

The information obtained so far is sufficient to calculate c¢;'. Namely, we have
to find the number of composition series

L=LyD>Li D DLpy1 =0

such that the first ¢ factors are of the form S(j), the next one is of the form S(7),
and the last n — t ones are again of the form S(j). Clearly, if t > m, then ¢} = 0,
since L modulo its radical is of the form S(i) & S(5)™.

Thus, let t < m. If (L;); is a composition series of L as required, then we must
have L; O N. Thus, we first choose a submodule L;/N of L/N of length m — t,
and then in L/L; a complete flag of submodules. The module L; will have a unique
submodule L;;; with factor module isomorphic to S(i), thus, finally, we have to
choose a complete flag of submodules in L;y;. The number of possible submodules
of the form L; is the number of (m — t)-dimensional subspaces in an m-dimensional

} (qx?). The number

vectorspace over the field &/ = End(S(j)), thus equal to mnz ;
of complete flags in L/L; is |t]!(¢x?) and the number of complete flags in L;; is
| n—t]!(gr?). This shows that ¢} is the evaluation at ¢¢ of the following polynomial:

_ [m]ljn—1t]!

m | | !
o] = )



. VL. IVINGERL

Thus:
S0 @ = Senal® (i )
= [n]i(af) é(—mt )
= n]!(q) g—mt (o ﬂ (af) =
This completes the proof.

Proposition. Consider elementsi # j in I. We assume that Ext'(S(j), S(3)) =
0. If we also have Ext*(S(3), S(i)) = 0, then the relation

n(i,j) ..
S (1 {n(w)} WDyt
t=0 t di
is satisfied in H.(A).

If we have Ext'(S(j), S(j)) = 0, then the relation

J J

n(3id) (i) N
Z (_1)t |: J :| utuiu@(zvﬂ)—t =0
d

is satisfied in H.(A).

Proof: We only have to rewrite the multiplication in H.(A) using the multipli-
cation of H(A,Z.x) and the twisting factors. See [R4].

3. The composition algebra and the twisted composition algebra.

Recall that the composition algebra C(A) of A with coefficients in Z is the
subring of H(A) which is generated by the elements u; with i € I. We note the
following: The composition algebra C(A) is a free Z-module, since submodules of
free Z-modules are free.

As an abelian group, the composition algebra C(A) is generated by the set of
monomials wu;, u;, ...u;, with i1,49,...,4, € I and n > 0. Since the generating
elements u; are homogeneous elements, the composition algebra C(A) again is a
ZI-graded algebra, and we have

C(A) = & c(A)..

xeZl
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For x € ZI, the Z-module C(A), is generated by the monomials u; u;, ...u;, of
degree z. Of course, the monomial u;, u, ...u;, has degree z = (x;); if and only if
the element 7 occurs precisely x; times in the sequence (i1, 12, ...,0,)-

Consider now a commutative ring K. We define
C(AK) =C(A) ®z K.

Since C(A) is a free Z-module, it follows that C(A, K) is a free K-module. Also,
C(A, K) is again a ZI-graded algebra, and we have

C(AK)= P CcA K),

TEZLI

where C(A, K), is generated, as a K-module, by the monomials wu; u;, ...u;, of
degree x. We call C(A, K) the composition algebra of A with coefficients in K.

Let us assume now that ¢ - 1 is invertible in K. We consider first the special
case Zy = Z[g;,']. The inclusion map ¢: C(A) — H(A) induces an injective map

g =1® 1: C(A,Zk) — H(A) ®gz Ly, = H(A,Zk),

thus we may consider C(A,Zjy) as a subalgebra of H(A,Zy). Also, since both
C(A,Zy) and H(A, Zy,) are free Zi-modules, it follows that ¢x ® ¢ again is injective,
thus we also may consider C(A,Zy) ®z, C(A,Zy) as subalgebra of H(A,Zy) ®z,
H(A, Zy,).

As we have seen above, H(A, Zy) is a coalgebra via the comultiplication § with

d(uy) = ch’\xﬂaaaﬁagl Ug @ ug.
a7ﬁ

We have §(u;) = u; ® 1 + 1 ® u;, thus 6 maps C(A,Zy) into the Z-subalgebra of
(H(A, Zy) @ H(A, Zk))[Qk v generated by the elements u; ® 1 and 1 ® u; with
i € I. But the latter is just (C(A,Zg) ® C(A,Zy))

induces a comultiplication

(g —(—_y,0) thus we see that o

C(A, Zk) — (C(A,Zk) & C(A’Zk))[qk,—<—,—>,0]
again denoted by 4. In this way, C(A, Zy) becomes a (Zy, qx, —(—, —), 0)-bialgebra.

For a general commutative ring K with ¢ = qx - 1 invertible, we note that
C(A,K) = C(A,Zy) ®z, K. Since C(A,Zy) is a (Z, qx, —(—, —), 0)-bialgebra, it
follows that C(A, K) is a (K, q, —(—, —), 0)-bialgebra.

Theorem. Let k be a finite field of order qr. Let A be a k-algebra which is
hereditary and finitary. Let K be a commutative ring such that ¢ = qp - 1 is
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invertible in K. Then C(A,K) is a (K,q, —(—,—),0)-bialgebra. As a K-module,
C(A, K) is free.

* ok ok

We introduce now the corresponding twisted composition algebra. We consider
only commutative rings K which contain an invertible element v such that v? = ¢ -
1. In particular, we will have to deal with the commutative ring Z.; = Z[vy, v, '],
where v, denotes a root of g, = |k|.

As before, A is a finitary k-algebra. Let C,(A) be the Z,j-subalgebra of H.(A)
generated by the elements u;, with ¢ € I, it will be said to be the twisted composition
algebra of A (with coefficients in Z.x). As in the case of the composition algebra
itself, we see: The twisted composition algebra Cy(A) is a free Z.,-module, since also
Z), is a principal ideal domain.

As a Z.x-module, the composition algebra C.(A) is generated by the set of
monomials w;, u;, ...u;, with 71,4s,...,%, € I and n > 0. Since the generating
elements wu; are homogeneous elements, the composition algebra C.(A) again is a
ZI-graded algebra, and we have

xeZl

of course, for x € ZI, the Z,p-module C.(A), is generated by the monomials
U, Usy - - - Uy, Of degree z.

Next, we want to see that C,(A) also is a coalgebra. Consider the inclusion
map tx: C(A) — H.(A). Since both C.(A) and H.(A) are free Z.p-modules, it
follows that ¢, ® ¢, again is injective, thus we also may consider C,(A) ®z_, C.(A)
as subalgebra of H,(A) ®z,, H.(A).

As we have seen above, H.(A) is a coalgebra via the comultiplication J, with

ds(uy) = Zgg\yﬁaaagagl U @ ug.
a7ﬁ

We have 6, (u;) = u; ® 1 + 1 ® u;, thus 6, maps C,(A) into the Z,,-subalgebra of
(H.(A) ® ’H*(A))[Uk 0.o generated by the elements u; © 1 and 1 @ u; with i € I.
But this subalgebra is just (C.(A) ® C.(A))
comultiplication

[03,0,0] thus we see that §, induces a

Co(A) — (C.(A) @ C.(A))

[vk,O,o]
again denoted by d,. In this way, C.(A) becomes a (Z., v, 0, ®)-bialgebra.

Consider now a commutative ring K which contains an element v such that
v? = @ - 1, and we consider K as a Z,-algebra, with vy, - 1x = v. We define

C.(A,K) =C.(A) ®z., K.
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Since C.(A) is a free Z,,-module, it follows that C.(A, K) is a free K-module. Also,
C«(A, K) is again a ZI-graded algebra, and we have

C.(A K) = @B C.(A K),

TEZLI

where C.(A, K), is generated, as a K-module, by the monomials u;, u;, ...u;, of
degree x. We call C, (A, K) the twisted composition algebra of A with coefficients in
K.

Theorem®*. Let k be a finite field of order q. Let A be a k-algebra which is
hereditary and finitary. Let K be a commutative ring which contains an invertible
element v such that v? = q - 1. Then C,(A, K) is a (K,v,0,e)-bialgebra. As a
K-module, C.(A\, K) is free.

4. Euler forms and Cartan data.

We are going to consider some special bilinear forms on a free abelian group
ZI which occur in the representation theory of algebras. For simplicity, we assume
that I is a finite set. Note that a bilinear form on ZI is uniquely determined by an
arbitrary function I x I — Z.

An Euler form is a pair (w, d) consisting of a bilinear form w on ZI with values
in Z and a function d: I — Nj such that the following three properties are satisfied
forall 4,5 € I:

(a) w(i,j) is divisible by both d; and d;;
(b) w(i,j) <0 fori# j;
(c) d;tw(i,i) < 1.
An FEuler datum is a pair (e, d) consisting of a symmetric bilinear form e on ZI

with values in Z and a function d: I — Ny such that the following two properties
are satisfied:

(a) ;:; €{1,0,-1,-2,...}, for all i € I.
107 C
(b) ) € {0,—-1,-2,...}, forall i # jin I.

Let (w,d) be an Euler form, let ® be the symmetrization of w, thus zey =
w(z,y) + w(y,x). Then (e,d) is an Euler datum.

Conversely, let (e, d) be an Euler datum. We fix some total ordering < on the
set 1. We denote by w = w(,e <) the following bilinear form on ZI

ie] if 1 < 7,
w(i,j) =<« 3 iei ifi=j,

0 if 1 > j.
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Then (w,d) is an Euler form, and its symmetrization is the given FEuler datum.

The Euler form (w, d) is said to be without short cycles, provided we have, first
of all, w(i,i) = d;, and secondly, w(i,j)w(j,7) = 0 for i # j. Of course, given an
Euler form (w, d) without short cycles, the function d is uniquely determined by w,
thus we do not have to mention d.

Remark. For a general Euler form (w, d), the function d is not uniquely deter-
mined, for example consider the zero bilinear form w on Z itself. A more interesting
example is given for I = {1,2}, by w(1,2) = —2 and w(i, j) = 0 otherwise. In this
case, any one of dy, ds may be equal to either 1 or 2.

An Euler datum (e,d) with iei = 2d; for all i is said to be a Cartan datum.
Of course, dealing with a Cartan datum, the function d is uniquely determined by
(e), thus we do not have to mention d. A symmetric bilinear form (e) is a Cartan
datum if and only if the following two conditions are satisfied:
(a') iei€{2,4,6,...}, forallie I
(b)) 222 ec{0,-1,-2,...}, for all i # j in I.

Y
We have shown above:

Lemma. Given an Fuler form w without short cycles, its symmetrization will
be a Cartan datum, and any Cartan datum arises in this way.

Remark. Cartan data occur as basic ingredient in the book of Lusztig [L];
there is a direct correspondence between the set of Cartan data and the set of pairs
consisting of a symmetrizable generalized Cartan matrices and a corresponding
symmetrization, as considered in the book of Kac [K]. For any Euler datum (e, d),
the set I is used only as an index set, and we may replace it by any other set of
the same cardinality. In particular, if I is a set with n elements, we may replace
I by the set {1,2,...,n}. Note that the Cartan data (e) with set I = {1,...,n}
correspond bijectively to the (symmetrizable) generalized Cartan matrices with a
giwen symmetrization. We recall that a generalized Cartan matriz (a;j);; of size n
with a symmetrization d = (di,...,d,) is given by n? integers a;; and n positive
integers d; (with 1 <4, j < n), such that
(1) a4 =2 for all i;

(2)  a;; <O0forall i# j; and
(3) diaij = djaji for all ¢ 7& ]

Given a Cartan datum ({1,...,n},e), then we define d; = %, and a;; = 2, for
all 1 <4 < n, whereas, for i # j, we define a;; = 2332, In this way, we obtain a
generalized Cartan matrix (a;;);; of size n with a symmetrization d = (dy,. .., d,).

Conversely, let (a;;)i; be a generalized Cartan matrix of size n with a symmetriza-
tion d = (dy,...,d,). Then we define iej = d;a,; for all i, j.

Proposition. Let k be a field. Let A be a k-algebra with only a finite set I of
isomorphism classes of simple A-modules. For anyi € I, let S(i) be a module in the
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isomorphism class i. We assume that for i,j € I, the k-spaces Homy (S(4), S(j))
and Ext) (S(i), S(j)) are finite-dimensional. Fori,j € I, let

(i,7) = dimy, Homp (S(i), S(j)) — dimy, Exty (S(3), S(4)),
d; = dimy End(S(3)).

Then E(A) = ({(—,—),d) is an Euler form.

The symmetrization of E(A) is a Cartan datum if and only if Exty (S(3), S(i)) =
0, for all 7.

Also, E(A) has no short cycles, provided we have first of all Exty (S(i), S(i)) =
0, for all i, and secondly, if Ext} (S(i), S(4)) # 0 for some pair i # j, then we have
Exty (S(5), S(i)) = 0.

Proof: Since the modules S(i) are simple and pairwise non-isomorphic, we see
that Enda(S(7)) is a division ring, for any 4, and that Homu (S(¢), S(j)) = 0, for
i ]

Let e;; be the k-dimension of Exty (S(i), S(j)). For all i,j, we may consider
Ext} (S(), S(j)) as an Enda (S(j))-Enda (S(i))-bimodule. In this way, we see that
e;; is divisible both by d; and by d;.

We have (i,i) = d; — e;;, thus

i) e

d; d;

Finally, it is clear that iei = 2d; if and only if Ext} (S(i), S(i)) = 0.

Remark. Assume that the simple A-modules S(7), S(j) are finite-dimensional.
Then clearly Homa (S(i),.S(j)) is a finite-dimensional k-space. But one should keep
in mind that there are obvious examples of (even hereditary) k-algebras A with
only finite-dimensional simple A-modules, such that Ext} (M, N') may not be finite-
dimensional for some pair M, N of finite-dimensional A-modules. For example, take

0 k
on V). However, the required finiteness condition will be satisfied in case we start
with a k-algebra A which is finite-dimensional:

A= [k v , where V' is an infinite-dimensional k-space (with k acting centrally

Corollary. Let A be a finite-dimensional hereditary k-algebra. Let I be the
set of isomorphism classes of simple A-modules. Then E(A) is defined, and its
symmetrization is a Cartan datum.

Proof. Since A is finite-dimensional, all simple A-modules are finite-dimensional,
and Ext} (M, N) is finite-dimensional for all finite-dimensional A-modules M, N.
This shows that E(A) is defined. Since A is in addition also hereditary, one knows
that Ext (S, S) = 0 for all simple A-modules S. Thus, the symmetrization of E(A)
is a Cartan datum.
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k 0 O
Example. Consider the algebra A = |k k£ 0| of all lower triangular (3x3)-
kE k k

matrices with coefficients in k. As index set, we have I = {1,2,3}, and we have
first of all, (i,7) = 1, for all i; secondly, we have (1,2) = —1 = (2,3); and finally
(i,4) = 0 for the remaining pairs 4, j. Of course, this is usually called the case As,
with diagram

o0——O0—=0

In general, given a quiver ) without loops, and consider A = k@), the path
algebra of Q). If () does not have oriented cycles, then A is finite dimensional, and
the vertex set of the quiver () may be used as index set for the isomorphism classes
of the simple A-modules. It follows that in this case E(A) = (w, d), where we have
d; =1 for all i, and where —w (i, j) is the number of arrows i — j, for i # j.

If the quiver ) has oriented cycles, then we have to consider instead of the
path algebra kQ its completion A = kQ at the ideal generated by the arrows; again,
the vertex set of the quiver () may be used as index set for the isomorphism classes
of the simple A-modules, and E(A) = (w,d) is given by d; = 1 for all 4, and by
—w(i,7) being the number of arrows i — j, for i # j.

This shows that it is easy to construct for an arbitrary Euler form (w, d) with
d; =1 for all i € I an algebra A with E(A) = (w,d).

As we will see, all Euler forms (w, d) can be realized in the form FE(A) for some
k-algebra A, at least for suitable fields k. Note that if k is algebraically closed,
then we always will have d; = 1 for all i, thus the only Euler forms (w,d) which
can be realized, are those with d; = 1, for all ¢ € I. On the other hand, suppose
there is given a field extension k& C K with [K : k] = n, and consider the k-

k0 0
algebra A= | k k0 | . Asindex set, we again have I = {1,2,3}, and we have
K K K

(i,7) = 1, for ¢ = 1,2 and (3, 3) = n; secondly, we have (1,2) = —1, and (2,3) = n;
and finally (i, 7) = 0 for the remaining pairs ¢, j. Of course, for n = 2, this is called

the case Cs, with diagram

We are interested in the case when k is a finite field. In this case, any Euler
form can be realized in the form E(A), where A is some k-algebra:

Proposition. Let (w,d) be an Euler form. Let k be a finite field. Then there
exists a hereditary k-algebra A such that E(A) = (w,d).

Proof. We denote by k an algebraic closure of k. For any n € Ny, let F(n)
be the subfield of k with [F(n) : k] = n. (Of course, F(n) is the splitting field
of the equation X% — X, where g, is the cardinality of k, thus F(n) is uniquely
determined.) Note that for n = nijng, we have F(n;) C F(n) and [F(n) : F(n1)] =
no.
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In particular, if m = nynam’, where ny, ne, m’ are positive integers, then F(m)
is an F'(n1)-F(ng)-bimodule (using the field multiplication as scalar multiplica-
tions). For m = 0, let F'(m) be the zero module. Then we have the general asser-
tion: if m = ninom/, where nq,ny are positive integers and m’ is a non-negative
integer, F'(m) is an F'(ny)-F(ng)-bimodule.

We define a k-species S = (F;, ;M;); jer as follows: For i # j, let e;; = —w(i, j);
and let €Cii = —w(i, l) + dl Let

Fi = F(dl) and iMj = F(ew)

The tensor algebra T' = T'(S) is a hereditary k-algebra. For i € I, we consider the

corresponding simple 7-module S(i) (here, S(¢) is the representation of S which is

given by the field F(i) at the vertex i, by zero at the remaining vertices, and by

using only zero maps). In case T is infinite-dimensional, there will be additional

simple T-modules, thus we have to choose for A a suitable localisation of T" so that

the modules S(7) are the only simple A-modules. We claim that F(A) = (w,d).
Clearly, we have End(S(i)) = F'(i), and we can identify

Ext'(S(i), S(j)) = Homy (; M, k).
This finishes the proof.

Remark. Our assumption on I to be finite, is not essential. However, in order
to realize homologically bilinear forms on ZI where I is infinite, it seems natural to
consider hereditary length categories in general. Recall that a length category is an
abelian category where all objects have finite length. Of course, given any ring A,
the category of all A-modules of finite length is a length category.

5. The generic composition algebras.

For any Euler form (w, d), we are going to construct a socalled generic compo-
sition algebra with coefficients in Ky = Z[g, G '], where § is a variable.

Let K be a set of finite fields and assume that the order of these fields is not
bounded. For any k € K, there exists a k-algebra Ay such that E(Ag) = (w,d).
Note that the simple modules for these algebras are indexed by our fixed set I.

We consider the product

II = H H(Ak,Zk),
kek

its elements will be written in the form a = (a®), with a® € H(Ag, Z); we
call a® the coefficient of @ with index k. Consider the central element ¢ with
G*) = g1, and its inverse G~ (its coefficient with index (k) is ¢, '). Note that in this
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way Il may be regarded as a Z|[G, G ']-algebra. (Note that the ring homomorphism
Z[d, G~ '] — I which sends § to § is obviously injective; this has allowed us to denote
the element (qi)r of II just by g.)

We define some additional elements in II. For i € I, let @; = (ﬁgk)) i where

ﬂgk) = u; (the generator corresponding to the simple Ai-module with index i). We

denote by C(w,d) the subring of II generated by the elements ¢,¢~' and @; with
i € I. The Z|[G, ¢ ‘]-algebra C(w,d) will be called a generic composition algebra of

type (w,d).
x % %

In order to construct a twisted generic composition algebra, again we start with
an Euler form (w,d). Let K,y = Z[0,7!], where also ¥ is a variable. (Of course,
one may ask why we distinguish the rings Z[, 971] and Z[G, G !]: the reason is that
we want to have § = 92).

The twisted generic compositon algebra will be a K,g-algebra. Again, let K be
a set of finite fields and assume that the order of these fields is not bounded, and
for any k € K, we take a k-algebra Ay such that E(A;) = (w,d).

We consider now the product

M, = ] He(A);

ke

(note that H.(Ax) = H«(Ak,Zsk)). Consider this time the central element v with
#®) = vy, and its inverse 9! (the coefficient with index (k) being v, '). Note that

in this way II, may be regarded as a K,p-algebra.

2(8)

As above, we define the elements 4, in II,, for ¢ € I, thus 4; = (4; ') where

ﬁgk) = u; is the generator corresponding to the simple Ai-module with index 4.
And we denote by C,(w,d) the K,p-subalgebra of II, generated by these elements
u; with ¢ € I. The K,g-algebra C,(w, d) will be called a twisted generic composition
algebra of type (w,d).

Lemma. There is a K,g-algebra homomorphism

(Cw,d) @y Kxo) 5, — Ca(w, d)

which maps u; @ 1 to ;.

Proof. On the one hand, consider for any k£ € K the composition of the canon-
ical ring homomorphisms

Clw,d) =TI — H(Ax) — H(Ar) @ Zk

and also
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where 1 (0) = vg. They obviously combine to a ring homomorphism
C(w, d) X7 K*O — H(Akz) ® Z*k7

since the images of the two compositions commute. Since the images both of ¢ ® 1
and 1 ® q are equal, namely ¢x ® 1 = 1 ® g, we see that we can replace the tensor
product sign ®z by ®k,.

According to Lemma II.1, the map

C(w, d) ®KO K*O - H(Ak) ® Z*k
may also be considered as an algebra homomorphism
(C(w, d) ®K0 K*O)

— (H(AR) ® Zar),, = Ha(A).

[7,w] [vi,w]

The family of these maps yields a corresponding map

(Clw,d) @y Kao) 5, — [ He(Ar)

and its image is the K,o-algebra generated by the elements ;, thus just C,(w, d).

47



V. IVINGHRL

Part IV. Quantum Groups

The following are given: First of all, a set I and a pair x = (x/, x”) of bilinear
forms on ZI with values in Z. Second, let K be a commutative ring and let v € K
be an invertible element.

We will consider the free K-algebra F' = K(I) generated by the set I; the
generator corresponding to ¢ € I will be denoted by 6;. Note that F' is a ZI-graded
algebra, with 6; of degree 1.

Depending on v and y, we will define on F' a comultiplication §: ' — F ® F,
so that (F,0) is a ZI-graded coalgebra. The definition follows Lusztig [L]|, and
is arranged in such a way that F becomes a (K, v, x)-bialgebra. All the results
presented in this part are based on the book [L] of Lusztig.

1. Preliminaries on bilinear forms.

We are going to construct some (K, v, x)-bialgebras. Before we do this, let us
consider pairs of bilinear forms on a free abelian group. Thus, let us assume that
there are given a set I and a pair x = (x/, x”) of bilinear forms on ZI with values
in Z.

Recall that x: (ZI)* — Z is defined by

x(x1, x2, 23, 24) = X' (21, 24) + X" (22, 23),

and that we say that y is given by the pair (x’, x”').

In general, let x: (ZI)" — Z be a (set) map. Given 1 < r < s < n, we
denote by L(r,s) the following property: If z;,y;, z; are integers such that z, =
Yr + 2, Ts =Ys + 25, and x; = y; = 2; for the remaining i, then

X(T1, - Tn) = X1, Yn) + X(215 -+, 20),

The maps x: (ZI)* — Z which are given by pairs of bilinear forms on ZI are
characterized by the following conditions: L(1,2), L(1,3), L(2,4), L(3,4).

As an example, let us show that x: (ZI)* — Z given by the pair (x/,x”)
satisfies the property L(1,2):

X1 + 21, Y2 + 22, 23, 24) = X' (y1 + 21, 24) + X" (Y2 + 22, 23)
=X (y1,24) + X' (21, 24) + X" (y2, 23) + X" (22, x3)
- X(yla Y2,T3, .’134) + X(Zla 22,5133,5(34)

Similarly, x also satisfies the conditions L(1,3), L(2,4), L(3,4). Conversely, assume
that x: (ZI)* — Z satisfies the properties L(1,2), L(1,3), L(2,4), L(3,4). Then
L(1,2) and L(3,4) yield

X($1,£C2,£C3,£C4) = X($1,0,$3,ZC4) + X(O,ZEQ,.’I?3,.’134)
= X(xh 07 s, O) + X(wla 07 07 1’4) + X(Oa Z2,x3, O) + X(O7x27 07 1’4);
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using L(2,4) we see that x(z1,0,x3,0) = x(x1,0,23,0) + x(21, 0, 23,0), and there-
fore x(z1,0,z3,0) = 0; similarly, we see that L(1,3) yields x(0,x2,0,z4) = 0. As a
consequence,

x(z1, 22, 23, 24) = x(21,0,0,24) + x(0, 22, x3,0),

and clearly the two terms on the right are bilinear forms on ZI.

The conditions L(1,2) and L(3,4) just mean that x is a bilinear form on (ZI)?.
Thus: If x: (ZI)* — 7Z is given by pairs of bilinear forms on ZI, then x is a bilinear
form on (ZI)2.

If x is a bilinear form on (ZI)?, then X defined by

X(1, T2, 35 Y1, Y2, Y3) = X(@1, T2; Y1, Y2) + X(21, Z3; Y1, Y3) + X (22, T3; Y2, Y3)

forxi, w0, 3, Y1, Y2, y3 € ZI is a bilinear form on (ZI)3. Again, the proof is straight-
forward.

We extend a previous convention as follows: Given any ZI-graded algebra A,
a (set) map x: (ZI)" — Z, and elements aq, ..., a, such that a; is homogeneous
of degree x;, then we write x(ai,...,a,) = x(z1,...,2,), in case this is well-
defined and not confusing. Sometimes it will be helpful to denote the degree of a
homogeneous element a € A by |a|, thus |a| € ZI and a € A, (of course, |a] is
well-defined only in case a # 0).

2. The free K-algebra on [ as a (K, v, x)-bialgebra.

Recall that a fixed set I is given. We denote by (I) the free semigroup (with
1) generated by I, the generator corresponding to ¢ € I will be denoted by 6;.
Thus, the elements of (I) are words in the letters 6; (i € I): there is the empty
word which is denoted by 1, and there are the words 6;,0;, - - - 0;, of length n > 1,
with iq,149,...,4, € I. The multiplication in (I) is just the concatenation of words.
The free K-algebra F' = K(I) generated by I is just the semigroup algebra of (I)
over K it is the free K-module with basis (), and the multiplication of these base
elements is the concatenation of words.

We consider F' = K(I) as a ZI-graded algebra, with the generator ; being of
degree i. We denote by €: ' — Fy = K the canonical projection.

In order to define the comultiplication d, we consider the algebra (F' ® F')[y 13
recall that it is given by the tensor product F' ® F' with the multiplication

(a1 ®az) * (b1 ® by) = pX(01,62,6002) 0 b @) by

As we have seen above, this is an associative multiplication, since y is a bilinear
form on (ZI)2.
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Let § be the algebra homomorphism F' — (F ® F), ) defined by 6(6;) =
0; 1 +1®6;.

Lemma. With this comultiplication § the K algebra F = K(I) becomes a
(K, v, x)-bialgebra; its counit is €.

We have to verify the following: first, the comultiplication is coassociative; and
secondly, € is the corresponding counit; after these verifications, it will be trivially
true that we have obtained a (K, v, x)-bialgebra.

Recall that the bilinear form y on (ZI)? gives rise to a corresponding bilinear
form x on (ZI)3. Thus, given a ZI-graded K-algebra, we may consider the (ZI)2-
graded K-algebra A ® A (with componentwise multiplication (a; ® as)(by ® be) =
a1b; ® azbs) and its twisted version (A ® A)j, ] (as considered in the last chapter),
as well as the (ZI)3-graded algebra A ® A® A (again with componentwise multipli-
cation) and its twisted version (A® A® A)[, 5. Of course, all these algebras A® A,
(AR Ay, ARA®Aand (A® A® A)j, g can be considered also as ZI-graded
algebras using the “total degree”: For example, for z € ZI, we let

(A A).= P 4. @4,

T+y==z

Lemma. Let A be a ZI-graded K-algebra. Let 6: A — (A ® A,y be a
homomorphism of ZI-graded algebras. Then also 1® 4 and 6 ® 1 are algebra homo-
morphisms (A® A)jy ] = (AR A® A 5-

Proof: Consider elements ai,as,by,bs € A. Let
6(ag) = Zam ® azz,
(ba) =Y " bay ® baa,
thus
(1®6)(a1 ®az) = ZCH ® az1 ® asgz,
(1®0)(b1 ®by) =Y b1 ® by @ bao.
The product of these two elements is

(1&0)(a1 ® az) - (1 ®6)(b1 ® b2)
_ Z pX(@1,a21.b1.b21) Fx (a1 a2, b1.b22)Fx(021,022.521.622) 4 b1 @ o1 boy @ Gaabas.
On the other hand
(1®6)((a1 ® az)(by ® b))
= (1 ® §)vX(ae20102) (g, by @ ashy)
= pX(01,02,b1,52) <a1b1 ® Z(am ® azz)(ba1 ® bzz))

— E UX(CU7az7b1,b2)+x(az17azz7b21,b22)albl ® a91b31 @ a9obas.
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We have to show that the two exponents of v are equal. Note that the last summands
of the exponents are equal, thus it remains to see that

x(a1,az,b1,b2) = x(a1, az1,b1,b21) + x(a1, aze, b1, ba2),

but this is just the linearity condition L(2,4).
This shows that 1 ® ¢ is multiplicative; similarly, one shows that § ® 1 is
multiplicative.

Proof of Lemma: The maps (6 ® 1), (1 ® 0)d from F to (F ® F ® F), 5 are
algebra homomorphisms and they coincide on the generators 6; (both send 6; to
0, 21014+1260,14+121186;), thus they are equal. This shows the coassociativity.

Next, we show that € is a counit. One easily checks that e ® 1 and 1 ® € are
algebra homomorphisms (F' ® F), ) — F since F, # 0 only for z > 0. It follows
that the algebra maps (e ® 1)§ and (1 ® €)d both are equal to the identity, since
they map any 6; to itself.

3. Lusztig forms on F.

Given a graded ZI-module A = P, Ae, a bilinear form (-, ) : A®A — K
is said to respect the grading provided we have (a,b) =0 for a € 4,, b € A, and
x #yin ZI.

Proposition. Assume that for any i € I, there is given an element t; € K.
There exists a unique bilinear form (—,—); on the (K, v, x)-bialgebra F = K(I)
with the following properties:

(0) The bilinear form (—, —)¢ respects the grading.
(1) We have (0;,6;) =t; for alli e I,
(2) For d(a) => a1 ® az, we have

(a,bc)e =) (a1, b)i(az, c):.

We write just:
(a,bc)y = (6(a),b® ),

where we introduce a corresponding bilinear form on F ® F which works compo-
nentwise and we denote it again by (—, —)¢. Thus, for aj,as,b1,be € F, we have
(a1 ® az,b1 ® ba) = (a1, b1)i(az, ba):.

This result has been shown (at least for special pairs x) by Lusztig [L]. We call
(—, —)¢ the Lusztig form on F = K(I) with respect to v, x and t.

Proof of the existence:
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The algebra F' = ., F» is a graded algebra, and the parts F, are finitely
generated free k-modules. We may consider the corresponding dual k-modules F

and we define
re@r
x€eZI

with multiplication given by 6 and with comultiplication given by the multiplication
of F'. Let ¢;, i € I be the dual basis (inside ), ; F;") for the generating set 0;, i € I.
Given an element ¢ € F;, we denote the image of a € F,, under ¢ by (a)¢.

Remark. The elements ¢;, ¢ € I usually will not form a generating set of F’*;
in contrast, one should be interested in the subalgebra generated by the elements
¢;. The algebra F* is called the shuffle algebra for I by J.A.Green, see [G2].

Consider the algebra homomorphism
a: F— F* defined by (6;)a = ¢it;.

Define

(a,0); = (a)(b)
(this means: apply « to b, this gives a linear form (b)a, and now apply this linear
form to a; in case a,b are homogeneous and have different degrees, then this is by
definition 0.)

Clearly, (—, —); is a bilinear form, with the following properties: if a,b are
homogeneous, and (a, b); # 0, then a, b have the same degree, thus (—, —); respects
the grading of F. Also, we have (0;,0;); = (6;)¢;t; = t;, thus also condition (1) is
satisfied. In addition, we have the following equality:

(a,bc)r = a(be)a = a(ba * car)

where * is the multiplication in F™* (let us recall how the multiplication in F* is
defined: let ¢, belong to F*. Then ¢ * 1 maps a € F onto d(a)(¢ ® ), where &
is the comultiplication of F.) Now assume that d(a) = > a1 ® as. We can continue
our calculation

a(ba * ca)) = Z(al)(b)a (az)(c)a = Z(al, b)i(az, c)t.

This shows that also condition (2) is satisfied.
The proof of the unicity will use the following Lemma:

Lemma. Assume that A is a ZI-graded k-algebra. Let 0: A — (A® A)py 5 be
a homomorphism of ZI-graded algebras. Assume that there exists a bilinear form
(—,—) on A with values in k such that

(a,bc) = (§(a),b® c)
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for all a,b,c € A.

Let a,a’ be homogeneous elements of A and let

8(a)=) a®ay,  (a)=) d}®adb.
Then, given b,b’' € A, we have

(aa’,bb") = Z pX(@1:02:03,82) (g ¢! b (agal, b).

Proof: Since § preserves the ZI-grading, the various elements a1, ag, af, ab all
are homogeneous, again. Since ¢ is multiplicative,

d(aa’) = d(a)d(a")
= Z(al ® az) - (a1 ® a3)
_ Z Ux(alza%“/l’“/?)ala/l & a2a/2:
and therefore
(ad’, bb') = (8(ad’),b V')
= 3 oX(02.090) (4,0 © agal, b )
_ Z UX(alva’Qva‘,l’a,Q)(a/laa, b)(azay,b).

Proof of the unicity of the form (—, —);. Let (—, —) and (—, —)’ be two bilinear
forms with the properties (0), (1), (2). If a,b belong to Ay © ,.; As, then by
assumption (a,b) = (a,b)’. Consider now A, where z = (x;); belongs to ZI, all
x; > 0, and > x; > 2. We show that the forms (—, —) and (—, —)’ agree on A,. Let
a,a’,b,b’ be homogeneous of non-zero degree such that aa’ and bb’ belong to A,.
Let

0(a)=) a®ay, 6(a) =) a}®ah

The Lemma asserts that
(aa’,bb") = ZUX(al’GQ’all’aé)(ala’l, b)(agay, b');
and similarly
(aa’,bb") = Z pX(@1,02,03,02) (g ¢ BY (agaly, V).
By induction, we know that

(ayay,b) = (a1a},b) and

(agah, b') = (agas, b')'.
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Thus we see that (aa’,bb’) = (aa’,bb’)’.

4. Scalar extension.

Let n: K — K’ be a homomorphism of commutative rings. Let v be invertible
in K and n(v) = v’. Let (—, —); be the bilinear form on K (I) for v,y and 1 = (1);.
Let (—, —)} be the bilinear form on K’(I) for v/, x and t = (¢;);. If x = (x;); belongs
to ZI (thus x; € Z, and almost all of these coefficients are zero), then we put
t* = Hie[ tfz

We define n: K(I) — K'(I) by n(v) =v" and n(0;) = 6;.

Corollary 1. Let x € ZI. Then, for all a,b € K(I),, we have

(n(a),n(b)); = n((a,b)1) - t*

Proof: Let F = K(I) and F' = K'(I). First of all, we note that

77®77 (F®KF)[U’X] — (F,®K’ F,)

[v/,x]

is an algebra homomorphism. It follows that

§'n = (n®n)d,

since these two maps coincide on the generators 6;.

Since I is the free K’-module with basis (I), we may define a K’-bilinear form
(—,—)" on F’ by just specifying the values on pairs from (). For xz € ZI, we
denote by (I), the set of words of degree x. Recall that the monomial 6;,6;, ...6;,
has degree x = (x;); if and only if the element ¢ occurs precisely z; times in the
sequence (i1,%2,...,0n)-

The set (I) will be considered as a K-basis of F; if § is an element of (I), then
the corresponding element of F’ will be denoted by 7n(#). Of course, the element
n(0) is just the “same” element as #, but, in this way, we distinguish the basis
elements of F and F”.

If 6,6 are monomials of degree x for some x € ZI, let

(n(0),n(0))" = n((6,0')1) - *

(note that the last product has only finitely many factors different from 1); for

ot
x#yin ZI and 0 € (1), 0" € (I),, we define (n(0),n(0"))” = 0. We claim that
(= =)= (=)

First of all, the bilinear form (—, —)” respects the grading. Second, we clearly
have (n(0;),n(0;))” = t;. Thus it remains to consider the adjunction property

54



UhiiNS 1 HEOREM

(a,be)” = (§'(a),b® )’ for a,b,c € F' (note that we will denote the comultiplica-
tion of F’ by §’). It is sufficient to verify this equality for a,b, ¢ being monomials.
Let |a| = z, |b| = vy, |c¢| = z. We can assume that x =y + 2. Let §(a) = > a1 ® as.
Then §'n(a) = > n(a1) ® n(az). We see:

(6'n(a), n(b) @ n(e))"- —Z(Ti(al),n(b))"(n(az),n(C))"
= n((ar,0)1)t - n((az, c)1)t*
= (Z(alv ) ((12, ) )'tx

= (CL1 1(az, ¢ 1)'tx

Since (—, —)” satisfies all the defining properties for (—, —);, we conclude that these
forms are equal.

There are two special cases which should be mentioned.

Corollary 2. Let x € ZI. The values on F, of the Lusztig form (—, —); with
respect to v, x and t are given by

(a,b) = (a,b)y - t°.

Of particular interest is (as J.A.Green has pointed out) the case Ko = Z[g, '],
where ¢ is a variable; the corresponding Lusztig form on K(I) with respect to g, x
and 1 will be called the generic Lusztig form for x.

Corollary 3. Let Ko = Z[G, G ]. Let (—,—)1 be the generic Lusztig form on
Ko(I). Let n: Ko — K be a ring homomorphism, and let (—,—)} the Lusztig form
on K(I) with respect to n(q), x and 1. Then we have for a,b € Ky(I)

(n(a), n(b))1 = (a,b)1(n(q))-

Note that (a, b)1(n(§)) means the following: (a,b); belongs to Z[G, G '], is thus
a Laurent polynomial in the variable ¢ and we insert 7(¢) € K into this Laurent
polynomial.
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5. The definition of Ut (K, v, x).

As before, let K be a commutative ring, v € K an invertible element. Let I be
a set and y = (X, x”) a pair of bilinear forms on ZI.

Let (—,—) = (—, —)1 be the Lusztig form on F' = K (I) with respect to v, x and
t; =1foralli € I. Let Z(K,v, x) be the set of elements b € F such that (a,b) =0
for all a € F.

Lemma. Z(K,v, ) is an ideal of F.

Proof. Clearly, Z(K, v, x) is a K-submodule. Let b € Z(K,v,x) and ¢ € F.
Then, for a € F with d(a) = ) a1 ® az we have

(a,bc) = (8(a),b@c) = Y (a1,b)(az, c) =0,
(a,cb) = (8(a),c®b) = (a1,c)(az,b) =0.

Definition: Let
U (K,v,x) = F/I(K,v,X).

For special values of y, we obtain in this way just the positive part of a corre-
sponding “quantum group”, see Lusztig [L]. Typical cases will be considered in the
last section.

Proposition 1. Let A be a positive (K, v, x)-bialgebra and assume that A is
generated by elements a; € A;, with ¢ € I. In addition, let (—,—) be a bilinear
form on A which respects the grading and such that (a,bc) = (6(a),b® ¢) for all
a,b,c € A, and let us assume that no element t; = (a;,a;) is a zero-divisor in K.

Then the kernel of the K -algebra homomorphism &: K(I) — A with £(6;) = a;
is contained in the ideal Z(K,v,x) and thus £ induces an algebra homomorphism

&A= UNK,v,x).

Proof: Write F' = K(I). According to section II.1, we know that {: F' — A is
also a coalgebra homomorphism. We define a bilinear form (—, —)" on F' by

(a,b) = (£(a),£(b)) for a,be F.

This bilinear form respects the grading of F', and we have
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The unicity of the Lusztig form on F with respect to v, x and t implies that
(_7 _)/ = (_7 _)t'

We want to show that Ker{ C Z(K, v, x). Since £ respects the grading, it is
sufficient to consider b € F, N Ker&. Let a € F,.. Then

(a,b)1-t* = (a,b): = (a,b)" = ({(a),£(b)) = 0.
This shows that b belongs to Z(K, v, ).

* ok ok

In general, the Lusztig forms on F' will not be symmetric. We show the follow-
ing:

Proposition 2. If X" is symmetric, then the Lusztig form (—,—)1 on F is
also symmetric.

Proof: We assume that x” is symmetric and we show that (—, —); also satisfies
(ad’,c)1 = (a®d,6(c));

for all a,d’, c € A.

This equality is easily verified in case ¢ belongs to Fo @ D,c; F, thus, it is
sufficient to consider the case where ¢ = bb’ with homogeneous elements b, b’ of
non-zero degree. Write

a):Zal ® asg, 5(@’)22@’1@)@’2,
D)= bi®by,  6() =D b @b

Using the Lemma and induction, we have

(a/a/, bb/)l — Z UX(al,az’a;’az) ala/17 ) (CLQCLQ, b/)

= pX(a1,a2,a},a3)

(
(
=D X (4, ® a), by @ ba)i (a2 ® ay, by © b))
= 37 xlera2aiad) (qy by (ah, bo)1(az, B )1 (ad, b

On the other hand, we have

a1 ® CL1, ( ))I(CLQ & a/27 5(1)/))1

5(bb') = 5(b)3 ()
_Zb1®b2 b,®b/)
=3 Xt by b by,
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and therefore

(a®a’,5(bb)); = _wx(brbats
— Z X (b1,02,b7,b)
= Z X (01,02,

— Z X (b1,02,b7,b)

— Z X (b1,02,b7,b)

= Z X (b1,b2,67.b5)

We claim that for non-zero (ay,b1)1(al, b2)1(az, b})1(ah, bs)1, the coefficients

%) (a ® a’, byl ® bably):

2)(a, byb))1(a’, babh),

P2 (8(a), by ® b4)1(8(a’), ba ® b))
(a1 ® ag, by @ b))1(a) @ aly, by @ b)),
2) (a1, b1)1(az, b))1 (a7, b2)1 (a, bo)r
Y(a1,b1)1(a), ba)1 (az, b7)1(ab, by)s-

pxlanaz,aial) o0 x(b,ba,b,b))
coincide. However (a1, b1)1(a}, b2)1(az,b))1(ah, by)1 # 0 implies that
lax| = b1, lai| = [ba], laz| = [b1],  |ag| = [b)]
and by assumption
x(a1, az, ay, ay) = x(b1, by, b2, b5) = x(b1, ba, b, b5).
We see that also the form (—,—)" defined by (

a,
conditions (0), (1) (2) of a Lusztig form, thus (—,—)’
(a,b)1 = (b,a); for all a,b.

b) = (b,a); satisfies the
= (—,—)1, thus we have
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Part V. The Isomorphism

Let o be a Cartan datum which is defined on ZI. We can consider it as the
symmetrization of an Euler form w without short cycles. In Part III, we have
constructed to (w, d) generic composition algebras and twisted generic composition
algebras. In Part IV, we have seen that given any pair of bilinear forms on ZI,
for example (—w,0) or (0, ), one may endow the corresponding free algebra K (I)
with a symmetric bilinear form whose radical is an ideal, and we have denoted the
corresponding factor algebra by UT. The aim of this final part is to show that
under some constraints the same algebras will have been constructed in these two
different ways.

Let Q(©) be the field of rational functions in one variable 9. Let § = ©2. As
before, we consider the following subrings of Q(?)

Ko=17[G,§ '] and K,y =Z[5,o 1.

1. Quantum Serre relations.

In Part III, the fundamental relations for H(A) and H.(A) have been exhib-
ited. These relations only involve the generators of the corresponding composition
algebras, thus, we obtain in this way relations which are valid for the generators ;
of the generic composition algebra and the twisted generic composition algebra.

Let w be an Euler form without short cycles. (Thus, w: ZI x ZI — 7 is a
bilinear form, d; = w(i,4) is positive and divides both w(i,j) and w(j,4) and, for
i # j, we have w(i, j)w(j,i) = 0.) We define for i # j
—d'w(i,j)+1 if w(j,9)

—di_lw(j,i)+1 it w(i,j)

nlini) = { N

Y

Let o be the symmetrization of w. Then we have
n(i,j) = —d; ' iej +1,

thus n(i, j) only depends on e.

First, let us consider the case of the generic composition algebra C(w). By
definition, C(w) may be considered as a factor algebra of the free algebra Ko(I).

We consider a general commutative ring K with a fixed invertible element
q € K as a Ky-algebra, with ¢ acting on K by multiplying with ¢q. Then also the
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free algebra K (I) becomes a Ky-algebra and we may consider the ideal J (K, q,w)
in K (I) generated by the elements

n(i,7)

S (gt | MBI gty g0t
t=0 -
ETEOILED) G-t
t d;(} ) d;\ atp on(ii)—
tZ(:) (_1) q t ] (q ) 9]‘9193' ’

for all pairs i # j with w(j,7) = 0. We recall that the coefficients 'n(zt,j)] (q%)

belong to K (they even belong to Z[q]), according to ITII.1. The generating elements
of J(K,q,w) will be said to be quantum Serre relations. We define

Ut (K,qw)=K(I)/T(K,qw).

Remark. The quantum Serre relations exhibited above are certain homoge-
neous elements in the free algebra K(I), they are linear combinations of monomials
of the form 6! 0,6 with fixed ¢ + t', and the coefficients are in K, thus Laurent
polynomials in the variable ¢q. If we evaluate ¢ at 1, we obtain usual Serre re-
lations as they are used in order to obtain the Serre presentation of the positive
part of a semisimple complex Lie algebra or, more generally, the positive part of a
Kac-Moody Lie algebra.

We see the following: The kernel of the canonical projection
K(I) — C(w) ®k, K
which sends 6; to 4; ® 1 contains the twosided ideal J (K, ¢,w). Thus:

Proposition. Let w be an Euler form without short cycles. Let K be a com-
mutative ring and q € K. Then there exists a homomorphism of K-algebras

5 UK, q,w) — C(w) @k, K
which maps the residue class of 6; onto u; ® 1.

% ok ok

Assume now that there is given an invertible element v in K, so that we may
consider K as a K,p-algebra, with v operating on K by the multiplication with v.

We denote by J. (K, v,e) the twosided ideal of K(I) generated by the elements

" n(i, j) (i)t
> v |G gt
d;

t=0
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for all i # j. Again, we call these generators quantum Serre relations and we put

UF (K, v,0) = K(I)/J.(K, v, o).

Remark. The second kind of quantum Serre relations which have been ex-
hibited as generators of J,(K,v,e) are homogeneous elements in the free algebra
K,o(I), thus linear combinations of monomials of the form Ofleij with fixed t + ¢/,
and the coefficients are in K., thus Laurent polynomials in the variable 9. Again,
the evaluation of ¥ at 1 yields usual Serre relations.

Proposition*. Let w be an Euler form without short cycles. Let o be its
symmetrization. Let K be a commutative ring and v € K invertible. There exists a
homomorphism of K -algebras

7 TF (K, v,0) = Colw) @y K
which maps the residue class of 0; onto u; ® 1.
Again, this follows from part III: The kernel of the canonical map
K(I) = Ci(w) ®k,0 K
which sends 6; to 4; ® 1 contains the twosided ideal J, (K, v, e).

% %
Finally, let us compare the two algebras U™ (K, v2,w) and U} (K, v, ).

Lemma. Let w be an Fuler form without short cycles. Let e be its sym-
metrization. Let K be a commutative ring and v € K invertible. Then there exists
an isomorphism of K-algebras

(7:_(va7 .) - [/j+(K7 v2,w)[v,w]
which maps the residue class of 6; modulo J.(K,v,e) to the residue class of the
same element 0; modulo J(K,v? w).

Proof: We consider the K-algebra A = K(I), . Since K(I) is a free algebra,
there exists an algebra homomorphism

n: K(I) — A

with 7n(6;) = 6;. Since w has no short cycles, we can assume that w(j,i) = 0,
therefore n(i,5) = —d; 'w(i,j) + 1, and thus w(i,j) = —di(n(i,5) — 1). We write
n =n(i, j). Let us calculate (¢ 0;0¢). We have

n(07710,0%) = v(3) D +n—0w(d) gty gt

I
S

(Z)w(i,i)—(n—t)di(n—l) 9;1—75939;5

,U(Z)w(i,i)—ndi (n—l)vdit(n—l) eln—tejgf
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It follows that the quantum Serre relation
S |y] e
t=0 di

is mapped unter n onto a multiple of

n:| Ut(t—l)) ) 9:1—159]9;5

(the scalar factor p(B)@ () =ndi(n=1) qoes not depend on t). It follows that n yields
a K-algebra homomorphism

ﬁj(K7U7.> - (/j+(K7 ’U2,W>[U,w]

and this has to be an isomophism, since we can use the same argument in order to
construct a corresponding K-algebra homomorphism

17+(K, V2, w) — ﬁj(K,U,O)[U7_w].

This completes the proof.

2. Green’s map from C(w,d) or C,(w,d) onto some U™.

Proposition. Let (w,d) be an Euler form on ZI. There exists a homomorphism
of Ky-algebras
¢3 C(w7 d) - U+ (K07 (ja —w, O)

with u; being mapped to the residue class of 0;.

Proof. Let IC be a family of finite fields k& with ¢ = |k| being unbounded. For
every field k, let A be a k-algebra with F(Ag) = (w,d).

We recall that the generic composition algebra C(w,d) is the Kjy-subalgebra
of [T,cxc H(Ag, Zi) generated by the elements ;. Thus, there exists a Ko-algebra
homomorphism

& Ko(l) — [ H(Aw, Za)
ke
such that £(6;) = @;; its image is C(w, d).

We may compose £ with the canonical projections onto the factors H(Ay, Zx)

and obtain corresponding maps

gki K0<I> ad H(Ak,Zk)
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Note that we have
Ker¢ = ﬂ Ker &.

kel
We claim that
Kerg C I(KO7 67 —W, 0)
This then implies that C(w, d) = Ko(I')/ Ker £ maps onto U™ (K, ¢, —w, 0), with the
residue class of §; modulo Ker ¢ being mapped onto the residue class of ; modulo
the ideal Z(Ky, ¢, —w, 0).
We can factor the map & as follows:

Ko(I) —™ Z(I) — s H(Ax,Za),

where 7, is the scalar extension map (it sends 6; to 6;), and where & is the Zj-
algebra homomorphism which sends 6; to u;. The map &}, is the one considered in
Section IV.5, thus we know that

KerSI/c - I(Zkaqka _w70>'

On the other hand, according to IV.4, for any pair of elements a,b € Ky(I),
we know that

(@), 7 () = (a,0)1(ar),
(k)

where (—, —); is the generic Lusztig form on Ky (I) for (—w,0), whereas (—, —);
is the Lusztig form on Zj (I) with respect to g, (—w,0) and 1.

Now assume there is given b € Ker ¢, thus 7, (b) belongs to Ker §;. and therefore
to Z(Zy, qx, —w,0). If now a € Ky(I) is an arbitrary element, then the Laurent
polynomial (a, b); satisfies

(a,b)1(qr) = (nk(a),nk(b))gk) =0

for all £ € K. Since there are infinitely many such gy, it follows that (a,b); is the
zero element in K. This completes the proof.

* k%

Proposition®. Let (w,d) be an Euler form on ZI. Let (e, d) be the correspond-
ing symmetrization. There exists a homomorphism of K.g-algebras

Vy: Cu(w,d) — U (K,9,v,0,0)

with u; being mapped to the residue class of 0;.

Proof. Let K be a family of finite fields k& with ¢x = |k| being unbounded. For
every field k, let Ay be a k-algebra with F(Ag) = (w,d).
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The twisted generic composition algebra C.(w,d) is the K,g-subalgebra of
[1,cx H«(Ax) generated by the elements ;. Thus, there exists a K,¢-algebra ho-
momorphism

&t Kuo(I) — || He(Ar)

ke
such that &,(0;) = 4;; its image is Ci (w, d)
We compose &, with the canonical projection onto the factors H.(Ay) and

obtain

We have
Keré&, = ﬂ Ker &,k
kex
We claim that
Keré, C Z(Ky,7,0, ).

This then implies that C.(w,d) = K.o(I)/ Ker &, maps onto Ut (K., 0,0, ), with
the residue class of 6; modulo Ker &, being mapped onto the residue class of 6;
modulo the ideal Z(K,¢, 0,0, o).

We can factor the map &, as follows:
where 7, is the scalar extension map (it sends 6; to 6;), and where &, is the Z,y-

algebra homomorphism which sends 6; to u;. The map &, is the one considered in
section IV.5, thus we know that

Ker gfkk C I(Z*ka UV, 07 .>‘

On the other hand, according to IV.4, for any pair of elements a,b € K.o(I),
we know that

(e (@), me(0)S" = (a,b)1 (v,
(k) -

where (—, —)1 is the generic Lusztig form on K,o(I) for (0, e), whereas (—, —);"’ is
the Lusztig form on Z,(I) with respect to vg, (0,e) and 1.

Now assume there is given b € Ker ., thus 7 (b) belongs to Ker ¢, and there-
fore to Z(Zyy, vk, 0,e). If now a € K,o(I) is an arbitrary element, then the Laurent
polynomial (a,b); satisfies

(a,b)1(vg) = (nk(a),nk(b))gk) -0

for all k£ € KC. Since there are infinitely many such vy, it follows that (a, b); is the
zero element in K,o. This completes the proof.
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3. From UT toCto U™T.

Let w be an Euler form without short cycles and with symmetrization e. Recall
that we obtain in this way an arbitrary Cartan datum e.

On the one hand, we have the Q(%)-algebra homomorphism 7 = 7@(®)

T [7+(Q(17), g, w) — C(w) ®k, Q(0),

which sends the residue class of 6; to u; ® 1, for any ¢ € I. On the other hand, there
is given Green’s map

: C(w) — U™ (Ko, g, —w, 0);
tensoring with the field of rational functions Q(?), we obtain
Y ®1: C(w) @K, Q(0) = U (Ko, ¢, —w,0) @k, Q(v)
Also, we may consider the canonical map
p: U (Ko, G, —w,0,) ®r, Q@) = U (Q(v),q, —w,0)

given by multiplication.

Altogether we have three surjective Q(v)-algebra homomorphisms

U+(@(6)7 67 —Ww, 0)

and the composition sends the residue class of 6; (modulo the ideal J(Q(?), ¢,w)
generated by the quantum Serre relations) to the residue class of 6; (modulo the
ideal I(@(6)7 67 —Ww, 0))

* ok ok

In the twisted case, we have corresponding maps, as follows. First of all, there
: Q(9)
is m, = my

Te: UT(Q(D), 0, 0) — Co(w) k., QD)
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which sends the residue class of 6; to u; ® 1, for any ¢ € I. On the other hand, there
is given Green’s map

Vy: Co(w) — Ut (Kyo, 0,0, 0);

tensoring with the field of rational functions Q(?), we obtain
Ve ®1: Co(w) Ok, QD) — U (Ki0,9,0,0) k., QD)
Finally, we consider again the multiplication map
fe: UT (Ki0,0,0,0) @k, Q@) = UT(Q(0), 9,0, ).

Altogether, we get

Ci(w) ®k., QD)

P ®1

Ut (Ky0,0,0,0) @K,, QD)
s

Ut (Q(v),1,0,e)

and the composition sends the residue class of 6; (modulo the ideal J.(Q(?), 0, )

generated by the quantum Serre relations) to the residue class of §; (modulo the
ideal Z(Q(0), 0,0, e)).

4. Lusztig’s Theorem.
We recall the following;:

Theorem (Lusztig). Let o be a Cartan datum. Then the ideal Z(Q(v), 0,0, o)
18 generated by the quantum Serre relations.

This means that

Z(Q(v),,0,0) = J.(Q(0), 0, o).

For the proof, we refer to Lusztig [L], Theorem 33.1.3. The proof is based
on the representation theory of Kac-Moody Lie-algebras; it uses some fundamental
results in the book of Kac [K], namely the Kac-Weyl character formula 10.4 and its
corollary 10.4.
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5. Green’s Theorem.

Theorem. Let w be an Euler form without short cycles. Then the three Q(v)-
algebra maps

UH(Q(D),9,e) R C.(w) ®k., QD)
C.(w) O, QD) LBl Ut (K, 5,0, ) @, QD)
Ut (Ku0,0,0,0) Ok, Q0)  —— U*(Q(0), 3,0, )

are isomorphisms.
Proof: All the maps mentioned are surjective and the composition is the iden-

tity. Thus, all these maps must be bijective.

In section IIL.5, we have constructed a map

(C(w, d) ® K*o) — Cy(w, d)

[0,w]

of K,g-algebras. Scalar extension yields a corresponding map

T (C( d) K, Q( )>[~ w] - C*(W7d) ®K.,0 @(f})
Corollary. Let w be an Fuler form without short cycles. Then the following
Q(0)-algebra maps
U (Q),qw)  ——  Cw)®x, Q)
(Clw) @K, QD)) ——  Cu(w) ®K.0 QD)

[0,w]

are isomorphisms.

Proof: According to Lemma II.1, we may consider 7 also as an algebra homo-
morphism

T (7+(@(17) ( w) ®K, Q >)[6,w]'
Q(v

In addition, consider the isomorphism of Q(%)-algebras

n: UF(Q(0),9,8) — UH(Q(0), 9, w) 5.0

constructed in V.1. Then, the composition 777 is just the map 7, considered in
Theorem, and there we have seen that m, is an isomorphism. Since all three maps
7,7, n are surjective, it follows that they also are isomorphisms. This completes the
proof.
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