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Preface

These lecture notes grew out of a couriemerical Methods for Stochastic Pro-
cessedghat the authors taught at Bielefeld University during thenswer term
2011. The text contains material for about 30 two-hour leg@nd includes a se-
ries of exercises most of which were assigned during theseoWe assume that
readers/participants have a firm basis in measure theorprahability theory as
usually provided during a one-semester course. To a lestarteexperience with
basic numerical methods from a one-semester course isalgdglpful.

The lecture notes adress Bachelor students in their third areéh Master stu-
dents in their first year. For Bachelor students the topics beataken as a basis
for writing a Bachelor Thesis while for Master students thegyreerve as a start-
ing point for a specialization in numerical methods for sistic ordinary and
partial differential equations.
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Symbols and Acronyms

0 the empty set

Q set of elementary events

AC complemeniQ \ A of a subseA C Q

1a indicator function of the sek see[[Z.R)

R set of real numbers

R vector space of-dimensional tuplegxy, ..., xq) withx € R,i=1,...,d

R™d  vector space of reah x d-matrices
B(RY) Borel-o-algebra ork

M interior of a subsel ¢ RY
Ad Lebesgue measure &4
|X| absolute value of if x € R or Euclidean norm ok if x € R

M?2([0,T]) Banach space of continuous, square-integralféyalued (F;)-
martingales (also written a&12([0, T];R™))

VP(X) bounded variation of a stochastic procssn [a, b], see[6.5)

(X)jap) Quadratic variation of a stochastic procésen [a, b], see[(6.5)

a.e. almost everywhere, synonymous with a.s.
a.s. almost surely, or with probability 1

i.i.d. independent and identically distributed
c.d.f.  cumulative distribution function

CLT central limit theorem

p.d.f.  probability density function

LCG linear congruential generator

LLN  law of large numbers

ODE ordinary differential equation

PDE  partial differential equation

PRNG pseudo-random number generator
SODE stochastic ordinary differential equation






Chapter 1
Introduction

In this chapter we present the basic ideas of the option tralutheory as a moti-
vating example. Mathematical finance, and the Black-Schotegel in particular,
is easily accessible and provides a range of typical andimaat applications of
the different numerical methods which we will discuss later

Here, we give an overview of the standard Black-Scholes maoslekome
places we already use terminology which will be introducethter chapters. On
first reading we recommend that the reader simply skip ovknown technical
terms.

The content of this chapter is based onl [12,/13[ 14, 22, 32].

1.1 Financial Options

A financial derivative is a contract which value depends andkpected price
movement of an underlyingsset An asset is anything tangible or intangible
which can be owned and traded for cash. For example, thisdesl commodi-
ties such as oil or gold, as well as shares or bonds which adedron the stock
market.

In this chapter we are interested in a very specific finan@aivdtive, the so
called European call option, which we define in the same wary [Hsf].

Definition 1.1. A European call optiomgives itsholderthe right (but not the obli-
gation) to purchase from theriter a prescribed ass& (the underlying for a
prescribed pric& > 0 (theexercise prickat a prescribed tim& > 0 (theexpiry
date) in the future.

For example, | (the writer) may offer you (the holder) thentitp buy a share
of the Apple Inc. (the underlying) for 300 USD (the exercisieq) three months
from now (expiry date). In three months there are two possbenarios:
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Payoff of a European call option
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1.1 The payoff diagram of the European call option wih= 300.

The market price of the Apple Inc. share is higher than 3@DUThen it

makes sense for you to exercise the option and, if you imntedgligell the

share, you will gain the positive difference between the@&@se price and the
market price.

If the market price is lower than 300 USD then you simplytlet option

expire and you may buy the share on the open stock market éolotter

price.

In none of the scenarios, as it is indicated in Figuré 1.1,a3m@uoosing money
but in case a) your gain is potentially unlimited. For me ashhblder, however, |
am facing a loss in scenario a) and no gain in b). So, in exaforghe option |
may ask you for a compensation.

This chapter is devoted to answer the question how do werdeteiafair value
of this option. But before we follow in the footprints of the b prize winning
paper by Black and Schol€s [6] let us briefly note why this qaess important.

On the financial markets options and other derivatives, sgscéwaps and fu-
tures, have become increasingly popular. In some casesmamey is invested
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in the derivatives than in the underlying asset. The two reostmon motivations
for investors to buy options atedgingandspeculations

Investors, who buy options in order to hedge arisk, use timeinel same way as
an insurance police. For example, consider an Europeastomweho is planning
to buy a factory in the USA which costs 10 million USD. The amibof money
is payable in three months. If the investor is worried abodegaluation of the
currency rate of the Euro he may consider to buy an optionsiwgives him the
right to buy 10 million USD for a fixed exchange rate in threemo Thus, the
exercise price can be interpreted as a worst-case scenario.

On the other hand, investors may also buy options to specalaprice move-
ments of the underlying assets. If the price of the undeglgiimbs by one per-
cent the value of a corresponding European call usuallybdibyy a much larger
amount. Therefore, the investor makes a larger profit bysiinvg the same amount
of money in the option instead of directly buying the undieidyasset. Of course,
the same holds true for possible losses if the price of thenyidg asset moves
in the wrong direction.

1.2 Asset Price Model

In this section we formulate our assumptions and derive aemaatical model for
the price movements of the underlying asset.

Assumption 1.2 (Bank account).We postulate the existence of a risk-free bank
account with continuously compoundeterest rate r> 0. We are allowed to
deposit or borrow any arbitrary amount of money at any tinte ihterest rate is
assumed to be constant. Byt) we denote the balance of the bank account.

In practice, Assumption 1.2 is not satisfied for severalaras The interest
rate is usually not fixed and banks often charge a higherdsteate on credits
than they pay on saving accounts. However, we interpret sswraption as an
approximation of the reality on short time intervals.

If we put an amount 0By on the account at timg then, at timet; > to, we
have

B(t;) = & (LB, (1.1)

Therefore, the balance proce3g) follows the linear ordinary differential equa-
tion

%B(t) =1B(t), Bl(t)=Bo. (1.2)
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1.7

Balance of a bank account, »=0.05
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Fig. 1.2 Balance of a bank account with fixed continuously compounded inteasst r
r = 0.05 and initial capital of 1 euro. The scale of the time axis is measured in years.

A typical value of the parameteris 0.05 which corresponds to an interest rate of
5% per year. Figure1.2 illustrates the development of thercaB(t) over ten
years.

A consequence of our assumption is that two offers of

a) 100 euros at time= 0, or
b) €'100 euros at time> 0

can be considered to be equal. In fact, by borrowing or imvgs¢he money both
offers can be transformed into the other.

In a similar way, 100 euros at timie> 0 are worth 108~ euros at time zero.
This concept is callediscounting for interesor discounting for inflation

The following assumption provides a structural framewarsk dur financial
market.

Assumption 1.3.a) In addition to the bank account our financial market only
consists of one risky asset. Eyjt) we denote the nonnegative value of one
unit of the risky asset attimeQt <T.
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b) Itis possible to buy and sell any real number of units ofabset at the market
priceSt) atany time <t <T.

c) There are no transaction costs and the asset is payinyideuis.

d) Short selling is allowed, that is, it is possible to holdegative amount of the
asset.

The theory of Black and Scholes also builds on the followingdfamental as-
sumption which states the absenceadiitrages Although there exists a rigorous
definition of an arbitrage we follow [14] and only provide alval formulation of
the idea.

Assumption 1.4.There is never an opportunity to make a risk-free profit thadsy
a greater return than that provided by the interest from #mk account.

For a moment, assume that Assumpfiod 1.4 is violated ane thests an ar-
bitrage opportunity, then investors would simply borrovgltérom the bank and
take advantage of the arbitrage on a large scale. By the fofcagply and de-
mand this would affect the market prices or interest raté¢istiie opportunity has
vanished. Therefore, in practice, if arbitrage opporiasiexist in an efficient and
liquid financial market then they should be short lived.

After setting a framework of our financial market we introdwcmodel for the
asset price movements. Which properties should we demand this model?
First of all, sinceS(t) describes the evolution of a price process it is reasonable
to force S(t) to be nonnegative. Further, since the asetpresents the erratic
dynamics of stock pricess should statistically behave in a similar way as real
stock market data. This leads to the idea to m&#kes a stochastic process.

As it was proposed by Black and Scholes’in [6], we assumehgt0 <t < T,
is given as the solution to thetochastic ordinary differential equatiq®ODE)

dS(t) = uSt)dt+oSt)dW(t), 0) =S, (1.3)

where S denotes the initial price at time= 0. The parametep is called the
average rate of growth of the asset price or simplydh# parameterand the
numbero > 0 denotes theolatility, which measures the standard deviation of the
returns. ByW: [0, T] x Q — R we denote a real-valued stand&kiener process
which is defined on the time intervi, T| and on a probability spade2, F,P).
As it is common in stochastic analysis we omit thes Q in the argument o¥V,
that is,W(t, w) =W(t).

The SODEI[(1.B) is not a differential equation in the usuaksett is short hand
for the integral equation

t 1
S(t):So+/0uS(T)dr+/0 oS(T)W(r) forallte[0,T].  (L4)
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17 Asset price trajectories
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Fig. 1.3 Two typical realizations of the stochastic asset price pro€eds (1.5) wihgter
valuesT =10, =1, u =0.05, ando = 0.2.

While the first integral is a well-known Lebesgue or Riemartegnal, the second
integral is a so called stochastiddintegral, named after Kiyoshidt The solution
processS: [0,T] x Q — Rto (I.3) is explicitly given by

Sit) = S)e(u—%az)tjtaw(t)‘ (1.5)

Without using any knowledge on the Wiener process) we derive from[(1.b)
thatS(t) is in fact nonnegative.

For w € Q we call the mapping — S(t,w) a sample pattof the stochastic
processS. Figure[1.B shows two typical sample paths of the asset pniceel
(L3).

For the definition olSwe used terminology from stochastic analysis which we
did not explain so far. This will be done in full detail in ChagdB. For the rest of
this section we aim to facilitate an intuitive understagdaf the solution to[(1]3).

Let 0<tp < t; <T be arbitrary. Then by (1.4) we have



1.2 Asset Price Model 7

S(ty) — S(to) = /tt L ps(rydr + [  oS(T) (7).

Next, under the assumption that the time length tp is sufficiently small, we
approximate both integrals by

[ usimyr+ [ oS(r)aW(n) ~ Sttt o) + oSite) (Wits) - W(t).
By using this we get

St) —Sto) Ut —to) + 0 (W(t) —W(tp)). (1.6)

S(to)
The left hand side of this equation is tregurn of the asset from timg) to t;. By
the second summand in_(1L.6) we model the risk and uncertafribe asset price
movements. This is established by the Wiener incremé(tt) —W(tp), which is
a Gaussian random variable with mean zero and varigneé,.
Doing the same steps for the balance of the bank accounty(&ldlk

B(ty) —B(to) _
W ~r(ty —to). 2.7)

Taking the expectation i (1.6) and comparing the resuh {@it7) shows that the
drift parameteiu in fact plays the same role for the asset price as the inteatest
r for the bank account and can be interpreted as the averagéhgiate.

From [1.6) we also see thatcontrols how strong the observed returns fluctuate
around the average growth rate. Sogifs very small the asset price movement
will be dominated by the drift term an8l behaves in a similar way as a bank
account. On the other hand, a largesignals a larger influence of the stochastic
disturbance and the asset price movements will be moreerrat

Finally, we want to indicate two reasons for the choice ofamdard Wiener
procesdV in the asset price model. First, we interpret the asset pnimements
as the sum of several independent decisions of a large nuohinearket partic-
ipants. Thus, by the central limit theorem, the observedepituctuations should
statistically behave like a normal random variable.

The second reason is that another property of Wiener presdis well to-
gether with theefficient market hypothesi¥his hypothesis states that the asset
price responds immediately to any new information. Thugedigtion of the fu-
ture asset price cannot be improved if one also uses hiatgces in addition
to the present price. This corresponds very well to the irddpnce of Wiener
increments.
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Remark 1.5In practice, the asset price model(1.3) only gives usefpt@ama-
tions of the reality on very short time scales. Since the ipabbn of the Black-
Scholes formula in[J6] more advanced asset price models bege developed.
As a starting point we refer to [11].

1.3 Black-Scholes Formula

In this section we determine a mappi@g [0,T] x R+ — R4+ such thatC(t,s)
denotes the fair value of a European call at timiéthe call option expires at time
T and the price of the underlying asset at time S(t) = s.

Further, byE > 0 we denote the exercise price. Then, by Definifiod 1.1, we
already know that

C(T,s) =max0,s—E). (1.8)

Under the asset price model and assumptions from SécfiBldcR and Scholes
[6] proved that the mappin@ is the solution to the partial differential equation
(PDE)

oC(t,s) 1 ,,0°C(t,s) _ dC(t,s)
= — =0. 1.
X +2052 S TS rC(t,s)=0 (1.9)
This is the so calle@lack-Scholes PDHn Chaptef b we will present a derivation
of this equation when we have thé fiormula at our disposal.

Together with the final time conditiof_(1.8) there exists @&ue solution to
the Black-Scholes PDE. Moreover, Black and Scholes also piasgean explicit

representation of the solution, the famdsisick-Scholes formuléor European
call options.

Theorem 1.6 (Black-Scholes formula for European call options)There exists
a unique solution C[0,T] x Ry — R, to the Black-Scholes PDEL.9) which
satisfies the final time conditidl.8). The solution is explicitly given by

C(t,s) = shyo.1)(d1) — Ee T YRy (01)(02), (1.10)

where [g,1) is the cumulative probability distribution of the standardrmal
distribution, that is

1 X 1
FN(O,1)<X) = E/_me 222 dz.
In addition, d and & are given by
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Fig. 1.4 Surface plot of the Black-Scholes formula for a European call option fixiul
parameters valuee = 1,r = 0.05, 0 = 0.05, andE = 1.

In(S/E) + (r +302)(T —1)
oy T —t

dp =di(t,s) =

and

dy =dy(t,s) =d1—oVT —t.

A proof is given in, for instance [22, Ch. 9]. Figurell.4 shawsurface plot of
(L.10) with fixed parameter valuds= 1,r = 0.05, 0 = 0.05, andE = 1.

Remarks 1.7a) In order to compute the value of a European call we needdw kn
the present asset pri®, the expiry timeT, the exercise pric&, the interest
rater, and the volatilityo. But the mappindC and the Black-Scholes PDE are
independent of the value of the drift parameter

b) In addition to the explicit representation©f a further reason for the popu-
larity of the Black-Scholes theory is that it also providesoatiplio trading strat-
egy which can be used to replicate the payoff of a Europedn@bn. By simply
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following this hedgingstrategy a bank can sell options without taking risks. For
further reading we refer td [14].

1.4 Monte Carlo Methods for Financial Option Valuation

The Black-Scholes formuld (1.10) gives an analytic solutmithe problem of
determining the fair value of a European call option. Therefwe could consider
the problem as being solved. However, as it is pointed out ByiBham [13[ 14],
there are many variations of the option valuation probleirere a simple analytic
solution does not exist.

For instance, this is true for so called exotic optians [Wjere the payoff not
only depends on the final time asset price, but also on itsvi@lvaduring the
time interval[0, T]. The same problem occurs when we invoke a different asset
price model. For example, we refer o [22, Ch. 9.2] for seveaahtions.

The aim of this section and, in fact, of the whole lecture iptesent and an-
alyze numerical methods for applications where analytiotems are not avail-
able. Here, we focus oMonte Carlo methodsRoughly speaking, a Monte Carlo
method tries to approximate the mean of a random variétdg the average over
a large numbeN of independent outcomes ¥f, that is

N
E[X] ~ %'Z\X(M) for N large
1=

In the context of the option valuation problem, other nucerapproaches contain
numerical approximation of the solution to the Black-SchdkDE [1.9) or the
use of simplified asset price models, for example, the biabmethod. For these
approaches, we refer to [14,]12].

In the following we will again discuss the problem of the \ation of a Euro-
pean call option under the conditions of Secfiod 1.2. Thé&chdsa, how to apply
a Monte Carlo method, is to use tlescounted expected payds the option
price, that is, the value is given by

V(S) =V (S 1,0, T,E,r) =e"TE[max0,S(T) - E)], (1.11)

where, as above&y is the present price of the ass&tandE denote the expiry

date and exercise price of the option, anid the riskless interest rate. The asset

priceS(T) is given by the SODH(1]3) with drift paramefeiand volatilityo > 0.
This approach leads to two questions:

a) What is the relationship between the discounted expecatgdff)y/ and the
Black-Scholes formuld (1.10)?
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Fig. 1.5 Discounted expected payoff (1111) for a European call option withingrpa-
rameter values fop and withS =2, T =3,E =1,r = 0.05, ando = 0.25. The dashed
line is the corresponding option value of the Black-Scholes fornmiulal(1.10).

b) How do we compute the expected valuein (1..11)?

Concerning a) we note that, in contrast@(, ), the expected valu¥ (S)
does depend on the parameter valug dfurther, the value of is derived without
any reference to Assumptiéni.4.

As it is illustrated in Figuré_1]5 the value ®f does indeed vary for different
values ofu. Thus, by following [14, Ch. 12], it seems that two investoaséto
agree on the driftt in order to use the discounted expected payoff for detengini
the value of a European call option, which contradicts tlealts from Sectioh 1]3.
Therefore, the ansatz of the discounted expected payofiseebe of little use.

However, this can be resolved by the following observatlors not a coinci-
dence that the discounted expected payoff and the BlackkSckialue agree for
u = r. In [14] this setting is known as thésk neutrality assumptian

A risk neutral investor is a person who is indifferent to tmegastments where
the first offers a guaranteed rate of returmnd the second is a risky investment



12 1 Introduction

with same expected rate of returnUsually, investors are assumed to be risk-
averse, which means that they will prefer the first investinen

In the casgu = r one can show thd[S(t)] = SE* which coincides with the
balance process of the bank accodint](1.1). Thus, risk Henwestors have no
preferences between investing in the bank account and instheasset.

Without going into details, it is possible to transform threlerlying measur®
into a measur® in such a way that investors behave risk neutral with resped®t
This is achieved by an application of Girsanov’s Theorem (22 8, Th. 2.2] and
leads to the so called martingale approach to option valnakor further reading
we refer to[15].

Next, we come to question b). Following the consideratiorfd2, Ch. 5.1] the
discounted expected payoff (1111) can be approximated bgessing the next
two steps:

1) ComputeN independent outcomes of the random varigsi@, w))N ;
2) For each outcome, determine the payoff (a$(T,w) — E). The Monte-
Carlo estimator of the discounted expected payoff is given by

e TE[max0,T)-E)] ~e " % imax(o, ST,w)—E).

While the implementation of step 2) is elementary, the themakbackground
of the Monte Carlo estimator is provided in Chapter 5. Thereywllediscuss in
which sense the right hand side is an approximation of thd&id side. We will
discuss the order of convergence which usually is of the f0(mN—1) and show
some techniques to accelerate convergence.

A larger focus lies on step 1). Under the risk neutrality agstion 4 = r the
asset price proces}t) is given as the solution to the SODE

dS(t) =rS(t)dt+ oSt)dw(t), S0) =. (1.12)
By (1.5) an analytic representation of the solution is given b
S(t) = el 3w, (1.13)

Thus, simulatingS(t) is easy if we know how to simulate the Wiener process
W(t). But, by the definition of a Wiener process (see Chdgte8)) is aN(0,t)
distributed random variable. Therefore, we can simulaedndom variabl&(T)

on a computer by

S(T, @) = Soexp((r - %GZ)T +0VTZ),
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where the(z;)N ; are a sequence of(0,1) distributed random numbers, which
are produced by a random generator suchaagn in Matlab. Chapters]|3 ard 4
will provide more details on pseudo-random number genesato

But we note, that this method still relies on the explicitlyokm analytic repre-
sentation[(1.13). Chapters 7 dnd 8 are concerned with nuaheniethods which
are used to approximate the random varigjle) if a simple analytic solution is
not available.

The easiest numerical method to approximate the solutican $®ODE is the
Euler-Maruyama methodhich for the SODE[(1.12) is given by the recursion

g = Sj*1+hqu’l+USj’l(W(tj) —W(tj_1)), forj=1,...,Np,
502807

where 0=ty <t; < ... <ty, =T is an equidistant partition of the time interval
[0,T] with step sizeh = -, Ny € .

In order to simulate the incremenf®/(t;) —W(tj_l))'j\lgl we again make use
of the definition of the Wiener process which states thatrbeeiments are mutu-
ally independenN(0,tj —t;_1)-distributed random variables. Thus, an increment
W(tj) —W(tj_1) can be simulated by/tj —t;—1Z;, whereZ;j is aN(0,1)-random
number.

There exist two different concepts to analyze the error efbler-Maruyama
method. The first concept, the so calmbng convergencecompares the analytic
solutionS(tj) and the approximatio®’ in an w-wise fashion. That is we analyze
the strong error

. 1
E[ max [Stj)—95?])2.
(E[, max [St;)—9/%)
As we will see in Chaptdr] 7, the Euler-Maruyama method comsewgth strong
order3.

The second concept is callagtak convergencef the numerical method. Here,
we analyze the error

[E[¢(S(T)] —E[¢(S™)]

where the real-valued functiah varies over a sufficiently large set of test func-
tions.

The concept of weak convergence is closer related to ourcapiph of com-
puting the discounted expected payoff. One result of Ch&pisithat the Euler-
Maruyama method converges with weak order 1.

Y
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Exercises

Problem 1.8.Show that the Black-Scholes solutiGft,s), 0 <t < T, satisfies the
final time condition

tIlfrr}C(t,s) =max0,s—E), forallsE>D0.
Problem 1.9.The hedging strategy which enables banks to sell a Europsan ¢
without risks in the Black-Scholes model is known under thmt®elta-hedging
It works as follows: Consider a European call with exerciseg® > 0 and expiry
dateT > 0. At any timet € [0, T], one needs to hau&(t) units of the underlying
assetin order to replicate the payoff function of the cafl@p Here A(t) is given

by

a0 =22 1.s),

whereC denotes the Black-Scholes formula(1.18},) the asset price at tinme
For fixed volatility o > 0 and riskless interest rate> 0 show that

log(S(t)/E) + (r +02/2)(T —t)>.

ov T —t

A(t) = FN(O,l)(
Write a program which produces a surface plot of the function
oC
t —(t
(@Hdgﬁ

fort €[0,1],s€[0,2], E=1,r =0.05 ando = 0.2.



Chapter 2
Preliminaries from Probability Theory

In this chapter we recall some basic results from measurgeoizhbility theory
that will be used in the sequel. Readers familiar with thedapin safely skip this
section or briefly read it for adapting to the notations used.

For measure and probability theory we use classical refesesuch as [4, Kap.
[-111], [8,) Ch.Il], [5] but there are many more books that cotke basic theory. In
some instances the notions in [38],[4] differ from what hasdmee standard . For
example, distribution functions inl[3] are taken to be ledhtinuous, while the
common use nowadays is to take them right continuous, sef28]d21].

The summary in this section will mainly follow the preseidatin [28, Ch. 1 -
2],[21, Ch. 1]122, Ch. 1].

After recalling the main notions of random variables, dlsttion functions
and densities we turn to the concept of independent andicddigtdistributed
(i.i.d.) sequences of random variables. Then we discussdhseformation theo-
rem for integrals which is one of the main tools for doing &iptalculations with
distribution functions. Conditional expectations alsoypdadominant role in the
theory of stochastic differential equations as well as inegating nonuniformly
distributed random numbers. Finally, we write down the nimgtortant limit the-
orems in probability theory: the Law of Large Numbers (LLN)dathe Central
Limit Theorem (CLT). Both theorems lie at the heart of any cogeace result
for Monte Carlo simulation.

2.1 Probability Spaces and Random Variables

In this section we follow([28, Ch. 1] and [22, Ch. 1.2].

Probability theory provides mathematical models to arelygndom phenom-
ena. ByQ we denote the set of all possibdeitcomesand the typical elements
w € Q are calledelementary event®Jsually, we are interested in combinations

15
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of elementary events. If it is possible to determine if a giv®mbination has
occurred we call it arvent

More formally, we combine the s& with a family F of subsets of2 which
satisfies

(i) ©0e F,where 0 denotes the empty set,
(i) AeF = Atc F,whereA®= Q\Ais the complement oA C Q,
(i) {A},CF = UL AeF.
A family F of subsets of2 with these properties is calledealgebra The pair
(Q,F) is called ameasurable spaceand an element ok € F is called amea-
surable sevr, simply, anevent

Frequently, we will encounter the measurable sg&%B(RY)), whereB(RY)
denotes th@orel-g-algebraon RY which is generated by all open setsify

A mappingP: F — [0, 1] which satisfies

(i) P(Q)=1,
(i) for any disjoint sequencgA;}” ; C F, thatisAiNA; =0if i # j, we have

P(QA-) - iip(m),

is called aprobability measureon (Q,F) and the triple(Q,F,P) is named a
probability space
Further, if(Q, F,P) is a probability space, we consider the family of subsets

F={ACQ:3B,Cc FwithBC ACC,P(B)=P(C)}. (2.1)

ThenF is ac-algebra and called treompletiorof F. It is clear thatF is a sube-
algebra ofF and if F # F one can exten® to F by settingP(A) = P(B) = P(C)
for all subsetsA ¢ Q with Bc A c C for B,C € F. Then,(Q,F,P) is called a
complete probability space

A function X: Q — R is said to beF-B(R)-measurablef

X" YA eF foralAcB(R),
or, equivalently,
X 1((~w,a)={weQ:X(w)<a} € F forallacR.

In this case, we say thatis a real-valuedandom variableon (Q, F). A function
X: Q — RY is called anRY-valued random variable ofR2, F) if it is F-B(RY)-
measurable. We remark that &f-valued function is a random variable if and
only if all components are real-valued random variables [8e522, Rem. 2]).
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For example, the indicator functiay: Q — R which is given by

(2.2)

1, forweA,
1a(w) = {

0, forweA°,

is a random variable if and only A € F.

Next, as in[[3,59], we compactifyR to R by adding the points-c ande. The
Borel-o-algebraB(R) consists of all sets of the for, BU {—o}, BU {4},
BU{—, o} with B € B(R). A F-B(R)-measurable functioX: Q — R is called
anumerical function

For a functionX: Q — RY we defineg(X) to be the smallestr-algebra on
which contains all setX 1(A) = {w € Q : X(w) € A} with A € B(RY). Conse-
quently,X is o (X)-B(RY)-measurable and we say(X) is the g-algebra gener-
ated by X

Finally, let (X(t))ier with T C R be a family ofR9-valued random variables,
that is for allt € T the mapping

Q35w X(t,w) e RY

is a random variable. The famil)X(t) )<t is called astochastic processn T and
for a fixedw € Q the mapping

TSt X(t,w) € RY

is called asample pathof the process. As usual in stochastic analysis, we often
suppressv as an argument of a random variable.
We will come back to the theory of stochastic processes in &hidip

2.2 Independence and Distributions of Random Variables

This section is based on [22, Ch. 1.2] and{a3].
We fix a probability spacéQ, 7, P) and a measurable spa@@’, 7'). Consider
a measurable functiod: Q — Q. Then, for anyd’ € 7' the number

Py (A) :=P(XY(A)) =P{we Q : X(w) e A}) (2.3)

is well-defined. In fact, the mapping’ > A’ — P(X~1(A))) is a probability mea-
sure on(Q’, F'), theimage measure induced by (See [3,§7]). In probability
theory the image measuRy is also denoted b¥ o P and called thelistribution
of the random variable X
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If (Q',F') = (R,B(R)) the distribution ofX is completely characterized by the
cumulative distribution function FR — [0, 1] (c.d.f. for short), which is given by

F(X) =P(X <X) =Px((—,x]) forallxeR. (2.4)

The cumulative distribution function is increasing anchtigontinuous and sat-
isfies lim. F(Xx) = 1, limy_,_» F(X) = 0. Conversely, any function with these
properties generates a probability measurd®mB(R)) (see [31] and note that
the referencel]3, Theorem 6.6] uses left-continuous Bigion-functions with
(—00,X) instead of( —oo, x| in (2.4)).

Now, we come to the very important concept of independerdaanvariables.
For a formal definition we refer ta [4,7]. Here we will work with the following
characterizatiori |4, Th. 7.2].

Theorem 2.1.Consider a finite family of measurable spa¢&s, 7),i=1,...,n.
A finite family(X;){_, of random variables X Q — Q; is independent if and only
if

P(xleAl,...,xneAn):_rlP(m €eA) (2.5)

forall Aje F,i=1,...,n.

As it is proved in [4,587] it is enough to show[ (215) for all se#s from anN-
stable generator of the-algebra?;. For example, let{Q;, 7)) = (R, B(R)) for
alli=1,...,n. Then a finite family of real-valued random variable$) ; is
independent if and only if(215) holds for all half-open in&ls A = [a;, by).

Further, in the situation of Theorem 2.1 consider the mapgin Q — Q; x
... X Qnwhich is given by

Y(w) = (X1 (w),...,Xn(w)).

ThenY is a F-Qi., Fi-measurable random variable, whexg._, Fi denotes the
producto-algebra. The distributiofPy of Y is called thejoint distribution of
(Xi)L,. The following characterization is a consequence of ThadPel and
proved in[4, Th. 7.5].

Theorem 2.2.A finite family of random variablegX){' ; is independent if and
only if

PY:PX1®---®PXn-
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Now we turn to the independence of infinitely many randomalaes(X;)®
which map into measurable spad€y, 7). As in [4, §7] we say that the family
(Xi)i>; is independent if and only if every choice of finitely many dam vari-
ables(X)icl with | C N is independent. By [4, Th. 9.4] the statement of Theorem
[2.2 stays valid for the cage= .

We also recall the following useful result.

Theorem 2.3.Let (X )ic| be a finite or infinite family of random variables with
values in measurable spacgQ;, Fi). Consider measurable mappings Y2; —
Q/. Then the family of random variablég;)ic; given by Z:=Y; o X; is indepen-
dent.

For the proof we refer ta [4, Th. 7.4].

We call a family of random variablg% )ic; with | C N independent and iden-
tically distributed for shorti.i.d., if the family is independent anly, = Px; for
alli,jel.

In the following we often assume that an i.i.d. seque(Xg;> ; of random
variables is given. In probability theory this is a commoswasption and it is easy
to construct a probability spag®, F,P) and a sequencgX);” ; of measurable
mappings such that the<)® ; are i.i.d. with an arbitrary target distributid?x.

For this realization problem we refer {d [€9].

2.3 Integrability and Moments of Random Variables

As above, we fix a probability spac¢€, F,P). Consider a real-valued random
variableX: Q — R. We say thai is integrablewith respect to the probability
measurd® if the integral

E[X] := Ep[X] ::/QX(oo)dP(oo)

exists. In this case we cdll[X| the expectatioror mean valuef X.

Following [3, Th. 12.2] we have that is integrable if and only iE[|X|] < c. By
£Y(Q):= £YQ,F,P;R) we denote the set of all integrable real-valued random
variables o Q, F,P).

Since fora € R andX,Y € £1(Q) it also holds thataX),(X +Y) € £1(Q)
with

E[aX] =aE[X], andE[(X+Y)] =E[X]+E[Y],

we obtain thait(Q) is a vector space.
Further, we have the inequalities (sek [3, Th. 12.4])
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[E[X]| < E[IX]]
and for allX,Y € £1(Q) with X <Y it holds that
E[X] < E[Y].

Therefore, the mapping — E[X] is an isotone linear form of'(Q).
Givenp > 1 we say thaX is p-integrableif |X|P is integrable, that is

E[X|P] = /Q X () [PdP(w) < oo.

The valueE [|X|P] is called thep-th momenbf X. Note that the se£P(Q) of all
random variableX with existingp-th moment forms a subspace®f(Q). In the
casep = 2 we also say thaX is square-integrablavith respect tdP.

As in [3, §14] we assign the seminorms

1
No(X) = ([ X(@)PdP())”
to the space£P(Q) for p > 1. In particular, the seminorm satisfies
Np(aX) =|a|Np(X) foralla e R,X € LP(Q),
andMinkowski’s inequality
Np(X+Y) < Np(X)+Np(Y) forallX,Y € LP(Q).
A further important inequality islolder’s inequality
N1(XY) < Np(X)Ng(Y) forall X € LP(Q),Y € £I(Q),

with p,q > 1, £+ ¢ = 1. A generalized version of &lder's inequality is found
in [1, Lem. 1.16]: Fom e N andX; € LP(Q), i =1,...,n, with p; € [1,00) and
r € [1,) which satisfy

we have
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The seminormN, turns into a norm if we identify random variables which
coincide almost surely. To be more precise, we say that twdaia variables<
andY are equaP-almost surelypr with probability 1, if there exists a measurable
setN € F with P(N) = 0 such that

X(w)=Y(w) forallwe Q\N.

For short we writeX =Y a.s.
Since it holds that

Np(X)=0 < [X|P=0as. & |X|=0as. <X=0as,
the set
N =N;*0)

is a linear subspace @(Q). As noted in[[3515] the subspac#’ is independent
of p and the quotient vector space

LP(Q) = LP(Q)/N
is well-defined. By defining
IX[lLo(@) = Np(X)

for an equivalence clasé € LP(Q) and an arbitrary elemet of X we obtain a
norm onLP(Q). In fact, (LP(Q), | - [|Le(q)) is @ Banach spacel[3, Th. 15.7]. For
probability spaces it holds thaP(Q) c L9(Q) c LY(Q) wheneverp > q > 1.
Note that in our notation we usually make no difference betwendom vari-
ablesX € £P(Q) and their equivalence class¥és: LP(Q).
Of special interest is the cage= 2. By setting

(X,Y) = E(XY) :/QX(w)Y(w)dP(oo) for X,Y € L2(Q)

we obtain an inner product and the spaééQ) becomes a Hilbert space.
Another useful inequality iSensen’s inequalityLet J C R denote an interval

which contains the range of a random varia¥le L(Q) and consider a convex

functiong : J — R such thaip(X) € L1(Q). Then Jensen’s inequality

¢ (E[X]) <E[¢p(X)]
holds. For a proof we refer tol[5, p. 276] (see also Prolilef)2.2
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Next, we introduce th@arianceof a random variable. The variance of a real-
valued random variabl¥ is defined by
var(X) = E[(X — E[X])?].

If X € L?(Q) then vafX) < . The square root of the variance is called sten-
dard deviation of Xand often used in statistics to measure the sprexdasbund
its mean. A simple calculation shows

var(X) = E[X?] — (E[X])>. (2.6)
If Y is another real-valued random variable, we call
cov(X,Y)=E [(X —EX)(Y - E[Y])}

the covarianceof X andY. If cov(X,Y) = 0 we say thaX andY areuncorrelated
In particular, ifX andY are independent then it follows that ¢4, Y) = 0. More-
over, if (X)L, are pairwise uncorrelated random variables then it holds(8ee
[4, Th. 8.3])

var(Xp+ ...+ Xn) = var(Xy) + ...+ var(Xn). (2.7
This is due to the fact that
var(X +Y) = var(X) + 2coUX,Y) +var(Y). (2.8)

We conclude this section with a brief look &Ff-valued random variables
X(w) = (X1(w),...,X4(w)). The mean oK is given by

E[X] = (E[X4d],....E[Xd]).
Following [4, §30] one defines the covarianceXty
cov(X) = E[(X — E[X])(X — E[X])T] € R%Y,

that is, coyX) is a symmetric matrix with entries c@¥,X;). In fact, one can
show thatC is always negative semidefinite.

In the same way as above, vector valued random variablesiga/¢o a scalar
of Banach spacdsP(Q;RY) with norm

Koo = ( [, IX(@1P0P@),

where|| \'| denotes the Euclidean normi.
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2.4 The Transformation Theorem for Integrals

In this section we present some useful versions of the weidlaka substitution
rule which we first state for general measure spaces.

The first version is concerned with integration with resgecan image mea-
sure. For this consider a measure sp@@eF, 1), a measurable spa¢®’, 7)
and anF-F' measurable mapping: Q — Q’. The mappingdl induces an image
measure (se€ (2.3) @[3, Th. 7.5])

p'=pr
on the measurable spa@@’, 7).

Theorem 2.4.Let f' be a numerical function o®’. Then theur-integrability of
f’is equivalent to thei-integrability of f' o T. In case of integrability it holds that

/ f’duT:/ 0T du.
Q’ Q

For the proof we refer td [3§19]. In the case of a probability spa¢@,.F,P)
and a random variabl¥ which takes values in a measurable spa@é ') a
probabilistic version of Theorem 2.4 reads as follows:

Theorem 2.5.Let ' be a numerical function o®’. Then thePx-integrability of
f’ is equivalent to th&-integrability of f o X. In case of integrability it holds that

Ep, [f'] = Ep[f/oX].

In particular, for a real-valued random variable X th-integrability of the map-
ping x— X is equivalent to th&-integrability of X and we have

E[X] = /[R xPx (X).

The next theorem turns to Lebesgue integrals and is oftdadciegeneral
transformation theorem for integrals

Theorem 2.6.Let G, G be open subsets 6f, and®: G — G’ a C!-diffeomor-
phism of G onto G A numerical function fon G is A%-integrable if and only if
the function(f’ o ®)|detD | is A %-integrable over G, and in this case

f'drd :/(f’ocp)|deth9\d)\d.
G G

A proof can be found in [3§19] or [2, Th. 8.4].
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2.5 Some Standard Distributions

In this section we focus on random variables which take win&9. In partic-
ular, we are interested in random variab¥egvhose distributiorPx is absolutely
continuouswith respect to the Lebesgue measdifeon RY, that isPx (A) = O for
all A € B(RY) with A9(A) = 0.

In this case, by the Radon-Nikodym theorem{B7], there exists a measurable
function f : RY — [0, ) with

PX(A):/Af(x)d)\d(x) for all A€ B(RY). 2.9)

The functionf is called thgorobability density functiop.d.f. for short) ofX and
uniquely determined 9-almost surely. In addition t¢ (2.9), 8(RY)-measurable
functionh : RY — R is integrable with respect @y if and only if hf is Lebesgue
integrable, and in this case we have

/ h(x) dPx (X) = / h(x)  (x) dx. (2.10)
Rd Rd
Ford = 1, the cumulative distribution functiof: R — [0, 1] of X satisfies
X
F() =P(X e () = [ fy)dy

The following examples are well-known standard distribos.

Example 2.7 (Uniform distribution)zora, b € R with a < b we say that a random
variable X is uniformly distributedon the intervala,b) if it has the probability
density function

f<x):{ﬁ, x € [a,b),

0, otherwise.

For short, we writeX ~ U (a,b).

Example 2.8 (Normal distribution) A normal or Gaussian random variable X
with meanu € R and variances?, o > 0, has the probability density function

1 (x—p)?
0\/2neXp( 202
For short, we writeX ~ N(u, 0?). In fact, we have thaE(X) = u and vafX) =

2
o

f(x 1, 0%) =

), forall x € R.

We say thaK is standard normally distributed 4 = 0 ando = 1. It holds that
oX+u ~N(u,o)if X~ N(0,1).



2.6 Conditional Expectations 25

Example 2.9 (Normal distribution iR%). As in [4, §30] we say that aiR9-valued
random variabl& is normally distributed, if for all linear formé: R4 — R, £ £ 0
there exist valueg, € R anday > 0 such that

£(X) ~ N(Hg, 0p).
Set
p:=EX]eR? and C:=covX)eR%. (2.11)

If X is normally distributed, then its distribution is uniquelgtermined by and
C. For short, we writeX ~ N(u,C).
If Cis invertible, then the density &f is given by

[\Nl[=%

_ _1 1 _

f(1,C) = (2m) 2 (detC)) 2exp( — 5 (x—p)'CHx—p))  (2.12)
for all x e RY. While the proof thaX has this distribution is somewhat advanced
and uses Fourier transforim [4, Satz 30.2] it is easy to shawethandom variable
with p.d.f. (2.12) satisfie$ (2.111), see Exer¢ise P.19.

Example 2.10 (Chi-square distributionlf Z,...,Z;, r > 1, are independent and
N(0, 1)-distributed random variables, then the sum of their squarechi-square
(x?) distributed withr degrees of freedom, that is

:
X=TYS 27~ x2.
ig\l r

For a proof we refer to Problem Z2121. The probability dengityction of the chi-
square distribution is given by

for) = 273 () le X if x>0,
"0, if x<O0,

wherel” denotes th&amma functionThe chi-square distribution is a special case
of thegamma distributiorand often arises in statistical tests.

2.6 Conditional Expectations

In this section we briefly review the conceptadnditional expectationd-or the
reader who is unfamiliar with this topic the probabilist@me is somewhat con-
fusing since unlike the expectation of a random variable ctbnditional expecta-
tion is in general not a real number but a random variablee ke¥ present two
different approaches to define the conditional expectation
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As usual a probability spade, F,P) is given. The first thing one may asso-
ciate with the word “conditional” is perhaps tleenditional probability of Ac F
under condition B= F with P(B) > 0 which is given by

P(ANB)

This is the probability of the evewif we already know that the eveBtwill occur.
The concept of conditional expectations aims to generalnelitional probabili-
ties to a family of conditions.

First, we follow [4, §15] and present the definition which makes use of the
Radon-Nikodym theorem [317]. LetX € L(Q) be given and consider a sub-
o-algebrag C F. In generalg contains significantly less events thanand we
cannot expecK to beG-measurable. Therefore the question arises: How does
behave if we assume that only events frGnoccur? To answer this question we
look for a random variabl¥ which is measurable with respectdaand satisfies

E[1aX] :/AXdP:/AYdP:E[]lAY] forallAcg.  (2.13)

We findY by noting that the mag > A — E[1aX] defines a signed measure on
the measure spad®,G,Pg) that is absolutely continuous with respectRg.
ThenY is its Radon-Nikodym density function which is unigealmost surely.
We have

| YdPg= [ xdP forall Acg.
A A

But for A€ G we have[,Y dPg = [,Y dP so that[(2.1B) follows. In the following
we will always use the symb® when we integrat€-measurable functions with
respect to the restrictiog.

We say that' is theconditional expectation of X under the conditiGrand we
use the notation

E[X|G] =Y.

If X is G-measurable theK andY coincide.

Before we discuss the propertieskfiX |G| we present an alternative way to de-
fine the conditional expectation. For this note thatQ,G,P;R) is a closed sub-
space ofL?(Q, F,P;R). Therefore, sinc&?(Q, F,P;R) is a Hilbert space there
exists the orthogonal project@g ontoL?(Q,G,P; R) which satisfies

E[XZ] = (X,2)12(q) = (Qg(X),Z)12(q) = E[Q¢(X)Z] (2.14)
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for all X € L2(Q, F,P;R), Z € L?%(Q,G,P;R). In particular, [2Z.I4) holds for all
Z =15 with A € G and, thusQg(X) satisfies[(2.13). By the uniqueness of the
conditional expectation it follows th&[X|G] = Qg (X).

Without going into details, by using the densitylof(Q)-functions inL(Q
it is possible to extend the project@g to functions inL(Q) such thaQg(X) =
E[X|G] forall X € LY(Q).

We conclude this section by stating useful properties otthalitional expec-
tation. This list can be found in[22, Ch. 1.3]. For proofs wkereo |4, §15] and
[5 Sec. 34].

G={0,Q} = E[X|G]=E[X]|1lg,
X>0 = E[X|G]>0,
XisG-measurable = E[X|G] =X,
X=c = E[X|G]=c,
abeR = E[aX+DbY|G] =aE[X|G]+ bE]Y|F],
Xis G-measurable = E[XY|G] = XE[Y|F],

G1CGCF = EIE[X|G:]|G1] =E[X|G].

Also useful is aconditional version of Jensen’s inequality

Lemma 2.11.Let JC R denote an interval containing the range ofXL'(Q). If
¢ (X) € LY(Q) for a convex functiom : J — R then it holds that

¢ (E[X|G]) <E[o(X)|G].

For the proof we refer to [5, p. 449] (see also Problem]2.22).
ProbleniZ.2B asks the reader to investigate a link betwaeedhditional prob-
ability and the conditional expectation.

2.7 Limit Theorems

Several fundamental theorems in probability theory desdtie limit behavior of
averages of independent and identically distributed ramdariables. We begin
with the strong Law of Large Numbers (LLN). A proof of the f@lVing theorem
is found in [4, Satz 12.1].

Theorem 2.12.Let (X)ien be a sequence of pairwise independent real valued
random variables identically distributed with(X;) = n7,i € N. Then the following
convergence holds almost surely,
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1 n
-y Xi—n as n— oo, (2.15)
n i;

that is there exists a set&F with P(A) = 0 such that

.1
lim =
n—oo N

ixi(w):n for w¢A. (2.16)

Sometimes almost sure convergence is also denoted as geneeralmost every-
where (a.e. for short). There are other notions than almwst®nvergence that
will play a role in the following. We list them in the followmdefinition.

Definition 2.13.Let Yy,n € N andY be random variables on a probability space
(Q,F,P). Then one says that converges t&

- inLPorin p-th mearwith p > 1, if
E(Ya—=YP)=[Ya=Y|P, =0 as n— o,
- in probability, if for all € > 0,
P(lYa—Y|>€)—0, as n— oo,

- weakly(or in distribution), if for all continuous bounded functiogs € Cp(R)

/{)qﬁdpyn—)/ngdPy as n— o,

The notion of convergence in distribution comes from thé faee [3, Satz 30.13,
630 Aufgabe 7]) that weak convergence is equivalent to theerstant that the
c.d.f’sF,, F of Y,,Y satisfy for allx € R whereF is continuous,

Fa(X) = F(X) as n—co.

The relation between these various notions of convergendkistrated by the
following implications (cf. [4,55])

LP-convergence—=- Ll-convergence —
almost sure convergenee=-
convergence in probability=- weak convergence.

(2.17)

} convergence in probability,

The Central Limit Theorem (CLT) gives more information abdw error of
convergence in(2.15). The simplest version assumes dnsequence of random
variables with identical variance (see [5, Th. 27.1]).
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Theorem 2.14. (De Moivre-Laplace, CLT)Let (X)icn be an i.i.d. sequence of
square integrable random variables with expectatiefX;) = n and variance
var(X;) = a2 fori € N. Then

1 2 o
Snza—\/ﬁi;(xi—n)%N(o,l) as n— oo indistribution  (2.18)

SinceN(0,1) has continuous c.d.Fy (1) the convergence of the c.d.fi; is
uniform (cf. [3, Th.30.13]), i.e.

[IFs: = Fniop [l = SuplFs,(X) =Fy01)(X)| = 0 as n— oo.

XeR

Moreover, by the theorem of Berry and Ess (se€ [4, eq. (28.23)]) one has an
estimate of the form

6 3
IFs, —Fnioplleo < 03—\/F1E(‘X1_ n, (2.19)

provided the random variables have finite third moments. diger of conver-
gence@(n*%) in this estimate cannot be improved in general.

Theoreni 2. 14 holds under much weaker assumptions on thermrewakriables
X; than stated above, see the Lindeberg conditions|ifZ8]. It is only assumed
that theX; are independent with expectatign=E(X;) and va\riancceri2 =var(X).
The sumS, in (2.18) is then replaced by

1 n n n
Si=_ 50—, s=var(y x)=73 of
Sn i; | i; i; |
and the Berry and Eéen estimatd (2.19) generalizes to
6 2 3
IFs, = Fngo,p) lleo < %_Z‘E(’Xi—rli‘ ). (2.20)
i=

Finally, we also note the following multidimensional vensiof the central limit
theorem (seé [5, Th. 29.5]).

Theorem 2.15.Let X = (X 1,...,X 4) be an i.i.d. sequence of square integrable
random vectors with values Y. Setu := E[X] € RY and C:= cov(X;) € R%d
fori € N. Then

=]

S= (Xi—u) — N(0,C) as n— o indistribution.

Sl
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Exercises

Problem 2.16.Prove the following statement: X,Y,Z are independent random
variables, then so are

(i) (X+4Y)andz,
(i) XY andZ.

Problem 2.17.Given a random variablé: Q — R with probability density func-
tion f: R — [0, ), determine the probability density function of

(i) X+aforackR,

(i)  bX, forb+#0,

(iii) exp(X),

(iv) X2

Problem 2.18.()  Show that vafX) = E[X?] — (E[X])2.

(i) Calculate the first and second moments and the varianeerahdom vari-
ableX: Q — Ng with a Poisson distribution, i.e. for somie> 0,

n
P=P(X=n)="exp-A) forn=01,...

Problem 2.19.Let C € R%9 be a symmetric, positive definite matrix and Yebe
anR9-valued random variable with density function

1 _
— S (=) CHx—p))
wherep € RY. Show thaE[X] = u and coyX) =C.

Hint: Substitutey = ont: (X—H).

f(x:11,C) = (211)~ 2 (det(C)) 2 exp(

Problem 2.20.Let (X){._, be a finite family of i.i.d.N(0,1) random variables.
For an orthogonal matri¥ € R™" consider the random vectdt:= V X, where
X := (Xg,...,%)T. Show that the componen¥, i = 1,...,n, of Y are also a
finite family of i.i.d. N(0,1) random variables.

Hint: Use without a proof that a finite family dfl(0,1)-distributed random
variables is independent if and only if they are pairwiseanrelated.

Problem 2.21.The Gamma distributior (a, b) with parameters, b > 0 has the
density function

pa_L _ya-lg=bx v~ o
f(x;a,b):{o I (a) ; §<Oa

with I (a) = [y t® 1e tdt. Prove the following statements:
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(i) If (X)iz1,. nareindependent with ~ I" (a,b), then

RXr(Z a0

Hint: Use that the density of a sum of two independent randarable is
the convolution of their respective densities.

(i) Let Z be a real-valued random variable with~ N(0,1). Then Z? ~
r(33).

(i) Let (Z), be independent and(0, 1)-distributed random variables. Then
their sum is chi-square distributed, that is

i 2 2
.Z‘Zi ~ Xn-
i=

Problem 2.22.Let ¢ : R" — R be a two-times differentiable function such that the
Hessian matrix He$$ ) (x) is nonnegative definite for akle R".

(i) Show that

600 > 6(y) +DOO)(y—x) andd (3Y) < 2 (600 + (y))

for all x,y € R".
(i) ProveJensen’s inequalitythat is

¢ (E[X]) <E[¢(X)]
for an arbitrary random variabhké: Q — R".

(i) For a given subeg-algebrag C F prove the conditional version of Jensen’s
inequality

¢(E[X|9]) < E[6(X)|]]
for an arbitrary random variabk: Q — R".
Problem 2.23.Let (B))|_, be a finite partition of2, that is

n
JBj=Q, BjeF, P(Bj)>0, BjnBc=0forj+#k
=1
Setg = 0 ((B))}_,). ForX € L*(Q) show that
N E[1g X]
EX|G) =Y =18,
le P(Bj)

By using this, derive foX = 1 with A € F that
E[X|G](w) =P(ABj) forall we B;.






Chapter 3
Generating Random Numbers

In this section we describe different approaches to gemeasdom numbers. In
particular, we discuss some algorithms which prodoseudo-random numbers
The goodness of these algorithms is analysed through a sttadticaltests At
the end of this section we have a look at the Mersenne Twistaech is a widely
used pseudo-random number generator.

3.1 Motivation

As it was pointed out in the introduction there exists a grampinterest in mod-
elling real world phenomenas which appear to be random. Batéee can use a
computer to get any insights from one of these models we anmegdhe very ele-
mentary problem that we work with a completely deterministachine to model
random behaviour. So we are in need of some source of randsmne

The first approaches to overcome this problem were builtysjzal devices
in computers which generated random numbers by atomic decagsmic ray
counters. Another possibility are large databases of ranalambers which were
generated by real random phenomena.

But in practice, these solutions have several shortcomiRgs.example, in
modern applications in finance it is important to recompti talue of stock
options very fast after a significant change of one of the mpaemeters. Thus,
it is too slow if our physical device gives only one random t@mevery ten sec-
onds or too expensive to buy a million of these devices to giicently many
random numbers in the desired time horizon.

In that regard databases are better suited. But here we hay@dblem that
such a database may be too small or may take too much memorgtabatse
with one billion random numbers takes already one gigabfyteeamory if every
random number takes exactly one byte.

33
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Another issue is that one can think of several physical onuta& processes
that could be used to generate random numbers. But they areiseiful for sta-
tistical purposes if one exactly knows their distributiaich may vary over time.

In this section we mainly consider another approach, theadled: pseudo-
random number generator (PRNG). These algorithms produnbeensU,Uo, ...
which are completely deterministic but mimic a certain @mdoehaviour. In par-
ticular, we will focus on generators whose outputs look Bkeindependent and
identically distributed sequence 0Of(0,1) random numbers. In today’s practice,
PRNGs are most often used in statistical applications.

Which random source one should choose in practice depentie amportance
of the following criteria in the given application:

e Statistical properties,

e Speed and efficiency,

e Number of available random numbers,
e Reproducibility.

In any case one should always be careful about using reshitshvare de-
rived with the help of random number generators. As N. Mag@sts out in
[21, Ch. 2.3] it is only recommended to use random number géoer which
have been tested thoroughly. In critical applications worth to run simulations
twice using different random number generators.

One may think of many more sources of randomness which anmentioned
here. As a starting point to this very active research fieldefer to the discussion
in [10, Ch. 1]. Let us finally mention that, despite considézaivogress in actual
computations, the question of a proper notion chmdom sequenaemains one
of the fundamental problems in Mathematics, see the emlighg discussion in

[16, Ch.3].

3.2 Pseudo-Random Number Generators

In this paragraph we loosely follow![9, Ch. 3.2.2] ahd|[21, CR]2We give a def-
inition of the class of generators which produce indepentden, 1)-distributed
pseudo-random numbers and introduce some terminologyowéae with three
examples.

Since computers can only store values of finite accuracyaisgral to consider
generators which produce random integers in a finitg 8¢t,...,M — 1}. Then
the outputX is transformed into a random numiére (0, 1), for example, by an
auxiliary function which divides by M.

More formally, we have the following
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Definition 3.1. A pseudo-random number generat®®RNG) is given by a choice
of a positive integeM, a functionh: {0,1,... .M — 1}" —{0,1,...,M -1} and
a deterministic recurrence relation

X =h(X_k, Xi—kt1,---,%-1) 1>k

for some fixed integek > 1. The required initial vectofXo,...,Xx_1) is called
theseed

So far, the definition does not require any statistical prigpe of the generated
sequenceX;)i>k. This connection is established by the next definition.

Definition 3.2. A U(0,1)-PRNGis a pseudo-random number generator together
with an auxiliary functiong : {0,1,...,M — 1} — (0,1) such that the sequence
(Ui)i>k = (9(Xi))i>k passes a set of tests which verify that the sequédge-k

has the same statistical properties as an independent antically distributed
sequence dfl (0,1) random variables.

At this moment we stay somewhat vague about the set of statigtsts but we
will be more specific about this point in Sectionl3.4. Let ustfprove the rather
obvious property that all PRNG cycle if we let them run long @gio. The next
lemma is taken froni ]9, Lemma 3.1].

Lemma 3.3.For every PRNG and every seéX, ..., Xx_1) there exist positive
integersa, 3 € N such that X, g = X foralli > a.

Proof. Since there exist at mo# different outcomes there are at mogt dif-
ferentk-tuples. Thus, aftelX iterations somé-tuple (Xi,...,X1k_1) must have
occurred before. Latr € N be such that the tupleXy, ..., Xg k1) is the first to
reappear and |8 > 1 be the smallest number such th&g . g, ..., Xy p1k-1) =
(Xa,---,Xg1k_1)- Since the iterates are determined by the deterministictim
hwe find X, g = X for alli > a by induction. ad

Note that we take minimal numbers, 3 in the proof and that these satisfy
aec{0,...,MK—1}, B e {1,...,M"}. We call the numbef = B(Xo,...,Xc_1)
theperiod of the PRNG given the se€édy, ..., Xx_1). The number

= inf X0, .oy Xy
p (xo,...,xk,l)esﬁ( X¢-1)
is called theperiod of the PRNG, which is now independent of the seed. Here the
infimum is taken over the s& c {0,...,M — 1}¥ of all valid seeds. The number
MK is the trivial upper bound of the period.
The following three examples are taken framl/[21, Ch. 2].
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Example 3.4 (RANDU)The RANDU generator is intended to be &i0,1)-
PRNG. This algorithm fits into our definition by settikg= 1, M = 231 and the
functionh is given by the recursion

Xi 1= 65539 mod 2.

Here, mod is understood in the usual way! I an integer anan is a positive
integer, therl modm is the uniquer € {0,...,m— 1} such that = nm+r for
some integen.

The auxiliary function is given bg(x) = 3;. Note that for the see¥p = 0 we
haveX; = 0O for all i. Therefore, we sef = {1,...,M — 1} as the set of all valid
seeds.

The RANDU generator was used in the IBM 360/370 library for mgegrs,
although it has rather poor statistical properties. Néwdeiss, it is an important
historical example of a linear congruential generator (LG&@ will study LCGs
in more detail in Section 3.3, where we also have a closer & &ANDU.

Example 3.5 (The Middle-Square Methodis generator was proposed by John
von Neumann in 1949. S&t= 1, M = 10°. The sequencéX;)i>o is defined as
follows: Given is an integer & X; < 10°, that is, a number with up to four digits.
Take the square of; and, if necessary, add leading zeros to obtain a number with
exactly eight digits. TheiX; 1 is the integer consisting of the middle four digits.
For example, leX; = 6553, therb(i2 = 42941809 anc; . ; = 9418.

However, in practice the middle-square method is not a geedigho-random
number generator since it possesses a relatively shoddhesome fixed points (O,
100, 2500, 3792 and 7600) and short cycles (for example 52916— 5030—
3009) and, more seriously, many initial seeds converge taed fpoint or a short
cycle (for example, ifX; < 100 then the resulting sequence will converge to the
fixed point zero).

Example 3.6 (Fibonacci generatorl-or this generator we skt=2 andM a large
positive integer. The recursion is given by

Xiy1=(X%+X_-1) modM.

As the other two examples, the Fibonacci generator doesivetige to a good
U(0,1)-PRNG. If we use the auxiliary functiog(x) = 3 and setU; = g(X;),
thenP(U; < Ujy1 < Uj_1) = 0 compared t(% for i.i.d. U(0,1)-random variables.
Compare further with Problem 3J13.
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3.3 Linear Congruential Generators

In the following we focus on a specific and historically imgamt class of PRNGs.
The presented material is taken fram [9, Ch. 3[2]] [21, Ch..2.2]

Definition 3.7. A linear congruential generatofLCG) is a pseudo-random num-
ber generator withk = 1 and the functiom: {0,...,M -1} — {0,...,M —1} is
given by

h(x) = (ax+c) modM,

wherea, ¢ € N with a> 0. In this case we call the generator {laec, M)-LCG.
If ¢ =0 we say that the LCG iswltiplicative

In this form LCGs were first proposed by D. H. Lehmer in 1951 [Zihce
LCGs are relatively simple their statistical properties baranalyzed mathemati-
cally. Therefore, the decision if a given choice of paramsste,c,M) produces a
good PRNG does not only rely on passing a set of tests.

We already know an example: The RANDU generator in Exarnplas3tde
multiplicative (655390, 231)-LCG.

Typically, we want to have LCGs with huge periods and, hence have to
considerM very large. The following theorem characterizes LCGs withximal
periods. For a proof we refer to [16, Ch. 3.2].

Theorem 3.8.The period of thega,c,M)-LCG is M if and only if the following
conditions are satisfied

(i) candM are relatively prin@
(i) every prime factor of M dividesa 1, and
(i) if 4 divides M, thertt divides a— 1.

For example, itM = 23! then the(a, c,M)-LCG has periodM if and only if ¢
is odd anda = 4n+ 1 for somen > 1. In particular, there exists no multiplicative
LCG with periodM. In caseM is prime, Theorerh 318 gives the conditiang: 0
modM,a=1 modM, see Problerm 3.14.

Although the last theorem is a very useful tool for findinggraeter values
(a,c,M) such that the resulting LCG posses a long period there exisither
issue which causes LCGs to have poor statistical propeAg# [21, Ch. 2.2]
we demonstrate this for the RANDU generator for whittuples of consecutive
outputs(Xi, X1, ..., Xi+d_1), i > 0, always lie on hyperplanes kf-space.

For the RANDU generator first note that= 65539= 216+ 3. Now we have

1 Two nonnegative integeesandb are relatively prime if 1 is the greatest common divisor.
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1o RANDU - 2D-tuples
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Fig. 3.1 Plot of (U;,Uj 1) withi=0,...,4999 for the RANDU generator and seég= 1.

Xisio=(264+3)X,1 mod &'
2161 3)2X, mod 2!
0+6-2194+9)X, mod 2!
6(2'5+3)—9)X, mod 2!

= (
= (
= (
= (6Xi41—9%) mod 2L
This shows thak; » — 6X.1 + 9% is always divisible by 3 and henceX;,» —
6X1+ 9% = n23! for somen € Z. Since 1< X; < 231 for all j > 0 it is also
clear thaih € {—5,—4,...,9}. Therefore, the triplesX;, X+ 1,X;2) lie on one of
at most 15 parallel hyperplaneshd.

Thus, if one knows the values ¥f andX; . 1, then the value oX;. » is contained
in a set of up to 15 integer values. This strongly contradiotsaim of generating
pseudo-random numbers which behave as if they were independ that case
the knowledge oK; andX;, 1 does not help to restrict the set of possible values of

Xij2.
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RANDU - 3d-tuples

€
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Fig. 3.2 Plot of (U;,U;1,Ui2) with i =0,...,4999 for the RANDU generator and seed
Xo=1.

We illustrate this behaviour in Figurés B.1 dnd] 3.2, wheredvesv the tuples
(Ui,Ui11) in Figure[3.1 andU;, Ui 1,Ui;2) in Figure[3.2 fori = 0,...,4999 and
U= % For the naked eye Figuke B.1 looks as expected, that isuphestseem
to be uniformly distributed over the unit-square. But in F&]3.2 we see that the
triples lie in parallel hyperplanes.

In fact, the same phenomenon can also be observed in thequeitesif one
uses sufficiently many tuples and zooms into a small submed\@ will further
investigate this in Problem 3.116.

The following theorem, due to G. Marsaglia [23], shows tta$ behaviour
is typical for all multiplicative LCGs. The proof of the firsapg is deferred to
Problen{3.1b.

Theorem 3.9.Let the sequencéX;)i>o be generated by théa,0,M)-LCG with
seed ¥ € {1,...,M—1}.Ifky,ko,...,kg € Z is any choice of integers such that

ki+koa+ksa®+---+kgad =0 modM,



40 3 Generating Random Numbers

then all pointsrg = (%, e %) €10,1)9,i> 0, lie in one of the hyperplanes
defined by the equations

kix1 +koXo 4+ -+ +kgxg = 0,+1,4+2,....
There are at most
k| +[ka| + - + [yl

of these hyperplanes which intersect the unit d-c[iy&)?. Moreover, there is
always a choice of kko, ... kg such that all of the point$rg)i>o fall in fewer

than(d!M)% hyperplanes.
For the RANDU example witla = 216+ 3 we have
a>—6a+9=0 mod?Z2L

Therefore, Theorein 3.9 guarantees that triples lie in at ifbbyperplanes which
is a good upper bound of the actual number 15 found above.

Because of this behaviour most LCGs are usually not recomndeindse used
in Monte-Carlo simulations. However, since they are easilglemented and an-
alyzed LCGs are still considered in practice.

For further reading we refer to the discussions$ in [10, CH.dn# [11, Ch. 2.1].
In [9, Ch. 3.1] the authors give more details on how to choos@#rameter value
ato get a period oM — 1 for multiplicative LCGs.

3.4 Empirical Tests

Definition[3.2 incorporated the condition that40,1)-PRNG should pass a set
of statistical tests to verify its statistical propertigsthis paragraph we describe
how these tests are designed. Here we follow [21, Ch. 2.2]E&dTh. 2].

Goodness-of-fit Test

In a goodness-of-fit test we want to test the hypotheseglthgtles formed from
the output of &J (0,1)-PRNG is uniformly distributed ifi0, 1)¢.
More formally, the test works in the following way:

()  Choosen > 2 and a partition of0, 1] into n disjoint subsets, . .., S, with
corresponding “volumespy, ..., pn > 0.
(i)  For a given numbeN > 0O of test vectors use the PRNG to genendté-

tuples(Uy,...,Uq),.. ., (Un—1)d+1:- - - »UNd)-
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(i) Then compute

n . 2
Xi = 3 R

whereg; denotes the observed numberdefuples which lie inS.

The test generalizes the idea of making a histogram to visutie density of
the random numbers and is based on a theorem, which is dudPedfson. In our
situation the theorem reads as follows:

Theorem 3.10.If the d-tuples are generated from independent ard,W)-distributed
random variables, then it holds that for allxR

P(Xﬁ(N) < X) — anl(X) for N — oo,

where F_1 denotes the cumulative distribution function of the chizze distri-
bution with n— 1 degrees of freedom from Example 2.10.

For a proof we refer td [17, Th. 14.5].

Hence, if thed-tuples generated with data from a PRNG behave as if they are
uniformly distributed in(0,1)9, then for largeN the computed valu¥2(N) should
also behave in the same way as a random variable that has eoxiapgte chi-
square distribution.

Therefore, large values of?(N) indicate that the observed counts differ by
large amounts from the expected counts. A possible decisiens to reject the
tested PRNG asld(0,1)-PRNG if the value oiX?(N) is in the upper 5% of the
tail of the x2_, distribution.

The test should be repeated for several choicet of (S)i—1,....n, andN.

Quantile-Quantile Plot

A quantile-quantile plot is a graphical test which indicaifethe random numbers
generated by a PRNG follow the law of a given distribution. dms extent this
can be seen as a variant of the goodness-of-fit test.

To be more precise, |6t be a probability measure di®, 3(R)) and consider
the cumulative distribution-functiofe : R — [0, 1] given by

Fp(x) = P((—e,x])

(compare further witH (214)).
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Definition 3.11.For anyp € (0,1) the value
z(p) :=inf{zeR|Fp(2) > p} > — (3.2)

exists and is called thp-th quantileof the measur®.

The functionz(+) is a partial inverse ofp and also denoted tﬂp‘l. By the right
continuity of F» we always have

Fe(z(p)) = Fe(Fo X(p) > P, (3.2)

see Sectioh 411 for an application Hfis given by a probability density function
(p.d.f) f, thatis

Fo(x) =P((-X) = [ 1)y

thenFp is indeed continuous and we hakig(z(p)) = p. For further properties of
the quantile function see Exerclse 3.17.

The basic idea of a quantile-quantile plot is as follows: \Wegaven a sequence
of pseudo-random numbefld; )i—1, .. n and we want to test the hypothesis that the
(Ui)i=1,...n follow the lawP. Thus, if this is true, for largél, approximately one
quarter of theJ; should fall in each of the intervals-«,z(1/4)], (z2(1/4),z(1/2],
(2(1/2),2(3/4)].(z(3/4),). More generally, partitior(0,1] into (pi—1, pi], i =
1,...N wherep; = IN and observe that a random variablavith continuous c.d.f.

Fp satisfies

P(z(pis) < U < 2(p1)) = Fe(z(p1)) — F(z(pi1)) = ~.

N
Hence, if we generatkN valuesUj, ] = 1...Nk we expect that, on averagle,
values lie in each intervalz(pi-1),z(pi)]. In the extreme cask =1 every in-
terval (z(pi—1),z(pi)] is hit, on average, by one random numhkgrj =1,...N.
Therefore, if(Uj)j:L”_?N denotes the given sequence of pseudo-random numbers
(Uj)j=1...N in increasing order then we should see something close t@igst
line if we draw the tuple$U;, z(pi)) fori =1,...,N.

We demonstrate this in Figure B.3. There we generate a segudrpseudo-
random numbers with the RANDU generator (see Example 3.4anather with
the Fibonacci generator (see Exaniplé 3.6) .

Since both generators are supposed ttJb@ 1) generators we have to deter-
mine the distribution-functiofy o 1). We get

X

FU(O,l)(X>:/ Ly (y)dy=x forxe (0,1).

—00
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RANDU Fibonacci Generator
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Fig. 3.3 Quantile-Quantile Plots of sorted samples generated by RANDU (left hand pic
ture, seedXy = 1000) and the Fibonacci generator (right hand picture, s¥gegs1000,

X1 = 3456) plotted against the quantiles of €0, 1) distribution. Number of samples

N = 500.

Hence, we obtaiz(p) = p. Thus, in order to draw Figu@.%we simply sorted
the generated pseudo-random numbers and plotted the tiuphlegN) for i =
1,...,N.

As we can see, for both generators the plotted tuples lieedimshe straight
dashed linex— x. Thus, both sequences behave in this test as if they arerontyfo
distributed.

Runs Test

While a goodness-of-fit test and a quantile-quantile plotséaéc tests which do
not take into account in which sequence the output is gesdratruns test is a
so-called dynamic test. It is designed to test if a given ousequencé),,U,, ...

behaves in the same way as a sequence which is generatedepentnt and
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identically distributed random variables. But note thas tieist gives no informa-
tion about the distribution of thig;.

In more detail, fixN > 2 and letRy denote the statistic which records the num-
ber of increasing or decreasing “runs” in the outiyt. . . ,Uy.

For example, foN = 10 consider the sequence

(0.55,0.57,0.54,0.08,0.29,0.24,0.20,0.80,0.67,0.91).

Then (0.55,0.57), (0.08,0.29), (0.20,0.80) and (0.67,0.91) are “up runs” and
(0.57,0.54,0.08), (0.29,0.24,0.20) and(0.80,0.67) are “down runs”. Therefore,
we haveR;g = 7. More formally, we have

Rv=#{ic{2,...,N-1}: (U,1—U)(U—U_1) <0} + 1

If the outputisi.i.d. then one can show th&iRy) = (2N —1)/3 and vafRy) =
(16N — 29)/30 (compare Problem _3.118). Moreover, one can invoke theralent
limit theorem to show thatRy — E(Ry))/+/Var(Ry) converges in distribution to
N(0,1) asN — o, The latter fact may then be used to formulate a decision rule

Test Suits

There exist collections of standardized statistical tests) (0,1)-PRNG. We in-
troduce some of the important suites.

DIEHARD is a battery of eighteen statistical tests which ¢sissof sev-
eral variants of the goodness-of-fit tests and runs testSHBRD is due to
G. Marsaglia and based dn [24]. The source code of the teatgisble at

http://www.stat.fsu.edu/pub/diehard/

A detailed presentation of the tests is found.in [10, Ch. 2].

A similar test suite is mainted by the National Institute tdr®lards and Tech-
nology (NIST) of the USA. The software and its documentatgfound on the
webpage

http://csrc.nist.gov/rng/

A very extensive test suite is TestUOL. It includes the tésis1 DIEHARD
and NIST and many more. It is written in C and maintained by Eclyer and
R. Simard[[19]. The source code and a detailed documentati@mund on

www.iro.umontreal.ca/"simardr/testu01/tu01.html
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3.5 The Mersenne Twister

A nowadays widely used PRNG is the Mersenne Twister (MT) . kamnele,
it is the built-in random number generator in the Python n@dlumpy and in
Matlah®R), where it is used since version 7.4. The Mersenne Twistgnjag pro-
posed by M. Matsumoto and T. Nishimura in 1998 and passedaestatistical
tests including DIEHARD.

The MT-PRNG has a very huge period Mf= 2199371 a Mersenne prime.
Moreover, it is 623-equidistributed to 32-bit accuracy gbhis defined as follows.

Definition 3.12.A sequenceX; of w-bit integers of periodM is calledk-equi-
distributed tob-bit accuracy if the following property holds. In each styinf
lengthkb

(>(i,b7><i+1,b7"'7)<i+k—l,b)7 I :07"'7M_17

whereX; , is the string of the firsb bits of X;, each of the possiblé®® combina-
tions of bits occurs the same number of times, except forltfEe0 combination
which occurs once less often. The largkstuch thatk-equidistribution tob-bit
accuracy holds is denoted kyb).

Note that this is a finite version of the equidistributiorketiples chosen from an
i.i.d. U(0,1)-sequence. For the parameterdinl(3.4) below it is showin7dhtfat
k(b) > 623 holds fob = 1,...,32, in particulak(1) = 19937 k(32) = 623.

For the rest of this section we sketch the idea behind the évhais Twister.
For more details, in particular the choice of seeds, we teféne material on the
authors’ Webpa& The content of this section is based bnl[27].

The Mersenne Twister is a variant of the so called genealigedback shift
register (GFSR) generator. This generator makes use of astybit operations
which correspond to the polynomial algebra over the twonelet fieldl .

Let X;, i > 0, denote avord vectorof dimensionw, where we usually have
w = 32. More formally,X; is a row vector with entries over the field. Thus,
we can identifyX; with a machine word consisting @f bits. The MT algorithm
generates a sequence of word vectofgi>o which are then considered to be
uniform pseudo-random integers between 0 &he 2V — 1.

We denote byX @Y the addition of two row vectorX,Y € FY%. Moreover,
for a fixed integer X r < w— 1 we define the upper and lower bits ¥f=

(XW717 s 7X0) S [F\év by

Xu:(xw—la"'7xr>7 XI :(Xr—l7"'7X0)‘

The following linear recursion builds the core element & éiigorithm

2 http://www.math.sci.hiroshima-u.ac.jp/ ~m-mat/MT/emt.html
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Xitn=Xtm® (XX, )A, 1=0,1,.... (3.3)

In this recursion we have several integers, namelhy, r where 1< m<n,2<n
and 0<r <w-—1is hidden inside the definition 0§". By A we denote avx w
matrix with entries inf 2 which will be specified below. Furthef;|-) denotes the
concatenation of & — r bits vector and an bits vector which together forma
bits vector.

Therefore, in the right hand side 6f (B.3) the te(r)(|14|xi'+l)A means, that we
the take the uppew — r bits of X; and the lower bits of X;,1 and concatenate
these bits to a new word vector with bits. Then this row vector is multiplied
from the right by the matriA, where this operation is done with respect to the
field [F». Finally, we obtainX;, , by addingX;.m to the matrix-vector product.

In order to make the matrix-vector multiplication very fabie matrixA has the
special form

Then XA can be implemented by only using fast bit operations, sinceXf=
(XW—17 e 7XO>

XA— shiftright(X) if Xo=0,
| shiftright(X) @ a if xo=1,

wherea = (ay-1,...,8) and shiftrightX) = (0,Xy_1,...,X1). The generator
MT 19937 proposed in [27] uses the data

w=32n=624m=397r =31 (3.4)

In the last step, we have to specify the auxiliary functiomhich transforms the
output sequenceX)i>o of random integers intd (0, 1) pseudo-random numbers.
In order to improve the random behaviour of the least sigaifibits the authors of
Mersenne Twister propose a so called tempering functioa tdimpering function
consists of multiplyingX; with a second matriX before interpreting the-bits as
an integer and dividing it biM = 2" — 1. As above, also the matrik is chosen in
such way that the matrix-vector product can be implemensezlsequence of bit
operations.
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Exercises

Problem 3.13.Let (X)i>1 be a sequence of natural numbers which is generated
by the Fibonacci-PRNG. Show thR{X; < X1 < Xi_1) =0, butP(U; < U;;1 <
Ui_1) = £ for an i.i.d.U (0, 1)-sequenceU; )i1.

Problem 3.14.Prove Theorern 38 for the special case whers a prime.
Hint: Use Fermat's theorena! = amodM for all primesM and integers).

Problem 3.15.Prove the first part of Theorem 8.9. That is, giver Z9 with
y9  ka =t =0 modM, then all pointsig = & (X,...,X+d-1) € [0,1)4,i >0
generated by théa,0,M)-LCG with seedXp € {1,...,M — 1} lie in one of the
hyperplanes

Ho(k) = {xeRY:k"x=n}, neZ.
There are at most? , |ki| such hyperplanes that intersect theube[0, 1)°.

Problem 3.16.Implement the RANDU-LCG in Matlab. For an arbitrary seed
Xo # 0 generate the first = 10’ appropriately normalized pseudo random num-
bers (X)), c [0,1], group them into pair§X,Xi+1), i = 1,...,N—1, and plot
only those pairs which lie in the subregi@ 0.00] x [0, 1]. Interpret the result
in view of Theoreni 319 and Figure 3.1.

Problem 3.17.Show that the quantile functidﬁ;l defined in[(3.1l) is monotone
increasing, left continuous and satisfies

Fol(p) = sup{ze R: Fp(2) < p}.
Problem 3.18.For a runs test we are interested in the random variable
Ry=#ie{2,....,N—1}: (Uiy1—Uj)Ui—Ui_1) <0}+1, N=>2

(i) Show thatE[Ry] = (2N —1)/3 if (Uj)N; is a family of i.i.d.U(0,1) random
variables.

(i) Show thatE[Rn] = (2N — 1)/3 remains true ifUj)N ; is a family of i.i.d.
random variables whose distribution is given by a contirsuprobability den-
sity functionf : R — [0, 0).

Hint: For (ii) use integration by parts.






Chapter 4

Generating Random Variables with Non-Uniform
Distribution

In this section we work under the general assumption that awe lavailable
an endless stream of independent and identically dis&ibuandom numbers
(Ui)i>o0, with known distribution. Our aim is to generate a seconcusege of
I.i.d. random variables which follow a different distrilmr.

In practice, the(U;)i>o will often be generated by d(0,1)-PRNG from the
previous section. We will discuss general methods like tkierse transformation
and the accept-reject-algorithm to produce an arbitrayetadistribution. Then,
we will focus on the Box-Muller method and Marsaglia’s Ziggumethod which
generate normally distributed random variables.

Literature: [30, Ch. 2],[[10, Ch. 4 - 5], [11, Ch. 2.3]]21, Ch. 2.3]

4.1 Inversion Method

Suppose we are given a target cumulative distributiontfané-: R — [0,1] and
aU (0,1) distributed random variablé. Then thenversion methodses the quan-
tile function (3.1) to generate a random variable with distiion F.

Proposition 4.1.Let F: R — [0, 1] be a distribution-function and let U be a ran-
dom variable with U~ U (0,1). Then F1(U) ~ F.

Proof. Recall from [[3.1) that
FHU(w)=inf{ eR:U(w) <F(&)}.

Using (3:2) and the isotony df we find thatF (U (w)) < x is equivalent to
U(w) < F(x) for everyx € R. Note that this also holds in casé(w) = 0 by
settingF ~1(0) = —co. ThereforeP(F~1(U) < x) = P(U < F(x)) = F(x) and the
assertion follows. O

49
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Of course, generating d@fdistributed sequende—1(U;) from the given sequence
U; needs an efficient algorithm for evaluatiRg!. In some cases this can be done
explicitly.

Example 4.2The exponential distribution EXp) with paramete > 0 has the
distribution-functionF (x) = 1 — exp(—AX) for x > 0 andF(x) = 0 for x < 0.
By Propositio 4]l the random variable/% log(1—U) then is exponentially dis-
tributed.

One way of inverting a continuous distribution-functinnumerically is to
compute and store in advance the quantiles z, < ... < z._q such thaF (z) =
w1 =1,...k—1, wherek is sufficiently large. IfF is smooth then a Newton type
method is suitable for doing this. Moreover, gtbe the largest value such thHat
can be regarded as 0 to the leftzf and letz, be the smallest value such tHat
can be regarded as 1 to the rightzpf

Then generate a pseudo random nuntband leti = |kU | so thatF(z) <U <
F(z.1). The value ofX is then determined approximately by one step of regula
falsi (linear inverse interpolation) from

U—-F(z)
F(z+1)—F(z)

X=2z+(z+1—12) =2+ (z41—z)(kU—i).  (41)

4.2 Rejection Method

The rejection method (also calletceptance/rejection methpeé due to John
von Neumann. It generates a random variable with a giveih. @.dy using two
independent (0,1) generators. The idea is to construct a ayb] x [0, c] that
contains the graph (of the positive part) ffi.e. {(x, f(x)) : x € R, f(x) > 0}.
Then generate a random poift,Y) in the box and accepd if (U,Y) is below
the graph (see Figufe4.1).

More precisely, choos< b, 0 < csuch thatf (x) = 0 forx ¢ [a,b] andf (x) < c
for all x € [a,b]. Then perform the following

Simple rejection algorithm

1. Generat®) ~U(a,b) fromU =a+ (b—a)U; with U; ~U(0,1).
2. Generat& ~ U (0,c) fromY = cU, with U, ~U(0,1).
3. If Y < f(U) thenaccept X=U, elsereject U and return to step 1.

This algorithm can be generalized fodalimensional p.d.ff : R — R under
the assumption that we can generate another random vawiéhlp.d.f.g: R9 —
R where for some > 0,
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Fig. 4.1 lllustration of the rejection method. Ak-coordinates of point§U,Y) are ac-
cepted if the conditioly < f(U) is satisfied for a given p.d.f.

f(x) <cg(x), forallxeRd. (4.2)

Incased =1,g= ﬁﬂ[a,b] the method reduces to the simple rejection algorithm
above.

General rejection algorithm

1. Generat®) € R4 withU ~ g.
2. Generat¥ ~U(0,c) fromY = cUp with U, ~ U (0,1).
3. IfYgU) < f(U) thenaccept X=U, elsereject U and return to step 1.

Let us first note that the rejection algorithm produces a eandariableX
which is the restriction of a uniformly distributed randorarsble to a smaller
probability space. The probability o¢ € A’ for someA’ € B(RY) is the proba-
bility of U € A’ given that the conditiory gU) < f(U) holds. More formally,
consider the event

B={weQ:Y(w)gU(w) < f(U(w))} (4.3)

and assum®(B) > 0. Then the random variabk generated by the algorithm,
agrees with the restrictiddg considered as a random variable on the probability
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spaceB, Fg, Pg) with /g = FNB and

P(ANB)
P(B)
Theorem 4.3 (Fundamental Theorem of Simulation). The random variable X

generated by the general rejection algorithm has the prdiglalensity function
f.

Proof. Using [4.3) withA = {U € A'}, A' € B(RY), we obtain

P({U € A}NB)
P(B)

Ps(ANB) = P(A[B) = , AcT. (4.4)

Pe(X € A) = (4.5)

SinceU andY are independent the joint distribution of= (U,Y) is the product
of the single distributions (Theordm 2.2)

1
Pr =Py ®Py =g(uAdu)@ ~Log(¥)A ().

ConsiderB’ = {(u,y) € R4 x [0,¢] : yg(u) < f(u)}. Sincelg = 1g o T the trans-
formation theorem (Theorem 2.5) yields

P(B):/HB/OTdP:/:ﬂ_B/dPT

= dy g(u)du 4.6
/ﬂ?dC/{y60cygu<f ygwdu (4.6)
1

:/[RdEf(lDdUZE

The inner integral in[(416) equa% < cif g(u) > 0, and its value i in case

g(u) = 0 (and henceé (u) = 0 by (Z2)). In the same way as above, replatdy
A and find

P({U eA’}ﬂB):/,%f(u)du.
Thus [435) yieldPg(X € A') = [, f(u)dufor all A € B(RY). O

We discuss the numerical effort for the general rejectigo@ihm. By [4.6) the
probability that the algorithm accepts a valliés (—1: Hencecis the expected num-
ber of proposals needed to generate one valu¢. &/e would like to minimize
this value while satisfying (412), i.e. the optimal value is

i
©= P G “9
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Example 4.4Let us generate a random variable- N(0O, 1) by using a generator
for a random variabl® with p.d.f.g(x) = 3e~X x € R. In this casel{4]7) gives

2exp—% 2 2 2
C=sup %) = \/isupexp(x— X—) [ Z s 1.3155 (4.8)
XER V 27Texp(—]x]) x>0 2 T

The variableU can be generated by taking logarithms of) &0, 1)-distributed
variable with random signs (for a justification and an alaixe via the inversion
method see Problein4.8)

1. Generate independddt, U, ~ U (0,1).

2. SetU = —log(Uy) if U1 < % andU = logU, otherwise.

3. LetY = cg(U)Uz whereUsz ~ U (0,1).

4. If v2ny < exp(—UTz) then accepK =U.

As for efficiency, we require an average @3 3.9465 random numbers in order
to generate on&X-value. By [4.8) the test in step 4 can be simplifiedJp<

exp(—%(l —|UJ)?). For a more detailed efficiency analysis one should alsotcoun
the additional number of flops and function evaluations gfdad exp.

4.3 The Box-Muller Method

This method uses polar coordinates in order to generateitebdN (0O, 1) variables
from two i.i.d.U (0, 1) variables:

Box-Muller Method
1. Generate two independeédt ~ U (0,1), U, ~U (0, 1).
2. SetX; = /—2logU; coq2nU,), Xo = v/—2logU; sin(2nU,).

Theorem 4.5 (Box-Muller Method). The Box-Muller Method generates two in-
dependent KD, 1) distributed random variablesXX,.

Proof. It is sufficient to show that for everk € B(R?)

Pixxo) (A) = P((X,X2) € A) = /A%Texlo< - %(x§+x§)> d(x1,x2).  (4.9)

Following the proof in[[12, Ch. 5.2] we consider the open €&ts R?\ {(y,0) €
R?:y> 0} andG' = (0,1)? and define a functioh: G’ — G by

h(x) — (WCOS{ZT[Xz)

o /
—2 ogxlsin(anz)) » X=0u%) €6
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Note thath is bijective with inverse

h™(y) = <ex5)< N %MZ)) , Y=(1,Y2) €G.
s-atany)

Here, atan2 G — (0,2m) is given by

)
arctan(i’%), foryi, y» >0,

3, fory1 =0,y, >0,
atan2y) = atan2y,,y2) = arctan(ﬁ) + T, fory; <0,y € R,

=

Y1
m fory1 =0,y, <0,

arctan(i’,—i) +2m, fory; >0,y, <0.

\

By this definitionh— is continuously differentiable with

—V1X —VoX
Dh™t(y) = (_;yl . 1% ) :

2Tyity; 2MYiys

wherex; = exp(—3|y|?). Thereforeh~? is aC!-diffeomorphism ofG ontoG'.
Now, for all A € B(G) it holds that

Pix,x0)(A) = P((X1,X2) € A) = P(h(U1,Up) € A) = P((U1,Uz) € h™1(A)).

Sinceh~1(A) c G’ is a measurable set, the functibh G’ — R, which is given by
the indicator functionf’(u) = 1,14 (), is A2-integrable onG'. Hence, we are
able to apply the general transformation theorem for irtisgisee Theorefm 2.6)
and get

P((U,Uz) e i 1(A)) = / Lp-1n A% = / (Lh-2(a o) | detDh™dAZ,
G G
Next, we use

(Lh-aia) 0N ) (Y) = Tpagay (hHY)) = 1a(Y),

and

X1 1.0
|detDh™(y)| = 5= 27_[exp< 2\y| )

Altogether, this proves the desired result for all meaderabtsA € B(G), since
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Pix,%0) (A) = / jlA(y)iexp(— lL|y|2) dy
/e p(——(y2+y2)) (Y1,Y2)-

For generalA € B(RR?) consider the decomposition in disjoint sets
A= (ANG)U (A\G).

Then, we havéAN G € B(G) and since\?(A\ G) = 0 we get

P, (AN G) zzi/ exp ——(y2+y2)) (1.¥2)
/exp(——(yz-l—yz)) (Y1,Y2).

Thus, the proof is complete if it holds that

Pix.x0) (A\G) =
But this is true since

Piaxo) (A\ G) < P(sin(2mUz) = 0) =P(U2 € {0,1}) =

4.4 Marsaglia’s Ziggurat Method

Because of the function evaluations involved, both the Boxléand the inver-
sion method are considered to be quite expensive. A fashatiee method that

is nowadays used in MATLAB’sandn (algorithm mcg16807 since MATLAB

5) is theZiggurat Methodproposed by Marsaglia and Tsang![25| 26]. The name
ziggurat(in Germanudie Zikkura) refers to the stepped pyramides with a temple
on top that were built in ancient Mesopotamia 2100 B.C.) and that appeared
as terraced pyramides about 3000 years later in Central Ameiith the Aztecs
and other peoples.

The ziggurat method is an improvement of the acceptaneetien method in
order to increase the efficien%yand to reduce the number of function evaluations.
Rather than covering the graph of a given p.d.by one box[a,b] x [0,c] one
uses a ‘ziggurat of rectangles’, a cap and a tail which aleheyual area. Then
one chooses one of the slices at random and applies theioaj@ctthod to the
chosen slice (see Figure #.2 for an illustration).
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f(x)

0 Ty Ty Tz Ty Ty o Tg L7 3

Fig. 4.2 The ziggurat method witM = 7 rectangles and a bottom base strip for the p.d.f.
of the Gaussian distribution.

More precisely, let us assume thathas support in0,e) and is monotone
decreasing. For a given numidrwe ask for nodes

O=Xg< X1 < ... <Xy < 00,
such that the ziggurat rectangles
Zi =10,%)x (f(x), f(x-1)], i=1,...,M
and the tail
Zo = {(xy) € [0,%) x [0,00) 1y < min(f (x), f (xm))}

have the same area, i.e. find the nogeg" ; andv > 0 such that

[oe]

V=A%(Zo) =xmfOm) + [ f(x)dx, (4.10)

XM

v=(f(x-1)—f(x))x, i=1...,M. (4.11)
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In Problem[4ID we compute the nodes)M,; andv > 0 by using Newton’s
method.
Then theZiggurat Method proceeds as follows:

1. Choosé € {0,...,M} at random, uniformly distributed.
2. Generaté) ~U(0,1).
3. Ifi>1then

- LetX =UX.

- If X < Xx_1 then returnX,
- else generat¥ ~ U (0,1) independent of).
If f(x)+Y(f(xi—1)— f(x)) < f(X) then accepK, otherwise reject.
4. Ifi =0then
- SetX = 0.
- If X < xwm, acceptX,
- else generate a random vabdes [xy, ) from the tail.

Note that in step 3 the conditioX < x_; holds in most cases. Then neither the
second variabl¥ is generated nof (X) is evaluated. The same remark applies to
the case = 0. In that case a rectangle of areand heightf (xy) has Iengthf()‘(’—M),

henceX = #L:A) generates a random point on the base line of this rectarafiésth
accepted iX < xy. Otherwise one generates drvalue from the tail for which
different methods are available (see below).

The efficiency of the method is determined by the quotienhefibtegral off

and the area of the ziggurat

eff — <A2<igjozi))_l - ﬁ/ (4.12)

For the exponential p.d.f.(x) = max(x,0)e * the paper([26] gives the following
data:
M =255 xy =7.697117470131104972
eff =0.989 v =0.00394965598225815571993

For the tail one generaté$; ~ U(0,1) and takesX = xv —log(U;) since then
(compare with Example4.2)

b
P(X € [a,b]) = P(e™ P <Up <e¥%) = / &M Xdlx
a

For the normal distribution one generates an additonalaensign+ for the
value of X which is determined from the ziggurat method applied to ik&idu-
tion in [0, ). For the nonnormalized density functid(x) = exp(—x—zz) Marsaglia
and Tsang [26] give the data
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M =255 xy = 3.6541528853610088
eff = 0.9933 v =0.00492867323399 .

As a tail method they propose (see Problem4.11)

1. Generat&); ~U(0,1),U, ~U(0,1).
2. Setxy = — %% X, — —log(Uy).
3. If X2 < 2%, acceptX = xy + X1, otherwise reject.

For the implementation it is convenient to talle= 2N — 1 and to generate the
indexi in step 1 and the valug in step 2 from a random integére {0,...,2K —
1} whereK > N. Typical values ar&l = 8,K = 32. In addition, one saves time by
putting all operations witlk-bit integers into the preparatory phase

Xi

PKfoéxM)J,Z—Km, i =0.

2] 2Ky, =1 2N

ki, Wi = (4.13)

With these settings the algorithm becomes rather short:
The Ziggurat Algorithm

1. Generate arandom integet {0, ...,2X — 1} and determinec {0,...,2N —1}
from the rightmosi bits of |.
. SetX = jw;.
3. If j <k returnX, else
- If i =0 return arX from the tail, else
- if (F(xi—1) — F(x))U < f(X) — (%), returnX.
4. Go to step 1.

N

Exercises

Problem 4.6.The standardized logistic distribution has the densityfiom
exp(—Xx)
(1+exp(—x))2’

Show how to use the inversion method to generate a randoriblataving this
distribution.

XeR.

f(x) =

Problem 4.7.Write a Matlab program with the following properties:

(i) Implement anN(0, 1)-pseudo-random number generator which is based on
the inversion method and uses the Matlab functierisv  andrand .
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(i) Modify the idea of a quantile-quantile plot in such a widmat it can be used
to visualize if two pseudo-random number generators drawhaus from the
same distribution. Write a function which generates a glexgtiantile plot for
two given sequences of random dalta= (Uq,...,Un) andV = (Vq,...,W).

(i) Produce a quantile-quantile plot which compares thstrdbution of the
Matlab functionrandn versus your PRNG from (i).

Problem 4.8.Show that the first two steps of the algorithm in Exanmplé 44-ge
erate a random variable with p.ddgix) = %e*‘x‘. Set up an alternative algorithm
which uses the inversion method instead. Compare the nusmhefitcciency of
both methods.

Problem 4.9.1n order to implement Marsaglia’s Ziggurat method one fiestafs

to determine the nodesH0xg < X1 < ... < Xy < o for a given numbeM. Write

a Matlab program which approximates the nodes in the foligwvay: Solve the
nonlinear equatiog(xy) = 0 by using the bisection method, where the function
g: (0,00) — R is given by

g(xm) =Vv—x1(f(x0) — f(x1)),
with

v=xuf(xm)+ [ f(X)dx,

Xm

xilzf‘l(%—i—f(xi)), =M. .2

Compute the nodes fol = 7, f(x) = e~ 2 and initial values; = 2.3 and 3.

Problem 4.10.Write a MATLAB program that uses Newton’s method to deter-
mine the solutiongx )M, andv > 0 to the nonlinear system of equatiohs (4.10)
and [4.11) foM = 7 and the normal distribution density function, that is

1
f(X) = ——e"
=7
Determine the efficiency of the ziggurat algorithm with= 7.

Hint: Reformulate [(4.10) and (4.111) into the problem of firglithe rootxe
RM+1 of a mapping: R¥j* — RM+1, where

X2

7 .

X1

>
Il

XM
\Y

The implementation df may use the built-in functioerf .
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Problem 4.11 (Tail method for the Ziggurat algorithm). For xy > O consider
the algorithm

1. Generate independent random variables- U (0,1), U ~U(0,1),

2. Setxy = — 2% X, = —log(Uy),

3. If X2 < 2X; acceptX = xu + Xq.

Show that this algorithm generates a random variablehose distribution is
given by the probability density function

0, X< Xwm
fF) =9 1 1,2

crexp(—3X7), X=X,
with the constant = [,° e~ 2¥ dy.

Problem 4.12.Show that the Ziggurat algorithm is obtained from the gelné&g
gurat method via the preparatory steps (4.13).



Chapter 5
Monte Carlo Methods

The general terrMonte Carlo Methodsefers to numerical methods that use ran-
dom numbers for conducting experiments on a computer. Rglggidaking one
may categorize Monte Carlo Methods into two different submxs:

e Direct simulation of a random system;
e Addition of artificial randomness into a given (determirm@sproblem followed
by a simulation of the new system.

While our main goal, the numerical solution of stochasti¢edéntial equations
belongs to the first category, we consider in this chaptep&ay example from

the second category: approximating definite integrals feosequence of i.i.d.
random variables. For example, it is quite natural to useatioeptance/rejection
method from Sectiofi 4.2 in order to estimate the area undegtaph of the

function f in Figure[4.1 (assuming we do not know tHais a p.d.f.).

5.1 Statistical Analysis of Simulation Output

Let us first summarize basic results from statistical anglyst follow from the
law of large numbers and the central limit theorem in Sed@oBiven a sequence
of i.i.d. random variable¥X|, j = 1,2,... we want to estimate its expectation, the
variance, and a confidence interval. To be specifig/ letE[X;] and vatX;) = o2

for | € N. We estimate the expectatipnby thesample mean

o N
XN=2 Y X (5.1)
=1

Zl =

From the Strong Law of Large Numbers (Theofem 2.12) we infer

Xn — p almost surely as N — co.

61
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By the linearity of the expectation,

Because of these propert@s is caIIed aconsistent (or unbiased) estimatdihus
the standard deviation ofy is %~ \F This decays at the rat% which dominates

the asymptotic behavior of practically all Monte Carlo siatidns.
The Central Limit Theorem 2.14 tells us that

(XN — u)\/?N —N(0,1) in distribution (5.2)

In order to use this for estimating how far our sample meamis fthe expected
valueu, we compute an approximation of from thesample variance

N _
K= N—il _;(N —Xn)>?. (5.3)

The valueSy is called thesample standard deviatiormhe following Lemma
shows thaf is an unbiased estimator of the true variance.

Lemma 5.1.Under the assumptions above the sample variarﬁpee& expecta-
tion E[S] = 0.

Proof. First note that

f=rro, (5 )’
(N 11)|\|2 |\| 1)% — Z_XJ )

where(N — 1)X — ¥ j X; is a sum of independent random variables which has
expectation 0. Thus by (2.7) arld (2.6),
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E[] ﬁZE (N=1)% ;x, }
N

1
=———— Y var(N-1)X — ) X;
(N _ 1)N2 i;V ( ;_I J)

1 N 5

:mi;((N ~1)20%+ (N -1)0?) = 02

O

Definition 5.2. Let Z be a random variable witd ~ N(0,1) and let O< o < 1
be given. Then the intervadl-z,,z,] is called a - a confidence interval (or a
100(1 — a)% confidence interval) provide®(|Z| < zy) = 1— a. The value ofa
is referred to as thsignificance level

Usually we think ofa being a small number, a common value in Statistics is
o =0.05. If f is the p.d.f. foN(0, 1) thenz, can be computed from

O RIGE ST BIGE S

i.e. by using a quantile from th€(0, 1)-distribution. We evaluate, numerically
with the help of the Matlab functiorexf anderfinv , whereerf is given by

2 (X 2
erf(x ::—/ edt, forallx>0, 5.4
0= > (5.4)
and, consequently,
7y = V2erfin(1-a), (5.5)
since
l1-a= 2/ &)dé = /Za e—%fzdf :erf(ﬁ)
Ve V2

For examplega = 0.05 leads t@, ~ 1.96.
We apply this taZy = (Xn — u) YN \where we replace the unknown variarm®
in (5.2) by the sample varian, from (5.3). Then we obtain fax large

- N
1—or%P(|XN—u|£ <z)

~P(Xn— u\£ <7q) (5.6)

=P(ue [XN—ZG%XNHO,%]).
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Therefore, we take

N N
N XN+Za\/N]

as our 1001 — a)% confidence interval . Note that the width of this intervadris-
portional to the sample standard deviation and inversegstigmal to the square
root of the number of samples.

Note that[(5.b) involves two approximatiorié:should be so large that the Cen-
tral Limit Theorem applies and such that our sample variamsafficiently accu-
rate.

(XN —Za—— (5.7)

Example 5.3 ([14], Section 15.2fonsider the i.i.d. sequencg = exp(Z;) ob-
tained from an i.i.d. sequen@g ~ N(0O, 1). The expectation is

E[X exp(x — —x 2) dx

J \/—/
/exp(——(x 12+ Dyax= Ve
V2 2

We compute a Monte Carlo approximation @f= E[X;] by usingN = 2K k=
5,...,17 samples. In Figufe 8.1 the resulting valiXgsare plotted versuls (Iog-
arithmic scale for both axes), the dashed line is at height /e, and the 95%
confidence interval$ (3.7) are indicateddsyor bars.

For the second example we return to the computation of theated payoff

from (1.11).

Example 5.4 ([14], Section 15.3given a time horizorT > 0, volatility o > 0,
interest rate > 0, and initial valuesy we compute the discounted expected payoff

V(S) =exp(—rT)E[max0,ST)—E)], where

S(T) = Soexp((r — %O‘Z)T +0VTZ)

andZ ~ N(0,1). Here we again apply the risk neutrality assumpfioar.
As in the previous example Figure .2 shows the values ofdhple meaivy
together with the 95% confidence intervals computed filo) @r the data

T=1 S=10, E=9, 0=01 r=006 N=2¢k=5,...,17).

For comparison the dashed line gives the value of the Blatii8s formula

(L.10).
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1004 L u

100.3 L p

Sample mean

10()2 -

veb---t-4-7-%- Jr{(%%g%xx

10 102 10 10* 10°
Number of samples

Fig. 5.1 Monte-Carlo approximations t&[exp(Z)] with Z ~ N(0,1). The sample means
Xn for a given number of samplds are marked by crosses, which lie in the middle of
their respective confidence intervals. The dashed line is at hgighkt E[exp(Z)].

5.2 Monte Carlo Integration

The principles from the previous section can be easily géized to approximate
integrals like

Ih = o h(x) f (x) dx, (5.8)

wheref : R4 — R is a given p.d.f. andh: R — R is a B4-measurable function
with hf € L1(RY). An example of[(5.8) is the one-dimensional integral

Ih:/olh(x)dx, he LYo,1], (5.9)

whered =1 andf = 1jg q;.
Suppose we can simulatedadimensional random variablé : Q — RY with
p.d.f. f. Then we can expreds (5.8) as
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100,3 =

C
o
et
®
£ T
éloo.z, i
™
bl 1
s
n
[an]

100.1,

10* 102 10% 10* 10°

Number of samples

Fig. 5.2 Monte-Carlo approximations to discounted expected pay(#) of a European
call with parameter§ =1, = 10,E =9, 0 = 0.1, andr = 0.06. The dashed line
indicates the option value computed by the Black-Scholes forfulal (1.10).

E[hoX] — /dh(x)f(x) dx = I, (5.10)
R
Recall from [4, Satz 3.6] (cf. Probleln 2]18) that X has variance

o?:=var(hoX) = /[Rd h?(x) f (x) dx — (/ued h(x) f () dx)z. (5.11)

In view of Sectiorl 5.1 this suggests to use the sample mean

1 N
= 3O (5.12)

whereXj, j € N, form an R9-valued i.i.d. sequence which all have the p.d.f.
SinceX; are independent, so are the X (see Theorern 2.3) and hence,

var(hy) = %02.
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By the Law of Large Numbers, we have convergelﬁq:e» Inh almost surely. More-
over, the Central Limit Theorem (Theorém 2.14) asserts

(hy — |h)§ — N(0,1) in distribution

As in Sectiori 5]l we estimate the variarceby
1 N =2
K= N——li;(h(x') —hy)”.

We then obtain a 10@ — a)% confidence interval from

N - N
Pllhe Ihn—zy—=,IN+Z—=| | =1—a 5.13
(h [y Za\/N N Za\/ND (5.13)
wherez, is determined by[(5]5).

There are two important observations that we will discugkénfollowing sub-
sections:

e While the convergence rat% is unavoidable we can try to speed up the

process by transforming the integral{5.8) such that itsavae o2 becomes
smaller;

e The rate of convergenc% is independent of the dimensiahof the phase
space and of the smoothness of the integrand. This is inasin standard
guadrature methods (trapezoidal sum, Romberg integraBanf3-quadrature)
and suggests that Monte Carlo methods are an alternativagsichl methods
for higher dimensions, see Sectlon]5.4.

5.3 Variance Reduction Techniques

This section is based on [14, Ch.21] ahd![21, Ch.3]. A rathezresive treatment
under the heading amportance samplingan be found in[9, Ch. 6].

Variance reduction by antithetic variates
Consider the sample mean from (3.12)

i —

Zle=

%1h(xj), Xj ~U(0,1) (5.14)
=

for approximatinge[ho X| = fol h(x) dx = I,. We replacé by the new antithetic
sampler
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%(h(xj) Lh(1-X;)). (5.15)

Since the summands are independent we obtain frarh (2.7)

« 1 X 1
var(hy) = NE _Zlvar(i(h(Xj) +h(1-Xj))).
J:

Using vakX +Y) = var(X) +var(Y) + 2cov X, Y) ((2.8)) we can write
var(%(h(xj) +h(1-X)))) = %(var(ho Xj) +cov(h(Xj),h(1-X;j))). (5.16)

Thus we have a reduction of variance if ¢bgXj),h(1—Xj)) is negative, the
smaller the better. Assuming odyX;j),h(1—X;)) = —c? we find
- 1 1 1
An) = —N — — (g?—_C2). A7
var(hn) = 5 2( —c?) o (77— C) (5.17)
According to [5.IB) the width of the confidence interval imyes by a factor of
2

“Gap) vl e

The factory/2 is natural since the antithetic sampler neeNsf@nction evalua-

tions, so the improvement factori&sagﬁ.

The following theorem gives a sufficient criterion for twondmm variables to
have positive covariance.

Theorem 5.5.Let X be a random variable o, F,P) with values in a Borel
set AC R and let f,g € L?(A, Px) be real-valued functions that are either both
increasing or both decreasing. Then

cov(g(X),h(X)) > 0. (5.19)

Proof. Let Y be another random variable which is independent @ind has the
same distribution (for the existence see [4, Kor.9.5]). By thonotonicity as-
sumption

(9(%) —a(y))(h(x) —h(y)) >0 forall xyeA,

and hence by the independencé(X) andg(X) (compare Theorein 2.3),

0<E[( (X) =9(Y))(h(X) = h(Y))]
E[g(X ) (X)] —E[g(Y)h(X)] — E[g(X)h(Y)] + E[g(Y)h(Y)]
( (X)h(X)] = E[g(X)]E[h(X)])

= 2covg(X),h(X)).



5.3 Variance Reduction Techniques 69

Remark 5.6There is a generalization of Theorém|5.5dt@wariables that can be
proved by induction o, see[[21, Theorem 3.17]. Consider®fvalued random
variableX = (Xg,...,Xq) with independent componenk that have values in
Borel setsAj C R. Two square integrable functiomgh : |‘|‘J?':1Aj — R that are

monotone increasing with respect to each argument thesfys@i19).

The application of Theorefn 5.5 to the antithetic samplelqpis quite obvious:
if h(x) is monotone increasing or decreasing@ri], then so is-h(1—x), hence

cov(h(X}),h(1-X})) = —cov(h(X;), ~h(1—X;)) <O.
Example 5.7([14, Ch. 21.4])
Leth(x) = eV*,x € [0,1] andX ~ U (0,1). Then
1
E[h(X)] = / e/%dx = 2
0
1 1
var(h(X)) :/ HVidx—a= (- 7)
0
and
cov(e¥X, eV X) = E[eVXV1I-X| _E[eVX|E[eV1 ]
= /1eﬁ+vl‘xdx—4.
0
From [5.I18) we obtain the factgr = 13.463 by which the confidence interval
should shrink. Table 8.1 shows the result of a Monte Carlo kitimn with values
N = 10,i = 2,3,4,5. The last column gives the ratio of widths of confidence

intervals for the standard and the antithetic sampler wisiclose to the predicted
value.

Table 5.1 95%-Confidence Intervals for standard and antithetic MC-approximatibns
E[eVV] = 2 withU ~ U(0,1).

N Standard Antithetic Ratio  of
widths

10 [1.851312.02127 [1.994132.00732 12887

10> [1.962292.01589 [1.999452.0034Q 13563

104 [1.991452.00886 [1.998992.00028 13.535

10° [1.999612.00508 [1.999662.00007 13.433
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In case of normal distributionX; ~ N(0,1) the antithetic samplef(5.]L5) is
modified as follows

hn =

ZI|—\

N 1
Z > h(Xj) +h(=X;)). (5.20)
If his monotone increasing or decreasingrothen Theorerh 515 yields
1 1
var(5 (h(Xj) — h(=X}))) = 5 (var(h(X})) — cov((X}), =h(=X;)))
< %var(h(xj)).

Hence the reduction factor 515118) withe? = cov(h(X;), —h(—X;)).

Example 5.8([14, Ch. 21.6])
For the functiorh(x) = exp(x— 3) andX ~ N(0,1) we find

EfhoX] — /\/_7_[exp(——(x 1) dx = 1,
as well as

var(h(X)) =e—1, cov(h(X),—h(—X))=—

Y

1
e
leading to a factor op = 1.595 in [5.18).

Table 5.2 95%-Confidence intervals for standard and antithetic MC-approximatibns o

E[eY/\/6 = 1 withU ~ N(0,1).

N Standard Antithetic Ratio  of
widths

10  [0.787131.20907 [0.874781.0790Q 2.066

10° [0.913771.05352 [0.949431.02464 1.858

10  [0.967051.01504 [0.979211.0066] 1.751

10° [0.997831.01426¢ [0.997081.00628 1.786

In view of Remark5.5 it is clear that variance reduction bydhéthetic sampler
(5.19) also occurs ifiis a function of several variables that is monotone in each
of its arguments (either increasing or decreasing). As amgie we treat

Antithetic variates in option valuation.
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Consider an exotic option where the payoff function does nbt depend on the
final asset priz&(T) but also on the intermediate values

. T
Stj), tj=jAt, At= M ]=0,....M.
For example, a barrieB > E is introduced and the payoff function (1.8) of the
European call is modified to

L if maxj—o,.mS(tj) > B,

C((St))}20)) = { max0,S(T) — E) otherwise

If the threshold valud. equals zero then we have ap-and-out callwhereas
L = B—E leads to dock-in call. If the asset prize passes the barBaturing the
time interval[0, T| then the payoff is set to zero or to the limit valBe- E. We
assume that asset prizes form a stochastic process gehieydtee solution[(1.13)
of the SODE[(1.1P)

1 .
S(tj1) = S(tj) exp((r — éoz)At +0VAtzZ), Zj~N(0,1), j=0,....M—1
(5.21)

Figure[5.B shows a process that crosses the barrier andeamoté that doesn't.
Using the samé; from (5.21) we generate antithetic variates through

s_(tj+1):s_(tj)exp((r—%oz)m—o\/ﬁzj), Zj~N(0,1), j=0,....M—1.
(5.22)

Figure[5.4 shows the corresponding zigzag and zagzig cuPegrmingN runs,
indexed byi = 1,...N, we finally evaluate the discounted expected payoffs from

Vi=ge T L if maxj—o,..mS(tj) > B,
| max(0,S(T) — E) otherwise

VT L B if maxj—o.. m S_(tj) > B,
! max(0,S(T) — E) otherwise

Note that the value function satisfies the monotonicity ¢awrl for the lock-in
call L = B— E but not for the up-and-out call = 0. Table[5.B confirms that
antithetic variates give only a slight improvement overfexeor /2 ~ 1.414 for
the up-and-out call while the improvement for the lock-adlés substantial, see

Table[G.4.
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S(t)

Fig. 5.3 Two runs of asset prizes that give different payoffs for an exqgpitoo with

barrierB.

0.8 2 4 6

Fig. 5.4 Simulaton of asset prizes (zigzag) and their antithetic variates (zagzigywéa e

tions [5.21) and (5.22).
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Table 5.3 95%-Confidence Intervals for MC-approximations of the discounteéatep
payoff of an Up-and-Out Call witlsg =5,r =0.05,0 =0.3,E=4,B=28, T = 10,
M =500

N Standard Antithetic Ratio of
widths
107 0.480090.71627 [0.604710.73706 1.785

[ [
10°  [0.540370.61606 [0.554600.60152 1.613
10*  [0.587720.61197 [0.588890.60352 1.658
10°  [0.593210.60091 [0.594500.59913 1.661

Table 5.4 95%-Confidence Intervals for MC-approximations of the discountedatep
payoff of an “Lock-in Call” withS =5,r =0.05,0 =0.3,E=4,B=8,T = 10,M =500

N Standard Antithetic Ratio of
widths
107 1.097021.67199 [1.144811.36578 2.602

10*  [1.139871.19037 [1.154211.17543 2.379

[ [
10° [1.065751.22454 [1.137211.20512 2.339
[ [
100 [1.157851.17386 [1.165751.1725] 2.371

A note on importance sampling:

The Monte Carlo methods of Sectibn5.2 assume that the d.c:fL(RY)
which occurs in the integral (3. 8) is given. Suppose that ihinot the case. We
want to approximate an integrfla hdx with h e L(RY) but still have a choice of
the density function. Then we write

5= [, fox= /Rd %f(x) dx, (5.23)

wheref € L1(RY) is a p.d.f. to be determined such that

f(x) =0, xe RY = h(x) = 0. (5.24)

Let us defineh(x) = % if f(x) # 0 andh(x) = 0 otherwise, and let us assume
that we can generate random variabfes f. Theimportance samplethen reads

hy —iNh( L g hx (5.25)
N’f_Ni; NZf '

It is natural to ask for a good choice of the density functfoiat minimizes the
variance of this sampler.
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Theorem 5.9.The variance of the importance samp{@23)among all p.d.f.s f
satisfying(5.24)becomes minimal at

M9l e e (5.26)

fmin() = |l
L

=5 3

and the minimal value is

foun) = ([, Ii09169° ~ ([ R a)”.

Remark 5.10The theorem shows that it is optimal to choose as densitylibe-a
lute value of the function itself (suitably normalized). Qjurse, it is unrealistic
to assume that one can generate random variables with thsstyleHowever, the
result suggests to look for densities that have some weigietrevthe integrand
has. An example of this type of importance sampler will beuksed below.

Proof. Recall from [5.111) thal; has variance

o2(f) = /[Rd %dx— /[Rd R(x)2dx. (5.27)

Then our assertion follows from the equality

02(1) = IRIZE | (™)) + IR (i

The latter relation is obtained from (5]26) afd (5.27) by arsbalculation

f2 f

: A2 i
ITIE: / L P 1
Il [thz 2 Rt

= [ a2z IR

hil2 fr?un fmin
[hlIf.E -2 +1

f dx

Finally we discuss a method of variance reduction called
Stratified sampling.
Consider again the integrdl (5]10) and the sample nieanl (55Lppose that we
can decomposi? into disjoint subsets,i = 1,...,M (the strata) for which we
know conditional probabilities
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M
ai:/Sf(x)dx, i=1...M, RI=|JS, SNS=0(+#)). (528)
i=1

Note thaty M, & = 1. With this information at hand we ask for an estimatotof
which has smaller variance thag. Note that[(5.28) implies a decomposition of
the density functiorf as follows

f S afi, where fi(x)=1 (x)—f(x) x € RY
~ Y af; (%) = 1g 7 '
i; | | aj

We decompose the number of samgies: TM, nj and assume that we can gen-
erate i.i.d. random variable§ 1,..., X n, € § such tha j ~ fi. Then the sample
mean in stratung is given by

12

N =i

and ourstratified samplers defined by

M
T=YaT. (5.29)
2™
A simple computation shows
E[Ti]:%, where | = /a h(x) f (x) dx, (5.30)
M
E[T] =Y aE[T] = (5.31)
5

For the variance we find

M M 2 .
var(T) = ‘Zafvar(Ti) = Zl%(/s hz(x)% dx — (;—')2) (5.32)

Theorem 5.11.In the setting above letB= Ng;,i = 1,...,M be integers, then the
variance of the sample me#B.12)and the stratified meafb.29)satisfy

var(hy) = var(T) + a (= — Ih)z. (5.33)
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Remark 5.12The choicen; = Ng is calledproportional allocation In general,
one cannot assume that= Ng are integers. Then one takes nearby values such
thatN = M, n; still holds. Equation{5.33) shows that the variance is cediby
proportional allocation and that the reduction is betterftirther apart the values

of E(T;) andly are.

Proof. By (5.32) and the choice af the right-hand side of (5.83) equals

M 2
2 1 2f ||
— h*—dx— ——2II I
3 4 auN(/ ~ o (2)7) NZ n+ail)
2 2

5l —
Zi/ h?(x) f (x) dx — 2N + Nh = var(hy).

Example 5.13([21, Ch.3.2])

Suppose you ask Bielefeld residents whether their city mayor is doing a good
job. For simplicity think of each resident to represent aerval of length 1 and
let R(x) denote the resident of the interval to whicbelongs. You then consider
the sample meahny = & S, h(x) of the function

_ [ 1if R(x) says yes
h(x) = {O if R(X) says no

We stratify the set of residents by
S = {x: R(x) votes for partyi},i =1,...,6,

wherei stands for SPD, CDU, GBNE, FDP, LINKE, OTHER. From the last
election we know the proportiog, = %fs 1 dx of residents B total number of
voters) that voted for party Suppose you also ask theresidents how they voted
during the last election and you obtain numbardor the i-th party. Suppose
44.2% of them voted SPD while you know from the newspapers thdtageonly
a; = 0.396 during the last election. You may then worry about theltes your
sample mean because you probably have too many SPD-votgaiinsample
and the SPD is the mayor’s party. Therefore you decide t@etfrom yourN-
sample a proportional allocation by taking the answers ef Rig < n; Votersx,; j
of partyi such that = 37 ; fii < N (note thatN = min ! is the maximum number
for doing this). Then the stratified estimate of the mayaujgorters is

h(x. )

31' =
||M =}
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The following theorem shows that proportional allocatismot the best choice
for minimizing the variance of the stratified sampler.

Theorem 5.14.(Tschuprow-Neyman allocation)
The variance of the stratified sampl@.29)is minimal for

opt a; 0 .
N =N———, g =var(h(Xj)),j=1,...,n, (5.34)
! >1Liaj0;

and the minimal value is

var(TP) =

(30

Proof. From [5.32) we infer for a general decompositr= M, n

ZI|—\

202

V(ng,...,nv) :=var(T Z

An application of the Cauchy Schwarz inequality yields theeaison

1 M
t t
V) = (S a2
=1
1

1 M i M M ajZO-JZ

_ 4 7 S N;

N jZl \/_ N<jzl J)(jzl nj
=V(ny,...,Nm)

O

It is known that the Cauchy Schwarz inequality is strict usld®e vectors are

linearly dependent .e/Mj = c% for somec € R. Sincez'j"' nj = N this leads

tonj = nJ ' hencel(5.34) is the unique allocation where the minimunttéred.

In general it is hard to achieve this minimum since one needsow the strata
variancesviz. Moreover,nio'c’t need not be integers in general. A practical way out
is to start sampling with proportional allocation and theswtireateai2 from the
sample variance

N

K== 3 (X)) -T2

Na‘Jl

One may then use the allocatidn (3.34) Wil instead ofg; and continue with
increasing the sample size.
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5.4 Approximation of Multiple Integrals

This section is based on [9], [10, Ch. 7.1],][30, Ch. 4.3]. Weé fagiew quadrature
rules for one-dimensional integrals, with an emphasis omsGian quadrature for
weight functions that are probability density functioneeh we show how to gen-
eralize to multiple integrals via product rules. Finally e@mpare the efficiency
of these quadrature rules with Monte-Carlo integration.

The general goal is to approximate an integral

I(h) = /A h)f(x)dx, AcRY measurable (5.35)

with a p.d.f.f € L1(A) by aquadrature ruleof the form

M
Qm(h) = leih(xi), wherexy, ..., Xxu € A. (5.36)

We callx; € Athenodesandw; € R theweightsof the quadrature rule.

In the following we assumA C R and the nodes to be orderedly< ... < Xu.
LetPy_1 denote the space of polynomials of degrell — 1. The following result
about interpolatory quadrature is well known (the proofrisaercise).

Theorem 5.15.The quadrature ruld5.38)is exact for polynomials iy _1 (i.€.
Qm(h) =1(h) for all h € Py_1) if and only if the weights are given by

wi:/fi(x)f(x)dx, i—1....M, (5.37)
A

with the Lagrange polynomials defined by

For equidistant nodeg = a+ (j —1)Ax, j = 1,...,M with A= [a,b], Ax= 7%

we obtain the Newton-Cotes formulae. The most familiar omes a

Qz2(h) = El(h(a) +h(b)), trapezoidal rule  (5.38)

2
a+b

— b%sa(h(a) + 4h(T) +h(b)), Simpson'srule  (5.39)

For Gaul3 quadrature rules consider an inteAalR (not necessarily compact)
and the function space

Qs(h)
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L2(A)={h:A— R measurable andh’®f c L(A)}.

Assumingf > 0 a.e. inA, the spac&?(A) is a Hilbert space (cf. Sectign 2.3) with
respect to

(hg) = [ g f0g [l = (h.h.
From the monomialm;(x) = x),j=0,...,M —1 one generates orthogonal poly-
nomialsk, € P; by the Gram-Schmidt orthogonalization process
1y

i—
m7 ] H
R= Z P, i=0,...,M—1 4
1 m J PJ,PJ ] I 07 ) (5 O)

Rather than normalizingR, R) = 1 the recursiori(5.40) enforces the leading coef-
ficientto be 1, i.eR(x) = X +1.0.t.. We callR,i € N theorthogonal polynomials
associated with the weight function f and the intervall&ing this property it is
easy to verify that orthogonal polynomials satisfy a thexentrecursion.

Theorem 5.16.The orthogonal polynomials associated with the weight foncti
f and the interval A satisfy the recursion

Ri1(X) = (X—a+1)R(X) —bi;1R-1(x), 1>0,
Biii— (mP,R) - (mP,R_1)
" (R,R)Y > " (R_1,R_1)’
where we setR =0,Py=1,b; =0.
From this we conclude important information about the zemfethe orthogonal
polynomials.

Theorem 5.17 Let the orthogonal polynomials be defined(®y0d) Then Phas
exactly i distinct zeroes in the interior of A.

Proof. Let z,...,z, be the zeroes of in the interior ofA repeated according
to their multiplicity. We havev <i sinceR € P;. Then the polynomiaQ;(x) =
R (X)-,(X—2) is of one sign in the interior oA and hence

O;A/AQi(x)f(x)dx:/AP.(x)t!(x—z,)f(x)dx.

If v < i then this integral vanishes due to the orthogona{yR) = O for
| <i. Hence we conclude = i. Now assume that there is a zero of multi-
plicity k > 2, sayz;. Then we can repeat the above argument v@(x) =
R(X)(x—21)*2l_,(x—2z) and arrive at a contradiction. 0
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Definition 5.18.Let
XM < ... < XMM (5.41)

denote the distinct zeroes Bf; in A and let

Mo x—x; .
Wi m Z/ﬁi,mX)f(X)d& li(X) = SEAM i1 M (5.42)
A j=1,j#i XM~ XjM

be the corresponding Lagrangian weights (cf._(b.37)). Therquadrature rule

M
= _Z\WiaMh(XLM) (5.43)

is called thevl-th Gaussian rule associated with domain A and density f

Theorem 5.19.The M-th Gaussian rule associated with domain A and density f
is exact for polynomials ifPay_1, i.€.

/h x)dx forall hePaw 1.

Proof. Forh € Pyy_1 let Ph = Zi:l h(xim)fi m € Pm—1 be its interpolating poly-
nomial. By Theoreri 5.17 there exists some Py_1 such that

h(x) = P (X) +r(x)Pu(x), Xx€R.
From this factorization and the orthogonality we obtain

/P[h X) dX+ (r,Rv)
=1(Pr) = Qu(Pp) = _;Wi,M Pr (4.m)

M
= 3 Wi (P () 7 06.0) P (0600)) = Q).

O

The favorable properties of Gaussian quadrature rules/dtho a rather simple
convergence proof ad — .

Theorem 5.20.The weights of the M-th Gaussian rule satisfy
M
wim>0 (i=1,...M), ani’M =1 (5.44)

If A is a compact interval then one has convergence

lim Qui(h) = / h)f(x)dx forall heC(A). (5.45)
M—>o0 A
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Proof. The squares; = (¢ v)? of the Lagrange polynomial§ (5}42) satisfyc
Pov—2 and hence by Theorelm 5]19

M
0< /Ahi (X) f(x)dx = jzlwwhi (Xj.M) =Wim.

Moreover,5 M, wi v = Qu(1a) = [, f(X)dx= 1.

Givene > 0 andh € C(A) we can select by the Weierstral} approximation the-
orem someM € N and g € Pav_1 such that/[h — g||» < . Using [5.4%) and
Theoreni 5.19 leads to

M
/A 0T B¢ 5 whanh(im)

<

[ h) -0 fx 0+

ELE M W
=5 2i; 1,M

M
_;Wi,M (9(xim) —h(m))

=E&.

O

The following table collects some special orthogonal pomrals with their do-
mains and (nonnormalized) density functions.

Table 5.5 Table of orthogonal polynomials with domadnand density functiorf

name domai\ densityf(x) restrictions

Legendre [—1,1] 1
Jacobi [-1,1] (1-x)%(1+x)P a,B> -1
Laguerre [0, ) xde™* a>-1

Hermite (—o,0)  exp(—x%)

Well known particular cases are

1 d .
Py(x) = 3T (x*—1)))  Legendre,
Tj(x) = cog j arccogx)) Chebyshev (Jacobi witlr = 3 = —%),
: j
Hj(x) = (—1)JeXZd—(e‘Xz) Hermite

dx]
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Error estimates

As noted above classical integration rules aim at accurdggyiation of suffi-
ciently smooth functions. Approximating smooth functidrysa Taylor expansion
then suggests to set up quadrature rules that integratagrolgls exactly to the
highest degree possible. For an extensive treatment aof estonates abl — o
we refer to the classical monographs of Davis, Rabinowitzafrd Stroud[[33].
Here we draw some simple conclusions that follow from theltesbove.

Theorem 5.21.Let AC R be a compact interval and consider a quadrature rule
Quw as in(G.38)that is exact for polynomials iy _1. Then for all he CM(A),

1 M
1(h) —Qum(h)| <Com[|h™) ||, Cim = W/ |'!|x—xiyf(x) dx. (5.46)
PJAL
Proof. LetPy € Pm-1 interpolate the datag, h(x)),i =1,...,M. For everyx € A
there exists somé = & (X) € (x1,xv) such that
] h) (&) L.
() =P (X) = — 5 eom(¥), - om(x) = _ﬂ(X—x.)- (5.47)

With this representation we find from Theorem 5.15
1(0) = Quit)] = | [ (N = Py (00) F () o

hM)|;
SHTH"/|QM(X)]f(x)dx.
. A
O

For the Gauss rules with respect to domaiand densityf the corresponding
result is the following.

Theorem 5.22.Let AC R be a compact interval and consider a Gaussian quadra-
ture rule (5.43)associated with domain A and density f. Then for atl @M (A),

M
1(h) = Qu(h)| < Com|[h®W || L=, Com = (z—l\l/l)!/Airl(x—xi)zf(x) dx.
(5.48)

Proof. We modify the proof of Theorem 5.P1 by lettirigy; € Pav-—1 Solve the
Hermite interpolation problem

Pr(im) =h(xim), POiv) =h(im), i=1...,M.

Then the error formuld(5.47) holds witi2and w{; instead ofM and wy, and
the estimate (5.48) follows as in the previous proof. O
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Compound rules

One way of increasing the accuracy of quadratrure rules patttion the do-
main of integration into smaller subdomains and to use alsimybe on each sub-
domain. In this way one obtains so calleosimpound rulesin one dimension the
resulting formulae integrate exactly continuous and piese polynomial func-
tions (splines). Note however, that this approach usuatiyires the density to be
constant, for otherwise we will need a new quadrature ruleamin subdomain.

Let A= [a,b] andf(x) = 1,x € [a,b] and partition as follows

K-1
&bl = |Jyj.yjir1l: yj=a+idxj=0,...,K, Ax=

b—a
j=0 :

We apply a formulal[{5.36) fofolhdx to the functionsgj(y) = h(y;j +yAx),y €
0,1,j=0,...,K—1,

/abh(x) dx = Ti/y,-ym h(x) dx = Axlji:/c)lgj(y) dy

K-1 M

K-1
~AX Y Qm(gj) = Ax wih(yj +xAX) =: Qmu k (h). (5.49)
2, (O 7% 2, 3 b -

Theorem 5.23.Under the assumptions of Theorem .21 the compound quaératu
rule Qu k defined in(5.49)satisfies for all e CM(A)

[1(h) = Quk (h)] < Cam(b—a)(@x)M|[h™) ]| .. (5.50)
For the compound Gaussian rules we have under the assumpfidhgorenn 5.22
[1(h) — Quuk ()] < Con(b—a) (A ||AMW] . (5.51)

Proof. We consider only the first case, the second case is treatddganaly.
From (5.46) we obtain

K-1 1
)= Qu(] =1 5 ( [ 01y) oy~ Qu(@y)

gAxKicl,Mngﬁ“”uuLw
j:

K-1
<AXCim § ()M A
2,

=(b—a)Crm(Ax)M ™.
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A simple compound rule is the trapezium sum that derives ttutrapezoidal

rule (5.38)

1 i : 1
Qzk (h) = Ax(éh(a) + 5 h(a+jAx) + Eh<b))' (5.52)
=1
This is anO((Ax)?) approximation of the integral i € C?[a, b].
Product rules

Exercises

Problem 5.24.Let X be a random variable witk ~ U (0,1). Compute the expec-
tation and the variance of

ha(X) = (X —a)®

for 0 < a < 1. For the values € {0, %, 1} discuss whether antithetic sampling of
ha (X) reduces the variance.

Problem 5.25.The acceptance-rejection algorithm of Seclion 4.2 can kdifiad
to produce a Monte-Carlo integrator for

'“:/Rd h(x)dx, heLLRY).

Assumelh(x)| < cf(x),x € RY, for some p.d.ff € L}(RY). Fori=1,...,N gen-
erate independent random variab¥es- U (0,c) andU; ~ f and set

- o 1, if Yif(Ui) <h(Uj),
= in, where X =< -1, if Yif(Uj) < —h(U)),
i= 0, otherwise

Show thathy has expectatiot, and variance: (c/[h|| 1 — 12). Show that the im-
portance sampler
~ 1N nhz)
=—9Y —=, where Z ~f
N 4 f(Z) '

has the same expectation but smaller variance.

Problem 5.26.Implement the following Monte-Carlo algorithm which approx
mates the Delta\(t) of a European call option with exercise priee> 0 and
expiry dateT > 0 at timet = 0:
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1. Fori € {1,...,N} generat&; ~ N(0,1) i.i.d.
2. Fori € {1,...,N} compute

S = Sexp((r — :—ZLUZ)T+0\/fZi)

and for a given step sizg¢ > 0
1
g = S+ exp((r = 50%)T +0VTZ).

3. Computed; = e '™ (max(0,§ — E) —max(0,S — E))

4. Compute the sample medn = %ZiN:lAi-

As parameter values u3e=3,E =5, =6,r = 0.05,0 = 0.3. For the number
of samples choosd = 2°, ..., 217 and for the step sizes sgt=10"2,...,10°%.
For eachn make a separate error bar plot which shows the exact valdg®f

and the approximationdy for the given number of sampl&stogether with their
95%-confidence intervals.

Problem 5.27.Let X be a real-valued random variable with unknown expectation
and letY be a random variable with known expectation. Determine xpee&ation
and variance of

Xo=X+06(E[Y]-Y), for6eR.

How would you choosé in order to minimize the variance when sampliXg
and what is its minimal value? Generalize this to the caderahdom variables
Yj, ] =1,...,k, by minimizing the variance of

k
Xg =X+ Z 9]' (E[Yj] —Yj)
=1
with 8 = (8y,..., 6¢) € R¥. Give a criterion that guarantees a unique minimizer.

Problem 5.28.Determine the interpolatory quadrature rule withe {2, 3} equidis-
tant nodes for

I(h) = /Olh(x)f(x) dx,

where f(x) = 6x(1 — x). Determine nodes and weights for the corresponding
GaulR-rules wittM € {1,2} nodes.
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Problem 5.29.A fixed strike lookback cabtiption has the payoff function

A((S(t))) M) = max( max S(tj) - E,0), tj=jAt,A= %,j =0,...,M.
1=0,...

’

The stochastic proceskt;) is determined in the usual way through

S(tj 1) = S(tj) exp((r —%Gz)At— oVAtZ)), Zj~N(0,1), j=0,....M-1.

Write a program which calculates the 95%-confidence interfal the standard
and the antithetic Monte-Carlo approximations of the disted expected payoff
of the option. Present your results in a table together viigiratio of widths.

Take parameter values = 10, M = 500,r = 0.05, 0 = 0.3, S(0) = S =5,
E =4 and generathl = 10?,...,10° samples.



Chapter 6

Theory of Continuous Time Stochastic Processes and
It ©-Integrals

6.1 Continuous Time Stochastic Processes

In this section we introduce basic notions of the theory oticmous time stochas-
tic processes. In particular, we deal with filtrations, do@mess of stochastic pro-
cesses and stopping times. For the material presentedsirséiction our main
references aré [22, Sec. 1.3] ahd|[34, Ch. 2].

Throughout this section 1€, 7, P) be the underlying probability space.

Definition 6.1. A family (X(t))tet, T C [0,0), of random variables with values
in RY is called astochastic proceswith index setT and state spacekd. We
say that a stochastic processnitegrable(square-integrablgif X (t) € L1(Q;R9)
(X(t) € L2(Q;RY)) forallt € T,

Forw € Q the mappindl >t — X(t,w) € R is called asample pattor trajec-
tory of the stochastic process.

Although most definitions and results also make sense foretis index sets
T, for the rest of this chapter we taKeto be equal to a bounded or unbounded
subinterval ofl0, »). In this case we say that we consider a stochastic process in
continuous time- in contrast to aliscrete timestochastic process.

We say that a stochastic proce3§t) )7 is continuousf the mappingsl >
t — X(t,w) € RY are continuous for almost evewy € Q. In a similar way, we
define a stochastic procegX(t)):;cy to beleft continuousor right continuous
Further, we say that a stochastic processadlag (French: “continuea droite,
limite & gauche”) if it is right continuous and the left limits lipa X(s, w) exists
for almost everyw € Q.

Next, we introduce a very important concept which is useditttrol the evo-
lution of information in a stochastic system.

Definition 6.2. A family of sub-o-algebras(F;)ict C F is called afiltration if
FsC Fiforalls<t.

87
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The g-algebraZ; should be regarded as the set of all events for which we can
decide at timea whether they have occurred or not. An important example of a
filtration is the so calledatural filtration of a stochastic proce$X(t))iet which
is defined by

Fri=0(X(s):seT,s<t), teT,

that is, 7t is the smallest-algebra for which the random variabl¥$s), s <t,
are measurable.

Definition 6.3. A stochastic proceséX(t))ic7 is called adaptedto a filtration
(Fi)tet if the random variableX (t) are i-measurable for evetye T.

Clearly, the smallest filtration to which a stochastic precess adapted is its
natural filtration. A useful enlargement of the naturaldilion is given by the next
definition.

Definition 6.4. For a given filtration( F; )i consider

Fii= ﬂ Ftie

>0

for everyt € T. We say that the filtratiofl7; )< is right-continuousf F = 7"
forallt € T.

From the definition it follows at once tha& C F " and that 7" )7 is a right-
continuous filtration.

We are also interested in stopping a stochastic procesgahgandom events
occur. For example, we may sell a certain stock if the stoaephits a prescribed
barrier. For this it is important that the decision to stofiraet only depends on
those information which are available at tim& his is formalised in the following
definition.

Definition 6.5. Consider a filtration %t );c7 and a random variable: Q — TU
{eo}. We say that is an(F;)ier-stopping timef {1 <t} € F forallt € T.

Obviously, a constant random variable is a stopping timerigat-continuous
filtrations the following characterization holds true (§F4, Lemma 2.2.2)).

Lemma 6.6.Let (Fi)ieT be a right-continuous filtration. A random variable
T: Q — TU{w} is a (Fi)ier-stopping time if and only if7 < t} € F for all
teT.
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Proof. For the proof we follow[[34, Lemma 2.2.2]. First we assumé fha<t} €
Fi forallt € T. Then it follows that

r<t}_ﬂ{r<t-|— }eﬂf i=F=F foraltel.

Conversely, let be a stopping time. Thus
frett=fr<t-Y1em,
n=1 n

sincef, 1 C Fiforalln> 1 witht — 1 € T. In addition, ifty := inf(T) € T, then
{t<to} =0¢€ F,. O

Next, we come to an important example of a stopping time.

Definition 6.7.Let (X(t));er be anR9-valued stochastic process and ebe a
subset ofR9. Then the random variable’ : Q — TU {e} which is given by

°(w) ==inf{t e T: X(t,w) ¢ D},
with the usual convention inf & o, is called the(first) exit timeof X from D.
We have the following result (c.f. ][22, Th. 1.3.2] and[[349pr2.3.4]).

Lemma 6.8.Let (F; )7 be a right-continuous filtration andX (t) )7 an R9-

valued, (Ft)icr-adapted stochastic process. (K(t))ier is left-continuous or
right-continuous then the exit time> of X from a closed subset D RY is an

(Ft)teT-Stopping time.

Proof. Following the proof of([34, Prop. 2.3.4], we have

{tP<t}=J{X(9eD} = |J {X(s) €D},

s<t s<t.seQ

which belongs taF; by the adaptiveness of. The last equality holds sindg®
is open andX is left-continuous or right-continuous. ThereforeXifs) ¢ D for
somes < t then there also exists< @, S < t, with X(8) € DC.

By applying Lemma 616 the proof is complete. O

We close this section with what is known as thuestial conditionsin the liter-
ature (c.f.[34, Sec. 2.1))

Assumption 6.9.Let (Q,F,P) be a probability space together with a filtration
(Ft)teT Which satisfies the followingsual conditions
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(i) (Q,F,P)is a complete probability space, that is, every suBsetN of a
P-nullsetN is F-measurable.

(i)  EveryP-nullsetN € F also belongs to; forallt € T.

(iii)  The filtration (Ft )i is right-continuous.

Throughout the rest of these lecture notes we usually asshehéssumption
is satisfied if not stated otherwise.

6.2 Martingales

In this section we consider an important class of stochpsticesses, the so called
martingales. Historically, martingales have been intoeduby Paul Pierre &vy,
while many important results of this theory were contriloubg Joseph Leo Doob.

The name is related to a betting system with the simplesantaiworking in
the following way: Imagine a game of flipping a fair coin. Thangpler’s stake
is doubled if the coin comes up heads, otherwise the stakenpletely lost.
The betting strategy asks the gambler to double his stake efery loss. Then
the reward of the first win after a streak of several losseslsgqhe sum of all
previous losses plus a gain of the initial stake.

However, due to the exponential growth of the stakes during@gsequence of
consecutive losses the gambler might hit its credit limd #re strategy results in
the gambler’s bankruptcy. This potentially catastropbi&s| which occurs with a
small but strictly positive probability, results in the fabat the overall expected
return is equal to zero.

In probability theory a martingale can be seen as a fair g@&eansequence
of Doob’s optional stopping theorem is that there exist nibitog system which
provides a positive expected return in a fair game. For a detailed discussion
in this direction we refer td [4517] and [5, Sec. 35].

In the following we review some aspects of the martingal®thevhich will
prove useful later on. The presented material is standatdsaiound in, for ex-
ample, [34, Ch. 3]. For the following definition we recall thation of conditional
expectation from Sectidn 2.6.

Definition 6.10.Let (Ft)ic7 be a filtration. An adapted, real-valued, integrable
stochastic procegX (t)):c7 is called amartingalewith respect td 7t )ic if

E[X(t)|Fs) =X(s) foralls<t. (6.1)

If (6.1) only holds with =’ (* <’) then (X(t) )i is called asubmartingal€super-
martingalg.
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In the following section we will introduce Brownian motion wh is an impor-
tant stochastic process. The first part of Exaniple]6.11 ghvesrguments why
Brownian motion is a martingale. The second part is a morécatiexample.

Example 6.11(i) Let (X(t));er be an adapted, real-valued, integrable stochastic
process such that the incremeXi$) — X(s) are independent ofs with E[X(s)] =
E[X(t)] for all s<t.

Here, we say that a random variaMes independent of a-algebraGg C F if
every G-measurable random variable is independenY .oin particular, for 0<
t) <ty <tz <ty < ooitfollows that the increment¥(tz) — X(t1) andX(ts) — X(t3)
are independent.

In order to show the martingale property the following fantamnditional ex-
pectation is needed

E[Y|G] = E]Y], (6.2)

which holds for all integrable random variablgswhich are independent of a
sub-o-algebrag. Using this, we compute

EIX(t)|Fs] = E[X(t) = X(8)|Fs] + E[X(5)|Fs] = E[X(t) = X(8)] + X(8) = X($)-

It remains to show(612), that is
/YdP: / E)V]dPg forall Acg.
A A
Indeed, we have
/de — E[1aY] = E[1A]E[Y] = P(A)E]Y] = / EY]dP,
A A

sincelp is a G-measurable random variable and thus independeix. oFhis

proves[(6.R).

(i) Consider a real-valued random variablec L1(Q) and a filtration( F; )¢c7.
Then the processX(t) )1 defined by
X(t):=E[X|A] forallteT

is a martingale. In fact, by the properties of the conditl@dgectation it holds
that(X(t) )i is an adapted integrable process and

E[X(t)|F = E[E[X|R]|F = E[X|FJ = X(s) foralls<t.
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As our first lemma shows we often encounter submartingaldseasoncatena-
tion of a martingale and a convex function. An important agtion of this result

is ¢ (x) = [x|.

Lemma 6.12.Consider a convex functiop: R — R and a real-valued martin-
gale (X(t))tet such that¢ (X(t)) is integrable for all te T. Then the process
(¢ (X(t)))ter is @ submartingale.

Proof. As in the proof of [34, Lemma 3.0.16] we apply Jensen'’s inditjufor
conditional expectations which yields

$(X(s)) = ¢ (E[X(1)|Fs]) <E[d(X(1))|Fs]
forall s<t. O

Next, we are concerned with the regularity of typical sangaéhs of a mar-
tingale. For this, we say that a stochastic pro¢&ss) )i is amodificationof a
stochastic procesX(t) )it if P(X(t) =Y(t)) =1forallt € T.

Theorem 6.13.Under the usual conditions ofi%;)ict every martingale has a
cadlag modification.

A proof is found in [34, Th. 3.2.6 (ii)].

A consequence of Doob’s martingale stopping theorem ([84312.7]) is that
the martingale property remains valid after stopping thecess by a stopping
time.

Theorem 6.14.Consider a right-continuous (sub-)martingdl$ )t and a stop-
ping time1. Then the stopped proce8&(t A T))ic7 iS also a (sub-)martingale.

For a proof we refer td [34, Cor. 3.2.8].

The next result is the continuous version of Doob’s submgatie inequality.
The presented formulation is taken from|[22, Th. 1.3.7]. Agdrcan be found in
[34, Th. 3.2.10].

Lemma 6.15.Let p> 1 and consider a real-valued nonnegative and right-contimio
submartingalg X (t) )it such that Xt) € LP(Q). Then it holds that

E[supX(s)P] < (L)pE[X(t)p} forallt € T.

s<t p—-1
Finally, we say that aftd-valued stochastic process is a martingale if all com-
ponents are real-valued martingales. Note that all predemsults also hold in
the multidimensional case. In particular, we have the Yailhg generalization of

Lemmd6.IP:



6.3 Brownian Motion 93

Lemma 6.16.Let (X(t));er be anR%-valued martingale with respect to a filtra-
tion (Fi)ier. If ¢ RY — R is a convex function and (X(t)) is integrable for all
t € T, then(¢ (X(t))ieT is a real-valued submartingale with respect(t& );ct.

The proof is similar to the proof of Lemnia 6112 but uses a bietgeneralized
version of Jensen’s inequality for convex functiongfh

6.3 Brownian Motion

In 1826—27 Robert Brown discovered what today is known a8tbe/nian mo-
tion: Under the microscope he noticed that pollen particles esudgd in water
move erratically. In particular, he saw that the path of glgparticle seems to be
nowhere differentiable and that the paths of two particpgsear to be independent
of each other. As it was explained later, the Brownian motsocaiused by a large
number of collisions between the pollen particles and theeoutes of water.

In his PhD-thesis from 1900 Louis Bachelier introduced a finsthematical
model to describe fluctuations in stock prices using stdahasalysis. In 1905
Albert Einstein studied the Brownian motion and used hislteso give an indi-
rect proof of the existence of atoms and molecules.

These findings resulted in a rigorous mathematical theorytbfie Brownian
motion which was first developed by Norbert Wiener during 18€0’s. To his
honour the stochastic process which describes the phygiemomena known as
Brownian motion is also often calledvdiener process

Definition 6.17.A (standardWiener processr a (standardBrownian motions
a real-valued continuous stochastic proq®gét));ct on T = [0, ), adapted to a
filtration (Ft)icT, Which satisfies the following properties:

(i) W(0)=0as,;

(i)  the increment®V(t) —W(s) for 0 < s<t < « are normally distributed with
mean zero and variante- s, that isW(t) —W(s) ~ N(0,t —s);

(iii) theincrementdV(t) —W(s) are independent ofsforall 0 <s <t < co.

For a discussion of property (iii) we refer to Example 6.1 &igure[ 6.1 shows
a typical sample path of a Wiener process. But before we asatio study some
important properties we present a motivation of the definitirom [8, Ch. 3]
which follows the way Albert Einstein studied Brownian matio

If we inject a unit amount of ink at position= 0 and at tim& = 0 into a long
thin tube filled with water then lai(x,t) denote the density of ink at tinte> 0
and at positiorx € R. Thus, at timg = 0 the density is given by

u(x,0) = &(x), thed-distribution centered at 0.
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Brownian Motion

W(t)

t

Fig. 6.1 Sample path of a Wiener process on the time inteldl0].

Further, let us denote hy(y, 7) the probability density that an ink particle changes
its position fromx to x+y in (small) timet > 0. In particular, it holds that

/_mp(y,wdy:l-

By an application of Taylor’'s theorem we get

[ee]

uxt+1) = [ ulx-y0p(nT)dy
© ou 1 ,0%u
= [ (Ut —yo ) + P56t + ) p(y.T) .
Further, we impose the following additional assumptiongon
P(Y,T) =p(-Y,T) and/ y’p(y,T)dy=Dt, forD >0,

that is, we assume that it is equally likely that a particlevesoto the left or to the
right and that the variance of the movements is linear. ihhe former yields

/_myp<yyr)dy:0

and, consequently,
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1 10%u
?(u(x,t +1)—u(x,t)) = EWW) +..
Finally, the limitt — O leads to the partial differential equation
ou_Do%
ot 20x%’ (6.3)
u(x,0) = do(x),

which is usually referred to as tieeat equatioror diffusion equation The (fun-
damental) solution td (6].3) is given by
1 X2
—exp(—==), 6.4
Voo P~ anr) (64
which is the p.d.f. oN(0, Dt). Since we started with a unit amount of ink we may
interpretu as the probability density of the distribution of the ink fiees.
Concerning the constabt, Albert Einstein computed

_RT
" Naf’

whereR is the gas constant, the absolute temperaturé,the friction coeffi-
cient andNa denotes Avogadro’s numbes(6 x 10?2 = number of molecules in
a mole).

To sum up, in an idealized situation with= 1 the new position at time> 0
of an ink particle which started at= 0 isN(0,t)-distributed.

A further motivation of this result is given by the Central Limitheorem. If we
follow the assumption that changes to the position of an akigle are due to
a large number of independent collisions with water molesiis will result in
normally distributed position changes. A more rigorousw@ion of this result,
which also uses the Central Limit Theorem can also be fourig,i8¢c. 3].

Before we discuss some useful properties of Wiener procegsdsst note
that from Definition[6.117 it is not immediately clear if theegen exists such a
stochastic process. The first existence result was prasbgtllorbert Wiener in
1923. The following formulation of an existence theorenisrfd in [8, Ch. 3].

u(x,t) =

D

Theorem 6.18 Let (Q, F,P) be a probability space on which a sequenizg;” ;
of countably many independent andayl)-distributed random variables exists.
Then there exists a filtratioiF; )ict with T = [0,0) and an adapted stochastic
procesgW(t))ic1 such that W is a standard Wiener process.

For an easy-to-access proof of this theorem which relieheriLévy-Ciesielski
construction of a Wiener process we also refer to [8, Ch. 3jdwvin turn gives
[18] as a reference).
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As it is discussed i [22, Sec. 15] the filtrati@#t )1 is part of the definition
of a Wiener process. The filtration which is given by Theofe@8&loes usually
not satisfy the usual conditions. But since this is often aveaient property we
remark that if W(t) )1 is a Wiener process on a probability space 7, P) then
it is also a Wiener process di®, F,P), whereF denotes the completion ¢f
(seelZL)). _

Further, if A/ denotes the set of df-null sets, thatisV' = {Ac F : P(A) =0},
then we define

Fri=0(FRUN).

Clearly, (Fi)ier is again a filtration to whicHW(t))ic1 is adapted. This filtra-
tion is called theaugmentation undeP of (F;)iet and, by a possibly further en-
largement tc(T—“t+ )teT We may also assume that it is right-continuous. Therefore,
without loss of generality we may assume ti&f(t) )7 is a Wiener process with
respect to a filtrationi.7t )i Which satisfies the usual conditions.

Our first lemmas are direct consequences of Definftion] 6.1 jmBperty (iii)
in the definition of Wiener processes and the arguments givé&xample 6.1
Brownian motion is a martingale.

Lemma 6.19.Let (W(t)er, T = [0,), be a Wiener process with filtration
(Fi)teT- Then(W(t))icT is a square-integrabléF: );r-martingale.

For weak convergence of numerical schemes it will be impoittzat we can cal-
culate the mean of observables that depend on the Brownidommot

Lemma 6.20.Let (W(t))ier, T = [0,) be a Wiener process. Consider a measur-
able function h R" — R with n> 0 and a choice of time poinB®=ty <t; < ... <
tn. Then we have

E[h(W(tl), .. / / X1, Xn X]_, 0 tl)
f(xo;x1,t2—1t1) -+ F (Xn; Xn—1,th —th—1) OX1 - - - OXn,
where
)2
ooyt = ———e 4"

V2t

denotes the density of a Gaussian random variable with meaR gnd variance
t>0.
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Proof. Here we follow [8, Ch. 3, pp. 37 —38]. First we define

~

h(y17 oo aYn) = h(yl,Y1+YZa s ,Y1+ e ‘|‘Yn)»
then it holds

h(W(t2), ..., W (tn)) = ROW(ty), W(t2) —W(ty). ... W(tn) —W(tn_1))-
Since the incremen/(tj)) —W(ti_1), i = 1,...,nare independent it follows
E[h(W(t1),W(t2) —W(t1),...,W(tn) —W(tn_1))]
= [ RO ) 250,00 T3 0.t )+ F (9 .t — 1) -+

= /[R“ h(X1,...,Xn) F(X1;0,t1) F(X2; X1,t —t1) - -+ F (Xn; Xn—1,th —th—1) OXq - - - dXp

where we used the transformatign= x — xi_1, i = 1,...,n, with xo = 0 for
the last equality. Note that the determinant of the Jacobfdhis transformation
equals 1. O

Further, the temporal regularity of Wiener processes paysmportant role
since this determines the order of convergence of the nealeschemes which
we study later.

Lemma 6.21.Let (W(t))ier, T = [0,), be a Wiener process. Then we have
E[IW(t) ~W(s)|P] =Clt—s?
for all real numbers p> 1, t,s< T and a constant G 0 only depending on p.

Proof. Assume that > s. SinceW(t) —W(s) ~ N(0,t — s) we get for thep-th
moment

p
221 (P3)
NG

P
2

E[[W(t) —W(s)[P] = (t—s)2.

Thus, the assertion follows by setting

O

The previous lemma provides information on the temporallaggty of (W(t))ict
with respect to th&P-norm. Together with the following famous theorem we can
use this result to analyze the temporal continuity of tyjxéeanple paths.
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Theorem 6.22 (Kolmogorov-Chentsov) Let (X(t))ey, T = [0,0), be anR%-
valued stochastic process such that there exasfs > 0 and C> 0 with

E[IX(t)—X(s)|*] <Ct—s*P forallsteT.

Then there exists a modificatiqiX (t) et of (X(t))ier Such that every sample
path t— X(t,w), w € Q, is locally Holder continuous for each expondhk y <

g, that is, for every T> 0, w € Q there exists a constant(K, y, w) such that

IX(t, ) —X(s,w)| <K[t—g” forall0<st<T.

A proof of this theorem is found in [4, Kor. 39.5] or inl[8, p. Y7
In the following we often assume the existence of a Wienecgss with con-
tinuous sample paths. This is justified by the next coraollary

Corollary 6.23. Let (W(t))iet, T = [0,), be a Wiener process. Then there exists
a modification of W(t) )it of (W(t) )1 Such that every sample patht W(t, w),
w € Q, is locally Holder continuous for each expondhk y < %

Proof. Forp > 1 seta = 2pandf3 = p— 1. Then by Lemm&6.21 we get
E[W(t) —W(s)|*] =CJt —s/**P.

and Theoren 6.22 yields the existence of a modificailit ) )it of (W(t) et
such that every sample path @W(t))icT is locally Holder continuous for each

exponent < y < g Sincep > 1is arbitrary and
B _p-1_1 1
e

2p 2 2p
the assertion follows for each exponent ¢/ < % O

The regularity result from Corollafy 6.3 can not be improasdur next the-
orem shows. In fact, a typical sample path of a Wiener prosasswhere differ-
entiable. Following an idea of[5, p. 504] we provide an irdiicn for this.

Let (W(t))icy be a Wiener process. Then Problem 6.36 (i) (wits N € N)
asks the reader to confirm that also the transformed process

W (t) := N“IW/(N?%)

is a Wiener process. For evegy> 0 there exisiN > 1 large enough such that
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P(W(n) —W(n—1) > 1 for somen = 1,...,N) >1-—c¢.

Now fix a sample patlv € Q andn=1,...,N such thaW(n, w) —W(n—1, w) >
1 and note that an possible enlargemeniNafoes not affect our choice ofand
w. Then it holds that

n
N2

W(n) ~W(n—1) =N (Wh( ") AW () W ()

or equivalently,

N(W(n,w) —W(n-1,w)).

Therefore, the above difference quotient of the Wiener ggadi exceedsN on
the short time intervalo, ﬁ], where we can choose from a set with probability
1— &. In particular, by lettingN — o and since/V. andWy are identically dis-
tributed for allN, it is equally likely to observe an arbitrarly large diffece quo-
tient in a sample path &V on everyarbitrarly small time interval. This strongly
contradicts with the behaviour of differentiable funcson

In order to formulate the next result we recall that a mappingda, b] — R is
said to havébounded variatioron the intervala, bj, if

VP(Y):=sup nz Y(A") =Y ()| < oo, (6.5)
Th tiem,

where the supremum is taken over the set opaltitions i, = {a=tj <t} <
... <ty =Db}. Themesh sizef m, is denoted by | = max <i<m, [t —t7 4.

Theorem 6.24.Let (W(t))ier, T = [0,), be a Wiener process with continuous
sample paths. For ever% < y < 1 the sample paths+# W(t, w) are nowhere
locally Holder continuous with exponempt

On the other hand, l&tm, ) e be a sequence of partitions (et b] with | 75,| — 0O
for n — oo and i, C 15,41 for all n € N. Then the quadratic variation of a typical
sample path is given by

Mn
W)pag = lim 5 (WE) -W(K" ;)" =b-a inl*(Q).  (6.6)

In particular, the sample paths are nowhere differentiabhel dnave unbounded
variation on any finite intervala, b] C R.
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Quadratic variation of Brownian motion

— T/N = 0.10000
— T/N =0.00100
— T/N =0.00001

10

quadratic variation

t

Fig. 6.2 Quadratic variation of a sample path of a Wiener process on the time interval
[0,10].

Remark 6.25The limit in (6.8) also convergd®-a.s. This is demonstrated in Fig-
urel6.2 which shows for one sample path of a Wiener procef dhwith T =0
the time evolution of the quadratic variation. More prelyisier the figure we used
the equidistant partitionsy = {tN =i, : i =0,...,N} with N = 10?,10%,1CP.
Then the figure shows a sample path of the mappings

te 3 (W(EN) —W(tN)* >t asN — o,
tNemy

tN<t

Proof (of Theorem 6.24)Ne only prove the last part of the theorem. For a proof
of the first part we refer ta [8, pp. 50-51].

In order to prove the assertion on the quadratic variatiorfollew [B] p. 57]
and for the partitiont, we set

Mn

Qni= _Z(W(ti”) ~W(tLy))%

Then we get

Qn—(b—a)= Zl [(W(E) —W(E 1))? = (" —t )] =: _Zth
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whereE[Y;] = 0. It follows

E[(Qn— (b—a)) ZEYZ |42 2 E[VY;].

i,J=1
i<j

Note thatY; andY; are independent for # j and, consequentlyE[YY|] =
E[Y]E[Yj] = 0. Further, we have

e =e[((M ) ) -

1 © i
= E/_W(XZ— 1)%e z dx(t! —t ;)% = 2(t" —t" 1),

since

Therefore,
Mn
E[(Qn—(b—a))?] = 2_;<ti“—ti”1>2 < 2| (b—a),

which goes to zero as — «. This proves thd_?-convergence of the quadratic
variation to(b—a). In particular, by going to a subsequeri¢eC N we also get
for almost everyw € Q that

Mp
Z(W(ti“, w)—W(t" |, w))?—~b—a asn— o, neN.
i_

Then for 0< y < 3

Mn
O<b—a=limsup$ [W(t", w) —W(t" 1, w)|?

n—oo i:

glimsupCZl]t”—t "W, 0) —W(L 1, )|

n—soo

< limsupC|mp|¥ Z|W(ti”, w) —W(tL 1, ).
n—oo i=
Thus, if a typical sample path of the Wiener process were ahbed variation
then this implies that the right hand side goes to zero. Thigradiction proves
that sample paths of Wiener processes are of unboundedioarand, conse-
quently, nowhere differentiable. O
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Brownian motion trajectory in 2D

Fig. 6.3 Trajectory of the sample path of a two-dimensional Wiener process on the time
interval[0, 10].

So far, we considered Brownian motion only as a real-valuedgss. We con-
clude this section with a generalizationR8.

Definition 6.26.An R3-valued stochastic process

(W(t))ter = (WD), ..., WI(t) )rer

is ad-dimensional Wiener process T = [0, ) if it holds that

(i) each compone',i=1,...,d,is areal-valued Wiener process brand
(i) the components are independent.

Figure[6.8 shows the trajectory of a sample path of a two-dgiomal Wiener
process. All results on the time regularity remain validiad-dimensional case.
For the quadratic variation we get

W)z = lim Z‘W (" —W(" )2 =d(b—a), (6.7)

n—00

where| - | denotes the Euclidean normfi.

Remark 6.27Here is a remark on “white noise” missing...
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6.4 The It0-Integral

In this section we mainly follow/ [29, Sec. 2.3] arid [22, Se&]10ur aim is to
define the stochastic integral

/O ‘h(9aW(s), t>0, 6.8)

with respect to afR9-valued Wiener proces®V(t))ict, T = [0,). We also pro-
vide a characterization of the class of admissible intedgavhich will consists of
mx d-matrix valued stochastic processesl x Q — R™d,

As we learned in the previous section (see Thedrem 6.24)alypample paths
of a Wiener process are of unbounded variation. Therefbaeeirtegral in[(6.8)
cannot be defined in the usual sense of a Lebesgue-Stiwitgzsal.

In 1949 Kiyoshi |6 was the first who gave a meaningful definition[of{6.8) using
certain Riemann sums. Since then it is usually calledstbehastic Ib-integral

In the whole section IgtQ, 7, P) denote a complete probability space. Further,
let (W(t))er be anR9-valued Wiener process with continuous sample paths and
adapted to a filtratio.7; ;e Which satisfies the usual conditions. We also fix a
timeT > 0.

Following [29, Sec. 2.3] the construction of the stochasttegral is done in
several steps:

Step 1: First we specify a class of elementary stochastic processes which take
values in the seR™d. Then we define the integral for this class of integrands,
that is, we define a mapping

Int: £ — M?([0,T))
hr—>/0th(s)dW(s), te[0,T].

Here M?([0,T]) := M?([0,T];R™) denotes the set of continuous, square-
integrable,R™M-valued (% )-martingales. Below we show that this space is a
Banach space.

Step 2: There exists a norm ofi such that Int:£ — M?([0,T]) is an isometry.
Therefore, by using an extension theorem we can uniquegnexthe domain
of Int to the completiort.

Step 3: It remains to provide an explicit representatiorfof

Concerning the first step we begin with the definition of thereletary pro-
cesses.

Definition 6.28.An R™9-valued stochastic procesis(t))ic(o,1] is calledelemen-
tary if there exists a partition &-tp < ... <t, =T of [0,T], n € N, such that
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n-1
= Z)hj:ﬂ'(tj.,tprﬂ(t)’ te [O7T]7 (69)
i=

wherehj: Q — IRUENTS Ji,-measurable for & j <n—1 and only takes a finite

number of values ifk™d,
By £ we denote the set of all elementary processes.

Note that from [(6.B) it follows directly that every elemenytgrocess is left-
continuous. However, the representation](6.9) is not wigeneral.

In the same way as in_[29, Sec. 2.3.2] we define the mappingént:
M?([0,T]) b

Int(h)(t) := /Ot %h (tjr1At) —W(tj AL)) (6.10)

for everyt € [0,T], whereh is an elementary process with representdfioh 6.9. As
the next lemma shows by this setting Iigt— M?2([0,T]) is well-defined.

Lemma 6.29.Let he £. Then the stochastic procegit(h)(t))ico) given by
(6.10)is a continuous, square-integrab{é );c o 1)-martingale which takes val-
ues inR™. The mappindnt: £ — M?([0,T]) is well-defined in the sense that its
definition does not depend on the particular representaiom.

Proof. In ProblenT6.30 we ask the reader to confirm that the defin{&ohd) is
independent of the representatiorhaf £. For the rest of the proof we follow [29,
Prop. 2.3.2].

For every representation bfe £ it directly follows that the mapping

tl—>/0th(S) %h (tir1 At) —W(tj AL))

is continuous for almost every € Q by the continuity of the Wiener process and
since the multiplication of the matritj(w) € R™¢ with the increment vector of
the Wiener process is also continuous foraak Q,0< j <n-—1.

Next, since each;: Q — R™d only takes a finite number of values it is clear
that sup,co |hj(w)| < o for every 0< j < n—1, where in this casg | denotes
the matrix norm ink™d which is induced by the Euclidean normsRf' andRY.
Hence,

0y (W(tjr1 At) —W(tj At)) | < [hj|[W(tja At) —W(tj At))|

is square-integrable for every<0j < n—1, and, consequently, Ifit)(t) is square-
integrable for every € [0, T].
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Now, fort = 0 we haveh(0) = 0 which is obviouslyFy-measurable. For a fixed
t € (0,T] consider the indeke {0,...,n—1} with t; <t <tj;1. Then we get

i—1
I(R)©) = 3 0y (Wit 12) ~WIEp) +h (Wi - WiL))
J:

which is a Fi-measurable random variable and, therefdtat(h)(t))icjo1) IS
adapted.

It remains to prove the martingale property. For this we takes<t < T and
a setA € Fsarbitrarily. Then we have

n-1
E[1alnt(h)(t)] = EOE[]lAhj (W(tjr1At) —W(tj AL))]. (6.11)
=
If we consider all summands with index<0j < n—1 such thatj; < sthen we
get
E[1ah; (W(tjs1A) =W(G AD)) | = E[Lah) (W(tj1218) ~W(t AS))].
Further, for all summands with index j < n—1 such that < t; the incre-

ment(W(tj 1 At) —W(tj At)) is independent of phj € F; sinceA € Fs C F;.
Therefore, we obtain

E[1ah; (W(tjz2 At) =W(tj At))] = E[1ahj] E[W(tj 11 At) —W(tj At)] = 0.

For the remaining summand with ind¢x {0,...,n— 1} such thatj < s<tj
we have

E[1ahj (W(tja At) —W(tj At))] = E[1ahj (W(tj41At) =W(tj11AS))]
+E[1ahj (W(tj11AS) —W(tj AS))]

and the first term again vanishes by the independendgf 1 At) —W(tj 1 AS)
andiah; € Fs= Fi 1s Altogether, we get fol(6.11)

n-1
E[1alnt(h)(t)] = Z}E[JlAhj (W(tj12AS) —W(tj As))] = E[1alnt(h)(s)].
=

SinceA € Fsis arbitrary this prove&[Int(h)(t)|Fs] = Int(h)(s). 0

Having this established we can proceed with the second §tbp oonstruction
of the Ith-integral. For this we first prove that the set?([0, T]) is a Banach space.
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Lemma 6.30.The setM?(]0, T]) of all R™-valued continuous, square-integrable
martingales endowed with the norm

1
2

= (E[|X(T)[?])2, (6.12)

NI

Xl vz (o)) = sup (E[IX(1)[%])
te[0,T]

for X € M?([0,T]), is a Banach space.

Proof. The norm| - || y2(o,1}) is the standard norm a®([0, T]; L2(Q,F,P;R™)),
which is a Banach space (séé [1, Sec. 1.2]). We showM&{0, T]) is a closed
subspace of([0, T];L%(Q, F,P;RM)).

For X € M?([0,T]) we have by Lemm&a6.16 that— |X(t)|? is a square-
integrable submartingale. In particular, we have

NIl
Nl

= (E[X(M])

Xl pzqory) = sup (E[X(1)]) < .

te[0,T]

Further, we need to show that the mapping X(t) € L2(Q, F,P;R™) is contin-
uous. For this fix € [0, T] and a sequendg,)nen With t, — t asn — . SinceX
is a continuous martingale we get

rliLnoo |X(t,w) — X(th,w)| — 0 for almost everyw € Q.

Now we want to apply the following fact (se€ [5, Th. 16.14]):Smer a sequence
(Yn)nen Of uniformly integrable random variables such thatliga Y,, =Y almost
surely for some random variab¥e ThenY € L(Q) and the sequenc@;)nen
also converges t6 with respect to the norm in(Q). Here(Yn)new is a uniformly
integrable sequence if

lim sup/ [Yn|dP = 0.
R nen J{Ya| >R}

Thus, if we can show the uniform integrability 4f := | X (t) — X(t,)|? we get the
convergence ofX (tn) )nen to X(t) with respect to thé2-norm. In the following
we achieve this by the same arguments as in the pro6f of [34, Be2.2].

For everye > 0 we can choose & > 0 such that

/ X(T)2dP< ¢ forall A€ F with P(A) < 3.
A

This is possible sincéX(T)|? is integrable. Further, the conditional version of
Jensen’s inequality (see Lemina2.11) yields
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/yx (9))2dP = /|E T)| 7 [?dP
< [ ElXM)AR] 0P (6.13)
:/A\X(T)]ZdP forall A€ Fs, s€ [0,T].

Finally, by Markov’s inequality it holds the estimate

P(IX(s)]? > R) < %E[[X(s)ﬁ] < %EHX(T)F] forall se [0,T],

where the last inequality is due to the submartingale ptgét — |X(t)|%. Thus,
for everyR > 5 1E[|X(T)|?] we derive

P(IX(s)|2 > R) < ZE[IX(T)|3] < &.

Ol +~

Altogether, since{|X(tn)|? > R} € F, we get the uniform integrability of the
family (X(tn))nen Since

X(t)PaP< [ X(T)PdP <,

/{Ix(tn)2>R} {IX(tn)[>>R}

where we used thdtX (t,)|? > R} € F,. Therefore, since
Yo = [X(t) = X(tn)|* < 2(IX (1) + X (tn) )

we also have that the familg¥,,)ncn is uniformly integrable. By applying the
above mentioned result from|[5, Th. 16.14] this proves th&ioaity of the map-
pingt — X(t) and we conclude

M?([0,T]) cC([0, T];L2(Q, F,P;R™)).

It remains to show that?([0,T]) is closed inC([0, T];L?(Q, F,P;R™M)). Let
(Xn)new € M?([0,T]) denote a Cauchy sequence with respedt o2 o 71)- BY
Doob’s inequality (see Lemnia 6]15) we get

%0 = Xl pzoryy) = SUP [ Xn(t) = Xe(V)]l2(0:rm)
te[0,T]

Nl

< (E[ sup [Xa(t) —X(t)[?])

te[0,T]

<2 sup (E[Xa(t) — X()?])? = 2% — Xl vz .11

te[0,T]
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Thatis, the normg - || ys2(j0.17) @nd|| - [|2, are equivalent otM?([0,T]), where

NI

— (E[ sup [X(®)[]])2  for X € M?([0,T)).

t€[0,T]

Here, it is important to note thdt ||2.. is the norm or.?(Q, F,P;C([0, T],R™)),
which is a Banach spacgl[1, Satz 1.19]. Therefok),c\ is also a Cauchy-
sequence in this space and there exiéts L?(Q, F,P;C([0,T],R™)) such that
liMn—e || X —Xnl|2 = 0. In particular,X hasP-almost surely continuous sample
paths. In the following we show that € M?([0, T]).

Since X(t) is anR™M-valued, square integrable random variable for exesy
[0, T]itis clear thalX is a square-integrable stochastic process. Further, #isiihe
of Fi-measurable random variabl¥st) is itself /-measurable and, therefope,
is adapted t4.Ft )ic(o,T]-

FurtherX is a martingale. For this, fix@ s<t < T arbitrary. By the martingale
property of theX, we get for alln € N

[1X(8) = EX(U)] || 2 :m) < 1X(S) = Xa(S)lL2(2:m)
+[|EPXa(t) =X (O 7| 2 g:em)

Thus, in the limitn — o the first summand vanishes. For the second summand we
apply Jensen’s inequality (Lemrha 2.11) and get

NI

[EDX(t) ~ X1 2 guem = (E[JEXa(t) ~X()|F[7])
< (E[E[X(®) = X(DI?|F]])?
:” () —X{t HLZQ[Rm)

which also goes to zero as— . Therefore X(s) = E[X(t)|Fs] almost every-
where.

Altogether, this proves that € M?([0,T]) c C([0, T];L?(Q;R™). Since the
norms|| - [2.. and|| - || vez(jo,77) @re equivalent we also get th@t,) converges to
X with respect to the norm in12([0, T]). O

Next, we prove that Int€ — M?([0,T]) is an isometry between these spaces.
Equation [(6.16) is usually called th&-isometry It will play an important role
for the estimates of the strong error of convergence in Chigpte

But before we proceed we need to introduce a norm such&hscomes a
normed space. For this first note tidatlearly is a linear space, since forg € £
one can always find representations with respect to the samiégn 0=ty <



6.4 The Ib-Integral 109

.. <ty =T of [0,T]. But then it is obvious that alsah+ 3g is an elementary
stochastic process for all, 8 € R.
Since elementary processes are matrix-valued, we haveeta ogtrix norm.
It turns out that theHilbert-Schmidt nornor Frobenius normis suitable for our
purposes. We recall that the Hilbert-Schmidt norm of a makrE (Ajj )i<m, j<d €
R™d is given by

d m d
AZg:= jzliZAﬁ = jzl(ATA) ij =tr(ATA). (6.14)

Note, that the Hilbert-Schmidt norm is consistent with theli€lean norm, that is
m

m d m d d
A= 3 (A= 3 (3 Av) < 3 ( _zlA%) > X = IAsi®
i= i=1 j= i=1 " j= =

Leth e &, then we define a norm anhby
2 T 2 2
Inif = €[ [} Inolists] =€[ 3 IhfRsltien =),

which is the norm of the Hilbert spat&([0,T] x Q,B([0,T]) ® F,Al@ P;R™d),
whereR™d is equipped with the Hilbert-Schmidt norm.

As in [29, p. 27] we remark that by using the noiim||t we have to identify
those elementary processesimhich are equal ! ® P-almost everywhere.
Proposition 6.31.The mappindnt: £ — M?(]0,T]) is a linear isometry between
£ equipped with the norri- ||t and the Banach spadg\?([0,T]), || - | mz0))-
In particular, theltd-isometry

;
Int(h)[2 7)) = E| /O h(s) Bscs (6.15)
is satisfied for all he £.

Proof. By choosing representations @fh € £ with respect to the same partition
0=ty <... <ty =T itis clear that Intah+Bg) = a Int(h) + B Int(g). In the light
of Lemma6.2D it only remains to sholv (6115).

Consideth = 3" ghjl, 1, ., € € and seiW := W(tmy1) — W (tm). Then

Int0)12 20 = ]/ | Z)h A ]

[ i iAW) hAvvJ}

:Z) (haW)ThiaW] +2 5 E[(hiaW)Thjaw].

0<i<j<n-1
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For the second sum we use the fact t(‘hithiAW.)T is ]—“tj-measurable for < j
and, therefore, is independent®#V; = W(tj, 1) —W(tj). Thus,

E[(haW)"hjaw;] = E[(h]hAW)T]E[AW] = 0.

For the first sum we have

d
E[AWhThjAW;] = kz_lE[AVVj,k(h-Jrhj)k,lAVVj”

o

=Y E[(h]hj)kdWg | + Z E[AW; k(h] hj)k1 AW, ],
k=1

whereAW, x denotes thé-th component oAW;. Now, it holds by the indepen-
dence of(hf hj)xk andAW?,

o

E[(h] hj)ikAW] i JE[AWA]

k=1

= (tj11—tj) kzlE[(thhj)k,k}

= (tj+2 —4)E[Ihjlis]-

Further, we recall that the components of the Wiener proaesalso independent
of each other. Thus we get

E[AW; k(h] hj)kiAW; ] = E[AW; | E[(h]h))|E[AW;,] = 0.
Altogether, this proves

n—-1

()| ), = 3 (v~ ) A = / h(s)Zsas]
J:

which is It©’s isometry for elementary stochastic processes. O

At this point we have all ingredients to apply the followingension theorem,
which is a slight modification of_ [35, Th. 11.1.5]. Here we & = £ and the
normed spacél to be equal to the abstract completionébfThus we obtain the
extension of the stochastic integral

Int: £ — M?([0,T)).

The remark after [35, Def. 1.1.2] describes how to consttbetcompletion of a
normed space.
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Theorem 6.32.Let D denote a dense subspace of a normed space N and let B be
a Banach space. Consider a bounded linear operatoDPL-— B. Then there exists
a unique extensiob: N — B of L, thatisL|,, = L andL is bounded with operator
norm|[L{| = [|L[. B

In addition, if L is an isometry, then sols

Proof. SinceD is dense irN, for everyx € N there exists a sequentg )nen C D
such thatx, — x asn — . In particular,(X,)nen is @ Cauchy sequence i The
same is true for the sequend&x,))nen C B since

IL(%n) — L) [8 < ILJH 1% —Xc]IN-

Therefore, by the completeness of the Banach spabere exists a unique ele-
ment, which we denote hy(x) € B, such that (x,) — L(x) asn — .

The definition ofL: N — B is independent of the choice of the particular se-
quence(Xn)new- For this, consider another sequen(@g)ncn C D which con-
verges tox € N. If this sequence gives rise to another elemie®) € B such
thatL(X,) — L(X) asn — o then

IE0) — L9 = lim [|L() — L (%) [ < lim (L%~ %lln =0,
which showd (x) = L(x) for all x € N.

That L is an extension of is easy to see by using the constant sequence
(Xn)nen = X € D. Also, the operatok is linear. Further, we have

[Elle = fim L0l < im L] el = L] ]

for everyx € N and (Xn)nen € D with X, — x asn — . Hence|||L|| = ||L|.
In addition, ifL is an isometry, then

ILCIle = lim [[Lxn)[e = lim [1Xnl[n = [IX]|n-
This completes the proof. O

In the last step of the construction we give a charactedmnaif the completion
£ of £ with respect to the norri- ||t.

In the definition of elementary processes the following eysbf sets plays an
important role:

Gri={(st]xFs|0<s<t<T, Fse Fs} U{{0} x Ry | Fo € Fo}.

gt is called the system giredicable sets
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Definition 6.33.Consider a stochastic procdss[0, T] x Q — R™d. We say that
h is predictableif it is Pr-B(R™9)-measurable as a mapping frdmT] x Q to
R™d, where

Pr=o0(gr)
is theg-algebra generated by all predictable sgts

Following the discussion in_[34, Ch. 6.1] the-algebraPy is the smallest-
algebra such that all real-valued, left-continuous angbtathstochastic processes
Y: [0, T] x Q — R are measurable as a mapping fr@@nT| x Q to R. It is clear
thatPr C B([0, T]) ® F.

By definition, every elementary stochastic process is ptablie. Therefore, it
holds that

ECL?([0,T] x Q,Pr, At P;R™Y), (6.16)

where as above the spa&®d is equipped with the Hilbert-Schmidt norm. Our
aim is to prove that we have equality [0 (6.16) and we intredilhe notation[29,
Sec. 2.3]

N = NGO, T R™) == L2([0, T] x Q,Pr, AT @ P;R™),

that is, A%, consists of all predictable stochastic processef®, T] x Q — R™d
with ||h||t < . We refer toAZ as the set of alstochastically integrable pro-
cesses

Lemma 6.34.The sef is a dense subset of the Hilbert spadg,. In particular,
E=L2([0,T] x Q,Pr,At@P;R™) = A2, (6.17)

For a proof we refer td [29, Prop. 2.3.8].
We summarize the result of this section in the following tieso.

Theorem 6.35.For every he A% the stochastic process

1
t s TE(h) () = /0 h(s) dW(s)

is well-defined and a square-integrable, continuous madiegvith values irkR™.
It satisfies the following properties:

() The mapping
NZ 5 hi— Int(h)

is linear.
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(i) The Itb-isometry

.
I oy = E[| [ o aw(s)|] = [ ElnsAg]ds= 2
holds for every ke A2

(i) For every t€ [0,T] and he A the RM-valued random variablént(h)(t)
has expectation zero, and covariance matrix

cov(nt(h)(t)) = /O ‘Elh(9)h(9)Tds

Proof. Parts (i) and (ii) are clear by the construction of the ststibantegral. It
remains to prove part (iii). Let us first note that for evary NVZV we have

E| /0 "hes) aw(s)| =o. (6.18)

This follows from the martingale property of processesMt?([0,T]) and the
tower property of conditional expectations

E[Int(h)(t)] = E[E[Int(h)(t)| Fo]] = Efint(h)(0)] = O.

A generalization of[(6.18) for two scalar functiohg h, € AZ ([0, T];R) and two
independent Wiener process#s(t),Ws(t) is

t t
E| /0 hi(S)AWA(S) /0 ho(S)Mp(5)] =0 (6.19)
For this take two elementary functions

M-1
hV - z hV,j:H'(tj,tj+1]7 V= :I.7 2
=1

which we assume to have the same partition without loss ofrgdity. Then we
obtain

e[ [ (oo [ ma(samp(s

= g E[hyjhok(Wa(tjza At) —Wa(tj At)) (Wa(tiea At) —Wb(tAt))].
ik=0

For j < k the variablehy jhy  (Wa(tj1 At) —WA(tj At)) is Fr-measurable and
hence independent Bt 1 At) —Wa(tk At). A similar argument applies in case
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j > kand, therefore, all summands above vanish. Again the giéberaula (6.19)
follows by approximation.
Using [6.18) and (6.19) we calculate the covariance

t
cov(Int(h .J_E/h s(/h(s)d\NsT
0

N

ol

In the penultimate step we used the ikometry and the simple polarization iden-
tity 4ab = (a+b)? — (a— b)? to obtain

4] [ () [ (I Mk(S)
= &[] ((9)+ Pie(9) M)+ [ (e(5) ~Pie()Mk(5)]
_/ [(Pe(9) + Ny (9) ds+/ [(hi(S) — hy(8))2]ds
_E[/O(h )+ hi(s) ds+/ K(9) — hyi(s))%ds]

:4E[/O hik S hjk(S)dS}.

6.5 Itd’s Formula

Exercises

Problem 6.36.Let (W(t))ieT, T = [0,), be a real-valued Wiener process. Show
that the following processé&8; andW, are also Wiener processes bn
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(i)  Wi(t) :=W(t+s)—W(s) for afixeds > 0,
(i) Ws(t) := cW(%) for a constant > 0.

In both cases define an appropriate filtration.

Problem 6.37.Let (W(t))ic0) b€ a real-valued, continuous Wiener process.
Show directly that the process

IS a continuous martingale.
Hint: W(t)2 = (W(t) —W(s))2 —W(s)2 4+ 2W(t)W(s).

Problem 6.38.Let (W(t))ic[ap b€ a real-valued Wiener process on the probability
space(Q, F,P) under the usual conditions. Fo0A < 1 consider the modified
guadratic variation

Mp—1
Q=3 (WEP+A (D —th) —W(th)?,

J:

wherem, = {a=1tj <... <ty = b} is a partition of[a,b]. Show thatQn(A)
converges ta (b—a) in L2(Q) as|m| — 0.

Problem 6.39.Show that the definitior_(6.10) of thebkintegral for elementary
stochastic processésc £ does not depend on the representatioh.dfor this,
consider two representationstyfthat is

Z)hj tJ+1] Z}h' 33+1

for partitions O=tg < ... <th =T and 0= < ... <§ =T and random variables
hj € ]—“tj, j=0,...,n—1, andh; € F5, i =1,...,n—1, which only take finitely
many values irR™4. Show that

Zoh (tira At) —W(tj AL)) %h. (S+1AD) —W(s AD)),

where(W(t))ic(o,] denotes afkd-valued Wiener process.

Problem 6.40.Let (N, || - ||) denote a normed space.
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() Consider the sel™ of all sequences il and define
N:= {&= (Xj)jen € N" | (Xj)jen is a Cauchy-sequence M}.

EquipN with the seminormj| -

» Which is given by
%15 = fim 1]
Show that
Xj)jen ~ (¥j)jen & ,—”LTLHXJ —Vjll=0

establishes an equivalence relation\iThen, after identifying elements i,
which are equivalent with respect to, prove that we obtain a Banach space
(N, | [[), whereN =K/ ~.

(i) Consider the mapping: N — N defined byJ(x) := (X)jen, that isJ maps
x € N to the constant sequence with only valu&how thatl is one-to-one and
isometric. Further, show that for evexy="(x;)jen € N there exists a sequence
(Yj)jen in N such that

lim %= 3(}) Iy = ©.

Problem 6.41.Let (W(t))ic[o, 1) be areal-valued Wiener process a¥d(t) )ico.1),
(X2(t)))te[o,T) b€ two real-valued &-processes with

dXq(t) = fa(t)dt + ga(t) AW(D),
dXa(t) = Fa(t) dt + Galt) AW(2).

Show that
d(Xa ()Xo (t)) = X (t) dXo(t) + Xa(t) dXy (1) +02(t)g2(t) dt,

which is often calledhe integration by parts formula for stochastic integrals
Hint: Apply Itd’s formula toV (x,y) = xy.
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Jensen’s inequalit, 20, B1
conditional versior, 27
joint distribution [ 18

Kolmogorov-Chentsov theorein,]98

Law of large numbers

Index

strong[ 61 67

LCG, seelinear congruential generator
linear congruential generatfr,]37

LLN, I5,22

logistic distribution[58

martingale

Doob’s stopping theorern, P2
mean valud, 19
measurable functiof, 16
measurable sdf,_]16
measurable spade,]16
Mersenne Twistel, 45
middle-square method, 36
Minkowski's inequality[ 20
modification[9P
moment of a random variablg.]20
Monte Carlo method, 10

NIST Test Suitel_ 44
normal distribution[ 24
~in RY,28,[30
numerical function_17
numerical method, 13
strong convergencig, 113
weak convergenck, 113

ption,seeEuropean call
fixed strke lookback call, 86
exotic,[71
lock-in call,[71
up-and-out cal[_71

p-integrable[ 2D
p.d.f.,[23
Poisson distributior,_30
polynomial
Lagrangel_718
orthogonal[_70
predictable sef, 111
PRNG, seepseudo-random number
generator
probability density functiorf, 24
probability meausuré, 16



Index

probability spacd, 16
complete[ 16
proportional allocatiori, 16

pseudo-random number generafot, 35

period[ 35
seed[3b
U(0,1)-PRNG[35

qguadrature rulé, 18
Gaussiar, 80
nodes[ 78
weights[78
guantile[42
guantile-quantile plof, 41,59

Radon-Nikodym theorerh, P4, 126

rand ,[58

randn ,[55

random variabld, 16
distribution [T7
expectatior], 119
Gaussianv,[24
independencé, 18
integrable[ 10
p-th moment[ 2D
variance[ 2P

RANDU, [38,(37[4P[ 47

rejection method, 30

risk neutrality[T1

runs test,_ 44, 47

o-algebral1b

generated by a functiop, 117
sample meam, 6L, b2, 16,167
sample pati.]§ 17,87
sample standard deviatidn,|62] 64
sample variancé¢, 6P, b4
sampler

stratifie [7b
short selling[’b
significance leve[,_83

131

square integrablé, P20
standard deviatiof, 22
state spacé¢, 87
stochastic ordinary differential equatidm, 5
stochastic proceds, 117,187
adapted,_88
continuous_g7
continuous time,_ 87
discrete timel_ 87
integrable[8l7
predictablel 17112
square-integrablé, 87
stopping time[_88
stratified samplind, 14
strong convergence, see numerical method
13
Strong Law of Large Numberis, 27
submartingale
Doob’s inequality for~,

TestU01[ 44
three term recursiofi, 79

trajectory[ 87
transformation theorer, P3

unbiased estimatdr, b2
uncorrelated, 22
uniform distribution[ 2%
usual conditions, 89

variance[ 2R
volatility,

weak convergence, see numerical method
13
white noise[_ 102
Wiener proces$] 5, 1P, B3
existence 95
Holder continuous sample path] 98
in RY, 102
with probability 1[21

SODE,seestochastic ordinary differential Ziggurat algorithm[ 54, 38, 59

equation

tail method[[GD
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