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Abstract

Let k be a field. We consider triples (V,U,T), where V is a
finite dimensional k-space, U a subspace of V and T': V —
V' a linear operator with 7" = 0 for some n, and such that
T(U) CU. Thus, T is a nilpotent operator on V', and U is
an invariant subspace with respect to T". We will discuss the
question whether it is possible to classify these triples. These
triples (V,U, T') are the objects of a category with the Krull-
Remak-Schmidt property, thus it will be sufficient to deal
with indecomposable triples. Obviously, the classification
problem depends on n, and it will turn out that the decisive
case is n = 6. For n < 6, there are only finitely many
isomorphism classes of indecomposables triples, whereas for
n > 6 we deal with what is called “wild” representation type,
so no complete classification can be expected. For n = 6, we
will exhibit a complete description of all the indecomposable
triples.

Let k£ be a field and V' a finite-dimensional k-vector space. We consider a
linear operator T: V' — V which is nilpotent, say satisfying 7™ = 0 for some
fixed natural number n, and we are interested in the subspaces U of V which
are T-invariant (this means that T(U) C U). To be more precise, we are going
to consider the corresponding triples (V,U,T) and ask for a classification of all
the isomorphism classes. In order to do so, we consider these triples (V,U,T)
as the objects of a category S(n) (or Sk(n) in case a reference to the base field
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k is needed); for two such triples (V,U,T) and (V',U’,T'), a map (V,U,T) —
(V',U',T") is given by a linear map f: V — V’ with f(U) = U’ and such that
fT =T'f. The aim of this paper is a study of the categories S(n).

We may reformulate (and generalize) the problem to be considered as follows:
If A is any artinian ring, let S(A) be the category of pairs (A, A"), where A is a
finitely generated A-module and A’ C A is a submodule of A; amap f: (4, A") —
(B,B’) in S(A) is just a A-linear map f: A — B such that f(A’) C B’ holds.
We may call S(A) the submodule category of A-modules. One will observe that

Sk(n) = S(k[X]/X™),

since a pair (V,T') consisting of a k-vector space and a linear operator T: V — V
with 7" = 0 is in an obvious way a k[X]/X™-module, and a subspace U of V
with T(U) C U leads to a pair (U,T|U) which is just a submodule of (V,T).
Note that the ring k[X]/X™ is a commutative uniserial ring of length n and
one may wonder about the similarities of the various categories S(A), with A
a commutative uniserial ring of length n. In fact, our interest in the problem
discussed in this paper arose from the Birkhoff problem [B] of classifying subgroups
of finite abelian p-groups. The Birkhoff problem concerns the categories S(Z/p™),
thus also here we deal with a commutative uniserial ring of length n, namely
Z/p™. The Auslander-Reiten quivers for the categories S(n) with n < 5 presented
in Section 4 are the same as those for S(Z/p™). The structure of the category
S(Z/p°) is not yet known — it is a challenging question whether it looks like the
category Si(6), for k = Z/p, exhibited in this paper.

For each artinian ring A, the category S(A) is a full subcategory of the cat-
egory H(A) of finitely generated modules over the ring (8 2) of upper triangular
matrices. Hence S(A) inherits the Krull-Remak-Schmidt property from H(A):
Any object in §(n) is the direct sum of a finite number of indecomposable objects
and these indecomposable direct summands are unique up to isomorphism. Thus,
in order to classify all the isomorphism classes of triples (V,U,T) in S(n), it is
sufficient to consider the indecomposable ones. The difficulties of classifying the
indecomposable objects in S(n) increases with increasing n. Whereas for n = 5
there are only finitely many isomorphism classes of indecomposable triples, there
are infinitely many such classes for n = 6. Our main concern will be the case n = 6
which turns out to be a “tame” case: here, a complete classification is possible, as
we will show in part A of the paper. Part B will provide some information on the
“finite type” cases n < 6 as well as on the “wild” cases n > 6.

The description of the category Si(6) presented in this paper may look com-
plicated, but it allows to draw a lot of quite surprising consequences. Some of these
consequences can be formulated and understood very easily. In order to do so, let
us introduce an obvious invariant, namely the dimension of a triple (V,U,T) in
S(n); by definition this will be the pair (dim V,dimU). First, let us consider the
case when k is infinite:
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1. Let k be an infinite field. Let v,u be natural numbers. Then: There are
infinitely many isomorphism classes of indecomposable triples (V,U,T) in Sk(6)
with dimension (v,u) if and only if (v,u) is a non-zero multiple of (12,6).

In general, the indecomposable triples (V,U,T) in Si(6) with dimension
a multiple of (12,6) will depend on the field k, here a parameter ¢ € P;(k)
plays the decisive role. On the other hand, if (v,u) is not a multiple of (12,6),
then the indecomposable triples (V,U,T) in S;(6) with dimension (v,u) can be
constructed combinatorially; now k is an arbitrary field:

2. Assume that (v,u) is not a multiple of (12,6). Then the number of isomor-
phism classes of indecomposable triples (V,U,T') in Sk(6) with dimension (v, u)
1s finite and independent of k.

3. Let (V,U,T) be indecomposable in Si(6) with dimension vector (v,u).
Then
|v —2u| <6.

This means that the dimension vectors (v,u) of the indecomposable triples
(V,U,T) in Sk(6) lie in the following region:

()

Here, the black dots indicate the positions which are proper multiples of (12,6).

The description of the categories S(n) presented in this paper uses notions
and results from the modern representation theory of artin algebras, see for ex-
ample [ARS] and [R]. The basic notions of Auslander-Reiten theory lead to the
possibility of presenting suitable additive categories such as S(n) by a translation
quiver, and the components of the Auslander-Reiten quiver of S(n) will be of our
concern.

For each m < 6 we will present the Auslander-Reiten quiver of S(n) in
Section 5. For m > 6, we can refer to [RS1] where it is shown that the category

3
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Sk(n) is controlled k-wild; in this case the problem of classifying all modules
is considered infeasible. Still we can present some features of this category in
Section 6. But as we have mentioned already, the most interesting case seems to
be the borderline case n = 6; part A (as well as the forthcoming paper [RS3]) is
devoted to exhibit its structure.

The determination of the structure of the Auslander-Reiten components of
Sk (6) relies on methods from the representation theory of quivers which are by
now standard: the knitting of preprojective components, the covering theory of
the Gabriel school, as well as the use of one-point extensions, in particular the
tubular extension techniques as outlined in [R]. However, all these methods have
to be modified since we do not deal with a module category, but only with an
exact category. The necessary modification of these standard tools will be outlined
below. It is amazing that the results obtained are close to corresponding results
concerning module categories. In particular, the structure of the category S(6)
turns out to be very similar to the structure of some module categories.

In order to describe the structure of the category Si(6), one needs the notion
of a tube, or better of tubular families. Tubular families are sets of Auslander-
Reiten components all of which are tubes and being indexed by the projective line
P (k) (in case k is algebraically closed, P1(k) may be considered as the disjoint
union of k itself and an additional symbol oo; in general, P;(k) is the disjoint
union of the set of monic irreducible polynomials over k£ and the additional symbol
o0). Let us try to give at least an intuitive picture of the global structure of the
category Si(6), it turns out to be a category of tubular type @ Each indecom-
posable object, up to isomorphism, is uniquely determined by three parameters

e the first one is a non-negative rational number v € Q(J{ ,

e the second is an element ¢ € Py (k),

e and as third parameter one can take a natural number m € N.
Conversely, any combination (-, ¢, m) occurs in this way, thus we obtain in this
way a complete set of invariants.

If we fix the first index +y, then we obtain the tubular family 7., by taking all
the indecomposable triples with first index . Instead of taking the set @ar as first

: . . Ti—P—
index set, we should better consider the topological space {62 p+q "y = g € Qar } ,

so that the points corresponding to 0 and oo in Q(J{ U{oo} get identified:

T 7o
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As we have mentioned, for each value of v, there is a tubular family ’]_fy, thus a
collection of Auslander-Reiten components which are tubes and which are para-
metrized by the second parameter ¢ from Py (k). All the tubes in 7. but three are
homogeneous ones, the exceptional ones (say with second parameter ¢ = 0,1, 00)
are tubes of rank 6, 3, and 2, respectively. The third parameter m enumerates the
triples in a given tube: there are countable many isomorphism classes of triples
which belong to any tube. For the homogeneous tubes, there is indeed a natural
bijection with the set of natural numbers, but for the exceptional tubes the use of
natural numbers as the third parameter may be considered as rather misleading, it
should be considered only as a first attempt to get an impression of the diversity of
the isomorphism classes in §(6). As the proper third index set one should replace
N by the vertices of a tube of rank r(c), depending on the second parameter c,
with 7(0) = 6,7(1) = 3,7(c0) = 2, and r(c) = 1 otherwise.

One further deviation has to be mentioned: All but one of the tubular families
’]_'7 have the same shape, the only exception occurs for v = 0. Here, the tube of
rank 6 is not stable but contains two projective-injective vertices; this should
explain the curious shape used in the picture above. The three non-homogeneous
tubes in the tubular family 75 (which we also denote by U ) will be exhibited in
detail in Section 2.

We have mentioned already that the distribution of the indecomposable
triples of Si(6) into tubes yields the Auslander-Reiten components of the cat-
egory Sk(6), thus we describe in this way the factor of this category modulo the
infinite radical. But this concerns only the third parameter, whereas the first
two parameters yield information on the infinite radical. The arrangement of the
tubular families along a circle indicates that the homomorphisms in the infinite
radical go counterclockwise (see Theorem 1.9 and Lemma 2.7 for details). The pic-
ture presented above includes a corresponding arrow in order to stress the global
direction of homomorphisms in the infinite radical.

In order to visualize indecomposable objects in S(n), we will use two different
ways, namely pairs of sequences of natural numbers, as well as box diagrams (see
for example Section 2). Both ways rely on the use of covering theory which we
now want to explain, since it is the essential tool for our investigation.

As we have seen, the objects of the category S(n) can be described as triples
(V,U,T) or also as pairs of a k[X]/X™-module and a submodule. But there is a
third description for these objects, namely as representations of the quiver

Q: |
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which satisfy the relations Sa’ = aff and o™ = 0, and with the additional re-
quirement that the map [ is an inclusion map. (We do not have to mention the
condition (/)™ = 0 since it follows from the two relations o’ = aff and o™ =0
in case 3 is assumed to be injective). We also will consider the following (infinite)
quiver (with respect to the given relations, this is what is called the universal
covering for @)):

/ ’ /
’Oa’llo/ A

Q: \Lﬁo iﬂl i/ﬁz

0400041 a22a3

Usually, we will refrain from mentioning the indices of the arrows «;, o}, 3; and
just write a,a’, 3. The representations of k@ which satisfy the commutativity
relations Ba/ = af (for all squares), the nilpotency relations (/)™ = o™ =0 (for
all compositions of n arrows o’ or «) and for which all the maps [ are realized
by monomorphisms form the objects of a category which we will denote by S(n),
and which will play an important role throughout the paper.

Of course, we may interprete also S(n) as a submodule category, namely for
an infinite dimensional algebra which we denote by kA /a™,

S(7) = S(kAZ /™).

Here, kAL /a™ is the factor algebra of the path algebra kA of the following
infinite quiver

o .
AOO' e @) @) (o]

with the relations o™ = 0 (all arrows being labelled ).

The categories S(n) and S(n) are related by an important functor
S(n) — S(n),

the so-called covering functor. This functor assigns to a representation (A, A’) in
S(n) the tripel (V U,T) in S(n) using for V und U the direct sums V = @
and U = @, Aj, respectively; note that the diagonal map @,., fi: D, A;
D,z Ai prov1des an embedding of U into V', and the linear operator 71" on V is
given by the action of the maps corresponding to the arrows «.

We will see that for n < 6, the covering functor is dense, thus any indecom-
posable triple (V,U,T) in S(n) is obtained from a representation (A, A’) of @,
and this representation (A, A’) is unique up to shift, thus its properties can be
used in order to find invariants of (V,U,T).

zGZ
—

The paper is organized as follows: As we have mentioned there are two parts.
Part A with sections 1, 2 and 3 is devoted to the case n = 6, whereas the sections
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5 and 6 are devoted to the cases n < 6 and n > 6., respectively. Part B consists
of sections 5, 6 and an additional one which provides information concerning some
boundary modules in general.

In Section 1 we will see that S (E) has tame representation type, more pre-
cisely, it is of tubular type @, and we exhibit the complete structure of its
Auslander-Reiten quiver.

The topic of Section 2 is the covering functor S(n) — S(n). We will see that
in case n < 6 the covering functor is dense, hence it induces a bijection between the
Z-orbits of indecomposable objects in S(n) under the shift M +— M][1], and the
indecomposable objects in S(n). In particular, we can use results from Section 1
in order to obtain not only a full list of the indecomposable modules in S§(6), but
also the Auslander-Reiten quiver for S(6).

Section 3 provides a slightly different approach for the study of S(n). A
modification of an essential part of the quiver @ leads us to a finite dimensional
algebra C' which provides a sort of double covering of S(n). This approach has
the advantage that we obtain in this way an abelian category, namely the category
of C'-modules, which is very similar to the category S(6).

For n < 6, each of the categories S(n) has finite representation type, more
precisely, the number s(n) of indecomposables is given by the formula

s(n) = 2+2(n—1)6fn.

In Section 4 we are going to motivate this formula by studying the boundary
modules, a sequence of modules containing the projective-injective ones. Note that
this formula still makes sense for n = 6 (with both sides being infinite). However
for n = 7 the right side yields —70, and we do not know any interpretation of this
number in terms of representation theory.

In Section 5 we will consider the case where m > 6. Then each of the
categories S(n) has wild representation type; at least we can determine the shape
of the components of the Auslander-Reiten quiver: There is one tube containing
the boundary modules on its mouth; all the other components are stable tubes of
diameter a divisor of 6. Also each corresponding category S(n) is wild; here the
connected components of the Auslander-Reiten quiver have stable type ZA.,. We
can construct in S(n) indecomposable representations of arbitrarily large support.

Notation. In this paper we will study representations of various full subquivers
Q' of the quiver @ (taking into account the given relations). The projective,
injective, and simple representations corresponding to a point x will be denoted
by P(x), I(z), and S(z), respectively. For M a representation, M, is the k-
space at position z. For M a representation of @ and ¢ an integer, M[{] is the
representation of @ obtained by shifting M by /¢ steps in direction opposite to
«. Thus, M[g]z = M,;_, and M[Z]Z/ = M(i_g)/, for i€ Z.

7
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History and Related Results. As we have mentioned, it was Birkhoff [B] who urged
to study subcategories of the form S(A), at least for the rings A = Z/p™. The
indecomposable objects in S(Z/p™) have been determined in [RW] in the cases
where n < 5. More generally, one may consider not only submodules, but even
chains of submodules, as proposed by Simson in [Si]. For each pair ¢, n of natural
numbers, he determined the representation type of the category of chains of length
¢ of submodules of k[X]/X™-modules (in particular, he already has shown that
the category S(6) which we will study in detail, is tame).

Also, for m < n, let us denote by S(n;m) the full subcategory of S(n) =
Sk(n) of all triples (V,U,T) such that 7™ (U) = 0. In [Sm] the representation
type of S(n;m) has been determined for each pair (m,n) with m < n, and in
each finite or tame case a description of the indecomposable modules has been
given.

In a forthcoming paper [RS3] we are going to expand the study of the category
S(6) considerably. We will outline the relevance of the tubular family 7; and we
will show in which way the two half circles of tubular families {7, | 0 < v < 1}
and {7, | 1 < v < oo} are built up from the tubular families 7y and 7;. Also,
we will see that the category S(6) is strongly related to the representations of a
partially ordered set with 9 vertices.

The main results presented here have been obtained in the years 2000-2002
and have been reported in various lectures since that time, and many comments of
the audience have helped us to improve the results. Unfortunately, it took a long
time to complete a final version. The authors are grateful to the European Union
for providing the possibility for the start of this cooperation (at a rather boring
midterm review meeting 2000 where the EU representatives insisted that reports
should only concern the administration of the grant, but no mathematics).

Part A. Operators with Nilpotency Index 6

We give a description of all indecomposable triples (V, U, T) where the linear
operator acts with nilpotency index at most 6, i.e. 7¢ = 0 holds. Recall that these
triples are the objects of the category S(6). But first we study a related category
S(6).

1. The Category S(6)

Let H(6) be the category of all representations of Q which satisfy the com-
mutativity relations Ba’ = a8 and the nilpotence conditions a® = 0 = (a/)°.
Clearly the category S (E), which we are going to describe in this section, is the
full subcategory of H(g) of all representations for which the maps 3 are monomor-
phisms. We consider first another full subcategory, C C H(g) , which has as objects
those representations M which satisfy

(a) M, =0 and M, =0 for all z € {-1,—-2,...} and
(b) the maps M(By) and M((;) are the identity maps.

8
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When dealing with C, we do not have to mention the vertices 0’ and 1, as
the maps o) = a3 and o) = sy can be recovered. In fact, the category C is
equivalent to the category of representations of the quiver

9/ o 3/ o 4
o o @)
o e

(o] (o] @)

@ g a 3 a 4
with commutativity relations o’ = a8 and nilpotence conditions (a/)® = sz6 = 0.
Note that in order to stress that we consider a full subcategory of H(6), we
insert the numbers do = dy and dy, = d; when we display the dimension vector
d of a representation of this quiver; for example, the dimension vector of the

indecomposable projective representation corresponding to the vertex 3 will be

displayed as 11999 or just as 119 (we only will exhibit dimension vectors d for

o o
0o @« 1

representations of ) which start on the left with the numbers dy and dj).

(1.1) The tubular algebra B. An essential part of the category C, and hence
of §(6), consists of modules over the finite dimensional algebra B which is given
by the following subquiver of @)

Qz: Vol

with relations indicated as usual: Two commutativity relations and one zero rela-
tion. The corresponding algebra B is tubular, as we are going to show.

Denote by By the algebra obtained from B by deleting the vertices 4’ und
6, this is a tame concealed algebra of type E7. In order to see this, one may use
the Happel-Vossieck list (see for example [R, p. 365]), or one may define directly a
tilting functor by forming the pushout of the commutative square, thus replacing
the vertex 3’ and the four arrows between 3’ and 2 by a new vertex 3” with
arrows 2/ — 3", 3 — 3", and 3" — 2.

We denote by P(By) and Z(By) the preprojective and the preinjective com-
ponent of the Auslander-Reiten quiver I'p, of By, respectively. The remaining
indecomposable Bgy-modules occur in a Pj(k)-family 7 (By) of tubes of tubular
type (4,3,2). Almost all of the tubes are homogeneous, but there are three large
tubes of rank 2, 3, and 4. Below we picture the mouth for each of these three
tubes.

| |
N S | N N Nl |

12210000 12210000 11100000 12210000 01110000
12332100 12332100 11222100 12221100 01221000
01100000 . 11110000 . 01100000 00000000 11100000 . 01110000 . 00000000
01111000 11221100 01111000 00111000 11111100 01110000 00111000

9
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[ [

'N 7 N A N A N !

| 00100000 11110000 12110000 01100000 |
00110000 11121000 12222100 01211100

LA A AN AN

00100000 00000000 11110000 01000000 00100000

00100000 00010000 11111000 01111100 00100000

Denote by R the radical of the projective B-module Pg(6) and by R’ the
radical of the projective B-module Pg(4'), both considered as By-modules. These

modules R, R’ are indecomposable and the dimension vector of R is 919999 that

of R' is 119 (here we use already the convention mentioned above). As both R
and R’ are modules on the mouth of the 4-tube, B is obtained from By as a

two-fold one-point extension of a tame concealed algebra and hence is a tubular
algebra of tubular type (6,3,2) [R, Chapter 5|. The mouth of the big tube for By
after the twofold ray insertion looks as follows.

00110000 11121000 12222100

A N A N AN AN

00100000 00000000 11110000 12111000 01100000

00100000 00010000 11111000 12222100 01211100

AN AN A

11111000 01000000 01100000 !

11111000 01111100 01211110

E\ ﬂ...\ ﬂ...\ ﬂ...\ /..\ P

'
|
|
|

00100000 11110000 12110000 |
|
|
|
|

|
01000000 00100000

01111110 00100000

Since B is a tubular algebra, there is a second tame concealed algebra in-
volved, usually denoted by B ; it is obtained from B by deleting the vertex 0
and has type Eg. The regular B, -modules form a P (k)-family of tubes of tubu-
lar type (5,3,2). The tubes of rank 2 and 3 are obtained from the corresponding
tubes in 7 (Bg) by replacing each representation M by M|1]; here is the mouth
of the tube of rank 5.

| |
'\/\/\/\/\/:

00010000 01111000 01111000 00100000 00110000
00011000 01112100 01222210 00111110 00010000

A N A N AN AN 7N

00010000 00000000 01111000 00000000 00100000 00010000

00010000 00001000 01111100 00111110 00000000 00010000

The shape of the category of B-modules is as follows:

Here, P is P(By) and 7 is obtained from 7 (By) by the two-fold ray inser-
tion in the 4-tube at the modules R and R’. Next, 7 is the union of countably

10
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many stable tubular families 7, indexed by v € Qt, each 7, is a P;(k)-family
of tubes of type (6,3,2). From the Auslander-Reiten quiver for B,, we obtain
the preinjective component Z = Z(By,) for B and the tubular family 7/ , which
arises from the tubular family 7 (Bs) for B by the insertion of a coray in the
5-tube, as pictured below. Thus, there are two non-stable tubes in the category
of B-modules, one in the family of tubes 7, the other one in 7, .

/...\ /...\ /...\ /...\ /...\ /i

1
|
|
|
! 01111000 01111000 00100000 00110000
: 01112100 01222210 00111110 00010000
N N N N N N
I 00010000 11111000 01111000 00000000 00100000 00010000
| 00011000 11112100 01111100 00111110 00000000 00010000
|
N N S
00010000 00000000 11111000
00010000 00001000 11111100

In the sequel we will want to locate indecomposable modules within the
category of B-modules, and for this the index functions ¢y and ¢, for the tubular
algebra B can be used, they map the dimension vector of a module to its dot-
product with with _01 _01 _11 (1) (1) (1) 8 8 and 8 _01 _01 _11 (1) (1) (1) 8 , respectively. We recall

from [R, 5.2] that an indecomposable B-module of dimension type d is

in P 7, T, cQt 7. 7 77U c”
<0 1u,=0 fy:—b%i to>0 190>0 to>0 teo=10=0
if and and and and and and or
oo <0 1o <0 loo < 0 boo =0 1o >0 loo = 0 loo >0

where we use the abbreviations ¢y = to(d) and too = too(d). (We will come back
to the right two columns of the table below.) This finishes our description of the
tubular algebra B.

(1.2) The category C. We obtain C from the category of B-modules by re-
peatedly forming one-point extensions. Note that rad P(5") with dimension vector
1110 and rad P(7) with dimension vector 939999 both belong to the big tube in
7., thus we can form the corresponding ray extensions and obtain a component of
the following form for the two-fold one-point extension algebra B’ of the algebra

I N AT A A A
NN AN AN AN AN A N

01111000 00100000

01111100 oo1iii1io Lttt !
RS S |
N 7 N 7 N N/ N\ S N\
00010000 . 00000000 . 11111000 01111100 . 00000000 00100000 -00110000 -1
00010000 00001000 11111100 01111100 00111110 00111111 .1.0.00010000.0 |
NS NS NG

11111100 00000000 . _-'601006000 . ." 00010000

11111100 00111111 ©.-.00000000. - 00010000

11
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(The shaded area will be considered later.) We denote by 7/ the one-parameter
family of tubes obtained from 77 by forming these two ray extensions.

We claim that the category C has the following shape

where (C’,C") is a split torsion pair. Proof: For t > 6, we consider the full
subcategory C; of C formed by all modules with composition factors S(r), S(q’)
where 0 < r <t and 0 < q <t — 2. Of course, Cs is just the category of all B-
modules, and C7 is the category of all B’-modules, where B’ is obtained from B
by forming the one-point extensions with respect to the two modules rad P(5") and
rad P(7), as considered above. In general, C;;; is obtained from C; by forming
the one-point extensions with respect to the two modules rad P((t — 1)’) and
rad P(t 4+ 1). Inductively, we claim that C; has a split torsion pair (C;,C;) with

i =C for t > 7. For t = 7, this follows from the fact that B’ is obtained
from B using two ray insertions in a tube in 77 . It remains to be noted that
for ¢ > 7, the modules rad P((t — 1)") and rad P(t + 1) belong to C;. Indeed,
an indecomposable module M in Cy11\C; is given — as a module over the two-
fold one-point extension — by a homomorphism from a non-zero sum of copies
of rad P((t — 1)") or rad P(t + 1) to a module in C;, which must be in C; by
induction. So M is in C/,;.

As a byproduct of this result we can verify the information in the table
about the extension of the index functions tg and its, to the indecomposables in
C. First we observe that for each ray-inserted module M in 77/ both conditions
to(dimM) > 0 and 1o (dimM) = 0 are satisfied. Second, for an indecomposable
module M € C” which is a module over some iterated one-point extension of B,
the restriction Resg, (M) of M to @p is a (possibly empty) sum of modules in
T.

(1.3) The category CNS (6). We start with the observation that a module
M € C which is not in §(6) has the property that Home (S (i), M) # 0 for at
least one of the simple modules S(i’) where ¢ > 2 is a natural number. Using
the index functions we can locate the simple module S(2') in the tubular family
7., and all the simple modules S(t') with ¢ > 3 in the category C”. Thus, in C’
there is a single ray which contains modules not belonging to S (6), namely the
ray in 77 starting at S(2'), as shaded above. If we delete this ray, we obtain the

12
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following tube:

A A A A A
N N N N SN NS
\

I I
| |
| |
| |
| |
| |
| |
| |
| |
| |
|
|

01111000 00100000
01111100 00111110
N N /N /N J N\ T
I
00010000 . 00000000 . 11111000 01111100 . 00000000 00100000 . 00010000
00010000 00001000 11111100 01111100 00111110 00111111 00010000
11111100 00000000
11111100 00111111

After the ray-deletion, the arrows in this tube represent irreducible maps in
the category S§(6) NC. Thus the tube becomes an Auslander-Reiten component
for S(6)NC:

The Mono functor takes an object B = (B’ 2, B”) in H(n) to the embed-

ding Mono(B) = (Imb Incl B”) in §(n). Then the canonical map can: B —
Mono(B) is a minimal left S(n)-approximation for B, so can is left minimal and
each test map ¢t: B — C with C' € §(n) factors over it. In the above tube in
CNS(6), the arrows leaving the ray which is to be deleted represent maps of type
B — Mono(B).

Let 0 = A — B — C — 0 be an Auslander-Reiten sequence in C which
starts at an object A € C N S(6) that is not relatively injective. We obtain
the relative Auslander-Reiten sequence in C N S(6) as the lower sequence in the
following diagram (cf. [RS2, Prop. 3.2]).

0 A B —_— C — 0
H J{can J{can
0 A Mono(B) — Mono(C) — 0

It follows that the ray deletion yields a component in the Auslander-Reiten quiver

for CNS(6).

The two projective modules in this tube, P(7) and P(5'), are projective and
injective objects in the category S(6), as we recall from [RS2, Prop. 1.4].

Lemma 1.1. Let A be a commutative uniserial ring and P a projective-injective
A-module. The category S(A) has the following projective or injective objects:

(1) The object (P,0) is projective-injective in S(A) and has the following source
map and sink map

(P,0) Incl (P,soc P) and (rad P,0) incl (P,0).

(2) The object (P, P) is projective-injective in S(A) and has the following source
map and sink map

(P,P) &% (P/soc P,P/socP)  and  (P,radP) 22 (P, P).

13



RINGEL, SCHMIDMEIER

Denote by U the intersection of 7/ with S(6), i.e. U is obtained from T
by deleting one ray in the tube of rank 6, as illustrated above. Then the category
C N &S(6) has the following shape:

P Ty T u C"'nS(6)

——— D —

(1.4) The fundamental domain for S(6) under the shift. It is the part
D = TUU which is of interest for us, since it will turn out that D is a fundamental
domain for the shift on @ and that the structure of S(6) is as follows:

——— D[—l] - D ——— D[l] —_—

Theorem 1.2. For each indecomposable representation M in S(g) there 1s a
unique integer n such that M(n] is in D.

Proof: Let M € indS(6) be such that M; = 0 for all i < 0 and that M, #
0. The existence of n as in the Theorem is a consequence of the following five
claims. In the first three claims we show that either M, M[1], or M[2] occurs in
C'NS(6) =PUTyUT LUU; in the last two claims we verify that each module in
P U7y has a translate in D =7 UU. We conclude the proof of the Theorem by
verifying that the number n is indeed unique.

Claim 1. If M has the property that [y is not surjective, then M[2] is in C’.

Proof: For M such that 3y is not surjective, consider the subrepresentation N =
(>_ M) of M generated by the elements in ), ., My. The factor M/N has
the following dimension type: For each ¢ € Z, (M/N);y = 0 and (M/N), =
M;/Im(f3;). In particular, (M/N)g is non-zero. Viewing M /N as a representation
for the full subquiver of @ consisting of all points {i : i € Z}, we see that there
is a non-zero map into the injective representation P(5) for this subquiver. The
representation (M /N)[2] has the property that Gy and (31 are identity maps, and
hence the composition M[2] — (M/N)[2] — P(7) is a non-zero map in C. Since
P(7) isin C’, sois M[2]. v

Claim 2. If M is such that By is an isomorphism and (31 is not surjective, then
M1] is in C'.

14
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This assertion can be shown in a similar way. v

Claim 3. If M is such that both By and (31 are isomorphisms then M is in C’.

Proof: 1f both By and (3; are isomorphisms, then M is in C. Since My # 0 there
is a non-zero map M — I(0) = P(5’) to the injective envelope of S(0), so M is
in C'. v
Claim 4. The whole tubular family T belongs to U[—1].

As a consequence, we can use the notation 7y = U[—1].

Proof: The representations in 7; of dimension type a multiple of the radical
generator hy =12219 in the Grothendieck group Kj(ind By) are in 1-1 correspon-
dence via the shift M — M]J1] to the representations in U of dimension type
heo =32219° . (Each module M in U of dimension type a multiple of ho has
an isomorphism at (» since this map must be monic because the only modules
in C’ of dimension type a multiple of hs, which do not have a monic map at (o
occur in the ray starting at S(2’), which we have deleted.) Moreover, each module
M on the mouth of one of the three large tubes in 7 has its translate M[1] in
the corresponding big tube in U, see the diagram above. Since each tube is path

closed, we conclude that 7 is contained in U. v

Claim 5. FEach representation in P has a translate in D.

Proof: First, let us specify the shape of P including some of the dimension vectors
(as we have mentioned before, we always specify the numbers ds and dy with
0 < s <t for a suitable t). We indicate also to which subcategories U[t] or T|t]
the modules belong;:

110000

N VYN KN
¥ N VYN KN
N ¥ O N\V¥ N\ ¥

For each module M € P the index functions ¢y and ¢, can be used to specify
the tubular family of M. Here we show that most of the modules in P occur in
7[—1]. Let M € P be such that there is a path X — .-+ — M where X € P
is one of the modules of dimension type 13337 or 1337, and hence X € 71[-1] or
X e Ti [—1], respectively, and also a path from M to one of the modules Y on

15
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the mouth of some tube in 7;. So we obtain a path (i.e. a sequence of nonzero
homomorphisms between indecomposable modules)

X[1] == M1 = = V1]

with X[1] in 73 orin 73 and Y[1] in U; since D is path closed, M is in T[-1].
v
In order to finish the proof of Theorem 1.2 we verify that at most one translate
of an indecomposable module M occurs in D. Assume that an indecomposable
object M is such that both M and M]i] occur in D for some i > 0. Then there
is a path
X— o M—- > Mi—-—Y

where X € 7) and Y € U. Hence there is a path
X[]— =M1 —- = M[i]— - —Y

where X[1] € U by Claim 4. Since U is path closed, M[1] and M[i] are in U.
A quick glance back at the index functions shows that to(M) = 1o (M[1]) = 0,
contradicting our assumption that M isin D. v

(1.5) The Auslander-Reiten quiver for S(6).

Theorem 1.3. FEach Auslander-Reiten sequence in the category C N S(6) with
modules in D is an Auslander-Reiten sequence in the category S(6).

Proof: We show that each source map f : X — Y in C with X € D is left
almost split in S(6). Let T € indS(6) be a module and ¢ € Homs(X,T) a
non-isomorphism. Then either T' is in C and hence ¢ factors over f, or else by
Theorem 1.2, there is a positive integer j such that the shifted representation 7'[;]
is in D, so Homg (X, T) = Home (X [4], T[j]) = 0 since X[j] is in C” and (C’,C")
is a split torsion pair; thus, t = 0. v

In our main result we verify that the overall structure of the category S (6)
is as described in the introduction. Consider the following total ordering on the
index set [ = Z x Qf : Let (m,v) < (m’,') if either m < m’ or m = m’ and
v < 7" hold and define 7, = 7[m| for p = (m,v) € I. We have seen that
ind §(6) is the union UueIT
Theorem 1.4. For each p € I, the category T, is a Py (k) -family of tubes of type
(6,3,2), separating P, = |y, Tn from I, =]y, Ts in the sense that there is
no non-zero map from 7, to P, , nor from L, to T, or P, , nor between different
tubes in T, , and that each map from P, to I, factors through each of the tubes

In the proof we will use left C-approximations. For M € S(6) the minimal
left C —approximation M — €M is given by the obvious map:

e M_ 1/6—M0/<——M1/<——M2/ MoeMl e‘My
poodm e w o — || e
‘M—leMo<—M1<—M2"' MoeMleMz"‘
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Note that if M € |_|m<0 ind D[m] then the object M in C is a (sum of) modules
in PU7y

Proof: Let us first consider the tubes in a given category 7,. We claim that
each tubular family is a Py (k)-family of tubes of tubular type (6, 3,2). Indeed, U
being obtained from the category of regular modules over a tilted algebra inherits
its tubular type and the parameter set Py (k) for the tubes from the corresponding
hereditary algebra; and the study of wing extensions in [R, 3.4] and the categorical
equivalences induced by the shrinking functors in [R, 5.4.3] imply that 77, and
hence each 7, consists of a P; (k)-family of tubes of the same tubular type (6, 3, 2)
R, 5.6].

It remains to check the separation properties. To simplify the notation we
assume that p € I is such that 7, consists of modules in D. The separation
properties for test modules in D follow from the corresponding properties for
modules over the tubular algebra B. Let M € 7,,, M’ € D[m’], and M" € D[m"|
where m’ < 0 < m”. Using the fact shown above that (C’,C”) is a split torsion
pair, it follows that there is no non-zero map M"” — M and — as in the proof
of Theorem 1.3 — that there is no non-zero map M — M’. Moreover, any map
f: M — M" in S(6) factors over the left C-approximation M’ — M’ and over
the inclusion Resg, (M") — M": Since ©M’ is a sum of modules in P U 7] and
since Resg, (M") is preinjective, f factors through a sum of modules in the tube
of M in 7, [R, 5.2.2]. v

2. Coverings for Submodule Categories

In this section we show that the covering functor
S(n) — S(n)

is dense in case n < 6. As a consequence, we can describe the overall structure of
the submodule category S(6) and obtain a detailed picture for the indecomposable
modules in the nonstable family of tubes. With this information we can give the
proofs for the assertions 1, 2 and 3 in the introduction.

(2.1) Coverings. The categories S(n) and S(n) are contained in the categories
H(n) and H(n) of modules over the triangular matrix algebras with coefficients
in kAY /a™ and k[X]/X™, respectively. These two categories are related by the
covering functor

m: H(n) — H(n)

which maps an object (A’ 5, A) € H(n) where A = (4;) and A" = (4))

are kAL -modules to the map (@D A4} diag @ A;) € H(n) where the k[X]-
module structure on @ A; and € A is given by the operation of & on A and
A’. The group Z acts freely via the shift on the isoclasses of modules in H(n).

17
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According to [G, Section 3], there is an injection from the Z-orbits of isoclasses of
indecomposable objects in H(n) into the isoclasses of indecomposable objects in
H(n).

Also the corresponding statement for the subobject categories S(n) and S(n)
holds:

Proposition 2.1. The subcategory S(n) of H(n) is closed under the operation
of the group G = 7. The restriction of the covering functor m to S(n) maps an
object into the corresponding subcategory S(n) of H(n). Hence w|s induces an
injection from the G-orbits of isoclasses of indecomposable objects in S(n) into
the isoclasses of indecomposable objects in S(n). v

S(i) = H(@)

ﬂ|sl | lw
S(n) _nd | H(n)

We are interested in the case when the injection given by |s in Proposi-
tion 2.1 is bijective. For this we adapt the definition of locally support finite to our
situation.

Definition. The support supp M of a representation M € H(n) is the set of all
points x of the quiver @ for which M, # 0 holds. The category H(n) is said to
be locally support finite with respect to S(n) provided the union

Sy = U{SuppM : M €indS(n) and M, # 0}

is a finite set for each point x in the quiver. For a set S of points in ), we denote
by ST the set of all points y € @ for which there exists a non-zero path to or
from an element in S (thus, ST is the union of the supports of the projective and
the injective indecomposable objects in H(n) which correspond to a point in S).
Note that if S is finite then so is ST .

Theorem 2.2. Assume that H(n) is locally support finite with respect to S(n).
Then the restriction 7|s of the covering functor w: H(n) — H(n) induces a bi-
jection between the G-orbits of isoclasses of indecomposables in S(n) and the
isoclasses of indecomposables in S(n).

For the proof of Theorem 2.2 we use a lemma.

Lemma 2.3. Let S be a finite set of points in @ Suppose that a locally finite
dimensional module A € S(n)" has the property that its restriction to ST de-
composes in H(n) as Resg+ A = B®C where B has support in S. Then A itself
has a decomposition A= B @ D where B € S(n) and D € S(n)"d.

Clearly, S (K)lfd denotes the category of all locally finite dimensional repre-
sentations of () which satisfy the commutativity and nilpotency relations and the
extra condition that all maps 3; are monic.
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Proof of Lemma 2.3: If Resg+ A = B @ C is a decomposition as in the lemma,
then the required module D € S(n)" is constructed as in [DLS, Lemma 2]: For
each point x € Q put D, =C, if ¢ ST and D, = A, otherwise. Then D is a
module in H(n) satisfying A= B @ D. Clearly, B € S(n) and D € S(n)!d. v

Proof of Theorem 2.2: We need to show that the restriction of the covering functor
m: S(n) — S(n) is dense. Let M = (V,U,T) be an indecomposable object in
S(n). The pull up (4, A’) in S(7)" is the locally finite dimensional representation
such that A; = V and A, = U for each ¢ and such that the operation of each
arrow « is given by T'. Let x be a point of the quiver @ which is in the support
of (A, A”). Since H(n) is locally support finite with respect to S(n), the set S,
and its extension S, are finite. Hence the restriction Resg+ (A4, A) is a direct
sum of indecomposable objects in S(n). Let B be an indecomposable direct
summand so that B, # 0, then the support of B is contained in S,. Hence B
is an indecomposable finite dimensional direct summand of (A, A"), according to
Lemma 2.3. Tt follows from [DLS, Lemma 1] that M = 7 B. v

Let S be one of the categories S(n) or S(n) and let H be the corresponding
module category H(m) or H(n), respectively. We recall from [RS2, Prop. 3.2] how
Auslander-Reiten sequences in the submodule category S are constructed from
the corresponding Auslander-Reiten sequences in ‘H. Consider the Mono-functor

Mono: H — S, (B' LR B) — (Imb indl B).

If (A’ = A) is an object in & which is not relatively injective in & and if
0— (424 - (B 2B - (C50) -0

is an Auslander-Reiten sequence in the module category H, then the corresponding
Auslander-Reiten sequence in the category S is obtained by applying the functor
Mono to the middle and end terms:

0 — (A% 4) - (Imb ™ B) - (Ime ™€) — 0

Since the covering functor 7: H(n) — H(n) preserves Auslander-Reiten sequences,
and since it commutes with the Mono-functor in the sense that the following
diagram gives rise to an isomorphism for each object in H(n),

H(n) —— H(n)

MonoJ{ lMono

S(n) —— S(n)
|s

we obtain the following consequence.
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Proposition 2.4. The covering functor S(n) — S(n) preserves Auslander-Reiten
sequences. v

In Lemma 1.1 we have obtained a description of the projective and the in-
jective objects in § and their sink and source maps. It follows that the covering
functor S(n) — S(n) maps the projective and injective objects in S(n) to the
corresponding objects in S(n) and preserves their sink and source maps, respec-
tively.

As a consequence of Theorem 2.2, of Proposition 2.4, and of the above remark
we obtain the following relative version of [G, Theorem 3.6].

Theorem 2.5. The restriction of the covering functor m|s: S(n) — S(n) induces
an isomorphism of the quotient FS(;;)/Z of the Auslander-Reiten quiver of S(n)
modulo the shift onto the union of some connected components of the Auslander-
Reiten quiver I's,y of S(n). This functor m|s is dense if H(n) is locally support
finite with respect to S(n) . v

(2.2) The category S(6). First we observe that H(6) is locally support finite
with respect to S(6).

Lemma 2.6.
1. The support of an indecomposable module in the nonstable tube in U s con-
tained in

0,...,77U[0,...,5].

2. The support of an indecomposable object in one of the stable tubes in U is
contained in

Proof: The possible support of a module in the category S(n) is determined by its
position relatively to the projective and injective objects in the Auslander-Reiten
quiver. We have located all the projective and injective modules in Section 1. v/

The picture above Theorem 1.2 describes the overall structure of the category
S(6). According to Lemma 2.6 and Theorem 2.5, the covering functor S(6) — S(6)
is dense. As a consequence, the indecomposable objects in S(6) are in one-to-one
correspondence to the indecomposables in the fundamental domain D and the
Auslander-Reiten quiver for S(6) is obtained from the Auslander-Reiten quiver
for S(6) by identifying the shifted copies of D. For each tubular family 75,
v € Q(J{ , in D, denote the image under the covering functor by ’Z_fy We arrange

the tubular families along the unit circle by placing 7_:7 for v = £ at the point

)
eQTerJrq .

Q
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Ty
3
7. 3 T 1
T To
T3

Thus, homomorphisms in the infinite radical of S(6) go counterclockwise, as
indicated by the arrow. More precisely, the homomorphisms in the category S(n)
can be computed from those in S(n) by using the following formula.

Lemma 2.7. For M, N € H(n) there is an isomorphism of k-spaces

Homsy(ny (wM, wN) = [ Hom,, ~ (M, N[g)).
g€EZ

Proof: The assertion holds since the covering functor 7 is left adjoint to the pull up
functor F.[BG, 3.2] and since there is a canonical isomorphism F.rN =[], _, N|g]
|G, Lemma 3.2]. v

gEZ

(2.3) The nonstable tubular family. We conclude this section with a detailed
picture of the tubes in 75. We present an object (A C B) in S(n) as follows.

The k[X]-module B has the form B = @'_, k[X]/X* where the \; form
a partition with all parts bounded by n. We picture B by rotating the Young
diagram for the partition (\;) by 90° and by suitably adjusting the columns
in height and order. The submodule A is represented by the image of a set of
generators: If one generator has a non-zero entry in the ¢-th summand of B, say
the entry is in the j-th power of the radical but not the (j + 1)-st power, then
we put a symbol e in the j-th box of the i-th column. Symbols belonging to the
same generator of A are connected by a line. In fact, we will arrange the columns
of B in height and order in such a way that these connecting lines are horizontal
and short, as good as possible.

Ezample. The only objects in D where the total space has maximal support
[0,...,7] occur in the nonstable tube in &. The smallest indecomposable object
with this support is determined uniquely, up to isomorphism, by its dimension
type, which is 11221000 = Tt occurs at the first intersection of the ray starting at

P(7) with the coray ending at P(5'). Let (A C B) be the image of this object
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in S(k[X]/X®). It follows that B = k[X]/X% @ k[X]/X? ® k[X]/X® so the
partition representing B is (6,6,2). The submodule A has isomorphism type
A = k[X]/X® @ k[X]/X?, the two canonical generators are mapped to (0,1, X)
and (X%, X,0) in B.

[T]-

RN W W N e e
H R NNDROOO
?

[

[}

The pictures represent the Young diagram for B, the rotated Young diagram for
B with the columns suitably adjusted in height and order, and the same diagram
with the generators of the subgroup A indicated. On the left hand side of the
middle and the last diagram we list the entries of the dimension vectors of B and
A, respectively.
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The Nonstable Tube
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The Stable Nonhomogeneous Tubes in 7

N

S-St
SEERD D
E/%\a”%\@/%\é bl

The remaining tubes in the tubular family 7; are in one-to-one correspon-
dence with the monic irreducible polynomials in k[z| different from x and = — 1.
For such a polynomial p(z), let K be the field k[z]|/(p(z)) and let s be any nat-
ural number. Then the module k[z]/(p(x)®) is a vector space over the field K on
which the operator T' = p(X) acts K -linearly with nilpotency index s. Thus we
are dealing with the indecomposable K[T|-module K[T'|/T*. The modules in the
tube in 7y corresponding to p(x) can be pictured as follows, where \ represents
the class of = in K.

I I 1 1
| | I I
| | I I
| | | |
| | | |
| | | |
| | | |
| | | |
| | I I
| | I I
| | I I

—
-~

—
<

—
<

In this picture, a column of s boxes represents the K|[T]-module K[T|/T* where
K is the field extension given by the irreducible polynomial p(z). Note that when
A =0 or 1 then K =k and the above modules occur in the tubes of rank 2 and
3, respectively.

(2.4) Proof of the assertions 1, 2 and 3 in the introduction. As defined in
the introduction, the dimension type of an object M = (V,U,T) is the pair (v,u)
where v = dimV and v = dimU. In the category S(6), the type (12,6) plays
a particular role as “most” indecomposable objects have a dimension type which
is an integer multiple of (12,6), and as the remaining modules are determined
combinatorially. In essence, the assertions 1, 2 and 3 in the introduction follow
from [R, Theorem 5.2.6] which states that the category of modules over a tubular
algebra B is controlled by the associated integral quadratic form yp.
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Let M be an indecomposable B-module where B is the tubular algebra
from Section 1. By [R, Theorem 5.2.6], the dimension vector d of M is either a
root or a radical vector for xp. In the first case M is determined uniquely, up to
isomorphism, by d and conversely, every vector d which is a root of xp can be
realized by an indecomposable module. If d is a radical vector for xp then there
are infinitely many isomorphism classes of indecomposable modules of dimension
vector d provided only that the underlying base field k& has infinite cardinality.

Let us deal with radical vectors first. According to [R, Theorem 5.1.3(c)],
the radical vectors corresponding to index + form a free abelian group of rank 1
containing

— . 1221000 . 0122100
T’Y - q 1233210 + p 0123321
where v = % with p and ¢ nonnegative integers which are relatively prime.

It follows that r, is a generator of this group. Suppose that k is a field of
infinite cardinality, v = § € Qar as above, and m € N. Then there are infinitely
many indecomposable objects, up to isomorphism, of dimension vector mr, in
7, U 7. Under the covering functor, they correspond to an infinite family of
pairwise nonisomorphic objects of dimension type m(p + ¢q) - (12,6) in 7,. In
particular if 47 = 0, then for each m € N and X € k\{0,1} we have pictured at
the end of (2.3) an indecomposable module of dimension type m - (12,6) which
occurs in the homogeneous tube in 7y corresponding to the monic irreducible
polynomial = — .

Now suppose that a dimension type (v,u) is given which is not an integer
multiple of (12,6). We show that there are only finitely many indecomposable
subspace configurations of this dimension type, up to isomorphism, and that this
number n(v,u) does not depend on the choice of the base field k.

Let n/(v,u) be the number of roots of yp for which the corresponding index
v is in Q7. (Clearly, this number is finite since there are only finitely many con-
nected dimension vectors of type (v,u), up to the shift.) This is the number of
indecomposable objects in T = I—lveQ+ 7, which under the covering functor cor-
respond to an indecomposable subspace configuration of dimension (v,u). There
may be further subspace configurations of this dimension, but they must corre-
spond to objects in the tubular family 7, and hence occur in one of the three
non homogeneous tubes which we have pictured in (2.3). Say there are ng(v,u)
such objects; again, this number does not depend on the choice of the base field
k because the operations which we performed on the tubular family 7/ work for
every base field, and the number is finite because within each tube the dimensions
tend to infinity with increasing distance to the mouth. Then we can compute
n(v,u) as the sum n'(v,u) +ng(v,u). We have seen that this number is finite and
independent of k.

XX XXX XXX XXX XXX XX XXX XXXXX

This finishes the proof of the assertions 1, 2 and 3 in the introduction.

(2.5) Operators which are not nilpotent.
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The more general case where the linear operator does not act nilpotently on
the vector space can be reduced to the nilpotent case, as we are going to show.

In this section, let (V,U,T") be a triple consisting of a finite dimensional k-
vector space V', a subspace U of V and a linear map 1T': V — V which maps U
into U. We denote by minp(x) the minimal polynomial for 7'

Suppose that this polynomial factors as
ming(z) = py* (z) - - - p* (x)

where the p; are pairwise distinct monic irreducible polynomials. Then the vector
space V' has primary decomposition

V=V, & --aV,  wheethe V, = {veV|pl(T)(v)=0}

are invariant subspaces of V' with minimal polynomials mingy, (z) = p;" ().

Since U is an invariant subspace of V', the minimal polynomial for T'|U is a
divisor of the minimal polynomial for 7" and hence U has a corresponding primary
decomposition U = Up,, @ ---® Up, . Thus,

<V7U7T) = (‘/;917Up17T‘V;D1) S - D ( pstps7T|Vs)

is a decomposition where each operator 7|V, has a minimal polynomial which is
a power of an irreducible polynomial.

As modules over the ring k[x]/(p;(x)), the spaces V,, and U, are vector
spaces over the finite extension field K; = k[x]/(p;(x)) on which the linear operator
Si; = p;(T) acts nilpotently.

In conclusion, we have reduced the decomposition problem for the triple
(V,U,T) where T is an arbitrary k-linear operator to the corresponding problem
for the triples (V),, Uy, , Si) where S; is a K;-linear operator which acts nilpotently.

3. A Sort of Double Covering for S(6)

In Section 1, all stable tubes in the fundamental domain of the category S (6)
have been obtained as tubes of regular modules over the tubular algebra B. In
this section we exhibit a slightly more complicated finite dimensional algebra C'
which provides a corresponding model for two adjacent fundamental domains of

S§(6). Thus the regular C'-modules form a sort of double covering for S(6).

(3.1) The algebra C'. Here is the algebra C', given by the following quiver with
relations

/

t

-~

4’
o ©
:': o
4

o0 €— O

O<— 0w
O<— Oow

N
w
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such that in addition any composition of six of the horizontal maps in the middle is
zero. In case we need a notation for the arrows, we will use the following notation:

e the horizontal arrows ¢1—1 «— ¢ will be denoted by p; or just p,
e the horizontal arrow 4’ «— 5 by pf,

e the horizontal arrow 2" « 3" by p¥.

e the vertical arrows ¢ < ¢’ will be denoted by ;.

e the vertical arrows " « i will be denoted by ¢;.

In order to see the relationship to S (E) one has to deal with the kernels
Vs =Keres and Vi = Keres.

of the two lower vertical maps ¢;; thus a representation V of C' with both p4 and
s injective yields the corresponding object E (V) in S(6).

Vo Vi %4 Vy Vy Vs 0 0
N T T T
Vo Vi Va V3 Vy Vs Vs Vz

(3.2) The structure of the category of C-modules. Consider the following
three subquivers which yield algebras Cp, C1, C that are tame concealed of type
E7 :

o o (@] (@] o o
0 1 2 .3 4 5
%
O=<—0O
2// 3//
4/
o o
Cy: o o o<i—o o )
1 2 3 i/ P4 5 6
o
3// 4/ 5/
O <— O
L
@) (o] [e] @) @) [e]
2 3 4 5 6 7
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The preprojective component of Cj is a component of C':

100000 ......... 010000 AAAAAAAAA 001000 AAAAAAAAA 000000 AAAAAAAAA 111100 AAAAAAAAA
00 00 10 01 00
~N A N A N 7 N\ A~ \ 7
110000 011000 001000 111100
00 10 11 01
~N 7N 7 N\ 7 X\ 7 ™\
111000 011000 112100
10 11 11
000000+_ 000000_ 111000_111000_ 122100_011100 123210/ \ /
10 > 11 > 11 > 00 > 11 > 11 > 22 > > >
N 7y N 7\
111100 12211
\0 A\

The radicals of the projective modules P(6) and P(4’) belong to the mouth of
the 4-tube of Cj, here is the corresponding component:

NN AN AN A
AN A N AN A N

If we insert the rays starting at P(4’) and P(6), we obtain the following tube:

1
I
I
N /N N N S O\
0 0 0 |
0010000 «-+---- 0001000 ~«-+---- 1111100 |
00 01 00 |
N N S N S
1 0 |
1111100 ------- 0111110 |
00 11 |
/ \I
0
0111111 ------- 0010000
11 00

It follows that the union of Cy and C; is a tubular algebra of tubular type
(6,3,2). By duality, the union of C; and C5 is also a tubular algebra of tubular
type (6,3,2).

The 4-tube of (4 is contained in the following 6-tube of C', the coray-
insertiones for adding the vertices 0 and 2” and the ray insertions for adding

the vertices 7 and 5 yield two projective-injective modules:
y J y
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AN 7 N AN
NS NN A
7N\ AN

v
Y N ¥

00 00 1
00010000 «---e--ee 00001000 =«--eeeee 11111
00 00

In conclusion, the category mod C' has the following shape. Note that the
indecomposable regular C;-modules are contained in the tubular families labelled
7; for i =0,1,2.

C 0 Ol 02

(3.3) The representation embedding into S(6). Let us call an indecompos-
able C'-module regular provided none of its summands occurs in one of the compo-
nents P or Z. Then the correspondence V — E(V') from the introduction to this
section gives rise to a representation embedding from the regular C'-modules into
S (6) . For this we show that every regular representation has the property that the
maps €5 and €3 are epimorphisms and the maps p4 and ps are monomorphisms.
Clearly, for a representation M € mod C' the following conditions are equivalent.

€9 surjective iff Hom(M, oooooooo) =0
g3 surjective Hom(M (3”)) =0
g injective Hom(S ( ) M)=0
W5 injective Hom( 000000007 M) =0

We have already seen that the modules S(3"”) and 000330, Occur in the component
11
P, and dually, the modules S(4") and ,op08600 are both in 7.
00

Thus, the regular C'-modules are embedded in S(6) as follows: The tubular
families 7y and 73 in C-mod are contained in the subcategories U[—1]| and U[1]
of S(6), and there are equivalences between each of the three full subcategories
T, 7y, and 7' of C-mod and the corresponding subcategories 7', U, and T[1]
of §(6):
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The regular Cy-modules correspond to the regular By-modules (see Sec-
tion 1) by taking cokernels; and hence, via the representation embedding E, they
give rise to all the indecomposable modules in the tubes in U[—1] in S (6), with
the exception of several modules on two rays and two corays in the tube of rank
6. Thus 7y, being obtained from the tubular family in Cy-mod by a twofold ray
insertion, is a full subcategory of U[—1] in S (6), and dually, the tubular family
75 of C'-mod becomes a full subcategory of U[1]. On the categories 7, 73 and
7', the representation embedding F induces an equivalence. To verify density
it suffices to note that the support of objects in 7 UU LU T[1] coincides with the
support of C' since the injective I(—1) = P(4') lies in U[—1] in S(6) and the
projectives P(6’) and P(8) are in U[1]; moreover, each object M in 7 UU UT[1]
has the property that the maps po and p; are isomorphisms, this follows from
the injective modules 1(0) = P(5) and I(1)" = P(6) being contained in U[—2]
and U[—1] in S(6), respectively.

Combining the embedding of the regular C'-modules in & (6) with the cov-
ering functor 7: S(6) — S(6) we obtain the double covering mentioned in the
introduction.

C’—reg 8(6)

Part B. Operators with nilpotency index different from 6.

4. General considerations.

(4.1) The boundary modules. We will extract a lot of information about the
shape of the submodule category S(n) from our study of the boundary modules:
They form the 7s-orbit to which the two projective-injective objects are attached.
In this section, let A be a commutative uniserial ring. We consider the two pro-
jective objects in S(A), P and P’, their radicals R = rad P and R’ =rad P’, the
end terms of their source maps J and P’/A, and the simple and the quasi-simple
representations S and A.

P = (A,0) P= (A A)

R = (radA,0) R = (A rad A)

J = (A,socA) P'/JA = (A/socA,A/socA)
S = (socA,0) A = (socA,socA)
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Note that in case n = 2, there are three pairs of isomorphic representations
in S(A); otherwise for n > 2, all the above representations are pairwise noniso-
morphic. Using arguments from [RS2] we show that these modules form a part of
a component of the Auslander-Reiten quiver for S(A) of the following shape.

Clearly, the inclusions of the radicals R — P’ and R — P are sink maps in
S(A); and according to Lemma 1.1, the maps incl: P — J and can: P’ — P'/A
are source maps. In order to verify that the nonprojective modules form an orbit
under the Auslander-Reiten translation 7s we recall from [RS2, Theorem 5.1] the
formula for the translate of an indecomposable nonprojective object a € S(A):

Ts(a) = Mimo 75 Cok(a)

We explain the three steps used for the computation of 75(a). For this, we display
objects in S(A) as maps between A-modules, so a is given by an inclusion map
(a: A — A). Let (a”: A — A”) be the cokernel of a, then the Auslander-
Reiten translate in the category A-mod gives rise to a morphism 74 (a”) in the
category modA which we represent by a map @ in the full subcategory mod’ A
of all A-modules which have no non-zero injective direct summand; this map a is
determined uniquely, up to a morphism which factors through an injective module.
From this we obtain 7s(a) by making @ a “minimal monomorphism”:

Mimo(a) = [ae]: B — B®I(Kera)

where e is an extension of the inclusion map Kera — I(Kera) to B. According
to [RS2, Proposition 4.1], the isomorphism class of Mimo(a) in S(n) does not
depend on the choice for @ nor on the choice for e.

For example, consider the case that a = A = (1x: k — k) where k =
socA. Then a is just the cokernel map (0: & — 0), and making this map a
monomorphism yields Mimo(k — 0) = (incl: £k — A), so the translate is given by:
Ts(A) = J. Similarly,

7s(J) = Mimo(7a(A — A/k)) = Mimo(0 — A/k) = (0 - A/k) =R etc.

In the situation where A = k[X]/X™, the boundary modules in S(n) occur
in the image of the covering functor 7|s: S(n) — S(n). Thus, for each boundary
module B € S(n) there is an orbit under the shift of boundary modules BJi],
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i € Z, in the category S(n). We index the boundary modules such that i =
max{j € Z : B[i]; # 0} holds. We obtain the following (part of an) orbit of
boundary modules in S(7n).

Thus, the boundary modules in S(n) exhibit a shift M +— M[n — 6] given by
the sixfold application of 7s; we will see how this shift characterizes the shape of
the Auslander-Reiten quiver of the category S(n), and how it contributes to the
number of indecomposable objects.

(4.2) The stable part. Frequently we will use [HPR, Theorem 2]: A connected
component C of the Auslander-Reiten quiver I' which contains a 7-periodic mod-
ule has stable part of the form ZD /@ where D is a Dynkin diagram or A,, and
 is an admissible automorphism of ZD. This result applies in particular to each
of the categories S(n) since here every module has 7s-period a divisor of 6 [RS2,
Corollary 6.5].

5. Submodule categories of finite representation type

For each n <5, the category S(n) is of finite representation type as we will
see. In each case, we present the Auslander-Reiten quiver and display every one of
the indecomposable modules. It turns out that the number s(n) of indecomposable
objects in §(n), up to isomorphism, is given by the formula

s(n) = 2+2(n—1)

—n

which we will discuss in (5.6).

(5.1) The case n = 1. The category S(1) is semisimple, the only indecompos-
ables are (0 — k) and (1x: k — k).

(5.2) The case n = 2. In the category S(2), among the eight boundary modules
there are the two projective-injective representations and in addition three pairs
of isomorphic representations. If X is a nonprojective boundary module in §(2)
then the isomorphism 72X 2 X |[—2] implies that there are two 7s-orbits of stable
boundary modules in S(2), one containing X, the other one containing X[1].
These two orbits are connected as for example the Auslander-Reiten sequence

32



INVARIANT SUBSPACES OF NILPOTENT LINEAR OPERATORS. I.

ending at A demonstrates, and together with the projective-injective modules
form the following component of the Auslander-Reiten quiver of S(2):

110000 000000 001100 000000 000011
110000 001100 001100 000011 000011
. 010000 000000 - - -001060 - - - 000100 000000 - - -0000%0 - - -
.. .0loooo ' "001000° ° ° 001100 ° 000100 ° " °000010° ° * 000011 "
000000 * ~* * 010000 * ° 001000 © ' *000000° * ° 000100 ° ° 000010 : ' 000000
010000 . . . '011000 " . . 001000 000100. . . ‘000110 ~. . 000010 000001
000000 011000 000000 000110
011000 011000 000110 000110

Thus, all indecomposables in & (5) are boundary modules. The Auslander-Reiten
quiver for S(2) is as follows. Here and for the following representation finite
categories we use two presentations for the objects in the Auslander-Reiten quiver:
First, we represent each module by the dimension vector of a corresponding object
in S(n) and second, we display the embedding of the submodule by using box
notation as introduced in (2.3).

110 5!
100 010 % ’ \
100 010 o] B me
000 010 \ﬁ\
........ 050 on D H
N
000 E
011

(5.3) The case n = 3. We derive the shape of the Auslander-Reiten quiver for
S(3) from our knowledge about the boundary modules. Since the boundary mod-
ules are pairwise nonisomorphic, the formula 78X = X[-3] for a nonprojective
boundary module X in the covering category & (g) implies that there are 3 orbits
of boundary modules in the stable part ZD of S(g), more precisely, the orbits
containing X, X[1] and X|[2], are pairwise disjoint. The automorphism of ZD
given by M +— M][1] permutes these three orbits and hence gives rise to an auto-
morphism p of the Dynkin diagram D of order three. The only Dynkin diagram
D admitting such an automorphism is D = D,. Thus, the shape of the stable
part of I's(sy is determined as ZD,/ 72p. Here is the Auslander-Reiten quiver:

1110 @
1110 . )
0000 1100/ \0110 / ' \
A N c T\ ..... P @\. o
B }223*15$8$8}88/>81?8\>3323 A . ;@;%E-si
O N 7 N AN AN
100" 0000 0100 o B g E
1100 0110 0111 C .
0000 \ B %
0111
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(5.4) The case n = 4. Here again the boundary modules are pairwise nonisomor-
phic, and the formula 78X = X[-2] for a nonprojective module in the covering
category S(Z) yields two orbits of boundary modules in the Auslander-Reiten
quiver for S(Z) The automorphism on the stable part ZD of this Auslander-
Reiten quiver given by the shift M — M[1] permutes these two orbits and induces
a nontrivial action ¢ of order two on the Dynkin diagram D. Hence, D is of type
Ay, D,, or Eg. First we compute the dimension vectors of the indecomposables

in the Auslander-Reiten sequences containing a boundary module.

i10000. . . .121000. . . .011000. . . .011000. . . .012100. . . .001100. . . .001100
122100 - - - 122100 - - - 012100 - - - 012210 - - - 012210 - - - 001210 - - - 001221
... e10000 - - - 111000 - - - ©11000 - - - 011100 - - - 001000 - - - 001100 - - -
©. . oripo0t ot 1121007 ° " 0I1100° 0 T0QT2210° ° ° " 0011107 1001211 °
010000 " °  "00000O" ° - °"111000° * ° "OT1100° ° ' "000000° * * "001000° " ' *000100
010000 001000 111100. . . .011100 001110. . . .001111 000100

111100 000000

111100 001111

The dimension vectors in the 7s-orbit next to the boundary modules correspond to
indecomposables (since at least the first one does); they have period six, up to the
shift. This excludes the case that D has type D,, for some n, as the shift M —
M]1] maps the central axis of the diagram ZD,, onto itself. Hence, the modules
in the second orbit next to the boundary modules must be indecomposable. They
occur with period three, up to the shift, so either D = A5 or D = Eg holds.
For dimension reasons, the case D = Ay is not possible: The Auslander-Reiten
sequence starting at 119 would have to have a middle term which is the direct sum

1221

of the extension of 21 and 2% and the extension of ;1 and 5999 ; but clearly, there

3 1100 010 1110 1210 3 3
is no exact sequence 0 — 1309 — 019 @ 139 — 1319 — 0, a contradiction. Hence,

D = Eg and the Auslander-Reiten quiver for S(4) has stable part ZFEg/T3¢:

00000 E
01111
11100 00000 01000 00100 ﬂ . \
AlHOO 00000 o000 oo B Bl B
AN AN N AN AN A
11100 01000 01100 o R o R .
12210 01110 01211 . %Q%ﬂ .
NN L AN TN AT
11000 12100 01100 01100
Bl Rt e s B B g e g -
\01000/ \11100/ \01100/ \ B / A \%/ ' \ @ /
01100 11210 01110 G IR & A I
01000 00000 \\$31100 01110 ./?(' :T§\ A'%7{:':\§¥" /?{ :'?xk:
COIOOO ........ 00100 T 11110 OlllOA E AAAAAAAAAAAAAA D AAAAAAAAAAAAAA . A . ' . A . ﬁ
N oy A
11110 E
11110
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(5.5) The case n = 5. For the construction of the Auslander-Reiten quiver for
S(5) we use the methods of Section 1. Here is the result.

000000 111110
011111 111110
111100 . 000000 010000 . 001000 . 000000 . 111100 011110
111100 011110 011111 001000 000100 111110 011110
111100 010000 011000 001000 111100 011100
122210 011110 012111 001100 111210 011110
111000 121100 011000 011000 112100 011100 011100
122210 122210 012110 012211 112210 011210 012221
121000 122100 011000 221000 012100 011100
122210 123210 012210 123321 012210 012321
1210001110004 1220000110005 122100, 1111004 _1221004_0110005_0221004_0111005_0121005_001000,_012100
1232107 1121107 1232107 0111007 123310° 1122107 1233207 011110° 023321> 0122117 013321> 001110> 012321
011000 111000 122100 011100 011000 012100
012100 112210 122210 012210 012221 012211
011000 ......... OOOOOO ......... 111000 ......... 011100 ......... OOOOOO ......... 011000 444444444 001100
011000 001100 111110 011100 001110 011111 001100

[IIIT]
. I TTTe]

BT
N unon P

A4

'__;__;E¥3§E¥]_;__;__t]jrjj

Ry

A

VN
TN |
T
G e

RO
NG
.22{//

N

©

Let us indicate how I's(s) is constructed. We consider the algebra B given
by quiver and relations, as indicated.

O (@]
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The algebra B has a preprojective component; here is a sketch of the left
hand part.

P(4’).:I(O)
/ ANP(3)[1]
o .- [ ]

o . e @ e O creeens S et
STPEY N NGNS\ SN SN
(] o Ape Qe o o - o

In D', the set of indecomposable B-modules located between the two diago-
nals in the diagram, each module M for which one of the vertical arrows [3; is not
represented by a monomorphism lies on the sectional path starting at the simple
module S(1'). By deleting this path in D’ we obtain D = D' N S(5). It follows
from the three claims below that the Auslander-Reiten quiver is as pictured.

Claim 1. The set D is the fundamental domain in S(5) for the shift.

Proof: It M € indS(5) satisfies that M, = 0 = M, for 2 < 0 and My # 0
then either [y is not an epimorphism and there is a path (even a non-zero map)
M][1] — P(5) in the category C, as seen in the proof of Claim 1 in (1.4) or else Gy
is an isomorphism and there is a non-zero map M — I(0) = P(4’) in the category
C. As a consequence, either M[1] or M occurs in C. Since all modules in C\D’
have a translate in D with respect to the shift, D is a full set of representatives
for the orbits under the shift of the indecomposable representations in S(5). v/

Claim 2. FEach source map in mod B starting at a B-module in D s a source
map in S(5).

Proof: Let X be an object in D and f: X — Y a source map in mod B. We
show that any non-isomorphism ¢ : X — T for T € ind S(5) factors over f. Let
j be such that T'[j] isin D. If j > 0 then X[j] and T[j] are both modules
over an algebra B’ which is obtained from B by performing one point exten-
sions at radicals of projective modules, as in (1.2). We obtain: Homg(X,T) =
Homp/ (X[j],T[j]) = 0. Similarly, if 7 <0 then X and 7" are both modules over
a suitable extension algebra B’ of B; in this case ¢ factors over f since [ is a
source map in the category mod B’. v

Claim 3. Let X be an object in D. FEither the Auslander-Reiten sequence in
mod B starting at X isin S(5), or X is the projective-injective module P(5), or
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else X is one of the modules A;, 0 < i < 3, in the above diagram, and the relative
Auslander-Reiten sequence starting at X has the form 0 — A; — Aj 41 @ Ci_1 —
C; — 0 where C_1 =0.

Proof: See Lemma 1.1 for the source map of P(5); the four maps labelled “a”
in the diagram are left S(5)-approximations, so the Auslander-Reiten sequence
starting at one of the A; is as claimed. v

(5.6) A formula for the number of indecomposables. The number s(n) of
indecomposable objects in S(n) is predicted by the formula s(n) = 2+2(n—1)52-.
If the stable part of I's(,) is of type ZD/¢, then the Auslander-Reiten quiver
of S(n) has stable type ZD and we read off from the sequence of boundary
modules that within each interval of six 7s-translations in ZD there will occur
6 — n translates of each boundary module. This accounts for the factor % in
the formula. By checking each case we have seen that the Dynkin diagram D
has 2(n — 1) points — the other factor in the formula; so we have encountered
2(n —1) - 6_% indecomposables. The remaining two indecomposables are the

projective-injective ones which are not represented in the stable part.

In the table below we list some numerical data about the Auslander-Reiten
quivers of the categories S(n). By ¢, we denote the automorphism of the Dynkin
diagram induced by the shift M — M|[1] (whenever applicable).

n 1 2 3 4 ) 6
2(n — 1) 0 2 4 6 8 10
stable part of Tg= | =  ZA ZD, ZEq ZEs (&
6—n ) 4 3 2 1 0
order of ¢, — 2 3 2 1 —
o 2 3 2 3 6 o
Ts-period — % 2 3 6 6
stable part of I's,) | — ZAQ/T%LPQ ZD,/1%p3 ZEg/m3ps ZEg/T° @
2+2(n—1)2 2 5 10 20 50 oo
# indec. in I'g(y) 2 ) 10 20 50 o0

We would like to point out that the formula s(n) = 2+42(n— 1)z~ predicts
the number of indecomposables correctly for all values 0 < n < 6. In the case
where n = 6 (and where s(6) is predicted correctly as oo), even the first factor
2(n—1) in the formula can be interpreted as the number of points of the underlying
diagram. In fact, we have seen that the category S(6) arises as a coextension of a
tame concealed algebra of type Eg and in this sense is associated with 84+1+1 =
10 = 2(6 — 1) points.
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6. Two Remarks about Wild Submodule Categories.

In the cases where n > 7, the categories S(n) and S(n) have wild represen-
tation type. In fact, it is shown in [RS1] that for any commutative local uniserial
ring A of Loewy length 7 the category S(A) is controlled k-wild where & is the
radical factor field of A.

In this section we use the boundary modules and our knowledge about the pe-
riodicity of the translation to describe the connected components of the Auslander-
Reiten quiver for S(n) and S(n) where n > 7. Moreover, we construct an in-
decomposable object in S(7)d which does not have finite support. As a conse-
quence, for n > 7 the category S(m) is not locally support finite and hence the
covering functor m|s in Theorem 2.5 is not dense.

(6.1) The connected components of the Auslander-Reiten quiver.

Proposition 5.1. Let n > 7. B
(a) Each component of the Auslander-Reiten quiver I' for S(n) has stable part
of type ZAs . All components in T are stable with the exception of n — 6
components which contain boundary modules.
(b) The stable part of each component of the Auslander-Reiten quiver I' for S(n)
is a tube of rank 1, 2, 3, or 6. All components are stable with the exception
of one tube of rank 6 which contains the boundary modules.

Proof: (b) Let C be a connected component of I'. The length function on C
gives rise to a subadditive function on the stable part of C which is an unbounded
function since C is not a finite component. Under the Auslander-Reiten transla-
tion, every indecomposable module in I" has a period which is a divisor of 6 [RS2,
Corollary 6.5] and hence C contains periodic modules. Thus [HPR, Theorem 2]
implies that the diagram of the stable part of C is ZA./G where G is an ad-
missible group of automorphisms of ZA,,. More precisely, the stable part of C
is a tube of rank a divisor of 6. Since the boundary modules have 7s-period 6
whenever n > 3, we obtain that both projective-injective indecomposables occur
in one tube of rank 6. L

(a) A connected component C of I' cannot contain any periodic modules if
n > 7, since for every object M in such a component there is an isomorphism
TSM = M[n—6]. Since the component C of the Auslander-Reiten quiver for S(n)
corresponding to C under the covering functor has stable part a tube of rank a
divisor of 6, the category C must have stable part ZA,,. In S(n), there are n —6
Ts-orbits of boundary modules, they give rise to the n — 6 nonstable components
in T". v

(6.2) Objects in S(n) with large support.

Proposition 5.2. For n > 7, the category S(n) is not locally support finite.

Proof: We construct a finite dimensional indecomposable representation N and a
locally finite dimensional indecomposable representation M such that there is a
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short exact sequence
0— M[l] — M — N —0.
We present our construction of M and N for the case n = 7 and the component

of T NG containing the boundary modules (but this construction works for any
n > 7 and any other component, too).

012121000

012233210
011121000

012233%;: /71
7N
N

7
Y

N

011121000
011122100

A

111121000
111122100

N

Y N XN
VRN
Y N XN\
N XN ¥

NN 4N

N ¥
N KON/

¥ N /£ N
N ¥ N Y

000010000 011111000 000000

000011000 011111100 111110
000010000 000000000, 111111000 011111100 000000000 001000000, 000100000
000010000 000001000 111111100 011111100 001111110 001111111 000100000

111111100 000000000

111111100 001111111

We start with the module N with dimension vector ;2121999 and with a sectional
path A(4) — N formed by irreducible maps. Note that 7NN is just the module
N|[1], and the Auslander-Reiten component exhibits a non-split extension 0 —
NJ[1] — N?[1] = N — 0. Here we sketch a part of the component:

N2[1] N2 N2[—1]

A(5") A1) A(3') A(2)

Similarly we obtain for each m € N an indecomposable module N™*1[m] and a
nonsplit extension

0 — N[m] — N™*[m] 22 N™[m — 1] — 0

and define (M, vy, : M — N™[m—1]) to be the limit of the inverse system (¢;);en -
[ et

The module M is locally finite dimensional of dimension type giggg 111; 141d.
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and each map 1, is the canonical map modulo M[m]. Moreover, the mapping
property of the inverse limit yields a map M|[1] — M which has cokernel N.

We claim that M is indecomposable in S(7)d. Let M = U @&V be a direct
sum decomposition in S(7)14. We assume that U and V are both non-zero and
fix ¢ € N such that Uy # 0 and Vy # 0. Since ¢y(M ), = M, we obtain a proper
decomposition 1y(M) = 1(U)@&1e(V), in contradiction to the indecomposability
of (M) = N*[¢ —1]. v
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