1. Opening: Kronecker modules.

1.1. The Fitting lemma.

We start with a typical result from Linear Algebra, namely the Fitting lemma for
endomorphisms of finite dimensional vector spaces. Later, we will consider a more general
version.

Fitting Lemma. Let V be a finite dimensional vector space and f: V — V an
endomorphism. Then there are subspaces Vo, V' of V. with V.=V, & V' such that f(Vy) C
Vo, and f(V') C V' and such that the restriction of f to Vi is nilpotent, whereas the
restriction of f to V' is injective.

Moreover, these subspaces are uniquely determined. The following stronger property
holds: Let U be any subspace of V. with f(U) C U. If the restriction of f to U is nilpotent,
then U C Vy. If the restriction of f to U is injective, then U C V.

Proof: We have
flocf?0c--Ccffoc .

(For z € f7t0 we have f!(x) = 0 and therefore fi*'z = (.) This is an ascending chain of
subspaces of V and V is finite dimensional, thus there is some n such that f~'0 = f~"0
for all t > n. Similarly, we have

fVOfVD--.DftVD....

(For x € f'*'V we have x = fttly = fi(fy) for some y € V. Thus z € f'V.) This is a
descending chain of subspaces of V' and V is finite dimensional, thus there is some n’ such
that f~'0 = f =0 for all t > n/. Without loss of generality, we can assume n’ = n.

Let Vo = f~"0 and V' = f™V. We show the various assertions:

(1) Vo nV' = 0. Proof. Let z € Vo NV'. Since € V' = f"V, there is y € V with
x = f"y. Since x € Vo = f~"0, we have f"x = 0, thus f2"y = f"x = 0. This shows that
y € f~2"0 = f"0, thus z = f"y = 0.

(3) Vo+V’ = 0. Proof. Let v € V and consider f™v. This is an element of f*V = f2"V,
thus there is some w with f"v = f?"w. But this implies that f"(v — f"w) = 0, thus
v— ffw e f7"0. Now v = (v — f"w) 4+ f™w shows that v € Vy + V.

(3) fVo C Vp. Proof. Let v € Vy, then fmv = 0, thus f*(fv) = f**tv = 0 and
therefore fv € V.

(4) fV' CV'. Proof. f(V') = f(f"V)=ftv C f*v =V".

(5) The restriction of f to Vj is nilpotent. Proof: f™(V;) = 0.

(6) The restriction of f to V' is injective. Proof: We have V/N f~10 C V' N f~"0, and
the latter is zero by (1).

Now, let U be a subspace of V with fU C U.

(7) Assume that the restriction of f to U is nilpotent, say let f™U = 0 for some m.
Then U C f~™0 C f~"0=Vj.

(8) Assume that the restriction of f to U is injective. Then fU = U, since U is finite
dimensional. Therefore also f"U = U. But then U = f"U C f"V =V".

This completes the proof.



Exercise: In the setting of the Fitting lemma, show:

(a) If f~™0 = f~"710, then f~"710 = f~"720 (and thus f~t0 =
f~"0, for all t > n).

(b) If f*V = f**1V then f**V = 2V (and thus f'V = fmV,
for all t > n).

1.2. What are Kronecker modules?

Definition: A Kronecker module is of the form M = (My, May; My, M) = (V, W, «, )
where V. = M; and W = M, are k-spaces, and o« = M, and 8 = Mg are k-linear
maps V. — W. The dimension of M is by definition dim M = dim M; + dim M5. One
special (but trivial) example should be mentioned right away: A Kronecker module M =
(My, My; M, Mg) with M; and My both being zero spaces (and thus M,, Mg both being
zero maps) is said to be a zero Kronecker module (or, sometimes, the zero module) and
will be denoted just by 0 = (0,0;0,0).

Two Kronecker modules M, M’ are isomorphic, provided there are isomorphisms
fi My — Mj and  fo: My — M,
of vector spaces such that the following two equalities hold:
faMo = M, f1, and  faMg = Mjf.

In this case, we say that f = (f1, f2): M — M’ is an isomorphism (of Kronecker modules)
and if such an isomorphism exists, then we write M = M’.

Show: (a) If f = (f1, f2) is an isomorphism, then also (f; ', f5 ') is
an isomorphism.

(b) If f = (fi,f2): M — M" and g = (g1,92): M' — M" are
isomorphisms, then gf = (g1 f1,92f2): M — M" is an isomorphism.

Lemma. Let M = (M, My; M, Mg) be a Kronecker module with M, invertible.
Then M s isomorphic to M' = (M, My;1, M *Mg). Here, the map M/ = 1 is the
identity map of M;.

Proof: Define an isomorphism f = (f1, f2) : M’ — M by taking f; = 1, the identity
map of My, and fo = M,. Note that

foMl = My = Mufi, and foMp= MM, "Mg= Mg= Mgsf.

We call a Kronecker module M a band module provided both M, and Mg are invertible.

Corollary: Any band module is isomorphic to a band module M’ with M{ = M and
M! being the identity map.



Proof: We only have to observe that with Mgz also M, * Mg is invertible, thus M’ as
given by the lemma is again a band module.

(Of course, any band module is also isomorphic to a band module M" with M{" = MY
and M being the identity map.)

Recall that two endomorphisms ¢, ¢’ of a vector space V are called similar, provided
there is an automorphism f of V' such that f¢ = ¢'f.

Exercise: Let V be a finite dimensional vector space, and ¢, ¢’ en-
domorphisms of V. Then (V,V,1,¢) is isomorphic to (V,V,1,¢') if
and only if ¢ and ¢ are similar.

Some Kronecker modules can be visualized quite well, namely the socalled string mod-
ules. For example, consider the following labelled graph:

« 0 « 0 « I} P,

This means the following: The upper bullets symbolize the basis vectors of the vector
space V', the lower ones the basis vectors of the vector space W, the edges are considered
as arrows pointing downwards. There is just one arrow labelled « starting at the first
upper bullet: this means that this vector is sent under « to the basis vector represented
by the bullet where the arrow ends (here: the first bullet in the lower row). If we label
the basis vectors of V' and of W from left to right, we see that we obtain the following
matrices:

100 000
wo [0 0) g1 00
00 1| 010
000 00 1

This Kronecker module will be denoted by P = (k3, k%, o, 3). In general, we may define
P, for n > 0 as follows:

Pn - (kn7 kn+17 a?ﬁ)?

where «, 3 are obtained by adding to the (n x n)-identity matrix one additional zero row:
for a the additional row is added as the last row, for § as the first row:

1 0 o - 0
- 5 1 0
o = N =
0 1
0 0 0 1

For reasons which will become apparent later, these Kronecker modules P, (with n > 0)
are said to be the preprojective ones. Note that Py = (0, k;0,0).
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Similarly, consider the following labelled graph:

A Sa A\ JSa B\ Jfa @

Again, the upper bullets symbolize the basis vectors of the vector space V', the lower ones
the basis vectors of the vector space W. Since there is no arrow labelled « starting at the
first upper bullet, the corresponding vector is sent under « to zero, and so on. Thus, here
we deal with the Kronecker module

01 00 1 000
Qs= (k" k%0 0 1 0|,[0 1 0 0])
00 0 1 00 1 0

Again, in general, we may define Q,, for n > 0 as follows:

Qn = (kn+17 kn? Cl{,ﬁ),

where «, 3 are obtained by adding to the (n x n)-identity matrix one additional zero
column: for a the additional column is added as the first column, for g as the last column:

0 1 0 1 0 0

0 0 1 0 1 0
Again, it later will be clear why these Kronecker modules @,, (with n > 0) are said to be
the preinjective ones. Note that Q¢ = (k,0;0,0).

Two other sequences of string modules have to be mentioned, those of the form Ry[m]
and R..[m|, and with m > 1. For example, for m = 3, these are given by the graphs

A A

The general definition is as follows:
Ro[m] = (K™, k™, I,,, N(m)), Rs[m]= (K", k™, N(m), L),

where I, is the (m x m)-identity matrix and N(m) is the (m x m)-Jordan block with
eigenvalue 0:

0 1 0
N(m) = ,
0 0



Here is now the precise description of those Kronecker modules which will be called
string modules: there are the preprojective ones P,, the preinjective ones @),, and the
regular ones Ry[m] and R.[m], with n > 0 and m > 1.

If two Kronecker modules M, M’ are given, the direct sum M @ M’ is defined as follows:
M @M = (M ® My, My ® My; Mo, & M, Mg & Mg).

(If V, V' are vector spaces, we denote their direct sum by VoV/. If f: V. — W, f': V! — W’
are linear transformations, we also can form the direct sum f& f: VeV — W e W’ in

terms of matrices F, F’, the direct sum operation is defined as the matrix FOF' = [I(j 12, } )

Using induction, we define direct sums with an arbitrary finite number of summands:
If M9 with 1 < i <t are Kronecker modules, then we write MY @ ...ee M® or also
@221 M@ for the direct sum of these Kronecker modules; this is defined using induction
on t as follows: For ¢t = 0, this direct sum is the zero module, and for ¢t > 1, we put

MO @ ..o M® = (Mu) o .. @Mu—l)) o M®.

In this way, we define finite direct sums of Kronecker modules. Of course, one may extend
this definition in order to deal with infinite direct sums, as well.

Structure Theorem for Kronecker Modules. If M is a finite dimensional Kro-
necker module, then M is isomorphic to a direct sum of string modules and a band module.

The proof is not at all obvious! Before we start with the proof, let us make some
comments.

1.3. Preliminary consideration.

Let M = (M, Ma; M,, Mpg) be a finite dimensional Kronecker module. By definition,
the defect M of M is

If M is a band module, then M = 0. If M is a string module, then we obtain the following
values:
(P,) =—-1, d(Ro[m]) =0, §(Rx[m])=0, Q) =1,
for allm > 0,m > 1.
We need some more vocabulary concerning direct sums. First of all, given Kronecker
modules N and M, we say that N is a direct summand of M provided M is isomorphic to
N® N’ for some Kronecker module N’. A Kronecker module M is said to be indecomposable

provided M is non-zero, and satisfies the following condition: if M is isomorphic to the
direct sum M’ @& M" of two Kronecker modules, then M’ or M" is zero.

It is obvious that any finite-dimensional Kronecker module M can be written as a
direct sum of indecomposable Kronecker modules (as usual, this statement means for a
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zero module that one considers it as a direct sum with no summand at all): if M is
non-zero, then either M is indecomposable (and we consider it as a direct sum with just
one summand) or else M = M’ @ M"” with non-zero Kronecker modules M’ M". By
induction on the dimension, we can assume that M’ and M" are written as direct sums
of indecomposable Kronecker modules and therefore this is also the case for M. A famous
theorem which we will encounter later (the Krull-Remak-Schmidt theorem) asserts that
such a direct sum decomposition is unique up to isomorphism.

Note that the structure theorem for Kronecker modules asserts, in particular, that any
indecomposable Kronecker module has defect —1,0, or +1.

It is worthwhile to spend some time looking at the two one-dimensional Kronecker
modules Py = (0, k;0,0) and Qo = (k,0;0,0). A Kronecker module M is said to be Py-free
provided Py is not a direct summand of M. Similarly, we say that M is Qy-free provided
Qo is not a direct summand of M.

Lemma. Let M = (M, Msy; M, Mg) be a Kronecker module.

(a) M is Py-free if and only if MMy + MMy = Mo.

(b) M is Qq-free if and only if M0 N Mﬁ_lO =0.

Proof. (a) Consider a Kronecker module M which is not Py-free, thus M is isomorphic
to N @ P for some Kronecker module N. Now N @ Py = (N1, No & k; N, N3), thus the
image N,Np of N, as well as the image Ng/N; of Ng both are contained in the subspace
N> © 0 of Ny @ k, and this is a proper subspace. This shows that also M, M; + Mgl is
a proper subspace of M.

On the other hand, start with an arbitrary Kronecker module M and choose a subspace
C' of My such that (M,M; + MgM;) & C = M,. Then

M = (MlaMQ;MOmMﬁ>
- (M17 (MaMl + M/BMl) S C? MOM Mﬁ)
= (MhMaMl + MBMl; MouMﬂ) D (070?070)

Of course, (0,C;0,0) is a direct sum of copies of Py. Thus, in case MMy + Mgl is a
proper subspace of Ms, then C' is non-zero, and thus (0,C;0,0) has at least one direct
summand F.

(b) Now consider a Kronecker module M which is not Qo-free, thus M is isomorphic
to N @ Qo for some Kronecker module N. Now N @ Qo = (N1 @ k, No; N, ® 0, Ng @ 0),
and the kernel of N, @® 0 as well as that of Ng © 0 both contain the subspace 0 ® k of
N; @ k, and this is a proper subspace. This shows that M_ 10N MB_IO is non-zero.

On the other hand, start with an arbitrary Kronecker module M and choose a subspace
C of M; such that (M;'0N MB_10) @ C = M;. Then

M = (M, My; My, Mpg)
(M '0NMg10) @ C, Ma; My, Mpg)
= ((M;'0N M;'0),0;0,0) & (C, My; Mo, Mpg),
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and (M;10N Mﬁ_lO, 0;0,0) is a direct sum of copies of Qg. Thus, in case M 0N MB_IO is
non-zero, there is at least one direct summand ().

Looking at the two maps M,, Mg: My — M, given by a Kronecker module, we may
combine them to a single map in two different ways, namely as

[Ma Mﬁ]ﬁMl@M1—>M2,
M,
|:M5:|M1 %MQEBMQ.

Note that the image of [M, Mgl is MMy + Mg, whereas the kernel of [%ﬂ} is
B

M;onN M[;lo. It follows:
a) M is Py-free if and only if | M, Mag| is surjective.
(a) y 3 ]

(b) M is Qo-free if and only if {%‘l] is injective.
B

1.4. The reflection functors o, and o_.

Starting with a Kronecker module M = (M, My; M, Mp) we are going to define two
new Kronecker modules oy M and o_ M (these constructions are “functorial”, but this will
be explained only later).

First, we define 0y M. Let U be the kernel of the map

[Mo Mg]: My ® My — My,

with inclusion map u: U — M7 & M;. We denote the two canonical projections My & M, —
M; by py and py (to be precise: if (z,y) is an element of M; @ M, where x,y € My, then
pi(z,y) = z, and pa(z,y) = y), thus we can write u = {?Z} :U — My & M. Let
2
oM = (U, My; p1u, pou), this is again a Kronecker module.
We will need the following property which is easy to verify: If M and M’ are isomor-
phic Kronecker modules, then also o M and oM’ are isomorphic.

(1) 04 M is Qo-free. This follows immediately from the construction: the map LI; ! ] =
u is injective.

(2) 04+ M =0 if and only if My =0, thus if and only if M is the direct sum of copies
of Py. Proof: If My # 0, then, by definition, o, M # 0. On the other hand, if M; = 0,
then also U = 0, since U is a subspace of M; & M;, thus o4 M = 0.

(3) If M is Py-free, then there is the following exact sequence:

D2t (M, Mgs]
0—-U0—M oM ——

M2—>O.
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(4) If M is Py-free, then
dimoy M =dim M + 26M, and &(oyM) = 0M.
Proof. Let dim M; = a, dim My = b. Then dim U = 2a — b, according to (3), thus
dimo; M =dimU +dimM; =2a —b+a = (a+b)+2(a —b) = dim M + 26 M.
Also,
(o M) =dimU —dimM; = (2a—b) —a=a—b=0M.

(5) If M, M'" are Kronecker modules, then o (M & M') = o, (M) ® o (M'). Proof:
Again this is obvious. We have to construct the kernel of the map

[ Mo @ M, Mg® Mj]: (My© M) @ (M, @ M{) — My © M,
but this map is the direct sum of the two maps

(Mo Mpg]: My® M, — M, and [M, M,]: Mj @M — M),

Next, we define o_ M. Let Y be the cokernel of the map

H\ﬁg] : My — My ® Mo,

with canonical projection q: Ms @ My — Y. We denote the two canonical inclusions My —
My @ My by i; and 9 (to be precise: for z € My, let i1z = (2,0) € My @ M, and
ioz = (0,2) € My @ M,), thus we can write ¢ = [qi1  qis| : Mo ® My — Y. Let 0_M =
(M>,Y'; qi1, qiz). Again, this is a Kronecker module. Also: If M and M’ are isomorphic
Kronecker modules, then also o_M and o_M' are isomorphic.

(1*) 0_M is Py-free. This follows immediately from the construction: [qi; gqis] = ¢
is a surjective map.

(2%) o_M = 0 if and only if My = 0, thus if and only if M is the direct sum of copies
of Qo. Proof: If My # 0, then, by definition, c_M # 0. On the other hand, if My = 0,
then also Y = 0, since Y is a factor space of My @ Ms, and therefore oM = 0.

(3%) If M is Qo-free, then there is the following exact sequence:

M . .
0— M, 3 M, & M, [qin  qiz]

Y — 0.
(4%) If M is Qo-free, then
dimo_M =dim M —26M, and d§(c_M)=JIM.
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Proof. Let dim My = a,dim My = b. Then dimY = 2b — a, thus
dimo_M =dimMs +dimY =b+2b—a=(a+b) —2(a—b) =dim M — 20M.

Also,
d(o_M)=dimM; —dimY =b—(2b—a) =a—b=0M.

(5%) If M, M’ are Kronecker modules, then o_(M & M') = o_(M) @ o_(M"). Proof:
Again, we only have to notice that we consider the cokernel of the map

M, @ M,

but this map is the direct sum of the two maps

M/

M,
[Mﬁ:|:M1—>M2@M2, and [Mé

}M{%Mé@Mé

Now we combine the two constructions:

(6) If M is Py-free, then o_o M = M. Proof: We start with the exact sequence
exhibited in (3), in this way, we obtain oy M. Now we have to construct the cokernel Y of

p1u

the map [p ul U — M; & M; in order to obtain o_o M. Thus, we have to deal with
2

the following commutative diagram with exact rows:

p1u
pau (Mo Mg]
0 U MioM —— My —— 0
| | E
piu [qi1  qiz]
pa2u

Here, the map f is obtained, since Y is the cokernel of {zlz} and [M, Mzg] {zlz} =0
2 2

Since [M, Mpg] is surjective, it follows that f is bijective. But this means that (1, f) is
an isomorphism o_oy M — M.

(6%) If M is Qo-free, then o o_M = M. Proof: Here, we start with the exact sequence
exhibited in (3*), in this way, we obtain o_M. Now we have to construct the kernel U
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of the map [qi; qiz]: Ma @ My — Y in order to obtain oyo_ M. Thus, we have to deal
with the following commutative diagram with exact rows:

i

0 —— M 2220 e M lon_aia] o 0
E | |
0 —— U —— My My ———— Y 0
lpm] [qiv  qi2]
p2u

Here, the map g is obtained, since U is the kernel of [gi; ¢qis]| and [qi1  qio] Héo‘} =0.
B

Since Héo‘] is injective, it follows that g is bijective. But this means that (g,1) is an
B

isomorphism M — o,0_ M.

(7) If M is indecomposable and not isomorphic to Py, then oy M is indecomposable.
Proof: Consider Kronecker modules N, N’ with 0. M = N @ N’. According to (6) and
(5%), we have

M=c_o M=o N&N')=0_N@&o_N'.

Since we assume that M is indecomposable, one of the Kronecker modules on the right
has to be zero, say o_ N’ = 0. But then, by (2*), N’ is a direct sum of copies of Q. On
the other hand, (1) asserts that oM and therefore also N’ is Qo-free. This shows that
N’ =0.

(7*) If M is indecomposable and not isomorphic to Qq, then o_M is indecomposable.
The proof is similar to the proof of (7).

Exercises.

(a) Isomorphic modules are sent under o (as well as under o_) to
isomorphic modules.

(b) If M is a Kronecker module, then M = (6_o,M)® N, where N
is the direct sum of copies of P.

(b*) If M is a Kronecker module, then M = (6,.0_M) @ N, where
N is the direct sum of copies of Q.

(These assertions strengthen (6) and (6%).)

(c) If N, N" are Kronecker modules, then

dim(M & M') = dim M + dim M’, and
S(MeM)=5M+5M'.

1.5. Interated use of the reflection functors.
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(8) Let M be a finite dimensional Kronecker module. If M is indecomposable and
dM < 0, then M = (o_)'(Py) for some natural number t.

Proof: We use induction on the dimension of M. Obviously, there are only two
Kronecker modules with dim M = 1, namely M = Py and M = (. Since we assume that
OM < 0, we see that M = PF,. Thus, assume that dim M > 1. In particular, M is not
isomorphic to Py, and since M is indecomposable, it is Py-free. According to (4), we see
that

dimoy M =dim M +20M < dimM and 6(0c4M) =M <O.

Also, according to (7), o+ M is again indecomposable. Thus we can use induction in order
to conclude that o4 M = o_(Fp) for some natural number ¢. According to (6)

M=o o,M=0_(0-)"(P)=(0-)"(P).
This completes the proof.

(8%) Let M be a finite dimensional Kronecker module. If M is indecomposable and
OM >0, then M = (04)'(Qo) for some natural number t.

The proof is similar to the proof of (8).

(9) 0_(Pi_1) 2 P, for any t > 1, and thus P; = (o_)' ().

Proof: Recall that P,_; = (k=1 kt; o, ) with «, 3 being matrices as specified above,
thus

1 0
. 0 1
...... - 0 - 0
s L

L0 i

(here, the upper and the lower blocks both are the (¢t — 1) x (¢ — 1)-identity matrix,
altogether there are 2t rows and t — 1 columns. We have to determine the cokernel q of the
corresponding map k'~! — k2! given by this matrix. The cokernel g is the map k?* — k*!
with the following matrix

0O -~ 0 -1 0
1 0

0 —1
0 1 0 0

(here, on the left side one deals with a zero row above the ¢ x t-identity matrix, on the
right side one deals with a zero row below the negative of the ¢ x t-identity matrix). It is
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sufficient to check that the composition of the matrices is zero and that the new matrix
has rank ¢ + 1 (the latter is seen by looking just at the first ¢ + 1 columns).

Now the matrix for the cokernel is not yet what we want — we have to construct new
bases of kf and k**! so that the maps a = qi1, 3 = ¢io are given by the required matrices:
we have to renumber the given bases and multiply any second element with —1. Let us do

this at least once explicitly! We denote the canonical basis of k! by vy, ..., v;, that of k/*1
by w1, ..., wsr1. Then
a(v;) = wip1, and B(v;) = —w;.
Now, let ‘ ‘
vi = (=1)'v1-4, and w; = (—1)"wiio_;.

Then

a(v)) = a((=1)'vis1-4) = (~)'wesz s =,
B(oY) = BU(~1) vrs1—s) = (~1) (~wps1 i) = s,

thus with respect to the new bases, the matrices obtained for o and 3 are precisely the
ones exhibited for P;.

(9%) 04 (Qi—1) = Qq for any t > 1, and thus Q; = (04)"(Qo).

Again, this is the dual statement. For the proof one just can use the transposes of the
matrices presented in the proof of (9).

Exercise: Show directly that P; is indecomposable (for example, us-
ing matrix calculations). Then (8) provides another proof of (9).

Corollary. Let M be a finite dimensional Kronecker module. If the defect of M is
negative, then M has a direct summand isomorphic to some P;. If its defect is positive,
then M has a direct summand isomorphic to some Q.

Thus the indecomposable Kronecker modules of non-zero defect are the preprojective
and the preinjective string modules. In particular, §M is equal to —1,0, or +1 for any
indecomposable Kronecker module.

A finite dimensional Kronecker module is said to be regular provided any indecompos-
able direct summand has defect zero. We denote the class of regular Kronecker modules
by R. The picture which one always has to have in the mind, is the following;:

P P P Py Py R Qi Q-1 Q2 Q1 Qo
preprojectives preinjectives
regular
negative defect zero defect positive defect
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here, the action of o4 on the preprojective part as well as on the preinjective part is the
shift to the left, thus

U+( ):07
or(P) =P, for t>1

04+(Qt) = Qg1 for =0

o

whereas o_ is the corresponding shift to the right. On the regular part, both o, and o_
provide permutations of the isomorphism classes

(10) Let M be indecomposable. The following conditions are equivalent:
(i) M is not isomorphic to one of the Kronecker modules Py, ... P;.
(i) (o)1 M #0.
(i) (o4) (o) (M)

12

M.

(10*) Let M be indecomposable. The following conditions are equivalent:
(i) M is not isomorphic to one of the Kronecker modules Qo, . .. Q.
(i) (o)1 M #0.
(it}) (o)1 (o)1 (M) 2 M.

Before we proceed, we need a further concept, that of a submodule. Let M =
(My, My; M, Mg) be a Kronecker module. Assume that there given subspaces N1 C Mj,
and Ny C My such that M,N; C Ny, and M,N; C N,. If we denote by N, and Ng the
restrictions of M,, respectively Mg to Ny, then clearly N = (N1, Na; Ny, Np) is again a
Kronecker module, and we say that N is a submodule of M and write N C M. Since
the maps N,, Ng are determined by M,, Mg, it is suffient to specify (INi, N2). If N is
isomorphic to a submodule of M, we say that N can be embedded into M.

In case N is a submodule of M, we define the corresponding factor module M /N as
follows:

M/N = (Ml/Nh MQ/NQ;MQ,M/Q),

where M, Mg are the linear transformations M; /N1 — My/Ns induced by M, and Mg,
respectively.

(11) If the Kronecker module M has a submodule isomorphic to Q¢ for some t, then
M has a direct summand of the form Qs with s < t.

Proof: We show this by induction on ¢t. The case t = 0 is obvious, thus we assume
that ¢t > 0. Let M’ C M with M’ = Q;. We apply o_ both to M and to M’, thus, we get
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a commutative diagram with exact rows:

M/
i |
M| =L Myo My, —+— Y’ 0
oo e
My ——— My ® M, Y 0
M, a
{Mﬁ]

where uq,us are just the inclusion maps. Here we obtain f since Y’ is the cokernel of
M/ A . ! .
* | and q(ug @ us) vanishes on the image of MC," . Let Y” be the image of f, and
Mg Mg ¢
u: Y” — 'Y the inclusion map. We obtain the following commutative diagram

My® M, 7y

luzéBug J/u

My®d My —— Y
q

which shows that the upper row yields a submodule N of o_M, namely N; = M} and
Ny =Y. Since Y is a factor space of Y/, we see that dimY” < dimY’. We calculate the
defect of N:

SN = dim M} — dim Y"” > dim M} — dim Y’ = §(c_M') = 6M’ =1

using (4%). It follows that N has a direct summand of the form @, see the corollary of
(8%). Since

25+ 1=dimQ,; <dim N <dimo_M' =dimQ; 1 =2(t—1) + 1,

it follows that s < t—1. Altogether, we have shown that o_ M has a submodule isomorphic
to Qs for some s <t — 1.
By induction, o M = Q,. & N’, for some r < s. We have

040 M=Z0,Qr ©oyN =ZQr1 @0 N,

using (5) and (9*). In this way, we see that oy o_M has a direct summand of the form
Qr+1 and 7+ 1 < s+ 1 < t. On the other hand, o 0_ M itself is a direct summand of M,
thus also M has a direct summand of the form @, ;.

(12) Let M be an indecomposable Kronecker module and assume that M has a sub-
module isomorphic to Q¢ for some t, then M = Q.

14



Proof: According to (11), we know that M has a direct summand isomorphic to
Qs with s < t. But since M is indecomposable, it follows that M = Q5. In particular,
dim M = 2s+1. But Q)¢ is a submodule of M and dim @)y = 2t+1, therefore 2t+1 < 2s54-1.
The inequalities together yield s = t.

Exercises.

(a) Find the dual statements for (12) and (12),

(b) Show that in contrast to (12) the asserting of (11) cannot be
improved to s = t. Namely, for any ¢ > 1, let M be the direct sum
of t copies of 1. Define explicitly a subspace N; C M; such that
N = (N1, Ms) is isomorphic to Q.

(¢) Show that for any vector space V', the Kronecker module

(Vo V,V,[1 0],[0 1])

is a direct sum of copies of ().
(d) Show that any Qo-free Kronecker module M = (M7, Mo, M, Mg)
can be embedded into the Kronecker module

(My ® My, M, [1 0],[0 1]).

(Assertions (c) and (d) together show: Any Qo-free Kronecker mod-
ule can be embedded into a direct sum of copies of @Q;.)

1.6. Regular Kronecker modules.

Submodule characterization of the regular Kronecker modules. A finite di-
mensional Kronecker module M with zero defect is reqular if and only if )N < 0 for any
submodule N of M.

Proof. First, consider the case of M being regular. If N is a submodule of M with
positive defect, then M has a direct summand with positive defect, according to (8*) and
(11), impossible. The reverse implication is trivial: If we assume that all submodules
N of M satisfy 0N < 0, and N is a direct summand of M, say M = N @& N’, then
0=0M = 6N + SN’ implies that both N =0 = dN’.

Corollary. Let M be a regular Kronecker module. Any submodule N of M of defect
zero s reqular.

Proof: With M also N satisfies the submodule condition.

Let R’ be the class of finite dimensional Kronecker modules M with M, being bijec-
tive; and R the class of finite dimensional Kronecker modules with Mg bijective and
(Mg)~tM,, nilpotent. Of course, both R’ C R and R C R.

Proposition. Any regular Kronecker module M is the direct sum of a Kronecker
module in R’ and a Kronecker module in Ro.
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The proof is by induction on the dimension of M = (M, My, v, 3). If dim M = 0,
nothing has to be shown, since the zero module belongs both to R, as well as to R'.
Thus assume that M is not the zero module. If M, is invertible, then M belongs to R’'.
Thus we assume that « is not invertible. Since dim My = dim M, this means that « is
not surjective. Let Na be a subspace of codimension 1 of My which contains the image of
M,. Let Ny = 71(NNy), this is a subspace of M;. Obviously, the map 3 induces a map

B: My/Ny — My/Ns,

and (3 is injective, since N7 = B~ !(N,). Now, by assumption, dim Ms/Ny = 1. Note
that M is Py-free, thus aM; + M7, = Ms, in particular M, is not contained in Ny and
therefore 3 # 0. This shows that dim M;/N; = 1. Therefore dim N; = dim N5. Since by
construction aN7; C Ny, SNy C Na, we have constructed a submodule N = (N7, Nao) of M
of defect zero. By the corollary above, N itself is regular.

By induction, we write N = N’ @ N” with N’ € R’ and N” € Ro. We claim that
there exists © € M; \ Ny such that ax € NJ. Namely, choose x € M; \ N1 and consider aur.
Now ax € Ny = Nj + Ny, thus we write ax =y + y” with ¢ € N} and y’ € NJ. Since «
is bijective for M’, there exists 2’ € N7 with a(2’) = ¢’ and therefore a(x —2') =y € NJ.
Note that with z also x — &’ belongs to M; \ N;. Thus replace z by = — .

Now, starting with an element € M; \ N; such that ax € N}, we define a submodule
M" = (M{, ML) of M as follows:

M{ = N{ +kx, and MJ = Nj + k(Bx)
(it is obvious that this is a submodule). Note that
(+) N{ + M/ = N + N/ + kz = Ny + kz = M;.

It follows that Sz ¢ Na, since otherwise (Mj, N3) would be a submodule of positive
defect. In particular, Sz ¢ NJ, and therefore 3: M{ — MY} is invertible. Also, since
B~ ra(z) € Ni’ and B« is nilpotent on Ny, we see that 3 1« is nilpotent on M. This
shows that M” belongs to Rao.
If follows from (x) and dim M; = dim N{ 4+ dim M7, that N N M7 = 0. Similar, we
have
Ny + My = Nj + N + k(Bx) = Ny + k(Bz) = My

and dim My = dim NV} + dim MY, thus N; N MJ = 0.
Altogether we see that M = N’ @ M"”, where N’ € R’ and M"” € R,. This concludes
the proof.

Let Ro be the class of finite dimensional Kronecker modules with M, bijective and
(M,) ! Mg nilpotent, this is a subclass of R'.

Theorem. Any Kronecker module in R’ is the direct sum of a Kronecker module in
Ro and a band.
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Proof: When we deal with a Kronecker module M = (My, Ms;«, 3) in R/, we can
assume up to isomorphism that « is the identity map, thus we can assume that M =
(V,V;1,3) where V is a finite dimensional vector space and [ an endomorphism of V.
Now we just have to apply the Fitting Lemma.

Theorem.

(a) The indecomposable Kronecker modules in R are the Kronecker modules Roo[m)]
with m > 1.

(b) The indecomposable Kronecker modules in Ro are the Kronecker modules Ro[m)]
with m > 1.

Proof. (b) As we have mentioned, when dealing with a Kronecker module M =
(My, Ma; o, ) in R’, we can assume up to isomorphism that « is the identity map, thus
we can assume that M = (V,V;1,3) where V is a finite dimensional vector space and 3
an endomorphism of V. In case M belongs to R, the map [ is nilpotent and we can use
the Jordan normal form for nilpotent endomorphisms.

The proof of (a) is obtained by interchanging o and S.

This completes the proof of the Structure Theorem for Kronecker modules.

1.7. Homomorphisms.

We did not yet consider homomorphisms of Kronecker modules in general, in particular
we did not yet consider endomorphism rings of Kronecker modules. The only homomor-
phisms of Kronecker modules which were discussed in some detail were the isomorphisms
as well as the submodule inclusions.

Let M = (My, M2; My, Mp) and M' = (M{, M3; Mg, Mj) be Kronecker modules. A
homomorphism f: M — M’ is a pair f = (f1, f2) of linear transformations f1: M; — M|
and fo: My — MY} such that

M. fi = faMa, and Mgjfi = foMp.
We denote by
Hom(M,M') ={f: M — M'| f is a homomorphism}.
the set of homomorphisms from M to M’. Claim: This is a vector space (over our base field
k). Namely, recall that for any pair of vector spaces V, V', the set of linear transformations
V — V' is considered as a vector space using the socalled “pointwise” addition and scalar

multiplication: If ¢,1: V — V' are linear transformations, and A\ € k, then ¢ + v and \¢
are defined by

(@ + 1) (v) = ¢(v) + ¥ (v)



Now, if f = (f1, f2) and g = (g1, g2) belong to Hom(M, M'), then, by definition

ftg=(fi+a,f2+g2)
)\f - <)\f17)‘f2)7

note that these are again elements of Hom(M, M’). Also, one varifies without difficulties
that in this way Hom(M, M’) becomes a vector space. Note that the zero element of
Hom(M, M’) is the pair (0,0) (it will be denoted just by 0).

Of course, if M" is a further Kronecker module, then we can compose homomorphisms

f=(f1,f2): M — M and " = (f], f5): M' — M" as follows

f'f = (fifr, fof2).

The obvious assocativity and distributivity rules hold; also, for A € k, we have (Af')f =
F'(Af).

Homomorphisms f: M — M are called endomorphisms and instead of Hom (M, M)
we write End(M). The identity maps 1p, and 17, combine to what is called the iden-
tity homomorphism 1, = (1p7,,10,): M — M. The notion of an isomorphisms f =
(f1, f2): M — M’ has already been introduced: these are precisely the homomorphisms
with both f;, fo being invertible. If f: M — M is an isomorphism, then we can consider
=t = (fi—1, fo—2): M’ — M, this is again an isomorphism and we have f~1f = 1,,
and ff~! = 1,p. In case M is not the zero Kronecker module, the scalar multiples A1,
of 1j; form a one-dimensional subspace of End(M). Thus, if we write End(M) = k, this
just means that any endomorphism of M is given by scalar multiplication.

When dealing with Kronecker modules, the following assertion is of great importance:

Theorem. Let M, N be Kronecker modules. Then there is a vector space isomorphism

Hom(o_M,N) =2 Hom(M,oN).

The experienced reader will see that this means that the pair of
functors (0_, 0, ) is an adjoint pair.

Proof: Let f = (f1, f2): oM, N) be a homomorphism. Consider the following dia-

gram
M,
MB q
My ———— My ® M —_— Y — 0
lf1€9f1 lfz
0O — U — Nl@Nl NQ 0
“ [Ma Mﬁ]
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Since w is the kernel of [M, Mpg], it follows that there exists a linear transformation
fo: My — U such that the following diagram commutes:

i

M, ————— My @ M,

lfo lf1€9f1

U — N M

but this just means that (fo, f1): M — o4 N is a homomorphism. It is easily checked that
the mapping (f1, f2) — (fo, f1) commutes with addition and scalar multiplication, thus
we obtain in this way a linear transformation

n: Hom(oc_M, N) — Hom(M, o, N).

Conversely, assume there is given a homomorphism ¢ = (g1, ¢2) in Hom(M, o, N).
Then we look at

)

Mg q

M1 E—— MQEBMQ _— Y —— 0
lgl lgz@gz

0 —— U I Nl@Nl NQ 0

[No Ng]

Now we use that the map ¢ is a cokernel map, thus we obtain g3: Y — Ns such that the
following diagram commutes:

MydM, —L1 . vy

but this just means that (g2,93): 0 M — N is a homomorphism. It is obvious that the
two constructions (f1, f2) — (fo, f1) and (g1, 92) — (g2, g3) are inverse to each other, thus
n is a vector space isomorphism.

Theorem. If M is an indecomposable Kronecker module and Hom(Q¢, M) # 0, then
M = Qg for some s < t.

Proof: Assume that M is not isomorphic to Qs for 0 < s < t. Then, according to
(10%), (o) (o)1 M = M and therefore

Hom(Q, M) = Hom(Qs, (04)+ (o)1)
= Hom((0-)"™*'Q, (o) M)
= Hom(0, (o_)""' M) = 0.
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. As a corollary, we get a new proof of (11): Assume that the Kronecker module M
has a submodule N isomorphic to ()¢ for some ¢. If we compose an isomorphism Q; — N
and the inclusion map N — M, we obtain a non-zero homomorphism Hom(Q;, M ). Write
M as a direct sum of indecomposable modules M) then Hom(Q;, M) for some i. The
theorem now asserts that M = () for some s < t..

There is the dual assertion:

Theorem *. If M is an indecomposable Kronecker module and Hom(M, P;) # 0, then
M = P for some s < t.

Looking again at the picture shown above:

P P P P P R Qr Qi1 Q2 Q1 Qo

preprojectives preinjectives
regular

we now see that it also reflects the existence of (non-zero) homomorphisms: Non-zero
homomorphisms essentially go from left to right: theorem asserts that there are no non-
zero homomorphisms from a preinjective Kronecker module to a Kronecker module which
is preprojective or regular. The dual theorem excludes in addition also non-zero maps from
a regular Kronecker module to a preprojective one. In addition, looking at the sequences
Py, P, Py, ... and ..., @2, Q1,Qo, we also see that non-zero maps cannot go from right to
left.

Let us denote by B the class of band modules, thus, as we know, any indecomposable
regular Kronecker module belongs to one of the classes Ry, B, Roo-

Exercise: If M, N are indecomposable regular Kronecker modules
and do not belong both to Ry, or both to B or both to R, then
Hom(M,N) = 0.

Endomorphism rings. If M is Qo-free, then we see:
Hom(o_M,oc_M) = Hom(M,or0_M) = Hom(M, M),
thus End(M) = k if and only if End(oc_M) = k. If M is Py-free, then similarly, we have
Hom (o4 M,0,M) = Hom(oc_oy M, M) = Hom(M, M),
and therefore End(M) = k if and only if End(c M) = k.

Corollary. End(P;) =k and End(Q) = k for all t.

Proof by induction on t. For t = 0, the assertions are obvious.
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Remark. In contrast, the endomorphism rings of the regular string modules are
usually bigger: One easily verifies that End(R[1]) = k and End(R.[1]) = k, whereas for
m > 2, one has dim End(Ry[m]) > 2 and dim End(R.[m]) > 2.

Exercise: show that any Rg[m] has an endomorphism with image
Ro[1], and similarly, that any R..[m] has an endomorphism with
image Roo[1].

1.7. Linear relations on a vector space.

The concept of a “relation” is very basic in mathematics. Modern mathematicis is
usually formulated in terms of sets and maps between sets, but actually the (set-theoretical)
maps are defined as special relations. Recall that a relation p between two sets W; and
Wy is just a subset of W7 x W5 and such a relation p is called a map provided the following
two conditions are satisfies:

(R1) For any w; € Wy, there exists we € Wy such that (wq,ws) € p.

(R2) If wy € Wy and wq, wh € Wo such that (wq,ws), (wy,w)) € p, then wy = w).
If these conditions are satisfied, one usually writes p: W — Ws, and, for (w1, ws) € p, one
writes wy = p(wy). Note that in this way, one identifies a map f: W7 — Wy with what
one calls its graph: the subset {(w, f(w)) | w € W1 }. Of special interest seems to be the
case when W7 = Wy = W. A relation p C W x W will just be called a relation on W.

Similarly, in the linear world, we should look not only at linear transformations, but
more generally at “linear relations”, a linear relation between two vector spaces Wy, Wy
is by definition a subspace p of W7 & Ws5. Note that such a subspace p C Wy & Wy is
(the graph of) a linear transformation precisely if p as a subset of W; x W5 satisfies the
conditions (R1) and (R2).

Thus, let us consider the linear relations of a vector space W. As we have said, these
are just the subspaces of W @& W.

Proposition. The linear relations on a vector space are nothing else than the Qq-free
Kronecker modules.
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